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We derive an explicit expression for the transition amplitude from black to white hole horizon at
the end of Hawking evaporation using covariant loop quantum gravity.

I. INTRODUCTION

The existence of a classical solution of the Einstein field
equations describing a spacetime in which the exterior of
a past black hole and a future white hole are connected [1]
indicates that the end of the evaporation of a black hole
can result in a quantum tunnelling from a trapped to an
anti-trapped region. The black to white hole transition is
receiving increasing attention in the literature [2–14]. In
[15], following the scenario developed in [16–25], we have
introduced a technique to study this transition. Here we
use this technique to derive an explicit expression for the
corresponding transition amplitude.

This transition amplitude is formally given by a path
integral over four-geometries performed on a spacetime
region B bounded by a three-dimensional surface Σ (with
specified intrinsic and extrinsic geometry). The three-
dimensional surface Σ encloses the transition region. Its
specification and its geometry have been computed in
[15]. The formal path integral is approximated and con-
cretely defined by the spinfoam amplitude [26] associated
to a discretization of B. While the discretization of Σ was
defined in [15], here we construct the full discretization of
B and compute the corresponding transition amplitude.

The complexity of the calculation is given by the topol-
ogy of B, which is the product of a two-sphere and a disk
(see fig. 1). The disk is the product of a finite time inter-
val and a finite space (radial) interval and it is delimited
by an exterior two-sphere S+ that surrounds the hori-
zon and by an interior two-sphere S− surrounded by the
horizon (sitting on the bounce radius of the transition of
the internal geometry of the black hole). The two two-
spheres S+ and S− split Σ into a past component Σp and
a future component Σf .

While Σ was discretized by means of a three-
dimensional triangulation, here we discretize B in terms
of a two-complex C dual to a cellular complex which is
not a four-dimensional triangulation. This choice has the
advantage of providing a relatively simple discretization
that respects the symmetries of the problem.

Section II is devoted to the construction of the two-
complex C. The corresponding transition amplitude is
computed in section III. Section IV offers a simplifica-
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Figure 1: The region B in the time-radius space: each point
of the diagram is a two sphere.

tion of the expression based on the symmetries of the
two-complex. Section V gives the amplitude in terms of
coherent states. The duals of Γ and C, namely the tri-
angulation of Σ and the cellular decomposition of B, are
discussed in appendix A. Appendix B offers a graphical
representation of Γ and C. Appendix C recalls the basic
formulas of covariant loop quantum gravity.

II. DISCRETIZATION OF B

In this section we give the combinatorial definition of the
two-complex C as a set of vertices, edges and faces with
their boundary relations. To help the geometric visual-
ization, a graphical representation of the two-complex C
and its boundary Γ is provided in appendix B: we advise
the reader to consult it.

If N1 and N2 are nodes, we write L = (N1,N2) to
denote the oriented link with source N1 and target N2.
We denote L−1 ≡ (N2,N1) the same link but with oppo-
site orientation. For the vertices and edges of the two-
complex of the spinfoam (which form a graph), we use an
analogous notation. We denote the vertices as v; the in-
ternal edges (bounded by two vertices) as e; the external
edges (bounded by one node) as E. Similarly, we denote
the internal faces (bounded by internal edges only) as f;
the external faces (with one link in the boundary) as F.
We write f = (e1, . . . , en) to denote the oriented face f
bounded by these edges. The orientation of the face is
given by the sequence of edges. These are written ori-
ented accordingly to the orientation the face induces on
them.
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Let a, b, c, d be indices taking values in the set
{1, 2, 3, 4}, t be an index taking values in the set {p, f}
(for past and future) and ε be an index taking values in
the set {−,+} (for interior and exterior). In all the ex-
pressions with several indices a, b, . . . these are assumed
to be all different, that is a 6= b and so on. Unless two in-
dices are separated by a comma, the order of the indices
is not relevant and exchanging the indices results in the
same element. If two indices are separated by a comma,
exchanging the indices results in a different element.

The graph Γ dual to the three-dimensional triangula-
tion of Σ constructed in [15] is defined by

Nodes Ntε
a and Nt

ab;

Links Lεa = (Npε
a ,N

fε
a ),

Lt+a,b = (Nt
ab,N

t+
a ),

Lt−a,b = (Nt
cd,N

t−
a ).

