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1 Introduction

There have recently been some rather bold and unusual claims made regarding how

black holes might directly interact with the overall FLRW cosmological expansion [1].

(See also the somewhat earlier closely related references [2–4] which developed the

theoretical framework for these claims.)

Key parts of the claims made in reference [1] were that:

• “The Kerr black hole solution is ... provisional as its behavior at infinity is

incompatible with an expanding universe.” [emphasis added].

• “Black hole models with realistic behavior at infinity predict that the gravi-

tating mass of a black hole can increase with the expansion of the universe

independently of accretion or mergers...” [emphasis added].

• “The redshift dependence of the mass growth implies that, at z ≤ 7, black holes

contribute an effectively constant cosmological energy density to Friedmann’s

equations.” [emphasis added].

There are a number of significant problems with these claims:

• The truly enormous “separation of scales” that is observed to occur between

galactic dynamics and cosmological dynamics makes all such claims grossly

implausible. (More on this specific point below.)

• There are at least three exact solutions to the Einstein equations that embed

black holes in expanding universes, (Kottler, McVittie, and Kerr–de Sitter),

and in those known exact solutions the claimed effect simply does not occur.

(This will be the main point of the current article.)

• The underlying theoretical framework [2–4] adopted in reference [1] appears

to be deeply flawed [5]. (One key issue here is that the cosmological mass

fraction sequestered in black holes simply does not lead to an equal but opposite

pressure; a “black hole gas” mimics “dust”, it does not mimic “dark energy”.)

Several other authors have made related cautionary comments [6, 7].

• An independent observational analysis [8] strongly excludes the claimed effect

at ∼ 3σ, and is compatible with zero effect at ∼ 1σ. (The technical difficulty

with making this bound even tighter lies in guaranteeing that the observational

sample is free of false positives, due to the possible growth of superficially

quiescent black holes actually being driven due to some unaccounted for variant

of the usual processes of accretion and/or mergers.) Several other independent

observational analyses similarly disfavour the existence of the claimed effect,

see for instance [9–11].
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In the current article we will concentrate on the general relativistic aspects of the

situation, paying particular attention both to physically relevant approximations,

and to the known exact theoretical solutions — we will argue that based on the

known exact solutions there is simply no physical reason to expect the claimed effect

to occur, and good physics reasons to reject the claimed effect.

2 Separation of scales

We start the discussion by pointing out that there is a truly enormous separation

of scales between galactic black hole physics and cosmological physics. Even the

heaviest known galactic black holes have masses only of order 3× 1010 solar masses,

corresponding to a Schwarzschild radius . 10−3 parsec. In contrast the cosmological

homogeneity scale is typically taken to be of order & 108 parsecs1, and the Hubble

scale is even larger, of order 1010 parsec. There simply is no plausible mechanism for

directly coupling milli-parsec black hole physics to giga-parsec cosmological physics.

(For related comments see references [12, 13].)

What is much more plausible is to directly couple the observed black hole candidates

found in most spiral galaxy cores to matter in their immediate environment — the

galactic cores and galaxies in which they reside. But this of course implies black hole

evolution due to the utterly standard processes of accretion and/or mergers, which

is exactly what the authors of reference [1] are claiming to side-step.

More quantitatively, even in the absence of an explicit exact solution to the Einstein

equations, we can argue as follows: Any attempt at inserting a black hole into a

FLRW cosmology will at the very least involve two separate mass scales — m the

mass of the central black hole, and ρFLRW r3, the FLRW contribution to the mass

contained in a ball of radius r. Combining these two quantities defines a natural

distance scale

r∗ = 3

√

m

ρFLRW

. (2.1)

At distances r < r∗ black hole physics dominates, at distances r > r∗ the FLRW

cosmology dominates. We shall see this natural transition-distance scale crop up

repeatedly in the discussion below.

1This is usually called the statistical scale of homogeneity (SSH) and estimates thereof are most
often based on the galaxy-galaxy 2–point correlation method.
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3 Relevant exact solutions in general relativity

There are at least three well-known exact solutions of Einstein’s equations for black

holes embedded in expanding FLRW universes:

• Schwarzschild–de Sitter (Kottler);

• Schwarzschild–FLRW (McVittie);

• Kerr–de Sitter.

Note that de Sitter spacetime is just a special case of FLRW, which, in appropriate

coordinates, corresponds to exponential expansion a(t) = eHt, with constant Hubble

parameter H . Furthermore, since in the standard framework of ΛCDM cosmology,

the universe at the current epoch is believed to already be cosmological constant

dominated, it follows that de Sitter space is an excellent approximation to both the

near-current-epoch and future expansion history of the universe. Allowing for a com-

pletely arbitrary expansion history for the scale factor a(t), [as in the Schwarzschild–

FLRW (McVittie) spacetime discussed below], while it would be “nice to have”, is

not really critical for purposes of the current discussion.

In the discussion below the only even slightly tricky part is to keep careful track of

a number of suitable coordinate transformations. A useful recent reference explicitly

discussing coordinate freedom in cosmological spacetimes is [14].

