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We present a new, testable picture of the early universe in finite nonlocal quantum gravity, which
is conformally invariant at the classical and quantum levels. The high-energy regime of the theory
consists of two phases, a conformally invariant trans-Planckian phase and a sub-Planckian or Higgs
phase described by an action quadratic in the Ricci tensor and where the cosmos evolves according to
the standard radiation-dominated model. In the first phase, all the issues of the hot big bang such as
the singularity, flatness, and horizon problems find a universal and simple non-inflationary solution
by means of Weyl conformal invariance, regardless of the microscopic details of the theory. In the
second phase, once conformal symmetry is spontaneously broken, logarithmic quantum corrections
to the action make both the primordial tensor spectrum (from graviton fluctuations) and the scalar
spectrum (from thermal fluctuations) quasi scale invariant. Although nonlocal quantum gravity
is an explicit realization of this scenario, any finite conformal theory with quadratic limit would
yield the same results. In particular, the value of the scalar spectral index only depends on two
parameters and is consistent with observations. The theory also predicts a positive tensor spectral
index nt = 1−ns, a fixed tensor-to-scalar ratio r0.05 & 0.01, and a blue-tilted stochastic gravitational-
wave background, all universal predictions testable in the immediate or near future.
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I. INTRODUCTION

From 2011 to the present day, a new weakly nonlocal
action principle has been proposed and extensively stud-
ied in order to overcome the renormalizability issue of the
Einstein–Hilbert gravitational theory [1–3]. At the clas-
sical level, the dynamics is well defined and the Cauchy
problem requires a finite number of initial conditions [4].
At the quantum level, the new theory was first introduced
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by Krasnikov in 1987 [5], but the first version fully con-
sistent at the quantum level was due to Kuz’min in 1989
[6]. Indeed, the exponential nonlocal operators employed
in [5] are not consistent with power-counting renormal-
izability and an asymptotically polynomial nonlocality is
needed instead [6]. Finiteness at the quantum level for
any spacetime dimension was achieved in 2014, when the
theory was completed with extra local operators at least
cubic in the Ricci tensor [7]. Tree-level unitarity was
first pointed out in [5], but proved at any perturbative
order in [8, 9]. There, the Cutkosky rules [10] were de-
rived defining loop amplitudes by integrating on purely
imaginary internal and external energies. Afterwards, an
analytic continuation to real external energies defines the
amplitudes in Lorentzian signature, consistently with S-
matrix unitarity. The theory cannot be defined directly
in Lorentzian signature [11].

Having at our disposal a candidate for an ultravio-
let (UV) complete theory of quantum gravity, we now
turn to its cosmology and provide a derivation of the
quasi scale-invariant primordial tensor and scalar spec-
tra, without introducing any inflationary era driven by an
extra scalar degree of freedom. It deserves to be recalled
that a UV completion of the Starobinsky inflationary
model in nonlocal gravity has been proposed and exten-
sively studied [12–17]. However, a careful look at the per-
turbative expansion of the dynamics [16] suggests a seri-
ous tension between renormalizability and stability, since
the form factors (nonlocal operators) of that model were
designed to guarantee stability on a de Sitter background,
but not on others such as, for example, Starobinsky’s
quasi-de Sitter solution or generic Friedmann–Lemâıtre–
Robertson–Walker (FLRW) metrics.

We will see that, abandoning the efforts to embed in-
flation in nonlocal quantum gravity and just using the
symmetries of the theory, the well-known problems of
the classical hot-big-bang model, namely, the flatness,
the horizon, the monopole, the trans-Planckian, and the
singularity problems are elegantly and naturally solved
by the Weyl conformal invariance of the theory, regard-
less of the details of the theory beyond the Planck energy.
Indeed, what really matters is not the specific model of
quantum gravity, or the type of action principle, but the
universality class that collects together all the finite the-
ories at the quantum level. The absence of Weyl anomaly
turns out to be an extremely powerful tool to solve the
problems of classical cosmology mentioned above. When
the symmetry is spontaneously broken and the dilaton
takes an expectation value equal to the Planck mass,
thermal fluctuations generate a primordial scalar spec-
trum consistent with the low-multipole cosmic microwave
background (CMB) spectrum. The primordial scalar and
tensor spectra are nearly but not exactly scale invariant
thanks to logarithmic quantum-gravity corrections to the
correlation functions. Once again, here the conformal
symmetry is anomaly-free and, thus, it is manifest at
the classical as well as at the quantum level, but spon-
taneously broken at the Planck scale. Therefore, such

symmetry offers a natural solution to the above prob-
lems regardless of the details of the Lagrangian, and the
physics of the cosmos we will discuss in this paper takes
a universal character. In particular, the tensor spectrum
turns out to have interesting properties which depend
only very weakly on the details of the theory: it is blue-
tilted and its amplitude is large enough to be detectable
by upgrades of present-generation experiments.
Let us mention that conformal or scale invariance has

already been invoked in the literature as an alternative
to inflation [18–22]. These cosmological models are quite
different from the one presented in this paper, and the
main points of departure are in the premiss and the con-
clusion. In our case, behind conformal invariance we do
have an explicit theory of gravity and the other funda-
mental interactions. In turn, this leads to sharper and
unexplored predictions in the tensor sector.
The paper is organized as follows. In Sec. II, we re-

view a simple version of nonlocal quantum gravity with
matter and the role of finiteness in enforcing Weyl con-
formal symmetry. We also introduce for the first time
the details of an often-used form factor, here simplified
further (Sec. II A), and discuss the scales (Sec. II B) and
the one-loop quantum corrections (Sec. II C) character-
izing the theory. In Sec. III, we describe the conformal
trans-Planckian phase and the Higgs or sub-Planckian
phase. In Sec. IV, we show how conformal symmetry
solves the problems of the standard hot-big-bang model
in the trans-Planckian phase. Cosmological background
solutions and their relation with the flatness and horizon
problems are presented in Sec. V. In Sec. VI, we compute
the primordial tensor and scalar spectra generated during
the sub-Planckian phase, their indices, and the tensor-
to-scalar ratio. Conclusions are drawn in Sec. VII, where
future extensions of the results are also discussed. Sev-
eral appendices contain technical material. A compact
presentation of these findings can be found in a shorter
companion paper more focused on primordial gravita-
tional waves [23].