(See figure 6 of appendix B.)
The two-complex C, whose boundary ∂C is given by Γ,

is defined by:

Vertices vεa and vab;

Edges Etεa = (vεa,N
tε
a ),

Etab = (vab,N
t
ab),

e+
a,b = (v+

a , vab),

e−a,b = (v−a , vcd);

Faces Fεa =
(
Lεa, (E

fε
a )−1,Epεa

)
,

Ft+a,b =
(
Lt+a,b, (E

t+
a )−1, e+

a,b,E
t
ab

)
,

Ft−a,b =
(
Lt−a,b, (E

t−
a )−1, e−a,b,E

t
cd

)
,

fa,b
c<d
=
(
e+
a,c, (e

−
b,d)
−1, e−b,c, (e

+
a,d)
−1
)
.

This construction defines the orientation of every element
of the two-complex.

The geometry of B is invariant under both rotations
and the time reversal transformation that swaps Σp and
Σf . The discretization reduces the rotational symmetry
to a discrete tetrahedral symmetry, realized by an even
permutation of the indices a, b, c, d. The time reversal
symmetry is realized by the swap of the indices p and f .

There is also a combinatorial symmetry defined by the
exchange of the exterior and the interior, namely by the
exchange of S+ and S−. This is realized in the two-
complex by the invariance under the swap of the indices
+ and −. This is however not a symmetry of the geom-
etry we want to study, as S+ and S− have a different
geometry: S+ is larger.

III. TRANSITION AMPLITUDE

Following appendix C, we assign group elements to the
edges and the links of the two-complex:

Lεa ←→ hεa ∈ SU(2) ;

Ltεa,b ←→ htεa,b ∈ SU(2) ;

Etεa ←→ gtεa ∈ SL(2,C) ;

Etab ←→ gtab ∈ SL(2,C) ;
eεa,b ←→ gεa→b , g

ε
a←b ∈ SL(2,C) .

The group element gεa→b is assigned to the oriented half-
edge of eεa,b having source in the source of eεa,b and target
in the middle of eεa,b. The group element gεa←b is assigned
to the oriented half-edge of eεa,b having source in the tar-
get of eεa,b and target in the middle of eεa,b.

It is then straightforward to compute the covariant
loop quantum gravity transition amplitude for the black-
to-white hole transition by using the expressions reported
in appendix C applied to the two-complex defined above.
The two-complex amplitude WC expressed in terms of
face amplitudes is

WC
(
hεa,h

tε
a,b

)
=

∫
SL(2,C)

dgpεa dgpab dgεa↔b

×
∏
aε

Aεa(hεa, g
tε
a )
∏
ab

Aa,b(g
+
a↔c, g

−
b↔c)

×
∏
tab

At+a,b(h
t+
a,b, g

t+
a , gtab, g

+
a↔b)

×
∏
tab

At−a,b(h
t−
a,b, g

t−
a , gtcd, g

−
a↔b) .

(1)

To regularize the expression in (1) we have dropped the
integration over one SL(2,C) element per vertex. We

have chosen to drop the integrations over the gfεa and gfab
variables. The integral is independent from these.

To write the face amplitudes we use the following nota-

tion. We introduce the (2j+1)× (2j+1) matrix D(j)
γ (g),

g ∈ SL(2,C), with matrix elements

(D(j)
γ (g))mn ≡ D(γj,j)

jm jn(g) , (2)

where D(p,k)
jm j′n are the matrix elements of the (p, k) uni-

tary representation of the principal series of SL(2,C) in
the canonical basis that diagonalize the operators L2 and

Lz of the SU(2) subgroup [26]. The matrixD(j)
γ (g) should

not be confused with the SU(2) Wigner matrix D(j)(h)

with matrix elements D
(j)
mn(h), h ∈ SU(2). Using these,

we have

Aεa(hεa, g
tε
a ) =

∑
j

dj Tr
[
D(j)
γ

(
(gfεa )−1 gpεa

)
×D(j)

(
hεa
)]
,

(3)

Aa,b(g
+
a↔c, g

−
b↔c)

c<d
=
∑
j

dj Tr
[
D(j)
γ

(
(g+
a→d)

−1 g+
a→c

)
×D(j)

γ

(
(g+
a←c)

−1 g−b←d
)
D(j)
γ

(
(g−b→d)

−1 g−b→c
)

×D(j)
γ

(
(g−b←c)

−1 g+
a←d

)]
,

(4)

At+a,b(h
t+
a,b, g

t+
a , gtab, g

+
a↔b) =

∑
j

dj Tr
[
D(j)
γ

(
(gt+a )−1 g+

a→b
)

×D(j)
γ

(
(g+
a←b)

−1 gtab
)
D(j)

(
ht+a,b

)]
, (5)



3

At−a,b(h
t−
a,b, g

t−
a , gtcd, g

−
a↔b) =

∑
j

dj Tr
[
D(j)
γ

(
(gt−a )−1 g−a→b

)
×D(j)

γ

(
(g−a←b)

−1 gtcd
)
D(j)

(
ht−a,b

)]
. (6)

The transition amplitude for the black-to-white hole
transition is then given by

〈WC |ψBW〉 =

∫
SU(2)

dhεa dhtεa,b

×WC(hεa, htεa,b) ψBW(hεa, h
tε
a,b) ,

(7)

where |ψBW〉 ∈ HΓ is the extrinsic coherent state peaked
on the classical boundary geometry of the black-to-white
hole transition that was constructed in [15].

