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THE AGE DISTRIBUTION OF GALACTIC COSMIC RAYS
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Abstract. The distribution of ages for secondary and interacting cosmic-ray nuclei is derived for a
class of steady-state, bounded models of diffusion in the galaxy. Results are presented in detail for the
model in which diffusion is in one dimension, sources are uniformly distributed throughout the
scattering region, and particles are observed near the central plane of the galaxy. The leakage-lifetime
approximation is shown to be accurate as long as the ratio of the cosmic-ray diffusive lifetime to the
mean interaction or decay lifetime is less than about ten.

1. Introduction

Information on the average age of galactic cosmic rays can be obtained from the
abundances of the light elements (Li, Be, B) in the cosmic rays (Meyer et al., 1974) and
from the abundances of radioactive nuclei in cosmic rays (Webber et al., 1973). Models
used to obtain the average age from these observations have usually approximated the
diffusion process by a ‘leaky box’ model (Cowsik et al., 1967; Gloeckler and Jokipii,
1969; Webber et al., 1973) in which a term n;/7, is introduced into the transport
equation for particle species i. The resulting age distribution is an exponential with
characteristic time 7,. In a previous paper (Owens, 1975; subsequently referred to as
Paper I), the age distribution for non-interacting primary cosmic rays was obtained
through the use of the Green’s function of the full time-dependent diffusion equation
in several models of cosmic-ray production and confinement. The conclusion was that
the leaky-box model gives a good approximation to the age distribution for ages
larger than the average age, although the shape of the distribution for small ages is
dependent on the details of the model. The purpose of this paper is to extend the ana-
lysis to the case in which the particles are secondaries, decaying particles, or particles
which suffer spallation losses.

2. The Diffusion Models

As in Paper I, consider homogeneous diffusion models with free escape of particles
at the outer boundaries of the galaxy. Consider first the disk models, in which the
thickness of the confinement region (2L) is so much smaller than the galactic radius
that a one-dimensional diffusive model is appropriate. The density of particles of
species i will be determined by the differential equation

ani 32ni n;
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where the successive terms on the right-hand side of the equation represent diffusion,
radioactive decay, spallation loss, spallation production and production by cosmic-
ray sources, where K is the diffusion coefficient; w, the velocity; ., the‘radioactive
exponential decay time; ny ~ 1/cm?, the density of hydrogen in the interstellar medium;
a;, the cross-section for spallation loss; o ;, the cross-section for production of species i
from species j by spallation; and S}, the rate of production (particles/sec) of particles
of species i. Energy loss can be neglected for nuclei with energies 21 GeV/nucleon if
the cosmic-ray lifetime is ~ 10°—107 years (Ginzburg and Syrovatskii, 1964). For
simplicity, assume that K and ny are constant throughout the confinement volume and
define

o = 1 + wnyo,, (2)

Tir

which is the rate of loss of particles of species i due to radioactive decay and interaction
in the interstellar medium. Then Equation (1) can be written as

2
{6% - K;;—z + oc,-}ni = S; +j§ia'ﬁwnﬂnj. (3)
Equation (3) is an inhomogeneous partial differential equation for the species i, with
the terms on the right corresponding to the sources.

As a first approximation to the solution of the coupled Equations (3), consider two
types of cosmic rays, with the idealized titles of primary and secondary particles.
Assume that the primary particles are produced by the cosmic ray sources but not by
spallation processes, and that the secondary particles are produced by spallation with
primary cosmic rays and not by the sources. Then the equation for primary cosmic
rays, with the subscript p, is given by

7 0?
{E—K—a?+ap}np=S. (4)
This equation is similar to Equation (2) of Paper I, the only difference being the addi-
tion here of the term « to denote decay and spallation destruction. The equation for
the secondaries is more complex, because it involves a sum over all species. If one
assumes, however, that spallation due to secondaries is small compared to primaries,
and that few of the primaries are destroyed, one has, approximately,

0 0? o
{3_t - K gc’z + ozs}ns = {O'panW}np: (5)
where nj represents the primary density with «=0 and o, is the effective cross-section
for spallation (obtained by weighting the cross-sections by the source abundances).
The approximations involved in going from Equation (3) to Equation (5) could be
eliminated by solving Equation (4) for each primary nucleus and using the weighted
sum in place of the simplified right-hand side of Equation (5), but in view of the obser-
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vational uncertainties such a complex calculation does not presently appear appro-
priate. The validity of replacing n,(z) by np(z) will be discussed below. The density of
primaries n9 is given in Equations (18) of Paper L