II. NONLOCAL QUANTUM GRAVITY

A nonlocal gravitational theory coupled to matter has
been introduced in [24, 25], consistently with the fol-
lowing properties: (i) unitarity at any perturbative or-
der in the loop expansion [24], (ii) same linear and non-
linear stability properties and same tree-level scattering
amplitudes as for the Einstein–Hilbert theory [26, 27],
(iii) same macro-causality properties [28], and (iv) super-
renormalizability or finiteness at the quantum level [29].1

Therefore, and although we are only beginning to tap its

1 Other nonlocal models for gauge theories or extending the Stan-
dard Model of particle physics were proposed in [30] and [31],
respectively.
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potential, the proposal in [24] has the right requirements
to be a unified theory of all fundamental interactions.
We work in (−,+, · · · ,+) signature and define the re-

duced Planck mass

M2
Pl
:=

1

8πG
, (1)

where G is Newton’s constant.
The full action in D topological dimensions reads

S[Φi] =

∫

dDx
√

|g|
[

Lloc + Ei F
ij(∆)Ej + V (Ei)

]

, (2)

Sloc =

∫

dDx
√

|g| Lloc , (3)

Lloc =
M2

Pl

2
R+ Lm(Φi) , (4)

Ei :=
δSloc

δΦi(x)
, (5)

∆ki :=
δEi

δΦk
=

δ2Sloc

δΦkδΦi
, (6)

where the “potential” V (Ei) is a collection of local oper-
ators at least cubic in the local “equations of motion” Ei

and Φi is any field in the theory, including the spacetime
metric gµν , the dilaton Φ, fermions ψ and gauge fields
Aµ:

Φi ∈ {gµν ,Φ, ψ, Aµ, . . . } . (7)

The functional variations δ/δΦi contain a weight factor

1/
√

|g|, so that δΦj(x)/δΦi(y) = δijδ
D(x−y)/

√

|g|. For
the local Einstein–Hilbert Lagrangian (4) with local mat-
ter Lagrangian Lm, the local equations of motion for the
metric are

Eµν =
1

2

(

M2
Pl
Gµν − Tµν

)

= 0 , (8)

where Tµν := −2δSm/δg
µν is the energy-momentum ten-

sor.
In order to make explicit the hidden conformal symme-

try of the theory (2), we make the following replacements
in the action:

gµν =: φ2 ĝµν , Φ =
Φ̂

φ
, ψ =

ψ̂

φ
3
2

, Aµ = Âµ . (9)

All the fields ĝµν , Φ̂, ψ̂, and Âµ are rescaled by the di-
mensionless field φ in a such way that combined terms
take an invariant form under Weyl transformations when
φ is treated like a scalar,

ĝ′µν = Ω2(x) ĝµν , φ′ = Ω−1(x)φ , . . . . (10)

Once the fields (9) are replaced in the action (2) and after
the rescaling φ → φ/MPl, so that the dilaton acquires
dimensionality [φ] = (D−2)/2, all the coupling constants
of the theory become dimensionless.
The potential V (Eµν) is needed to guarantee the finite-

ness of the theory in even dimensions where the presence

of the nonlocal form factor is sufficient to make any loop
amplitude finite except at the one-loop level. On the
other hand, in odd dimensions the theory has no one-loop
divergences as a particular feature of the dimensional reg-
ularization scheme. All the details are provided in [7] for
the vacuum theory and in [29] with matter fields. Notice
that, due to the presence of the dilaton φ, the theory
does not contain any mass scale and, hence, Eq. (2) is
conformally invariant classically [24]. Moreover, since the
theory is finite at the quantum level, the beta functions
vanish and the Weyl symmetry is anomaly free.
Finally, the form factor F (∆) is defined in terms of an

entire analytic function H(∆) of the Hessian operator∆,

2∆F (∆) := eH̄(∆)−1 , H̄(∆) := H(∆)−H(0) . (11)

Thanks to Eq. (11), the gravitational equations of mo-
tions of the nonlocal theory (2) can be written as

[

eH̄(∆)
]στ

µν
Eστ +O(E2

µν ) = 0 . (12)

Since, by construction, the form factor (11) does not pos-
sess any poles or zeros in the whole complex plane at fi-
nite distance, any solution of the local theory (8) is also
a solution of Eq. (12).
The function H actually depends on the dimensionless

quantity z ∝ ∆/(M2
Pl
M2

∗ ), where M∗ is an energy scale
introduced to compute the dimensionality of the operator
∆.2 However, according to the discussion above, the
theory (2) is conformally invariant and the scale Λ∗ can
be reabsorbed in the dilaton field φ. With a slight but
innocuous abuse of notation, we will freely interchange
H(∆) with H(z) without further notice. The definition
of H is

H(z) =

∫ p(z)

0

dw
1− e−w

w

= γe + Γ[0, p(z)] + ln p(z) , (13)

where γe ≈ 0.577 is the Euler–Mascheroni constant, Γ
is the upper incomplete gamma function, and p(z) is a
polynomial of degree n+ 1 in the variable z:

p(z) = a0+a1z+a2z
2+ · · ·+an+1z

n+1 , ai ∈ R . (14)

The form factor (13) is actually a known special func-
tion, dubbed Ein(z) and called complementary exponen-
tial integral [32, formula 6.2.3]. The logarithmic diver-
gence at z = 0 is exactly canceled out by the divergence
of Γ(0, z) and, indeed, H is finite and real on the whole
real axis. Likewise, its exponential

eH(z) = eγe+Γ[0,p(z)] p(z) (15)

2 The cosmologist should not confuse z with the redshift (which
we will never use in this paper) or H with the Hubble parameter
H.
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FIG. 1. Form factor (15) (solid curve) and its asymptotic
limit (17).

is well defined and positive definite everywhere on the
real axis (Fig. 1). Since expH > 0, propagators do not
change sign and there is no unitarity issue.
The only constraint we place on the polynomial is that

its real part be positive definite when z → ±∞:

Re p(z → ±∞) > 0 . (16)

In this case, in the UV limit (z ≫ 1)

eH(z) uv≃ eγep(z) , (17)

which explains the name asymptotically polynomial usu-
ally given to this class of form factors. On the other
hand, in the infrared (IR; z ≪ 1), the analyticity of the
form factor provides an effective expansion of the action
in higher-derivative operators.
The form factor (13) includes those proposed by

Kuz’min [6], Tomboulis [33], and Modesto [1], but it is
presented here in a simpler way, with fewer parameters
and a more minimalistic constraint (16).

