
Ëåêöèÿ 8

Ïîñëåäíåå ðàññåÿíèå ôîòîíîâ. Ýïîõà ðåîèíèçàöèè.
Êðàòêàÿ èñòîðèÿ Âñåëåííîé - ðåçþìå. Ôîíîâàÿ ìåòðèêà â
êîíôîðìíîì âðåìåíè.
Äæèíñîâñêàÿ íåóñòîé÷èâîñòü. Âîçìóùåíèÿ ìåòðèêè è ôèêñàöèÿ
êàëèáðîâêè h0i = 0. Âîçìóùåíèÿ òåíçîðà ÝÈ.

94



Ïîñëåäíåå ðàññåÿíèå ôîòîíîâ

Íå òî æå ñàìîå, ÷òî ðåêîìáèíàöèÿ � ïîçæå!

Òîìñîíîâñêîå ñå÷åíèå ðàññåÿíèÿ ôîòîíîâ:

σT =
8π

3

α2

m2
e

≈ 0.67 · 10−24 ñì2 (8.1)

Âðåìÿ ñâîáîäíîãî ïðîáåãà ôîòîíà ïî îòíîøåíèþ ê
òîìñîíîâñêîìó ðàññåÿíèþ:

τγ =
1

σTne(T )
(8.2)

Èç (7.63):

n2
e(T ) = n2

p(T ) =

(
meT

2π

)3/2

nHe
−∆H/T =

= \nH ∼= ηB · nγ ò.ê. ðåêîìáèíàöèÿ
ïðàêòè÷åñêè çàâåðøåíà\ =

=

(
meT

2π

)3/2

ηB
2ζ(3)

π2
T 3e−∆H/T (8.3)

Âðåìÿ ïîñëåäíåãî ðàññåÿíèÿ îïðåäåëÿåòñÿ

τγ(Tf) ' H−1(Tf) ' tf (8.4)

tf ìàëî îòëè÷àåòñÿ îò trec = 350 òûñ.ëåò, ïîýòîìó äëÿ
îöåíêè Tf ìîæíî â ïðàâîé ÷àñòè óðàâíåíèÿ (8.4) èñ-
ïîëüçîâàòü trec âìåñòî tf :

1

σT

1[(
meTf

2π

)3/2

ηB
2ζ(3)
π2 T

3
f e
−∆H/Tf

]1/2
= trec (8.5)

e∆H/Tf = σ2
T t

2
rec

(
meTf

2π

)3/2

ηB
2ζ(3)

π2
T 3
f (8.6)

∆H

Tf
= ln

[
σ2
T t

2
rec

(
meTf

2π

)3/2

ηB
2ζ(3)

π2
T 3
f

]
(8.7)

Â ï.÷. Tf → Trec ⇒

∆H

Tf
∼= ln

[
σ2
T t

2
rec

(
meTrec

2π

)3/2

ηB
2ζ(3)

π2
T 3
rec

]
(8.8)

Trec = 0.32 ýÂ (8.9)

ηB = 0.75 · 6.1 · 10−10 (8.10)

trec = 3.5 · 105 ëåò⇒ (8.11)

Tf = 0.27 ýÂ (8.12)

Àíàëîãè÷íî (7.82)

tf =

√
π

12ζ(3)

ΩB

ΩM

M 2
Pl

ηBmpT 3
f

≈ 460 òûñ. ëåò (8.13)

zf =
0.27 ýÂ

2.73× 8.6 · 10−5 ýÂ
= 1140 ≈ 1100 (8.14)



Ãîðèçîíò íà ìîìåíò ïîñëåäíåãî ðàññåÿíèÿ
(z ≈ 1100)

Ìîìåíò ïîñëåäíåãî ðàññåÿíèÿ îáû÷íî îòîæäåñòâëÿ-
þò ñ ðåêîìáèíàöèåé: f → r

Ìîæíî (äîâîëüíî ãðóáî) íàéòè, ñ÷èòàÿ, ÷òî Âñåëåí-
íàÿ âñåãäà áûëà ïûëåâèäíîé:

lH,r =
2

Hr(tr)
(8.15)