3.1 Schwarzschild–de Sitter (Kottler)

Let us start from Schwarzschild–de Sitter (Kottler) spacetime presented in its most

common form, in static (t, r) coordinates [15]:

ds2 = −
(

1− 2m

r
−H2r2

)

dt2 +
dr2

1− 2m
r
−H2r2

+ r2dΩ2. (3.1)

This coordinate system makes it obvious that at small r one recovers the Schwarzschild

solution, and that the mass m of the central black hole is not changing. In Kottler

spacetime the natural distance scale (in physical units) reduces to

r∗ = 3

√

m

ρFLRW

−→ 3

√

mc2

H2
, (3.2)

and can be identified as the radius of the OSCO, (the outermost stable circular

orbit) [16, 17]. For r ≪ r∗ the physics is black-hole dominated, for r ≫ r∗ the

physics is cosmological-constant dominated.
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Now this particular static slicing makes the physical interpretation in terms of an

exponentially expanding FLRW spacetime not entirely obvious — we need to make

a few coordinate transformations to make this fully explicit. To proceed with the

discussion, we first substitute

dt = dt̄+

√

2m
r
+H2r2

1− 2m
r
−H2r2

dr, (3.3)

to go to (t̄, r) Painlevé–Gullstrand coordinates (see for instance reference [14]):

ds2 = −dt̄2 +

[

dr −
√

2m

r
+H2r2 dt̄

]2

+ r2dΩ2. (3.4)

Second, we now set r = eHt̄ r̄, so that dr = eHt̄ [dr̄+ r̄Hdt̄]. Then in these new (t̄, r̄)

coordinates

ds2 = −dt̄2 + e2Ht̄





(

dr̄ +

{

Hr̄ −
√

2m e−3Ht̄

r̄
+H2r̄2

}

dt̄

)2

+ r̄2dΩ2



 . (3.5)

Note that at large distances

{

Hr̄ −
√

2me−3Ht̄

r̄
+H2r̄2

}

= Hr̄

{

1−
√

1 +
2me−3Ht̄

H2r̄3

}

= − m

Hr̄2
e−3Ht +O

(

1

r̄5

)

. (3.6)

Thus at large r̄

ds2 = −dt̄2 + e2Ht̄
[

dr̄2 + r̄2dΩ2
]

+O
(

1

r̄2

)

, (3.7)

making it obvious that the Schwarzschild–de Sitter (Kottler) black hole is embedded

in an exponentially expanding FLRW universe.

We emphasize that in this specific example there simply is no coupling between

the mass parameter m and the cosmological parameter H ; they are independent

constants. The only even slightly tricky part of the analysis was in setting up the

coordinate transformations used to make these properties manifest.
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3.2 Schwarzschild–FLRW (McVittie)

The Schwarzschild–FLRW (McVittie) spacetime metric [18–21] describes an eternal

black hole that has been part of the universe ever since the Big Bang — if in contrast

one wants to describe a black hole that forms from stellar collapse, then a segment of

the Schwarzschild–FLRW (McVittie) spacetime should be used — only for describing

the quiescent period after the initial collapse and ringdown.

McVittie spacetime can be represented in any of the following four completely equiv-

alent forms [14]:

ds2 = −
(

1− m
2a(t)r̃

1 + m
2a(t)r̃

)2

dt2 +

(

1 +
m

2a(t)r̃

)4

a(t)2{dr̃2 + r̃2dΩ2}. (3.8)

ds2 =
(

1 +
m

2r̄

)4
{

−
(

[1− m
2r̄
]2

[1 + m
2r̄
]6

)

dt2 + {[dr̄ −H(t)r̄dt]2 + r̄2dΩ2}
}

. (3.9)

ds2 = −
(

1− 2m

r̂

)

dt2 +

[

dr̂
√

1− 2m/r̂
−H(t)r̂dt

]2

+ r̂2dΩ2. (3.10)

ds2 = −
(

1− 2m

a(t)r

)

dt2+a(t)2

















(

dr +H(t)r
[

1−
√

1− 2m
a(t)r

]

dt
)2

1− 2m
a(t)r






+ r2dΩ2











.

(3.11)

All four of these coordinate systems use the same time coordinate t, and also the

same angular coordinates {θ, φ}, while we have used coordinate freedom of general

relativity to adopt differing radial coordinates {r̃, r̄, r̂, r}. (The relevant coordinate

transformations connecting these differing radial coordinates are explicitly presented

in reference [14].)

In all four of these coordinate systems the energy density is determined by finding

the time-like eigenvector of the stress-energy, and is easily calculated to be [14]:

ρ =
3

8π
H(t)2. (3.12)

The pressure is determined by the space-like eigenvectors of the stress energy and is

more subtle: Depending on which of the coordinate systems (3.8)–(3.11) one adopts

one finds the superficially differing but physically equivalent results [14]:

p = −ρ− 1

4π

1 + m
2a(t)r̃

1− m
2a(t)r̃

Ḣ(t); (3.13)

= −ρ− 1

4π

1 + m
2r̄

1− m
2r̄

Ḣ(t); (3.14)

= −ρ− 1

4π

1
√

1− 2m/r̂
Ḣ(t); (3.15)

= −ρ− 1

4π

1
√

1− 2m
a(t)r

Ḣ(t). (3.16)
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At large distances, in all four of these coordinate systems, one recovers the standard

spatially flat (k = 0) FLRW result:

p → −ρ− Ḣ(t)

4π
. (3.17)

Turning now to the explicit representations of the spacetime metric, at suitably large

distances, a(t)r̃ ≫ m, the line element (3.8) implies

ds2 ≈ −dt2 + a(t)2{dr̃2 + r̃2dΩ2}, (3.18)

which clearly is (k = 0) FLRW with arbitrary scale factor a(t).