A. Choice of form factor

For the sake of simplicity, we will work with a quartic
polynomial:

p(z) = a0 + a1z + a4z
4 , a0, a1, a4 ∈ R . (18)

Other quartic polynomials are possible, e.g., p(z) =
(a0 + a1z + a2z

2)2, but Eq. (18) will suffice. This sim-
ple expression suits the minimal super-renormalizable (or
finite) theory in D = 4 dimensions, for which the polyno-
mial has degree four. We removed the monomials z2 and
z3 since they only affect the transient regime between the
UV and the IR and, therefore, cannot change the results
in this paper qualitatively.
In order to satisfy the condition (16), a4 > 0. We

fix this coefficient to a4 = 1 noting that the mass scale

M∗ in z can be redefined as Λ∗ := M∗/a
1/4
4 . For later

convenience, we redefine a0 =: b0 and b := −a1 > 0,
where the sign of b is chosen on physical grounds that
will become clear later. The polynomial (18) is rewritten
as

p(z) = b0 − b z + z4 . (19)

A most important property we would like to obtain is
to have an intermediate energy regime (still in the UV)
where the linear term in Eq. (19) dominates over the
other two. In the UV limit, this happens when

eH(z)

eH(0)

uv≃ eγ̃ep(z)
(19)
= eγ̃e(b0 − b z + z4)

≃ eγ̃e(−b z) , (20)

γ̃e := γe −H(0) , (21)

which holds for b0 ≪ b |z| and b |z| ≫ |z4|. For consis-
tency, when b0 < 1, the first inequality must be supple-
mented by the condition that we are still in the asymp-
totically polynomial UV regime (17), i.e.,

max(1, b0)

b
≪ |z| ≪ b

1
3 . (22)

This condition is satisfied, for instance, when 1 < b0 ≪ b,
or when b0 = 0, b & O(1), and z & O(1). In fact, one can
even relax the strong inequalities in (22) and consider
values of z near the upper and lower bounds. In the
worst case, b0 = O(bz) = z4 and Eq. (20) would acquire
a factor of 3. However, this factor is not very important
because, later on, we will see that b should be large in
order to satisfy CMB observations. In other words, any
breaking of the approximation (20) would not lead to any
inconsistency but it would alter the relation between the
theoretical value and the experimental value of the free
parameter b, without changing its order of magnitude.
We will comment on physical explanations of large values
of b in the conclusions.

B. Scales and parameters

Let us now comment on the energy scale Λ∗ in the
polynomial. More generally, a sort of naturalness prin-
ciple would require the theory to feature multiple scales
through the coefficients in the polynomial (14). More-
over, a priori all the monomials in Eq. (14) should be
present. In order to make the above scale dependence
explicit, we can rewrite Eq. (14) in the form

p(�) = b0 + b1
�

Λ2
1

+ · · ·+
(

bn
�

Λ2
n

)n

,

Λ1 ≪ Λ2 ≪ · · · ≪ Λn , (23)

where each power of the Laplace–Beltrami operator �
contributes at a different scale and bi = O(1) are dimen-
sionless positive or negative constants. As said above,
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the theory is conformally invariant, so that all the above
scales Λi are proportional to the expectation value of
the dilaton field multiplied by dimensionless constants
related to the coefficients ai in Eq. (14), which can take
any value in order to introduce a hierarchy of scales. In
Eq. (23), the � operator can be replaced by the Hessian
∆ without affecting the arguments presented here.
However, in D = 4 dimensions all the physical impli-

cations of the theory in the trans-Planckian as well as
in the sub-Planckian regime are captured by the simple
polynomial (19), which we can rewrite as

p(�) = b0 + b1
�

Λ2
1

+

(

b4
�

Λ2
4

)4

=: b0 − b
�

Λ2
0

+

(

�

Λ2
∗

)4

,

where now Λ0 and Λ∗ can be of the same order of magni-
tude and b can be large. As it will be clear later on,
in D = 4 dimensions the quartic term is responsible
for exact scale invariance (Harrison–Zel’dovich spectra),
while the observed quasi-scale-invariant scalar spectrum
requires the presence of the monomial linear in � and
with negative coefficient.
We see that the theory (2) contains three scales: MPl,

Λ0, and Λ∗. However, if b≫ 1 we can make the identifi-
cation Λ0 = Λ∗ without any loss of generality. Indeed, b
simply defines the ratio between Λ0 and Λ∗:

p(�) = b0 − b
�

Λ2
∗
+

(

�

Λ2
∗

)4

. (24)

In the case of gravity, one should make the replacement
� → 4∆/M2

Pl:

p(∆) = b0 − b
4∆

M2
Pl
Λ2
∗
+

(

4∆

M2
Pl
Λ2
∗

)4

, (25)

where [∆] = 4. Therefore, the most general theory has
two mass scales and one dimensionless free parameter:

MPl , Λ∗ , b . (26)

We will come back on the values of Λ∗ and b later on,
but for the time being we will leave them unspecified.
We can gain further understanding of the role of each

term in the action in D > 4 dimensions. After the
spontaneous symmetry breaking of conformal invariance,
the effective theory amounts to a collection of higher-
derivative operators characterizing the following extra-
dimensional renormalizable generalization of Stelle grav-
ity [34, 35]:

L ∼ R+
R2

Λ2
0

+R �

Λ4
2

R+ · · ·+R �
D−4

2

(ΛD−3)D−4
R , (27)

where R stands for R,Rµν , Rµνρσ, while the ellipsis indi-
cates O(R3) operators which appear when D > 4. When

D = 4, only the first two terms contribute with, respec-
tively, two and four derivatives, as in Eqs. (24) and (25).
Therefore, the observed quasi-scale-invariant spectrum
can be traced back to the renormalizable local theory
hidden inside the finite theory (2). It deserves to be
noticed that, out of all the operators in Eq. (27), only
the one of dimension D matters for reproducing a scale-
invariant spectrum, which essentially stems from a prop-
agator ∼ 1/kD. Operators of lower dimensionality are
relevant in the IR regime in order to reproduce Newton’s
potential, while operators of higher dimensionality are
crucial for the finiteness of the theory and conformal in-
variance. A small deviation from exact scale invariance
will come from quantum logarithmic corrections.
We conclude this subsection by noting that the theory

is defined by a finite number of parameters. This is one
of the reasons why it is under control and predictive both
at the classical and the quantum level despite having an
infinite number of derivatives.

C. Quantum corrections

It has become progressively clear that even the best
behaved nonlocal quantum field theories have problems
if formulated directly in Lorentzian signature [11]. If,
instead, one defines the Feynman diagrams with imag-
inary external and internal energies (Euclidean signa-
ture) and then analytically continues external momenta
to real energies after integrating, then loop integrals can
be performed consistently and the theory admits a unique
Lorentzian limit [8, 9, 36]. Here we will not need this
sophisticated procedure because we will be mainly inter-
ested in the UV limit of the theory, where it is asymptot-
ically local. We mention it nevertheless to reassure the
reader that the quantum theory is under control at all
scales.
According to the results of Sec. II A, we can ignore

the constant term in the form factor when the energy
E := k0 & Λhd, where

Λhd :=

√

max(1, b0)

b
Λ∗ . (28)

At this scale, the action (2) reduces to a particular local
theory quadratic in the curvature which, in vacuum, is
Stelle gravity with a special choice of coefficients (Ap-
pendix A1). The subscript “hd” is a reminder that we
are working in this higher-derivative limit. Then, one can
show that, in the intermediate UV regime

Λhd . E . Λ∗ , (29)