Èç óðàâíåíèÿ Ôðèäìàíà:

H2
r =

8π

3
GρM(tr) (8.16)

ρM(tr) = ρM,0

(
a0

ar

)3

= ρM,0(1 + zr)
3 (8.17)

ρM,0 = ρcΩM (8.18)

lH,r =
2√

8π
3 GρcΩM(1 + zr)3

=

∖
ρc =

H2
0

8π
3 G

∖
=

=
2

H0

√
ΩM

1

(1 + zr)3/2
(8.19)

lH,r =
2

H0

√
ΩM

1

(1 + zr)3/2 (8.20)

Ñåé÷àñ ýòîò ðàçìåð ðàñòÿíóò â a0/ar = 1 + zr ðàç:

lH,r(t0) =
2

H0

√
ΩM

1√
1 + zr

(8.21)

Ñîâðåìåííûé ãîðèçîíò (ñì. (4.108)):

lH,0 = a0

∫ t0

0

dt

a(t)
=

= a0

∫ t0

0

dt

a0

(
ΩM
ΩΛ

)1/3 [
sh
(

3
2

√
ΩΛH0t

)]2/3 =
2

H0
× 1.8

(8.22)

Ýòî â ∼ 30 ðàç áîëüøå, ÷åì lH,r(t0) � âèäèìàÿ ÷àñòü
Âñåëåííîé ñîäåðæèò 303 ∼ 3 · 104 ïðè÷èííî íå ñâÿ-
çàííûõ îáëàñòåé íà ìîìåíò ðåêîìáèíàöèè.
Îò÷åãî æå ìèêðîâîëíîâîé ôîí îäíîðîäåí ñ òî÷íî-
ñòüþ ∼ 10−4? � ¾ïðîáëåìà ãîðèçîíòà¿.



Ýïîõà ðåîèíèçàöèè

Ëàéìàí-àëüôà-ëåñ (Lyman-alpha forest)
â ñïåêòðàõ êâàçàðîâ

Îñíîâíîé ïèê � Lyα
Ëèíèè ïîãëàùåíèÿ - òîæå Lyα

квазар
облака водорода

zz1z2z3z4z5

мы

• Lyα-ëèíèÿ ïîãëîùåíèÿ ñäâèíóòàÿ ðàçíûì êðàñíûì
ñìåùåíèåì îáëàêîâ âîäîðîäà.

• ×åì äàëüøå êâàçàð, òåì ãóùå ëåñ.

• Ïðè z > 6 ãóñòîòà ëåñà ïåðåñòàåò ðàñòè. Ïî÷åìó?

Ðåîíèçàöèÿ âîäîðîäà (íî íå ãåëèÿ),
6 < z < 20, 150 · 106 − 1000 · 106 ëåò.

Îñòàòî÷íàÿ îïòè÷åñêàÿ òîëùèíà τ ' 0.09± 0.03



Êðàòêàÿ èñòîðèÿ Âñåëåííîé (13.8 ìëäð. ëåò)

Ñîáûòèå T z t

Ãîðÿ÷èé
Áîëüøîé
âçðûâ

− − 0

GUT-ïåðåõîä
(?) ∼ 1016 ÃýÂ ∼ 1030 ∼ 10−39 ñåê

Áàðèîãåíåçèñ
(?) ∼ 1016 ÃýÂ ∼ 1030 ∼ 10−39 ñåê

Ýëåêòðîñëà-
áûé ïåðåõîä 100ÃýÂ 1015 10−11 ñåê

Çàêàëàêà
òåìíîé
ìàòåðèè(?)

