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GIULIO SANZENI

Abstract. The Kerr-star spacetime is the extension over the horizons and in the negative radial

region of the slowly rotating Kerr black hole. It is known that below the inner horizon, there exist
both timelike and null (lightlike) closed curves. Nevertheless, we prove that the null geodesics

cannot be closed in the Kerr-star spacetime.
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1. Introduction

1.1. Result. Given a spacetime
(
M,g

)
, i.e. a time-oriented connected Lorentzian manifold, and

a geodesic curve γ : I = [a, b] → M, we say that γ is a closed geodesic if γ(a) = γ(b) and
γ′(a) = λγ′(b) ̸= 0, for some real number λ ̸= 0. The purpose of this paper is to prove the non
existence of closed null (lightlike) geodesics in the Kerr-star spacetime, which is the extension of
the slowly rotating Kerr black hole over the horizons and in the negative radial region. For a
detailed construction of the Kerr-star spacetime, see §2.

Theorem 1.1. Let K∗ be the Kerr-star spacetime. Then there are no closed null (lightlike)
geodesics in K∗.
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1.2. Physical motivation. Kerr spacetimes model the gravitational field in the presence of a
rotating black hole (BH), at least sufficiently far away from it. For a precise (attempt of a)
definition of BH, see for instance [24]. The recent image of the supermassive black hole at the
center of the galaxy M87, which is the first ever direct detection of a BH, obtained by the Event
Horizon Telescope Collaboration [18], is in fact consistent with the shadow [5] predicted using the
Kerr model. Another empirical motivation comes from the gravitational waves signal detected by
the LIGO interferometers [6]: the decay of the waveform agrees with the damped oscillations of a
BH relaxing to a final Kerr configuration. The Kerr spacetimes are solutions of Einstein’s vacuum
field equations, found by R. P. Kerr [27], which are stationary, axisymmetric and asymptotically flat
(see [45]), parametrized by mass parameter M and rotation parameter a (angular momentum per
mass unit). They are generalizations of the static spherically symmetric solution of Schwarzschild
[39]; indeed, if we set the rotation parameter a to zero, we recover the Schwarzschild spacetime.
Notice that the Schwarzschild spacetime is globally hyperbolic (see for instance [29]), hence it is
causal, while the slowly rotating Kerr spacetime violates causality as first noticed by Carter [9]
(see Ch. 2 of [35]): both closed timelike and null curves are present. Whether or not causality
violating spacetimes can be considered physically reasonable is an open problem. Many classical
solutions of the Einstein field equations do violate causality, for instance: van Stockum’s spacetime
[44] which have closed timelike curves (CTCs) [43] and closed timelike geodesics (CTGs) [40],
Gödel spacetime [20] which presents CTCs but neither closed null geodesics (CNGs) nor CTGs
as pointed out by Kundt [28], Chandrasekhar and Wright [11] and then by Nolan in [34], Gott’s
spacetime [21] with CTCs. Note that all of these are solutions of non-vacuum Einstein equations:
van Stockum’s spacetime in presence of an infinite rotating dust cylinder and zero cosmological
constant, Gödel’s solution describes a stationary and homogeneous universe with rotating dust
in the presence of non-vanishing cosmological constant, and Gott’s solution contains two moving
rotating non-intersecting cosmic strings. Our result shows that the Kerr-star spacetime is a solution
of the vacuum Einstein equations containing CTCs but not CNGs, as the solutions found by Li [30]
and by Low [31]. Note that the existence of closed null geodesics is also related to the chronology
protection conjecture stated by Hawking in [23]. From the physical point of view, closed causal
geodesics rise more conceptual problems than closed causal curves, since causal curves correspond
to accelerated particles while geodesics are simply free-falling ones. Indeed, for example, it is
known for the Gödel spacetime that the required acceleration for such curves is incredibly high
(see [34] for a discussion about this). Therefore, the absence of causal geodesics seems to be more
physically relevant to ask for, compared to the general causality requirement, in order to get a
realistic spacetime model. Notice that we only prove the non existence of closed lightlike geodesics
but do not rule out closed timelike geodesics.

1.3. Mathematical motivation: the space of null geodesics. The original motivation which
led us to investigate the existence of closed null geodesics in the Kerr spacetime is the study of the
space of null (lightlike) geodesics of this spacetime. The ”space of null geodesics” is the space of
unparametrized inextendible future pointing null geodesics of a given spacetime. Penrose was the
first to suggest the importance of the study of the space of null geodesics [36], [38]. First results in
this context were obtained by Low [33]. He proved that if the spacetime is globally hyperbolic (we
refer to [2] for causal theory definitions), then its space of null geodesics is contactomorphic to the
spherical cotangent bundle of any Cauchy hypersurface of the spacetime, as explained in [32, 12].
For this reason, in the case of globally hyperbolic spacetimes, causality can be described in terms
of the geometry of the emerging contact manifold, as shown by Chernov, Nemirovski [14], [13].
In the case of causally simple spacetimes, thanks to the result of Hedicke, Suhr [25], a sufficient
condition to get a smooth contact manifold for the space of null geodesics is the existence of a
conformal open embedding of the spacetime into a globally hyperbolic one. Furthermore, in [33]
it is proven that if M is a strongly causal spacetime, then its space of null geodesics inherits a
smooth structure from the cotangent bundle of M. Nevertheless Low [33] also showed that strong
causality is not sufficient to get an Hausdorff topological space. If instead the spacetime is not
causal, like Kerr, we have no results which give us informations about its space of null geodesics,
except for Zollfrei spacetimes [22, 41], in which all the null geodesics are closed and the space of
null geodesics is well understood. From the study of null geodesic orbits we hope to obtain insights
into the structure of the space of null geodesics of Kerr spacetimes.

1.4. History of null geodesics in Kerr. Thanks to the existence of three obvious constants
of motion (the energy, associated to the timelike Killing vector field, the angular momentum,
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associated to the spacelike Killing vector field, and the Lorentzian energy of the geodesic), geodesic
motion can be solved in some special submanifolds, since in such case three constants of motion are
sufficient to completely integrate the system. First Boyer and Price [4], then Boyer and Lindquist
[3], and then de Felice [16] studied geodesic motion in the equatorial hyperplane Eq = {θ = π/2} in
Kerr spacetime [27]. For the same reason, Carter [8] was able to study orbits in the symmetry axis
A = {θ = 0, π}. Bounded orbits, namely geodesics which run over a finite interval of radius, were
studied by Wilkins [47]. After the maximal analytic extension of the Kerr metric by Boyer and
Lindquist [3], Carter [9] found a fourth constant of motion, the Carter constant, which completed
the integrability (see for instance [19]) and allowed the study of geodesics in full generality.

The study of the causality of geodesics in the Kerr spacetimes started with the work of Cal-
vani, de Felice, Muchotrzeb, Salmistraro [7]. They considered the fast (|a| > M) Kerr spacetime
and studied timelike geodesics moving on {θ = const}. They found that these geodesics cannot
travel back at an earlier time with respect to the starting point. This seemed to suggest that
for geodesic motion, there was some kind of obstruction in the violation of causality. For this
reason, they conjectured that this would have been a general constraint that saved geodesics from
violating causality. However, in a following paper [17], again for the fast Kerr spacetime, Cal-
vani and de Felice showed that this is not true for null geodesics: there exist null geodesics that
start their journey at r = −∞, enter the causality violating region, invert their radial motion
and go back to asymptotic regions at an earlier time. Note that both [7] and [17] treat the fast
Kerr spacetime, i.e. a naked singularity spacetime [37], and not the slow (|a| < M) Kerr which
is the object of this work and in any case they do not prove the existence of closed causal geodesics.

1.5. Organization of the paper. In §2, we introduce the Kerr metric and discuss the definition
and properties of the Kerr-star spacetime. In §3 we recall the set of first order differential equations
satisfied by geodesic orbits. In §4, we study the properties of null geodesics required to prove the
main theorem. In §5, we give the proof of Thm. 1.1 split into several cases. The overall structure
of the proof is detailed in 5.1, 5.3 and Fig. 3.

Acknownledgments. I would like to thank my PhD supervisors S. Nemirovski and S. Suhr for many
fruitful discussions and precious advices. I am also grateful to Liang Jin for the interesting and
helpful conversations. This research is supported by the SFB/TRR 191 “Symplectic Structures in
Geometry, Algebra and Dynamics”, funded by the Deutsche Forschungsgemeinschaft.

