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Ñå÷åíèå àííèãèëÿöèè ÷àñòèö òåìíîé ìàòåðèè. Ðåêîìáèíàöèÿ
ýëåêòðîíîâ è ïîñëåäíåå ðàññåÿíèå ôîòîíîâ. Ýïîõà ðåîèíèçàöèè.
Òåìïåðàòóðíàÿ èñòîðèÿ Âñåëåííîé. Ôîíîâàÿ ìåòðèêà â
êîíôîðìíîì âðåìåíè.
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Ñå÷åíèå àííèãèëÿöèè ÷àñòèö òåìíîé ìàòåðèè

Ñíà÷àëà íàéäåì nX(t0) è ΩX , ïîòîì âûðàçèì èç íèõ
σv = σ0 = const.

Óñëîâèå çàìîðàæèâàíèÿ ÒÌ ïðîòèâ àííèãèëÿöèè
(7.47):

τ (Tf) =
1

nX(Tf)

1

〈σann(Tf)v(Tf)〉
=

1

H(Tf)
⇒ (8.1)

nX(Tf) =
H(Tf)

σannv
=

1

σ0

T 2
f

M ∗
Pl

(8.2)

Íàñòîÿùåå âðåìÿ:

nX(t0) =

(
a(tf)

a(t0)

)3

nX(Tf) (8.3)

sa3 = const⇒ s ∼ 1

a3
⇒ (8.4)

nX(t0) =
s0

s(tf)
nX(tf) (8.5)

s0 =
4π

90
(2T 3

γ +
7

8
2 · 3 · T 3

ν ) ≈ 2.8 · 103 ñì−3 (8.6)

s(tf) = g∗(tf)
4π2

90
T 3
f ⇒ (8.7)

nX(t0) =
s0

s(tf)

1

σ0

T 2
f

M ∗
Pl

=

∖
M ∗

Pl =
MPl

1.66
√
g∗(tf)

∖
=

=
1

σ0

s0√
g∗(tf)TfMPl

(
4π2

1.66·90

) = 3.8
s0

Tfσ0MPl

√
g∗(tf)

F (8.8)

nX(t0) = 3.8
s0

Tfσ0MPl

√
g∗(tf)

(8.9)

Íàéäåì ΩX . Ïîäñòàâëÿÿ â (8.9) Tf èç (7.59):

Tf =
MX

ln

[
gX

(2π)3/2
σ0MXM

∗
Pl

] ⇒ (8.10)

ΩX = 2 · MXnX(t0)

ρc
= \2− èç X + X̄\ =

=
∖
s0 = 2.8 · 103 ñì−3; MPl = 1.2 · 1019 ÃýÂ;

ρc = 1.88 · 10−29h2 ã

ñì2

∖
=

=
3 · 10−10

(σ0/ÃýÂ
−2)
√
g∗(tf)

ln

[
gX

(2π)3/2
σ0MXM

∗
Pl

]
1

2h2
F

(8.11)

Óðàâíåíèå (8.11) ïåðåïèøåì êàê óðàâíåíèå äëÿ σ0:

σ0 =
1

ΩX
× 3 · 10−10√

g∗(tf)
ln

[
gX

(2π)3/2
σ0MXM

∗
Pl

]
1

2h2
(8.12)

ΩX = 0.26 � èçâåñòíî.
g∗ = 10÷ 100 � â çàâèñèìîñòè îò Tf

Êàê æå íàéòè ÷èñëåííóþ âåëè÷èíó σ0, åñëè íè MX ,
íè g∗ òî÷íî íå èçâåñòíû?



(8.12) ðåøàåòñÿ ìåòîäîì èòåðàöèé (4 èòåðàöèè äàþò
6 çíà÷àùèõ öèôð):

MX = 1ÃýÂ⇒ σ0 = (0.76÷ 2.5) · 10−8 ÃýÂ−2

MX = 100ÃýÂ⇒ σ0 = (0.82÷ 2.7) · 10−8 ÃýÂ−2

MX = 10ÒýÂ⇒ σ0 = (0.88÷ 2.9) · 10−8 ÃýÂ−2

(8.13)
Ñå÷åíèå î÷åíü ñëàáî çàâèñèò îò MX è ñðàâíèìî ñî
ñëàáûì ñå÷åíèåì ïðè ýíåðãèÿõ ∼ 100ÃýÂ:

σw ∼ αw/M
2
W ∼ 10−7ÃýÂ−2 (8.14)

σ0 ∼ a2 ∼ 1

M 2
X

⇒MX ∼
1
√
σ0
∼ 10ÒýÂ (8.15)

Òÿæåëàÿ ÷àñòèöà ñî ñëàáûì âçàèìîäåéñòâèåì �
WIMP.