On the other hand at suitably small distances, r̄H(t) ≪ 1, the line element (3.9)

implies

ds2 ≈
(

1 +
m

2r̄

)4
{

−
(

[1− m
2r̄
]2

[1 + m
2r̄
]6

)

dt2 + {dr̄2 + r̄2dΩ2}
}

. (3.19)

This is just Schwarzschild spacetime in isotropic coordinates. So the mass of the

central black hole is simply m, a time-independent constant. Note there is no mass

flux onto the central black hole; there is no accretion. That is, there simply is

no direct coupling between the mass parameter m and the cosmological parameter

H(t) = ȧ(t)/a(t); they are independent quantities. As previously noted, the only

even slightly tricky part of the analysis was in setting up the coordinate transforma-

tions used to make these properties manifest.

3.3 Kerr–de Sitter

Rotating black holes are much more subtle than their non-rotating counterparts.

The basic asymptotically flat Kerr spacetime was first discovered some 60 years ago

in 1963, see reference [22]. Further discussion can be found in [23] and [24–28], and

more recently in references [29–36].

The Kerr–de Sitter geometry is even more subtle than Kerr, and was first obtained

by Carter some 10 years later in 1973; still some 50 years ago, see references [37, 38].

The Kerr–de Sitter geometry represents an eternal rotating black hole embedded in

de Sitter spacetime. For a recent easily accessible discussions see reference [39], and

even more recently see [40, 41].

For a black hole formed from stellar collapse, one should certainly wait until after the

initial collapse and ringdown, until the black hole is quiescent, and also wait until the

universe is old enough to be cosmological constant dominated — as is now expected

to be the situation in the current epoch. That is, the Kerr–de Sitter geometry should

be a good approximation to rotating black holes in the current epoch. (This point

is implicit in the discussion of reference [39].)
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The metric for the Kerr–de Sitter spacetime is most typically presented in stationary

coordinates [37, 38]:

ds2 =− (r2 + a2)(1− Λ
3
r2)− 2mr

r2 + a2 cos2 θ

[

dt− a sin2 θ dφ

1 + 1
3
Λa2

]2

+ sin2 θ

[

1 + 1
3
Λa2 cos2 θ

r2 + a2 cos2 θ

] [

adt− (r2 + a2)dφ

1 + 1
3
Λa2

]2

+ (r2 + a2 cos2 θ)

[

dr2

(r2 + a2)(1− Λ
3
r2)− 2mr

+
dθ2

(1 + 1
3
Λa2 cos2 θ)

]

.

(3.20)

(Warning: Here a is the spin parameter a = J/m, not the FLRW scale factor a(t).)

In this spacetime, the cosmological constant is related to the Hubble constant by

Λ = 3H2. A perhaps mildly surprising aspect of this line element is the presence of

the constant 1 + 1
3
Λa2 = 1 +H2a2 in several strategic places.

To be able to efficiently use computer algebra packages, it is more beneficial to have

this metric in a fully expanded form, and to eliminate the trigonometric functions.

We therefore re-write the line element in the following form:

gµν dx
µdxν =−

[

∆r −∆θ a
2(1− χ2)

ρ2 Ξ2

]

dt2 +
ρ2

∆r

dr2 +
ρ2

∆θ (1− χ2)
dχ2

+
(1− χ2)

ρ2 Ξ2

[

∆θ (r
2 + a2)2 −∆ra

2 (1− χ2)
]

dφ2

− 2a(1− χ2)

ρ2 Ξ2

[

∆θ (r
2 + a2)−∆r

]

dtdφ .

(3.21)

Here
χ = cos θ;

∆r = r2 + a2 − 2mr +
Λ

3
r2 (r2 + a2);

∆θ = 1 +
Λ

3
a2 cos2 θ = 1 +

Λ

3
a2χ2;

ρ2 = r2 + a2 cos2 θ = r2 + a2χ2;

Ξ = 1 +
Λ

3
a2 .

(3.22)

The Kerr-de Sitter spacetime is a Λ-vacuum solution of the Einstein field equations,

an Einstein manifold, and therefore satisfies

Rµν = −Λgµν ; Gµν = +Λgµν . (3.23)

Using, for example, sagemath or Maple, we may easily check this is in fact true.
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We must also check that the Weyl tensor is nonzero, and that the Weyl scalar,

C µναβC µναβ is position-dependent: Indeed

C µναβC µναβ = −m2(a2χ2 + 4arχ+ r2) (a2χ2 − 4arχ+ r2) (r2 − a2χ2)

(r2 + a2χ2)6
, (3.24)

which depends on both r and χ. Furthermore, the Kretschmann scalar, R µναβR µναβ

is also non-zero and position-dependent. Lastly, due to the Kerr–de Sitter spacetime

no longer being a pure vacuum solution to the Einstein equations, we expect the

difference between the Kretschmann scalar and Weyl scalar to be non-zero (and

position-independent). We find

R µναβR µναβ − C µναβC µναβ =
8

3
Λ2 . (3.25)

When Λ = 0 — where the Kerr metric is recovered — the difference is zero.

We will subsequently look at the asymptotic large-distance behaviour and verify that

in a suitable coordinate system the cosmological constant Λ can be reinterpreted in

terms of a constant Hubble parameter H (with Λ = 3H2), and an exponentially

growing scale factor a(t) = eHt. But for now let us focus on a number of internal

consistency checks for the Kerr–de Sitter spacetime.

4 Extended consistency checks for Kerr–de Sitter

In this section we shall spend a little effort checking that the Kerr-de Sitter spacetime

does in fact (under suitable circumstances) reduce to the Kerr, Kottler, and de Sitter

spacetimes as required.

