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Abstract. In this work we investigate the standard deviation of the Cosmic
Microwave Background (CMB) temperature gradient field as a signature for a multiply
connected nature of the Universe. CMB simulations of a spatially infinite universe
model within the paradigm of the standard cosmological model present non-zero
two—point correlations at any angular scale. This is in contradiction with the
extreme suppression of correlations at scales above 60° in the observed CMB maps.
Universe models with spatially multiply connected topology contain typically a discrete
spectrum of the Laplacian with a specific wave-length cut-off and thus lead to a
suppression of the correlations at large angular scales, as observed in the CMB (in
general there can be also an additional continuous spectrum). Among the simplest
examples are 3—dimensional tori which possess only a discrete spectrum. To date,
the universe models with non-trivial topology such as the toroidal space are the only
models that possess a two—point correlation function showing a similar behaviour
as the one derived from the observed Planck CMB maps. In this work it is shown
that the normalized standard deviation of the CMB temperature gradient field does
hierarchically detect the change in size of the cubic 3—torus. It is also shown that the
variance of the temperature gradient of the Planck maps is in slight anomaly with the
median value of simulations within the standard cosmological model. All flat tori are
globally homogeneous, but are globally anisotropic. However, this study also presents
a test showing a level of homogeneity and isotropy of all the CMB map ensembles for
the different torus sizes considered that are nearly at the same weak level of anisotropy
revealed by the CMB in the standard cosmological model.
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1. Introduction

An important open problem in cosmology is the fundamental question whether our
Universe is spatially infinite or finite. This question about the Universe at large is
concerned with the global geometry and topology of the Universe. Modern physical
cosmology is based on the theory of General Relativity. The Einstein field equations
are, however, differential equations and thus determine only the local physics but not the
global geometry and topology. Therefore, at present, the only possibility to decide about
the global and large-scale properties of the Universe consists in comparing predictions
of different models (in the framework of General Relativity) with observational data.

Important clues about the early Universe, its large-scale structure and time
evolution are provided by the temperature fluctuations (anisotropies) 07" of the Cosmic
Microwave Background (CMB). The CMB was discovered in 1965 by Penzias and
Wilson [1] as a nearly isotropic radiation in a radio telescope with antenna temperature
(3.5£1.0)K at a wave-length of 7.5cm. But from this they could not conclude that
they were observing a black-body spectrum as predicted by the big-bang paradigm. It
was 25 years later that the satellite COBE (Cosmic Microwave Background Explorer,
active life-time 1989-1993) [2] could show with the FIRAS instrument that the CMB
data follow an almost perfect Planck spectrum with the present mean value of the
CMB temperature Tepp=(2.735+£0.060)K. Nine years later, COBE finally obtained
Tonp=(2.725+0.002)K [3] (see section 2 for the present best value). In 1992,
COBE discovered with the DMR instrument the CMB temperature anisotropies [4-6],
subsequently measured with more and more precision by the space probe missions
WMAP (Wilkinson Microwave Anisotropy Probe, active life-time 2001-2010) [7-10] and
Planck (Planck probe active life-time 2009-2013) [11-16].

A basic quantity characterizing the anisotropies of the CMB and probing the
primordial seeds for structure formation is the full-sky two-point correlation function
(hereafter 2-pcf) of the temperature fluctuation d7'(7), observed for our actual sky in
a direction given by the unit vector n, defined by

Co(9) := (0T (R)6T(A)))  with % -A = cos? , (1)
where the brackets denote averaging over all directions 72 and n’ (or pixel pairs) on the
full sky that are separated by an angle 9. Since C°*(1J) corresponds to one observation
of the actual CMB sky from our particular position in the Universe, the average in
equation (1) should not be confused with an ensemble average. The ensemble average
could be either an average of the observations from every vantage point throughout
the Universe, or the average of an ensemble of realizations of the CMB sky in a given
cosmological model (see section 2).

C°>(19) has been measured for the first time in 1992 by COBE [4,5] from the 1-year
maps, and in 1996 from the 4-year maps [6]. The COBE data revealed small correlations
in the large angular range T delimited by 70° < 9 < 150° which later has been
confirmed with high precision by WMAP [7-10] and Planck [11-16]. COBE compared
the observed correlation functions with a large variety of theoretical predictions within
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the class of FLRW (Friedmann-Lemaitre-Robertson-Walker) cosmologies, including flat
and non-zero constant-curvature models with radiation, massive and massless neutrinos,
baryonic matter, cold dark matter (CDM), and a cosmological constant A, using both
adiabatic and isocurvature initial conditions, see e.g. [17,18]. From COBE observations
it was concluded [4] that the two-point correlations, including the observed small values
of C°*(¥9) in the range T, are in accord with scale-invariant primordial fluctuations
(Harrison-Zel’dovich spectrum with spectral index n = 1) and a Gaussian distribution
as predicted by models of inflationary cosmology. Thus, there was no indication that the
small correlations measured in the angular range T could hint to a serious problem, or
even to new physics. The situation changed drastically with the release of the first-year
WMAP observations that will be discussed below.

At this point it is worth to mention that at the time of COBE, i.e. before 1998,
the Hubble constant was not well-determined (the uncertainty amounting to a factor
of 2 or more); the acceleration of the time-evolution of the scale-factor of a FLRW
cosmology [19,20] was not yet discovered and thus the value of the cosmological constant
was not known. Also the low quadrupole was already clearly seen by COBE, but
was usually dismissed due to cosmic variance or foreground contamination. There
were, however, a few authors who emphasized that the COBE observations might
hint to a non-trivial topology of our Universe and called this field of research Cosmic
Topology [21]. The first-year data by WMAP led to today’s standard model of
cosmology [7-9], a spatially flat A—dominated universe model seeded by nearly scale-
invariant adiabatic Gaussian fluctuations, the ACDM model with cold dark matter
and a positive cosmological constant A. The fact that the non-Gaussianities of the
primordial gravitational fluctuations are very small is nicely confirmed by the recent
Planck data [22].

There remain, however, intriguing discrepancies between predictions of the ACDM
model and CMB observations: one of them is the lack of any correlated signal on angular
scales greater than 60° [9], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32], [33], [34], [35].
Further anomalies are e.g. the low quadrupole and a strange alignment of the quadrupole
with the octopole [36-38]. These anomalies were still questioned on the basis of the
seven-year WMAP data [10], and it is only with the sharper spatial and thermal reso-
lution of Planck that their existence in the CMB data have a robust statistical stand-
ing [11]. The observed severe suppression of correlations at large scales does not appear
in the simulated sky map examples of the CMB in a ACDM model. Figure 1 shows the
average 2-pcf of the four Planck foreground corrected CMB observation maps without
mask, NILC, SEVEM, SMICA and Commander-Ruler (their ensemble hereafter named
NSSC) compared to the average 2—pcf of one hundred thousand ACDM CMB maps at
a resolution Ngge = 128, with [, = 256 and a Gaussian smearing (defined in equation
(30)) of 2° (full width at half maximum). The calculation of the 2—pcfs is made in the
spherical harmonic space imposing isotropy and homogeneity for the Planck NSSC 2-
pcf which shows no correlation between 80° and 150°. Also the 2-pcf average behaviour
of the ACDM ensemble differs strongly from the one of the CMB observation maps by
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Figure 1: The average two-point correlation function of 100 000 CMB simulation maps without mask
in the infinite ACDM model according to Planck 2015 [13] cosmological parameters (in black dash line),
+1o in the dark shaded area, and 4+20 in the light shaded area (68 and 95 percent confidence levels,
respectively). This is compared to the average two-point correlation function of the four foreground
corrected Planck maps, NILC, SEVEM, SMICA and Commander-Ruler (NSSC) in solid line (blue for

the online version).

