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Abstract

The approach of Gao, Jafferis, and Wall to perturbatively construct traversable worm-
holes has seen success in a number of black hole backgrounds, particularly BTZ and
AdSs, whereas historically most wormhole solutions have been either found to violate
the achronal ANEC, violate a classical no-go theorem, or exist only in astrophysically
irrelevant spacetimes. In this work, we show that a double-trace deformation to the
near-horizon, near-extremal region of Kerr yields a traversable wormhole. We also com-
ment on the potential for a fully nonperturbative approach to a four-dimensional rotating

traversable wormhole in asymptotically flat space.
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1 Introduction

Over the last few years, wormholes have played a pivotal role in the development of our
understanding of quantum gravity. Notably [1, 2], significant progress has been made in
understanding the information paradox through the use of Euclidean replica wormholes in
the semiclassical approximation to the path integral. Nevertheless, it is both instructive
and phenomenologically interesting to understand Lorentzian constructions of wormholes.
Though there is a vast literature on wormhole solutions to Einstein gravity in four dimensions,
up until recently most wormholes were either rendered nontraversable by a classical no-go
theorem or required exotic matter in violation of the null energy condition.

Traversable wormholes are geometries where there exists a null geodesic connecting two
asymptotic boundaries. For this reason, the Raychaudhuri equation for null geodesics requires
solutions to violate the average null energy condition (ANEC):

/T#,,k:“k”d)\ >0 (1.1)
.

where the integral of the stress energy tensor is evaluated along some null geodesic v with
tangent vector k* and affine parameter A. Although the ordinary null energy condition is
violated in quantum field theory, it has been proven that the ANEC holds along achronal
geodesics in the absence of gravity [3,4] and is conjectured to be true in gravity [5]. Therefore
traversable wormholes can be constructed to violate the ANEC so long as there exists a
shorter geodesic which connects the two asymptotic regions and does not pass through the
wormbhole.

With these constraints in place, the authors of [6] proposed adding a relevant double
trace deformation to the action between operators at the two boundaries. Working in the
eternal BTZ black hole, they showed that semiclassically, even when the deformation is
turned on for some finite time, the correction to the interior geometry due to backreaction
from the boundary permits a null ray from one boundary to traverse through the wormhole
(the averaged null energy becomes negative along this geodesic). This is a perturbative



calculation which does not rely on knowing the full backreacted geometry. Although this
coupling between the boundaries is acausal and non-local from a bulk observer’s perspective,
it can be thought of as arising from causal interactions between the mouths in some shared
bulk intermediary space. The wormhole is unstable and only supports a finite amount of
information before it collapses. Regardless, this is a novel example of a traversable wormhole
supported by quantum effects. Subsequent work [7-13] has expanded this procedure to
AdSsy, rotating BTZ, AdS-Schwarzschild, and multi-mouth systems.! This deformation has
also been realized as a quantum circuit to explore the ER=EPR relation [18].

The technique introduced in [6] does not provide a complete, nonperturbative description
of the wormhole geometry. Incredibly, the authors of [19] were able to write down an explicit
four-dimensional wormhole geometry rendered traversable nonperturbatively by a negative
average null energy generated by quantum fields propagating in the throat. The wormhole
geometry is constructed explicitly in Einstein Maxwell theory plus charged, massless fermions.
The fermions provide the negative energy required to keep the wormhole open. Specifically,
for two black holes of magnetic charge ¢, a single four-dimensional chiral fermion leads to a
series of degenerate Landau levels. For a large magnetic field, the states in the lowest Landau
level are localized along the magnetic field lines of the black holes. The degeneracy of this
state gives rise to g-many massless two-dimensional chiral fermions which lie along a circle
going through the wormhole throat and in the exterior between the mouths. This results in
a negative Casimir energy that is parametrically controlled by the number of fermions, or
the charge ¢ of the black holes. This solution has a smooth interior, but it is only traversable
for low energy waves. Just as in the perturbative constructions, the interior of the wormhole
is unstable to large fluctuations in energy. This work was later extended to show that by
tuning specific parameters in the wormbhole, it could be made safe for human travel [20].

There were two attributes to this calculation that made it unique. First, it gave a
nonperturbative, geometric construction for a traversable wormhole, and second, the solution
was in four spacetime dimensions. If tractable solutions for traversable wormholes exist in
(3 + 1)-dimensional Einstein gravity, it becomes worthwhile to ask if we may be able to see
such phenomena in our own universe. Unfortunately, though their existence as primordial
black holes has been considered [21], magnetic black holes are still purely theoretical objects.
On the other hand, rotating black holes do exist and have been observed in our universe.
Recent work has studied how extremal Kerr black holes could be used as probes of new
physics [22].