2. The Kerr-star spacetime

Consider R2×S2 with coordinates (t, r) ∈ R2 and (θ, ϕ) ∈ S2. Fix two real numbers a ∈ R\{0},
M ∈ R>0 and define the functions

ρ(r, θ) :=
√

r2 + a2 cos2 θ

and

∆(r) := r2 − 2Mr + a2.

We study the case |a| < M called slow Kerr, for which ∆(r) has two positive roots

r± = M ±
√

M2 − a2 > 0

and define two sets

(1) the horizons H := {∆(r) = 0} = {r = r±} := H− ⊔ H+,
(2) the ring singularity Σ := {ρ(r, θ) = 0} = {r = 0, θ = π/2}.

The Kerr metric [27] in Boyer–Lindquist coordinates is

g = −dt⊗ dt+
2Mr

ρ2(r, θ)
(dt− a sin2 θ dϕ)2 +

ρ2(r, θ)

∆(r)
dr ⊗ dr + a2 sin4(θ)dϕ⊗ dϕ+ ρ2(r, θ)dσ2,

(1)

where dσ2 = dθ ⊗ dθ + sin2 θdϕ ⊗ dϕ is the 2-dimensional (Riemannian) metric of constant unit
curvature on the unit sphere S2 ⊂ R3 written in spherical coordinates.

Remark 2.1. The components of g in Boyer–Lindquist coordinates can be read off the common
expression
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g = −
(
1− 2Mr

ρ2(r, θ)

)
dt⊗ dt− 4Mar sin2 θ

ρ2(r, θ)
dt⊗ dϕ+

+

(
r2 + a2 +

2Mra2 sin2 θ

ρ2(r, θ)

)
sin2 θ dϕ⊗ dϕ+

ρ2(r, θ)

∆(r)
dr ⊗ dr + ρ2(r, θ) dθ ⊗ dθ.(2)

Nevertheless this last expression does not cover the subsets {θ = 0, π}.

Lemma 2.2. The metric (1) is a Lorentzian metric on R2 × S2 \ (Σ ∪ H ).

The sets on which the Boyer–Lindquist coordinates or the metric tensor fail are:

• the horizons H = {∆(r) = 0} = {r = r±} = H− ⊔ H+;
• the ring singularity Σ = {ρ(r, θ) = 0} = {r = 0, θ = π/2}.

In order to extend the metric tensor to the horizons, one has to introduce a new set of co-
ordinates. No change of coordinates can be found in order to extend the metric across the ring
singularity. For a detailed study of the nature of the ring singularity, see for instance [15].

Definition 2.3. The subsets

I := {r > r+}, II := {r− < r < r+}, III := {r < r−} ⊂ {(t, r) ∈ R2, (θ, ϕ) ∈ S2} \ (Σ ∪ H )

are called the Boyer–Lindquist (BL) blocks.

Remark 2.4. The BL blocks I, II and III are the connected components of R2 × S2 \ (Σ ∪ H ).
Each block with the restriction of the metric tensor (1) is a connected Lorentzian 4-manifold. To
get spacetimes, one has to choose a time orientation on each block.

Figure 1. This picture shows a t-slice {t} × R × S2, with the radius drawn as
er, so that r = −∞ is at the center of the figure. The Ergoregion {g(∂t, ∂t) > 0}
(at fixed time t) is the region between the purple ellipsoids in which ∂t becomes
spacelike.

2.1. Time orientation of BL blocks. We define a future time-orientation of block I using the
gradient timelike vector field −∇t. Indeed, the hypersurfaces {t = const} are spacelike in block I.
Notice that the coordinate vector field ∂t is timelike future-directed for r ≫ r+ on block I, since
g(−∇t, ∂t) = −1.

We define a time-orientation of block II by declaring the vector field −∂r, which is timelike in
II, to be future-oriented.

We define a time-orientation of block III by declaring the vector field V := (r2 + a2)∂t + a∂ϕ,
which is timelike in III, to be future-oriented.
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With this choice of time orientations, each block is a spacetime, i.e. a connected time-oriented
Lorentzian 4-manifold.

2.2. Kerr spacetimes.

Definition 2.5. A Kerr spacetime is an analytic spacetime (K, gK) such that

(1) there exists a family of open disjoint isometric embeddings Φi : Bi ↪→ K (i ∈ N) of BL
blocks (Bi,gK |Bi

), such that ∪i∈NΦi(Bi) is dense in K;
(2) there are analytic functions r and C on K such that their restriction on each Φi(Bi) of

condition (1) is Φi-related to the Boyer–Lindquist functions r and C = cos θ on Bi;
(3) there is an isometry ϵ : K → K called the equatorial isometry whose restrictions to each

BL block sends θ to π − θ, leaving the other coordinates unchanged;
(4) there are Killing vector fields ∂̃t and ∂̃ϕ on K that restrict to the Boyer–Lindquist coordinate

vector fields ∂t and ∂ϕ on each BL block.

Remark 2.6. With abuse of notation, we identify each block Bi with its image via the isometric
embedding Φi(Bi) ⊂ K.

Lemma 2.7. Each time-oriented BL block is a Kerr spacetime.

Definition 2.8. In a Kerr spacetime K, on any BL block Bi

(1) the axis A = {θ = 0, π} is the set of zeroes of the Killing vector field ∂̃ϕ as in (4) of Def.
2.5;

(2) the equatorial hyperplane Eq = {θ = π/2} is the set of fixed points of the equatorial
isometry ϵ as in (3) of Def. 2.5.

2.3. The Kerr-star spacetime.

Definition 2.9. On each BL block, we define the Kerr-star coordinate functions:

t∗ := t+ T (r) ∈ R, ϕ∗ := ϕ+A(r) ∈ S1,(3)

with dT /dr := (r2 + a2)/∆(r) and dA/dr := a/∆(r).

Lemma 2.10 ([35], Lemma 2.5.1). For each BL block B, the map ξ∗ = (t∗, r, θ, ϕ∗) : B \ A →
ξ∗(B) ⊆ R4 is a coordinate system on B\A, where A is the axis. We call ξ∗ a Kerr-star coordinate
system.

Because the Kerr-star coordinate functions differ from BL coordinates only by additive functions
of r, the coordinate vector fields ∂t, ∂θ, ∂ϕ are the same in the two systems, except that in K∗

they extend over the horizons. Instead, the new coordinate vector field ∂∗
r = ∂r − ∆(r)−1V ,

where V is one of the canonical vector fields defined in Section 3. Note that if we use Kerr-star
coordinates, we get g(∂∗

r , ∂
∗
r ) = 0, i.e. ∂∗

r is a null vector field of K∗, while in BL coordinates,
g(∂r, ∂r) = ρ2(r, θ)/∆(r), which is singular when ∆(r) = 0.

Lemma 2.11. The Kerr metric, expressed in Kerr-star coordinates, takes the form

g =−
(
1− 2Mr

ρ2(r, θ)

)
dt∗ ⊗ dt∗ − 4Mar sin2 θ

ρ2(r, θ)
dt∗ ⊗ dϕ∗ +

+

(
r2 + a2 +

2Mra2 sin2 θ

ρ2(r, θ)

)
sin2 θ dϕ∗ ⊗ dϕ∗ + 2 dt∗ ⊗ dr+(4)

− 2a sin2 θ dϕ∗ ⊗ dr + ρ2(r, θ) dθ ⊗ dθ.

Now all coefficients in g are well defined on the horizons H = {∆(r) = 0}, hence it is a well
defined Lorentzian metric on R2 × S2 \ Σ and constitutes an analytic extension of (1) over H .

Definition 2.12. The Kerr-star spacetime is a Kerr spacetime as defined in 2.5 given by the tuple
(K∗,g, o) with K∗ = {(t∗, r) ∈ R2, (θ, ϕ∗) ∈ S2} \Σ, g as in Lemma 2.11 (extended over the axis)
and o is the future time-orientation induced by the null vector field −∂∗

r .

Remark 2.13. Note that the time-orientations on individual BL blocks agree with the ones defined
for the Kerr-star spacetime: g(−∂∗

r , ∂t) = −1 < 0 on I, g(−∂∗
r ,−∂r) = g(∂r, ∂r) = ρ2(r, θ)/∆(r) <

0 on II and g(−∂∗
r , V ) = 1

∆(r)g(V, V ) = −ρ2(r, θ) < 0 on III.
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2.4. Totally geodesic submanifolds of the Kerr-star spacetime.