WMAP and Planck. Approximately 0.025% of the ACDM realizations have a 2-pcf
displaying the same large-angles suppression as the 5—year WMAP map [31].

A further discrepancy occurs on scales below 9 & 50°, where the ACDM simulations
also reveal, on average, larger correlations than those observed by WMAP and Planck
(see figure 1 and, e.g., figure 3 in [38]). The angular range ¢ < 50° of the 2—pcf
depends on all multipoles (I > 2) of the observed power spectrum (see e.g. the Planck
spectrum, figure 57) [13]) in the case of no or very small smoothing (see equation (30)).
There is a large contribution from the first acoustic peak and also from the higher
peak structure which appears up to the large I's (i.e. the smallest angles limited by
the instrument resolution). Note, however, that the very large multipoles (I > 900)
are strongly suppressed by Silk damping. The ‘high’ multipole moments (I > 30) do
not differ very much for ACDM and the ‘topological’ models, the crucial contribution
to C(¢), which leads to the discrepancy for ¢ < 50°, comes from the low multipoles
(mainly for [ < 29) where the power spectrum shows a lack of power for the quadrupole
and a characteristic ‘zig-zag structure’ (see, e.g., [9], [23], [24], [25], [26], [27], [28], [29],
[31], [32], [33], [34], [35]).

In addition, the 2—pcf C(99) of the ACDM model reveals a negative dip between 50°
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and 100° and a positive slope beyond and up to 180°. Thus, on average, these CMB
sample maps for an isotropic and homogeneous infinite ACDM model display a non zero
2-pcf for any separation angle ¢ except those in the two narrow regions of cancellation
around 40° and 120°. For the observed CMB by Planck, WMAP or COBE the lack
of correlations at large angular scales finds a natural explanation in cosmic topology:
compared to the CMB simulation maps of the ACDM model in an infinite Universe, the
suppression of the 2-pct at large angular scales of the Planck CMB maps is consistent
with finite spatial sections of the Universe.

Before 1998 there was the theoretical prejudice that the Universe is flat (total
density parameter (,;=1), while the data pointed to a negatively curved spatial section
Qtor < 1. In [39,40] the CMB was investigated for a small compact hyperbolic universe
model (an orbifold) with 0.3 < Qo < 0.6, and for the nearly flat case with Q4 < 0.95,
respectively, containing radiation, baryonic, cold dark matter and A. It was shown
that the low multipoles are suppressed even for nearly flat, but hyperbolic models with
Dot < 0.9. For even larger values of ¢ = 0.95, fluctuations of the low multipole
moments C) occur, which are typical in the case of a finite volume of the Universe.
In [41,42] the first-year WMAP data and the magnitude-redshift relation of Supernovae
of type Ia have been analyzed in the framework of quintessence models and it has been
shown that the data are consistent with a nearly flat hyperbolic geometry of the Universe
if the optical depth 7 to the surface of last scattering is not too big.

Furthermore it has been shown [23,25] that the hyperbolic space form of the Picard
universe model, defined by the Picard group which has an infinitely long horn but finite
volume, leads e.g. for Qaer = 0.30 and Q = 0.65, to a very small quadrupole and
displays very small correlations at angles ¢ < 60°. Even at small angles, ¥ ~ 10°, C(9)
agrees with the observations much better than the ACDM model.

Depending on certain priors, the WMAP team reported in 2003 from the first-
year data [9] for the total energy density o = 1.0 & 0.02 together with Qparyon =
0.044+0.004, Qpatter = 0.27£0.04, and h = 0.711’8:831 for the present-day reduced Hubble
constant h = Hy/(100km s~! Mpc™!) (the errors give the lo-deviation uncertainties).
Taken at face value, these parameters hint at a positively curved Universe. Luminet
et al. [43] studied the Poincaré dodecahedral space which is one of the well-known
space forms with constant positive curvature. In [43] only the first three modes of
the Laplacian have been used (comprising in total 59 eigenfunctions), which in turn
restricted the discussion to the multipoles | < 4. Normalizing the angular power
spectrum at [ = 4, they found for i,y = 1.013, a strong suppression of the quadrupole
and a weak suppression of the octopole. The 2—pcf C'(¥}) could not be calculated.

A thorough discussion of the CMB anisotropy and of C(d) for the dodecahedral
topology was carried out in [26] based on the first 10521 eigenfunctions. An exact
analytical expression was derived for the mean value of the multipole moments C; (I > 2)
for the ordinary Sachs-Wolfe contribution (i.e. without the integrated Sachs-Wolfe
effect and the Doppler contribution), which explicitly shows that the lowest multipoles
are suppressed due to the discrete spectrum of the vibrational modes. The discrete
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eigenvalues for all spherical spaces are in appropriate units given by Fz = 32— 1, where
the dimensionless wave numbers /5 run through a subset of the natural numbers. (Only
in the case of the simply connected sphere 8, 3 runs through all natural numbers.) In
the case of the dodecahedral space there exist no even wave numbers, and the odd
wave numbers have large gaps since, e.g., the allowed [-values up to 41 are given
by {1,13,25,31,33,37,41}, where § = 1, corresponding to the zero mode F; = 0,
is subtracted since it gives the monopole. Thus, the spectrum is not only discrete but
has in addition large gaps (‘missing modes’) which lead to an additional suppression.
The analytical expression for the Cj’s also leads to an analytical expression for the
correlation function (due to the ordinary Sachs-Wolfe contribution) which shows the
suppression at large scales [26]. The remaining contributions from the integrated Sachs-
Wolfe and Doppler effect were computed numerically. A detailed analysis of the CMB
anisotropy for all spherical spaces was carried out in [27], and it was shown that only
three spaces out of the infinitely many homogeneous spherical spaces are in agreement
with the first-year WMAP data.

The question of the strange alignment of the quadrupole with the octopole, and the
extreme planarity or the extreme sphericity of some multipoles has been investigated
in [44] with respect to the maximal angular moment dispersion and the Maxwellian
multipole vectors for five multiply connected spaces: the Picard topology in hyperbolic
space [23,25], three spherical spaces (Poincaré dodecahedron [26,43], binary tetrahedron
and binary octahedron [27]) and the cubic torus [29]. Although these spaces are able
to produce the large-scale suppression of the CMB anisotropy, they do not describe
the CMB alignment. From the models considered, the Picard space form reveals the
strongest alignment properties.

Already the 3—year data of WMAP provided a hint that our Universe might
be spatially flat [28]. The 2018 results reported by the Planck team [45], combining
Planck temperature and polarization data and BAO (baryon acoustic oscillation)
measurements, give for the curvature parameter Qx = 1 — ¢ the small value
Qx = 0.0007£0.0019, suggesting flatness to a 1o accuracy of 0.2%. Recently, however, a
different interpretation has been presented claiming that the data show a preference for
a positively curved Universe, noted also in [45] (for references see [46]). This problem has
been revisited in [46], and when combining with other astrophysical data, it is concluded
that spatial flatness holds to extremely high precision with Qx = 0.0004 £ 0.0018
in agreement with Planck [45]. But, also recently, it has been pointed out [47, 48]
that there are inconsistencies between cosmological datasets arising when the FLRW
curvature parameter i is determined from the data rather than constrained to be
zero a priori. Relaxing this prior also increases the already substantial discrepancy
between the Hubble parameter as determined by Planck and local observations to the
level of 5o. These different outcomes originate from the comparison of data at the
CMB epoch and data from the present-day Universe providing ‘tensions’ for the ACDM
model [49], [50], [51]. Resolving these tensions appears to need a fully general-relativistic
description of the curvature evolution [52].
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Assuming that the spatial section of our Universe is well-approximated by a flat
manifold that is furthermore simply connected, it follows that its topology is given
by the infinite Euclidean 3—space E3. This is exactly the assumption made in the
ACDM model which leads to the intriguing discrepancies in the range T of large angular
scales as discussed above (see figure 1). It has been shown in [29,32,34, 53] that the
simplest spatially flat finite-volume manifold with non-trivial topology i.e. the multiply-
connected cubic 3—torus 72 with side length L having the finite volume L3, leads in a
natural way, without additional assumptions, to the observed suppression at large scales
if only the volume is not too large. For the many previous works on a toroidal universe
model, see the references in [29].