0.05÷300ÃýÂ 1011÷1015 2 · 10−12÷10−4 ñåê

Àäðîíèçàöèÿ:
êîíôàéíìåíò
êâàðêîâ

170ÌýÂ 7 · 1011 2 · 10−12÷10−5 ñåê

Çàêàëàêà
íåéòðèíî 1.2ÌýÂ 5 · 109 0.85 ñåê

Çàêàëàêà
íåéòðîíîâ 0.8ÌýÂ 3 · 109 2.5 ñåê

Íóêëåîñèíòåç 65êýÂ 3 · 109 4.5ìèí

Ñîáûòèå T z t

ÐÄ → ÌÄ
ïåðåõîä 1 ýÂ 3000 85 òûñ. ëåò

Ðåêîìáèíàöèÿ
ýëåêòðîíîâ 0.32 ýÂ 1370 350 òûñ. ëåò

Ïîñëåäíåå
ðàññåÿíèå
ôîòîíîâ

0.27 ýÂ 1140 460 òûñ. ëåò

Ðåîèíèçàöèÿ 50÷15 Ko 20÷6 150÷1000ìëí.ëåò

Íà÷àëî ýðû
ÄåÑèòòåðà 4.5 Ko 0.65 7.6ìëðä.ëåò

Ñåé÷àñ 2.73 Ko 0.0 13.8ìëðä.ëåò



Ôîíîâàÿ ìåòðèêà, êîíôîðìíîå âðåìÿ.

dη = dt/a; dt = adη; dt/dη = a (8.23)

ds2 = a2(η)[dη2 − dxidxi] = a2(η)ηµνdx
µdxν (8.24)

Ïåðåïèøåì óðàâíåíèÿ â ïðîèçâîäíûõ ïî êîíôîðì-
íîìó âðåìåíè:

d

dη
=
dt

dη

d

dt
= a

d

dt
⇒ d

dt
=

1

a

d

dη
(8.25)

H =
ȧ

a
=
a′

a2
(8.26)

Óðàâíåíèå Ôðèäìàíà

H2 =
8π

3
Gρ⇒

(
a′

a2

)2

=
8π

3
Gρ (8.27)

(i, j)-êîìïîíåíòà óðàâíåíèé Ýéíøòåéíà F

2
ä

a
+
ȧ2

a2
= −8πGp⇒ 2

a′′

a3
− a′2

a4
= −8πGp (8.28)

Êîâàðèàíòíûé çàêîí ñîõðàíåíèÿ ýíåðãèè

ρ̇ + 3
ȧ

a
(ρ + p) = 0⇒ ρ′ + 3

a′

a
(ρ + p) = 0 (8.29)

Êîñìîëîãè÷åñêèå ðåøåíèÿ a(η) F:

ÐÄ-ñòàäèÿ: a(η) = const · η; η = const · t1/2 (8.30)

ÄÌ-ñòàäèÿ: a(η) = const · η2; η = const · t1/3 (8.31)

Λ− ñòàäèÿ: a(η) = − 1

HdSη
; η = −const ·e−HdSt, η < 0

(8.32)

H2
dS =

8π

3
GρΛ (8.33)

Êîýôôèöèåíòû â (8.30) è (8.31)

ÐÄ-ñòàäèÿ (T . 100 ÃýÂ)

H2 =
8π

3
Gρ =

8π

3
G
π2

30
g∗T

4 (8.34)

Ñîõðàíåíèå ýíòðîïèè:

g∗a
3T 3 = g0

∗a
3
0T

3
0 (8.35)

T 3 =
g0
∗
g∗

a3
0

a3
T 3

0 ⇒ T =

(
g0
∗
g∗

)1/3
a0

a
T0 (8.36)

ρcΩrad =
π2

30
g0
∗T

4
0 ⇒ T 4

0 =
Ωradρc
π2

30g
0
∗

(8.37)

Ïîäñòàâëÿåì (8.37) â (8.36), (8.36) â (8.34):