[which comes from Eq. (22) where the left inequality is
weak for the reasons argued above, while the right in-
equality is weak because b & O(1)] the nonlocal La-
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grangian in Eq. (2) acquires logarithmic quantum cor-
rections at one loop which (Appendix A2):

L =
M2

Pl

2
R+ Lm + EµνF

µνστEστ + V (Eµν ) + LQ ,

(30a)

LQ = βRR ln

(

− �

Λ2
∗δ

2
0

)

R+ βRicRµν ln

(

− �

Λ2
∗

)

Rµν ,

(30b)

which are exactly the same quantum corrections of
Stelle’s theory upon the identification of the cut-off scale
Λuv of Stelle quantum gravity with the fundamental scale
of the nonlocal theory, Λuv ∝ Λ∗. Indeed, the higher-
derivative operators [depending both on the potential
V (Eµν) and on the leading terms in the polynomial p(z)]
can be seen as regulators for quadratic gravity, and, in
the limit E ≪ Λ∗, the larger nonlocality scale Λ∗ turns
out to be proportional to the usual quantum-field-theory
cut-off Λuv. Here we set Λuv = Λ∗δ0 for the R-R term
and Λuv = Λ∗ for the Rµν -Rµν term, where δ0 is a di-
mensionless constant that should be fixed comparing the
renormalization-group-invariant scales of Stelle’s theory
with the nonlocal scale Λ∗. We will not need to perform
this explicit calculation to get our main results. Note
that the logarithmic nonanalyticity of the quantum cor-
rections is exclusively due to the Landau singularities of
the one-loop amplitude, which are the same of the local
theory.
Finally, the coefficients βR and βRic are nothing but the

finite numerical constants coming in front of the quan-
tum corrections. They are not beta functions, since the
quantum nonlocal theory is divergence-free and there are
no counterterms.
The tree-level graviton propagator for the theory (2)

with form factor (15) and polynomial (25) can be found
in Appendix B 2, while the graviton propagator for the
quantum effective Lagrangian (30) is calculated in Ap-
pendix B 3.
For the theory (2), the term (30b) is correct only in

the intermediate regime (29), while at higher energies
E & Λ∗ quantum corrections differ substantially from
Stelle’s theory. Some scalar-field examples are given in
[37–39]. In particular, at energy scales larger than any
scale present in the theory, preliminary results show that
it should be possible to choose V (Eµν) in order to have
amplitudes that fall off safely to zero in the UV after re-
summation [39]. The other option is a strongly interact-
ing theory in the UV but, since in the deep UV regime we
are actually in the conformal phase, high-energy physics
will be affected only marginally by the details of the po-
tential V (Eµν ).

III. GRAVITY AT HIGH ENERGY

The physics of the early Universe consists of a con-
formally invariant trans-Planckian phase and a Higgs

Planckian phase in which Weyl conformal symmetry is
spontaneously broken. The transition between the two
phases is driven by the dilaton field φ in Eq. (9), which
we can rewrite as

φ ≡ MPl√
2
+ ϕ , (31)

where ϕ is the Goldstone boson associated with the spon-
taneous symmetry breaking of conformal invariance. For
ϕ ≫ MPl (high energy E ≫ MPl), φ ≃ ϕ and the action
is Weyl invariant under the transformation (10), while

for ϕ ≪ MPl, φ ≃ MPl/
√
2 and the conformal symmetry

is spontaneously broken by the vacuum solution.

A. Trans-Planckian conformal phase

The trans-Planckian regime is described by a confor-
mally invariant phase. The theory is manifestly Weyl in-
variant, the dilaton φ has an exactly constant potential
U(φ) = 0, and the correlation functions of all fields are
identically zero as a consequence of conformal symmetry.
Indeed, consider an arbitrary set of operators Oi(x) that
transform under Weyl symmetry with conformal weight
∆i,

O′
i(x) = Ω∆i(x)Oi(x).

The vacuum partition function (Euclidean path integral)

Z0 :=

∫

[DO] exp(−S[O])

is invariant under a conformal transformation, since both
the action S[O1, O2, . . . ] and the functional measure
[DO] = ∏

i[dOi] are invariant by construction: S[O′] =
S[O], [DO′] = [DO]. Define the n-point correlation func-
tion as

〈O1(x1) . . . On(xn)〉 :=
1

Z0

∫

[DO]O1(x1) . . . On(xn)

×e−S[O], (32)

so that Z0 = 〈1〉. Renaming first the dummy integration
variables Oi → O′

i, then performing a change of variables
via the conformal transformation O′

i(x) = Ω∆i(x)Oi(x),
and finally using the property of conformal invariance
for the integration measure and the action, one has [40,
Sec. 2.4.3]

〈O1(x1) . . . On(xn)〉
Oi → O′

i=
1

Z0

∫

[DO′]O′
1(x1) . . . O

′
n(xn) e

−S[O′]

O′

i = Ω∆iOi
=

1

Z0

∫

[DO′]O′
1(x1) . . . O

′
n(xn) e

−S[O′]

=
1

Z0

∫

[DO]O′
1(x1) . . . O

′
n(xn) e

−S[O]

= 〈O′
1(x1) . . . O

′
n(xn)〉

= Ω∆1(x1) . . .Ω
∆n(xn)〈O1(x1) . . . On(xn)〉 , (33)



7

where in the last line we used the fact that Ω(x) 6=
Ω[O(x)] is a function of the coordinates but not of the
fields. Since Ω is not a constant, Eq. (33) implies

〈O1(x1) . . . On(xn)〉 = 0, for ∆1 6= 0 , . . . , ∆n 6= 0 .
(34)

According to Eq. (10), for the metric and the graviton
∆

ĝ,ĥ = 2, while for the dilaton ∆φ = −1. Here, boldface
symbols stand for rank-2 tensors. On the other hand,
correlation functions involving only fields with ∆i = 0
(for example, photons or gauge bosons) can be nonzero.
Notice that the quantum corrections do not affect the

propagator in the conformal phase because the logarith-
mic operators in (30b) are of the form

ln(−f−2�g)
∣

∣

g=φ2ĝ
, f =

√
2Λ∗
MPl

, (35)

and they appear together with the dilaton in the confor-
mal phase. Therefore, operators like

R(g) ln(−f−2�g)R(g)
∣

∣

∣

g=φ2ĝ

contribute to three-point functions (three gravitons or
two gravitons and a dilaton) but are not involved in
perturbative two-point functions. Only when the Weyl
symmetry is broken spontaneously in the Higgs phase do
quantum corrections quadratic in the curvature tensors
take part in the graviton two-point function (see next
subsection).
How high can energies be in this phase? As explained

in Eq. (26), in this theory there are in total three scales:

MPl, Λ∗/
√
b, and Λ∗. Λ∗ is a free scale. MPl is an-

other scale independent of Λ∗ and related to the expec-
tation value of the dilaton field 〈φ〉 = MPl/

