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Abstract
We construct spherically symmetric boson star solutions in D ∈ {4, 5, 6} spacetime
dimensions, considering the effects of both a quartic self-interaction term and a solitonic
potential. We then perform a perturbative analysis, generalizing the pulsation equations
to arbitrary dimension and potential and hence demonstrating the existence of radially
stable higher-dimensional boson star solutions. We supplement these linear results with
perturbed and unperturbed nonlinear dynamical evolutions in spherical symmetry,
obtained using a dimensional reduction that allows us to evolve spacetimes with any
number of background dimensions using the same numerical framework, while preserving
the full gauge freedom of standard approaches to numerical relativity. The results of these
evolutions indicate that the solutions we identify as perturbatively stable are indeed
generally stable to nonlinear spherical dynamics.

1 Introduction
Boson stars (BSs) are self-gravitating configurations composed of a massive complex field, providing
simple exotic-compact-object models that are numerically tractable to dynamical evolution [1]. First
introduced by Kaup [2] as well as Ruffini and Bonazzola [3], in recent years BSs have received
attention in a variety of capacities. This includes study as potential sources of gravitational waves,
through mergers involving two BSs [4, 5, 6, 7, 8, 9] or a black hole (BH) and a BS [10, 11]; some of
these signals may be degenerate with those of standard BH binary mergers [12, 13, 14]. They have
also been proposed as candidate objects for dark matter haloes [15, 16], as black-hole mimickers
capable of imitating a wide range of standard BH phenomenology [17, 18, 19, 20], and even as
alternatives to central galactic BHs [21, 22, 23], though such alternatives are significantly constrained
by observations made using the Event Horizon Telescope [24].

In addition to these astrophysical motivations, however, BSs are interesting for a wide range of
numerical applications. These are enabled by their status as horizonless, localized clusters of energy
that are – crucially – dynamically stable, on at least some branches of the parameter space [25]. One
notable example of such a recent application involves numerically testing a conjectured instability of
ultracompact objects related to the presence of a stable light ring [26, 27, 28]; see Refs. [29, 30, 31].
There are others, however, that have a more mathematical character. For example, BSs have been
used to study critical phenomena in spherical symmetry [32] and axisymmetry [33], as well as to test
the hoop conjecture via ultrarelativistic collisions [34]. In D > 4 spacetime dimensions there are a
number of intriguing results and open questions related to both critical phenomena [35, 36] and the
hoop conjecture [37, 38]. It is natural, then, to ask whether higher-dimensional BSs might serve as
useful tools in numerical explorations of these questions, as they already have in four dimensions.
This would provide a motivation for the study of asymptotically flat BSs in D > 4 dimensions that
goes beyond the mere curiosity of determining how the properties of BS solution families in higher
dimensions, pointing to ways in which D = 4 is a special case.

An issue with this line of speculation appears to manifest itself when we turn to the question
of dynamical stability. While in four spacetime dimensions the gravitational attraction can balance
the kinetic energy of the scalar field, one might expect that, because of the characteristic 1/rD−3

decay of the gravitational field, such a balance in D > 4 dimensions may be impossible, causing
BSs to inevitably suffer an instability to fission. Previous work involving higher-dimensional models
has included the construction of boson (spin-0), Dirac (spin-1/2) and Proca (spin-1) stars in D ≥ 4
dimensions [39]; this work did not however address the question of stability. A study of rotating
mini BSs (BSs without self-interaction) in D = 5 was carried out in Ref. [40], although this work
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suggested these models were unstable from the positive sign of the binding energy alone, which,
although a useful clue, is in general neither a necessary nor a sufficient condition for instability– see
e.g. Ref. [41]. More recently, the perturbative instability of spherically symmetric mini BSs in D > 4
dimensions has been rigorously shown by an analysis of radial oscillation frequencies [42]. Higher-
dimensional BSs have also been constructed and studied in asymptotically anti-de Sitter spacetimes
[43].

It is thus a striking fact that the literature, to the best of our knowledge, presently contains no
examples of higher-dimensional, asymptotically flat BS solutions that possess convincing evidence of
dynamical stability. We note that, while a linear analysis is an important step towards determining
the stability of a BS solution, it it not necessarily sufficient to draw a final conclusion. For example,
rotating [44] and excited [45] BSs that are stable to radial perturbations have been found to nonethe-
less suffer nonlinear instabilities when dynamically evolved. Conversely, it is possible in principle for
nonlinear effects to re-stabilize a solution even in the presence of an unstable mode; this has been
observed in the case of neutron-star models [46].

The purpose of this work is to extend the body of knowledge concerning BS solutions in D ≥ 4
spacetime dimensions, considering both quartic and solitonic potentials. In particular, we demon-
strate that either can be used to construct higher-dimensional BSs that are stable to spherical
dynamics. We show this using both a perturbative analysis and a selection of dynamical evolutions
in spherical symmetry. Our numerical approach to dynamical evolutions is based on the so-called
“modified cartoon” method first introduced in Ref. [47], adapted to employ the Baumgarte-Shapiro-
Shibata-Nakamura (BSSN) [48, 49] and conformal covariant Z4 (CCZ4) [50] formulations of numerical
relativity (NR) in the presence of an SO(D − 1) symmetry. We therefore retain the full freedom to
choose gauge conditions supported by standard contemporary approaches to NR, as well as enabling
a straightforward comparison to the outputs of codes that use two- or three-dimensional grids.

Our paper is structured as follows. In Section 2, we review the theory under consideration and
construct BS models in D ≥ 4 dimensions, commenting on physical and asymptotic properties of the
solutions. Following this, in Section 3 we carry out a perturbative analysis of radial modes. We first
derive the pulsation equations governing the linear dynamics of spherical perturbations with an arbi-
trary potential and in an arbitrary number of dimensions– to our knowledge, the most general form
of these equations present in the literature. We then apply these equations to solve for fundamental
and first excited oscillation frequencies, thus demonstrating the existence of linearly stable branches
in higher dimensions. Finally, in Section 4 we report the results of a wide range of unperturbed and
perturbed dynamical evolutions, showing that in all cases the results agree with the prediction of
linear theory. We also use these evolutions to verify the robustness of our oscillation frequencies,
and provide instability timescales for a range of perturbatively unstable models. Throughout, we use
natural units setting G = c = ℏ = 1, but keep the scalar mass parameter µ under whose rescaling
our BS solutions respect an appropriate scale symmetry.

2 Theory and Model Construction
We consider general relativity in D spacetime dimensions, minimally coupled to a complex scalar
field φ with arbitrary potential V (|φ|2). Our action is thus

S =

∫
dDx

√
−g
{
R

16π
− 1

2

[
gµν∇µφ̄∇νφ+ V (|φ|2)

]}
. (1)

where R is the Ricci scalar, gµν is the spacetime metric, and an overbar denotes complex conjugation.
Varying S, we obtain the standard Einstein-Klein-Gordon equations:

Rαβ − 1

2
Rgµν = 8π Tαβ , ∇µ∇µφ =

dV

dφ̄
, (2)

Tµν =
1

2
∇(µφ̄∇ν)φ− 1

2
gµν

[
gαβ∇αφ̄∇βφ+ V (φ)

]
.