3. Distribution of Ages

Given the differential Equations (4) and (5), the calculation of the age distributions
proceeds as in Paper I: the Green’s function of the differential operator is found and
then integrated over the appropriate source function. The Green’s function is identical
in Equations (4) and (5), being the solution to the equation

o @
{a_t — Ko+ “}g(z, Zo, 1, fo) = O(t — 1)3(z — Z0), ©)

subject to the boundary conditions n(z=L)=n(z= —L)=0. First take the Fourier
transform of Equation (6) with respect to ¢, choosing #,=0 for simplicity. The result
is

. %) .
{(—za) + a) — K?}g(z, Zo, @) = 6(z — 2), @)
where
322 20, ) = f dr ey (z, 2, 1). ®)

Then solve Equation (7) as a function of z by the eigenfunction method of Carslaw
and Jaeger (1969) to obtain

1 & sin (nrnf[z + L)/2L) sin (nrn[zy + L]/2L)_

4@ 20, 0) =1 2 (PrPKJAL%) + o — i ¥

Finally, take the inverse Fourier transform and re-insert the #, to obtain the Green’s

function
2

ozt = 7 > exp - (5F + a)e - 1) x
x sin (nn[z + L)(2L) sin (nrn[zy + L]/2L). (10)

Comparing Equation (10) with Equation (6) of Paper I, we see that the term
involving « in Equation (6) above merely introduces a factor of exp [—a(t—1,)] in the
Green’s function. As in Paper I, we construct the age distribution in the steady state
by inserting the appropriate position-dependent source function S(z) and taking ¢,
to zero, we obtain

L

£(@) = f dz09(z, 2o, 7, 0)S(z0). an

—L
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It can easily be shown that a similar result is obtained in the three-dimensional
(“halo’) model discussed in Paper I, where again the term o merely introduces a term
exp [—a(t—1,)] into the Green’s function. For primary cosmic rays the solution to
Equation (4) gives the same results as in Paper I for the age distributions except for the
additional multiplicative term exp (—at). For the secondary models, the density of
primary cosmic rays from Paper I's Equations (18) are used for the source function.
For the disk model with sources filling the confinement region, for example, the pri-
mary density

nd(z) = A[l —(z%/L?)]. (12)

In what follows, for the sake of simplicity only this model (disk, uniform) will be con-
sidered, although it is straightforward to extend the analysis to other models from
Paper I or to more complicated source functions S(z,). From Equations (10)—-(12), we
can derive the age distribution for primary cosmic rays

f(@) = {-47%} > (%) exp (—a,7) exp (— Kn*n*t/4L?) sin [nn{z + L}/2L]
ad
(13)
using S(z,) = So, and the age distribution for secondary cosmic rays
32 (1
OES {—3 GpanWA} 2. (—3) exp (—a,1) %
n n=1 \I
odd
x exp (Kn’r*t/4L?) sin [nn{z + L}/2L] (14)

using Equations (5) and (12) for S(z,).

The similarity between the formulae for the age distributions (13) and (14) is striking.
Apart from the initial amplitude (in braces) and the different interaction rates «, and
o, the only difference is that the series for secondaries has a factor of n~3 instead of
n~!in the sum. This means that the secondary series is more rapidly- convergent, and
the secondary age distribution is even more closely represented by an exponential than
the primary distribution. This result is shown in Figure 1, where the normalized age
distributions for primaries and secondaries near the galactic central plane are given.
The parameters on the figure and others below are

X = Kn*t/4L* = 1/t, (15a)
and
R = 4L%a/Kn? = ty/tin, (15b)

where X is the ratio of the age to the typical diffusion time (Kz?/4L?)" =1, and Ris the
ratio of the typical diffusion time to the interaction or decay time (a)~'=t,,. The
results in Figure 1 are for positions near the center of the scattering region (z=0). For
other positions the difference between the primary and secondary distributions is
somewhat larger.
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Fig. 1. The age distribution of cosmic rays. X is the age in terms of #;, and R=1t,/t;n.. The solid and
dashed curves are for primary and secondary particles, respectively, with the two curves coinciding
for R=10. Curves are for the disk, uniform model at z=0.

