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Òåðìîäèíàìèêà (ãîðÿ÷åé) Âñåëåííîé

Õèìè÷åñêèé ïîòåíöèàë â ðàâíîâåñèè

dE = −PdV + TdS +
∑
i

µidNi = 0 (5.1)

Òåðìîäèíàìè÷åñêîå È õèìè÷åñêîå ðàâíîâåñèå:
Ïðåâðàùåíèå ÷àñòèö ìíîãî áûñòðåå ðàñøèðåíèÿ Âñå-
ëåííîé:

dV = dS = 0 ⇒
∑
i

µidNi = 0 (5.2)

Ïðèìåð ðåàêöèè â ðàâíîâåñèè:

A1 + A2 ↔ B1 + B2 (5.3)

Ïðåäïîëîæèì ìàëûé âûõîä èç õèìè÷åñêîãî ðàâíî-
âåñèÿ, dN 6= 0:

µA1dN + µA2dN − µB1dN − µB1dN = 0 ⇒
⇒ µA1 + µA2 = µB1 + µB2 (5.4)

Â îáùåì ñëó÷àå:

A1 + · · · + An ↔ B1 + · · · + Bm ⇒
⇒ µA1 + · · · + µAn = µB1 + · · · + µBn (5.5)

Ïîëåçíûå ñëåäñòâèÿ:

e + e↔ e + e + γ + · · · + γ ⇒ µγ = 0 (5.6)

b + b̄ = 2γ ⇒ µb = −µb̄ (5.7)

Ðàñïðåäåëåíèÿ Ôåðìè-Äèðàêà è Áîçå-
Ýéíøòåéíà â èìïóëüñíîì ïðåäñòàâëåíèè
(èäåàëüíûå ãàçû)

Îáû÷íàÿ çàïèñü ðàñïðåäåëåíèé ÔÄ è ÁÝ èäåàëüíîãî
ãàçà:

Ni =
gi

e(Ei−µ)/T ± 1
; +ÔÄ
−ÁÝ (5.8)

• Ni � ÷èñëî ÷àñòèö â ýíåðãåòè÷åñêîì ÿùèêå íîìåð
i ñ ýíåðãèåé Ei

• gi � ÷èñëî ìèíèìàëüíûõ ÿ÷ååê ôàçîâîãî ïðîñòðàí-
ñòâà îäíîé ÷àñòèöû â ýòîì ÿùèêå (ñòàò. âåñ ÿùèêà).

Ðàññìàòðèâàåì îáúåì V ñ îäíîðäíûì ãàçîì ÷àñòèö.
Ýíåðãåòè÷åñêèé ÿùèê dΓ = d3rd3p âáëèçè ýíåðãèè
E.
Òîãäà

gi =
dΓ

a
g (5.9)

• a � îáúåì ìèíèìàëüíîé ÿ÷åéêè ôàçîâîãî ïðîñòðàí-
ñòâà ÷àñòèöû
• g � ñòàòèñòè÷åñêèé âåñ âíóòðåíèèõ ñîñòîÿíèé ÷à-
ñòèöû (ñïèí, ñïèðàëüíîñòü)

dN =
g

a

dΓ

e(E−µ)/T ± 1
(5.10)

Èç êâ.ìåõ.:

a = h3 = (2π)3~3 ≡ (2π)3 (5.11)

Ðàñïðåäåëåíèå îäíîðîäíî âíóòðè V ⇒
íåò çàâèñèìîñòè îò êîîðäèíàò è â dΓ ìîæíî âêëþ-
÷èòü âåñü V :

dΓ = V d3p ⇒ (5.12)



dN =
1

(2π)3
g

V d3p

e[E(p)−µ]/T ± 1
(5.13)

Ìîæíî ïåðåïèñàòü êàê ïëîòíîñòü ðàñïðåäåëåíèÿ èì-
ïóëüñà:

1

V

dN

d3p
≡ f (p) =

g

(2π)3

1

e[E(p)−µ]/T ± 1
(5.14)

Íîðìèðîâêà:∫
f (p)d3p = n− ÷èñëî ÷àñòèö â 1 îáúåìà (5.15)

Äëÿ ÷àñòèö òèïà i→ fi(p)

Ei(p) =
√
p2 + m2

i ⇒ EdE = pdp (5.16)

Èíòåãðèðóÿ ïî óãëàì � ïëîòíîñòü ÷èñëà ÷àñòèö ÷åðåç
ðàñïðåäåëåíèå ïî ýíåðãèè:

ni =

∫
fi(p)d3p =

∫
fi(p) 4πp2 dp =

= 4π

∫
fi(E)