We now take the spherically symmetric metric ansatz,

ds2 = −α2(r)dt2 +X2(r)dr2 + r2dΩ2
D−2, (3)

where

dΩ2
D−2 =

D−2∑
i=1

P (i)dθ2i , P (i) =

{
1 i = 1∏i−1

j=1 sin
2 θj i > 1

(4)
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is the usual metric for the (D − 2)-sphere. Taking also the harmonic ansatz φ(t, r) = A(r)eiωt for a
spherical BS solution, we obtain the following system of ordinary differential equations (ODEs),

A′′ =

(
X ′

X
− α′

α
− D − 2

r

)
+X2

(
dV

d|φ|2
− ω2

α2

)
A, (5)

X ′

X
= − (D − 3)(X2 − 1)

2r
+

4πr

D − 2

[
(A′)2

X2
+
ω2A2

α2
+ V (A2)

]
, (6)

α′

α
=

(D − 3)(X2 − 1)

2r
+

4πr

D − 2

[
(A′)2

X2
+
ω2A2

α2
− V (A2)

]
. (7)

We solve this system using a shooting method to obtain asymptotically flat spacetimes, determining
the appropriate BS frequency ω for each value of the central field amplitude A0. Here, we limit
our attention to BSs in the ground state, for which the central amplitude profile A(r) has no zero
crossings.

In this work, we focus on two choices of scalar potential. The first adds a quartic self-interaction
term to the standard Klein-Gordon potential,

Vmassive(|φ|2) = µ2|φ|2 + λ

2
|φ|4 (8)

for λ constant. The resulting models are sometimes referred to as massive BSs, while the special
case λ = 0 corresponds to mini BSs. We take λ ≥ 0, corresponding to a repulsive self-interaction.
We will generally present results in terms of the dimensionless rescaling λ̂ := λ/µ2. We also consider
the so-called solitonic potential, which has the form

Vsolitonic(|φ|2) = µ2|φ|2
(
1− 2

|φ|2

σ2
0

)2

. (9)

for σ0 constant. Notice that the solitonic potential supports multiple vacuum states, at |φ| = 0
and additionally at |φ| = σ0/

√
2. The presence of this degenerate vacuum is known in D = 4 to

significantly raise the compactnesses achievable in the stable regime [51, 52]. With the potential
chosen, our action (1) is invariant under a rescaling in terms of the dimensionless quantities,

xν → µxν , ω → ω

µ
, M → µD−3M, λ→ λ

µ2
. (10)

We are therefore able to set µ = 1 in our numerical solver without loss of generality.
Before moving on, we note that to compute the numerically most challenging models, we will

employ a two-way shooting code, similar to that used in Ref. [53]. To apply this method effec-
tively, we will require the asymptotic behavior of our solutions, before making use of an alternative
decomposition in the new variable y := 1/r in the BS exterior. We first introduce the function

m(r) :=
rD−3

2

(
X2 − 1

X2

)
(11)

so that X =
[
1− 2m(r)/rD−3

]−1/2
. Note, however, that for D > 4, the asymptotic value of m(r)

does not yield the total Arnowitt–Deser–Misner (ADM) massM of the spacetime; the two are instead
related by a geometric factor,

M =
(D − 2)ΩD−2

8π
lim
r→∞

m(r), (12)

where ΩD−2 = 2π(D−1)/2/Γ
(
D−1
2

)
is the surface area of the unit (D− 2)-sphere. We also note that

we can always fix the gauge so that α → 1 at spatial infinity by rescaling t; from now on we make
this choice.

To obtain a set of equations for the exterior region, we first note the BS asymptotics at large
radii. For D = 4, a careful asymptotic expansion of Eq. (5) reveals that the solution must, at leading
order, take the form [53]

A(r) ∼ e−
√
1−ω2r

r1+ϵ
, ϵ =

1− 2ω2

√
1− ω2

M (D = 4). (13)

However, for D > 4 the need to include this model-dependent correction ϵ for accurate asymptotics
vanishes, and we are left with the simpler leading-order behavior

A(r) ∼ e−
√
1−ω2r

r
D−2

2

(D > 4). (14)
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Figure 1. Mass against radius curves for a selection of BS families, showing the impact of the spacetime dimension.
For massive models, λ̂ := λ/µ2.

Thus we see that BSs in D = 4 are an asymptotically special case. Because of this exponential decay,
BSs do not have a hard surface. We therefore define an effective radius r99 as that enclosing 99% of
the mass. Defining k :=

√
1− ω2 and introducing the new quantities ξ := Aek/y, κ := −A′ek/y/X,

a brief calculation allows us to write a first-order system appropriate for the BS exterior,

ξ′ =
Xκ− kξ

y2
, (15)

m′ = − 4π

(D − 2)yD

[(
κ2 +

ω2ξ2

α2

)
e−2k/y + V (A2)

]
, (16)

α′

α
=

(D − 3)m

1− 2myD−3
− 4π

(D − 2)y3(1− 2myD−3)

[(
κ2 +

ω2ξ2

α2

)
e−2k/y − V (A2)

]
, (17)

κ′ =
(D − 2)κ

y
− κ

α′

α
−−kκ

y2
+
Xξ

y2

[
dV

d|φ|2
− ω2

α2

]
, (18)

where primes now represent derivatives with respect to y.
We also note at this stage that the U(1) symmetry of the action (1) is associated with a conserved

current Jµ = 1
2 i(φ∇

µφ̄ − φ̄∇µφ). This gives rise to a conserved Noether charge, which one can
interpret as a particle number,

N =

∫
dDx

√
−g J0 = ωΩD−2

∫
dr rD−2X

α
A2. (19)

The binding energy is then defined as EB :=M − µN , and measures the work required to assemble
the BS from spacelike infinity. Solutions with negative EB are thus interpreted as gravitationally
bound; those with positive EB are interpreted as gravitationally unbound.

In Fig. 1 we plot the BS mass against radius r99 for a selection of families. We note a few
interesting properties of the solution spaces at this stage. First, as seen in previous studies of higher-
dimensional mini BSs [39, 42], we find that for D > 4 in all cases the limit of central amplitude
A0 → 0 does not correspond also to M → 0. Rather, there is a finite mass gap between the vacuum
Minkowski ground state and the space of BS solutions with nonzero boson number. In addition, we
note a feature seen only in solitonic models in D = 6 with sufficiently small σ0. Generally, for large
A0 the mass M , radius r99, and frequency ω all approach finite values corresponding to a limiting

4
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Figure 2. Radius (left) and binding energy (right) against amplitude for solitonic families in D = 6, showing the

divergence in r99 at sufficiently large central amplitude even as the binding energy approaches a limiting value.
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Figure 3. Compactness (defined in Eq. (20)) against central amplitude for solitonic families in D = 4 (left) and 5
(right) dimensions.

solution. We see this behavior borne out in all cases in D = 4 and 5 dimensions. However, for
solitonic models in D = 6 with σ0 ≲ 0.35, we see that M and r99 diverge, although the binding
energy EB approaches a constant. This behaviour is shown more clearly in Fig. 2. We are unable
to construct any models with central amplitude larger than that at which this apparent divergence
occurs, and, while we cannot rule out the possibility that improved numerics will find them, we
conjecture that they do not exist.