With this in mind, the purpose of this paper is to construct a traversable wormhole in

Tt should be noted that other new constructions for traversable wormhole solutions in four and lower
dimensions have since been introduced [14-17] which do not directly rely on the aforementioned methods, but
rather introduce new global or topological devices which play the part of identifying the wormhole mouths.
These techniques will not be explored in this paper.



the Kerr background using the methods developed in [6]. However, in Kerr this procedure is
complicated due to there being no regular, stationary vacuum state [23]. Notably, the Hartle-
Hawking vacuum is irregular for superradiant bosonic fields. We circumvent this issue by
deforming with respect to scalar fields averaged over the Kerr spheroid. These fields are not
superradiant, and their coupling on the boundaries of near-extremal Kerr induces a negative
null energy. Finally, we consider what a traversable Kerr wormhole may look like under the
nonperturbative treatment from [19]. These results may be relevant to black hole binaries in
exotic entangled states.

This paper is organized as follows. In section 2, we review (near) extremal, near-horizon
Kerr and its isometries. In section 3, we give a brief description of free scalar theory in near-
horizon Kerr and show that when the two timelike boundaries of Rindler near-horizon Kerr
are coupled using a double trace deformation, the ANE is negative along a null ray moving
from one boundary to the other through the bulk. Lastly, section 4 discusses how irregularity
in the state for Kerr black holes affects our description for a traversable wormhole, as well as
what effects superradiance might have. We also comment on what a traversable wormhole in
Kerr may look like nonperturbatively. The appendix provides a review for how superradiance

in Kerr leads to irregularity in the state of the system off-axis.

2 Review of Near-Horizon Extremal Kerr

This section will serve as a brief introduction to near-horizon, near-extremal Kerr (nNHEK).
In Boyer-Lindquist coordinates, the Kerr metric takes the form

A ) .92 0 R ~ A2
ds” = — 55 (df — asin’ 0dg)° + %((f2 +a?)dd — adi)? + T di? + P d6?
(2.1)
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where we take natural units Gy = ¢ = A = 1 and assume J > 0 for the remainder of the
paper. The black hole has horizons

ry =M+ M?—a? (2.2)

corresponding to the coordinate singularities at A = 0. The Hawking temperature, horizon
angular velocity, and Bekenstein-Hawking entropy follow as

Ty = 2.
a S8mMry (2.3)
a
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S =2rMr, = % (2.5)

We can take the extremal limit by assuming the angular moment takes its maximum allowable
value J = M?, notably leading to ;. = r_ = M and Ty = 0. In this work, we will be in the
near-extremal regime of Kerr. We can keep infinitesimal excitations above extremality by
taking the Hawking temperature T to zero while holding the “near-horizon temperature”,
defined by T = 2MI# fixed by sending A — 0. In other words, though the full Kerr
metric may have zero temperature as measured from asymptotically flat infinity, an observer
in the near-horizon throat will measure a finite temperature due to an infinite blueshift.
Following [24, 25], we observe that the distance to the horizon of extremal Kerr is infinite.
We can then take a co-rotating, near-horizon limit

~
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In this near-extremal limit, our black hole parameters become

ry = M +2rMTgA + O(\?)
a=M -2 MTEN? + O(\3) (2.9)
VJ =M — 72 MT3)\2 + O()\3)

and the nNHEK metric follows as A — 0
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Sending Tr — 0 recovers near-horizon extremal Kerr (NHEK) identically. However, whereas
the Poincaré-like coordinates for NHEK draw analogy to AdS, the above coordinates for near-
NHEK are most similar to thermal Rindler coordinates in AdS or extended Schwarzschild
coordinates for the eternal black hole. The NHEK metric describes at each value of § € [0, 7]
a warped AdSs spacetime [26] quotiented by identification under ¢ ~ ¢+ 27 with an enhanced
local SL(2,R) xU(1) isometry group. Nevertheless, NHEK appears very similar to AdSy x S2.
Notably, the metric is identical to AdSs along the axis 8 = 0, 7.

Unlike Kerr, nNHEK is not asymptotically flat. It has two timelike boundaries which
should be understood as being joined to Minkowski space to recover the full Kerr solution.
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Figure 1: Near-horizon regions described by (a) extremal Kerr and
(b) near-extremal Kerr, along with their global extensions. A null
ray originating on the horizon V' = 0 from the left Rindler wedge will
move off the horizon and into the right Rindler wedge after backre-
action from a double trace deformation couples the left and right
boundaries.

This coordinate patch of nNHEK is attractive as a setting to induce a traversable wormhole
because fields in the left and right Rindler wedges are causally disconnected, similar to BTZ
in [6].

The coordinates provided above for nNHEK only cover a section of the full geometry,
similar to how Rindler coordinates only cover a section of AdS. In fact, nNHEK has a global



extension given by
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where the transformation between the two coordinate systems is provided by
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This is a key feature that will be exploited to create a traversable wormhole. The Poincaré

The timelike boundaries lie on 0 = £Z, and have an infinite proper distance between them.
and global coordinate systems help make the full SL(2,R) isometry evident in the Killing
symmetries generated by 9; and 9, respectively. Due to the geometry’s apparent similarity
to Rindler AdS, one might expect [27,28] that near-NHEK is dual to a nonchiral CFT.
Evidence towards this has been shown more directly in [25,29].