√
E2 −m2

i EdE (5.17)

Ïëîòíîñòü ýíåðãèè

ρi =

∫
fi(p)E(p)d3p = 4π

∫
fi(E)

√
E2 −m2

i E
2dE

(5.18)

Äàâëåíèå

  

p

Z

S

Êîëè÷åñòâî ÷àñòèö ñ èìïóëüñîì â d3p îêîëî p, íàëå-
òàþùèõ ñ îäíîé ñòîðîíû çà ∆t:

∆ni = vzfi(p)d3p∆S∆t (5.19)

pz =
mvz√
1− v2

; E =
m√

1− v2
;⇒ vz =

pz
E

(5.20)

Îò îäíîé ÷àñòèöû ïëîùàäêà ïîëó÷àåò ïîëó÷àåò èì-
ïóëüñ ∆pz = 2pz ⇒
Äàâëåíèå åñòü ïåðåäàííûé èìïóëüñ ÷åðåç åäèíèöó
ïëîùàäè â åäèíèöó âðåìåíè:

pi =

∫
pz>0

2pz
pz
E
fi(p)d3p =

∖
p2
z =

1

3
p2, 2→ 1

∖
=

=
4π

3

∫ ∞
0

p4dp

E(p)
fi(p) =

4π

3

∫ ∞
0

fi(E)(E2 −mi)
3/2dE

(5.21)



Óëüòðàðåëÿòèâèñòñêèå ÷àñòèöû: T � mi, µi = 0

Èç (5.18):

ρi = 4π

∫ ∞
0

gi
(2π)3

1

eE/T ± 1
E3dE =

=
gi

2π2
T 4

∫ ∞
0

z3

ez ± 1
dz (5.22)

Òàáëè÷íûå èíòåãðàëû:∫ ∞
0

z2n−1

ez + 1
dz =

22n−1 − 1

2n
π2nBn (5.23)∫ ∞

0

z2n−1

ez − 1
dz =

(2π)2n

4n
Bn (5.24)

B1 =
1

6
, B2 =

1

30
, B3 =

1

42
(5.25)

n = 2⇒ ∫ ∞
0

z3

ez + 1
=

7

4
π4 1

30
(5.26)∫ ∞

0

z3

ez − 1
= 2π4 1

30
(5.27)

Îáúåìíàÿ ôîðìóëà Ñòåôàíà-Áîëüöìàíà äëÿ ÓÐ-
÷àñòèö òèïà i:

ρi =


7

8
gi
π2

30
T 4 − Ôåðìè-Äèðàê

gi
π2

30
T 4 − Áîçå-Ýéíøòåéí

(5.28)

Åñëè âñå ÓÐ ÷àñòèöû èìåþò òåìïåðàòóðó T , òî

ρ = g∗
π2

30
T 4 (5.29)

g∗ =
∑

áîçîíû

gi +
7

8

∑
ôåðìèîíû

gi (5.30)

g∗ � ýôôåêòèâíîå ÷èñëî ñòåïåíåé ñâîáîäû (ñòàò.âåñ).

Äàâëåíèå

Èç (5.21):

pi =
4π

3

∫ ∞
0

gi
(2π)3

1

eE/T ± 1
E3dE =

ρi
3
(ñì. (5.22))

(5.31)
Äëÿ ÓÐ âåùåñòâà âñåãäà p = ρ/3.

Ïëîòíîñòü ÷èñëà ÷àñòèö

ni = 4π

∫
gi

(2π)3

1

eE/T ± 1
E2dE =

=
gi

2π2
T 3

∫ ∞
0

z2

ez ± 1
dz (5.32)



Òàáëè÷íûå èíòåãðàëû:∫ ∞
0

zx−1

ez + 1
= (1− 21−x)Γ(x)ζ(x) (5.33)∫ ∞

0

zx−1

ez − 1
= Γ(x)ζ(x) (5.34)

x ζ(x)
3 1.202
5 1.037
3/2 2.612
5/2 1.341

(5.35)

Γ(n) = (n− 1)!
Γ(1/2) =

√
π

Γ(x + 1) = xΓ(x)
(5.36)

x = 3⇒

ni =


gi

3

4

ζ(3)

π2
T 3 −Ôåðìè-Äèðàê

gi
ζ(3)

π2
T 3 −Áîçå-Ýéíøòåéí

(5.37)

×àñòèöà â ÿùèêå:

  

T ~ E

À åñòü ëè òåïëîâîå (õèìè÷åñêîå) ðàâíîâåñèå?