Lemma 2.14. Let K∗ be the Kerr-star spacetime as in Def. 2.12. The axis A and the equatorial
hyperplane Eq of K∗ are closed totally geodesic submanifolds of K∗.

Proposition 2.15. [35] Let K∗ be the Kerr-star spacetime. Then the horizon H is a closed
totally geodesic null hypersurface, with future hemicone on the −∂∗

r side. Moreover, the restriction
of V := (r2 + a2)∂t + a∂ϕ (called canonical vector field in §3) on H is the unique null vector field
on H that is tangent to H , hence also normal to H .

2.5. Causal region of the Kerr-star spacetime.

Proposition 2.16 ([35], Proposition 2.4.6). The BL blocks I and II are causal.

Corollary 2.17. Let K∗ be the Kerr-star spacetime. Then the region
I ∪ II ∪ {r = r±} = {t∗ ∈ R, r ∈ [r−,+∞), (θ, ϕ∗) ∈ S2} \ Σ ⊂ K∗ is causal.

Proof. Let γ be a future pointing curve. If γ is entirely contained either in I or in II, then by Prop.
2.16, γ cannot be closed. If γ is entirely contained in H = {r = r±} (closed totally geodesic null
hypersurface of K∗ by Prop. 2.15), then by Lem. 1.5.11 of [35], except for restphotons, all other
curves are spacelike, but restphotons are integral curves of V |H = (r2±+a2)∂t+a∂ϕ, which cannot
be closed. Since the time orientation −∂∗

r is null and transverse to the null hypersurface H , the
future directed curves always go in the direction of −∂∗

r , if they hit H transversally. Henceforth,
if γ starts in the BL block I (II), crosses H+ (H−) transversally, enters the block II (III), then γ
cannot re-intersect H+ from II to I (H− from III to II). The last possibility is the following: γ
starts in I (II), becomes tangent to H+ (H−), hence either lies forever on H+ (H−) or leaves it
at some point. In the first case, γ is obviously not closed, while in the second, it cannot be closed
because it will necessarily have to enter the region {r < r+} ({r < r−}), according to the time
orientation. □

3. Geodesics in Kerr spacetimes

3.1. Constants of motion. Let (K,g) be a Kerr spacetime as in Def. 2.5. Recall that there are

two Killing vector fields ∂̃t and ∂̃ϕ on K.

Definition 3.1 (Energy and angular momentum). For a geodesic γ of (K,g), the constants of
motion

E = E(γ) := −g(γ′, ∂̃t)

and
L = L(γ) := g(γ′, ∂̃ϕ)

are called its energy and its angular momentum (around the axis of rotation of the black hole),
respectively.

Definition 3.2. For every BL block Bi define the canonical vector fields

V := (r2 + a2)∂t + a∂ϕ and W := ∂ϕ + a sin2 θ ∂t

via the isometry Φi : Bi ↪→ K.

Remark 3.3. V and W are not Killing vectors.

Definition 3.4. Let γ be a geodesic in K with energy E and angular momentum L. Define the
functions P and D along γ by

P(r) := −g(γ′, V ) = (r2 + a2)E − La

and
D(θ) := g(γ′,W ) = L− Ea sin2 θ.

A geodesic in a Kerr spacetime has two additional constants of motions. First, there is the
Lorentian energy q := g(γ′, γ′), which is always constant along every geodesic in any pseudo-
Riemannian manifold. The second one is K, which was first found by Carter in [9] using the
separability of the Hamilton–Jacobi equation. K can be defined (see Ch. 7 in [10]) by

K := 2ρ2(r, θ)g(l, γ′)g(n, γ′) + r2q,
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where l = 1
∆(r)V + ∂r and n = 1

2ρ2(r,θ)V − ∆(r)
2ρ2(r,θ)∂r. See also [46] for a definition using a Killing

tensor for the Kerr metric.

Definition 3.5 (Carter constant). On a Kerr spacetime, the constant of motion

Q := K − (L− aE)2 or Q := Q/E2 if E ̸= 0

is called the Carter constant.

3.2. Equations of motion.

Proposition 3.6 ([35], Proposition 4.1.5, Theorem 4.2.2). Let B be a BL block and γ be a geodesic
with initial position in B ⊂ K and constants of motion E,L,Q, q. Then the components of γ in
the BL coordinates (t, r, θ, ϕ) satisfy the following set of first order differential equations

ρ2(r, θ)ϕ′ = D(θ)
sin2 θ

+ a P(r)
∆(r)

ρ2(r, θ)t′ = aD(θ) + (r2 + a2) P(r)
∆(r)

ρ4(r, θ)r′2 = R(r)

ρ4(r, θ)θ′2 = Θ(θ)

(5)

where

R(r) :=∆(r)
[
(qr2 −K(E,L,Q)

]
+ P2(r) =

=(E2 + q)r4 − 2Mqr3 + X(E,L,Q)r2 + 2MK(E,L,Q)r − a2Q,

Θ(θ) :=K(E,L,Q) + qa2 cos2 θ − D(θ)2

sin2 θ
=

=Q+ cos2 θ
[
a2(E2 + q)− L2/ sin2 θ

]
,

with
X(E,L,Q) := a2(E2 + q)− L2 −Q, and K(E,L,Q) = Q+ (L− aE)2.

Remark 3.7. Since in the third and in the fourth differential equations of Prop. 3.6 the left-hand
sides are clearly non-negative, we see that the polynomials R(r) and Θ(θ) are non-negative along the
geodesics. Hence the geodesic motion can only happen in the r, θ-region for which R(r),Θ(θ) ≥ 0.

In order to study geodesics that cross the horizons

H = {∆(r) = 0} = {r = r±},
it is necessary to introduce the Kerr-star coordinate system. Note however that since the change
of coordinates modifies only the t and the ϕ coordinates and the r, θ-differential equations do not
involve t and ϕ, the last two differential equations do extend over H . Observe also that the r, θ-
differential equations are not singular on H , while the t, ϕ-differential equations are.

Notice that Θ(θ) is also well-defined if the null geodesic crosses A = {θ = 0, π}. Indeed, L = 0

(because ∂̃ϕ ≡ 0 on A), hence D(θ) = −Ea sin2 θ, and then

Θ(θ) = K(E, 0, Q)− (−Ea sin2 θ)2/ sin2 θ = Q+ a2E2 − a2E2 sin2 θ = Q+ a2E2 cos2 θ.

Thus the r, θ-differential equations can be used to study geodesics on the whole Kerr-star spacetime.

Remark 3.8. The system (5) is composed of first order differential equations, while the geodesic
equation is second order. There exist solutions of (5), called singular, which do not correspond to
geodesics. For example, if r0 ∈ R is a multiplicity one zero of r 7→ R(r), then r0 solves the radial
equation in (5), since in this case r′(s) = 0 for all s, but we do not have a geodesic.

3.3. Dynamics of geodesics. The non-negativity of R(r) and Θ(θ) in the first order differential
equations of motion (5) can be used to study the dynamics of the r, θ-coordinates of the geodesics,
together with the next proposition.

Proposition 3.9 ([35], Corollary 4.3.8). Suppose R(r0) = 0. Let γ be a geodesic whose r-coordinate
satisfies the initial conditions r(s0) = r0 and r′(s0) = 0.

(1) If r0 is a multiplicity one zero of R(r), i.e. R′(r0) ̸= 0, then r0 is an r-turning point,
namely r′(s) changes sign at s0.
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(2) If r0 is a higher order zero of R(r), i.e. at least R′(r0) = 0, then γ has constant r(s) = r0.

Analogous results hold for r and R(r) replaced by θ and Θ(θ).

4. Properties of null geodesics in Kerr spacetimes

4.1. Principal geodesics. Since the vector fields V,W, ∂r, ∂θ are mutually orthogonal, the tangent
vector to a geodesic γ can be decomposed as γ′ = γ′

Π+γ′
⊥ where Π := span{∂r, V } (timelike plane)

and Π⊥ := span{∂θ,W} (spacelike plane).

Definition 4.1. A Kerr geodesic γ is said to be principal if γ′ = γ′
Π.

Proposition 4.2 ([35], Corollary 4.2.8(2)). If γ is a null geodesic, then K ≥ 0, and
K = 0 ⇐⇒ γ is principal.