Lastly, Kruskal coordinates will be important in Section 3 for parameterizing null rays
moving through the wormhole. Defining the inverse temperature g = ﬁ, these coordinates
are defined in the Rindler patch by

UV =-———
T—l-%
(2.13)
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where the horizons sit at U = 0 and V = 0 and the boundaries lie on UV = —1. The metric
then takes the form
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These coordinates have the nice property that g4y = g4 = 0 on the horizon, consistent with
a co-rotating reference frame.

Kruskal coordinates on NHEK are related to Kruskal coordinates on Kerr. Namely, the
Kerr-Kruskal coordinates are

OV = ——e2rer”
=3
(2.15)

— €—2n+f

<



where k4 = 27Ty is the surface gravity on the outer horizon and r* is the tortoise coordinate

r*—f—l—w<r+ln<r—r+) —r_ln<r_r_>>
ry —T— [ rT_—

In the near-horizon, near-extremal limit, U = .U and V = /<a+f/.

3 nNHEK Traversable Wormbholes

A traversable wormhole induced by a double trace deformation was first introduced in [6].
Inspired by the success of [8] for AdSa, we will show in this section how the same procedure
can be applied in nNHEK.? The deformation to the action is chosen to be

5S:/dt)\(t)/ dZr~\/op®r(Zp,re, —t)/da_:'R«/aR ORr(ZR, e, t) (3.1)

where we have used the Rindler coordinates of nNHEK, ¥ = (0,¢), and &1, and ®p are
bulk scalar operators in the left and right Rindler wedges in Kerr living on a fixed cut-off
surface r = r.. Notably, we integrate each field over its respective two-surface \/o = 2.J sin 6.
The reason for individually smearing each operator over the spheroid will be explained later
in this section. Lastly, the dimensionful coupling A(¢) is used to turn the deformation on
at some time tp = —t;, = to and switched off at some later t;. We will calculate the null
energy for several cases, including when the deformation is left on indefinitely and when it
is switched off at a finite Z.

This deformation can be thought of as arising from integrating out fields exterior to the
wormhole mouths (the Rindler boundaries of NHEK) that are coupled to @1, and .

6S ~ /dtLdtR dZ1dZr\/YLYRPL(ZL, e, tL)PR(ZR, Te, tR)G (L + tR, T1, — TR) (3.2)

where G is a propagator between ®; and ®p in the exterior space. In this sense, we use
the deformation (3.1) as a toy model for (3.2) in NHEK. The coupling A is then a tensor
symmetric in Z7, and Zg in order to keep the deformation covariant, but for the purposes of
this paper the explicit dependence is a choice of theory.

It is the backreaction from the insertion of the deformation in the bulk which provides

the negative energy necessary for signals to reach the other boundary. A null ray emanating

2 At infinity, this deformation [30] has an interpretation in AdSy1 as a deformation to the boundary theory,
where it modifies the boundary conditions on the dual bulk field data.



from the past horizon V = 0 at fixed (0, ¢) is parameterized in Kerr-Kruskal coordinates by

U
V() = (2050 (V= 0) " [ dl'hg (@) (33)
—0o0

where g, is the Kerr metric. dg,, = hy, is the variation of the background metric arising
from a perturbation in the stress tensor. The condition for traversability is that AV =
V(00) < 0, where AV can be interpreted as the length of the wormhole’s throat.

We can relate the perturbation to the ANE via the linearized Einstein equation on
the horizon V = 0 for Kerr. By choosing an appropriate ansatz hW(U, 0,6) = (1 +
:—; cos? H)f,w(f], 0, ), we can find that to first order in x4,

8Ty = I:f [ (2fmy + Uaﬁfﬁfj) —I'(0) ((% + ) foo = 20506 f4ir + 320f¢¢) }
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Upon integrating over U, total derivatives in U drop out due to the asymptotically flat
boundary conditions on Kerr.
87r/dUTm7 = [’3(1 —T(0) (0 +03) ) — L(% b 02 4 (cot + ) ag)} /deA ;
T 2r2 A(9)27° vy
(3.5)
At this stage, we could proceed as in [15,17] with the task of finding the appropriate
Green’s function H(£2,Q') to invert this equation

( / dU fUU> (Q) = 8r / dYH(Q,9Q) / dUTy(€Y) (3.6)

However, in our case, we are just interested in the question of traversability and do not need
the ANE’s full angular dependence. It is thus sufficient to integrate over the unit spheroid
d€) = sin 0dOd¢p:
~ I{,Jr ~ hUvU
8 dQdUTry = — | dQdU ———— 3.7
m / vu 1+ cos? 6 (3.7)
The right-hand side of (3.7) is measuring AVavg, a shift in the null ray averaged over the
sphere [15]. Combining Egs. (3.7) and (3.3)