√
2, which

is uniquely fixed after conformal symmetry is sponta-
neously broken and is given by the measured Newton’s
constant G = (8πM2

Pl
)−1 when reading it off from the

nonminimally coupled action, obtained from Eq. (4) af-
ter the transformation (9) (M2

Pl
R/2 ↔ φ2R). However,

in the conformal phase no scale larger than the Planck
mass can be probed because, in order to observe such
scale, we would need a test particle (or a classical per-
turbation) having a wavelength λ shorter than the scale
at which the Weyl symmetry is spontaneously broken, in
this case ℓPl := M−1

Pl . However, in the conformal phase,
when λ < ℓPl we can always make it larger by means of
a conformal rescaling. In other words, any wavelength
shorter than the Planck length can be stretched to the
Planck length or above with a conformal transformation.
This argument is qualitative and does not fix an abso-
lute upper bound on the energy. Nevertheless, taking as
a reference the expectation value of φ at the scale of sym-
metry breaking, we see that this absolute upper bound
should be of order of MPl:

Λ∗ 6MPl , ℓ∗ > ℓPl , (36)

where ℓ∗ := Λ−1
∗ . We will get a weaker relation outside

the conformal phase in Sec. VIA, consistently with per-
turbative quantum field theory. However, we will remain

as general as possible and fix Λ∗ at or near the Planck
mass only at the end of the paper.

B. Sub-Planckian Higgs phase

The sub-Planckian phase takes place when the mag-
nitude of the Goldstone boson is much smaller than the
Planck mass. In this phase, the action is obtained sim-
ply replacing Eq. (31) into (2) for ϕ ≪ MPl or, equiv-
alently, imposing the unitary gauge to fix ϕ = 0. The
dilaton potential is flat and there are an infinite number
of vacua. Symmetry breaking occurs when one such vac-
uum is selected and the field takes the expectation value
〈φ〉 = MPl/

√
2. This specific value, which has no spe-

cial meaning during the conformal phase, is determined
a posteriori by experiments.3

In this phase, we are in the energy regime (29) and the
first monomial in Eq. (25) dominates in the action (2),
which in D = 4 turns into (Appendix A2)

SΛhd
= −e

γ̃eM2
Pl b

2Λ2
∗

∫

dDx
√

|g|RµνR
µν + Sm , (37)

which must be augmented by the quantum corrections
terms (30b). In Eq. (37), Sm represents the four-
derivative matter-matter and matter-gravity contribu-
tions coming from Eq. (2).
As mentioned in Sec. III A, the logarithmic quantum

corrections contribute to the two-point correlation func-
tion of the graviton when the conformal symmetry is
spontaneously broken, i.e., for 〈ϕ〉 . MPl. Indeed, ex-
panding the quantum log corrections for small ϕ/MPl we
get

ln
(

−f−2�φ2ĝ

)

= ln
[

−f−2�(MPl/
√
2+ϕ)2ĝ

]

= ln

(−2�ĝ

f2M2
Pl

)[

1 +O

(

ϕ

fMPl

)]

= ln

(−�ĝ

Λ2
∗

)

+O

(

ϕ

Λ∗

)

, (38)

3 Sometimes it has been claimed that setting φ = φ0 = const
in conformal gravity might not correspond to a spontaneous
breaking of Weyl symmetry because one can perform a confor-
mal transformation Ω = (φ/φ0)w (where w is a constant) such
that the Lagrangian with φ = φ0 is transformed back to a con-
formally invariant Lagrangian [41, 42]. According to this rea-
soning, φ = φ0 would be just a gauge choice not affecting the
symmetry of the system in any meaningful way. Although this is
mathematically correct, it misses the elementary particle-physics
point that, by definition, spontaneous symmetry breaking en-
tails a vacuum choice after which no symmetry transformation
is possible. A classic example is the choice of vacuum in the
U(1)–invariant set of vacua of the Mexican-hat potential for the
Higgs field φ = Φexp(iθ), corresponding to a choice of phase θ.
More precisely, the total Lagrangian does retain the symmetry
but such symmetry is broken for perturbations around the vac-
uum. The argument of [41, 42] does not take these perturbations
ϕ of the dilaton into account.
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which coincides with the log operator in Eq. (30b) up to
terms O(ϕ/Λ∗) that do not enter the two-point function
of the graviton. In Eq. (38), the first contribution, in-
dependent of the Goldstone boson, will give rise to the
quasi-scale invariant CMB scalar spectrum, thus provid-
ing an authentic quantum origin of primordial perturba-
tions (Sec. VI).

IV. SOLUTIONS TO THE PROBLEMS OF THE
HOT BIG BANG

The conformal phase described in Sec. III A can serve
as an alternative to inflation to solve all the main prob-
lems of the standard hot-big-bang model of the early
universe: the big-bang or singularity problem, the flat-
ness problem, the horizon problem, and the monopole
problem, plus the trans-Planckian problem. Since per-
turbations are generated after the conformal phase, the
reason why CMB temperature anisotropies exist and are
as small as δT/T ∼ 10−5 finds an answer in the Higgs
phase described in Sec. III B, as we will see later. In this
section, we will discuss the first stage of this two-step
scenario alternative to inflation.

A. Singularity problem and past completeness

In the conformal phase, the theory (2) in terms of
the fields (9) is invariant under the Weyl transformation
(10). Therefore, for any specific transformation (10) with
given rescaling Ω2 = S(x), both the pair (ĝµν , φ) and the
rescaled fields

ĝ∗µν := S(x) ĝµν , φ∗ := S− 1
2 (x)φ , (39)

solve the equations of motion exactly. In particu-
lar, as evident from Eq. (12), the pair (ĝµν , φ) =

(ĝFLRWµν ,MPl/
√
2) is an exact solution of the equations

of motion for the theory (2), where ĝFLRWµν is the flat

FLRW metric in conformal time τ =
∫

dt/a(t) (where t
is proper time) defined by the line element

dŝ2FLRW = ĝFLRWµν dxµdxν (40)

= a2(τ)
[

−dτ2 + (dx1)2 + (dx2)2 + (dx3)2
]

,

where a is the cosmological scale factor. If we take the
rescaling S(x) = S(τ) = 1/a2(τ), the solution (39) reads

ĝ∗µν = ηµν , φ∗ =
MPl√

2
a(τ) , (41)

which is Minkowski spacetime in the presence of a non-
trivial dilaton profile. In other words, in a conformally in-
variant theory the cosmic expansion can be reinterpreted
as a manifestation of conformal invariance and, in partic-
ular, as the dynamics of the dilaton field, while leaving

physical predictions unaltered.4

However, as proved in Appendix C, the dilaton de-
couples from the geodesic equation of massless particles.
Therefore, photons and any other massless particles move
in Minkowski spacetime, which is geodesically complete
(Appendix C2). Indeed, calling λ the affine parameter
along the geodesic and ξ0 a conserved scalar quantity
made of one of the Killing vectors, the main geodesic
equation