For numerical calculations [27–29] and to use asymp-
totic techniques [30–32] it is more convenient to use the
amplitude written in terms of vertex amplitudes.

Following the notation in appendix C, we assign a spin
(an SU(2) irreducible representation) to every face in the
two-complex and an intertwiner, namely a basis element
in the space (each edge of the two-complex belongs to
four faces)

Hj1···j4 = InvSU(2)

[
Hj1 ⊗ · · · ⊗Hj4

]
, (8)

to every edge of the two-complex:

Fεa ←→ Jεa ∈ N/2 ;
Ftεa,b ←→ J tεa,b ∈ N/2 ;

fa,b ←→ ja,b ∈ N/2 ;
Etεa ←→ Itεa ∈ HJεaJ

tε
a,b

;

Etab ←→ Itab ∈ HJt+a,bJ
t−
c,d

;

e+
a,b ←→ i+a,b ∈ Hja,cJ

t+
a,b

;

e−a,b ←→ i−a,b ∈ Hjc,aJ
t−
a,b

;

Using this we can write the two-complex transition am-
plitude in the following form:

WC
(
hεa, h

tε
a,b

)
=
∑
Jεa J

tε
a,b

∑
Itεa Itab

[∏
εa

dJεa

∏
tεab

dJtεa,b

]

×

〈⊗
tεa

Itεa
⊗
ta,b>a

Itab

∣∣∣∣∣∣
⊗
εa

D(Jεa)(hεa)
⊗
tεab

D(Jtεa,b)(htεa,b)

〉
Γ

× WC
(
Jεa J

tε
a,b, I

tε
a , I

t
ab

)
,

(9)

where the bra-ket notation indicates the index contrac-
tion dictated by Γ [26]. The transition amplitude in the
spin-intertwiner basis reads

WC
(
Jεa J

tε
a,b, I

tε
a , I

t
ab) =

∑
ja,b

∑
iεa,b

∏
ab

dja,b

×
∏
εa

Avεa

(
ja,b, J

ε
a, J

tε
a,b, I

tε
a , i

ε
a,b)

×
∏
a

∏
b>a

Avab

(
ja,c, jb,c, J

t+
a,b, J

t−
c,d, I

t
ab, i

+
a,b, i

−
c,d

)
.

(10)

v−3 v+1

v12v14

v24

v+4

v−2

v34

v−1 v+3

v23

v−4

v13

v+2

Figure 2: Graphical representation of the product of the local
vertex amplitudes entering the two-complex spin-intertwiner
transition amplitude in eq. (10).

The graphical representation of the product of the ver-
tex amplitudes (whose analytical expression can be easily
read from eq. (C16)) written using the graphical repre-
sentation of [30, 33] can be found in fig. 2.

Notice the relative simplicity of the expression in
eq. (10). There are only two kind of local vertex am-
plitudes (see also fig. 2): the amplitude associated to the
eight five-valent vertices vεa and the amplitude associated
to the six six-valent vertices vab.

For example, the amplitude of the five-valent vertex
v+

1 depends on the following quantities. Two ‘vertical’

(see appendix B) boundary intertwiners, the past one Ip+1

and the future one If+
1 , and three ‘horizontal’ internal

intertwiners i+1,2, i
+
1,3, i

+
1,4. One ‘vertical’ spin J+

1 , three

‘vertical’ past spins Jp1,2, J
p
1,3, J

p
1,4, three ‘vertical’ future

spins Jf1,2, J
f
1,3, J

f
1,4 and finally three spins j1,2, j1,3, j1,4

of the ‘horizontal’ internal faces.
Similarly, the amplitude of the six-valent vertex v12

depends on the following quantities. Two ‘vertical’

boundary intertwiners Ip12 and If12 and four ‘horizon-
tal’ internal intertwiners i+1,2, i

+
2,1, i

−
3,4, i

−
4,3. Four ‘vertical’

past spins Jp+1,2 , J
p+
2,1 , J

p−
3,4 , J

p−
4,3 , four ‘vertical’ future spins

Jf+
1,2 , J

f+
2,1 , J

f−
3,4 , J

f−
4,3 and four spins j1,3, j1,4, j2,3, j2,4 of

the ‘horizontal’ internal faces.