4.1 Kerr spacetime

We first investigate the Λ = 0 limit of the KdS metric given in (3.21), resulting in the

Kerr spacetime. This results in a vacuum solution to the Einstein equations, hence,

providing the basis for a variety of consistency checks for the KdS spacetime.

When Λ = 0 we obtain the line element

gµν dx
µdxν =−

[

∆̄r − a2(1− χ2)

ρ2

]

dt2 +
ρ2

∆̄r

dr2 +
ρ2

(1− χ2)
dχ2

+
(1− χ2)

ρ2

[

(r2 + a2)2 − ∆̄ra
2 (1− χ2)

]

dφ2

− 2a(1− χ2)

ρ2

[

(r2 + a2)− ∆̄r

]

dtdφ ,

(4.1)

where ∆̄r = r2 + a2 − 2mr.
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To check this is in fact the Kerr spacetime, we compute the curvature quantities such

as the Ricci tensor, Weyl tensor, Kretschmann scalar, and Weyl scalar. For a vacuum

solution we expect the Ricci tensor to be zero and, therefore, the Riemann tensor and

Weyl tensor to be equal. We verify this using sagemath/Maple. Furthermore, we find

that the Riemann tensor and Weyl tensor are equal, non zero and position dependent.

Lastly, the Weyl scalar and Kretschmann scalar are equal (as expected).

4.2 Kottler Spacetime

In the a → 0 limit of the KdS spacetime, we recover the Kottler (Schwarzschild–de

Sitter) spacetime. Firstly

∆r → ∆̂r = r2 − 2mr − Λr4

3
= r2

(

1− 2m

r
− 1

3
Λr2
)

. (4.2)

Then

(ds2)Kottler = −∆̂r

r2
[dt]2 + (1− χ2)r2 [dφ]2 + r2

[

dr2

∆̂r

+
dχ2

(1− χ2)

]

. (4.3)

Rewritten, this becomes

(ds2)Kottler = −∆̂r

r2
dt2 +

r2

∆̂r

dr2 + r2
[

dχ2

(1− χ2)
+ (1− χ2)dφ2

]

. (4.4)

That is,

(ds2)Kottler = −
(

1− 2m

r
− 1

3
Λr2
)

dt2 +
dr2

1− 2m
r
− 1

3
Λr2

+r2
[

dχ2

(1− χ2)
+ (1− χ2)dφ2

]

. (4.5)

This metric is evidently the Kottler spacetime [15] in standard (t, r) coordinates, (and

not entirely standard (χ, φ) coordinates). We may now perform the same consistency

checks on this spacetime as we did in the KdS case. We expect similar results, as it

is no longer a pure vacuum solution and corresponds to pure cosmological constant.

We again find

Rµν = Λ gµν ; Gµν = −Λ gµν . (4.6)

The curvature quantities such as the Riemann tensor and Weyl tensor are not equal,

they are again non-zero and position-dependent.

The Kretschmann scalar is

R µναβR µναβ =
8

3
Λ2 +

48m2

r6
, (4.7)
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and the Weyl scalar is

C µναβC µναβ =
48m2

r6
. (4.8)

The difference is simply

R µναβR µναβ − C µναβC µναβ =
8

3
Λ2 , (4.9)

which is the same result as in the KdS case, which is to be expected since in the KdS

case, the difference did not depend on the angular momentum.

4.3 de Sitter Spacetime

The last parameter we shall set to zero is the mass of the black hole, m → 0. The

only change in the metric components is that now

∆r → ∆̃r = r2 + a2 − Λr2

3
(r2 + a2) = (r2 + a2)

(

1− 1

3
Λa2

)

. (4.10)

The KdS line element now reduces to

gµν dx
µdxν =−

[

∆̃r −∆θ a
2(1− χ2)

ρ2 Ξ2

]

dt2 +
ρ2

∆̃r

dr2 +
ρ2

∆θ (1− χ2)
dχ2

+
(1− χ2)

ρ2 Ξ2

[

∆θ (r
2 + a2)2 − ∆̃ra

2 (1− χ2)
]

dφ2

− 2a(1− χ2)

ρ2 Ξ2

[

∆θ (r
2 + a2)− ∆̃r

]

dtdφ .

(4.11)

Though not entirely obvious, this is actually de Sitter space in (rotating) oblate

spheroidal coordinates.

In this m → 0 limit, it is easy to check that the Weyl tensor is zero (and, therefore,

the Weyl scalar will be zero too). The Kretschmann scalar is found to be

R µναβR µναβ =
8

3
Λ2 . (4.12)

Note, that (as expected) this is (trivially) the difference of the Kretschmann scalar

and Weyl scalar, as for the KdS and Kottler cases.

One may now go one step further and perform an explicit coordinate transformation

on the line element (4.11) to obtain the “standard” form of the de Sitter metric.
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Using the explicit coordinate transformation given in reference [39]

T =
t

Ξ
;

Φ = φ− aΛt

3Ξ
;

y cosΘ = rχ;

y2 =
1

Ξ

[

r2∆θ + a2(1− χ2)
]

,

(4.13)

one can show that (4.11) reduces to

gµν dx
µdxν = −(1− Λ

3
y2)dT 2 +

1

1− Λ
3
y2

dy2 + y2dΘ2 + y2 sin2ΘdΦ2 . (4.14)

This is in fact the standard form for de Sitter space, presented in terms of the

coordinates (T, y,Θ,Φ), which we could simply re-name (t, r, θ, φ) if desired.