For comparison, the effect of lowering the solitonic parameter σ0 in D = 5 much more closely
resembles that seen in D = 4, causing the family of solutions to become multi-valued as a function of
A0 and allowing one to achieve very high compactness 1. To illustrate this, we define the compactness
as

C :=
m(r99)

rD−3
99

(20)

and plot it against A0 in D = 4, 5 for a range of σ0 values in Fig. 3. As a reference, the location
of the light ring for a Tangherlini black hole would correspond to C = 1

D−1 . Indeed, we can verify
that, unlike in D = 4 [52], all the models we have computed in D = 5 do not support light rings.
Results previously obtained using the thin-wall approximation, in which one prescribes a simple
Heaviside-function profile for the field amplitude and solves the metric equations (6), (7), suggest
that models with a pair of light rings may however exist for sufficiently small σ0; cf. Ref. [54].

3 Perturbative Analysis
In this section, we conduct a perturbative analysis of the higher-dimensional BS solutions presented
in the previous section. Our approach is based primarily on methods first introduced in Refs. [55, 56],
and generalizes formalisms used to compute oscilation frequencies in Refs. [57, 58, 42, 59]. Before we
begin this analysis, however, it is helpful to first consider briefly the binding energy of the solutions

1One might worry that the apparent divergence we see in the solution space for D = 6 reflects that we are actually
entering the multivalued regime, and are simply failing to compute the higher-mass models. We do not believe this
to be the case for two main reasons. Firstly, in D = 4, 5, the multivalued regime begins for each family close to the
degenerate vacuum at A0 ∼ σ0/

√
2, while in D = 6 the divergence occurs at varied, and generally much smaller,

central amplitudes. Secondly, in D = 4, 5 we see that dEB
dA0

also approaches infinity where dM
dA0

does, but in D = 6 it

approaches zero.

5
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Figure 4. Bifurcation diagrams for representative mini, massive, and solitonic solution families in D = 5 spacetime

dimensions. As a visual aid, we indicate the limiting solution as A0 → 0 with a blue dot.

we have considered thus far. Plotting the binding energy against Noether charge for our solution
families, we obtain what are called bifurcation diagrams. In addition to the hint provided by the
sign of the binding energy alone, arguments from catastrophe theory suggest that information about
perturbative stability can be inferred by interpreting the cusp structure of the bifurcation diagram
[60]. In particular, when moving from a lower to a higher branch we expect a stable mode to become
unstable, and vice versa. A limitation of this approach is that it cannot necessarily determine the
number of unstable modes present on the first branch of the solution space, meaning that the overall
picture of stability may be ambiguous without a perturbative analysis.

With these caveats made, we show bifurcation diagrams for a selection of families in D = 5
dimensions. For mini BSs, the binding energy is everywhere positive, strongly suggesting that there
are no stable mini BS models with D = 5, as we know to be true. However, for the other two families
we see branches of the solution space with mostly or entirely negative binding energy. This, combined
with the cusp structure, suggests that the first massive BS branch and second solitonic BS branch
could house perturbatively stable higher-dimensional models for appropriate values of λ̂ and σ0. This
would make sense in light of the previous observation that sufficiently strong self-interactions can
stabilize rotating [61] and excited [62] BS models in D = 4 that would otherwise be unstable. We
will now show that this is indeed the case.

3.1 The Pulsation Equations
In this section, we use overdots to denote time derivatives and primes to denote radial derivatives.
We begin by decomposing the complex scalar field into two real fields, φ = eiωt (ψ1 + iψ2) . Having
done so, we introduce the perturbations δψ1, δψ2, δα and δX around a stationary BS background
according to

ψ1 = Ab(1 + δψ1), ψ2 = Abδψ2 , α = αb

(
1 +

1

2
δα

)
, X = Xb

(
1 +

1

2
δX

)
. (21)

where {Ab, Xb, αb} solves the background equations (5)–(7). Substituting these into the EKG system
(2) and linearizing, we obtain a system of four ODEs in the perturbation functions. Introducing
n := D − 2 for convenience, we can write these as follows:

δψ′′
1 =

X2
b

α2
b

(
δψ̈1 + 2ωψ̇2 + ω2δα

)
+X2

b

(
dV

d|φ|2
− ω2

α2
b

)
δX + 2A2

bX
2
b

d2V

d(|φ|2)2
δψ1 (22)

+

(
X ′

b

Xb
− α′

b

αb
− n

r

)
δψ′

1 +
A′

b

2Ab
(δX ′ − δα′ − 4δψ′

1) ,

δX ′ =
16πrA2

bX
2
b

nα2
b

(
ω2δα− ωδψ̇2 +

A′
bα

2
b

Ab
δψ′

1 +

[
ω2

X2
b

+ α2
b

dV

d|φ|2
+

(A′
b)

2α2
b

A2
b

]
δψ1

)
(23)

+

(
2X ′

b

Xb
− 8πr(A′

b)
2

n
− D − 3

r

)
δX,

6
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δẌ =
2αb

X2
b

(
(D − 3)αbX

′
b

rXb
− α′′

b +

[
X ′

b

Xb
− 1

]
α′
b − 8π(D − 3)αb(A

′
b)

2

n

)
δX +

α2
b

X2
b

δα′′ (24)

+
32πα2

b

nX2
b

[(
A2

b

dV

d|φ|2
− ω2A2

b +
D − 3

n
(A′

b)
2

)
δψ1 +

D − 3

n
A′

bAbδψ
′
1

]
+
α2
b

X2
b

(
2α′

b

αb
− X ′

b

Xb
+

1

r

)
δα′ +

16πωA2
b

n

(
ωδα+ 2δψ̇2

)
− α2

b

X2
b

(
α′
b

αb
+
D − 3

r

)
δX ′,

δX ′ − δα′ =2

(
X ′

b

Xb
− α′

b

αb
− D − 3

r

)
δX +

32πrA2
bX

2
b

n

dV

d|φ|2
δψ1. (25)

We then make the harmonic ansatz δψ1(t, r) = eiχtf(r), δX(t, r) = eiχtg(r), leaving χ ∈ C undeter-
mined. The resulting two equations form a self-adjoint system. Therefore, like the BS frequencies ω,
the radial oscillation frequencies χ are ordered in an infinite discrete sequence χ2

0 < χ2
1 < ..., where

the solution with eigenvalue χ2
n is regular with n zero crossings in f and g. A negative χ2

0 thus
signifies a radial instability, while χ2

0 > 0 guarantees that the model is (at the linear level) radially
stable.

To obtain the first pulsation equation, we solve Eq. (23) for δψ̇2 and substitute the result into
Eq. (22). This yields an equation that depends on δα only through its radial derivative, which can
be removed in turn using Eq. (25). For the second pulsation equation, we combine Eqs. (23) and (24)
with the background equations (5)–(7) to obtain an equation that contains δα only through its first
and second radial derivatives. By using Eq. (25) and its derivative, we can finally eliminate δα and
thus arrive at our final system of ODEs, the pulsation equations in an arbitrary spacetime dimension
and with an arbitrary potential:

f ′′ =

[(
2ω2 − χ2

α2
b

+ 2A2
b

d2V

d(|φ|2)2
+ 2

dV

d|φ|2

)
+

16π

n
rAbA

′
b

dV

d|φ|2
+

2(A′
b)

2

A2
b

]
X2

bf

+

[(
−ω

2

α2
b

+
dV

d|φ|2

)
X2

b − n2 − n

8πr2A2
b

− A′
bα

′
b

Abαb
+

(A′
b)