ξ0 = −dτ
dλ

(42)

is well defined for τ ∈ (−∞,+∞) and λ ∈ (−∞,+∞),
contrary to the analog geodesic equation (C19) in the
FLRW background in Einstein gravity.
It is important to stress that the solution of the sin-

gularity problem was illustrated with a particular back-
ground but it is not, and in fact cannot, be based on
any background at all, thanks to conformal invariance.
To understand this point, let us recall that the singu-
larity issue is not whether a particular background is
geodesically complete or not, but whether broad classes
of spacetimes (for instance, with a cosmological expan-
sion or with spherical symmetry) are geodesically com-
plete, either in general or in a given theory of gravitation.
In particular, one can discover examples of bouncing cos-
mologies in any otherwise pathological theory, and the
question is how typical these solutions are. In the case of
Einstein gravity, geodesic incompleteness is established
through several sophisticated theorems, the simplest and
most powerful being the Borde–Guth–Vilenkin (BGV)
theorem [46]. According to it, any universe that ex-
panded in average during most of its history has past-
incomplete worldlines. This is not enough to establish the
existence of a global singularity such as the big bang, for
which past-incompleteness should hold for all observers
at the same time. However, it is strong evidence in favor
of such a conclusion, since it is based on a background-
independent proof which does not rely on any specific
metric (such as FLRW), nor on any specific dynamical
theory, nor on inflation.
In the case of conformal gravity, the BGV theorem does

not apply because, in the trans-Planckian phase, it is not
even possible to talk about expanding backgrounds. In
other words, the average expansion condition at the core
of the BGV theorem cannot be met in a theory where
the dynamics is conformally invariant. The expansion
condition is not a conformally invariant statement and,
vice versa, a conformal transformation can always make
an expanding background static or even contracting. To
put it simply, the singularity issue becomes meaningless.
This mechanism for solving the big-bang problem, and

actually the wider singularity problem in general relativ-
ity, is independent of the details of the theory, but we

4 This fact was already noted in classical scalar-tensor models con-
cerning the equivalence of the Einstein and the Jordan frame
[43–45].
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stress the necessity to have a finite theory to get exact
conformal invariance in the deep UV.

B. Flatness problem

In this section, we show how the flatness problem is
solved simply and universally in conformal gravity. The
proof consists of two mini theorems, the first of which is
well known.

Theorem 1. Any FLRW line element with intrinsic cur-
vature k,

dŝ2 = ĝµνdx
µdxν (43)

= −dt2 + a2(t)

[

dr2

1− k r2
+ r2

(

dθ2 + sin2 θ dϕ2
)

]

,

k = 0,+1,−1 ,

(where r, θ, and ϕ are the spherical coordinates on the
spatial section in four dimensions) is conformally flat.

Proof. For all values of k, there exists a coordinate trans-
formation (t, r, θ, ϕ) → (T, ρ, θ, ϕ) such that the line
element (43) turns into

dŝ2 = ω2(x)
[

−dT 2 + dρ2 + ρ2
(

dθ2 + sin2 θ dϕ2
)]

,

ω(x) =

{

ω(T ) for k = 0
ω(T, ρ) for k = ±1

, (44)

where:

T =

∫

dt

ω
and ρ = exp

∫

dr

r
√
1− k r2

.

Therefore, the spacetime is conformally equivalent to
Minkowski but, in general, it is not homogeneous because
ω(x) = a(t) r/ρ(r) may depend on the radial coordinate
as well as on the time coordinate.

For instance, the coordinate transformation for the
case k = +1 can be found in [47]. The case k = −1
can be worked out similarly.
Another way to prove the theorem is to notice that the

Weyl tensor vanishes exactly for the metric (43), Cµνρσ =
0.
In the previous theorem, we did not call upon confor-

mal invariance and the above result applies to any diffeo-
morphism (Diff) invariant theory. In general, conformal
equivalence of the two metrics does not mean physical
equivalence. Let us consider now a conformally invariant
gravitational theory, i.e., a theory invariant under the
symmetry Weyl×Diff.

Theorem 2. In a Weyl×Diff invariant theory, any
FLRW solution (43) with k = 0, ±1 is physically equiv-
alent to the FLRW spacetime with k = 0.

Proof. According to Theorem 1, we can first make a co-
ordinate transformation to map Eq. (43) into the inho-
mogeneous, conformally flat line element (44) and, af-
terwards, we can make a conformal transformation to a

homogeneous and spatially flat FLRW spacetime. The
explicit conformal transformation reads

ĝ′µν = Ω2ĝµν , Ω2 =
a2(T )

ω2(T, ρ)
, (45)

where ĝµν is given in Eq. (44). Therefore, in a confor-
mally invariant theory any FLRW solution is equivalent
to a spatially flat (k = 0) FLRW solution.

The details of both theorems are independent of the
underlying theory except for the requirement of finite-
ness, without which one cannot invoke exact conformal
invariance at the classical as well as at the quantum level.
Conformal invariance resolves the fine tuning at

Planckian scales, where, according to the standard hot-
big-bang model, the curvature density parameter is Ωk =
10−64. However, it does not explain the lesser but still
present fine tuning at lower energy scales (for instance,
at a cosmic temperature T = 1TeV, one has Ωk = 10−32;
at radiation-matter equality, Ωk = 10−6). After confor-
mal symmetry is broken, one must pick a metric as a
background and one selects FLRW (flat or curved) on
empirical grounds, just like we must pick φ ∝ MPl from
the measurement of Newton’s constant. Can one choose
an FLRW metric with k = ±1?
An argument against this possibility is the following.

Before the symmetry breaking, we know that Minkowski
spacetime is the representative metric of the system with
no residual gauge invariance. Thanks to the Weyl sym-
metry rescaling the metric, we can also consider a flat
FLRW background (k = 0), which is another representa-
tive but with some residual gauge. Then, one can solve
the equations of motion on this homogeneous isotropic
background with a homogeneous dilaton φ(t). At this
point, we can do either of two things:

A. Simply wait until Weyl invariance is spontaneously
broken. At that point, the metric remains fixed
and spatial flatness is preserved. The flat FLRW
solution, which was equivalent to Minkowski before
the symmetry was broken, becomes now physically
meaningful because we cannot use the Weyl sym-
metry anymore. In order to be consistent with ob-
servations, the FLRW metric must be the known
one for radiation and matter at scales larger than
the Planck scale.