IV. USING THE SYMMETRY

Focusing on the transition amplitude in the spin-
intertwiner basis in eq. (10), a simplification of the model
can be obtained by restricting the computation to spin
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Figure 3: The boundary graph [26] of the interior five-valent
vertices (left) and of the six-valent vertices (right) in the sym-
metry reduced model.

foam configurations whose colouring respect the geomet-
ric symmetries of the problem at hand. Namely, we can
simplify the amplitude by performing a symmetry reduc-
tion of the model.

In this scenario the boundary spins are fixed to just
four independent ones,

Jεa = J̃ε and J tεa,b = Jε , (11)

and the boundary intertwiners are fixed to just three in-
dependent ones,

Itεa = Iε and Ita,b = I . (12)

Furthermore, simple geometry shows that the symmetry
of the tetrahedra dual to the exterior and the interior
nodes Ntε

a (see appendix A) implies that their geometry
is fully determined by the area of their faces [15]. Hence,
the two boundary intertwiners Iε are actually uniquely
determined by the spins: Iε = Iε(J̃ε, Jε). Finally, the
symmetric truncation of the model is obtained by re-
stricting to symmetric spin foam configurations, that is

ja,b = j and iεa,b = iε. (13)

The transition amplitude in the spin-intertwiner basis of
the symmetry reduced model is then given by

WC
(
Jε, J̃ε, I) =

∑
j,iε

d12
j A6

(
j, Jε, I, iε)

×
∏
ε

A4
ε

(
j, Jε, J̃ε, iε) ,

(14)

where A
(
j, Jε, I, iε) is the local vertex amplitude associ-

ated to every vab vertex and Aε
(
j, Jε, J̃ε, iε) is the local

vertex amplitude associated to every vεa vertex. This is
a huge simplification with respect to the transition am-
plitude in eq. (10).

The explicit dependence of the vertex amplitudes on
the spins and the intertwiners can be read from fig. 3 or
from fig. 2.

V. COHERENT STATE BASIS

Finally, we give also the expression of the transition
amplitude in the over-complete basis on the intertwiner

spaces formed by the coherent intertwiners. This form of
the amplitude is useful to study the intrinsic quantum ge-
ometry of the cellular complex dual to the two-complex.

Following again the notation in appendix C, we assign
a normal to every couple (edge, face) in the two-complex:(

Etεa ,F
ε
a

)
←→ ~N tε

a ∈ S2 ;(
Etεa ,F

tε
a,b

)
←→ ~N tε

a,b ∈ S2 ;(
Etab,F

t+
a,b

)
←→ ~N t+

ab,a ∈ S2 ;(
Etab,F

t−
c,d

)
←→ ~N t−

ab,c ∈ S2 ;(
eεa,b,F

tε
a,b

)
←→ ~ntεa,b ∈ S2 ;(

e+
a,b, fa,c

)
←→ ~n+

a,b,c ∈ S2 ;(
e−a,b, fc,a

)
←→ ~n−a,b,c ∈ S2 .

The change of basis gives

WC
(
hεa,h

tε
a,b

)
=
∑
Jεa J

tε
a,b

[∏
εa

dJεa

∏
tεab

dJtεa,b

]

×
∫
S2

(
d2 ~N tε

a

dJεa
4π

)(
d2 ~N t+

ab,a

dJt+a,b
4π

)
×

(
d2 ~N t−

ab,c

dJt−c,d
4π

)(
d2 ~N tε

a,b

dJtεa,b
4π

)
×
∏
εa

〈
Jεa,

~Npε
a

∣∣∣D(Jεa)(hεa)
∣∣∣Jεa, ~Nfε

a

〉
×
∏
tab

〈
J t+a,b,

~N t+
ab,a

∣∣∣D(Jt+a,b)(ht+a,b)
∣∣∣J t+a,b, ~N t+

a,b

〉
×
∏
tab

〈
J t−a,b,

~N t−
cd,a

∣∣∣D(Jt−a,b)(ht−a,b)
∣∣∣J t−a,b, ~N t−

a,b

〉
×WC

(
Jεa J

tε
a,b,

~N tε
a ,

~N t+
ab,a,

~N t−
ab,c,

~N tε
a,b

)
,

(15)

where the transition amplitude in the coherent basis
reads

WC
(
Jεa, J

tε
a,b,

~N tε
a ,

~N t+
ab,a,

~N t−
ab,c,

~N tε
a,b) =

∑
ja,b

∏
ab

dja,b

×
∫
S2

(
d2~ntεa,b

dJtεa,b
4π

)(
d2~n+

a,b,c

dja,c
4π

)(
d2~n−a,b,c

djc,a
4π

)
×
∏
εa

Avεa

(
ja,b, J

ε
a, J

tε
a,b, ~n

tε
a,b, ~n

ε
a,b,c, ~N

tε
a , ~N

tε
a,b)