Performing two further coordinate transformations allows us to cast this metric into

a form where — explicitly — space is exponentially expanding. First, we transform

the time coordinate according to

T = t̃+

∫

Hy

1−H2y2
dy = t̃+

ln (1−H2y2)

2H
, (4.15)

resulting in the Painlevé–Gullstrand [14] form of de Sitter space:

gµν dx
µdxν = −dt̃ 2 + [ dy −Hy dt ]2 + y2dΩ2 . (4.16)

Secondly, we transform the radial coordinate according to

y = r̃eHt , (4.17)

resulting in de Sitter space in comoving coordinates:

gµν dx
µdxν = −dt̃ 2 + e 2Ht̃{dr̃2 + r̃2dΩ2} . (4.18)

Therefore, it is apparent that, as desired, the m → 0 limit of Kerr–de Sitter is indeed

the exponentially growing FLRW spacetime. We again see that the only even slightly

tricky part of the analysis was in setting up the coordinate transformations used to

make these properties manifest.
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5 Asymptotic behaviour of Kerr-de Sitter

The claim that the mass of a black hole grows as a function of time has been proven

to be false thus far. In sub-section 3.1 we have shown that for the Schwarzschild–

de Sitter (Kottler) spacetime the mass of the central black hole is simply m, a time

independent constant. In sub-section 3.2 we obtained the same result for McVittie

(Schwarzschild–FLRW) spacetime. We shall now show that this also holds for the

Kerr–de Sitter black hole by considering the asymptotic behaviour of the Kerr–

de Sitter spacetime.

5.1 Small r expansion

Let us begin with ‘small’ r, i.e., |Λ|r2 ≪ 1, while keeping r > a. It is perhaps obvious

that we should expect — when close to the central black hole — the metric to be of

the form “Kerr + perturbation”. For the following analysis we shall use the binomial

expansion in r. We note:
1

Ξ2
≈ 1− 2

3
Λa2 ;

1

∆θ

≈ 1− 1

3
Λa2χ2 .

(5.1)

Component by component we explicitly find

(gtt)KdS ≈ (gtt)Kerr −
2

3
Λa2 (gtt)Kerr +O

(

Λa2
)

= (gtt)Kerr

(

1 +O
(

Λa2
)

)

;

(grr)KdS ≈ (grr)Kerr +
1

3
Λr2 (grr)Kerr +O

(

Λr2
)

= (grr)Kerr

(

1 +O
(

Λr2
)

)

;

(gθθ)KdS ≈ (gθθ)Kerr −
1

3
Λa2χ2 (gθθ)Kerr +O

(

Λa2χ2
)

= (gθθ)Kerr

(

1 +O
(

Λa2χ2
)

)

;

(gφφ)KdS ≈ (gφφ)Kerr −
2

3
Λa2 (gφφ)Kerr +O

(

Λr2
)

= (gφφ)Kerr

(

1 +O
(

Λr2
)

)

;

(gφt)KdS ≈ (gφt)Kerr −
2

3
Λa2 (gφt)Kerr +O

(

Λr2
)

= (gφt)Kerr

(

1 +O
(

Λr2
)

)

.

(5.2)

Note that the grr term is not merely a straightforward binomial expansion in r.

Rather, we use the fact that in the region of interest

(grr)KdS =
ρ2

(r2 + a2)(1−H2r2)− 2mr
≈ ρ2

r2 + a2 − 2mr

1

1−H2r2
, (5.3)

which is true as we can safely neglect O(r3) terms. Finally, since χ ∈ [−1, 1] and

we have assumed a < r, all the indivudual components of the Kerr–de Sitter metric

may be written as

(gµν)KdS = (gµν)Kerr

(

1 +O
(

Λr2
)

)

. (5.4)

Consequently at small distances (meaning |Λ|r2 ≪ 1) Kerr–de Sitter reduces to Kerr

as expected — with a constant unchanging mass parameter m, and no sign of any

direct coupling between the de Sitter expansion and the central black hole.
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5.2 Large r expansion

For the large r expansion we assume r ≫ m (we also assume m > a to avoid naked

singularities). However we do not want r to become cosmologically enormous, we

still want to keep |Λ|r2 . 1. (If Λ > 0 one certainly does not want to go past the

cosmological horizon at rC ≈ 1/
√
Λ. In counterpoint, if Λ < 0, corresponding to an

asymptotically anti-de Sitter space, there is simply no need to go past r ∼ 1/
√

|Λ|
to detect cosmological physics.)

As we are a suitably large (but not too large) distance away from the black hole, one

would expect the metric to be of the form “de Sitter + perturbation”. For all of the

metric components except the grr component, we may easily separate out the mass

terms and then expand about large r:

(gtt)KdS = (gtt)dSO +
2mr

ρ2Ξ2
≈ (gtt)dSO +

2m

r
+O

(m

r3

)

;

(gθθ)KdS = (gθθ)dSO ≈ (gθθ)dSO +O
(

2m

r

)

;

(gφφ)KdS = (gφφ)dSO +
2mra2(1− χ2)4

ρ2Ξ2

1

Ξ2
≈ (gφφ)dSO +

2m

r

1

Ξ2
a2(1− χ2)4 +O

(

2m

r3

)

;

(gφt)KdS = (gφt)dSO +
2mra(1− χ2)2

ρ2Ξ2

1

Ξ2
≈ (gφt)dSO +

2m

r

1

Ξ2
a(1− χ2)2 +O

(

2m

r3

)

.