B. During the conformal phase, make a Diff transfor-
mation in order to get a FLRW metric with k = 1
or k = −1 and, afterwards, a conformal rescaling
Eq. (45) in order to make the metric homogeneous
again. Now the dilaton is not homogeneous be-
cause it transforms according to Eq. (10). However,
since the gravitational sector is homogeneous, the
inhomogeneous dilaton profile is a solution of the
equations of motion only in the case of a constant,
which is proportional toMPl after symmetry break-
ing. Therefore, the effective conformal factor must
be Ω = 1, leading back to the k = 0 FLRW metric.
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To put it differently, the dilaton couples to mat-
ter, hence such inhomogeneity affects the dynamics
of matter in the universe. Therefore, the Cosmo-
logical Principle of homogeneity of the large-scale
universe is broken by the presence of the dilaton
and, once the Weyl symmetry is broken, we end
up with a configuration violating empirical data.
This forces us to take k = 0 (homogeneous Weyl
rescaling).

In both cases, the conclusion is that, after symmetry
breaking, we must select an exactly flat FLRW back-
ground. Therefore, the flatness problem is solved also at
energies above the Planck scale.5

C. Horizon problem

In our model for the early Universe, the horizon prob-
lem is solved simply because, in the conformal phase,
spacetime distances do not have any physical meaning:
large and small distances are actually the same.
Such a causal structure can be explicitly shown in

asymptotically flat or bouncing backgrounds such as
those considered in Sec. V, which may be selected after
breaking conformal symmetry. In the examples (50) or
(58a), the scale factor a(t) is almost always smaller than
the Hubble radius H−1. For the solution (50), a 6 H−1,
while for the solution (58a) it is always possible to find
an instant t̄ before which the scale factor a(t) is smaller
than the Hubble horizon.
Hence, for t small enough, the distance between par-

ticles in all the solutions presented below is always in-
side the Hubble radius and the particles in the Universe
can interact with one another without violating causal-
ity. Notice that we can talk about causality only after
the symmetry is spontaneously broken.

D. Monopole problem

Since we have at our disposal a well-defined theory at
any energy scale, we do not need to extend the Stan-
dard Model of particle physics to a grand unified theory
(GUT). Indeed, the theory (2) is complete regardless of
the form of the local action (3) (provided Lloc does not

5 Another way to reach the same conclusion is to regard the spon-
taneous breaking of the continuous Weyl symmetry as associated
to a phase transition (e.g., [48, Chap. 8]). The facts that the so-
lutions of the equations of motion do not have any discontinuity
at the time tPl of symmetry breaking and that, as we will see
later, the scaling of two-point functions also does not change
abruptly suggest that we are in the presence of a second-order
phase transition. In this case, the change in the metric cannot
be abrupt either, and one cannot suddenly pass from a class of
flat backgrounds to a nonflat one.

have instabilities), which we can assume to be the Stan-
dard Model. In other words, the theory (2) is already
a unified theory of all fundamental interactions. Here,
the concept of unification is understood as a finiteness
regime in which all interactions vanish. Indeed, accord-
ing to a preliminary study [39], in the finite theory (2)
all the scattering amplitudes A are suppressed as the
inverse of a polynomial in the UV regime, A ∼ 1/k2n

(n ∈ N). Therefore, there is no unification strictly speak-
ing, but something closer to the scenario presented in
[49], in which all the couplings run to zero in the UV
regime.
However, if we insist the action (2) to describe a UV

finite and conformally invariant completion of a GUT, we
must deal with the monopole problem. By construction,
monopoles are exact solutions of the theory (2) whenever
they are so for the local theory (3). In a grand unified
model, monopoles originate from the spontaneous sym-
metry breaking of the gauge group at some scaleMX be-
cause the expectation value of the Higgs field Φ is, in gen-
eral, different in causally disconnected domains and can
take the value 〈Φ〉 = 0 in some regions and 〈Φ〉 = v 6= 0 in
other regions. However, in nonlocal quantum gravity the
GUT scale lies in the trans-Planckian regime where the
theory is conformally invariant and there are no causally
disconnected domains. Therefore, 〈Φ〉 will be the same
in the whole Universe in the conformal phase.

E. Trans-Planckian problem

Finally, we make a comment on the cosmological trans-
Planckian problem [50, 51] in nonlocal quantum gravity.
In standard cosmology, in order to get nearly-Gaussian

scale-invariant primordial perturbations, it is essential
to set the initial state for the perturbations to be the
Bunch–Davis vacuum. The latter coincides with the
Minkowski solution in the infinite past, when the per-
turbative modes are deep inside the horizon. Therefore,
sufficiently back in the past, the equations for perturba-
tions reduce to the ones in Minkowski spacetime. How-
ever, in our theory the cosmological metric is only con-
formally equivalent to the Minkowski metric, hence, the
wavelength λ ∼ a(t) of the perturbations will be sub-
Planckian at some instant t in the past, namely, λ . ℓPl

for t . tPl. From the effective field theory point of view,
it is hard to explain why higher-derivative operators, at
the linear and the nonlinear level in the perturbations,
do not affect the observed spectrum when λ ≃ O(ℓPl).
Indeed, operators like

Ei(Φi)
�n

M2n
Pl

Ei(Φi) , (46)

will be of the same order of magnitude as the Einstein–
Hilbert term R at the Planck energy scale.
This puzzle has a simple solution in nonlocal gravity

(2), whose classical equations of motion have the struc-
ture (12). The terms O(E2

i ) are subleading because all
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the scattering amplitudes vanish at the quantum level in
the UV regime, while the solutions of the linear part of
the equations of motion (12),

eH̄(∆)(0)E
(1)
i = 0 , (47)

where (0) and (1) denote, respectively, the background
and the first order in the perturbation, are the same of
the local Einstein theory coupled to matter. Nonlinear
operators in the perturbations are suppressed because
the n-point amplitudes vanish in the UV regime, as we
saw in Sec. III A. Therefore, no classical higher-derivative
operators such as (46), which are quadratic in the curva-
ture in the action, contribute to the linearized classical
equations of motion (47).
The only corrections to the equations of motion that

we have to take into account at the linear order are quan-
tum and will be crucial later in order to explain the de-
viation of the primordial spectra from exact scale invari-
ance. Indeed, at the linear level Eq. (47) will be replaced
by (B36), which reduces to the linearization (47) when

the quantum corrections γQ2 and γQ0 are sent to zero.

V. BACKGROUND SOLUTIONS

In the trans-Planckian regime, all conformally equiva-
lent background solutions are physically equivalent. In-
deed, at such scales all the conformal solutions are equiv-
alent, while timelike and spacelike distances do no have
any physical meaning. However, for future usage in the
sub-Planckian phase, we describe possible choices of the
conformal solution. In particular, any rescaling of the
FLRW metric is also an exact solution of the theory and
is physically equivalent to one another. Since the met-
ric in the conformal phase is described by the Minkowski
background (41), we can get a new FLRW solution sim-
ply making a conformal rescaling of ηµν . We here pro-
pose two possible scenarios: (I) an asymptotically flat
scenario and (II) a bouncing scenario. For the scenario
(I), we identify three subcases that we label (Ia), (Ib),
and (Ic).