2

A2
b

− (D − 3)
A′

b

rAb
+
A′

bX
′
b

AbXb
+

nX ′
b

4πrA2
bXb

]
g

+

(
X ′

b

Xb
− n

r
− α′

b

αb

)
f ′ − n

8πrA2
b

g′

(26)

g′′ =32π

[
2r

n

(
A′

bA
3
b

d2V

d(|φ|2)2
+AbA

′
b

dV

d|φ|2
+
α′
b

αb
A2

b

dV

d|φ|2

)
X2

b +
r

n
A2

bXb
dV

d|φ|2
X ′

b − (A′
b)

2

]
f

+

[
− χ2X2

b

α2
b

− 4n− 4

rαb
α′
b − 2− 2n

r2
+ 16π(A′

b)
2 − 2(α′

b)
2

α2
b

+

(
4X ′

bα
′
b

αbXb
+ 2X ′′

b − 2

r
X ′

b

)
− 4 (X ′

b)
2

X2
b

]
g

+ 32π

(
r

n
A2

bX
2
b

dV

d|φ|2
−A′

bAb

)
f ′ +

(
2− n

r
− 3α′

b

αb
+

3X ′
b

X0

)
g′

(27)

In order to integrate out of the singularity at r = 0, we must also determine the small-r expansion of
these equations. Using the even parity of scalar functions across r = 0 and our freedom to arbitrarily
rescale the perturbations, we can expand them without loss of generality as f = 1+ a

2 r
2+O(r4) and

g = β + γ
2 r

2 +O(r4). Expanding Eq. (26) in this manner leads to

a =
2

(n+ 1)α2
0

(
ω2 − 1

2
χ2 +

α2
0

A0

d2V

d(|φ|2)2
(A2

0) +
dV

d|φ|2
(A2

0)α
2
0 −

n(n+ 1)

32πγ

α2
0

A2
0

)
, (28)

where A0 and α0 are the central amplitude and lapse. On the other hand, expanding Eq (27) shows
β = 0 but leads to a degeneracy at the following order, so that γ remains free. We thus have two
undetermined parameters, χ and γ, and must shoot for both to obtain asymptotically flat spacetimes.

Finally, we note that, by a judicious use of the perturbation (22)–(25) and background (5)–(7)
equations, it is possible to carry out the integral describing the perturbation to the Noether charge
(19) explicitly. The result is

δN = lim
r→∞

ΩD−2

[
2αbAbA

′
br

n

ωXb
δψ1 −

nαbr
n−1

8π ωXb
δX

]
. (29)

The condition δN = 0 can either be used in the shooting method directly, or to help determine
the accuracy of an oscillation frequency computed by other means. Emprically, we find that when
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Figure 5. Fundamental radial oscillation frequency χ2
0 against central amplitude A0 for mini, massive, and solitonic

BS models in varying dimension. Regions with χ2
0 > 0 correspond to linear radial stability. Inset on the bottom panel

shows the first stable branch in D = 4, which is absent in D = 5, as well as the result for D = 6. Notice χ2
0 → 0 as

the solution family diverges in the D = 6 case.

shooting for a frequency χ2 > 0, it is usually easier numerically to proceed by counting the number
of zero crossings and checking δN ≪ N at the end. Conversely, when computing a frequency χ2 < 0,
it is usually easier to apply a secant method to solve δN = 0, and then count the number of zero
crossings to ensure we have found the desired eigenvalue.

3.2 Radial Oscillation Frequencies
Here, we present oscillation frequencies computed using the formalism developed in the previous
section. Our results are consistent with those presented in Refs. [57, 58, 30] for mini, massive, and
solitonic BSs in D = 4. In Fig. 5 we display the fundamental mode χ2

0 for a sampling of families,
showing the impact of the spacetime dimension. As expected, we see that stable mini BSs exist only
in D = 4. However, as we increase the self-interaction strength λ̂, perturbatively stable branches
eventually emerge in D = 5 and 6. Furthermore, for sufficiently small solitonic parameter σ0, a
stable branch emerges in D = 5, corresponding to the so-called relativistic branch that emerges for
sufficiently small σ0 in D = 4. Unlike in D = 4, however, there is only ever one stable branch for
solitonic models in D = 5. We also note that we are unable to find any stable solitonic models
in D = 6, which is unsurprising given the divergences reported in Section 2 at low compactness.
As an additional check, we find that the zero crossings of the ground mode always correspond to
an extremum in the curve M(A0), as expected. Thus, our expectations based on the bifurcation
diagrams shown in Fig. 4 are fully confirmed by a perturbative analysis.

In Table 1, we display the critical values of λ̂ and σ0 needed to change the branch structure of
the BS solution space from that corresponding to mini BSs. These are to be interpreted as follows.
For massive models, a stable branch exists for λ̂ larger than the critical value, connected to A0 = 0.
For solitonic models, a stable branch exists for σ0 smaller than the critical value, corresponding to
the region between the first minimum in the M(A0) curve and the following maximum, though in
D = 4 there is an additional stable branch starting at A0 = 0. No such σ0 exists in D = 6.

As indicated by Table 1, for sufficiently large λ̂ we are also able to construct perturbatively stable
models in D = 6. Such families have an interesting feature, which we show in Fig. 6: there is an
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Table 1. Critical values of λ̂ and σ0 required for the emergence of new stable branches in D = 4, 5, 6.

D 4 5 6

Critical λ̂ 0 63.4 416
Critical σ0 0.322 0.236 n/a
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Figure 6. The solid black line shows the mass M , and the dashed red line the fundamental radial oscillation

frequency χ2
0, both against the central amplitude A0 for a massive BS family in D = 6 with λ̂ = 1000. The shaded

region corresponds to perturbatively stable models, i.e. those with χ2
0 > 0. We draw attention to the fact that this

region does not extend to A0 = 0, unlike in D = 4 and D = 5. This feature is present for all massive families in D = 6

with λ̂ larger than the critical value given in Table 1.

additional local minimum in theM(A0) curve which is not present inD = 4, 5, and which corresponds
to a zero crossing of χ2

0. Thus, the stable branch of massive boson stars in six dimensions, unlike
in the four- and five-dimensional cases, does not include the limiting solution at A0 = 0. This also
implies that stable six-dimensional models of arbitrarily low compactness cannot be found for a
given quartic potential, although it appears one can make the range of unattainable compactnesses
as small as desired by choosing a sufficiently large λ̂.

Finally, we note that our method is also capable of extracting overtone frequencies. As an
example, in Fig. 7 we plot the first overtone frequencies χ2

1 for a selection of families in the region
in which they are positive. For mini BSs in D = 5 and 6, the region in which χ2

1 > 0 corresponds
to the branch between A0 = 0 and the first minimum in the M(A0) curve. We thus conclude that
mini boson stars in D ∈ {5, 6} dimensions have precisely one unstable mode on the first branch,
extending the results of Ref. [42].
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Figure 7. First excited radial frequency χ2
1 against central amplitude A0, for mini and solitonic families.
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Figure 8. Power spectrum of the central amplitude A0 over time for a selection of our unperturbed dynamical runs,
compared to the fundamental radial mode χ0 and first overtone χ1 in cases where it is clearly excited.

4 Dynamical Evolutions
While we have demonstrated the existence of higher-dimensional boson stars that are stable under
radial perturbations, this by no means closes the book on the stability analysis of these models. Even
just considering spherical dynamics, it is conceivable that nonlinear effects could spoil the stability
of linearly stable models, or indeed re-stabilize models that suffer an unstable mode. This is to say
nothing of potential nonspherical instabilities. In this section we take the first step towards a full
understanding of the nonlinear dynamics by performing a series of dynamical evolutions in spherical
symmetry.