×
∏
a

∏
b>a

Avab

(
jvab , Jvab , ~nvab ,

~Nvab

)
(16)

and the labels jvab , Jvab , ~nvab ,
~Nvab stand for the following

sets of variables:

jvab = {ja,c, jb,c}, (17a)

Jvab = {J t+a,b, J
t−
c,d}, (17b)

~nvab = {~nt+a,b, ~n
t−
c,d, ~n

+
a,b,c, ~n

−
c,d,a}, (17c)

~Nvab = { ~N t+
ab,a,

~N t−
ab,c}. (17d)

The analytical expression of the coherent vertex ampli-
tudes in eq. (16) is given in eq. (C10). The contraction
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pattern between the coherent states and the D(j)
γ ma-

trices in the coherent vertex amplitudes exactly matches
the contraction pattern between the intertwiners and the

D(j)
γ matrices in the spin-intertwiner vertex amplitudes

(it is just a change of basis) and it can therefore be read
directly from fig. 2

VI. CONCLUDING REMARKS

Starting from the results obtained in [15], we have con-
structed a two-complex that discretizes the quantum re-
gion in which the black hole horizon tunnels from a trap-
ping to an anti-trapping horizon and we have explicitly
computed the transition amplitude associated to the phe-
nomenon using covariant loop quantum gravity.

The two-complex defined in section II is complicated
and the corresponding transition amplitude computed in
section III may be difficult to studied analytically. How-
ever, the high degree of symmetry of the two-complex
should help in the numerical exploration of the transition
amplitude. A numerical analysis of the transition ampli-
tude is in progress and it will be reported elsewhere.

Notably, the set of internal faces of the two-complex
forms a bubble, that is they form together a surface with-
out boundary with the topology of a two-sphere. The
presence of a bubble in a two-complex may in principle
lead to a divergence in the corresponding transition am-
plitude [26]. A preliminary counting of integration vari-
ables and constraints among those appearing in the large
spin limit of (16) appears to suggest that the amplitude
is exponentially suppressed for large spins, and therefore
convergent. A detailed analysis will be reported else-
where.
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Appendix A: The cellular decomposition of B

The triangulation of the boundary Σ of B was con-
structed in [15] and it can be summarized as follows.

The surface Σ is formed by a past component Σp and
a future component Σf , joined inside the black hole at
the two-sphere S− and outside the black hole at the two-
sphere S+ (see fig. 1). A simple triangulation of it is
obtained by placing 4 (equidistant) points p−a on S− and
4 (equidistant) points p+

a on S+.

Σf

Σp

S+S−

p+1 p+2

p+4

p+3

p−1
p−2

p−3

Nf−
1

Lp+
1,3

L+
1

s−13

Σf

Σp

S+S−

p+1 p+2

p+4

p−1
p−2

p−3 p−4

Nf
24

sp1,2

L+
1

s−13

Figure 4: Elements of the triangulation of Σ seen as embedded
objects in the four-dimensional spacetime.

The triangulation is then defined by the points pεa, the
segments sεab and sta,b, the triangles Lεa and Ltεa,b, the

tetrahedra N tε
a and N t

ab, and their boundary relations:

∂sεab = (pεa, p
ε
b), (A1a)

∂sta,b = (p−a , p
+
b )t; (A1b)

∂Lεa = (sεbc, s
ε
cd, s

ε
db), (A1c)

∂Lt+a,b = (s+
cd, s

t
a,c, s

t
a,d), (A1d)

∂Lt−a,b = (s−cd, s
t
c,a, s

t
d,a); (A1e)

∂N tε
a = (Ltεa,b, L

tε
a,c, L

tε
a,d, L

ε
a), (A1f)

∂N t
ab = (Lt+a,b, L

t+
b,a, L

t−
c,d, L

t−
d,c). (A1g)

The indices a, b, c, d, t and ε follow the rules discussed in
section II. Partial graphical representations of this trian-
gulation can be found in figs. 4 and 5.