Definition 4.3. A null geodesic is called a restphoton if it lies in H.

Restphotons are integral curves of V |H by Prop. 2.15.

Proposition 4.4 ([35], Lemma 4.2.9(3, 4)). For a null geodesic γ,

(1) K = L = 0 but E ̸= 0 ⇔ γ ∈ A \ H.
(2) K = L = E = 0 ⇔ γ is a restphoton.

4.2. Null geodesics with Q < 0.

Proposition 4.5. Let γ be a null geodesic with Q < 0. Then

(1) γ does not intersect Eq = {θ = π/2};
(2) a2E2 > L2 and in particular E ̸= 0.

Proof. If γ ∩A = ∅, then from the θ-equation of (5) we have

cos2 θ[L2/ sin2 θ − a2E2] = Q− ρ4(r, θ)θ′2 < 0.

Hence cos2 θ ̸= 0 and L2/ sin2 θ − a2E2 < 0, hence γ ∩ Eq = ∅ and a2E2 > L2, so E ̸= 0.
If γ ∩A ̸= ∅, then by Prop. 4.4 L = 0 and

−a2E2 cos2 θ = Q− ρ4(r, θ)θ′2 < 0.

Therefore cos2 θ ̸= 0 and a2E2 > 0, so γ ∩ Eq = ∅ and E ̸= 0. □

Remark 4.6. If a geodesic γ has Q > 0, then its θ-motion is an oscillation around θ = π/2, so it
cuts repeatedly through Eq (see Propositions 4.5.4, 4.5.5 in [35]).

Proposition 4.7. For Q < 0 null geodesics, R(r) has either zero or two negative roots.

Proof. First we show that R(r) does not have zeroes in r ≥ 0. It is sufficient to show that every
coefficient of the polynomial function R(r) is non-negative, with at least one positive. We know
from Prop. 3.6 that for null geodesics

R(r) = E2r4 + Xr2 + 2MKr − a2Q.(6)

From Prop. 4.5 and Prop. 4.2, we see that the coefficients are

• E2 > 0 at r4;
• X = a2E2 − L2 −Q > −Q > 0 at r2;
• K ≥ 0 at r;
• −a2Q > 0 at r0.

We now show that R(r) has at most two real zeroes. We have R′ = 4E2r3 + 2Xr + 2MK,
hence R′′ = 12E2r2 + 2X. Since X > 0, R′′ never vanishes and R′′(0) = 2X > 0. Then R′′ > 0
everywhere, which means that R′ has a unique zero. This implies that R(r) has a unique critical
point and hence we have either 0 or 2 roots, which have to be negative.
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Figure 2. For Q < 0 null geodesics, R(r) has either zero or two negative roots
(multiplicity two is allowed).

□

5. Proof of Theorem 1.1

5.1. Strategy of the proof. Let γ : I → K∗ be a closed null geodesic (CNG). Since the radius
function r : K∗ → R is everywhere smooth the composition r ◦ γ has at least two critical points
s0 < s1 in each period [a, a + T ), i.e. (r ◦ γ)′(s0) = (r ◦ γ)′(s1) = 0. Since ρ : K∗ → R does not
vanish on K∗ the differential equation for r ◦ γ

(ρ ◦ γ)4[(r ◦ γ)′]2 = R(r ◦ γ)

implies that R(r ◦ γ(s0,1)) = 0. Because of the differential equation, the geodesic motion must
happen in the r-region on which R(r ◦ γ) ≥ 0. Further since R is a polynomial in r we can
distinguish two cases:

(1) The zeros r ◦ γ(s0,1) of R are simple, i.e. dR/dr ̸= 0 at these points. Then r ◦ γ(s0,1) are
turning points of r ◦ γ, i.e. (r ◦ γ)′ changes its sign at s0 and s1.

(2) One of the zeros r ◦ γ(s0) or r ◦ γ(s1) is a higher order zero of R. Then r ◦ γ is constant.

Both the two facts follow from Proposition 3.9.
Most possible CNGs can be ruled out by comparing the location of the zeros of R(r) with the

following consequence of the causal structure of Kerr:

Lemma 5.1. Let γ : I → K∗ be a closed null geodesic. Then r ◦ γ ⊂ {r < r−}.

Proof. The region

{r ≥ r−} = {t∗ ∈ R, r ∈ [r−,+∞), (θ, ϕ∗) ∈ S2} \ Σ ⊂ K∗

is causal by Corollary 2.17 and closed null geodesics cannot intersect {r = r−} by Prop. 5.2. □

There are two cases in which we need additional arguments:

(1) to exclude CNGs with Q > 0 confined in {0 < r < r−}, we use the fact that this region of
the spacetime is foliated by spacelike hypersurfaces.

(2) To exclude CNGs with Q < 0 and r = const < 0, we show that the θ-coordinate of such a
geodesic is periodic whereas the t-coordinate is quasi-periodic with a non-zero increment,
see 5.5.3.

5.2. Horizons and Axis cases. First we rule out CNGs entirely contained in the axis A = {θ =
0, π} and CNGs entirely contained/intersecting the horizon H = {r = r±}.

The case of the horizon H = {r = r±}.

Proposition 5.2. There are no CNGs intersecting H = {r = r±}.
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Proof. On the submanifolds W := {r = const}, we have det g∗|W = −ρ2(r, θ)∆(r) sin2 θ, where g∗

is the Kerr-star coordinates expression of g. Therefore the metric g∗ degenerates on the tangent
spaces to H = {∆(r) = 0} = {r = r±}. Therefore TpH is a null subspace of TpK

∗ for every
p ∈ K∗, i.e. the submanifolds H = {∆(r) = 0} are null hypersurfaces. Then, by Lem. 1.5.11 of
[35], every vector in TpK

∗ is spacelike, except for the intersection of TpH with the null cone of
TpK

∗. Note that the vector field V = (r2 + a2)∂t + a∂ϕ is tangent to H and we have g(V, V ) =
−∆(r)ρ2(r, θ), i.e. V is null along H . Hence V |H generates the unique null tangent line to H.
Further note that no flowline of V closes. By Prop. 2.15, the flowlines of V |H are null pregeodesics,
hence the null geodesics tangent to H do not close.

It remains to consider null geodesics intersecting H transversally. Since each connected com-
ponent {r = r±} of H is an orientable hypersurface separating the orientable manifold K∗, every
closed curve transversal to H has to intersect {r = r±} an even number of times. Further since
K∗ is time-oriented by −∂∗

r , all tangent vectors to a null geodesics transversal to H have to lie on
one side of H. Therefore a null geodesic transversal to H can intersect each connected component
{r = r±} only once. This shows that no null geodesic transversal to H can close. □

The case of the axis A = {θ = 0, π}.

Proposition 5.3. There are no CNGs which are tangent at some point to A = {θ = 0, π}. In
particular, there are no CNGs entirely contained in A.

Proof. First of all, A = {θ = 0, π} is a 2-dimensional closed totally geodesic submanifold by Lem.
2.14. Hence if a geodesic γ is tangent to A at some point, it will always lie on A. By Prop. 4.4, if
γ ∈ A, then L = K = 0. Hence there are two possible cases: if E = 0, by Prop. 4.4, then γ is a
restphoton, i.e. an integral curve of V |H = (r2± + a2)∂t + a∂ϕ, which is not closed. If E ̸= 0, then
using (5), we have

R(r) = E2(r2 + a2)2 > 0.

So R(r) has no zeroes and therefore the geodesics cannot be bounded.
□

5.3. Steps of the proof for other cases. The proof splits into two main cases E = 0 and E ̸= 0.

If E = 0 (5.4), we analyse two subcases L2 +Q = 0 and L2 +Q ̸= 0 (this last splits into L ̸= 0
and L = 0).

If E ̸= 0 (5.5), we analyse three subcases Q = 0 (5.5.1), Q > 0 (5.5.2) with Q < 0 (5.5.3).

Remark 5.4. The only case which requires a detailed analysis of the differential equations is the
case E ̸= 0 and Q < 0 (see 5.5.3).

E = 0

L2 +Q = 0

L2 +Q ̸= 0

L ̸= 0

L = 0

E ̸= 0

Q = 0

Q > 0

Q < 0

Figure 3. All the geodesic types which have to be studied.