N 1 N
T AVoyg = Py / dQdU Ty (3.8)



In the near-horizon, near-extremal limit, the averaged stress energy reduces to the nNHEK
case

- 1
TEHAViyg = Y / dQdU Tyy (3.9)

Hence, the stress energy’s average value over the spheroid is sufficient to determining traversabil-
ity. This is a motivating factor for considering the deformation (3.1), which is a kind of double
trace deformation of fields averaged over the spheroid. However, it appears that in the ex-
tremal limit Ty — O, V(oo) in (3.3) diverges, corresponding to a diverging zero mode in
H(,€). This feature is also present in [9,15,17], and is likely attributed to the Aretakis
instability for gravitational perturbations on extreme Kerr [31,32].3 This indicates a break-
down in the first order perturbation above, while indicating that a non-perturbative analysis
may be possible for a finite ANE as in [15,19]. Therefore, in determining the traversability
of a nNHEK wormhole, we will be assuming that the Hawking temperature is small, but
nonzero.

Using (2.14), (3.3), and (3.7), we see that a negative ANE will render the wormhole
traversable. Note that the negative null energy will not violate the achronal ANEC. Though
null rays can propagate through the bulk with negative average null energy, information can
be exchanged through the boundaries via the coupling (3.1).

The stress tensor for a scalar field in a curved background is given by

1 1
T = 0u®0,® — 509" 0y @0y ® — 5g,wlfclﬂ (3.10)

This allows us to determine its 1-loop expectation value via point splitting

(T,,) = lim (8“8{,G(x,x’) - %gu,,gp"(?p@(’,G(w,x') - 1guyu2G($,m’)) (3.11)

r—x’ 2

where G(z,2’) is the contribution to the bulk two-point function due to the deformation

(3.1). The two-point function is calculated by evolving the fields in time by U(t, ty) =

. rt
Te " Jio dt(SH(t), where the deformation to the Hamiltonian is

(5H(t) = —/dedeA(t)\/ULURq)R(fR,Tc,t)(PL(fL,TC, —t) (3.12)

To first order in A, the first order correction to the two-point function between fields in the
right wedge is [6]

G(z,2') = —i/dtldede/\(tl)\/aLaR ([Pr(ZR,Te, t1)PL(ZL, Te, —tl),CI)R(x)]@R(x’»

3The instability for scalar perturbations on Kerr [33] is also related to the issue of vacuum regularity,
discussed in Appendix A.

10



+ (z + 2')
= —i/dtld.’i"Lde)\(tl)\/ULURGLR(«fL;rc; —tl,HJI) <[®R(5R7r67t1)7@R(x)]>

+ (z <> 2') (3.13)
where x = (t,7,0,¢) in the Schwarzschild coordinates of nNHEK, and
GrLr(Zr, e, —t1,2") = (®r (ZL,7e, —t1) Pr(2')) (3.14)

is the bulk Wightman function in the unperturbed nNHEK spacetime. The expectation
value of the commutator above is related to the retarded correlation function G(z,2’) =
i ([® (), Dr(a'))) 0t — ).

At this stage, the procedure would be to calculate (Tyyr) to first order in A. However,
in writing down the two-point functions above, we implicitly selected a vacuum state. A
natural choice would be to work in the Hartle-Hawking state, where the state is regular on
the past and future horizons and the symmetries of the state cause the expectation value of
[ dUTyy to vanish on the horizon. The problem of constructing regular vacuum states on
Kerr has long been a subject of study. Kay and Wald [34] proved that there does not exist
a regular Hadamard state for scalars on Kerr which also possesses the correct symmetries
of the geometry. In other words, we cannot construct a “Hartle-Hawking”-like state in
nNHEK. Candelas, Chrzanowski, and Howard [35] and Frolov and Thorne [36] constructed
various vacuum states which possess some of the desired properties of a Hartle-Hawking
state, but it has since been shown [23] that these states are either only regular on the axis of
rotation (where the space is effectively AdSs) or are not equilibrium states with the desired
symmetries we should expect of a Hartle-Hawking state. This irregularity stems from two
effects: classical bosonic superradiance in Kerr and the inherent irregularity of thermal states
beyond the speed of light surface, the region where an observer co-rotating with the black
hole horizon would need a velocity greater than the speed of light. The irregularity of the
scalar vacuum in Kerr is reviewed in detail in Appendix A. See also [37] for a nice review. On
the contrary, fermions, which do not possess classical superradiance, do not run into one of
the regularity problems we see with bosons, and seemingly regular vacuum states defined out
to the speed-of-light surface have been constructed in [38,39]. An interesting future avenue
would be to see how the results of this work differ in the case of free fermions on nNHEK.