H2 =

(
8π

3
Gρc

)(
g0
∗
g∗

)1/3(a0

a

)
Ωrad =

= H2
0

(
g0
∗
g∗

)1/3(a0

a

)
Ωrad (8.38)



η =

∫ t

0

dt

a(t)
= \t→ a(t) : da = ȧdt, dt = da/ȧ\ =

=

∫ a

0

1

a

da

ȧ
=

∫ a

0

da

a2H(a)
= \(8.38)\ =

=

∫ a

0

da

a2H0

(
g0∗
g∗

)1/6(
a0
a

)2√
Ωrad

=
1

H0

(
g∗
g0
∗

)1/6
1

a2
0

a√
Ωrad

(8.39)

η =
1

H0

(
g∗
g0
∗

)1/6
1

a0

1√
Ωrad

a

a0

(8.40)

ÄÌ-ñòàäèÿ (íî íå Λ)

H2
0 =

8π

3
Gρc (8.41)

H2 =
8π

3
GρM =

8π

3
Gρ0

M

(a0

a

)3

⇒ (8.42)

H2

H2
0

=
ρ0
M

ρc

(a0

a

)3

= ΩM

(a0

a

)3

⇒ H2 = H2
0ΩM

(a0

a

)3

(8.43)

η =

∫ t

0

dt

a(t)
=

∫ a

0

da

a2H(a)
=

=

∫ a

0

da

a2H0

√
ΩM(a0/a)3/2

=
2

a0H0

√
ΩM

√
a

a0
(8.44)

η2 =
a

a0

4

a2
0H

2
0ΩM

(8.45)

Êîíôîðìíûå âðåìåíà η0, ηr, ηeq

Óðàâíåíèå Ôðèäìàíà:

H = H0

√
ΩΛ + ΩM(1 + z)3 + Ωrad(1 + z)4 (8.46)

η =

∫ t

0

dt

a(t)
=

∫ a

0

da

a2H(a)
=

=

∖
z + 1 =

a0

a
; da = − a0

(z + 1)2
dz

∖
=

=

∫ z

∞
− dz

a0H(z)
=

=
1

a0H0

∫ ∞
z

dz√
ΩΛ + ΩM(1 + z)3 + Ωrad(1 + z)4

(8.47)

Êîíôîðìíîå âðåìÿ ñîâðåìåííîé ýïîõè:

η0 =
2

a0H0

√
ΩM

×

× 1

2

∫ ∞
0

dz√
ΩΛ
ΩM

+ (1 + z)3 + Ωrad
ΩM

(1 + z)4
=

=
2

a0H0

√
ΩM

× I(ΩM) (8.48)



ΩM = 0.31, ΩΛ = 0.69,Ωrad = 2 · 10−4 ⇒
I(ΩM) ≈ 0.89 (8.49)

Êîíôîðìíîå âðåìÿ ïîñëåäíåãî ðàññåÿíèÿ (ðåêîìáè-
íàöèè):

ηr =
2

a0H0

√
ΩM

1

2

∫ ∞
zr

dz√
(1 + z)3 + Ωrad

ΩM
(1 + z)4

=

=
2

a0H0

√
ΩM

F

(
Ωrad

ΩM

)
(8.50)

F ñ÷èòàåòñÿ:

F

(
Ωrad

ΩM

)
=

√
1

1 + zr
+

Ωrad

ΩM
−
√

Ωrad

ΩM
=∖

ΩM

Ωrad
= 1 + zeq F

∖
=

√
1

1 + zr
+

1

1 + zeq
−

√
1

1 + zeq

F = 0.017 (8.51)

Ëåãêî ñ÷èòàåòñÿ óãîë âèäèìîñòè ãîðèçîíòà ðåêîìáè-
íàöèè:

∆θr = ηr/η0 = 0.019; ∆θr = 1.1o (8.52)

ηeq =
2

a0H0

√
ΩM

√
2− 1√
1 + zeq

; F = 0.0076 (8.53)