Â ñîâðåìåííóþ ýïîõó, äëÿ àñòîôèçè÷åñêèõ nX :

τann =
1

nX

1

〈σannv〉
(8.16)

〈σannv〉 = σ0 ∼ 10−8 ÃýÂ−2 (8.17)

Ýòî çíà÷åíèå èñïîëüçóåòñÿ äëÿ âû÷èñëåíèÿ ñèãíàëà
àííèãèëÿöèè òåìíîé ìàòåðèè â ñîâðåìåííûõ óñëî-
âèÿõ.

nX , åñòåñòâåííî, çàâèñèò îò MX .

nX çàâèñèò îò òîãî, êóäà ñìîòðèì: âíóòðåííèå îáëà-
ñòè Ãàëàêòèêè, âíåøíèå îáëàñòè, êàñïû è ò.ä.

Ñå÷åíèÿ (8.17) íà 2-3 ïîðÿäêà íå õâàòàåò, ÷òîáû îáú-
ÿñíèòü íàáëþäàåìûé ïîòîê ïîçèòðîíîâ â êîñìè÷å-
ñêèõ ëó÷àõ ⇒ íóæåí ¾áóñò-ôàêòîð¿ 100÷ 1000.

Nature, V. 458 (2009), P.607-609



Ðåêîìáèíàöèÿ ýëåêòðîíîâ è ïîñëåäíåå ðàññå-
ÿíèå ôîòîíîâ

Òåìïåðàòóðà ðåêîìáèíàöèè

Ýíåðãèÿ ñâÿçè ýëåêòðîíà â âîäîðîäå 13.6 ýÂ.
Òåìïåðàòóðà ðåêîìáèíàöèè ìàñøòàáà 13 ýÂ?

• Ïðåäïîëàãàåì, ÷òî âñå ÿäðà � ïðîòîíû.
• Ïðåäïîëàãàåì, ÷òî ðåêîìáèíàöèÿ èäåò ðàâíîâåñíî.
• T ∼ 10 ýÂ ⇒ p+ è e− � íåðåëÿòèâèñòñòêèå

ne = ge

(
meT

2π

)3/2

e(µe−me)/T ; ge = 2 (8.18)

np = gp

(
mpT

2π

)3/2

e(µp−mp)/T ; gp = 2 (8.19)

nH = gH

(
mHT

2π

)3/2

e(µH−mH)/T ; gH = 4(8.20)

1. Òåìïåðàòóðà ðåêîìáèíàöèè îïðåäåëÿåòñÿ óñëîâè-
åì:

np(T ) = nH(T ) (8.21)

Ýòî îäíî óðàâíåíèå, íî íåèçâåñòíûõ 4:
Tr, µe, µp, µH
Íóæíî åùå 3 óðàâíåíèÿ.

2. Ñîõðàíåíèå nB:

np + nH = nB = ηBnγ(T ) (8.22)

ηB ≈ 6.1 · 10−10 (8.23)

nγ(T ) = 2
ζ(3)

π2
T 3 ⇒ (8.24)

np + nH = 6.1 · 10−10 · 2ζ(3)

π2
T 3 (8.25)

3. Õèìè÷åñêîå ðàâíîâåñèå:

µp + µe = µH [p + e↔ H + γ] (8.26)

4. Ýëåêòðîíåéòðàëüíîñòü (ñîõðàíåíèå çàðÿäà)

np = ne (8.27)

Ðåøåíèå

npne = gpge

(
mpT

2π

)3/2(
meT

2π

)3/2

e(µp+µe−mp−me)/T

(8.28)
mp + me = mH + ∆H , ∆H = 13.6 ýÂ (8.29)

(8.27), (8.26) ⇒

n2
p = gpge

(
mpT

2π

)3/2(
meT

2π

)3/2

e(µH−mH)/Te−∆H/T

(8.30)
Èç (8.20):

e(µH−mH)/T =
nH

gH

(
mHT

2π

)3/2
⇒ (8.31)

n2
p =

(
meT

2π

)3/2

nHe
−∆H/T (8.32)