Our approach uses the code sphericalbsevolver (SBSE) [63], which is based on dimensional
reductions of the BSSN and CCZ4 systems commonly used in numerical relativity. A full descrip-
tion of the evolution system used is given in Appendix A, while convergence results are shown
in Appendix B. Finally, in Appendix C we compare results obtained using the BSSN and CCZ4
systems, showing that BSSN generally displays long-lasting linear growth in the Hamiltonian con-
straint, while with CCZ4 both constraint norms level off at a finite value. This may suggest CCZ4
to be a superior choice for long-term stability studies, as the unbounded accumulation of unphys-
ical constraint-violating modes in the BS interior could potentially lead one to faulty conclusions
regarding dynamical stability.

4.1 Unperturbed Evolutions
We begin by presenting a series of runs evolving BS models with only numerical perturbations due
to truncation error. First, to independently test the accuracy of the radial oscillation frequencies
computed in the previous section, we perform a set of longer runs for models found to be stable. We
then compare the power spectrum of the central amplitude over time to the χ2 values determined
by perturbative analysis. Results are shown in Fig. 8. We find very good agreement in all cases,
providing evidence that both our computed oscillation frequencies and numerical method are robust.
In general, local maxima in the power spectrum seen beyond the first overtone χ1 do not necessarily
correspond to higher computed overtone frequencies; these may be due to physical oscillations having
a nonlinear origin, or to noise propagating in from the outer boundary.

We then perform a larger set of evolutions along a selection of one-parameter families, corre-
sponding to those families for which we displayed radial oscillation frequencies in Section 3. Where
an instability is found to be present, we define the instability timescale as the time at which the
central amplitude A0(t) departs by 10% from its original value. Models run for a time of at least
t ∼ 104M1/(D−3) with no sign of instability are designated stable. We emphasize that the specific
timescales obtained in this way will depend on a variety of factors such as resolution, gauge, evolu-
tion method and numerical parameter choices; within each family the specific tinstability values should
therefore only be interpreted as having meaning relative to one another.

The results of these runs are summarized in Fig. 9. There, we overlay the instability timescales
obtained for each family with anM(A0) plot to emphasize the key point: in all cases the results of our
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Figure 9. In each plot, the black dashed curve shows M against A0 for a BS family, corresponding to the scale
on the right axis. The left axis shows the results of dynamical evolutions, using red crosses for unstable evolutions

and showing the instability timescale, while stable evolutions use blue dots and are assigned the value tinstability = 0.

Dotted vertical lines are placed at extrema of the M(A0) curve that correspond to a zero crossing of the fundamental
radial oscillation frequency χ2

0, to emphasize that our instability timescales consistently show signs of diverging at

these points. Shaded regions have positive binding energy.

dynamical evolutions agree with the predictions of linear theory, with instability timescales showing
signs of diverging near the extrema of the M(A0) curve that correspond to zero crossings of χ2

0.
Thus, as has been previously found in D = 4 [64, 65, 66], linear stability theory appears sufficient
to predict the stability of higher-dimensional boson stars under nonlinear spherical dynamics. In
addition, we shade regions of the parameter space for which the binding energy is positive. We draw
particular attention to the presence of stable models with positive binding energy for solitonic families
in D = 4, 5 with σ0 = 0.15, and for massive families in D = 6 with λ̂ = 1000. This phenomenon
was noted previously in Ref. [41], where it was found that even under explicit perturbations such
models remained dynamically stable in spherical symmetry. Now having additional examples of this
behavior in higher dimensions, it would be interesting to determine whether dispersive nonspherical
instabilities appear when only an SO(D − 2) or SO(D − 3) symmetry is assumed. Where we
do observe dynamical instabilities, we consistently find that, in accordance with previous work in
D = 4 [67, 66, 68], the character of instability depends on the sign of the binding energy: models
with EB < 0 migrate back to the stable branch or collapse to BHs, while those with EB > 0 disperse
or collapse.

Finally, we take this opportunity to comment on a numerical matter we have observed in evolving
higher-dimensional BS spacetimes. Our code uses the method of lines with a Runge-Kutta time
integrator, with fourth-order discretization in both time and space. The Courant factor, defined
as C := ∆t/∆x where ∆t and ∆x are the spatial and time step sizes respectively, must in general
be smaller than 0.5 to obtain numerically stable evolutions. In D = 4 and 5, we consistently find
that C = 0.4 leads to such evolutions. However, we find that in D = 6, running with this value,
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particularly for strong self-interactions, can lead to numerical instabilities that do not disappear with
increased resolution or grid size. In such cases we instead run with C = 0.25; we have not found any
models for which this choice is numerically problematic. The need to decrease the Courant factor
when evolving higher-dimensional spacetimes has previously been observed in the case of black holes
[69].

4.2 Perturbed Evolutions
We now present a series of runs in which we introduce explicit spherical perturbations to our BS
models,

φ = φb + δφ, Πφ = (Πφ)b + δΠφ (30)

where Πφ is the scalar field momentum, and the subscript b refers to the unperturbed background
solution. Following the arguments of Ref. [68], we consider perturbations that, to leading order in the
perturbation size, conserve the Noether charge of the background solution. This can be accomplished
by two methods:

1. We take an internal perturbation, contained within the BS interior, but conditioning the
perturbation to the field momentum so that

δΠφ = − iω

αb
δφ, (31)

where α0 is the initial lapse.

2. We take an external perturbation, which has compact support (effectively) outside the BS
radius. This essentially models the infall of a spherical shell of scalar matter.

In both cases, we prescribe perturbations using a Gaussian profile of the form δφ = a exp
(
(r − r0)

2/k2
)

for real constants a, r0, k. Once we have perturbed our background BS, we also re-solve the Hamil-
tonian constraint (6) and polar slicing condition (7) to obtain new functions X(r) and α(r) for use
in our initial data.

Because there is already a robust literature concerning the spherical dynamics of BSs in D =
4, and we have found our numerical approach to agree qualitatively with the conclusions of this
literature for unperturbed evolutions, here we focus specifically on the cases D = 5 and D = 6.
Our results are summarized in Tables 2 and 3. As with our unperturbed evolutions, we see that the
predictions of linear stability theory are in all cases confirmed: models with χ2

0 > 0 are dynamically
stable under both types of perturbation, while those with χ2

0 < 0 always migrate, disperse, or collapse.
The dynamical fate of unstable models is also determined in part by the sign of the binding energy:

models with EB > 0 never migrate; models with EB < 0 never disperse. Whether an unstable model
will collapse to a BH is harder to predict, however, as this can occur for both gravitationally bound
and unbound solutions. There appears to be a dependency for some models on the type of pertur-
bation: perturbations that add scalar matter are more likely to cause collapse to a BH, while those
that remove it are less likely. For some models, though, both types of perturbation result in collapse;
for others both types result in dispersion. A full understanding of this relationship requires further
study, but we conjecture that the maximum compactness, defined as Cmax := max

[
m(r)/rD−3

]
,

likely plays a role, as models with large Cmax consistently drive BH collapse due to the large cen-
tral concentration of scalar matter, while very diffuse models consistently disperse if gravitationally
unbound.