5.4. Case E = 0. From Prop. 3.6, for null (q = 0) geodesics we have

R(r) = X(0, L,Q)r2 + 2MK(0, L,Q)r − a2Q ≥ 0,(7)

Θ(θ) = Q− cos2 θ

sin2 θ
L2 ≥ 0,(8)
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with X(0, L,Q) = −(L2 +Q) and K(0, L,Q) = L2 +Q, i.e. X = −K. Notice that we must have
Q ≥ 0 by (8), hence L2 +Q ≥ 0.

5.4.1. Subcase L2 +Q = 0. We have

R(r) = −a2Q ≥ 0.(9)

Since Q ≥ 0, the only possibility is Q = 0, hence L = 0 by (8). Moreover we must have ρ(r, θ)4r′2 =
R(r) ≡ 0, hence r(s) = const. However, by Prop. 4.4, we know that a null geodesic with L = E =
K = 0 is a restphoton, i.e. an integral curve of the canonical vector field V |H = (r2±+a2)∂t+a∂ϕ.

Since r(s) = r± = const, this integral curve would be

(
(r2± + a2)s + ct, r±, θ0, as + cϕ

)
with

ct ∈ R, θ0 ∈ [0, π], cϕ ∈ S1, which is clearly not closed.

5.4.2. Subcase L2 +Q ̸= 0. Then we must have L2 +Q > 0. Since |a| < M and L2 +Q > Q ≥ 0,
the discriminant of (7) is dis = 4M2(L2 +Q)2 − 4a2Q(L2 +Q) > 0. Therefore R(r) has two roots
given by

M ±

√
M2 − a2Q

L2 +Q
.

If L ̸= 0, then we have (see Figures 4, 5)

M +

√
M2 − a2Q

L2 +Q
> r+ = M +

√
M2 − a2.

Figure 4. Plot of R(r) in the case E = 0, L2 +Q ̸= 0, Q > 0
with a = 3,M = 6, L = 2, Q = 4.

Figure 5. Plot of R(r) in the case E = 0, L2 +Q ̸= 0, Q = 0
with a = 3,M = 6, L = 2, Q = 0.



12 GIULIO SANZENI

So if L ̸= 0, the geodesics will have to cross H since one of the two zeros is bigger than r+ and
the other is smaller than r−, which is impossible for a CNG by Prop. 5.2.

If L = 0, then Q > 0, hence R′′(r) = −2Q < 0. Moreover R(r) = −Q∆(r) because E = L = 0.
Therefore the two (multiplicity one) roots are r− and r+ (see Fig. 6).

Figure 6. Plot of R(r) in the case E = 0, L2 +Q ̸= 0, L = 0
with a = 3,M = 6, L = 0, Q = 4.

This polynomial R(r) cannot produce a CNG since the hypersurfaces H = {r = r±} are closed
totally geodesic submaninfolds by Prop. 2.15 and a geodesic cannot have turning points on such
hypersurfaces because it would be tangent to them there.
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5.5. Case E ̸= 0.

5.5.1. Subcase Q = 0. We have

R(r) = E2r4 + (a2E2 − L2)r2 + 2M(L− aE)2r ≥ 0.(10)

From the θ-equation, since Q = 0, we get

a2E2 ≥ L2

sin2 θ
≥ L2.

Observe that

R(0) = 0,

R′(r) = 4E2r3 + 2(a2E2 − L2)r + 2M(L− aE)2,

R′′(r) = 12E2r2 + 2(a2E2 − L2) ≥ 0.

Therefore R is convex and can only produce bounded radial behaviour with constant r(s) ≡ 0
if r = 0 is a multiple root of R(r), i.e. if L = aE. The polynomial reduces then to R(r) = E2r4.

But Θ(θ) = − cos4 θ
sin2 θ

L2 ≥ 0 and L ̸= 0, hence we can only have θ(s) = π/2 ≡ const, which is not
possible because the geodesic would then intersect the ring singularity (see Fig.7).

Figure 7. Plot of R(r) in the case E ̸= 0, Q = 0, L = aE ̸= 0 with a = 3,
M = 10, E = 5, Q = 0, L = 15.

5.5.2. Subcase Q > 0. From Prop. 4.2, we know that for null geodesics K = Q + (L − aE)2 ≥ 0.
Hence if Q > 0, then K > 0. Let us again consider R(r) = E2r4+X(E,L,Q)r2+2MK(E,L,Q)r−
a2Q. Since R(0) = −a2Q < 0, if a null geodesic has bounded radial behaviour either it must be
confined entirely in the negative region or entirely in the positive region, since we must have
R(r) ≥ 0. Bounded radial behaviour in the negative region is impossible in this subcase. Indeed,
the signs of the coefficients of R(−r) are + sign(X) − −, so for every sign of X, there would be
only one change of sign, hence there can be only one single real negative root by the ”Descartes’
rule of signs”.1

Remark 5.5. The same conclusion about the sign of the coefficients of R(r) also holds in the case
L = aE, indeed R(r) = E2r4 −Qr2 + 2MQr − a2Q in such a case.

By Lem. 5.1, we could only have a bounded (either in a compact r-interval or constant r) radial
behaviour in the positive region {0 < r < r−}. However the hypersurfaces N : {t = t0} ∩ {0 <
r < r−} are spacelike. Indeed, if p ∈ N \ A, where A = {θ = 0, π}, then TpN is spanned by
∂r, ∂θ, ∂ϕ which are spacelike and orthogonal to each other. If p ∈ A ⊂ N , then p = (t0, r, q) with
q = (0, 0,±1) ∈ S2, and we may replace ∂θ, ∂ϕ by any basis of TqS

2. Hence we cannot have CNGs

1Wilkins [47] was apparently the first to apply this rule to the polynomial R from the radial equation of motion.
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in {0 < r < r−} because otherwise there would be a point on a spacelike hypersurface {t = t0} at
which the null tangent vector of the geodesic would be tangent to this hypersurface.

5.5.3. Subcase Q < 0. This is the last remaining case and the most difficult one. By Prop. 4.7,
the only possible bounded behaviour is r(s) = const < 0 (see Fig.8). Such geodesics are known in
the literature as spherical geodesics, see e.g. [42].

Figure 8. Plot of R(r) in the case E ̸= 0, Q < 0 with a = 1√
2
,M = 6√

23
, E = 1,

L = 3
√

23
2 , Q = −104.

By Prop. 4.5, null geodesics with negative Carter constant do not meet Eq = {θ = π/2}, hence
cos2 θ ̸= 0. Then we may define u := cos2 θ ∈ (0, 1]. Since we are in the case E ̸= 0, we can
re-write the θ-equation in (5) as

(
ρ2(r, u)

E

)2
(u′)2

4u
= −a2u2 + (a2 − Φ2 −Q)u+Q =: Θ̃(u),(11)

where Φ := L/E and Q := Q/E2. Since we must have Θ̃(u) ≥ 0 somewhere in (0, 1], w :=
a2 −Φ2 −Q > 0 beacuse Q < 0 and the coefficient of the second order term is negative. Therefore
Θ̃ must have roots given by

u± =
w ±

√
dis

2a2
(12)

where dis := w2 + 4a2Q, so that

Θ̃(u) = −a2(u− u+)(u− u−).(13)

Hence we have

0 < u− ≤ u+.

We can write the necessary condition to have roots as

dis = [Q+ (|Φ| − |a|)2][Q+ (|Φ|+ |a|)2] ≥ 0.

Notice that Q+(|Φ|+|a|)2 ≥ Q+(Φ−a)2 = K/E2 ≥ 0 by Prop. 4.2. If we have Q+(|Φ|+|a|)2 = 0,

then Θ̃(u) = −a2(u− 1)2−Φ2− 2|aΦ|(1−u) ≥ 0 is satisfied only for u = u+ = u− = 1 and Φ = 0,
which falls into Prop. 5.6. If instead Q+(|Φ|+ |a|)2 > 0, we must have Q+(|Φ|− |a|)2 ≥ 0. Then
by the AM-GM inequality we have

√
dis ≤ [Q+ (|Φ| − |a|)2] + [Q+ (|Φ|+ |a|)2]

2
= a2 +Φ2 +Q,

and so
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u+ ≤ a2 − Φ2 −Q+ a2 +Φ2 +Q
2a2

= 1.

Therefore we have

0 < u− ≤ u+ ≤ 1.