Ê ôîðìå Ñàõà:

Xp =
np
nB
, XH =

nH
nB
, Xp + XH = 1 (8.33)

Èç (8.32)

X2
p

(
2π

meT

)3/2

e∆H/T = XH
1

nB
= (1−Xp)

1

nB
⇒

(8.34)

Xp + nBX
2
p

(
2π

meT

)3/2

e∆H/T = 1 (8.35)

nB = ηB · 2
ζ(3)

π2
T 3 (8.36)

Xp +
2ζ(3)

π2
X2
pηB

(
2πT

me

)3/2

e∆H/T = 1 (8.37)

Ìàëûé ìíîæèòåëü:

ηB

(
2πT

me

)3/2

∼ 10−17 ⇒ (8.38)

ñðàçó âèäíî, ÷òî Tr � ∆H .

Xp = 0.5⇒

ζ(3)

π2
ηB

(
2πT

me

)3/2

e∆H/T = 1 (8.39)

Óðàâíåíèå ïðèâåñòè ê âèäó x = ln(Axα):

∆H

T
= ln

[ √
π

ζ(3)ηB2
√

2

(
me

∆H

)3/2(
∆H

T

)3/2
]

(8.40)

Â ëîãàðèôìè÷åñêîì ïîðÿäêå (ïåðâàÿ èòåðàöèÿ):

T (1)
rec = 0.37 ýÂ (8.41)

Òî÷íîå ðåøåíèå (ìåòîä èòåðàöèé)

Trec = 0.321 ýÂ (8.42)

Ó÷òåíû ýëåêòðîíû è áàðèîíû, óæå ñâÿçàííûå â ãå-
ëèè:

ηB = 0.75× 6.1 · 10−10 (8.43)

Êîãäà?

Êðàñíîå ñìåùåíèå:

T (t) = T0
a0

a(t)
= T0(z + 1)⇒ (8.44)

zrec =
T

T0
− 1 ≈ 1370 (8.45)

Êðàñíîå ñìåùåíèå ÐÄ-ÄÌ ïåðåõîäà

z ≈ 3 · 103 ⇒ (8.46)

Ðåêîìáèíàöèÿ ïðîèñõîäèò íà ÄÌ- (ïûëåâèäíîé) ñòà-
äèè.

t =
2

3H
(8.47)

H2 =
8π

3
Gρ (îáùåå óðàâíåíèå Ôðèäìàíà) (8.48)

trec =

√
1

6πGρM(trec)
=

√
M 2

Pl

6πρM(Trec)
(8.49)



ò.ê. ìàòåðèÿ äîìèíèðóåò.

ρM = ρB + ρCDM =
ρB + ρCDM

ρc

ρc
ρB
· ρB =

=
ΩM

ΩB
ρB =

ΩM

ΩB
mpnB(Trec) =

ΩM

ΩB
mpηBnγ(Trec) =

=
ΩM

ΩB
mpηB · 2

ζ(3)

π2
T 3
rec ⇒ (8.50)

trec =

√
π

12ζ(3)

ΩB

ΩM

M 2
Pl

ηBmpT 3
rec

≈ 350 òûñ. ëåò (8.51)

Êàêîâû áûëè õèìè÷åñêèå ïîòåíöèàëû
µp, µH , µe íà ìîìåíò ðåêîìáèíàöèè?


gp

(
mpTrec

2π

)3/2

e(µp−mp)/Trec = gH

(
mHTrec

2π

)3/2

e(µH−mH)/Trec

gp

(
mpTrec

2π

)3/2

e(µp−mp)/Trec = ge

(
meTrec

2π

)3/2

e(µe−me)/Trec

µp + µe = µH
(8.52)

Ðåøåíèå F:

µp = mp −∆H + T ln

[
1

2

(
me

mH

)3/2
]

(8.53)

µe = me −∆H + T ln

[
1

2

(
mp

mH

)3/2
]

(8.54)

µH = mH −∆H + T ln

[
1

4

(
me

mp

)3/2
]

(8.55)

Âî âñåõ ñëó÷àÿõ

µi = mi − δµi; δµi � mi (8.56)

Êàêîâ õèì. ïîòåíöèàë àòîìîâ âîäîðîäà ñåé-
÷àñ?

nH ≈ ηBnγ = ηB · 2
ζ(3)