For NHEK, this means we cannot analyze off-axis scalar mode contributions to the inte-
grated null energy at thermal equilibrium. However, by working in the global vacuum state
of nNHEK (described in the next section) and integrating over the spatial boundary in (3.1),

we remove superradiant modes and are left with a regular two-point function.

11



3.1 Free Scalars in NHEK

The focus of this section is to determine the bulk-to-boundary propagator in near-NHEK via
a mode sum. In previous similar works on traversable wormholes, the geometries had known
solutions for the two point functions, allowing them to immediately determine, analytically
or numerically, the average null energy. The story in NHEK is more complicated. Briefly, the
mode sum solution for the bulk two-point function is not known in Kerr. Though work has
been done [40] to understand the scalar mode solutions and the spectrum in NHEK, there is
no closed form for the correlation functions.

We need to solve the scalar wave equation in the near-NHEK background. Evaluating
the equation in the global coordinates,

O (r,0,0,0) =R (0)S (6) ™Pe T (3.15)

where we assumed that the field is separable in time and axial angle. We can separate the

scalar wave equation into radial and angular equations.

1 d d m? m?
7 : Il K ot 2\ in2p —
sin 6 df (Sln9d98> - < m = ( i) sin” 6 sin29> §=0

d d (w+ mp)?
— (1 +p)—R —_— 2 K —2Ju> | R=0
dp(( +p)dp )+< 52 +m ! Jp

(3.16)

where p = tan o and we have introduced a separation constant Kj,, which must be computed
numerically. The angular equation is solved by the set of the spheroidal harmonics S, (6),
while the radial equation is solved by a sum of hypergeometric functions with complex argu-
ments [41]. As explained earlier, our deformation is designed such that superradiant modes
do not contribute. Namely, integrating the field over the transverse directions lead to solu-
tions of (3.16) with m = 0. The radial solution for the scalar modes simplifies to the AdSs
answer [42,43]

n!

=T =1 [ "

cos (o) CM (sin o) (3.17)

where by = § + /1 + K; +2Jp2? and Cl(sino) is the Gegenbauer function. We have fixed
normalizable boundary conditions to discretize the spectrum w,, = n + h; for n = 0,1,...
and have normalized the modes with respect to the Klein-Gordon norm. The bulk two-point

function is then

(@) (2')) = D Bppp (@) Prim(z) = Y e n ) emE= S, (0)S), (0)) Rt (0) Ry (0)

n,l,m n,l,m

12



By incorporating the boundary integral in (3.13), the Wightman functions takes the form

glob glob

2 hy
Jaoa@ann) = Y gl s@si @) () 2Rz -2 (319
l

where we have used an identity on Gegenbauer functions [43] in order to perform the sum in
n. dgiop is the usual SL(2,R) invariant distance function on AdS>

cos(t — 7') — cos(o — o)

dglob = (319)

cos(o) cos(a”)
In defining the two-point function above with respect to the global modes, we have selected
a “global vacuum state” analogous to a Hartle-Hawking state or the Frolov-Thorne state in
Kerr. Appendix A describes how this state is irregular unless it is evaluated on-axis due to
superradiant mode contributions. Specifically, the two-point function is only regular when
at least one of the fields is on-axis. But we also need to discuss the boundary conditions
imposed on the fields. Just as in AdS, for sufficiently negative values of u?, we can quantize
with respect to either the positive or negative root of h;. However, for NHEK, if we choose

to quantize with respect to the negative root, the radial modes fail to be Klein-Gordon

normalizable for [ > 0. Namely, normalizability restricts h; to be real and greater than —%.
So, moving forward we will take h; to have the positive root.
Finally we can determine the Wightman function G r by taking the limit where one of

the fields moves to the cutoff surface r. = %’r < cos(r) ) We have that

cos(oe)

_2MD(hy)? cos(o’) cos(o.)
cos

ho
/d¢ GLr(Z 00 1,2') = I (2h0) EE sin(a’)) So(0)So(9) (3.20)

Notably, the I = 0 mode is the dominant term in the mode sum for the bulk two-point
function close to the boundary.

One might wonder whether or not there exists a dual description to this gravitational
perturbation. Due to the nature of our averaging procedure, the averaged correlation func-
tions are described by an AdSs solution. This is similar to the eternal traversable wormhole
in nearly-AdSs in [8]. From this perspective, our deformation (3.1) constitutes a marginal
interaction on the boundary for hg = % and irrelevant otherwise. It would be interesting in
the future to understand whether or not (3.1) can be modeled by coupled SYK theories at

low energy as in [8].
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3.2 Negative Average Null Energy

We wish to prove that the null energy integrated over a null geodesic along the horizon is
negative. Signals moving along the future horizon receive a time advance and reach the time-
like boundary of the right Rindler patch. Therefore, we will work in the Kruskal coordinates
defined earlier and set V' = 0. The deformation will only have support after some turn-on
2m
time Uy = e 8 ©
g r2ho ¢ >t
Ay =470 = (3.21)
0 else
where Ao has units of energy squared. With (3.18), (3.20), and the transformation (2.13),

the first order correction to the two-point function (3.13) in Kruskal coordinates is