Proposition 5.6. In the Kerr-star spacetime, consider a null geodesic γ with Q < 0 and r = const.
If dis = 0, then θ = const and the geodesic cannot be closed.

Proof. Since dis = 0, we have u− = u+. Then

Θ̃(u) = −a2
(
u− u+

)2 ≥ 0.

Hence the last inequality is satisfied only if u = u+ = const, therefore θ = const. Then the geodesic
γ cannot be closed. Indeed, there are two possibilities. First, if γ is entirely contained in A, then
it cannot be closed by Prop. 5.3. Second, if γ is not entirely contained in A, by Prop. 3.6 a
geodesic of the form s 7→ (t(s), r0, θ0, ϕ(s)) has t

′ ≡ const and ϕ′ ≡ const. It follows that s 7→ t(s)
and s 7→ ϕ(s) are affine functions. If the geodesic is bounded in K∗, then t(s) must be constant.
Note that curves of the kind γ(s) = (t0, r0, θ0, b0s + b1), b0, b1 ∈ R, are geodesics if and only if
b0 = 0 since the geodesic equation can be written in BL coordinates as Γα

ϕϕ(γ(s))b
2
0 = 0 but the

Christoffel symbol Γθ
ϕϕ cannot vanish at points where ∂ϕ is null. Indeed,

Γθ
ϕϕ = − sin θ cos θ

ρ6(r, θ)

[
ρ4(r, θ)

g(∂ϕ, ∂ϕ)

sin2 θ
+ 2M(r2 + a2)a2r sin2 θ

]
= − sin θ cos θ

ρ6(r, θ)

[
2M(r2 + a2)a2r sin2 θ

]
̸= 0,

since θ ̸= 0, π because we have already ruled out closed null geodesics in A, θ ̸= π/2 by Prop. 4.5
and r < 0. Hence, ϕ(s) is also constant and the geodesic degenerates to a point. □

Remark 5.7. Closed null curves exist in the Kerr-star spacetime: they are given by the integral
curves of the vector field ∂ϕ, whenever this last happens to be null, for some negative r. Such
curves cannot be geodesics by Prop. 5.6.

We may now assume dis > 0. Therefore we have the following chain of inequalities

0 < u− < u+ ≤ 1.(14)

We hence define

θ1 := arccos(
√
u+), θ2 := arccos(

√
u−), θ3 := arccos(−√

u−), θ4 := arccos(−√
u+)(15)

so that

0 ≤ θ1 < θ2 <
π

2
< θ3 < θ4 ≤ π.(16)

Proposition 5.8. In the Kerr-star spacetime, null geodesics with Q < 0, r = const and θ ̸= const
can have one of the following θ-behaviours:

• if 0 < u− < u+ < 1, then the θ-coordinate oscillates periodically in one of the following
intervals 0 < θ1 ≤ θ ≤ θ2 < π/2 or π/2 < θ3 ≤ θ ≤ θ4 < π;

• if 0 < u− < u+ = 1, then Φ(= L/E) = 0 and the θ-coordinate oscillates periodically in
one of the following intervals 0 = θ1 ≤ θ ≤ θ2 < π/2 or π/2 < θ3 ≤ θ ≤ θ4 = π,

where the θi, i = 1, 2, 3, 4, are given by (15).

Proof. If 0 < u− < u+ < 1, the graph of Θ(θ)/E2 is shown in Fig. 9.
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Figure 9. Plot of Θ(θ)/E2 for a = 4,Q = −2, |Φ| =
√
3. The θ-motion is allowed

in the orange region, above the equatorial hyperplane and in the purple region,
below it.

The θ-motion is allowed in the region where Θ̃(u) and hence Θ(θ)/E2 are non-negative:

0 < θ1 ≤ θ ≤ θ2 < π/2 in the orange region, above the Eq,

π/2 < θ3 ≤ θ ≤ θ4 < π in the purple region, below the Eq.

This θ-motion is shown in Fig. 11 and the corresponding θ-ϕ-motion in Fig. 12.
If 0 < u− < u+ = 1, the graph of Θ(θ)/E2 is shown in Fig. 10.

Figure 10. Plot of Θ(θ)/E2 for a = 4,Q = −2,Φ = 0. The θ-motion is allowed in
the orange region, oscillating simmetrically around {θ = 0} above the equatorial
hyperplane and in the purple region, oscillating simmetrically around {θ = π}
below the equatorial hyperplane.

These geodesics intersect the axis A = {θ = 0, π} and hence Φ = 0 because ∂̃ϕ = 0 on A. The

θ-motion is allowed where Θ̃(u) and hence Θ(θ)/E2 are non-negative:

0 = θ1 ≤ θ ≤ θ2 < π/2 in the orange region, above the Eq,

π/2 < θ3 ≤ θ ≤ θ4 = π in the purple region, below the Eq.

This θ-motion is shown in Fig. 13 and the corresponding θ-ϕ-motion in Fig. 14.
There is a difference between the motions of Fig. 9 and Fig. 10. In the first case, the geodesics

oscillates between θ1 and θ2 (or between θ3 and θ4), corresponding to half θ-oscillation. In the
second case instead, the geodesics complete symmetric oscillations around the axis, either above
the equatorial hyperplane, crossing {θ = 0} or below the equatorial hyperplane crossing {θ = π}.
However, the motion between θ1 = 0 and θ2 (or between θ3 and θ4 = π) still corresponds to half
θ-oscillation (see Figures 13, 10 and Cor. 4.5.6 in [35]).
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In both oscillating cases, since r = const, (11) implies that the coordinate θ(s) oscillates peri-
odically in the corresponding θ-interval (see Figures 11 and 13). □

Consider the first order equations of motion (with the rescaled constants of motion Q :=
Q/E2,Φ := L/E), for a constant r < 0:

ρ2(r, θ)

E

dθ

ds
= ±

√
Θ(θ) = ±

√
Q+ a2 cos2 θ − Φ2

cos2 θ

sin2 θ
(17)

ρ2(r, θ)

E

dt

ds
=

r2 + a2

∆
(r2 + a2 − aΦ) + a(Φ− a sin2 θ).(18)

Because of the θ-differential equation, we can restrict to an interval U ⊂ θ−1
(
(θ1, θ2)

)
on which

dθ/ds is either everywhere positive or everywhere negative (depending on the initial condition).
Due to the symmetry in (17) and the fact that r = const, θ(s) is periodic over twice the interval U .
For instance, set U = (0, T/2), starting from θ(0) = θ1, hence θ

′(s) = +
√
Θ(θ) > 0 for s ∈ (0, T/2),

then θ′(s) = −
√

Θ(θ) < 0 for s ∈ (T/2, T ), where θ′(T/2) = 0, because θ(T/2) = θ2 (′ ≡ d/ds)
and Prop. 3.9, which explains the change of sign of θ′(s) (using the fact that θ1, θ2 are multiplicity
one zeroes of Θ(θ)). Hence every ∆s = T/2, θ′(s) changes sign.

Figure 11. θ(s) obtained numerically from (17), with a = 3,M = 8,
E = 1,Q = −1.252,Φ = 1.407 and r = −1. The open subset U (black in the
figure) is an interval on which θ(s) is strictly monotonic.

Figure 13. θ(s) obtained numerically from the geodesic equation with
a = 3,M = 8, r = rcrit < 0 where rcrit is the radius at which
g(∂ϕ, ∂ϕ)|r=rcrit,θ=θ2 = 0 and initial conditions γ(0) = (0, rcrit, θ2, 0) and γ′(0) =
(0, 0, 0,−1). Hence, since γ′(0) = −∂ϕ, the geodesic has Φ = 0 (L = 0). The
Carter constant is set to Q = −5.409. The open subset U (black in the figure) is
an interval on which θ(s) is strictly monotonic.
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Figure 12. θ-ϕ motion obtained numerically from the geodesic equations, with
a = 3,M = 8, E = 1,Q = −1.252,Φ = 1.407 and r = −1 and initial conditions
γ(0) = (0,−1, θ1, 0), γ

′(0) ≈ (0.529, 0, 0, 0.376).

Figure 14. θ-ϕ motion obtained numerically from the geodesic equation with
a = 3,M = 8, r = rcrit < 0,Q = −5.409,Φ = 0 where rcrit is the radius at
which g(∂ϕ, ∂ϕ)|r=rcrit,θ=θ2 = 0 and initial conditions γ(0) = (0, rcrit, θ2, 0) and
γ′(0) = (0, 0, 0,−1). Notice that the geodesic crosses θ1 = 0 and θ4 = π with
non-zero velocity.