ηr
ηeq

= 2.3;
η0

ηeq
= 1.2 · 102 (8.54)

ηr è ηeq áëèçêè, íî íå ñîâïàäàþò.

a0ηeq =
2

H0

√
ΩM

1√
1 + zeq

(
√

2− 1) (8.55)

a0ηr =
2

H0

√
ΩM

(√
1

1 + zr
+

1

1 + zeq
−

√
1

1 + zeq

)
(8.56)

a0η0 =
2

H0

√
ΩM

I(ΩM); I(ΩM) = 0.89 (8.57)

a0ηeq =
a0

aeq
(aeqηeq) =

a0

aeq
leqH (8.58)

� äî êàêèõ ðàçìåðîâ ñåé÷àñ ðàñòÿíóëñÿ ãîðèçîíò íà
ìîìåíò ïåðåõîäà ÐÄ→ÄÌ. È ò.ä.

a0ηeq = 120Ìïê (8.59)

a0ηr = 510Ìïê (8.60)
a0η0 = 14.1Ãïê = 46.0Ìëðä. ñâ. ëåò (8.61)



Êîñìîëîãè÷åñêèå âîçìóùåíèÿ
Äæèíñîâñêàÿ íåóñòîé÷èâîñòü

Íüþòîíîâñêàÿ ãðàâèòàöèÿ + êëàññè÷åñêàÿ ãèäðîäè-
íàìèêà íåðåëÿòèâèñòñòêîé èäåàëüíîé æèäêîñòè.

Ãðàâèòàöèîííûé ïîòåíöèàë:

∆ϕ = 4πGρ (8.62)

Óðàâíåíèå íåðàçðûâíîñòè:

∂ρ

∂t
+∇(ρv) = 0 (8.63)

Óðàâíåíèå Ýéëåðà äëÿ èäåàëüíîé æèäêîñòè:

ρ
dv

dt
= −ρ∇ϕ−∇p F (8.64)

dv

dt
=
∂v

∂t
+
dxi
dt

∂v

∂xi
=
∂v

∂t
+ (v∇)v⇒ (8.65)

ρ
∂v

∂t
+ ρ(v∇)v = −ρ∇ϕ−∇p (8.66)

Íà÷àëüíûå óñëîâèÿ � áåñêîíå÷íàÿ îäíîðîäíàÿ ñòàòè-
÷åñêàÿ ñðåäà:

ρ(x) = const, p(x) = const, v(x) = 0, ϕ(x) = 0
(8.67)

[Çàâåäîìî íåðåàëèñòè÷íî, ò.ê. ∆ϕ = 4πGρ 6= 0]

Èçó÷àåì ìàëûå âîçìóùåíèÿ.
Ëèíåàðèçîâàííûå óðàâíåíèÿ:
Èç (8.62):

∆(ϕ + δϕ) = 4πG(ρ + δρ)⇒ (8.68)

∆δϕ = 4πGδρ (8.69)

Èç (8.63):

∂

∂t
(ρ + δρ) +∇[(ρ + δρ)(v + δv)] =

=
∂ρ

∂t
+
∂δρ

∂t
+∇(ρv + δρv + ρδv + δρδv) =

=

[
∂ρ

∂t
+∇(ρv)

]
+
∂δρ

∂t
+∇(ρδv) =

∂δρ

∂t
+ ρ∇δv⇒

(8.70)

∂δρ

∂t
+ ρ∇δv = 0 (8.71)

Èç (8.66):

ρ(v∇)v ' 0− 2-é ïîðÿäîê ìàëîñòè (8.72)

∂δv

∂t
= −1

ρ
∇δp−∇δϕ (8.73)

Óðàâíåíèå ñîñòîÿíèÿ: p = p(ρ)

δp =
∂p

∂ρ
δρ ≡ u2

sδρ (8.74)