π2
T 3

0 =

= gH

(
mHT0

2π

)3/2

e(µH−mH)/T0 (8.57)

e(µH−mH)/T0 =
1

2
ηB
ζ(3)√
π

(
2T0

mH

)3/2

⇒ (8.58)

µH = mH + T0 ln

[
1

2
ηB
ζ(3)√
π

(
2T0

mH

)3/2
]

=

= mH − δµ0
H ; δµ0

H = 1.5 · 10−11 ÃýÂ (8.59)



Äëèòåëüíîñòü ðåêîìáèíàöèè

Äèàïàçîí òåìïåðàòóð, êîãäà exp(∆H/T ) îòëè÷àåòñÿ
îò exp(∆H/Trec) â e ðàç:∣∣∣∣ ∆H

T ±∆T
− ∆H

Tr

∣∣∣∣ = 1⇒ ∆T

Trec
≈ Trec

∆H
=

0.32

13.6
≈ 0.02

(8.60)

T =
const

a
⇒ ∆a

arec
=

∆T

Trec
= 0.02� 1 (8.61)

Âðåìÿ ðåêîìáèíàöèè ìíîãî ìåíüøå õàááëîâñêîãî
âðåìåíè.

Ïîñëåäíåå ðàññåÿíèå ôîòîíîâ
(çàêàëêà ôîòîíîâ)

Íå òî æå ñàìîå, ÷òî ðåêîìáèíàöèÿ � ïîçæå!

Òîìñîíîâñêîå ñå÷åíèå ðàññåÿíèÿ ôîòîíîâ:

σT =
8π

3

α2

m2
e

≈ 0.67 · 10−24 ñì2 (8.62)

Âðåìÿ ñâîáîäíîãî ïðîáåãà ôîòîíà ïî îòíîøåíèþ ê
òîìñîíîâñêîìó ðàññåÿíèþ:

τγ =
1

σTne(T )
(8.63)

Èç (8.32):

n2
e(T ) = n2

p(T ) =

(
meT

2π

)3/2

nHe
−∆H/T =

= \nH ∼= ηB · nγ ò.ê. ðåêîìáèíàöèÿ
ïðàêòè÷åñêè çàâåðøåíà\ =

=

(
meT

2π

)3/2

ηB
2ζ(3)

π2
T 3e−∆H/T (8.64)

Âðåìÿ ïîñëåäíåãî ðàññåÿíèÿ îïðåäåëÿåòñÿ

τγ(Tf) ' H−1(Tf) ' tf (8.65)

tf ìàëî îòëè÷àåòñÿ îò trec = 350 òûñ.ëåò, ïîýòîìó äëÿ
îöåíêè Tf ìîæíî â ïðàâîé ÷àñòè óðàâíåíèÿ èñïîëü-
çîâàòü trec âìåñòî tf :

1

σT

1[(
meTf

2π

)3/2

ηB
2ζ(3)
π2 T

3
f e
−∆H/Tf

]1/2
= trec (8.66)



e∆H/Tf = σ2
T t

2
rec

(
meTf

2π

)3/2

ηB
2ζ(3)

π2
T 3
f (8.67)

∆H

Tf
= ln

[
σ2
T t

2
rec

(
meTf

2π

)3/2

ηB
2ζ(3)

π2
T 3
f

]
(8.68)

Â ï.÷. Tf → Trec ⇒

∆H

Tf
∼= ln

[
σ2
T t

2
rec

(
meTrec

2π

)3/2

ηB
2ζ(3)

π2
T 3
rec

]
(8.69)

Trec = 0.32 ýÂ (8.70)

ηB = 0.75 · 6.1 · 10−10 (8.71)

trec = 3.5 · 105 ëåò⇒ (8.72)

Tf = 0.27 ýÂ (8.73)

Àíàëîãè÷íî (8.51)

tf =

√
π

12ζ(3)

ΩB

ΩM

M 2
Pl

ηBmpT 3
f

≈ 460 òûñ. ëåò (8.74)

zf =
0.27 ýÂ

2.73× 8.6 · 10−5 ýÂ
= 1140 ≈ 1100 (8.75)

Ãîðèçîíò íà ìîìåíò ïîñëåäíåãî ðàññåÿíèÿ
(z ≈ 1100)