GA(U,0,U".0') = A UdU1< ! >h0< s )hOSO(G)SO(G’)+(U<—>U’)

w0 \1+roty ) \U-0 52
2h0T(hg)?\ ? 27\ 2o '
A=2X00027% () sin(rh) | =
o (5P s (5)

where the constant C' = [ dfsin0Sy(6). This constant must be computed numerically for
specific values of y and J. The choice of coordinates is important here. We are evaluating the
deformation on r. = %” (CCOOSS(S:C))

The fixed r. surface has dependence on global time 7, so solely regulating the fall-off in o

) and taking o. to be very close to the boundaries o = +3.

would not yield the proper boundary conditions. Inserting (3.22) into (3.11), the null energy

1S

Tow(U,0) = 24 86(0)? lim Ou0: /
/—

U
dUq ( Ui

(3.23)
ve Uh

ho
1+U)(U — U1)>

The integral above can be performed analytically to yield

1 U 1
TUU(U, 9) = —Qh%A 80(0)2 <U2+ho [mFl(l + ho; ho, 1+ ho; 2 + ho; E: _U)
1
Fi(2+ ho;1 4+ ho, 1 + ho; 3+ hoy =, —U
+2+h0 1(+0a + o, 1 + ho; +07U7 ):|
— reselhor) [ho 2Fy (1+ hoy 1+ ho; 2, —U?) (3.24)

— (1+h0> oF (1—|—h0,2+h0;2;—U2)}>

The behavior of Ty along the axis § = 0 is given in Figure 2. Although (3.24) above

does not seem like it would be amenable to integration analytically, we can use the same
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Figure 2: The null energy at 8 = 0 as a function of U for various
values of hg, where we turn on the deformation at Uy = 1.

trick employed in the appendix of [6] in order to express the integral of the null energy in a
relatively simple form

/oo ,D(1 = ho)D(3 + ho)? (1 _ANT( 4 ho) (3.25)

1+

dUTrrrr = —A Sp(0 _
y, T ol®) T (o) VAT (3 + hy)
3

Uy \™ 1 )
Fi(l.= — ho: > + hot —
X<1+U§) 2F1(L, 5 = ho; 5 + ho; =Us)

Notably, if we turn on the deformation at t = 0, the averaged null energy is

o0 (1 — ho)T(L + ho)?
_ 2 2
/UO:1 dUTyy = —A So(0) (o)
o7 2ho—1
= —4lhog202 )2 <5> So(6)? (3.26)

This null energy is negative for the range hg € [%, 1]. The marginal value of hg = % sits at
a kind of Breitenlohner-Freedman bound for scalars in nNHEK. In terms of the scalar mass
and the black hole spin, Ju? > —0.187. Our result for the null energy is similar to what one
would receive for a double trace deformation to pure AdSs. Note that as the near-horizon
temperature Tr scales to zero and we move to a NHEK picture, so does the energy. This
coincides with the model breaking down, as taking the extremal limit sends Rindler nNHEK
to Poincare NHEK.

This wormhole is unstable. The throat will close if we throw in enough energy to cause
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_— Up=1, Ur=2

Figure 3: The integrated null energy at § = 0 as a function of hyg.
The red and blue curves correspond to turning on the deformation
indefinitely at Uy = 1 and Uy = 2 respectively, while in the green
curve the deformation is turned off at Uy = 2.

the overall null energy along the horizon to be positive. Bounds on information transfer for
traversable wormholes in AdS> have been studied in [7].

4 Discussion

A double trace deformation renders the Rindler patch of nNHEK traversable through the
bulk. Aside from the deformation not being relevant, there is another aspect to the cal-
culation which may potentially weaken this conclusion: we have restricted to on-axis, non-
superradiant modes in the two-point function. It may be the case that superradiant mode
contributions increase the negative energy. Amplification in the superradiant sector within
the wormhole could lead to a Casimir energy that grows in time. Unfortunately, as discussed
earlier and as detailed in Appendix A, it is not easy to determine a symmetric, regular
vacuum state in Kerr off-axis. Superradiant modes yield nonnormalizable fields and scalar
two-points functions which are not regular off-axis. Any calculation involving superradiant
modes would thus require knowledge of the state out of thermal equilibrium both inside and
outside the wormhole off-axis.