The graph Γ dual to the triangulation of Σ, which is
formed by nodes (dual to the tetrahedra of the triangu-
lation) connected by links (dual to the triangles of the
triangulation), is represented in fig. 8. Using the same
label to denote dual objects, it is straightforward to check
that the notation in eq. (A1) is consistent with the nota-
tion given in section II for Γ.

The cellular decomposition of B can then be obtained
defining internal two-dimensional surfaces fa,b, inter-
nal three-dimensional cells eεa,b, internal four-dimensional

qiss.fr
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(a) (b) (c)

(d) (e) (f)

Figure 5: The triangulation of Σt (not Σ) seen as a topo-
logical three-dimensional object. Each subfigure has different
elements highlighted: in (a) the triangles L−

a are highlighted;
in (b) the four tetrahedra N t−

a are highlighted; in (c) three
tetrahedra N t+

a out of four are highlighted; in (d) three tetra-
hedra N t

ab out of six are highlighted; in (e) the remaining
three tetrahedra N t

ab are highlighted; in (f) two tetrahedra
N t−

a , two tetrahedra N t+
a and two tetrahedra N t

ab are high-
lighted.

cells vεa and vab, and their boundary relations:

∂fa,b = (spa,b, s
f
a,b); (A2a)

∂eεa,b = (Lpεa,b, L
fε
a,b, fa,c, fa,d); (A2b)

∂vεa = (Npε
a , N

fε
a , eεa,b, e

ε
a,c, e

ε
a,d), (A2c)

∂vab = (Np
ab, N

f
ab, e

+
a,b, e

+
b,a, e

−
c,d, e

−
d,c). (A2d)

Notice that the internal two-dimensional surfaces are not
triangles, that the internal three-dimensional cells are not
tetrahedra and that the internal four-dimensional cells
are not four-simplices. The cellular decomposition of B
is thus not a four-dimensional triangulation.

The two-complex C, whose combinatorial definition is
given in section II, can be equivalently defined (apart
from its orientation) as the dual to the cellular decom-
position of B specified by eqs. (A1) and (A2).

Appendix B: Graphical representation of Γ and C

The combinatorial characterization of the two-complex
given above is complete and compact, but it is difficult
to visualize. We give here some graphical representations
to help the geometrical intuition.

The graph Γ dual to the triangulation of Σ is depicted
in fig. 6. The lower part of the graph is on Σp, the up-
per is on Σf . The left part of the graph, with the four
brown nodes N t−

a , is the interior of the black hole; the
right part of the graph, with the four red nodes N t+

a , is
the exterior of the black hole. The six blue nodes N t

ab
are intermediate (they represent tetrahedra cut by the
horizon).

Np+
aNp−

a

Nf+
aNf−

a

Np
ab

Nf
ab

L+
aL−

a

Lp+
a,bLp−

a,b

Lf+
a,bLf−

a,b

Figure 6: Two-dimensional representation of the graph Γ dual
to the triangulation of Σ.

v+
av−

a

vab

e+a,be−a,b

fa,b

Figure 7: Two-dimensional representation of the internal
component of the two-complex.

The structure of the vertices and internal edges of the
two-complex reproduces the structure of the past (or fu-
ture) part of the graph Γ. This is depicted in fig. 7, using
for the vertices the same colour codes used for the nodes.
The boundary edges are all ‘vertical’: they connect the
vertices in fig. 7 with the corresponding past and future
nodes in fig. 6. All the internal faces are ‘horizontal’:
one of them is depicted in figure (7). All the boundary
faces are ‘vertical’ and they are of course in one-to-one
correspondence with the links of the graph Γ.

To visualize the faces, it is more convenient to shift to
a three-dimensional representation and give up the radial
ordering from interior to exterior. The graph Γ can be
then represented as in fig. 8. The upper part of the pic-
ture still contains the future objects and the lower part
the past objects. The blue dots represent the nodes Nt

ab,

Figure 8: Three-dimensional representation of the graph Γ
dual to the triangulation of Σ; each node is represented as a
sphere colored consistently with its dual tetrahedron in fig. 5.
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Np+
1Np−

3

Np+
2

Np−
4

Np+
4

Np−
2

Np
14 Np

12

Np
24

Np
13

Lp−
2,1

Lp−
1,2

Lp−
4,1

Lp+
3,2

Lp−
2,4 Lp−

4,2

Lp+
3,1

Lp+
1,3

Figure 9: Two-dimensional representation of the past compo-
nent of the graph Γ dual to the triangulation of Σ.

the brown dots represent the nodes Nt−
a and the red dots

represent the nodes Nt+
a , as in fig. 6, but the interior-

middle-exterior order is not respected. The links Lεa ver-
tically connect the nodes Npε

a in the past to the nodes
Nfε
a in the future. The pattern of the links Ltεa,b, which is

the same on both the past and the future components of
the graph, can be better appreciated restricting only to
the past (or future) component depicted in fig. 9.