We also draw attention to the runs D5SBI, D5SBII, D6LAI and D6LAII, where models with positive
binding energy are nonetheless seen to be dynamically stable under explicit perturbations both
internal and external. This is true even for perturbations that further increase the binding energy
relative to that of the equilibrium configuration. We therefore interpret these models as exhibiting
a kind of metastability: stable to general spherical perturbations once formed, but unlikely to form
generically under gravitational collapse of scalar clouds. The precise nature of this metastability,
including robustness under nonspherical dynamics, requires further study.

In Fig. 10, we show the central amplitude and Noether charge relative to the equilibrium con-
figuration for a selection of four runs corresponding to the four dynamical fates we observe: stable
evolution, dispersion, migration to a stable branch, and collapse to a BH. The general features of
each plot are generic for their respective dynamical fates. In particular, for migrating models, we
see large, long-lasting oscillations that are damped on very long timescales relative to the oscillation
frequency, with ejection of only a small fraction of the Noether charge. This is in contrast to dispers-
ing models, for which the overall Noether charge in the computational domain exhibits a roughly
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Table 2. Summary of results for explicitly perturbed evolutions in D = 5. For each model we show the potential
used (giving λ̂ values for massive and σ0 for solitonic families), central amplitude A0, mass M , binding energy

EB , perturbation type (I for internal, II for external), perturbation parameters a, k, r0, whether the model is on a

perturbatively stable (S) or unstable (U) branch, and the dynamical outcome: S for stable evolution, D for dispersion,
M for migration to a perturbatively stable branch, and BH for collapse to a black hole.

Label V (|φ|2) A0 µ2M µ2EB Type a k r0 Branch Result
D5MAI Mini 0.05 6.49 0.433 I -0.001 1.0 5.0 U D
D5MAII Mini 0.05 6.49 0.433 II 0.0005 1.0 25.0 U BH
D5MBI Mini 0.1 4.76 0.119 I -0.001 1.0 5.0 U BH
D5MBI Mini 0.1 4.76 0.119 II 0.0005 1.0 25.0 U BH

D5LAI λ̂ = 200 0.03 12.6 -0.0460 I -0.001 1.0 3.0 S S

D5LAII λ̂ = 200 0.03 12.6 -0.0460 II 0.0001 1.0 30.0 S S

D5LBI λ̂ = 200 0.05 12.5 -0.0380 I -0.001 1.0 3.0 U M

D5LBII λ̂ = 200 0.05 12.5 -0.0380 II 0.0005 1.0 30.0 U BH

D5LCI λ̂ = 1000 0.05 32.6 0.0538 I -0.001 1.0 3.0 U BH

D5LCII λ̂ = 1000 0.05 32.6 0.0538 II 0.0005 1.0 30.0 U BH
D5SAI σ0 = 0.15 0.1 1.09 0.0685 I -0.001 2.0 5.0 U D
D5SAII σ0 = 0.15 0.1 1.09 0.0685 II 0.001 1.0 30.0 U D
D5SBI σ0 = 0.15 0.11 1.11 0.0661 I -0.001 1.0 3.0 S S
D5SBII σ0 = 0.15 0.11 1.11 0.0661 II 0.0005 1.0 20.0 S S
D5SCI σ0 = 0.15 0.14 6.74 -3.06 I -0.001 2.0 0.0 U M
D5SCII σ0 = 0.15 0.14 6.74 -3.06 II 0.001 1.0 15.0 U BH
D5SDI σ0 = 0.08 0.062 145 -353 I -0.002 2.0 5.0 S S
D5SDII σ0 = 0.08 0.062 145 -353 II 0.001 1.0 30.0 S S

Table 3. Summary of results for explicitly perturbed evolutions in D = 6. See caption of Table 2 for more details.

Label V (|φ|2) A0 µ3M µ3EB Type a k r0 Branch Result
D6MAI Mini 0.05 115 1.47 I -0.001 1.0 5.0 U D
D6MAII Mini 0.05 115 1.47 II 0.0005 1.0 30.0 U BH
D6MBI Mini 0.1 70.7 1.79 I -0.001 1.0 5.0 U BH
D6MBI Mini 0.1 70.7 1.79 II 0.0005 1.0 30.0 U BH

D6LAI λ̂ = 1000 0.006 756 0.421 I 0.001 1.0 3.0 S S

D6LAII λ̂ = 1000 0.006 756 0.421 II 0.0001 0.5 60.0 S S

D6LBI λ̂ = 1000 0.02 1160 -3.85 I -0.001 1.0 5.0 S S

D6LBII λ̂ = 1000 0.02 1160 -3.85 II 0.0001 1.0 40.0 S S

D6LCI λ̂ = 1000 0.03 1123 -2.71 I -0.001 1.0 5.0 U M

D6LCII λ̂ = 1000 0.03 1123 -2.71 II 0.0001 1.0 40.0 U BH

D6LDI λ̂ = 1000 0.04 992 1.51 I -0.001 1.0 5.0 U D

D6LDII λ̂ = 1000 0.04 992 1.51 II 0.0001 1.0 40.0 U BH

D6LEI λ̂ = 200 0.05 208 2.00 I -0.001 1.0 3.0 U D

D6LEII λ̂ = 200 0.05 208 2.00 II 0.0001 0.5 50.0 U BH
D6SAI σ0 = 0.15 0.03 118 0.764 I 0.001 1.0 3.0 U D
D6SAII σ0 = 0.15 0.03 118 0.764 II 0.0001 0.5 50.0 U D
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Figure 10. Central amplitude A0 (left) and Noether charge N (right) over time relative to their initial values for

runs representative of our four dynamical fates: D5SBI (stable evolution), D5MAI (dispersion), D6LCII (collapse to black
hole), and D6LCI (migration to stable branch).

exponential decay. In all cases, we see a small linear decay in the central amplitude and Noether
charge over time. As we will show in Appendix B, however, this decay converges away as we increase
the grid resolution, and we can therefore safely attribute it to mere truncation error.

5 Conclusions
We have now completed a detailed study of mini, massive and solitonic BS solutions in D ∈ {4, 5, 6}
spacetime dimensions, focusing especially on the radial stability of these solutions by means of both
perturbative analysis and nonlinear evolution. Our main results can be summarized as follows:

• A self-interacting (in D = 5, 6) or solitonic (in D = 5) potential can be used to obtain radially
stable higher-dimensional BS models. This is confirmed by both the linear and nonlinear
analyses.

• Families of BSs with solitonic potential in D = 6 display a pathological divergence at finite
central amplitude for sufficiently small σ0, and are in all cases radially unstable.

• The sign of the binding energy is neither necessary nor sufficient to predict the radial stability
of BS models in D ≥ 4 in general. While it can constrain the dynamical fates of models on an
unstable branch, it cannot fully determine these.

We also note that the stable self-interacting models we have identified can reach arbitrarily low
compactness, for any λ̂ above the critical value in D = 5 and by choice of sufficiently large λ̂
in D = 6. Given our intuition that the faster 1/rD−3 decay of the gravitational field in higher
dimensions suggests a general instability to fission, one might consider this fact surprising. In
Fig. 11, we indicate the range of compactness values achievable by stable models for each BS family
we consider in this work.