A modified correlation function, the so-called spatial correlation function, was
suggested in [30], which takes the assumed underlying topology of the dodecahedron
into account and provides estimates for the orientation of the manifold. This method
was applied to the 3—torus topology in [34]. Another example of topology is provided
by the flat slab space [35] with one compact direction and two infinite directions. A
further example is provided by the compact Hantzsche-Wendt manifold for which the
ensemble averages of statistical quantities such as the 2-pcf depend on the position
of the observer in the manifold, which is not the case for the 3—torus topology 73.
The suppression of correlations of the 2—pcf is studied in [33]. For this topology, the
‘matched circles-in-the-sky’ signature is much more difficult to detect because there are
much fewer back-to-back circles compared to the 72 topology.

While the infinite ACDM model is homogeneous and isotropic, the multiply
connected torus Universe 72 is still homogeneous but no more globally isotropic. In
a flat Universe having three infinite spatial directions such as for the ACDM model,
the spectrum of the vibrational modes (i.e. the eigenvalues and eigenfunctions) of the
Laplacian is continuous. In the case of the 3—torus topology 72, the CMB temperature
anisotropies 67 over the 2—sphere S? are calculated by using the vibrational modes
of the Laplacian with periodic conditions imposed by the cubic fundamental domain
without boundary [29]. The discrete eigenvalues of the Laplacian are then given by

9\ 2
E, = (%) n? with n = (ny,ny,n3) € Z° . (2)

Thus, the wave number spectrum of 72 is discrete and countably infinite consisting of
the distinct wave numbers

D
km:%\/ﬁ,mzo,m,..., (3)

i.e. there is no ultraviolet cut-off at large wave numbers. There are gaps between
consecutive wave numbers,

T 1
bt — ko ~ ——— M — 4
m—+1 m L\/ﬁ’m o, ()

which tend to zero asymptotically. However, the wave numbers are degenerate, i.e. they
possess multiplicities r3(m), where r3(m) is a very irregular, number-theoretical function
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with increasing mean value, which counts the number of representations of m € Ny as
a sum of 3 squares of integers, where representations with different orders and different
signs are counted as distinct. For example, r3(0) = 1, r3(1) = 6, r3(2) = 12, r3(3) = 8,
r3(4) = 6, r3(5) = 24. (r3(m) has been already studied by Gauss.) Weyl’s law provides
the asymptotic growth of the number N(K) of all vibrational modes in the 3—torus
with |ky| == vVE, < K,

N(K)~6—‘;K3, K — o0, (5)
where V = L3 is the volume of the torus manifold (see for instance [26,27,40] and the
review [54]). For example, in [53], the first 50000 distinct wave numbers were taken
into account comprising in total 61 556 892 vibrational modes which allowed to compute
the multipoles up to [ = 1000. There is, however, in the case of the CMB anisotropy
in a torus universe model, a cut-off at small wave numbers, i.e. an infrared cut-off,
|kn| > 27/L = ky, since the zero mode |ko| = 0 has been subtracted, as was first
pointed out by Infeld in the late forties [55].

In this paper, the cosmological lengths are expressed in terms of the Hubble length
denoted Ly = ¢/Hy as in [29,34]. The value of the reduced Hubble constant today
according to Planck 2015 [13] was h = (0.6727 £ 0.0066) (68% limits) and is used in
the tables 1 and 2 of this study, giving a Hubble length of Ly = (4.4453%39330) Gpc.
The value determined from the most recent analysis of Planck from the ACDM model
in 2019 [56] is very close, i.e. at h = (0.6744 £ 0.0058) (68% limits). The 3—torus
and ACDM simulations presented in this work are calculated using the Planck 2015
cosmological parameters. But, given the small Ngq. = 128 and [, = 256 and the
strong Gaussian smoothing scale of 2° f.w.h.m., suppressing the sharp CMB structures
at the first acoustic peak and beyond, differences between using the Planck 2015 or
the Planck 2019 cosmological parameters to generate the CMB temperature maps are
not expected in terms of cosmic topology. It is only when considering the improved
polarization data of Planck legacy 2018 that differences would eventually be expected
for cosmic topology.

For the CMB in a universe model with 3—torus topology and with an optimally
determined torus side length of L ~ 3.69Ly, the 2-pct is nearly vanishing for large
angles [29, 34], fitting much better to the 2-pcf of the observed maps than those of the
ACDM model. In the case of the slab space manifold (only one compact direction [35])
the match with the Planck 2015 CMB maps 2-pcf is good, once the slab is optimally
oriented with respect to our galactic plane and for an optimal slab thickness close
to 4.4Ly (for the same H, of Planck 2015). Also good is the 2—pcf match for any
angle separation [35], except for the angles beyond 150° where the remnants of galactic
foreground pollution in the Planck maps could explain the non-zero and negative value
of the correlation at the largest scales.

The two other tested signatures of a 3—torus multiply connected topology, the
so-called ‘matched circles-in-the-sky’ pattern and the covariance matrix, entail no
conclusive results [29,57,58]. It is then of great importance to confirm the possibly
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multiply connected nature of our Universe suggested by the vanishing 2-pcf through
complementary methods using different observables and implemented with other
morphological or topological descriptors. In the present study we consider a global scalar
which appears to provide a complementary method of detecting a multiply connected
Universe from the CMB map analysis.

This paper is organized as follows. In section 2, the conventions and definitions
of the quantities used are given, and the normalized standard deviation p of the
CMB temperature gradient field, the central object of this investigation, is introduced.
Section 3 presents the main outcome: the hierarchical dependence between the size of
the topological fundamental cell of the universe model and the normalized standard
deviation p of the temperature gradient. This result is based on the analysis of five
ensembles of cubic 3—tori 73, with topologies of increasing size, as well as one ensemble
of the infinite ACDM model, and the Planck CMB maps. In section 4 two CMB maps
in the cubic 3—torus topology at small (L = 0.5Ly) and large (L = 3.0Ly) side lengths
illustrate how much the different spectra of vibrational modes influence the scale of
spatial features on the CMB map. The average 2-pcfs of those different 3—torus sizes
are shown and commented. Section 5 is dedicated to quantify the level of isotropy and
homogeneity of the 3—torus CMB maps. In section 6 the ingredients of the Boltzmann
physics used in simulations are presented. We develop on the attempts and limitations
to predict the relation between L and p. In section 7 we conclude that p can serve as
a sensitive probe and leads to a complementary test for a multiply connected Universe,
although the preferred side length is found to be mildly smaller than the value derived
from the 2—pcf analysis. Finally, we show and discuss the fact that results from the
p-analysis would augment the list of the CMB anomalies.