(5.5)

Here, the subscript dSO is used to make it explicit that this is a component of the

de Sitter metric in oblate spheroidal coordinates. The (grr)KdS component is most

easily dealt with by writing:

(grr)KdS = (grr)dSO − 2mr(r2 + a2χ2)

(r2 + a2)2 (1−H2r2)2

≈ (grr)dSO − 2m

r

1

(1−H2r2)2

[

1 +O
(

a2

r2

)]

. (5.6)

Therefore, we may write the Kerr–de Sitter metric expanded about large r (r ≫ m,

but r not cosmologically large, |Λ|r2 . 1) as

(gµν)KdS = (gµν)dSO +O
(

2m

r

)

. (5.7)

As required, as we approach large (but not too large) r the Kerr–de Sitter space-

time asymptotically approaches de Sitter space. (Which, as we have already seen,

after suitable coordinate transformations can be recast in terms of an exponentially

growing scale factor a(t) = exp(Ht).)

We emphasize (again) that in this specific Kerr–de Sitter example there simply is no
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coupling between the mass parameter m and the cosmological parameter H ; they are

independent constants. The only even slightly tricky part of the analysis was in set-

ting up the coordinate transformations used to make these properties manifest.

6 Kerr–FLRW spacetime?

While we have seen that Kerr–de Sitter, corresponding to specifically exponential

expansion at asymptotic spatial infinity, can be written down explicitly in a not too

complicated form, we know of no equivalent result for Kerr–FLRW for a general scale

factor a(t). There is a reason for this: in Kerr’s original article [22] he asked whether

it would be possible to find a (perfect fluid) interior solution for what is now called

Kerr spacetime. This is a question that still remains open after 60 years. Only partial

results are known, in terms of anisotropic non-perfect fluids and other anisotropic

sources [42–44]. Finding an exact Kerr–FLRW spacetime would be tantamount to

finding a time-dependent perfect fluid exterior solution to the Kerr black hole —

which would be at least as hard as the still unsolved problem of finding a perfect

fluid interior solution.

However, as mentioned in section 2, the largest known galactic black holes have

masses of order 3×1010 m⊙. This corresponds to a Schwarzschild radius . 10−3 par-

sec, whereas the statistical scale of homogeneity is of order & 108 parsecs. Therefore,

having a solution that asymptotes to a perfect fluid on scales such that the FLRW

solution is applicable is certainly good enough.

Furthermore, observational evidence strongly suggests that the universe is currently

cosmological constant dominated, so the relevant FLRW spactime, now and for the

foreseeable future, is de Sitter. Thence the Kerr-de Sitter solution is, for all practical

purposes, certainly good enough.

7 Black hole internal structure?

As part of the plausibility argument for entertaining a possible direct black-hole/

cosmology coupling, reference [1] suggested that this might have something to do

with an assumed non-trivial internal structure for black holes. Specifically, was dark

energy inside the black hole slowly being released? Several authors have tried to

make this idea more precise. Whole certainly there is widespread agreement that

regular black holes and more generally black holes with a non-vacuum interior are of

interest [45–53], there is much less agreement as to whether such black hole variants

directly couple to the cosmology they are embedded in. Most investigations suggest

there is no such direct coupling [54–57], and the few investigations that suggest

there is such an effect yield predictions that are quantitatively and qualitatively at

variance [58] with the original proposal of reference [1].
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8 Conclusions

What have we learnt from this discussion? Starting from three relatively well-known

exact solutions to the Einstein equations (Kottler, McVittie, Kerr-de Sitter) all of

which successfully embed black holes in suitable FLRW background, we have seen

that these exact solutions exhibit no evidence of any “direct coupliing” between

the black hole mass and the cosmological expansion. Furthermore, several purely

phenomenological investigations have similarly failed to find evidence for any “direct

coupliing” between the black hole mass and the cosmological expansion. Indeed the

enormous separation of scales between milli-parsec black hole physics and giga-parsec

cosmological physics renders any such “direct coupling” (independently of accretion

or mergers) grossly implausible. We, therefore, urge extreme caution and care when

mooting such ideas.
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“Über die physikalischen Grundlagen der Einsteinschen Gravitationstheorie”,

Ann. Phys. (Germany) 56 (1918) 401–462. doi:10.1002/andp.19183611402

[16] P. Boonserm, T. Ngampitipan, A. Simpson and M. Visser, “Innermost and

outermost stable circular orbits in the presence of a positive cosmological constant”,

Phys. Rev. D 101 (2020) no.2, 024050 doi:10.1103/PhysRevD.101.024050

[arXiv:1909.06755 [gr-qc]].

[17] T. Berry, A. Simpson and M. Visser,

“Photon spheres, ISCOs, and OSCOs: Astrophysical observables for regular black

holes with asymptotically Minkowski cores”, Universe 7 (2020) no.1, 2

doi:10.3390/universe7010002 [arXiv:2008.13308 [gr-qc]].

[18] G. C. McVittie, “The mass particle in an expanding universe”,

MNRAS 93 (1933) 325–339. doi:doi:10.1093/mnras/93.5.325

See especially equation (29) on page 332.

[19] N. Kaloper, M. Kleban and D. Martin,

“McVittie’s Legacy: Black Holes in an Expanding Universe”,

Phys. Rev. D 81 (2010), 104044 doi:10.1103/PhysRevD.81.104044

[arXiv:1003.4777 [hep-th]].

[20] K. Lake and M. Abdelqader, “More on McVittie’s Legacy: A Schwarzschild–de Sitter

black and white hole embedded in an asymptotically ΛCDM cosmology”,

Phys. Rev. D 84 (2011), 044045 doi:10.1103/PhysRevD.84.044045

[arXiv:1106.3666 [gr-qc]].