Next consider the variation of the cosmic-ray omnidirectional intensity

o) = [7enax, (162)

and the average cosmic-ray age

@Y = (Xota = (Un)ta f Xf(X) dX. (16b)

The variation of the intensity is shown on Figure 2, where 7(z) has been set equal to 10
at z=0 for ease of comparison. The secondary particles are more concentrated toward
the center because the sources (12) are more numerous near z=0. Primary cosmic
rays become less numerous near z=0 for a larger interaction cross-section (propor-
tional to R) because they are depleted in producing secondaries more rapidly near the
center. Notice, however, that the difference between the primary curves for R=0 and
R=1is not very large. This means that primary species which propagate with 100%, of
the source abundance (R=0) have a distribution in the galaxy nearly the same as those
particles whose intensity is reduced to about 50%, of the source abundance through
interactions (R=1), and the assumption that all primary species have the same dis-
tribution with z (assumed in deriving Equation 5) is fairly well satisfied. The variation
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Fig. 2. The density of cosmic rays. The densities are normalized to 10 at z=0. The solid curves are
for R=0 and the dashed curve for R=1, where p and s represent primary and secondary particles.
The curve for R=1 secondaries coincides with the curve for R=0 secondaries to within 1%;.

of {r) with z is small in the uniform disk model being discussed here, both for pri-
maries and for secondaries. For primaries, the variation is typically 20%, for small R
and about a factor of 2 for R larger than 100, while for secondaries the variation of
{t) with z is only a few percent for all R.

As the discussion above indicates, the leakage-lifetime approximation, with an
exponential age distribution and the same average age for primary and secondary
particles, is a fairly good approximation to the actual diffusion models as long as
R=(diffusion time)/(interaction time) is not too large. This conclusion is somewhat
similar to that of Jones (1970), who considered the effects of energy-change terms in
the diffusion equation (which have been neglected here) and found that the leakage-
lifetime approximation is valid if the energy change is small enough.

4. Particles Detected Near Earth

The Earth appears to be near the galactic central plane (z/L<0.1), so for simplicity
consider the cosmic-ray density and average age at z=0. From Equations (13)-(16),
one has for the density

n, = (32/n)4 %* (1/n)(R + n?)~1, (172)
ny = (32/n3)A[0 ,snywt,] i* (1/n)*(R + n?)~ 1. (17b)
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where A=1L2S,/2K and the symbol >* represents the sum over odd integers with
alternating signs: i.e.,

9
Stn=1-3+5-7+09. (18)
n=1

The subscript p represents primary and s secondary particles. Similarly, for the aver-
age age it is easy to show that

W = 13 W + 1) 52 AR+ n)7, (192)
@0 = 1 3F PR + 1) | 52 AP R + 1), (195)

From the relations above, recall that ,=4L2?/Kn? and that R=1t,/t;,,, where #,,, is the
decay time due to radioactive decay or spallation interactions.

The density and average age for primary cosmic rays are shown in Figure 3 at z=0
as a function of R, and Figure 4 gives the ratio of secondary to primary particles for
the density and the age. As a crude approximation, for R<10, both n and {r) vary
approximately as 1/(R+ 1), as can be seen from the first term of the sum in the series
of (17) and (19): i.e., one has, approximately,

1/¢t) ~ (R + Dfta = Ut + 1ta. (20)

The approximate equality of the left and right elements of Equation (20) indicates
that the leakage lifetime approximation is valid for the diffusive model under discus-
sion, since the leaky-box model gives the interaction and diffusive lifetimes combining

05
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Fig. 3. The density and average age of cosmic rays. The density (n) is normalized to 1 at R=0, and
the average age (X) is given in terms of #,. The curves are the results for primary particles in the disk,
uniform model at z=0.
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as in Equation (20). As shown from Figure 4, the differences between secondaries and
primaries amount to less than 20%, in both the density and the average age.

For particles detected near Earth, one determines the ratio R=1,/t;,, as follows.
The ratio R is given by

R = tyftyn, = (1/<XO>)TO/tint = (1/<X0>)}-o/lint’ 21

where (X,) represents the expected value of the cosmic-ray age divided by #, for non-
interacting particles (i.e., R=0), 1, is the average age for non-interacting particles, 4,
is the average pathlength (in g/cm?) of non-interacting particles, and ;. is the inter-
action mean-free path (in g/cm?). For the particles (~1-5 GV rigidity) involved in
spallation production, observations indicate that 1o~ 5 g/cm?. Adopting the mean-
free pathlengths given by Webber (1967), one can construct Table I. (Use is made of
the result (X,>=1.03 and 1.01 for primary and secondary particles, respectively.)
Recalling from above that the leaky-box model gives a good approximation for RS 10,
we see that the leaky-box model gives a good representation of a one-dimensional
cosmic-ray diffusion process for all the species considered. The difference in the
amount of matter traversed and the average ages between primaries and secondaries
(see Figure 4) is less than 59,.