A natural question to ask from here is whether or not this deformation can be thought of as
arising from an effective description in Kerr. Specifically, the question is whether it is possible
to give a nonperturbative description of the traversable Kerr wormhole geometry similar to
what is done with magnetic black holes in [19,20]. The authors of [19] took advantage

of the Landau levels for a fermion in a magnetic field to generate a parametrically large
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negative energy to maintain their wormhole. For a rotating system, classical superradiance
is a potential candidate to generate negative energy in the form of a Casimir-like effect across
the wormhole. However, we once again run into the issue of vacuum regularity. It is important
to know the exact state of the system in order to study potential Casimir effects generated
by superradiance inside the throat and in the shared region exterior to the wormhole. This
issue could be circumvented by using fermions. Bosonic superradiance can be thought of
as stemming from the classical area theorem, but fermions get around this because they
violate the null energy theorem on the horizon. In fact, a Hartle-Hawking state has been
proposed [38] for fermions that is regular off-axis out to the speed-of-light surface. Despite
this advantage, a lack of superradiance would deprive the system of a means to generate a
large enough negative energy to sustain the wormhole.

Assuming one could determine the out-of-equilibrium state off-axis and calculate this en-
ergy, the geometry of the wormhole would mirror that of the four-dimensional construction
in [19]. The global extension of nNHEK would be used to model the “bridge” of the wormhole,
while the exterior of the wormhole is provided by ordinary Kerr and its near-horizon expan-
sion.* Finally, the astrophysical significance of considering a traversable wormhole between
rotating black holes naturally leads to wondering how such objects could affect observations
of emissions from rotating binary systems. In particular, work has been done [44-47] to pre-
dict how the symmetries of NHEK will affect measurements of high-spin black holes by the
Event Horizon Telescope. It would also be interesting to consider what affects a wormhole
may have on gravitational wave measurements of black hole mergers.

Figure 4: A particular time slicing of the four-dimensional Kerr
wormhole. The wormhole itself (blue) is a global near-horizon Kerr.
It connects to the asymptotically flat spacetime via a throat region
(gray) described by ordinary Kerr. Just like Kerr, the throats of
the wormhole should rotate. To prevent the throats from pulling
together, we could add orbital rotation [19].

4This assumes the mouths are sufficiently far away so that the space around them can be approximated
as Kerr
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A Vacuum Regularity in Kerr

As indicated in Section 3, the Frolov-Thorne state in Kerr is not regular off-axis due to
superradiance. This appendix will serve to show the origin of this issue. In particular, we
will analyze the properties of various vacuum states in Kerr by studying their scalar two-point
functions.

The mode solutions to the scalar wave equation in Kerr are separable and take the form?®

7ewlm (T)
Vit a

where N, is a normalization constant determined by the usual Klein-Gordon inner product

q)nlm(x) - Nwlme_theim(b‘Swlm (0) (Al)

(@1,02) = 3 [ 0 (0,850 - 23(0,81) (A.2)

which is independent of the choice in Cauchy surface . As in NHEK, S,;,,,(0) are the set
of spheroidal harmonics, while the radial functions R, (r) are solved via a Schrodinger-like

equation

d2
(dﬂ — lem(’f')> Rwlm(’r) = 0 (A3)
—&% re = —00

—w?, e = 00

lem(r) ~ (A4)

where 7, is the tortoise coordinate dry/dr = (r? 4+ a?)/A and @ = w — mQ. As we go to

infinity, the radial functions will fall into two general classes asymptotically

0T - — W o
e +Awlme , Ty —> —00

B-

wlm

R () ~ (A.5)

errs, Ty — 00

®Note that the Boyer-Lindquist coordinates no longer have hats as compared to (2.1). This is to ease
notation in this section only.

18



o B s

— 0T 4 + 0T %
e + AT e e — 00

R+

wlm (A6)
The constants above represent transmission and reflection coefficients for scalar waves that
scatter off of the black hole. By way of the Wronskian relation for the radial equation,
DeWitt showed that [48]

w
1= AL, 1P = = |BY,, P (A7)
_ w,
1 - |Awlm‘2 = 5|Bwlm’2 (A8)
WB(;lniA:;lm = _‘:’B:zmA;z;z (A.9)
wB, =Bl (A.10)

Notably, if we are in the regime where w > 0, but @ < 0, then the reflection coefficients
are greater than one. This is the superradiant sector of the solutions. Note that m < 0
counter-rotating waves do not exhibit superradiance.

Because we are interested in two-point functions, we need to quantize the scalar field.
In order to canonically quantize a scalar field on a curved background, we need a complete
set of positive frequency solutions which are orthonormal with respect to the Klein-Gordon
norm. The normalization is dominated by the asymptotic value of the solutions, and we find
that for R = R,

in — 1 e—iwteim¢>8 . ((9) R::lm(’r) (A 11)
wlm /787'('2(,0 wlm \/7“2—i——(12
( gllm’ (I)i?’l’m’) = 5(“} - w/)éll’émm’ w>0 (A12)

On the other hand, the set of solutions for which R = R~ run into a subtle issue: waves in
the superradiant regime have an overall negative norm. In particular, a superradiant mode
can have a positive frequency with respect to an observer out at future null infinity but a
negative frequency with respect to an observer on the past horizon. This is in stark contrast
to fields in Schwarzschild, where positive frequency with respect to an asymptotic observer
implies automatically implies a positive frequency at the horizon. For this reason, it is often
common practice to define vacuum states in Schwarzschild by their properties on past and
future null infinity or on the past and future horizons. The takeaway from Kerr is that
we should only define properties of states along a Cauchy surface. The way to resolve the
negative norm is to treat the superradiant sector separately from the other modes, namely

1 —iwt i R (1) -
(I)E)Il)m = 87T2(I)e theZmd)Swlm(e)ﬁ w>0 (Al?))