2. The normalized standard deviation p of the temperature gradient field G

The CMB temperature fluctuation 67'(n) := T(n) — Tj is defined as the difference
between the direction-dependent temperature 7T'(72) and the monopole Ty := Tomp,
with Tomp = (2.7255 £ 0.0006K) [13,59]. On the sphere 82, we write the metric in
spherical coordinates (9, ),

ds? := d? + sin® ¥ dp? | (6)
and denote the unit vector by nn = 7(1J, ¢). The angular average of 67(72) vanishes,
1
— | &R dT(R)=0. 7
= [ oria) o M)

Averaging also over the possible positions from which the CMB is observed, one obtains:
| @) o, ©
82

with p(n) = (07(7n)). Here, the brackets denote an ensemble average at fixed 7.
Similarly, we define the ensemble average of the variance of §T'(71),

o5() = (OT(R) — u(R)]*) . (9)
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Assuming that the Universe is homogeneous and isotropic on average, all averages
(6T (n)OT(n")OT(R") - - -) are rotationally invariant functions of A, ', A", - -, and thus
w and of are independent of #. In this case it follows that = 0 and

o5 = (DT (R)]) . (10)
Since the correlation function (1) is a function of fi - A’ = cos ), it can be expanded in
Legendre polynomials,

" d2 Z d2 R/ N
C%( - — cos ) 0T (n)dT (R')
52 52

[e.e]

= (21 + 1)C™ Py(cos ) , (11)
=1

with the multipole moments

obs:_ 2~ 2AIP T T'\/ _ 12
G = o [ [ @ pne ) ST %HZ\W (12)

and where the complex coefficients {a;,} are the coefficients of the expansion of 07'(71)
into spherical harmonics, Y, ™(7), on the full sky. The observed angular power spectrum
is then given by

(5/Ivlobs)2 — Z(ZQW )Cobs . (13)

Note that equations (11) and (12) hold without any theoretical assumptions on 67'(71)
(provided the integrals and series converge).

Assuming that the Universe is homogeneous and isotropic on average, the ensemble
average of the full-sky correlation function is rotationally invariant and satisfies

C(9) = (OT(R)ST(R')) = i ;(zz +1)C PR -7 (14)
with the multipole moments

Cr = {Janl*) (15)
(independent of m). From (12) and (15) follows that

(CPP) = G . (16)

From (15) and (16) one finds the normalized variance of C; — Cf™, i.e. the cosmic

Cl—CObS 2 1 1 1
e S - 14— 2, 12 |

If we furthermore assume that d7(7) is a Gaussian random field on &2, it follows that

variance:

the {a;,} are complex Gaussian random variables which, however, does not imply that
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also the Cj’s are Gaussian random variables. The cosmic variance (17) simplifies in the
Gaussian case and is given by

(552

(For the case with mask, the reader is directed to equations (22)-(24) in [33].)
Over the 2—sphere support of the CMB temperature anisotropy map we also define
G, the gradient field, dependent on the spherical coordinates ¥ and . In terms of its

components,
00T
Gﬁ o0 ) ( 9)
and
1 06T
=—_—— 20
Y sindd Oy (20)
The variance o7 of the local temperature gradient is defined by an average over the
directions,
o == (V10T (R)V'OT (R) 4+ V20T (R)V?0T (7)) | (21)
where in spherical coordinates the covariant derivatives are given by
0T\
V6T (R)VIST(R) = 0T 96T = G2 = (a—ﬂ) : (22)
and
1 96T\?
T(R)VT(R) = 6T 6T = G2 = — . 2
V0T (R)V6T (1) = 0T ,6 G, (sinﬂ 8@) (23)

If the CMB sky map is an isotropic and homogeneous Gaussian random field having a
negligible mean p (hereafter IHG properties, IHG standing for isotropic, homogeneous
and Gaussian of zero mean), the ensemble average of the CMB is statistically determined
by its 2-pcf C(9), equations (14) and (15). Under this condition the components Gy and
G, of the gradient vector G, equations (19) and (20), are Gaussian random variables
with zero mean and identical variance o7 /2.

The field of CMB temperature anisotropies 07'(72) is discretized into pixels of the
HEALPix tessellation §T; := 0T (f;), and for the purpose of this investigation, o3 is
calculated in pixel space in spherical coordinates (see also the formulas in the non-

discretized case, equations (29) and (30) in [60]) as the average” expanded into

. 2
anlxelsfl ( 96T; ) 2 + 1 00T;
1=0 oY sind O

npixels

o7 = (Gj+ Gi,> = (24)

The reader may refer to mathematical definitions, developments and discussions related
to scalar statistics on the CMB spherical support manifold in [17,53,60,61]. Under the

2 This is implemented using a modified version of the HEALPix Fortran subroutine ‘alm2map_der’ and
its function ‘derl’.
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assumption that §7(R) is an isotropic and homogeneous random field on average, o?

can be calculated in the spherical harmonic space as

Imax )

I 21 1
crl.—ZC L G (25)

where C) are the multipole moments (15), monopole and dipole are subtracted (i.e.
Imin = 2) and l.x = 256. Under the same isotropy condition, the variance of 07'(7)
reads:

Imax
20+1
Z C, + . (26)

If the CMB sky maps possess the IHG properties, they are statistically completely
determined by the multipoles C;. Also, the equivalence between the 2—pcf C'(¥)) and the
power spectrum (0777 := (I + 1)C;/2m) only holds if the CMB over the whole 2—sphere
is observable.

We define p as the normalized standard deviation of the gradient field G of
temperature anisotropy over a single map,

G? +G2 o2
pi= (@i G =1/ (27)
)

while the mean in terms of p for an ensemble of n maps is given by

(p) = Zj:l Pj

- (25)
While searching for possible non-Gaussianities in the CMB maps using Minkowski
functionals [22], one of us (FS) proposed in 2012 the normalized variance of the CMB
gradient as a new signature of a multiply connected nature of the Universe. First
applications to cubic tori of different volumes indeed revealed [62] that there is a
hierarchical dependence of p as a function of L the side length of the torus. Note
that the ratios o1 /0 and respectively o3/02, appear in the definition of the Gaussian
prediction of the second Minkowski functional (MF) and respectively the third MF of a
random field on the 2—sphere S?. For comprehensive definitions of random fields and
Minkowski functionals of excursion sets, see [17,22,53,63-65].

Obviously, p defined as a ratio does not depend on an overall normalization constant
of the temperature field. While a comparison of maps using only oy or o7 or the 2-pcf
requires the normalization of the temperature anisotropy field. We shall develop on this

application of normalization for our ensembles of 3—torus maps in sections 4 and 6.

In order to provide an illustration of the quantity from which p is derived by
averaging G, figure 2 shows in Mollweide projection the map of

i = Goat Goa _ |9t (29)
(N 0_8 0_8 )
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Figure 2: The map of the normalized norm of the temperature gradient field G, as defined in equation
(29) and calculated from a CMB map of the 3—torus at L = 1.0Ly at a resolution of Ngge = 128,
lrange = [2,256] and ¥¢ = 2°. In the online version (respectively in the offprint version), the strongest
local gradients appear in red (dark) and the weakest gradients in dark-blue (black). While the most
interesting features, the numerous iso-contour patterns, are shown in light-blue (white).

where i denotes a pixel index, for one CMB map of the 3—torus simulations at a side
length of L = 1.0Ly. The resolution parameters are the ones applied to all the maps
all along the present study i.e. Ngge = 128, liange = [2,256] and a Gaussian smoothing
Yg = 2° f.w.h.m. The Gaussian smoothing is defined by C; — Cj|F;|? with

11+ 1)) (30)

and o = 7/(180v/81n2), which is obtained in the limit ads < 1 from the Gaussian
kernel on 82

2,92
a“vg,

Fy =exp (—

3. A hierarchical dependence of the size of the fundamental cell versus p

The following analysis is based on five ensembles of the cubic 3—torus 72 topology
belonging to different sizes of the fundamental cell, and one ensemble of the infinite
ACDM model (with a simply connected topology). The five 3—torus ensembles belong
to the side lengths L/Ly = 0.5,1.0,1.5,2.0 and 3.0. Each ensemble consists of 100000
realizations leading to 100000 CMB sky maps®. The CMB maps of the 3—torus and
the infinite ACDM model are computed using the cosmological parameters according to
Planck 2015 [13]. The CMB maps are analyzed at a HEALPix resolution of Ngge = 128

3 The simulation of the map ensembles for larger side lengths of the torus is computationally expensive,
typically months for a hundred core cluster.
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(196608 pixels of diagonal 27.5; i.e. a pixel side length of 19.4") with l,.x = 256, and
are smoothed with 44 = 2°.