The most obvious avenue for future work is an analysis of the nonradial stability of models we
have identified as stable in this paper. This would be especially interesting for those models which
are stable with positive binding energy, to determine the character of a potential nonspherical fissive
instability. While dynamical evolutions with no enforced symmetry are likely out of reach for the
foreseeable future due to the computational cost of evolving full (4 + 1)-dimensional spacetimes and
beyond, evolutions that enforce only SO(D − 3) or SO(D − 2) symmetries are feasible. Even if
radially stable models suffer instabilities due to modes that do not respect these symmetries, such
instabilities would likely not prove problematic for our proposed applications in studying e.g. critical
phenomena or the hoop conjecture in higher dimensions, where models would likely be evolved on a
3D, 2D, or indeed even 1D grid, employing the corresponding symmetry assumption. An additional
avenue to explore could be a perturbative analysis that takes into account nonradial modes, though
we expect such a project would be highly involved. Early results in this direction using axisymmetric
perturbations have recently been obtained in Ref. [70] in the case D = 4.

Apart from this, it would be interesting to determine the stability properties of other exotic
compact object models such as Proca stars [71] in higher dimensions, and to investigate the effect
of replacing general relativity with a higher-curvature gravity model such as Gauss-Bonnet gravity,
which becomes topologically trivial in D = 4. Finally, there is the question of to what extent our
results generalize for arbitrary D > 6. A possible framework for answering this question may be
found in the large D limit of general relativity [72].
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Figure 11. Boson star compactness, as defined in Eq. (20), against the potential parameters λ̂ and σ0, where shaded
regions include models we have identified as radially stable, for massive (top) and solitonic (bottom) families.
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A Evolution Scheme
In this appendix, we present the evolution system used by SBSE. The code uses the modified
cartoon approach to dimensional reduction [47, 73], projecting all physical quantities onto a particular
coordinate axis, which we take to be the z-axis. We then use tensor transformation laws to replace
partial derivatives in the other directions. In the present case of an SO(D − 1) symmetry, we will
take the spatial coordinates on a given time slice to be

xi = (z, w1, ..., wD−2). (32)

In addition, early Latin indices a, b, c, ... will be understood to run over the D−2 off-axis coordinates,
so that we can also write the above as (z, wa). In cases in which any of the last D − 2 coordinates
could be used interchangeably, we simply write w. We begin with the BSSN formulation of numerical
relativity, which starts with the standard ADM decomposition into lapse α, shift vector βi, and
spatial 3-metric γij . It then introduces as evolution variables:

• The conformal factor χ = γ
1

D−1 ,

• The conformally rescaled metric γ̃ij = χγij ,

• The mean curvature K = γijKij ,

• The conformally rescaled traceless extrinsic curvature Ãij = χ
(
Kij − 1

D−1Kγij

)
, and lastly
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• The contracted conformal Christoffel symbols, Γ̃i = 1
2γ

ilγjk (∂j γ̃lk + ∂kγ̃lj − ∂lγ̃jk) .

Furthermore, we have the usual energy density, current vector, and stress tensor by projecting onto
space and time directions as follows:

ρ = Tµνn
µnν , ji = − ⊥µ

i Tµνn
ν , Sij =⊥µ

i⊥
ν
j Tµν , (33)

where n = (∂t − β)/α is the timelike unit normal vector and ⊥µ
ν= δµν + nµnν the spatial projection

operator. We also evolve the scalar field momentum,

Πφ := −1

2
Lnφ = − 1

2α

(
∂tφ− βk∂kφ

)
. (34)

We are now ready to present the modified cartoon version of the BSSN and matter equations
in SO(D − 1) symmetry. Note that symmetry considerations imply that the w components of all
vectors and the zw components of all (0, 2) tensors vanish; therefore we have a diagonal metric
γ̃ij = diag(γ̃zz, ..., γ̃ww). Defining n := D − 2 for simplicity and using TF to denote trace-free parts,
the evolution equations are as follows:

∂tχ =βz∂zχ+
2

D − 1
χ

[
αK − ∂zβ

z − n
βz

z

]
, (35)

∂tγ̃zz =βz∂z γ̃zz + 2γ̃zz∂zβ
z − 2

D − 1

[
∂zβ

z + n
βz

z

]
− 2Ãzz, (36)

∂tγ̃ww =βz∂z γ̃ww − 2

D − 1
γ̃ww

[
∂zβ

z − βz

z

]
− 2Ãww, (37)

∂tÃzz =βz∂zÃzz + 2Ãzz∂zβ
z − 2

D − 1
Ãzz

[
∂zβ

z + n
βz

z

]
+ αKÃzz − 2αÃzzÃ

z
z (38)

+ χ [Rzz −DzDzα− 8παSzz]
TF

,

∂tÃww =βz∂zÃww − 2

D − 1
Ãww

[
∂zβ

z − βz

z

]
+ αKÃww − 2αÃwwÃ

w
w (39)

+ χ [Rww −DwDwα− 8παSww]
TF

,

∂tK =βz∂zK − χγ̃zzDzDzα+ α
(
ÃzzÃzz + nÃwwÃww

)
+

αK2

D − 1
+ nχγ̃wwDwDwα (40)

+
8πα

n
(S + (D − 3)ρ) ,

∂tΓ̃
z =βz∂zΓ̃

z +
2

D − 1
Γ̃z

[
∂zβ

z + n
βz

z

]
+ γ̃zz∂z∂zβ

z + nγ̃ww

[
∂zβ

z
− βz

z2

]
(41)

− Γ̃z∂zβ
z +

D − 3

D − 1

[
γ̃zz∂z∂zβ

z + nγ̃zz
(
∂zβ

z

z
− βz

z2

)]
− 2nα

D − 1
γ̃zz∂zK

− Ãzz

[
(D − 1)α

∂zχ

χ
+ 2∂zα

]
+ 2α

[
Γ̃z
zzÃ

zz + Γ̃z
wwÃ

ww
]
− σ∂zβ

zGz − 16παγ̃zzjz,

∂tφ = − 2αΠφ + βz∂zφ, (42)

∂tΠφ =βz∂zΠφ + αKΠφ +
1

2
α

dV

d|φ|2
(|φ|2)φ+

D − 3

4
αγ̃zz∂zχ∂zφ (43)

− 1

2
χ
[
γ̃zz∂zφ∂zα+ α

(
γ̃zzD̃zD̃zφ+ nγ̃wwD̃wD̃wφ

)]
,

where σ > 0 is a damping parameter. We also need some additional quantities: first, the conformal
Christoffel symbols, given as

Γ̃z
zz =

1

2
γ̃zz∂z γ̃zz, Γ̃z

wz = 0, Γ̃z
ab = δab

[
1− γ̃zz γ̃ww

z
− 1

2
γ̃zz∂z γ̃ww

]
, (44)

Γ̃w
zz = 0, Γ̃a

bz =
1

2
δab∂z γ̃ww, Γ̃a

bc = 0.

One can similarly compute the conformal covariant derivatives, Ricci tensor components, and matter
quantities straightforwardly, starting from the standard decomposition in terms of BSSN variables.
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The Hamiltonian and momentum constraint violations are given by the following expressions:

H =χγ̃zzRzz + nχγ̃wwRww +
D − 2

D − 1
K2 + ÃzzÃzz + nÃwwÃww − 16πρ (45)

Mz = − D − 2

D − 1
∂zK + nγ̃ww

[
Ãzz − Ãww

z
− 1

2
γ̃wwÃww∂z γ̃ww − Γ̃z

wwÃzz

]
(46)

+ γ̃zz
[
∂zÃzz − 2Γ̃z

zzÃzz −
D − 1

2χ
Ãzz∂zχ

]
− 8πjz.

