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It is well known that there is a Hawking temperature on the cosmological horizon
of the de-sitter spacetime, and the de-sitter spacetime can be a special case of a FRW
universe. Therefore, there may be a corresponding Hawking temperature in a FRW
universe. Indeed, there have been several clues showing that there is a Hawking
temperature on the apparent horizon of a FRW universe. In our paper, however,
after finding the corresponding cosmological horizon of a FRW universe, and then
investigating the behavior of a Klein-Gordon field near the cosmological horizon, we
find that there is a Hawking temperature on the cosmological horizon. Moreover, we
also find that the Hawking temperature on the apparent horizon of a FRW universe
in some previous work is just a special case in our results, where the variation rate

of cosmological horizon g is zero.

*Electronic address: yapenghu@itp.ac.cn


http://arxiv.org/abs/1007.4044v1
mailto:yapenghu@itp.ac.cn

I. INTRODUCTION

Since Hawking found that there was a thermal radiation like a black body in a black hole,
it has been further found that the radiation is in fact due to the existence of event horizon [1].
The event horizon playing a key point can also be seen from the Unruh effect where an
uniformly accelerating observer with acceleration a in the Minkowskian spacetime can detect
a thermal spectrum with temperature 7' = a/27 [2]. Here the Unruh radiation is closely
related to the existence of Rindler causal horizon for the observer. Obviously, the Hawking
temperature which is proportional to its surface gravity on the event horizon can give some
insight on the deep relationship between gravity and thermodynamics. Furthermore, the
thermodynamics of black hole has been constructed with the Bekenstein entropy of a black
hole [3-6]. Note that, the Hawking temperature is usually obtained on the event horizon
of a stationary black hole. In fact, it can also be obtained on the cosmological horizon of a
spacetime such as the cosmological horizon of de Sitter spacetime [T, §].

Event horizon and cosmological horizon are both global concepts [9,[10]. Strictly speaking,
locally it is not known whether there is an event horizon or cosmological horizon associated
with a certain dynamical spacetime at some time. Thus this causes the difficulty to discuss
Hawking radiation for a dynamic spacetime. However, by using the the null property of
event horizon or cosmological horizon and the intrinsic symmetry of a dynamic spacetime,
we can find a corresponding hypersurface which can reduce the event horizon or cosmological
horizon in the stationary case. Because of this, we also call this corresponding hypersurface
as the event horizon or cosmological horizon for a dynamic spacetime in our paper [11-15]. In
spite of that, another situation appears. This is, the event horizon (the above corresponding
hypersurface) and apparent horizon for a dynamic spacetime are usually different, while
they are consistent for a stationary spacetime. Therefore, the Hawking radiation from which
horizon is still an open question. Recently, Hayward and other authors have attacked this
question [15-17]. By using the quasi-local Misner-Sharp energy [18-20], the so-called unified
first law can be deduced from the Einstein equation in a spherical symmetric spacetime [21-
24]. And they argued that the Hawking radiation might come from the apparent horizon for a
dynamic spherical symmetric black hole spacetime, because after projecting the unified first
law on the apparent horizon of a dynamic spherical symmetric black hole spacetime, one can

obtain an analogy of the first law of thermodynamics of stationary black hole. In addition,



one could use the Hamilton-Jacobi equation of particles to make a simple proof [17, [25].
However, in spite of those works, there are other works showing that the Hawking radiation
can come from the event horizon of dynamic black hole spacetime by investigating the
behavior of the quantum filed near the event horizon [11-14].

On the other hand, the Friedmann-Robertson-Walker (FRW) universe is a dynamical
spacetime. And the de Sitter spacetime can be its special case. Therefore, it may also exists
Hawking radiation in a FRW universe. By considering that the FRW universe is also a
spherical symmetric spacetime and with an apparent horizon, thus the above discussion on
the apparent horizon of dynamic spherical symmetric black hole spacetime can be generalized
to the FRW universe. Following this way, there have been many interesting works on it [26—
32]. And it has been proved that the Hawking temperature of the apparent horizon in a
FRW universe is T = 1/27r4, where the temperature is measured by the corresponding
Kodama observer [33] and 74 is the radius of apparent horizon [31, 132]. In particular, we
would like to mention here that if we assume the entropy of apparent horizon S satisfying
S = A/4, where A is the area of the apparent horizon, one is able to derive Friedmann
equations of the FRW universe with any spatial curvature by applying the Clausius relation
to apparent horizon [34, 135]. However, there is the same situation as the dynamic black
hole spactime that the cosmological horizon of a FRW universe is not usually consistent
with its apparent horizon. Therefore, what the result is if we investigate the behavior of the
quantum filed near the cosmological horizon of FRW universe is one of our motivations.