At parameters where Θ(θ) ̸= 0 we can combine (18) and (17) to get



NON EXISTENCE OF CLOSED NULL GEODESICS IN KERR SPACETIMES 19

dt

dθ
=

r2∆+ 2Mr(r2 + a2 − aΦ)

±∆
√
Θ(θ)

+ a2
cos2 θ

±
√
Θ(θ)

= B(r)
1

±
√

Θ(θ)
+ a2

cos2 θ

±
√

Θ(θ)
,(19)

with B(r) := r2∆+2Mr(r2+a2−aΦ)
∆ .

Proposition 5.9 (See [10], [42]). In a Kerr spacetime, a null geodesic with negative Carter constant
Q and constant radial coordinate has the following pair of constants of motion

Φ = Φ(r) =
r2(r − 3M) + a2(M + r)

a(M − r)
, Q = Q(r) = −r3

(r3 − 6Mr2 + 9M2r − 4a2M)

a2(M − r)2
.

(20)

Proof. Since E ̸= 0 by Prop. 4.5, we can divide the r-equation by E2 to get

(
ρ2

E

)2

(r′)2 = r4 + (a2 − Φ2 −Q)r2 + 2M

(
(a− Φ)2 +Q

)
r − a2Q =: R(r),(21)

where Φ := L/E and Q := Q/E2. A geodesic has constant radial behaviour if and only if R(r) = 0
and dR(r)/dr = 0. These two equations can be solved for Q and Φ. The two resulting pairs of
constants of motion are (20) and

Φ = Φ(r) =
r2 + a2

a
, Q = Q(r) = − r4

a2
,(22)

where r is the constant radius of the geodesic. Recall that u− + u+ = w/a2 > 0. However (22)
implies

w = −2r2 < 0.

Hence no null geodesic with constant radial coordinate and Q < 0 satisfies (22). □

The first integral Φ = Φ(r) is given by (20). Hence B(r) reduces to

B(r) =
r2(3M + r)

r −M
.(23)

Remark 5.10. Notice that if B(r) ≥ 0, there would be nothing to prove. Indeed, in this case
the t-coordinate would be non-decreasing, hence non-periodic. However B(r) < 0 for a negative r
sufficiently close to zero. (In Fact, this holds for all spherical geodesics with Q < 0, see Appendix
B.) Moreover, numerical simulation shows that the t-component is not necessarily monotonic for
a Q < 0 geodesic with constant r < 0 close to zero, see Fig. 15. Therefore we shall evaluate ∆t on
a full θ-oscillation.

Figure 15. θ(s) obtained numerically from the geodesic equation with
a = 3,M = 8, r = r̄ = −1 < 0 and initial conditions γ(0) = (0, r̄, θ1, 0) and
γ′(0) = (1, 0, 0, 0.710). Here Q = −1.252 and Φ = 1.407.
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We are now finally ready to rule out constant radius geodesics in the subcase E ̸= 0, Q < 0.
By contradiction, suppose there exists such a closed null geodesic γ : I → K∗ with non-

constant coordinate functions s 7→ t(s), θ(s), ϕ(s) and constant negative radial coordinate such
that B(r) < 0. The differential equation (19) has the form

dt

dθ
= F (θ),

for some function F . The variation of the t-coordinate on a full θ-oscillation is given by

∆t = 2

∫ θ2

θ1

F (θ)dθ.

Remark 5.11. Notice the factor ”2” in the last expression. On a full θ-oscillation, we have∫ θ2

θ1

F (θ)dθ +

∫ θ1

θ2

−F (θ)dθ = 2

∫ θ2

θ1

F (θ)dθ.

Therefore the variation of the t-coordinate after n θ-oscillations is n∆t because of the periodicity
of the θ-coordinate. If the geodesic is closed, ∆t = 0, otherwise the coordinate t(s) cannot be
periodic. Hence it suffices to study what happens on a single θ-oscillation.

Remark 5.12. A motion of the kind π ≥ θ4 ≥ θ ≥ θ3 > π/2 produces the same integrals since in
this θ-interval cos θ < 0, hence with the substitution u = cos2 θ we have dθ = 1

2
du√

u
√
1−u

. Therefore∫ θ2

θ1

dθ√
Θ(θ)

=

∫ θ4

θ3

dθ√
Θ(θ)

,

∫ θ2

θ1

cos2 θ dθ√
Θ(θ)

=

∫ θ4

θ3

cos2 θ dθ√
Θ(θ)

.

Hence ∆t is the same.

So without any loss of generality, we may consider a motion of the type 0 ≤ θ1 ≤ θ ≤ θ2 < π/2.
Then we can integrate (19) on a full oscillation to get

∆t = 2B(r)

∫ θ2

θ1

dθ√
Θ(θ)

+ 2a2
∫ θ2

θ1

cos2θ dθ√
Θ(θ)

.(24)

We now have to compute the following integrals

I1 :=

∫ θ2

θ1

dθ√
Θ(θ)

,

I2 :=

∫ θ2

θ1

cos2 θ dθ√
Θ(θ)

.

Let us start from the first integral:

I1 = −1

2

∫ u−

u+

du
√
u
√
Θ̃(u)

,(25)

where we have used the substitution u := cos2 θ, hence dθ = − 1
2

du√
u
√
1−u

since

sin θ ≥ 0 and cos θ > 0 if θ1 ≤ θ ≤ θ2. Now we can use (11) and the substitution
u =: u− + (u+ − u−)y

2 adopted in [26] to get

I1 =
1

2

∫ u+

u−

du
√
u
√
a2(u+ − u)(u− u−)

=
1

2|a|

∫ 1

0

2(u+ − u−)ydy√
u− + (u+ − u−)y2

√(
u+ − u− − (u+ − u−)y2

)
(u+ − u−)y2

=
1

|a|

∫ 1

0

dy√
u− + (u+ − u−)y2

√
1− y2

=
1

|a|√u−

∫ 1

0

dy√
1− y2

√
1−

(
1− u+

u−

)
y2

.
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With the same substitutions, we also get

I2 =− 1

2

∫ u−

u+

udu
√
u
√
Θ̃(u)

=
1

2

∫ u+

u−

udu
√
u
√
a2(u+ − u)(u− u−)

=
1

|a|

∫ 1

0

√
u− + (u+ − u−)y2√

1− y2
dy

=

√
u−

|a|

∫ 1

0

√
1−

(
1− u+

u−

)
y2√

1− y2
dy.

Then with the definition of the elliptic integrals in Appendix A we have

I1 =
1

|a|√u−
K
(
1− u+

u−

)
,(26)

I2 =

√
u−

|a|
E
(
1− u+

u−

)
.(27)

Hence, we get

∆t =
2B(r)

|a|√u−
K
(
1− u+

u−

)
+ 2|a|√u−E

(
1− u+

u−

)
.(28)

Note that, since u+ > u− > 0, we have 1− u+

u−
< 0, and hence E(1−u+/u−) > K(1−u+/u−) > 0

(see Appendix A). However, the prefactor of E does not dominate the opposite of the prefactor of
K for every negative r, as one may check substituting Φ(r) and Q(r) from (20) into u− given by
(12).

From now on set x := 1 − u+/u−. The elliptic integral K can be written as a hypergeometric
function (see A.5):

K(x) =
π

2
F

(
1

2
,
1

2
; 1;x

)
.

Using the Pfaff transformation (see A.6)

F

(
α, β; γ;x

)
= (1− x)−αF

(
α, γ − β; γ;

x

x− 1

)
,(29)

we can decrease the modulus of the prefactor in front of the elliptic integral K:

K(x) =

√
u−√
u+

K
(

x

x− 1

)
.(30)

Hence we get

∆t = 2|a|√u−E(x) +
2B(r)

|a|√u+
K
(

x

x− 1

)
.(31)

Now we compare the elliptic integrals, after the Pfaff transformation. Since x < 0, we have

E(x) > K
(

x

x− 1

)
> 0,(32)

by Rmk. A.2. Next we claim that the prefactors of the elliptic integrals in (31) satisfy

2|a|√u− > − 2B(r)

|a|√u+
.(33)
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Indeed, both sides of the inequality are positive, so we can square them and use that u+u− =
−Q(r)/a2 by (11) to get an equivalent inequality

−Q(r)a2 > B2(r),

where Q(r) is given by (20) and B(r) by (23) , or equivalently

(−12Mr2 − 4a2M)r > 0.