Èç (8.71), ïîäñòàâëÿÿ ∂δv/∂t èç (8.73)

∂2δρ

∂t2
+ ρ∇∂δv

∂t
=

=
∂2δρ

∂t2
+ ρ∇

(
−1

ρ
∇δp−∇δϕ

)
=

∖
∇δp = ∇

(
∂p

∂ρ
δρ

)∖
=

=
∂2δρ

∂t2
+ ρ∇

(
−1

ρ
u2
s∇δρ− 4πGδρ

)
=

=
∂2δρ

∂t2
− u2

s∇δρ− 4πGρδρ = 0 (8.75)

∂2δρ

∂t2
− u2

s∆δρ− 4πGρδρ = 0 (8.76)

[Åñëè G = 0, òî ïðîñòîå âîëíîâîå óðàâíåíèå]

Èùåì ðåøåíèÿ â âèäå ìàëûõ ëèíåéíûõ âîëí:

δρ(x, t) =

∫
d3q ei[qx−ω(q)t]δρ(q) =

∫
d3q eiqxδρ(q, t)

(8.77)
∂2δρ(x, t)

∂t2
=

∫
[−ω2(q)]d3qei[qx−ω(q)t]δρ(q)

∆δρ(x, t) =

∫
(−q2)d3qei[qx−ω(q)t]δρ(q)

(8.78)

Ïîäñòàâëÿåì â (8.76):∫
[−ω2(q)+u2

sq
2−4πGρ]ei(qx−ωt)δρ(q)d3q = 0 (8.79)

⇒ Çàêîí äèñïåðñèè

ω2(q) = ω2(q) = u2
sq

2 − 4πGρ (8.80)

Äæèíñîâñêèé ¾èìïóëüñ¿ (âîëíîâîå ÷èñëî) è äëèíà
âîëíû

qJ =

√
4πGρ

u2
s

; λJ =
2π

qJ
(8.81)

λ < λJ ⇒ ω2(q) > 0, âîëíà (8.82)

λ < λJ ⇒ âîëíîâûõ ðåøåíèé íåò (8.83)

ω(q) = ±i
√

4πGρ− u2
sq

2 = ±Ωq, Ωq > 0 (8.84)

δρ(q, t) = δρ(q, 0)e±Ωqt (8.85)

Ýêñïîíåíöèàëüíî ðàñòóùåå è ýêñïîíåíöèàëüíî ïà-
äàþùåå ðåøåíèÿ � ãðàâèòàöèîííàÿ íåóñòîé÷èâîñòü
Äæèíñà.

Åñëè us = 0 (ïûëü) òî êîëåáàòåëüíûõ ðåøíèé íåò
ñîâñåì.

Ëèíåéíûé è íåëèíåéíûé ðåæèìû:

δ(q, t) ≡ δρ(q, t)

ρ
(8.86)

Åñëè δ(q, t) � 1 ðàáîòàåò ëèíåéíûé àíàëèç (ïðåä-
ñòàâëåíèå Ôóðüå).

Âðåìÿ âõîäà â íåëèíåéíûé ðåæèì îïðåäåëåÿåòñÿ
óñëîâèåì

δ(q, tnl) ∼ 1 (8.87)

Ðåæèì ðîñòà âîîáùå ãîâîðÿ íå ýêñïîíåíöèàëüíûé, íî
óñëîâèÿ âûõîäà â íåëèíåéíûé ðåæèì âñåãäà òàêèå.