There are several methods to investigate the behavior of quantum filed near the horizon
of a spacetime [36-38]. In our paper, we mainly use the method first proposed by Damour
and Ruffini and then developed by Sannan and Zhao [13, 14, 38, 39]. By using the fact that
usually the Klein-Gordon equation in the tortoise coordinates can be reduced to the standard
form of wave equation near the cosmological horizon of FRW universe, we can obtain the
appropriate parameter x which can be corresponding to the surface gravity in the stationary
case. Moreover, we can find that the ingoing wave of FRW universe is not analytical on
the cosmological horizon. And the ingoing wave can be extended by analytical continuation
from the inside of cosmological horizon to the outside [13, 14, [38-40]. After doing these, we
obtain the Hawking radiation spectrum with the temperature on the cosmological horizon
of a FRW universe.

The organization of the paper is as follows. In Sec. II, we first obtain the cosmological



horizon in a FRW universe, and then use the Damour- Ruffini method to obtain its Hawking
temperature. Sec. III is devoted to the conclusion and discussion. And we particularly
discuss some properties of the Hawking temperature. It shows that not only our result is
consistent with that in some previous work [31, 32], but also the result in some previous

work is a special case just when the variation rate of cosmological horizon rg is zero.

II. THE COSMOLOGICAL HORIZON AND ITS HAWKING TEMPERATURE
IN A FRW UNIVERSE

The metric of a FRW universe is

2

d
ds* = —dt* + d*(t) (1 _pkpz + p2dQ§) , (2.1)

where t is the cosmic time, p is the comoving radial coordinate, a is the scale factor, d3
denotes the line element of a 2-dimensional sphere with unit radius, £ = 1, 0 and —1
represent a closed, flat and open FRW universe, respectively.

For the convenience, we can define r = ap. Thus, the metric (2I]) can be rewritten

1—r2/ry 2Hr 1 9 5 o
— — ey Q5. 2.2
1—kr2/a2dt 1—kr2/a2dtdr+1—kr2/a2dr + r=dS); (2.2)

ds® =

where 74 = 1/y/H? + k/a? is the location of apparent horizon in a FRW universe.
Note that, the metric of the de Sitter spacetime is

r2 r2\ !
ds* = — (1 — l_2) dt* + (1 — l_2) dr? + r?dQ2. (2.3)
and the FRW metric (Z2) can be further rewritten that
1—72/r% Hr 1 — kr?/a?
2 _ A 2 2 | 2702
ds® = Ry (dt + T 7’2/7”124dr) +7 oY) dr® + r=d§2;. (2.4)

Thus it can be easily found that the de Sitter spacetime is just a special case of the FRW
universe where k = 0 and r4 = H~! = [ is a constant in (Z4). On the other hand, we know
that » = [ is the cosmological horizon of the de Sitter spacetime, therefore, there may be a
corresponding cosmological horizon in a FRW universe. By using the null property of the
cosmological horizon and the spherical symmetry in (2.2]), we can indeed obtain that the

corresponding cosmological horizon r = ry(t) which satisfies
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is
=1} /rh =iy — 2Hryiy. (2.6)
where f = r — ry(t). From (2.0]), it can be also easily checked that the corresponding
cosmological horizon rg(t) is just the cosmological horizon of the de Sitter spacetime when
k=0and rg =0.
In the following, we will investigate the Hawking temperature of the corresponding cos-

mological horizon r = rg(t) in a FRW universe. For the simplicity, we just consider the

Klein-Gordon field in a FRW universe. And the Klein-Gordon equation

1
\ =g g Ozt

can be rewritten in the FRW coordinates (2.2)) such that

(O—-m*)® = (\/_g‘“’ )<I> m?® = 0. (2.7)

Lo L open) 0 M 0 pen) 10 L0l
ot /l_ﬁrgat r ot /l_ﬁrgar r r2or 1_ kg2 ot” r
10 r? a0, 0y O pt,r) o, Ul+1) 1 p(t,r)

+ ﬁg[m(l - /M)g] = [m” + 3 ] "~ (2.8)
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where m is the rest mass of the Klein-Gordon particle, Y},,(6, ) is the usual spherical

harmonics and ® has been separated as
1
© = —p(t,1)Yin (0, ). (2.10)

For the convenience to investigate the behavior of the scalar field near the cosmological

horizon, we introduce the generalized tortoise coordinate transformation

re = r+—In[rg(t) —r|,
K
t, = t—t,. (2.11)
where £ is an adjustable constant, and 7y (t) is just the location of the cosmologica.l horizon.