While our evolution equations are lengthy, an advantage of this formalism is that, besides allowing us
to evolve spacetimes in an arbitrary number of dimensions using the same infrastructure, we retain
the full gauge freedom afforded by the 3 + 1 decomposition. For instance, while we use by default
the standard 1 + log slicing condition [74], given in our case by

∂tα = βz∂zα− 2αK, (47)

we have found that the shock-avoiding gauge condition [75], given by

∂tα = βz∂zα− (1 + α2)K, (48)

can improve constraint violations. For the shift, we can simply set βz = 0 to obtain a simpler
evolution scheme, but we generally see improvements when we instead use the integrated gamma-
driver condition, given by

∂tβ
z = βz∂zβ

z +
3

4
Γ̃z − ηβz, (49)

finding that this tends to minimize overall constraint violations for η ∼ 2/M
1

D−3 where M is the
boson-star mass. In addition, since we evolve the same quantities as in the standard BSSN equa-
tions, a quantitative comparison to the results of dynamical evolutions obtained with codes such as
GRChombo [76] is straightforward. We expect this to be useful in future studies involving dynamical
evolutions beyond spherical symmetry.

We now turn to the CCZ4 system, which is derived by appending to the action (1) an additional
term involving a vector field Zµ,

SZ =
1

16π

∫
dDx∇µZ

µ, (50)

before performing a decomposition similar to that used in BSSN. The resulting system of equations
is known to have constraint-damping properties [50, 77]. Applying the modified cartoon method to
the CCZ4 system, we end up with an evolution system very similar to that presented for BSSN (35)–
(43). Introducing Θ = −nµZ

µ and Θi = Zi + Θ
αβ

i, the equations for χ and γ̃ij are as before, while

the equations for Ãij are simply modified by the addition of a term

∂tÃij → ∂tÃij − 2αΘÃij . (51)

The evolution equation for K becomes

∂tK =β∂zK − χγ̃zzDzDzα− nγ̃wwχDwDwα+ α

[
χγ̃zzRzz + nχγ̃wwRww (52)

+K(K − 2Θ)− (D − 1)κ1(1 + κ2)Θ +
8π

D − 2
(S − (D − 1)ρ)

]
,

where κ1 and κ2 are damping parameters; we typically set κ2 = 0 and use κ1 ∼ 0.1/M
1

D−3 . Instead
of evolving Γ̃z directly, we define Γ̂z := Γ̃z + 2

χΘ
z and use this as an evolution variable. It is evolved

according to

∂tΓ̂
z =βz∂zΓ̂

z +
2

D − 1
Γ̃z

[
∂zβ

z + n
βz

z

]
+ γ̃zz∂z∂zβ

z + nγ̃ww

[
∂zβ

z
− βz

z2

]
(53)

− Γ̂z∂zβ
z +

D − 3

D − 1

[
γ̃zz∂z∂zβ

z + nγ̃zz
(
∂zβ

z

z
− βz

z2

)]
− 2nα

D − 1
γ̃zz∂zK

− Ãzz

[
(D − 1)α

∂zχ

χ
+ 2∂zα

]
+ 2α

[
Γ̃z
zzÃ

zz + Γ̃z
wwÃ

ww
]
− 16παγ̃zzjz

− 4

D − 1

α

χ
KΘz + 2Θγ̃zz∂zα− 2κ1α

χ
Θz +

σ

χ

(
2n

z
βz − (D − 3)∂zβ

)
.
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Figure 12. Relative decay in the central amplitude (left) and Noether charge (right) over time for a stable model

with λ̂ = 200, A0 = 0.02 in D = 5 dimensions at three resolutions, as well as the result of a third-order Richardson
extrapolation showing convergence to zero decay.
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Figure 13. L2 norms of the Hamiltonian (left) and momentum (right) constraints over time for a migrating model

with λ̂ = 200, A0 = 0.05 in D = 5 dimensions at three resolutions, with appropriate factors of the convergence factor
Q = 1.5 to demonstrate third- to fourth-order convergence to zero constraint violation.

The matter evolution equations are unchanged. Finally, the evolution equation for Θ is given by

∂tΘ =β∂zΘ+
α

2

[
χγ̃zzRzz − ÃzzÃ

zz +
n

D − 1
K2 + n

(
χγ̃zzRzz − ÃwwÃ

ww
)

(54)

− 2KΘ− 2Θz ∂zα

α
− κ1(D + nκ2)Θ− 16πρ

]
.

B Convergence
In this appendix, we discuss the convergence of our dynamical evolutions. In general, we observe
convergence between third and fourth order of all physical quantities, settling down to approximately
third-order at late times. This arises from the fourth-order discretizations scheme we apply in both
space and time, with up to one order of convergence lost due to factors of 1

z present in our evolution
equations which must be handled by use of a regularization scheme at the origin.2

First, in Fig. 12 we show the third-order convergence in the central amplitude and Noether charge
for one of our stable models, with λ̂ = 200, A0 = 0.02 in D = 5 dimensions. The linear decay in both
quantities effectively vanishes under a third-order Richardson extrapolation, and so we conclude it
is due simply to truncation error. This behaviour is generic for stable models.

In addition, in Fig. 13 we show an example of our constraint convergence for an unstable run,
using a massive model with λ̂ = 200, A0 = 0.05 in D = 5 dimensions using the BSSN formalism.
The outcome in this case is migration. We see that the Hamiltonian constraint violation converges
cleanly at between third and fourth order to zero. The momentum constraint profile varies more
across resolutions, as the varying resolutions produce different numerical perturbations and hence
different patterns of oscillation, but again we see that overall there is approximately third-order
convergence, and indeed that the violation is several orders of magnitude subdominant to that of the

2We verify this by running the code with these terms disabled, and checking that we then obtain the expected
fourth-order convergence.
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Figure 14. L2 norms of the Hamiltonian (left) and momentum (right) constraints over time for (top) a stable

massive model with A0 = 0.02, λ̂ = 200, D = 6, (middle) a migrating massive model with A0 = 0.05, λ̂ = 200,
D = 5, and (bottom) a stable solitonic model with A0 = 0.1, σ0 = 0.15, D = 5, showing the impact of switching

between evolution using the BSSN and CCZ4 formalisms (with appropriately chosen damping parameters) with all

other numerical parameters held constant

Hamiltonian constraint. This behavior is generic, assuming the outer boundary is taken sufficiently
large that error propagating inwards does not dominate (reflection of this propagating error at the
innermost gridpoint is responsible for the spikes seen in the momentum constraint violation).

C Comparing BSSN to CCZ4
We see in Fig. 13 that the Hamiltonian constraint displays long-lasting, approximately linear growth
over the entire evolution. This occurs generically for both stable and migrating models (i.e. whenever
scalar matter remains in the computational domain indefinitely) when using the BSSN formalism,
regardless of damping factor, Kreiss-Oliger dissipation, Courant factor, gauge conditions, or other
numerical choices. In Fig. 14, we display some straightforward comparisons of the Hamiltonian
and momentum constraints over time for BSSN and CCZ4 with appropriate damping parameters,
showing that in CCZ4 both constraints settle down to finite values. Similar behaviour has been
observed previously in the neutron-star case in four spacetime dimensions [50].
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