I
without mask
ACDM
L/Ly=3.0 ——

L/Lyg=2.0
L/Lyg=1.5 ——
“L/Lg=1.0 ——

L/Lyg=0.5
NILC ..................
SEVEM ---------
SMICA -------
C-R__———

=== ========-f----------===i-====
7 ; ;

55 60

Figure 3: The histograms of p without foreground mask. Presented in solid lines are the PDF
histograms and the Gaussian distributions for the ensembles of 100000 model maps. From right to
left: in colour for the version online (gray-scales for the offprint version) the 3—torus at L = 0.5Ly in
light brown, L = 1.0Lg in brown, L = 1.5Ly in magenta, L = 2.0Ly in green, L = 3.0L in blue and
the ACDM model in black. The Gaussian PDFs are computed from the means and the variances given
in table 1 and illustrate the deviation of the PDFs from a symmetrical distribution. The means are
shown with a vertical solid line and the medians with a vertical dashed line. The mean (p) for each of
the four Planck maps is shown with a vertical line in red for the online version (NILC in small dots,
SEVEM in small dashes, SMICA in large dashes and Commander-Ruler as a solid line).

For each set of 100 000 maps, the probability distribution functions (PDFs) of p are
shown for the five cubic 3—torus side lengths L, and for the infinite ACDM model, as
histograms in figure 3 (unmasked case) and figure 4 (masked case). All distributions are
unimodal with a pronounced peak. We present further below in tables 1 and 2 the mean
value (p), the median p-value (thereafter denoted median((p)) or abridged median), the
standard deviation X, the skewness coefficient

ms

M= ﬁ ) (31)
and the excess kurtosis
my

Yo = g - 3 ) (32)

where m,, denotes the n' central moment of a given distribution (see e.g. [22]).
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0.25 ! ! ! ! ! '
: : ; ; ; with U73 mask
ACDM
L/Ly=3.0 ——
L/Lyg=2.0
L/Ly=1.5 ——
0.2 ~L/Lg=1.0 —— |
L/L;=0.5
NILC ..................
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Figure 4: Same as figure 3 for the histograms of p, here with exclusion of the U73 mask pixels. The
Gaussian PDF's are computed from the means and the variances given in table 2.

In this paper we do not discuss a theoretical model for the PDF P(p), which has
been studied by two of us (RA and FS) in [66]. In this model, the PDFs of the random
variables oy and oy, respectively, are approximated by truncated Gaussian distributions
(see Appendix A). Under this assumption an analytic expression for P(p) is derived
in [66] describing an unimodal skewed distribution that agrees reasonably well with, for
example, the histogram of the 3—torus with side length L = 2Ly, shown in figure 3
Thus, the model yields a first approximation to P(p). The deviations from the actual
histograms is due to the fact that the PDF of oy possesses a definite non-Gaussian
component, whereas the PDF of o, only shows a small deviation from a Gaussian
behaviour. The histograms presented in figure 3 are indeed unimodal, but not Gaussian®.
In order to visualize a possible non-Gaussianity of P(p), we shall compare in figures 3
and 4 the histograms with a Gaussian PDF.

Since p is by definition a strictly positive random variable, the appropriate Gaussian
PDF to compare with is not the standard normal distribution defined on the whole
line but rather a truncated normal distribution defined only on the positive half-line.
Thus, the Gaussian PDF to be applied in this situation should a priori be a one-
sided truncated Gaussian probability distribution function. For the construction of the
truncated Gaussian we refer to Appendix A. There it is shown that the deviations of the

4 The deviation from Gaussianity does not necessarily imply a violation of the IHG properties.
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truncated Gaussian PDF from the standard normal distribution are, however, extremely
small in the case considered here. Therefore, we compare the histograms in figures 3
and 4 with the standard Gaussian PDF fixed by the mean values (p) and the variance
¥:2 given in tables 1 and 2 below.

A Gaussian random variable has the following unique characteristic properties:
— Its PDF maximizes the (differential) entropy among all probable continuous

distributions with fixed first and second moment, and in general among all unimodal
distributions.

— All higher odd moments and all cumulants with n > 3 are identically zero, i.e. in
particular ;3 = 7, = 0.
— Furthermore, one can show (Marcinkiewicz’s theorem [67]) that the normal

distribution is the only distribution having a finite number of non-zero cumulants.

— It holds the equality ‘mean’ = ‘median’ = ‘mode’ (where ‘mode’ is defined as the
location of the maximum of the unimodal PDF).

Thus, 71, 72 as well as all higher cumulants and the differences

01 ;= median — (p) ; 9 :=mode — (p) , (33)
can serve as indicators of non-Gaussianity of P(p). There exists the general bound
(Mallows” bound) for all PDFs with 3 < oo:

01] <3, (34)
and for any unimodal PDF there is the sharper bound

3
16,] < \/g SR 0.775 % . (35)

Tables 1 and 2 show that §; > 0 for all tori, and thus we can consider the normalized
ratio d; /% as another measure of non-Gaussianity. A possible non-Gaussianity may be
considered as small, if 0; /% is smaller by a factor of 10 than the upper bound (35), i.e.
if 9;/3 < 0.078 holds.

Some general properties of these histograms of p arise, independently of taking into
account the U73 union mask:

— All PDFs of p show a systematically weak negative skewness +; which is true also
for the infinite ACDM sample. This skewness is less pronounced for the torus at
L=0.5Lp.

— The PDF's for the 3—torus at L = 0.5Ly are platykurtic, i.e. with a small negative
excess kurtosis 75 = —0.115 (no mask) and 7, = —0.109 (U73 mask).

— The PDFs of L = 1.0, 2.0Lg and the ACDM are almost mesokurtic with ~, very
small and positive (75 < 0.085).

— The PDFs of L = 1.5 and 3.0Ly are leptokurtic i.e. with 7, positive between
Yo = 0.138 and o = 0.245.
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L/Ly L(Gpc) R (p) median  J; > 01/% " Yo

0.5 2.2227 12.57 49.275 49.376 0.101 2.723 0.037 —0.202 —-0.115
1.0 4.4453 6.29 42.755 42907  0.152 2.45 0.062 —0.339 0.085
1.5 6.6680 4.19 41.215 41.347  0.132 2.106 0.063 —0.372 0.175
2.0 8.8906 3.14 39.771 39.858  0.087 1.815 0.048 —0.273 0.085
3.0 13.3360 2.10 36.173 36.285 0.112 1.879 0.060 —0.356 0.201
NILC 35.434

SEVEM 36.290

SMICA 35.591

C-R 35.635

NSSC 35.738 35.613 —0.125 0.327 —0.380 0.971 —0.781
00 00 0 34.067 34.143 0.076 1.722 0.044 —0.248 0.035
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Table 1: Table of p (no mask), (p), median, §;, standard deviation X, §;/%, skewness v; and excess
kurtosis v, for each of the 3—torus side lengths and the infinite ACDM. NSSC stands for the ensemble
of the four Planck maps NILC, SEVEM, SMICA and Commander-Ruler. The 3—torus comoving side
length L is given in units of the Hubble length Ly, and R = 2rgpg/L is twice the ratio comoving CMB
angular diameter distance to the comoving side length of the fundamental cell, with a distance to the
CMB of rgqr,g = 14.0028 Gpc corresponding to 3.15L .