Note that, x can be just the surface gravity of the event horizon or cosmological horizon in

the stationary spacetimes.



From (2.I1J), we can obtain

g = [1+ 71 0

or 2k(r —ry) Or.’

g 0 TH 0

ot ot, 2k(r—ry)or,’
> _ o+ 1 P >’ 1 0
or? 26(r —ry)” Or2  2k(r—ry)?or.’
02 1 02 Ty 1 02 TH 3}

otor 1+ 2(r —ry) Ot 0r,  2k(r —rg) 1+ 26(r —rg)  Or2 * 26(r —rg)2or,

> o ta ]2(‘9_2_ Tu O  iytiar—ry) 0 O
ot? 2k(r —rg)” Or2  k(r —rg) Ot.or, 2k(r —rg)?  Or, Ot

Thus after using the above differential relations, the radial equation (Z8]) can be

26(r — rg)(d° + k + ad) 2(12 4+ 14 m?r?) ka(r —ry) !
[r(2rk —2rgr + 1)a —arg]  r2[r(2rk —2rgk + 1)a — arpy| P
—[i 4+ (r = )iy — 1a® + [(r + r)ary +r(r — rg)(2rs — 2rgk + dla

a(r —ryg)[r(2re —2rys + 1)a — arpy|

{_CL

+{

r[2672 + 2602 — (4rk + Dryl(a® + k:)} p o (2rk — 2rpk + 1)2(a” + k)r?
a(r —ry)[r(2rk —2rys+ 1)a — ary]” Or. 2ka(r —rg)[r(2rk — 2ryk + 1)a — ary|
N —2(2rk — 2rpk + Dargar + a2[—(2rk + 1)2 + drrg (2rk + 1) — 46202 + 7] }82p
2ka(r —rg)[r(2rk — 2rgk 4+ 1)a — arpy| or?
26lr—rw)a _ Op ., &p 2ralr=rn) 0 o)
r(2rk — 2rgk + 1)a — ary Ot ot or.  r(2rk —2ryk+1)a — ary Ot?
when r — rgy and t — to, the radial equation (2I2)) can be
P p P p dp
A 2 = 0. 2.13
or? * ot,or, T or. (2.13)

where we have used the equation (2.6]) and
HTH — (H2 + ]f/a2)’/’H

(H2—|—]€/a2)TH—H’f‘H+;f;H—gTH

A= _ %, (= _ 2.14
/{(HT’H—’I“H) +arH, Qo TH_HTH ( )

The solutions of (Z.I3)) are
Pout = et ) (215>
Din = 6—iwt*+2iwm/Ae—aor*/A. (216)

By using the fact that usually the Klein-Gordon equation in the tortoise coordinates can
be reduced to the standard form of wave equation near the horizon

9?p 0?p
oz anor

0, (2.17)



we can adjust the parameter x to make A =1, and

Hryg — (H? + k/a?
o drn = (B + kjaT)ra (2.18)
(H’/’H — ’/’H)(QTH — 1)
Note that, A = 1 can also be implied from the special case, that of the de Sitter spacetime.

In this special case, k = 0 and rg = 0 with r4 = H~' = [, the £ in [2I8) is k = 1/ which

is just the surface gravity of the cosmological horizon in the de Sitter spacetime.
Therefore, the ingoing wave of the Klein-Gordon filed near the cosmological horizon can

be further rewritten

Din = e—zwt*+2zwr*e—aor* — e—zwt* e2zwr—o¢or(fr,H . ,,,,)ZUJ/H—Q()/2H. (219)

where we have used (ZIT]). And we can find that the ingoing wave (2.19) is not analytical on
the cosmological horizon, thus we can extend it by analytical continuation from the inside

of cosmological horizon to its outside [13, 14, 138-40]

™

(rg—r1)—|rg — 7’|ei7r = (r— rH)ei , (2.20)

and then the ingoing wave (2.19) becomes

iTag Tw iTag Tw

- —iwtx+2iwrs  —aoT« —

—iwty 2iwr—agr iw/ﬁ—ao/l‘ce—

Pin — pm =e e (r—rm) we no=e e e e s, >y
(2.21)
By using the Heaviside function Y
1, >0
Y(x) = {o, L (2.22)
the complete ingoing wave can be
6 = NoIY (rig = 1)pin +Y (rit = 7)pis]. (2.23)

where N,, is a normalization factor. From (2.23)), the scalar product of ¢ is

(O, ™) = Ny Ny (O — € "1 T02/EG ). (2.24)

w1?