TABLE I

Interaction Paths and the Parameter R=14/fn:

Species Aint (g/cm?) poOrs R

Fe 2.4 p 2.0

C, N, O 6.7 P 0.72
Li, Be, B 8.7 s 0.57
He 17 P 0.29
deuteron 32 s 0.15

As an application of the results given above, consider the problem of determining
the average age T of galactic cosmic rays from the observed abundance of Be'°, an
isotope with an exponential decay time ¢,,=2.2 million years. The average age T is
conventionally obtained from the leakage lifetime (#,) and the interaction time

tint DY
T = 11, + 1t;p,. (22)

Then if the ratio of observed Be!® to the amount of Be!® to be expected if the species
were radioactively stable is £, the age T is given by

T = [([f) — 1] Praa (23)
(e.g., Webber et al., 1973, Hagen et al., 1975), where y is the relativistic Lorentz
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Fig. 4. The ratio of density and average age for secondary cosmic rays relative to primary cosmic

rays. The secondary to primary ratio is given for density (r) and average age (X), as a function of R,

for the disk, uniform model at z=0. The densities are normalized so that the ratio of secondaries to
primaries is one at R=0, and the factor o,sawt, in Equation (17b) is suppressed.

factor. In terms of the diffusion model discussed here, one finds the value of R (denoted
by R¥) such that

n(R*)/n(R’) = f 24

from Equation (17b) or Figures 3 and 4, where R"=0.57 is the value of R which a non-
decaying species would have. Then from the definitions of R and X one can easily
show that the average age <(7) due to diffusion and interaction is

() = (X" tg = {X'XR* — R)traas 25)

where (X”) represents the expected value of X corresponding to R=R’. The results of
the leakage-lifetime model (Equation 23) and the diffusion model (Equation 25) are
shown in Table II for various values of /. Observed values of f range from the order
of 0.1 (Garcia-Munoz et al., 1975) to about 0.8 (Hagen et al., 1975), so it is clear from
the table that little error is involved in approximating the diffusion by the leakage-
lifetime model.
Adopting the typical value f~0.4 from the Be!® data above, and taking y~1, we
obtain
t; = 4L*/Kn? ~ 3.3 million years. (26)

L

For L~ 150 pc as the half-thickness of the galactic confinement region, the diffusion
coefficient K~ 8 x 10%¢ cm?/sec.

The validity of the approximations involved in obtaining Equation (5) from Equa-
tion (3) can be discussed in light of the results obtained above. As shown in Table I,
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TABLE 11

Age of Cosmic Rays from Be!?
Measurements

f <T>/(ytrad) T/(?trad)

0.02 46 49
005 18 19
010 8.6 9.0
020 3.9 4.0
0.40 1.5 1.5
0.60  0.67 0.67
0.80 0.5 0.25
090  0.11 0.11

the parameter R, is 2 or less for the primary particles of interest. Figures 1 and 2 show
that n,(z) for these values of R, is within a few percent of n3(z) for R=0. Thus the use
of Equation (5), with n9 as the source function, is reasonable. The effect of a finite
R, upon n,(z) is clear; it makes the distribution function more uniform in z. In the
limit R, — oo, the actual n,(z) will be the same shape as the source function Sy(z),
which has been taken as a constant. Since n,(z) is the source function of secondaries
(as in Equation 3), for finite R, the source function will vary between ny(z) (for
R,=0) and S, =constant (for R, — o0). Thus the distribution of secondaries will vary
between what above was labelled ‘secondaries’ (with R,=0) and what above was
labelled ‘primaries’ (with R, — o0). The approximations made in obtaining Equation
(5) thus are valid, and if anything the results discussed slightly overstate the differences
between primaries and secondaries. The differences between secondaries and primaries
for R>1in Figure 4 are thus overstated in the figure if R,~ R;>1. Finally, notice that
probably the only isotope of current interest with R significantly larger than 1 is Be?®,
which is a secondary. Since Be'® is formed mainly from carbon and oxygen (with
R,~0.74 as in Table I), Equation (5) will be valid even though R, may be much larger
than 1.

5. Conclusions

For the one-dimensional diffusion model discussed above, with sources uniformly
located throughout the scattering region and with the point of observation at the
central plane (the disk, uniform model at z=0), the actual distribution of ages of both
primary and secondary cosmic-ray particles is nearly exponential. The leakage-
lifetime approximation is an accurate representation of the diffusion as long as R=
=(diffusion time)/(interaction time) < 10. Primary and secondary particles have very
similar distributions of ages and average ages. It should be emphasized that these
conclusions are sensitive to the type of diffusion model specified and to the location of
the observer within the scattering region; for other models, the formalism derived in
Sections 2 and 3 above gives the method for solving the problem.
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