Õàðàêòåðíîå âðåìÿ ðàñøèðåíèÿ:

1/tH ∼ H(t) (5.38)

Ýëåêòðîìàãíèòíîå âçàèìîäåéñòâèå:

σ ∝ α2 ⇒ 1/tem ∼ α2T (5.39)

Èç (4.99):

H(T ) =
T 2

M ∗
Pl

; M ∗
Pl = MPl

√
90

8π3g∗
=

1

1.66
√
g∗
MPl

(5.40)
Íóæíî:

1/tem � 1/H(t) [tem � tH ] (5.41)

α2T � T 2

M ∗
Pl

⇒ T � α2M ∗
Pl ∼ 1014 ÃýÂ (5.42)

Òåïëîâîå ðàâíîâåñèå äëÿ ÝÌ âçàèìîäåéñòâèÿ õîðî-
øî ðàáîòàåò äëÿ T . 1012 ÃýÂ



Íåðåëÿòèâèñòñêèé ãàç
(ðàñïðåäåëåíèå Áîëüöìàíà)

mi � T, mi − µi � T ⇒ e(E−µi)/T � 1 (5.43)

fB(p) = gi
1

(2π)3
e−[E(p)−µi]/T (5.44)

fB(p) = gi
1

(2π)3
e(µi−mi)/Te−p

2/(2miT ) (5.45)

ni =

∫
fB(p)d3p =

∫ ∞
0

fB(p) 4πp2 dp =

= 4π
gi

(2π)3
e(µi−mi)/T

∫ ∞
0

p2e−p
2/(2miT ) dp =

=

∖∫ ∞
0

x2e−x
2
dx =

√
π/4

∖
=

= gie
(µi−mi)/T

(
miT

2π

)3/2

(5.46)

Áîëüöìàíîâñêèé ãàç:

ni = gie
(µi−mi)/T

(
miT

2π

)3/2

(5.47)

ρi = mini +
3

2
niT (5.48)

p =
1

3
n〈vp〉 ⇒

∖
Ek =

3

2
T

∖
⇒ pi = niT � ρi

(5.49)

Ýíòðîïèÿ âî Âñåëåííîé

dE = TdS − pdV +
∑
i

µidNi (5.50)

Áóäåì ñ÷èòàòü dE â ðàñ÷åòå íà 1 òèï ÷àñòèö.
Äëÿ ïëîòíîñòåé:

ρ =
E

V
, n =

N

V
, s =

S

V
(5.51)

dE = ρ dV + V dρ (5.52)
dN = n dV + V dn (5.53)
dS = s dV + V ds (5.54)

Èç (5.50):

(Ts− p−ρ+µn)dV + (Tds−dρ+µdn)V = 0 (5.55)

Çàïèøåì I íà÷àëî òîëüêî ñ ëîêàëüíûìè âåëè÷èíàìè.
Ïðèìåíÿåì (5.55) ê îáëàñòè ïîñòîÿííîãî (åäèíè÷íî-
ãî) îáúåìà âíóòðè ñèñòåìû. dV = 0⇒

dρ = Tds + µdn (5.56)

Ýòî ñîîòíîøåíèå ìåæäó ëîêàëüíûìè âåëè÷èíàìè
âûïîëíÿåòñÿ âñåãäà (â ðàâíîâåñèè).
Ïîäñòàâëÿåì (5.56) â (5.55) è ïðèìåíÿåì ê ïðîèç-
âîëüíîé ñèñòåìå ïåðåìåííîãî îáúåìà:

s =
p + ρ− µn

T
(5.57)



ÓÐ ãàç, µ ìàëî

si =
pi + ρi
T

(5.58)

ρi =


7

8
gi
π2

30
T 4 − ÔÄ

gi
π2

30
T 4 − ÁÝ

; pi =
1

3
ρi (5.59)

si =
4

3

ρi
T

=


7

8
gi

4π2

90
T 3 − ÔÄ

gi
4π2

90
T 3 − ÁÝ

(5.60)

ni =


gi

3

4

ζ(3)

π2
T 3 −Ôåðìè-Äèðàê

gi
ζ(3)

π2
T 3 −Áîçå-Ýéíøòåéí

(5.61)

si ∼ ni (5.62)

Ïîëíàÿ ïëîòíîñòü ýíòðîïèè ÓÐ ãàçà

s = g∗
4π2

90
T 3 (5.63)

Íåðåëÿòèâèñòñêèé ãàç

ρi = mini +
3

2
niT (5.64)

pi = niT (5.65)

si =
pi + ρi − µin

T
⇒ (5.66)

si =

(
5

2
+
mi − µi
T

)
ni (5.67)

Èç

ni = gie
(µi−mi)/T

(
miT

2π

)3/2

(5.68)

ïîëó÷àåì

mi − µi
T

= ln

[
gi
ni

(
miT

2π

)3/2
]
⇒ (5.69)

si = ni

(
5

2
+ ln

[
gi
ni

(
miT

2π

)3/2
])

(5.70)

Ïðè T . 0.5ÌýÂ ýëåêòðîíû è àäðîíû � íåðåëÿòè-
âèñòñòêèå.
Ñåé÷àñ ne ∼ nB ∼ 10−9nγ.
ln â (5.70) ≈ 60(F) ⇒ sB � sγ è

s ∼ sγ ∼ nγ (5.71)

Èç (5.67) è (5.70) ⇒ µi ∼ mi.