Ìîìåíò ïîñëåäíåãî ðàññåÿíèÿ îáû÷íî îòîæäåñòâëÿ-
þò ñ ðåêîìáèíàöèåé: f → r

Ìîæíî (äîâîëüíî ãðóáî) íàéòè, ñ÷èòàÿ, ÷òî Âñåëåí-
íàÿ âñåãäà áûëà ïûëåâèäíîé:

lH,r =
2

Hr(tr)
(8.76)

Èç óðàâíåíèÿ Ôðèäìàíà:

H2
r =

8π

3
GρM(tr) (8.77)

ρM(tr) = ρM,0

(
a0

ar

)3

= ρM,0(1 + zr)
3 (8.78)

ρM,0 = ρcΩM (8.79)

lH,r =
2√

8π
3 GρcΩM(1 + zr)3

=

∖
ρc =

H2
0

8π
3 G

∖
=

=
2

H0

√
ΩM

1

(1 + zr)3/2
(8.80)

lH,r =
2

H0

√
ΩM

1

(1 + zr)3/2 (8.81)

Ñåé÷àñ ýòîò ðàçìåð ðàñòÿíóò â a0/ar = 1 + zr ðàç:

lH,r(t0) =
2

H0

√
ΩM

1√
1 + zr

(8.82)



Ñîâðåìåííûé ãîðèçîíò:

lH,0 = a0

∫ t0

0

dt

a(t)
=

= a0

∫ t0

0

dt

a0

(
ΩM
ΩΛ

)1/3 [
sh
(

3
2

√
ΩΛH0t

)]2/3 =
2

H0
× 1.8

(8.83)

Ýòî â ∼ 30 ðàç áîëüøå, ÷åì lH,r(t0) � âèäèìàÿ ÷àñòü
Âñåëåííîé ñîäåðæèò ∼ 3 ·103 ïðè÷èííî íå ñâÿçàííûõ
îáëàñòåé íà ìîìåíò ðåêîìáèíàöèè.
Îò÷åãî æå ìèêðîâîëíîâîé ôîí îäíîðîäåí ñ òî÷íî-
ñòüþ ∼ 10−4? � ¾ïðîáëåìà ãîðèçîíòà¿.

Ýïîõà ðåîèíèçàöèè

Ëàéìàí-àëüôà-ëåñ (Lyman-alpha forest)
â ñïåêòðàõ êâàçàðîâ

Îñíîâíîé ïèê � Lyα
Ëèíèè ïîãëàùåíèÿ - òîæå Lyα

квазар
облака водорода

zz1z2z3z4z5

мы



• Lyα-ëèíèÿ ïîãëîùåíèÿ ñäâèíóòàÿ ðàçíûì êðàñíûì
ñìåùåíèåì îáëàêîâ âîäîðîäà.

• ×åì äàëüøå êâàçàð, òåì ãóùå ëåñ.

• Ïðè z > 6 ãóñòîòà ëåñà ïåðåñòàåò ðàñòè. Ïî÷åìó?

Ðåîíèçàöèÿ âîäîðîäà (íî íå ãåëèÿ),
6 < z < 20, 150 · 106 − 1000 · 106 ëåò.

Îñòàòî÷íàÿ îïòè÷åñêàÿ òîëùèíà τ ' 0.09± 0.03



Êðàòêàÿ èñòîðèÿ Âñåëåííîé (13.8 ìëäð. ëåò)

Ñîáûòèå T z t

Ãîðÿ÷èé
Áîëüøîé
âçðûâ

− − 0

GUT-ïåðåõîä
(?) ∼ 1016 ÃýÂ ∼ 1030 ∼ 10−39 ñåê

Áàðèîãåíåçèñ
(?) ∼ 1016 ÃýÂ ∼ 1030 ∼ 10−39 ñåê

Ýëåêòðîñëà-
áûé ïåðåõîä 100ÃýÂ 1015 10−11 ñåê

Çàêàëàêà
òåìíîé
ìàòåðèè(?)