[21] V. Faraoni, A. F. Zambrano Moreno and R. Nandra,

“Making sense of the bizarre behaviour of horizons in the McVittie spacetime”,

Phys. Rev. D 85 (2012), 083526 doi:10.1103/PhysRevD.85.083526

[arXiv:1202.0719 [gr-qc]].

[22] R. P. Kerr, “Gravitational field of a spinning mass as an example of algebraically

special metrics”, Phys. Rev. Lett. 11 (1963), 237-238

doi:10.1103/PhysRevLett.11.237

– 18 –

https://arxiv.org/abs/2307.02474
https://arxiv.org/abs/2305.12545
https://arxiv.org/abs/2304.01059
https://doi.org/10.1088/1475-7516/2022/09/030
https://arxiv.org/abs/2207.08375
https://doi.org/10.1002/andp.19183611402
https://doi.org/10.1103/PhysRevD.101.024050
https://arxiv.org/abs/1909.06755
https://doi.org/10.3390/universe7010002
https://arxiv.org/abs/2008.13308
https://doi.org/doi:10.1093/mnras/93.5.325
https://doi.org/10.1103/PhysRevD.81.104044
https://arxiv.org/abs/1003.4777
https://doi.org/10.1103/PhysRevD.84.044045
https://arxiv.org/abs/1106.3666
https://doi.org/10.1103/PhysRevD.85.083526
https://arxiv.org/abs/1202.0719
https://doi.org/10.1103/PhysRevLett.11.237


[23] R. P. Kerr, “Gravitational collapse and rotation”.

Proceedings of the first Texas symposium, December 1963. Republished in [29].

[24] E. T. Newman, R. Couch, K. Chinnapared, A. Exton, A. Prakash and R. Torrence,

“Metric of a Rotating, Charged Mass”, J. Math. Phys. 6 (1965), 918-919

doi:10.1063/1.1704351

[25] E. T. Newman and A. I. Janis, “Note on the Kerr spinning particle metric”,

J. Math. Phys. 6 (1965), 915-917 doi:10.1063/1.1704350

[26] R. H. Boyer and R. W. Lindquist, “Maximal analytic extension of the Kerr metric”,

J. Math. Phys. 8 (1967), 265 doi:10.1063/1.1705193

[27] B. Carter, “Global structure of the Kerr family of gravitational fields”,

Phys. Rev. 174 (1968), 1559-1571 doi:10.1103/PhysRev.174.1559

[28] J. M. Bardeen, “Kerr Metric Black Holes”, Nature 226 (1970), 64-65

doi:10.1038/226064a0

[29] D. L. Wiltshire, M. Visser and S. M. Scott,

“The Kerr spacetime: Rotating black holes in general relativity”,

Cambridge University Press, 2009, ISBN 978-0-521-88512-6

[30] M. Visser, “The Kerr spacetime: A brief introduction”,

[arXiv:0706.0622 [gr-qc]]. Published in [29].

[31] R. P. Kerr, “Discovering the Kerr and Kerr-Schild metrics”,

[arXiv:0706.1109 [gr-qc]]. Published in [29].

[32] D. Rajan and M. Visser,

“Cartesian Kerr–Schild variation on the Newman–Janis trick”,

Int. J. Mod. Phys. D 26 (2017) no.14, 1750167 doi:10.1142/S021827181750167X

[arXiv:1601.03532 [gr-qc]].

[33] J. Baines and M. Visser, “Physically motivated ansatz for the Kerr spacetime”,

Class. Quant. Grav. 39 (2022) no.23, 235004 doi:10.1088/1361-6382/ac9bc5

arXiv:2207.09034 [gr-qc]].

[34] J. Baines and M. Visser, “Killing Horizons and surface gravities for a well-behaved

three-function generalization of the Kerr spacetime”, Universe 9 (2023) no.5, 223

doi:10.3390/universe9050223 [arXiv:2303.07380 [gr-qc]].

[35] T. Adamo and E. T. Newman, “The Kerr-Newman metric: A Review”,

Scholarpedia 9 (2014), 31791 doi:10.4249/scholarpedia.31791

[arXiv:1410.6626 [gr-qc]].

[36] S. A. Teukolsky, “The Kerr Metric”, Class. Quant. Grav. 32 (2015) no.12, 124006

doi:10.1088/0264-9381/32/12/124006 [arXiv:1410.2130 [gr-qc]].

[37] Brandon Carter, “Black hole equilibrium states”, in Black Holes: Les Astres Occlus,

ed. by B. DeWitt, C. M. DeWitt, (Gordon and Breach, New York, 1973).

ISBN : 0677156103

– 19 –

https://doi.org/10.1063/1.1704351
https://doi.org/10.1063/1.1704350
https://doi.org/10.1063/1.1705193
https://doi.org/10.1103/PhysRev.174.1559
https://doi.org/10.1038/226064a0
https://arxiv.org/abs/0706.0622
https://doi.org/10.1142/S021827181750167X
https://arxiv.org/abs/1601.03532
https://doi.org/10.1088/1361-6382/ac9bc5
https://arxiv.org/abs/2207.09034
https://doi.org/10.3390/universe9050223
https://arxiv.org/abs/2303.07380
https://doi.org/10.4249/scholarpedia.31791
https://arxiv.org/abs/1410.6626
https://doi.org/10.1088/0264-9381/32/12/124006
https://arxiv.org/abs/1410.2130


[38] Brandon Carter, Republication of: “Black hole equilibrium states: Part I Analytic

and geometric properties of the Kerr solutions”, General Relativity and Gravitation

41 (2009) 2873–2938. doi:10.1007/s10714-009-0888-5

[39] S. Akcay and R. A. Matzner,

“Kerr-de Sitter Universe”,

Class. Quant. Grav. 28 (2011), 085012 doi:10.1088/0264-9381/28/8/085012

[arXiv:1011.0479 [gr-qc]].