This last inequality is clearly satisfied in r < 0. Combining (31), (32) and (33), we conclude that
∆t > 0 for all r < 0, which shows that the spherical geodesics cannot be closed.

In Fig. 16 we see the plot of ∆t given by (31) as function of the fixed radius r after the
substitutions of Φ(r) and Q(r) from (20) into u± given by (12).

Figure 16. Plot of ∆t = ∆t(r) for r < 0 close to zero with a = 5, M = 7.

We have ruled out all the possibilities on Fig. 3, therefore there are no closed null geodesics in
the Kerr-star spacetime.
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Appendix A. Elliptic integrals and hypergeometric functions

Definition A.1. Let ϕ ∈ [−π/2, π/2]. The elliptic integral of the first kind is

F(ϕ|k) :=
∫ sinϕ

0

ds√
(1− s2)(1− ks2)

.

The complete (ϕ = π/2) elliptic integral of the first kind is

K(k) := F(π/2|k) =
∫ 1

0

ds√
(1− s2)(1− ks2)

.

The elliptic integral of the second kind is

E(ϕ|k) :=
∫ sinϕ

0

√
1− ks2

1− s2
ds.

The complete (ϕ = π/2) elliptic integral of the second kind is

E(k) := E(π/2|k) =
∫ 1

0

√
1− ks2

1− s2
ds.

We define also

D(k) :=

∫ 1

0

s2ds√
(1− s2)(1− ks2)

=
K(k)− E(k)

k
= −2

∂E(k)
∂k

.

Remark A.2. Let 0 < z, s < 1, x < 0.√
1− zs2

1− s2
>

1√
1− s2

√
1− xs2

⇐⇒ (1− zs2)(1− xs2) > 1 =⇒ E(x) > K(z).

If z = x/(x− 1), it satisfies 0 < z < 1 and we have

(1− zs2)(1− xs2) > 1 ⇐⇒ x+ z < xzs2 ⇐⇒ 1 > s2,

hence E(x) > K(z).

Definition A.3 ([1]). The hypergeometric function F (α, β; γ;x) is defined by the series

∞∑
n=0

(α)n(β)n
(γ)nn!

xn,

where (α)n := α(α+1) · ... · (α+n− 1) for n > 0, (α)0 ≡ 1 (analogous for the others), for |x| < 1,
and by continuation elsewhere.

Proposition A.4 (Euler’s integral representation, see [1]). If Re γ > Re β > 0, then

F (α, β; γ;x) =
Γ(γ)

Γ(β)Γ(γ − β)

∫ 1

0

tβ−1(1− t)γ−β−1(1− xt)−αdt

in the complex x−plane cut along the real axis from 1 to +∞, where Γ(x) :=
∫∞
0

tx−1e−tdt is the
Euler’s gamma function.

Proposition A.5 ([1]). We can write the complete elliptic integral of the first kind as

K(x) =
π

2
F

(
1

2
,
1

2
; 1;x

)
.

Proof. Use the integral representation of the hypergometric function given in Prop. A.4, the
integral substitution t = s2, with Γ( 12 ) =

√
π, Γ(1) = 1. □

Proposition A.6 (”Pfaff’s formula”, see Theorem 2.2.5 of [1]).

F (α, β; γ;x) = (1− x)−αF

(
α, γ − β; γ;

x

x− 1

)
.

Proof. Use A.4 and the integral substitution t = 1− s. □
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Appendix B. Spherical null geodesics with Q < 0

Proposition B.1. In the Kerr-star spacetime K∗, null geodesics with constant radial coordinate
and Q < 0 exist if and only if r ∈

[
R2(a,M), 0

)
, where R2(a,M) is given by (35).

Proof. (⇒) Consider (11). We must have Θ̃(u) ≥ 0, hence dis := w2 + 4a2Q ≥ 0, where w :=
a2 −Φ2 −Q. We know that for spherical geodesics Φ and Q are given by (20). Therefore we have

dis =
16Mr2

(M − r)4
∆(r)(2r3 − 3Mr2 + a2M) =:

16Mr2

(M − r)4
∆(r)k(r) ≥ 0.(34)

Since ∆(r) > 0 for negative r, the last inequality is equivalent to k(r) ≥ 0. The signs of the
coefficients of k(r) are + − +, hence either there are two or zero positive roots. But the sum
of the roots is 3M/2 > 0, hence there are two positive roots. Moreover k(0) = a2M > 0 and
limx→−∞ k(r) = −∞, hence the third root is negative. These roots can be expressed in the
following way (see [48])

Rj(a,M) = M cos

[
1

3
arccos

(
1− 2

a2

M2

)
− 2

3
jπ

]
+

M

2
j = 0, 1, 2,(35)

with R2(a,M) < 0 < R1(a,M) < R0(a,M).

Figure 17. Plot of k(r) for a = 3,M = 5.

Hence (34) can only be satisfied for r ∈
[
R2(a,M), 0

)
.

(⇐) Assume first that r = r0 ∈
(
R2(a,M), 0

)
and fix Φ = Φ(r0), Q = Q(r0) by (20) so that

dis = w2(r0) + 4a2Q(r0) = [Q(r0) + (|Φ(r0)| − |a|)2][Q(r0) + (|Φ(r0)|+ |a|)2] > 0,(36)

with w(r) := a2 − Φ2(r) − Q(r). Notice that [Q(r) + (|Φ(r)| + |a|)2] ≥ [Q(r) + (Φ(r) − a)2] =
4r2∆(r)/(M − r)2 > 0 since ∆(r) > 0 for r < 0. Therefore (36) implies that [Q(r0) + (|Φ(r0)| −
|a|)2] > 0. Since r0 ∈

(
R2(a,M), 0

)
, we have Q = Q(r0) < 0 by (20) and w(r0) > 0. Indeed the

inequality takes the form

w(r0) = a2 − Φ2(r0)−Q(r0) = −2r0
r30 − 3M2r0 + 2a2M

(M − r0)2
> 0.

This inequality is automatically satisfied for r0 ∈ (R2(a,M), 0), since r30 − 3M2r0 ≥ 0 for r0 ∈
[−

√
3M, 0) and −

√
3M < −M/2 ≤ R2(a,M) by (35).

Using (12) we have then

0 < u− :=
w(r0)−

√
w2(r0) + 4a2Q(r0)

2a2
<

w(r0)

2a2
<

a2 − Φ(r0)
2 + (|Φ(r0)| − |a|)2

2a2
= 1− |Φ(r0)|

|a|
≤ 1,

so that we can define θ2 := arccos(
√
u−) ∈ (0, π). We now fix the initial point p0 = (0, r0, θ0, 0) ∈

K∗ with θ0 := θ2, r0 ∈ (R2(a,M), 0) and the following set of constants of motion (q = 0, E =
1, L = Φ(r0),K = Q(r0) + (Φ(r0)− a)2) by (20). Then Θ(θ0) = 0 by (11) and R(r0) = 0 by (20).

By Prop. 4.2.6 in [35], there exists a null geodesic starting at p0 with that particular set of
constants of motion.
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Assume now r = R2(a,M). Choose a converging sequence of initial points pn = (0, rn, θn, 0) ∈
K∗ with (R2(a,M), 0) ∋ rn → R2(a,M), θn := arccos(

√
u−(rn)) ∈ (0, π) with

u−(r) :=
w(r)−

√
w2(r) + 4a2Q(r)

2a2
,

and consider the corresponding geodesic γn constructed above. The constants of motion of γn con-
verge and hence so do the tangent vectors γ′

n(pn) by (5). By continuity, there exists a geodesic γ =

lim γn withQ = Q[R2(a,M)] < 0 by (20), starting at the point p0 = (0, R2(a,M), arccos

(√
u−[R2(a,M)]

)
, 0)

with (q = 0, E = 1, L = Φ[R2(a,M)],K = Q[R2(a,M)] + [Φ(R2(a,M))− a]2) as constants of mo-
tion. The limit geodesic has constant θ-coordinate and falls in the class described in Prop. 5.6. □

Remark B.2. Note that R2(a,M) ≥ −M/2, so B(r) < 0 by (23) for all geodesics of this type.
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