R

median

L/LH L(GPC) <p> 51 b)) 51/2 Y1 Y2

0.5 2.2227  12.57 49.542 49.634  0.092 2.645 0.035 —0.184 —0.109
1.0 4.4453 6.29  43.031 43.161 0.130 2.352 0.055 —0.304 0.054
1.5 6.6680 4.19  41.351 41471 0.120 2.064 0.058 —0.339 0.138
2.0 8.8906  3.14  39.622 39.720 0.098 1.928 0.051 —0.274 0.069
3.0 13.3360 2.10  36.288 36.400 0.112 1.888 0.059 —0.360 0.245
NILC 36.639

SEVEM 36.662

SMICA 36.688

C-R 36.612

NSSC 36.650 36.650 6.9 107° 2.8107% 0.002 -6.210"% —1.304
00 00 0 34.132 34.206 0.074 1.809 0.041 —0.244 0.050

Table 2: Same as table 1 but with U73 mask.

no mask | L/Ly =3 | NSSC | ACDM
{p) 36.173 [ 35.738 | 34.067

Js —0.2325.3 | +0.970%,
median 36.285 [ 35.613 | 34.143
Js —0.3585.3 | +0.854%,
U73 mask | L/Ly =3 | NSSC [ ACDM
{p) 36.288 [ 36.650 | 34.132

s +0.192% 3 | +1.392%,
median 36.400 | 36.650 | 34.206
Js +0.132%,3 | +1.3515

Table 3: Table of the statistical deviations ds (see equations (36) and (37)), comparing (p) and median
of the Planck NSSC maps with the 3—torus at L/ Ly = 3, also denoted L3 (L3’ with mask), and with
the ACDM model, also denoted A (A" with mask).
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In tables 1 and 2 one observes that the largest value for 4; /% is in the no mask case
0.063, and in the U73 mask case 0.059, which clearly indicates that the non-Gaussianities
of P(p) are small.

Despite the overlap between the adjacent PDFs of each different 3—torus, one
notices that, to a given p-range, one can associate a given 3—torus side length following
a hierarchical ordering, i.e. the smaller the 3—torus, the larger the p-value. In addition,
the PDF of p for the infinite ACDM model is located beyond the PDF of the largest
chosen 3—torus at L = 3.0Ly. This trend confirms the hierarchical dependence between
the size of the fundamental cell of the universe model and the value of the normalized
standard deviation p of the temperature gradient. Figure 4 shows, in contrast to figure
3, the distributions obtained from the CMB maps with the application of the U73 mask,
i.e. the pixels behind the U73 mask are ignored. It reveals a similar hierarchical ordering
with the mean and median p-values somewhat shifted to higher p-values for a given torus
ensemble, see also table 2.

The two figures 3 and 4 also display the value of p for each of the four foreground-
corrected Planck 2015 maps, NILC, SEVEM, SMICA and Commander-Ruler. In
addition, the arithmetic average (p) for these four Planck maps (NSSC) is shown (see
tables 1 and 2). Their individual p-values are indicated by the four vertical lines
in the two plots. These p-values can be clearly distinguished in figure 3, where the
foreground-contaminated pixels are present. These p-values, however, nearly converge to
the arithmetic average (p), when the U73 mask pixels are rejected, as can be appreciated
in figure 4. The arithmetic average (p) = 35.738 of the four Planck maps is rather close
to the arithmetic average (p) ~ 36.173 of the 3—torus ensemble L = 3.0Ly at —0.232X 3
(see equations (36) and (37) for definition of the statistical deviations) when no mask
is used, see table 1, and, with the U73 union mask, the arithmetic average (p) = 36.650
of the four Planck maps is +0.1923 ;3 above the arithmetic average at 36.288 of the
3—torus sample L = 3.0Ly, see table 2.

Without mask (see table 1), the median value 35.613 of the four Planck maps is
slightly below the median at 36.285 of the 3—torus ensemble, i.e. at —0.358% 3. With
the U73 mask (see table 2), the median of the NSSC maps at 36.650 is a little above, i.e.
at +0.132X 3 of the median 36.400 of the 3—torus sample L = 3.0Ly. These results of
the statistical deviation ds of (p) and median for the four NSSC Planck maps compared
with the 3—torus at L = 3.0Ly are shown in the synoptic table 3. This table applies
the same method to compare the NSSC maps with the ACDM maps, and we discuss
these further results at the end of section 7.

The statistical deviation ds of the NSSC ensemble (denoted NSSC’ with mask) in
comparison with the 3—torus at L/ Ly = 3 (denoted L3 or L3’ with mask) or the ACDM
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model ensembles (denoted A or A’ with mask) is defined the following way without mask:

(

w , for (p) and the 3—torus at L/Lg =3
w , for (p) and ACDM
s = medianyggc —mediang3 . (36)
P , for the median and the 3—torus at L/Lyg =3
di —medi

= 1anNS§:C Tecana , for the median and ACDM ,

\ A

and with U73 mask:

() =Py

%lm , for {p) and the 3—torus at L/Lg =3
L3
(p) r={p) a1
%,A , for (p) and ACDM
— A
08 = medianyggoy —median g g/ (37)
S o , for the median and the 3—torus at L/Ly =3
L3
median s—median 5/
NSSEC ; A , for the median and ACDM .
\ A

The p-statistics is thus favouring a 3—torus size slightly larger than 3Ly in the case
without mask and is consistent with a 3—torus of side length 3Ly ~ 13.336 Gpc in the
case with U73 mask. The analysis of p median and (p) with respect to the 3—torus
side length L clearly shows (see the figures 3 and 4) that the derivatives are negative,
d(median)/dL < 0 and d{p)/dL < 0, as it is quantified by the linear equations (38),
(39), (40) and (41) obtained by linear least square fitting (thereafter LSF). Figure 5
shows the relation between the side length L of the cubic 3—torus and the median or
the arithmetic mean of p obtained from the samples consisting of 100 000 maps.

Except below L = 1.0Ly, the curves of L = f(median) and L = f({p)) look close
to linear between L = 1.0Ly and the three larger side lengths up to L = 3.0Ly. In the
case without a mask, the linear least square fitting for the median case in the interval
36.285 < median,omask < 42.907 yields

Lomask (median)

~ —0.302 median,omage + 13.981 | (38)
Ly
and for the (p) case in the interval 36.173 < (p)nomask < 42.755, the LSF gives
Lnomas
w ~ —0.304 (p)nomask + 14.021 . (39)
H

With applying the U73 mask, the LSF for the median case in the interval
36.400 <medianyrs < 43.161 yields

L di
M ~ —0.295 medianyrs + 13.751 (40)
H
and for the (p) case in the interval 36.288 < (p)uyrs < 43.031, the LSF gives
L
M ~ —0.296 (p)urs + 13.750 . (41)
H

One may visually observe in figure 5 the better agreement with the linear behaviour of
the curves with U73 mask (small dotted line for the median-case or small dashed line for
the (p)-case) in comparison to the slightly twisted curve (solid line or dotted dash line
for the (p)-case) obtained without mask pixel suppression. The y? comparing the data
points to the LSF’s being with U73 mask 1.72 1076 for the median and 7.5 1077 for (p),
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Figure 5: The side length L/Ly of the 3—torus as a function of the median of p in black and of {p)
in magenta for the online version (in black for the print version), for L/Ly = [0.5,1.0,1.5,2.0,3.0].
The median case without mask is in black solid line, and in black small-dotted line with U73 mask;
the (p) case without mask is in dotted-dashed line, and in small-dashed line with U73 mask. For the
median case, the thick black cross in the upper left at L/Ly & 3.229, respectively the thick black dot at
L/Ly =~ 2.920, point at the side length of the 7 estimated from equation (38), respectively equation
(40), using as argument the (p) of the NSSC Planck maps without mask, respectively with U73 mask.
Similarly, for the (p) case of the Planck maps, the equation (39) without mask points at a side length
of L/Ly ~ 3.164 (the solid square in the upper left), respectively the equation (41) with U73 mask
pointing at a side length of L/Ly ~ 2.889 (the thick inferior dot).

while the x? without mask is 2.929 107° for the median and 4.040 10~° for (p). These
x?-values are ~17 (for the median) and ~ 54 (for {p)) times larger without mask than
with U73 mask. Thus, given the median and average p values of the four Planck NSSC
maps, these LSF’s of the data points yield, with the hypothesis of a flat 3—toroidal
topology of our Universe, a side length of in between 2.89 and 3.23 (3.16 < L/Ly (no
mask) < 3.23 and 2.89 < L/Ly (U73 mask) < 2.92).