Âîçìóùåíèÿ ìåòðèêè è ôèêñàöèÿ
êàëèáðîâêè h0i = 0

ds2 = a2(η)γµνdx
µdxν (8.88)

γµν = ηµν + hµν (8.89)

ηµν � Ìèíêîâñêèé, hµν � âîçìóùåíèå.
Ñîãëàøåíèå: Èíäåêñû âîçìóùåíèé áóäåì ïîäíè-
ìàòü/îïóñêàòü ìåòðèêîé Ìèíêîâñêîãî:

hµν = ηµρηνλhρλ è ò.ä. (8.90)

Åñëè γµν = ηµν + hµν, òî γ
µν = ηµν − hµν (F)

Òåîðèÿ èíâàðèàíòíà îòíîñèòåëüíî êàëèáðîâî÷íûõ
ïðåîáðàçîâàíèé � ïðîèçâîëüíûõ äèôôåîìîðôèçìîâ.
Ðàññìàòðèâàåì ïðîèçâîëüíûå èíôèíèòåçåìàëüíûå
ïðåîáðàçîâàíèÿ

x̃µ = xµ + ξµ(x), ξµ ∼ hαβ (8.91)

g̃µν = gµν +∇µξν +∇νξµ F (8.92)

Êàê ïðåîáðàçóþòñÿ hµν? Èñïîëüçóåì (8.92):

g̃µν =
1

a2
(ηµν − h̃µν) =

=
1

a2
(ηµν − hµν) + gµλ∇λξ

ν + gνλ∇λξ
µ (8.93)

h̃µν = hµν + (ηµλ−hµλ)∇λξ
ν + (ηνλ−hνλ)∇λξ

µ (8.94)

(ηµλ − hµλ)∇λξ
ν ' ηµλ∇λξ

ν = ηµλ(∂λξ
ν + Γνσλξ

σ) =

= ∂µξν + ηµλΓνσλξ
σ (8.95)

Γνσλ äîñòàòî÷íî ñ÷èòàòü â 0-ïîðÿäêå:

Γνσλ =
1

2
gνρ(∂σgλρ + ∂λgρσ − ∂ρgσλ) =

=
1

2

1

a2
ηνρ[∂σ(a2ηλρ) + ∂λ(a2ηρσ)− ∂ρ(a2ησλ)] =

=
1

a
(∂σa δ

ν
λ + ∂λa δ

ν
σ − ∂ρa ηνρησλ) (8.96)

ηµλΓνσλξ
σ =

1

a
(∂σa ξ

σηµν + ∂λa η
µλξν − ∂ρa ηνρξµ)

(8.97)

(ηµλ − hµλ)∇λξ
ν =

= ∂µξν +
1

a
(∂σa ξ

σηµν + ∂λaη
µλξν − ∂ρaηνρξµ) (8.98)

(ηνλ − hνλ)∇λξ
µ =

= ∂νξµ +
1

a
(∂σa ξ

σηνµ + ∂λaη
νλξµ − ∂ρaηµρξν) (8.99)

h̃µν = hµν + ∂µξν + ∂νξµ + 2ηµνξσ
∂σa

a
(8.100)

Òàê êàê ξµ åñòü 4 ïðîèçâîëüíûå ôóíêöèè, òî èõ âû-
áèðàåì òàê, ÷òîáû çàíóëèòü 3 âåëè÷èíû hi0 = 0, i =
1, 2, 3.

Îñòàåòñÿ åùå îñòàòî÷íàÿ èíâàðèàíòíîñòü äëÿ ïðåîá-
ðàçîâàíèé

∂0ξi + ∂iξ0 = 0 (8.101)

ξi = ξi(x), ξ0 = 0 (8.102)



Â êàëèáðîâêå hi0 = 0:

ds2 = a2(η)[(1 + h00)dη2 − (δik + hik)dxidxk].