Note that, if £ < 0, we can obtain from (Z.24)
(60,60) = —1 = N2(1 — el (2.25)

which is just a thermal spectrum with a temperature 7' = —k/27. While if k > 0, we can

obtain

(¢, ¢y =1 = N2(1 — e 2™/%), (2.26)



which is apparently not a thermal spectrum. However, we can redefine the complete ingoing

wave in (Z23)) that
O = € NY (rag — 1) pin + Y (rir = 7)), (2.27)

thus we can obtain
(6, 0") = 1 = N (/" 1), (2.28)

which is a thermal spectrum with the temperature 7' = x/27. In words, we can obtain the

thermal spectrum in both cases

N? = 1/[exp(w/KpT) — 1], (2.29)

w

where the temperature 7' is

(H2 +k/a2)rH - H’/’H
27T(HTH - TH)(QTH — 1)

2

. (2.30)

III. CONCLUSION AND DISCUSSION

Whether there is a Hawking temperature in a FRW universe is a very interesting question.
Viewed from the fact that the de Sitter spacetime can be a special case of a FRW universe
and there is a Hawking temperature on the cosmological horizon of the de Sitter spacetime,
thus it may also have a corresponding Hawking temperature in a FRW universe. Indeed,
there have been some clues showing that there is a Hawking temperature on the apparent
horizon in a FRW universe. However, in our paper, after first finding the corresponding
cosmological horizon of a FRW universe, and then investigating the behavior of a Klein-
Gordon field near the cosmological horizon, we obtain that there is a Hawking temperature
on the cosmological horizon of a FRW universe.

Some remarks on our results are in order.

(1) The relation between the apparent horizon and cosmological horizon in a FRW uni-
verse. From (2.0]), we can easily find that these two horizons are usually not consistent.
However, they are same when ry =0 or rg = 2Hry. By using rq = 1/\/m, we can
further reduce that H = 0 or H = k/a® in the 75 = 0 case, while 2H2+ H +k/a® = 0 in the
i = 2Hry case. Note that, the Ricci scalar of a FRW universe is R = 6(2H2 + H + k/a?),

thus the latter case is also equivalent to R = 0.



(2) The uniqueness of horizon. Note that, in the generalized tortoise coordinates (2.1T]),
the horizon can apparently be chosen other horizons such as the apparent horizon. However,
considered the fact that usually the Klein-Gordon field in the generalized tortoise coordinates
near the horizon can be reduced the standard form of wave equation (2.I7]), the horizon is
unique. And it should be the cosmological horizon in (2.6]). This can be seen from (2.12)

that when r — rg and t — tg

lim (2rk — 2rpr + D20 + k)r? — 2(2rk — 2rgk + 1)ar gar
=7 t—to 2ka(r —rg)[r(2rk — 2rgk + 1)a — arpy|
a?[—(2rk + 1)% + dkry (2rs + 1) — 4622 + 7]
2ka(r —rg)[r(2re — 2rgk 4+ 1)a — arpy|
And at first it should be satisfied

}=1. (3.1)

lim  {(2rk — 2rgk + 1)%(@° + k)r® — 2(2rk — 2ryk + 1)aigar

r—=rg,t—to
+a?[—(2rk +1)? + drrg(2re + 1) — 465 + i)} = 0. (3.2)

which is just the location of the cosmological horizon in (2.6]).
(3) Another method to obtain x and ry. There is a more simple method to determine x

and ry. From the generalized tortoise coordinate transformation (ZI1I), we can have

1 TH
dr. = [1 dr — ——————dt,
" 1+ 2k(r — TH)] " 2k(r —ry)
dt, = dt. (3.3)
Thus
2k(r —ry) Ty
dr = dr. dt.,
" QK(T—TH)—FIT_I_Q/{(T—TH)—I—l
dt = dt,. (3.4)
After substituting (3.4]) into the metric ([2.2]), we have
1—1r%/r? 2Hr rH 1 rH
ds* = {- o - 2yt
° { 1—kr2/a> 1—kr?/a®?2k(r —rg)+1 + 1—kr?2/a? [2/{(7' —ry)+ 1] ydt.
2Hr 2k(r —rp) 2 2k(r — ) TH
- dt.dr,
+{ 1—Fkr2/a?2k(r —rg) +1 + 1—Fkr2/a?2k(r —rg) +126(r —rg) + 1} "
1 26(r —TH) 199 502
d aQ
+1—/{;r2/a2[2f<¢(r—r1{)+1] ER
B 2k(r —ry) —Hr2c(r —rg) + 1] +7H 2k(r —ry) 0
(1= kr?/a?®)2k(r —ry) + 1] 2k(r —rg) +1 —Hr2c(r —rg)+1]+7ry  ©