According to the works [14,35,68], 3—torus side lengths that are barely bigger than
the CMB diameter (Ljniy = 2.2rsps, which translates to 6.93Ly, corresponding to a
threshold ratio R = 0.89), do not allow for a clear detection of a multiply connected
topology in the sense of the Kullback—Leibler divergence. A reasonable spatial section
size that results in no difference with the infinite Universe was proposed in [35] to be
Lo, = 4rgrs i-e. 12.6Ly giving R ~ 0.22. For this paper we did not calculate p-values
for L bigger than three Hubble radii to analyze the asymptotic behaviour of L = f(p)
presented in figure 5.



Temperature gradient as signature of a multiply connected Universe 21

4. Comparison of two tori: L=0.5Lyg and L =3.0Lg

A CMB map for a 3—torus topology at L = 0.5L is shown in figure 6 and reveals that
the small-scale structures are dominant, i.e. the anisotropy gradients at the smallest
scales are strong almost everywhere, while no obvious structure at large scales appears.
This contrasts to the CMB map for a six times larger 3—torus at L = 3.0Ly (figure
7), where the small-scale structures are superposed by large—scale structures, i.e. larger
areas with similar temperatures are patching the CMB map. This is caused by the
decreasing suppression of large—scale fluctuations with increasing size of the fundamental
cell, which is also revealed by the multipole spectrum C; or the 2-pcf C'(+9). The small
smoothing scale of ¥ = (1/3)°, which is applied in the CMB maps shown in figures 6
and 7, does not influence those features.

In both cases, a scale typical for the underlying 3—torus size visually betrays the
topology (see the 2—pcf signature of each of these side lengths in figures 8 and 9). This
visual illustration is in accordance with the conclusions in section 3 that the normalized
local CMB gradient p characterizes and quantifies the 3—torus side length.

The CMB maps of different 3—torus sizes and of the infinite ACDM model have
to be normalized in order to get the first acoustic peak of the power spectrum at the
same level as in the Planck observation map. To this aim, the transfer function is
computed for each averaged torus model, and the 1*¢ acoustic peak of the corresponding
C; spectrum is fitted to the 1%¢ peak of the Planck spectrum.

Figure 8 (respectively figure 9) display, for the case without mask, the average 2—pcf
(over 100000 simulation maps) of the torus at L = 0.5Ly (respectively at L = 3.0Lp),
compared with the average 2-pcf of the ensemble of 100000 ACDM simulation maps
and to the average 2-pcf of the four NSSC Planck maps.

An examination of all the 2-pcfs of the cubic torus with L = 0.5 (shown in
figure 8),1.0,1.5,2.0 and 3.0Ly (shown in figure 9) reveals the following:

— the torus with L =0.5Ly has no correlation for the pairs of pixels separated by
more than 30°, on average;

— between 10° and 30°, and between 60° and 145°, the average 2—pcf for L = 3.0Ly
fits well the average 2-pcf of the Planck NSSC, better than the average 2-pcf of
the ACDM model;

— for the small angles ¥ below 30° also the =10 confidence region of the 3—torus at
L = 3.0Ly does not overlap with the corresponding region of the ACDM model.
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Figure 6: This figure shows a CMB sky map for a small cubic 3—torus fundamental cell of L = 0.5L.
The resolution parameters are Ngjqe = 256, lrange = [2,256] and ¥ = (1/3)°.

Figure 7: Figure showing a CMB sky map for a cubic 3—torus fundamental cell of L = 3.0L g, which
is six times larger than the one used for figure 6. The resolution parameters are those of the figure 6.
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Figure 8: For 100000 CMB maps without mask, at Ng;qe = 128, 1,4, = 256 and 2°fwhm: the average
two-point correlation functions of the ACDM ensemble in large-dashed line (black in the online version),
of the torus at L = 0.5L g in green small-dashed line; £1¢0 in dark shaded area and £2¢ in light shaded

area are shown versus the average 2—pcf of the four Planck NSSC maps in solid line (blue).
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Figure 9: Same as figure 8, but for the torus at L = 3.0Ly.
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5. Isotropy and homogeneity of the CMB with toroidal topology

We define a discrepancy function of the histogram of P(p) shown in figure 3 by

: (42)

where the histogram Pig(p) is determined from the equations (25) and (26), while the
histogram P(p) is determined using equations (24) and (9). This quantifies the drift of
the 3—torus CMB maps from the hypothesis of isotropy and homogeneity. We present
in figure 10 the shape of the function (42) for the map ensembles of the ACDM and the
3—torus.
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Figure 10: The level of isotropy and homogeneity of the CMB in a Universe with 3—torus topology is
quantified with the discrepancy functions AP(p) of the histogram of P(p) without mask. This figure is
presented in solid lines for the online version with from left to right the ACDM in black, the 3—torus
at 3.0Ly in blue, 2.0Ly in green, 1.5Ly in magenta, 1.0L in brown and at 0.5L in light brown.

The discretization of figure 10 is due to the very close values taken by the two
histograms in each bin so that the discrepancy function progresses by leaps, because the
histograms with IHG or without THG differ only by zero or by a few multiples of unity
before normalization. Despite the important number of 100 000 maps used for this p-
statistics, figure 10 does neither present a smooth behaviour nor shape similarities from
one 3—torus to another. Finally, this test proves the extremely high level of isotropy
and homogeneity (in the sense of the formulas (25) and (26)) of all the ensembles of
maps. This test over 100 000 maps allows to draw a firm conclusion, confirming that
the ACDM CMB map ensemble is closer to the perfect IH (this is not a test of IHG but
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only of TH). The violation of the isotropy in the sense of p is nearly as small for the five
CMB map ensembles of the 3—torus under scrutiny. Thus, the relative global anisotropy
of the 3—torus models barely appears here and we will come later to methods able to
detect it. Very likely, a similar analysis applied to the same large sample sizes but with
a higher spatial resolution would lead to the same weak anisotropy and inhomogeneity.

6. Discussion

The 3—torus simulations of the CMB temperature anisotropies were computed by
implementing the following effects of the Boltzmann physics and the influence of the
discrete spectrum of vibrational modes dictated by the topology: the roster of physical
ingredients of the 3—torus simulations includes the ordinary and integrated Sachs-
Wolfe effects, the Doppler effect, Silk damping, reionization, photon polarization and
neutrinos. The computation of the CMB anisotropies (CMB power spectrum) is carried
out along the lines presented in [69]. We use as in [15] the definition of low-l values
[ €12,29] (see e.g. their figures 2 and 3 on page 6 of [15]) and high-l values for [ > 30.
At high-/ values, the angular power spectrum 677 := [(l + 1)C;/2m gets smoother and
smoother and approaches for instance, near the first acoustic peak at [ = 221 and for
all the different 3—torus side lengths, the ACDM result (shown in [15], figure 57).