The one-skeleton of the two-complex is represented in
fig. 10. Careful: in fig. 10 the dots of the upper and lower
layers are nodes, while those of the intermediate layer
are vertices. The past (lower) and the future (upper)
layers are in fact the past and the future components of
the boundary graph Γ in fig. 8. The intermediate layer
represents the vertices and the internal edges of the two-
complex.

The boundary edges Etεa and Etab can be recognized in
fig. 10 as the edges connecting the internal component of
the two-complex to both the past and the future com-
ponents of the boundary. This construction completely
specifies the one-skeleton of the two-complex C.

The graphical representation of the boundary faces Fεa
and Ftεa,b is easily obtained using their definition given in
section II. Some of them are depicted in fig. 11.

The internal faces, although slightly more difficult to

Figure 10: Three-dimensional representation of the one-
skeleton of the two-complex C; notice that although the inter-
nal vertices and the boundary nodes are graphically depicted
in the same way, they are two very distinct objects (the same
applies also to edges and links).

Figure 11: Graphical representation of the boundary faces (in
red) Fp+

4,1, Fp+
4,2, Fp+

4,3, F+
4 and (in brown) Fp−

4,1, Fp−
4,2, Fp−

4,3, F−
4 .

represent, can be found in the same way. Some of them
are reported in fig. 12. The strange nature of their graph-
ical representation (some of them intersect each other and
some of them have strange shapes) is just a consequence
of the fact that we are representing a four-dimensional
object in three dimensions and it has no physical mean-
ing.

Appendix C: Transition amplitudes in covariant loop
quantum gravity

We briefly review how transition amplitudes are ex-
pressed in covariant loop quantum gravity focusing on
the EPRL-KKL transition amplitudes. For more details,
we refer the reader to [26, 33–35].

Given a compact region of spacetime B with bound-
ary Σ = ∂B and an arbitrary oriented graph Γ ∈ Σ,
the boundary Hilbert space of a truncation of the com-
plete quantum theory that consider only the degrees of
freedom coming from Γ is HΓ = L2

[
SU(2)L/SU(2)N

]
Γ
,

where L and N are respectively the total number of links
and nodes in Γ. A boundary state, i.e. an element
of the boundary space, is a square integrable function
ψ(h`) that is gauge invariant at every node n ∈ Γ. Each
h` ∈ SU(2) can be seen as the holonomy of the Ashtekar-
Barbero connection between two nodes of Γ.

A transition amplitude associated to each state in the
boundary Hilbert space can then be given in terms of an

(a) (b)

Figure 12: Graphical representation of the internal faces f1,4,
f4,1 (in (a)) and f1,2, f3,1 (in (b)).
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arbitrary oriented two-complex C whose boundary graph
is Γ. Let f, e, v ∈ C denote respectively a face, an
edge and a vertex of C. To each internal edge e linking
two vertices v and v′ are assigned two SL(2,C) elements
gve = g−1

ev and gev′ = g−1
v′e. To each boundary edge E,

edges that link an internal vertex v and a node n, is
assigned one SL(2,C) element gvn = g−1

nv .
An internal face is denoted as f ∈ B and a boundary

face, a face that contains a link, is denoted as F ∈ Γ.
Given an arbitrary boundary state |ψ〉 ∈ HΓ, the theory
associate to it the amplitude

〈WC |ψ〉 =

∫
SU(2)

dh`WC(h`)ψ(h`) , (C1)

where the two-complex amplitude WC(h`) is defined as
(neglecting the normalization constant)

WC(h`) =

∫
SU(2)

dhfv

∏
f∈C

δ
(∏

v∈f

hfv

) ∏
v∈C

Av(hfv) . (C2)

The vertex amplitude Av(hfv) is given by

Av(hfv) =
∑
jf

∫
SL(2,C)

dg′ve

∏
f3v

[
djf

× Tr
(
D(jf )
γ (ge′fvgvef )D

(jf )(hfv)
)]
.

(C3)

The prime on dg′ve means that, fixing v, the integration is
over all possible gev except one. The edges ef and e′f are
the two edges in f that have the vertex v as, respectively,
target and source. The matrix D(j) is the Wigner matrix
of the dj-dimensional (dj = 2j + 1) representation of

SU(2) acting on Hj . The matrix D(j)
γ is the dj × dj

matrix

(D(j)
γ (g))mn ≡ D(γj,j)

jm jn(g) , g ∈ SL(2,C) , (C4)

where D(p,k)
jm j′n are the matrix elements of the (p, k) uni-

tary representation of the principal series of SL(2,C) in
the canonical basis that diagonalize the operators L2 and
Lz of the SU(2) subgroup. Finally, γ is the Barbero-
Immirzi parameter.