[40] P. C. Li, M. Guo and B. Chen,

“Shadow of a Spinning Black Hole in an Expanding Universe”,

Phys. Rev. D 101 (2020) no.8, 084041 doi:10.1103/PhysRevD.101.084041

[arXiv:2001.04231 [gr-qc]].

[41] P. Hintz and A. Vasy,

“The global non-linear stability of the Kerr-de Sitter family of black holes”,

Acta Mathematica 220 (2018) 1–206. doi:10.4310/acta.2018.v220.n1.a1

[arXiv:1606.04014 [math.DG]].

[42] V. De La Cruz and W. Israel, “Spinning Shell as a Source of the Kerr Metric”,

Phys. Rev. 170 (1968), 1187-1192 doi:10.1103/PhysRev.170.1187

[43] W. Israel, “Source of the Kerr metric”, Phys. Rev. D 2 (1970), 641-646

doi:10.1103/PhysRevD.2.641

[44] F. Z. Majidi, “Another Kerr interior solution,” [arXiv:1705.00584 [gr-qc]].

[45] E. Mottola, “Gravitational Vacuum Condensate Stars”, [arXiv:2302.09690 [gr-qc]].

Published in “Regular Black Holes: Towards a New Paradigm of Gravitational

Collapse”, edited by C. Bambi (Springer).

[46] P. O. Mazur and E. Mottola,

“Gravitational Condensate Stars: An Alternative to Black Holes”,

Universe 9 (2023) no.2, 88 doi:10.3390/universe9020088

[arXiv:gr-qc/0109035 [gr-qc]].

[47] P. O. Mazur and E. Mottola, “Gravitational vacuum condensate stars”,

Proc. Nat. Acad. Sci. 101 (2004), 9545-9550 doi:10.1073/pnas.0402717101

[arXiv:gr-qc/0407075 [gr-qc]].

[48] M. Visser and D. L. Wiltshire, “Stable gravastars: An Alternative to black holes?”,

Class. Quant. Grav. 21 (2004), 1135-1152 doi:10.1088/0264-9381/21/4/027

[arXiv:gr-qc/0310107 [gr-qc]].

[49] C. Cattoen, T. Faber and M. Visser, “Gravastars must have anisotropic pressures,”

Class. Quant. Grav. 22 (2005), 4189-4202 doi:10.1088/0264-9381/22/20/002

[arXiv:gr-qc/0505137 [gr-qc]].

– 20 –

https://doi.org/10.1007/s10714-009-0888-5
https://doi.org/10.1088/0264-9381/28/8/085012
https://arxiv.org/abs/1011.0479
https://doi.org/10.1103/PhysRevD.101.084041
https://arxiv.org/abs/2001.04231
https://doi.org/10.4310/acta.2018.v220.n1.a1
https://arxiv.org/abs/1606.04014
https://doi.org/10.1103/PhysRev.170.1187
https://doi.org/10.1103/PhysRevD.2.641
https://arxiv.org/abs/1705.00584
https://arxiv.org/abs/2302.09690
https://doi.org/10.3390/universe9020088
https://arxiv.org/abs/gr-qc/0109035
https://doi.org/10.1073/pnas.0402717101
https://arxiv.org/abs/gr-qc/0407075
https://doi.org/10.1088/0264-9381/21/4/027
https://arxiv.org/abs/gr-qc/0310107
https://doi.org/10.1088/0264-9381/22/20/002
https://arxiv.org/abs/gr-qc/0505137


[50] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser, “Singularity-free

gravitational collapse: From regular black holes to horizonless objects”,

[arXiv:2302.00028 [gr-qc]]. Published in “Regular Black Holes: Towards a New

Paradigm of Gravitational Collapse”, edited by C. Bambi (Springer).

[51] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser,

“A connection between regular black holes and horizonless ultracompact stars”,

JHEP 23 # 08 (2023) 046, doi:10.1007/JHEP08(2023)046

[arXiv:2211.05817 [gr-qc]].

[52] R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser,

“Phenomenological aspects of black holes beyond general relativity”,

Phys. Rev. D 98 (2018) no.12, 124009 doi:10.1103/PhysRevD.98.124009

[arXiv:1809.08238 [gr-qc]].

[53] A. Simpson and M. Visser,

“Regular black holes with asymptotically Minkowski cores”,

Universe 6 (2019) no.1, 8 doi:10.3390/universe6010008 [arXiv:1911.01020 [gr-qc]].

[54] M. Cadoni, A. P. Sanna, M. Pitzalis, B. Banerjee, R. Murgia, N. Hazra and

M. Branchesi, “Cosmological coupling of nonsingular black holes”,

[arXiv:2306.11588 [gr-qc]].

[55] C. S. Chu and R. X. Miao, “A Fermi Model of Quantum Black Hole”,

[arXiv:2307.06164 [hep-th]].

[56] R. Casadio, “Quantum dust cores of black holes”, Phys. Lett. B 843, 138055 (2023)

doi:10.1016/j.physletb.2023.138055 [arXiv:2304.06816 [gr-qc]].

[57] S. J. Gao and X. D. Li,

“Can cosmologically-coupled mass growth of black holes solve the mass gap problem?”,

Ap J (in press), [arXiv:2307.10708 [astro-ph.HE]].
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