For the CMB simulations in the ACDM model, in addition to the effects enumerated
above, lensing is present too. However, the impact of lensing would be sensitive for
maps with I, > 400 (see [70]) but all of our maps are limited to I, = 256, and are
furthermore smoothed to a resolution of 2° f.w.h.m. Because of this smoothing we have
almost no power above [ = 100 ... 150. Thus, the comparison between the 3—torus and
the ACDM CMB maps remains unaffected by the effect of weak lensing in the ACDM
simulation maps. Fully accounting for all these effects in a universe model with multiply
or even simply connected topology for an analytic prediction of CMB observables such
as p, or for a statistics such as the 2—pcf, is for the moment out of reach. The o,’s
defined for n =0,1,2, ... by [53],

ZOO 20+ 1 (I+n)!
Tn — Ar Gil il (Il—n)l’ (43)

are decreasing functions of ¥g, the scale of Gaussian smoothing (full width at half
maximum), defined in equation (30). However, the decrease of (43) does not imply
that the normalized variance of the gradient field, p = /0% /03, of a CMB map is also
everywhere a decreasing function of the smoothing angle 9.

In a flat Universe having three infinite spatial directions such as the ACDM model
the spectrum is continuous. The average 2—pcf of the CMB map sample in the ACDM
model (large-dashed line e.g. in figure 9) show correlations at all angular scales.
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7. Conclusion and Outlook

Our investigation shows that p is a powerful signature probe that is sensitive to the size
and the compactness of the spatial sections of the Universe. The p-statistics allows to
hierarchically discriminate compact fundamental cells having the same 3—torus topology
but different volumes. A clear distinction between a multiply connected flat universe
model (the cubic 3—torus) and a simply connected flat universe model with infinite
spatial sections (the ACDM model) is nicely verified as shown in figures 3 and 4.
Different observables allow to detect a given multiply connected topology in a different
way. On the one hand, the 2—pcf is able to detect on the CMB map the different angular
scales and the size of a given fundamental domain. On the other hand, p is by definition
extremely sensitive to a change of the normalized CMB gradient as a function of the
domain size and of the smoothing angle and amplitude. The p-statistics furnishes a
complementary test of the multiply connected nature of the Universe along with the
2-pcf. The present results based on samples of 100000 CMB maps with cubic torus
topology are consistent with a Dirichlet domain side length of our Universe of ~ 3.20Ly,
or ~ 2.90Ly when the Planck and torus maps are cleaned up from the contaminated
mask pixels.

For the Planck maps, the 3—torus size around three Hubble radii or below,
inferred from this p study, is therefore slightly smaller than the torus size of 3.69Ly
inferred from the 2—pcf investigations. It remains to be seen whether other statistics
like the Minkowski functionals, may lead to a slightly different optimal torus size.
The sources of such a difference as well as the systematically negative skewness are
currently investigated in [66] and thoroughly probed in another project that employs the
Minkowski functionals. It will have to be verified that p could more generally detect size
changes in finite fundamental cells of any geometry and topology. The vibrational modes
(wave numbers and eigenfunctions of the Laplacian) along each compact spatial section
and the interference (destructive or constructive) of these vibrational modes reveal the
possible shapes of the underlying topological manifold. The 2-pcf says nothing about
the non—Gaussianity of a random field. For some compact manifolds there are analytic
premises of the CMB 2-pcf for the Sachs-Wolfe contribution, e.g. for the Poincaré
dodecahedron [26], and general spherical spaces [26,27]. Thus, the 2-pcf and p lead to
identical diagnoses in two conceptually different ways.

As presented in the synoptic table 3 (see equations (36) and (37) for the definition
of the statistical deviations), the slightly higher arithmetic average (p)Nggc ~ 35.738
found for the CMB of Planck (NSSC) is in slight anomaly with the arithmetic average
of the CMB map ensemble in the standard model (p)y ~ 34.067, i.e. 0.970%,
higher, respectively in the mask case (p)Nggcr ~ 36.650, while the arithmetic mean
is (p)ar ~ 34.132, thus 1.392%,, higher than for the ACDM model, (see also tables 1,
2 and figures 3, 4). The synoptic table 3 also confirms this discrepancy at a similar
level for the median. Thus, NSSC maps have a median of 35.613, respectively 36.650
with U73 mask, compared to the ACDM median of 34.143, respectively 34.206 with
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U73 mask, i.e. the median NSSC map is at +0.8543, respectively +1.3513,/, above
the median ACDM map. Independently of pointing to a possible non-trivial topology of
the Universe, this slight p—discrepancy between the ACDM model and the Planck data
adds a new anomaly to the list of anomalies detected several years ago as mentioned in
the Introduction.
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Appendix A. The truncated Gaussian probability density function

The construction of the truncated Gaussian PDF is based on the standard unconditional
normal distribution (also called in this context the “parent distribution” by statisticians)
defined on the whole line in terms of the mean p and the variance o2. The truncated Gaussian
PDF P (p) is defined as the normalized conditional PDF restricted to the half-line [0, co[ by

N @—uV)
P = exp | ———5— 10 , Al
() i= o (- el (A1)
where ©(p) is the Heaviside step function (©(p) = 1 for p > 0, ©(p) =0 for p < 0). N is a
normalization constant determined by the parent parameters ;> 0 and ¢ > 0 and is given by
2
N=——— (A.2)
l[l, )
1+ erf (—\/50)

satisfying 1 < N < 2. It follows that P, (p) is unimodal of mode p having the same shape

as the standard normal distribution whose peak height b at p = p is, however, larger by the
factor N. The important new properties of P, (p) are that the mean (p) is no more equal
to the mode p and is also different from the median, and that the variance 2 is different
from the parent variance 0. Actually, all higher moments are different from the well-known
Gaussian moments, in particular the odd moments and all higher cumulants are non-zero. As
an example we give the values for (p) and %%

(p)=p+aX>p; (A.3)

2= ((p— (p))?*) = 0* — oA ()\ + H) <a?, (A4)

2
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with

v e (2 a5

Note that (p) and X2 can be directly computed from the histograms. But in order to compare
the histograms with the truncated (continuous) Gaussian P, (p), one has to know the a priori
unknown parent parameters p and o. In principle, it is straightforward to get them. pu is
directly determined by the position of the maximum of the histogram, and o is obtained from
the numerical solution of the equation (see equations (A.1) and (A.2)),

a+aeﬁ<j§):\/g% : (A.6)

once the previously obtained value for p and the peak height b have been inserted. The
actual determination of u and o is, however, rendered more difficult, since the accuracy of the
histograms depends on the binning and, thus, the correct position of the maximum (and of b)
is not well-defined (see figures 3 and 4).

From equations (A.2)—(A.6) one infers that the relevant parameter determining the size
of the deviations of the truncated Gaussian PDF from the standard (parent) Gaussian PDF
is given by the positive parameter

I

8= v

The figures 3 and 4 show that the modes of all histograms are much larger than the associated

variances and thus we have 5 > 1 for the tori considered. For 8 > 1, one obtains for N and
A from (A.2) and (A.5):

(A7)

N=- =1+e+0(?), (A.8)
—€
with
1 _p2 952
€:= §erfc(ﬂ) = ﬁe; <1 +0 (%)) , and A= \/LQ—FG_BQ +0 <e ;B > ,
(A.9)

which gives e.g. for 8 = 10 the extremely small values € = O(107%%) and A = O(Be)=0(10~4).
Thus, it is justified to use for a comparison of the histograms with a Gaussian PDF the
Gaussian PDF (A.1) with V = 1. Since a precise determination of the parent parameters
and ¢ from the histograms is rendered with difficulties, as discussed before, we show in figures
3 and 4 the standard Gaussian PDF determined by the mean values (p) and the variances
»2 of the histograms given in tables 1 and 2 for the cases without mask and with U73 mask,
respectively. The ratio § is then given by p/2%, which varies in the unmasked case between
12.340 and 15.494, and in the U73 mask case between 12.938 and 14.532.
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