0.05÷300ÃýÂ 1011÷1015 2 · 10−12÷10−4 ñåê

Àäðîíèçàöèÿ:
êîíôàéíìåíò
êâàðêîâ

170ÌýÂ 7 · 1011 2 · 10−12÷10−5 ñåê

Çàêàëàêà
íåéòðèíî 1.2ÌýÂ 5 · 109 0.85 ñåê

Çàêàëàêà
íåéòðîíîâ 0.8ÌýÂ 3 · 109 2.5 ñåê

Íóêëåîñèíòåç 65êýÂ 3 · 109 4.5ìèí

Ñîáûòèå T z t

ÐÄ → ÌÄ
ïåðåõîä 1 ýÂ 3000 85 òûñ. ëåò

Ðåêîìáèíàöèÿ
ýëåêòðîíîâ 0.32 ýÂ 1370 350 òûñ. ëåò

Ïîñëåäíåå
ðàññåÿíèå
ôîòîíîâ

0.27 ýÂ 1140 460 òûñ. ëåò

Ðåîèíèçàöèÿ 50÷15 Ko 20÷6 150÷1000ìëí.ëåò

Íà÷àëî ýðû
ÄåÑèòòåðà 4.5 Ko 0.65 7.6ìëðä.ëåò

Ñåé÷àñ 2.73 Ko 0.0 13.8ìëðä.ëåò



Ôîíîâàÿ ìåòðèêà, êîíôîðìíîå âðåìÿ.

dη = dt/a; dt = adη; dt/dη = a (8.84)

ds2 = a2(η)[dη2 − dxidxi] = a2(η)ηµνdx
µdxν (8.85)

Ïåðåïèøåì óðàâíåíèÿ â ïðîèçâîäíûõ ïî êîíôîðì-
íîìó âðåìåíè:

d

dη
=
dt

dη

d

dt
= a

d

dt
⇒ d

dt
=

1

a

d

dη
(8.86)

H =
ȧ

a
=
a′

a2
(8.87)

Óðàâíåíèå Ôðèäìàíà

H2 =
8π

3
Gρ⇒

(
a′

a2

)2

=
8π

3
Gρ (8.88)

(i, j)-êîìïîíåíòà óðàâíåíèé Ýéíøòåéíà F

2
ä

a
+
ȧ2

a2
= −8πGp⇒ 2

a′′

a3
− a′2

a4
= −8πGp (8.89)

Êîâàðèàíòíûé çàêîí ñîõðàíåíèÿ ýíåðãèè

ρ̇ + 3
ȧ

a
(ρ + p) = 0⇒ ρ′ + 3

a′

a
(ρ + p) = 0 (8.90)

Êîñìîëîãè÷åñêèå ðåøåíèÿ a(η) F:

ÐÄ-ñòàäèÿ: a(η) = const · η; η = const · t1/2 (8.91)

ÄÌ-ñòàäèÿ: a(η) = const · η2; η = const · t1/3 (8.92)

Λ− ñòàäèÿ: a(η) = − 1

HdSη
; η = −const ·e−HdSt, η < 0

(8.93)

H2
dS =

8π

3
GρΛ (8.94)

Êîýôôèöèåíòû â (8.91) è (8.92) � ÷åðåç a0 è
èçìåðèìûå âåëè÷èíû

ÐÄ-ñòàäèÿ (T . 100 ÃýÂ)

H2 =
8π

3
Gρ =

8π

3
G
π2

30
g∗T

4 (8.95)

Ñîõðàíåíèå ýíòðîïèè:

g∗a
3T 3 = g0

∗a
3
0T

3
0 (8.96)

T 3 =
g0
∗
g∗

a3
0

a3
T 3

0 ⇒ T =

(
g0
∗
g∗

)1/3
a0

a
T0 (8.97)

ρcΩrad =
π2

30
g0
∗T

4
0 ⇒ T 4

0 =
Ωradρc
π2

30g
0
∗

(8.98)

Ïîäñòàâëÿåì (8.98) â (8.97), (8.97) â (8.95):

H2 =

(
8π

3
Gρc

)(
g0
∗
g∗

)1/3(a0

a

)
Ωrad =

= H2
0

(
g0
∗
g∗

)1/3(a0

a

)
Ωrad (8.99)



η =

∫ t

0

dt

a(t)
= \t→ a(t) : da = ȧdt, dt = da/ȧ\ =

=

∫ a

0

1

a

da

ȧ
=

∫ a

0

da

a2H(a)
= \(8.99)\ =

=

∫ a

0

da

a2H0

(
g0∗
g∗

)1/6(
a0
a

)2√
Ωrad

=
1

H0

(
g∗
g0
∗

)1/6
1

a2
0

a√
Ωrad

(8.100)

η =
1

H0

(
g∗
g0
∗

)1/6
1

a0

1√
Ωrad

a

a0

(8.101)