Ñîõðàíåíèå ýíòðîïèè ïðè ñîõðàíåíèè ðàçíî-
ñòè ÷èñëà ÷àñòèö è àíòè÷àñòèö

Â ñîïóòñòâóþùåì îáúåìå, ñ ó÷åòîì âñåõ òèïîâ ÷à-
ñòèö:

dE = TdS − pdV +
∑

µ(dN − dN̄) =

= TdS − pdV +
∑

µ d(N − N̄) =

= TdS − pdV (5.72)

TdS = dE + pdV = d(ρV ) + pdV =

= V dρ + ρdV + pdV = (p + ρ)dV + V dρ (5.73)

T
dS

dt
= (p + ρ)

dV

dt
+ V

dρ

dt
(5.74)

Ñîïóòñòâóþùèé îáúåì: V = ka3 ⇒ (5.75)

dV

dt
= k3a2ȧ⇒ (5.76)

T
dS

dt
= ka3

[
(p + ρ)3

ȧ

a
+ ρ̇

]
(5.77)

Çàêîí ñîõðàíåíèÿ ÝÈ:

ρ̇ + 3
ȧ

a
(p + ρ) = 0⇒ dS

dt
= 0 (5.78)

dS

dt
=
d

dt
(ka3s)⇒ d

dt
(a3s) = 0 (5.79)

Çàêîí ñîõðàíåíèÿ ýíòðîïèè â ëîêàëüíîé ôîðìå

3ȧs + ṡ = 0 (5.80)

Áàðèîí-ôîòîííîå îòíîøåíèå

Ïðè òåìïåðàòóðå íèæå íåñêîëüêèõ ñîò ÃýÂ áàðèîí-
íîå ÷èñëî ñîõðàíÿåòñÿ:

(nB − nB̄)a3 = const (5.81)

sa3 = const⇒ (5.82)

∆B =
nB − nB̄

s
= const (5.83)

� õîðîøàÿ õàðàêòðèñòèêà áàðèîííîé àñèììåòðèè
(ñåé÷àñ ∆B = nB/s)

Áàðèîí-ôîòîííîå îòíîøåíèå:

ηB =
nB
nγ

(5.84)

Ïðè òåìïåðàòóðå T . 1ÌýÂ
∖
Tν = 3

√
4
11Tγ

∖
s = g∗

4π2

90
T 3 =

(
2 +

7

8
· 2 · 3 · 4

11

)
4π2

90
T 3 (5.85)

∆B =
nB
s

=
nB
nγ

nγ
s

= ηB
nγ
s

=

=
2ζ(3)
π2 T

3(
2 + 7

8 · 2 · 3 ·
4
11

)
4π2

90 T
3
ηB = 0.14ηB (5.86)

∆B = 0.14ηB (5.87)

ηB = (6.10± 0.20) · 10−10 (5.88)

∆B = 0.87 · 10−10 (5.89)



×àñòèöû ñòàíäàðòíîé ìîäåëè è g∗(T )

ρ = g∗
π2

30
T 4 (5.90)

g∗ =
∑

áîçîíû

gi +
7

8

∑
ôåðìèîíû

gi (5.91)

Ëåïòîíû Êâàðêè

νe(?) e(0.511ÌýÂ) u(1.5�3.0ÌýÂ) d(3.0�7.0ÌýÂ)

νµ(?) µ(105.7ÌýÂ) c(1.15�1.35 ÃýÂ) s(0.07-0.12 ÃýÂ)

ντ (?) τ (1.78 ÃýÂ) t(169.3�173.5 ÃýÂ) b(4.1�4.3 ÃýÂ))

Êàëèáðîâî÷íûå áîçîíû

γ(0) G(0) Z(91.2 ÃýÂ) W (80.4 ÃýÂ)

Áîçîí Õèããñà h(125 ÃýÂ)

X − áîçîí: mX ∼ 1015 ÷ 1016 ÃýÂ (?) (5.92)

  