—(1=r¥/r3)2k(r —rg) + 1> = 2Hrrg[26(r — rg) + 1]
—Hr2e(r —ry)[26(r —ry) + 1] + 26(r — rg)ry

.2
TTH G2 4 odr,dr,y + r2d02.
(3.5)
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which we require that it can reduce the following formalism in the limit » — rg,t — %
ds® = O (—dt? + 2dt,dr,) + r*dQ3. (3.6)

where 2 is the corresponding conformal factor. Therefore, we can obtain the same ry and
k in (26) and (218, respectively.

(4) The temperature in some special cases. Here we give some special cases where the
cosmological horizon is consistent with the apparent horizon.

In the ry = 0 case, the temperature in (2.30) is

1

= S (3.7)

1

5-— And this temperature measured
A

Note that, in reference [31,132] the temperature is T =
by the Kodama observer has a factor Hr, in front of the temperature measured by the
observer (0/0t)" in (Z2)). In addition, 7y = 0 ensures the observer in the coordinates system
in (2.11)) same as the observer (0/0t)* in (2.2]). Thus our result is in fact consistent with the
result in reference [31,32]. Furthermore, it also shows that the result in reference [31,132] is
just a special case of our result.

In the 7y = 2Hry case, the temperature in (2Z30) is

2H 27’% —1
2rHr%(4Hra — 1)

||
T: —_— =
2 ‘

. (3.8)

And it contains an interesting case. When k = 0, we can further calculate a(t) = t'/2 with

H = % and ry = % = 2t, which can just represent the period of radiation dominated in the

1

early FRW universe. From our result, the temperature in this period is T = G

(5) The generalized tortoise coordinate. In our paper, we choose the generalized tortoise
coordinate as that in (ZI1)). In fact, we can also choose the generalized tortoise coordinate

just as

1
= oo In[ry(t) —r|,

t, = t —to. (3.9)

By using the same procedure, we can obtain the same ry but different x, which can be
seen in appendix [Al And the reason can be simply viewed from the fact that the cos-
mological horizon is independent of observers, while the x related with the temperature

is dependent of observers. In fact, the 4-velocity of the observer in the new coordinate
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system after the coordinates transformation can be showed in the same coordinate system
in (2:2). After the coordinates transformation (2.I1]), the 4-velocity of the new observer is
(%)“+ Mriﬁ(aﬂ) while after the coordinates transformation (3.9), it is ( 2 —l—rH(aar)“.

Obviously, these two observers are different. And when r5 = 0 they are same as the observer

(9/0)" in (Z2).
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Appendix A: Choosing different generalized tortoise coordinate

In this appendix, we just use the more simple method to determine ry and . By using

([39), we can have

1 .
dr, — dr— — "1 g
2k(r —rpy) 26(r —ry)
dt, = dt. (A1)
Thus
dr = 2k(r — rg)dr, + rydt,,
dt = dt,. (A2)
After substituting (A2) into the metric (2.2]), we have
. .2
e (- 1—7r?/r3 B 2HrT 5 + }dt2 {_4H7‘I€(T—TH)
1—kr?2/a®> 1—kr?/a? — kr 2/ 2 1 —kr?/a?
Ak(r —rg)ry [2&( 1))? 5 o
——— Yt dr, dr? ds;
1 — kr?/a? } st k2/2 T
_ QK(T—TH)(—Her?'“H){Q/{( rH)d 2 (1—r2/rA)—2HrrH—|—ert2
(1 —kr?/a?) —Hr +ry 2k(r —ry)(—Hr +1g)

+2dt.dr,} + r2dQ3. (A3)
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Similarly, we require that the ([A3]) can be reduced the formalism ([3.6]) in the limit r — rgy

and t — ty. Therefore,

(1—r%/r%)+2Hrry — f’fq B

li A4
rﬁrizrfgﬁto 26(r —ry)(—Hr +rpy) (A4)
which reduces
(1= 7% /r%) + 2Hryiy — o, (A5)
and
H g _ 2
o — g T’H/’I“A . (A6)

TH—HTH
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