ÄÌ-ñòàäèÿ (íî íå Λ)

H2
0 =

8π

3
Gρc (8.102)

H2 =
8π

3
GρM =

8π

3
Gρ0

M

(a0

a

)3

⇒ (8.103)

H2

H2
0

=
ρ0
M

ρc

(a0

a

)3

= ΩM

(a0

a

)3

⇒ H2 = H2
0ΩM

(a0

a

)3

(8.104)

η =

∫ t

0

dt

a(t)
=

∫ a

0

da

a2H(a)
=

=

∫ a

0

da

a2H0

√
ΩM(a0/a)3/2

=
2

a0H0

√
ΩM

√
a

a0
(8.105)

η2 =
a

a0

4

a2
0H

2
0ΩM

(8.106)

Êîíôîðìíûå âðåìåíà η0, ηr, ηeq � ÷åðåç a0 è èç-
ìåðèìûå âåëè÷èíû

Óðàâíåíèå Ôðèäìàíà:

H = H0

√
ΩΛ + ΩM(1 + z)3 + Ωrad(1 + z)4 (8.107)

η =

∫ t

0

dt

a(t)
=

∫ a

0

da

a2H(a)
=

=

∖
z + 1 =

a0

a
; da = − a0

(z + 1)2
dz

∖
=

=

∫ z

∞
− dz

a0H(z)
=

=
1

a0H0

∫ ∞
z

dz√
ΩΛ + ΩM(1 + z)3 + Ωrad(1 + z)4

(8.108)



Êîíôîðìíîå âðåìÿ ñîâðåìåííîé ýïîõè:

η0 =
2

a0H0

√
ΩM

×

× 1

2

∫ ∞
0

dz√
ΩΛ
ΩM

+ (1 + z)3 + Ωrad
ΩM

(1 + z)4
=

=
2

a0H0

√
ΩM

× I(ΩM) (8.109)

ΩM = 0.31, ΩΛ = 0.69,Ωrad = 2 · 10−4 ⇒
I(ΩM) ≈ 0.89 (8.110)

Êîíôîðìíîå âðåìÿ ïîñëåäíåãî ðàññåÿíèÿ (ðåêîìáè-
íàöèè):

ηr =
2

a0H0

√
ΩM

1

2

∫ ∞
zr

dz√
(1 + z)3 + Ωrad

ΩM
(1 + z)4

=

=
2

a0H0

√
ΩM

F

(
Ωrad

ΩM

)
(8.111)

F ñ÷èòàåòñÿ:

F

(
Ωrad

ΩM

)
=

√
1

1 + zr
+

Ωrad

ΩM
−
√

Ωrad

ΩM
=∖

ΩM

Ωrad
= 1 + zeq F

∖
=

√
1

1 + zr
+

1

1 + zeq
−

√
1

1 + zeq

F = 0.017 (8.112)

Ëåãêî ñ÷èòàåòñÿ óãîë âèäèìîñòè ãîðèçîíòà ðåêîìáè-
íàöèè:

∆θr = ηr/η0 = 0.019; ∆θr = 1.1o (8.113)

ηeq =
2

a0H0

√
ΩM

√
2− 1√
1 + zeq

; F = 0.0076 (8.114)

ηr
ηeq

= 2.3;
η0

ηeq
= 1.2 · 102 (8.115)

ηr è ηeq áëèçêè, íî íå ñîâïàäàþò.

a0ηeq =
2

H0

√
ΩM

1√
1 + zeq

(
√

2− 1) (8.116)

a0ηr =
2

H0

√
ΩM

(√
1

1 + zr
+

1

1 + zeq
−

√
1

1 + zeq

)
(8.117)

a0η0 =
2

H0

√
ΩM

I(ΩM); I(ΩM) = 0.89 (8.118)

a0ηeq =
a0

aeq
(aeqηeq) =

a0

aeq
leqH (8.119)

� äî êàêèõ ðàçìåðîâ ñåé÷àñ ðàñòÿíóëñÿ ãîðèçîíò íà
ìîìåíò ïåðåõîäà ÐÄ→ÄÌ. È ò.ä.

a0ηeq = 120Ìïê (8.120)

a0ηr = 510Ìïê (8.121)
a0η0 = 14.1Ãïê = 46.0Ìëðä. ñâ. ëåò (8.122)