19



((I)up (I)z}’)l’m’) = (5(&) — w’)élllémm/ (A.14)

wlm?
1 , X R-,,_. (r)
(I)up — 7ezwt671m¢>8w m 0 % 0>0 > —mQ A15
—wl—m 872(—(11) l ( ) \/m ( )
(égilfm’ q)lir;)’l’—m’) = 5((“) - w/)éll’émm’ (A16)

These define a set of orthonormal modes with positive norm. We call these ”in” and ”up”
modes corresponding to their behavior according to (A.7). The in modes correspond to a
flux incoming from past null infinity, while the up modes correspond to a flux coming from
the past horizon. There also exists another useful set of orthonormal modes. V,, in (A.3)

*

(1) also constitutes a solution to the radial equation. This new set of “out”

is real, so R
and “down” modes have the same structure as the in and up modes in Equations (A.11)
to (A.16) respectively, albeit replacing the radial function with its complex conjugate.

We are now ready to expand the scalar field in terms of its modes

0 . . [e'e} .
@(@-2( | dteltn®ih, + a0k + [ dw(aié’m¢5€m+a5€;@5’;m>) (A.17)
l,m w

min

Wmin

e 30 [ e B a0 ) (A18)
Im

with wpin = max{0,mQ}. We quantize the field by promoting the coefficients to creation
and annihilation operators which satisfy the typicaly commutation relations

[am ant } - [aup a2 } - [aup avt ] = 5w — )0 (A.19)

wlms “w'l'm/ wlim? “w'l’'m —wl—m> =Wl —m

The state | B~) which is annihilated by & , a7 | and a“?

R B —l—m 18 empty on the past horizon

and past null infinity is called the “past Boulware vacuum”. In Schwarzschild, we ordinarily
define the Boulware vacuum as the state which is empty on past and future null infinity,
however, as explained above, it really only makes sense to consider states on Cauchy hyper-
surfaces. We could have also chosen to expand ® in terms of the out and down modes. The
vacuum state with respect to these modes is empty on the future horizon and future null
infinity, and is aptly called the “future Boulware vacuum”. It is important to note that the
in/up modes and the out/down modes are not orthogonal, and there is a simple Bogoliubov
transformation between them. For this reason it is impossible to write down a vacuum state
in Kerr which is empty at both past and future null infinity.

The next two states that we are interested in are the Unruh and Hartle-Hawking states.
The Unruh vacuum is characterized as being empty at past null infinity, but thermal with
respect to Rindler observers at the horizon. The Hartle-Hawking state is a Hadamard state

which is regular everywhere and respects the symmetries of Kerr. In order to realize these
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properties, we need a new set of orthonormal modes in which we can expand the field operator.
The modes were found by Frolov and Thorne [36], and it was shown that the two point
functions in the Unruh and “Frolov-Thorne” Hartle-Hawking state are

Gute.o) =3 ([ dweon (22) 0, o2t o) + [ dwsli @i @))  (a20)

lm
2 20 . .
Grr(z.a) =Y < / di coth (TZ) U (2)DU" (o) + / dw coth <T‘;) in (1) g;;(f))
l,m

The Frolov-Thorne state is constructed so that it has the appropriate symmetries, and Frolov
and Thorne claimed that the state is regular out to the speed-of-light surface. However, it
was shown in [23] that although the expectation value of the (renormalized) stress tensor in
the Frolov-Thorne state is regular on both the future and past null horizons, it fails to be
regular off of the horizon in general. For example, the expectation value® of ®? for various
states are

(B™|®(x)?|B™) — (U|®(z)?|U) %OZ/dw ew/THi )|Bwlm\ 1Suim(@)>  (A.21)
({U|®(2)*|U) - (FT|®(z)* |FT) HmZ/dw/TH_)I Bl PlSum (0] (A22)

With Equation (A.10) we can see that while the integrand of (A.21) is regular, the integral
over w in (A.22) is divergent due to the pole at @ = 0. This implies that |F'T) is not regular.
The only exception to this is when at least one of the points in the correlation function is on
the axis of rotation § = 0. All modes with m # 0 vanish in this limit, and the above integral
will no longer be divergent as @ — w. Notably, all of the superradiant modes drop out in this

limit, and there is no longer an ambiguity concerning positive frequency and quantization.
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