This is the two-complex amplitude expressed in terms
of elementary vertex amplitudes. Inserting eq. (C3) in
eq. (C2) and performing the integrations over hfv, it is
possible to express the two-complex amplitude in terms
of elementary face amplitudes. The result is

WC(h`) =

∫
SL(2,C)

∏
v∈C

dg′ve

∏
f∈B

Af(gve)

×
∏
F∈Γ

AF(h`F , gve) ,
(C5)

where the amplitude of an internal face is

Af(gve) =
∑
jf

djf Tr
[
D(jf )
γ (gevgve′)

×D(jf )
γ (ge′v′gv′e′′) · · · D(jf )

γ (ge(n)v(n)gv(n)e)
]
,

(C6)

and the amplitude of a face with one link in the boundary
is

AF(h`F , gve) =
∑
jF

djF Tr
[
D(jF)
γ (gntvgve′)

×D(jF)
γ (ge′v′gv′e′′) · · · D(jF)

γ (ge(n)v(n)gv(n)ns)

×D(jF)(h`F)
]
.

(C7)

The quantities ns and nt represent the nodes that are,
respectively, source and target of the link `. The value
of the label (n) in e(n) and v(n) is fixed for each face by
the topology of C and Γ.

A third way to express the two-complex transition am-
plitude is the coherent representation in terms of SU(2)
coherent states |j, ~n〉 ∈ Hj . Starting from either eq. (C2)
or eq. (C5), the two-complex transition amplitude can
be expressed in its coherent representation by explicitly
performing the traces in terms of coherent states and in-
serting coherent resolutions of the identity on Hj ,

1j =
dj
4π

∫
S2

d2~n |j, ~n〉 〈j, ~n| , (C8)

between all the matrices. Rearranging the result in terms
of elementary vertex amplitudes and neglecting constant
factors, the coherent two-complex transition amplitude
can be written as

WC(h`) =
∑
jf

∏
f∈C

djf
∏
e∈C

∏
f3e

[ ∫
S2

d2~nef
djf
4π

]
×
∏
`∈Γ

〈
jf` , ~nEns f`

∣∣D(jf` )(h`)
∣∣jf` , ~nEnt f`

〉
×
∏
v∈C

Av

(
jf , ~nef

)
,

(C9)

where the coherent vertex amplitude is

Av

(
jf , ~nef

)
=

∫
SL(2,C)

dg′ve

×
∏
f3v

〈jf , ~nef f | D(jf )
γ (gefvgve′f ) |jf , ~ne′f f〉 .

(C10)

The label En is used to denote the boundary edge that
has the node n in its boundary.

A priori, this construction assigns to each half-edge ev
(assuming the same orientation for each face f having e
in its boundary) the state⊗

f3e

|jf , ~nef〉 ∈
⊗
f3e

Hjf . (C11)

However, due to SU(2) invariance induced on the half-
edge ev by the integration over gev ∈ SL(2,C), the state
assigned to ev can be seen as a coherent intertwiner [36]∫

SU(2)

dh
⊗
f3e

h . |jf , ~nef〉 ∈ InvSU(2)

[⊗
f3e

Hjf

]
. (C12)
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This suggests a fourth way to express the transition am-
plitude: instead of using the over-complete basis of the
coherent intertwiners we could use a basis of intertwiners

|ie〉 ∈ InvSU(2)

[⊗
f3e

Hjf

]
(C13)

giving the following resolution of the identity

1 =
∑
ie

|ie〉 〈ie| . (C14)

The two-complex transition amplitude can be then
schematically rewritten as

WC(h`) =
∑
jf ,ie

∏
f∈C

djf

〈∏
E∈C

iE

∣∣∣∣∣ ∏
`∈Γ

D(jf` )(h`)

〉
×
∏
v∈C

Av

(
jf , ie

)
,

(C15)

where the spin-intertwiner vertex amplitude is

Av

(
jf , ie

)
=

∫
SL(2,C)

dg′ve

×

〈∏
e3v

ie

∣∣∣∣∣∏
f3v

D(jf )
γ (gefvgve′f )

〉 (C16)

and the bra-ket notation indicates the index contraction
(between the intertwiners and the matrix elements) dic-
tated by the topology of two-complex.
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