(8.103)
Ñîãëàøåíèå: äëÿ òðåõìåðíûõ âåëè÷èí èíäåêñû

îïóñêàþòñÿ òðåõìåðíîé ìåòðèêîé δij

vi = δijv
j = vi (8.104)

Äëÿ íàáëþäàòåëÿ, ïîêîÿùåãîñÿ â ñîïóòñòâóþùåé ñè-
ñòåìå, dxi = 0⇒

ds2 = dτ 2 = a2(η)(1 + h00)dη2 ⇒ (8.105)

dτ = a(η)(1 +
1

2
h00)dη (8.106)

Âîçìóùåíèÿ òåíçîðà ýíåðãèè-èìïóëüñà

ÒÝÈ èäåàëüíîé æèäêîñòè:

T µν = (ρ + p)uµuν − δµνp (8.107)

Ñ âîçìóùåíèÿìè:

T µν = (ρ+ δρ+ p+ δp)(uµ + δuµ)(uν + δuν)− δµν (p+ δp)
(8.108)

Ñêîðîñòü â êîíòåêñòå êîñìîëîãè÷åñêèõ âîçìóùåíèé

Íåâîçìóùåííàÿ (êîîðäèíàòíàÿ) ñêîðîñòü èìååò
òîëüêî
0-êîìïîíåíòó: uµ = (u0, 0, 0, 0)

gµνu
µuν = 1⇒ a2ηµνu

µuν = a2u0u0 = 1⇒

u0 =
1

a
; u0u

0 = 1⇒ u0 = a (8.109)

Ôèçè÷åñêèå ñêîðîñòè:

dXµ = adxµ ⇒ V µ =
dXµ

ds
= a

dxµ

ds
= auµ (8.110)

V 0 = au0 = 1; V i = aui = 0; (8.111)

Âîçìóùåííàÿ ñêîðîñòü:

V̂ 0 = V 0 + v0 = 1 + v0 (8.112)

V̂ i = V i + vi = vi − ôèçè÷åñêàÿ ñêîðîñòü (8.113)

v0 è vi � âåëè÷èíû ïåðâîãî ïîðÿäêà ìàëîñòè.

V̂ µ = aûµ (8.114)

û0 ≡ u0 + δu0 =
1

a
(1 + v0) (8.115)

ûi ≡ ui + δui ≡ δui =
1

a
vi (8.116)

Òîãäà

1 = gµνû
µûν = a2[(η00 + h00)û0û0 − (δij + hij)û

iûj] =

= a2(1 + h00)
1

a2
(1 + v0)2 − (δij + hij)δu

iδuj ∼=
∼= (1 + h00)(1 + v0)2 ∼= 1 + h00 + 2v0 ⇒ (8.117)

v0 = −1

2
h00 (8.118)

Â ëèíåéíîì ïîðÿäêå ýòî åñòü ãðàâèòàöèîííîå çàìåä-
ëåíèå âðåìåíè. Äàæå åñëè vi = 0 âðåìÿ çàìåäëÿåòñÿ.

vi ìîãóò áûòü ëþáûìè (ìàëûìè) (8.119)



Êîìïîíåíòû ÒÝÈ

uµ è δuµ (ñ íèæíèìè èíäåêñàìè):

ûµû
µ = (u0 + δu0)(u0 + δu0) + δuiδu

i ∼=
∼= (u0 + δu0)(u0 + δu0) = 1⇒ (8.120)

u0 + δu0 =
1

u0 + δu0
= a(1− v0) (8.121)

δui = giµδu
µ ∼= a2ηiµδu

µ = −a2δui = −a2 1

a
vi = −avi

(8.122)

T 0
0 = (ρ+δρ+p+δp)

1

a
(1+v0)a(1−v0)−δ0

0(p+δp) =

= ρ + δρ â ïåðâîì ïîðÿäêå⇒ (8.123)

δT 0
0 = δρ (8.124)

T 0
i = (ρ+ δρ+ p+ δp)

1

a
(1 + v0)(−avi)− δ0

i (p+ δp) ∼=
∼= (ρ + p + δρ + δp)(−vi) ∼= −(ρ + p)vi ⇒ (8.125)

δT 0
i = −(ρ + p)vi (8.126)

T ij = (ρ + δρ + p + δp)
1

a
vi(−avj)− δij(p + δp) ∼=
∼= −δijp− δijδp⇒ (8.127)

δT ij = −δijδp (8.128)