A. Asymptotically flat backgrounds

In scenario (Ia), the metric in conformal time is ob-

tained making a rescaling (10) with the choice [52,
Sec. 3.2]

Ω2 = a2(τ) = A+B tanh
τ

τPl

, (48)

where A and B are constants, so that the line element
with the metric (41) turns into

ds∗2 = −
(

A+B tanh
τ

τPl

)

(

−dτ2 + dx2
)

,

lim
τ→±∞

a2 = A±B , A > B , (49)

where we assumed A > B in order to have a2(τ) > 0
for all times. Therefore, the metric in Eq. (49) interpo-
lates between two asymptotic Minkowski spacetimes for
τ → ±∞.6 In particular, our Universe was not born
from a big bang but from a conformal phase in which
geometry is decribed by Minkowski spacetime. See also
Sec. IVB about the uniqueness of Minkowski spacetime
in conformal gravity.
Another metric similar to Eq. (49) that characterizes

scenario (Ib) can be directly defined in proper time,

ds∗2 = −dt2 + a2(t) dx2 ,

a = A+B tanh
t

tPl

, (50)

lim
t→±∞

a = A±B , A > B .

In order to show that in a universe described by the in-
terpolating metric (50) we avoid the horizon problem, we
compute the Hubble radius RH and the particle radius
Rp, or their comoving counterparts rH and rp:

RH:=a rH :=
1

H
=
a

ȧ

=tPl cosh
2

(

t

tPl

)(

A

B
+ tanh

t

tPl

)

, (51)

Rp:=a rp

:=a(t)

∫ t

ti

dt′

a(t′)
= (τ − τi)a , (52)

τ=

∫

dt

a(t)

=
At−BtPlln

[

A cosh
(

t
tPl

)

+B sinh
(

t
tPl

)]

A2 −B2
, (53)

where the latter expression is valid for A 6= B. The parti-
cle radius is the actual definition of a causal region com-
prising all points in contact with the observer through
light signals since an initial time t = ti. However, de-
pending on the background it may be ill defined, as is
the case here for t < 0, and the Hubble radius provides
an alternative criterion for causal contact.
The functions a(t) and RH(t) are tangent at t = 0,

while a < RH for all t 6= 0. In particular, for A > B
the Hubble radius goes to infinity for t → ±∞ (Fig. 2),
while for A = B one has a degenerate spacetime in the
asymptotic past (Fig. 3),

lim
t→+∞

RH = +∞ , lim
t→−∞

RH =
tPl

2
. (54)

At the instant t, the wavelength of a perturbation is

λ = a(t)λcom , λcom =
2π

|k| , (55)

6 Another metric interpolating between two Minkowski spacetimes
in the infinite past and in the infinite future can be defined in
terms of the error function, a2(τ) = A+ B erf(τ/τPl).
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FIG. 2. Top: Scale factor (proper wavelength) a(t) (50) (solid
thin curve) and Hubble radius RH (51) (solid thick curve) for
A > B and tPl = 1. Bottom: Same as in the top panel for
the comoving wavelength λcom = 1 and the comoving Hubble
radius rH .

where λcom is the comoving wavelength and |k| is the
comoving wavenumber. Therefore, the scale factor can
be regarded as the proper wavelength with λcom = 1: any
perturbation with wavelength within the horizon would
stay in the causally connected patch. Therefore, using
the relative size with respect to the Hubble radius as a
criterion, the distance between causally connected points
is always smaller than the Hubble radius. Taking instead
the particle radius with an initial time in the infinite
past, one reaches the same conclusion, since in that case
Rp = +∞. Therefore, all the matter in the Universe is
located inside a casually connected domain.
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FIG. 3. Scale factor (proper wavelength) a(t) (50) (solid thin
curve) and Hubble radius RH (51) (solid thick curve) for A =
B and tPl = 1. The plot for comoving distances is similar to
the one in the bottom panel of Fig. 2.

Finally, in scenario (Ic) the scale factor is

a =

√

A+
t

t0
eΓ(0,t/tPl) , (56a)

lim
t→+∞

a =

√

t

t0
, (56b)

lim
t→−∞

a =
√
A , (56c)

for which the Hubble radius is

RH = 2
Ae−Γ(0,t/tPl) + t

1− e−t/tPl
> a ∀t . (57)

When A = 0, the metric interpolates between a degener-
ate spacetime in the past and the solution of Einstein’s
theory for radiation (Fig. 4), while for A > 0 the metric
approaches Minkowski spacetime in the past (Fig. 5).

B. Bouncing backgrounds

Scenario (II) is defined by a simple and quite general
proposal for a bouncing Universe in proper time:

a =

[

(

t

t0

)2n

+A2n

]
1
4n

, n ∈ N
+, (58a)

lim
t→±∞

a =

√

t

t0
, (58b)

lim
t→0

a =
√
A . (58c)

Also in the bouncing Universe there is no horizon prob-
lem. For the metric (58a), the Hubble radius is

RH = 2t

[

1 +

(

At

t0

)2n
]

, (59)



13

-3 -2 -1 0 1 2 3
-1

0

1

2

3

4

5

t

-3 -2 -1 0 1 2 3
0

1

2

3

4

5

t

FIG. 4. Top: Scale factor (proper wavelength) a(t) (56a)
(solid thin curve) and Hubble radius RH (57) (solid thick
curve) for A = 0 and t0 = tPl = 1. The Einstein-gravity
radiation-dominated solution (56b) and the corresponding
RH = 2t are shown as well (dashed thin and thick curves,
respectively). Bottom: Same as in the top panel for the co-
moving wavelength λcom = 1 and the comoving Hubble radius
rH .

which is divergent in t = 0,

lim
t→0+

RH = +∞ . (60)

Therefore, a(t) and RH(t) can cross each other never,
once, or twice depending on the values of t0 and A (Figs. 6
and 7). In the first case, a < RH for all t; in the second
case, a < RH for all t before a certain point t̄; in the
third case, a < RH for t > t̃ or t < t̄, where 0 < t̄ <
t̃. We conclude that, in the bouncing Universe, there is
always an instant t̄ in the past before which particles had
a chance to be in causal contact with one another.

From the scale factor (58a), we can reconstruct the
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t

FIG. 5. Scale factor (proper wavelength) a(t) (56a) (solid
thin curve) and Hubble radius RH (57) (solid thick curve) for
A = t0 = tPl = 1. The general-relativity radiation-dominated
solution (56b) with corresponding RH = 2t are shown as well
(dashed thin and thick curves, respectively). The plot for
comoving distances is similar to the one in the bottom panel
of Fig. 4.

conformal time

τ =

∫

dt

a(t)

=
t√
A

2F1

[

1

4n
,
1

2n
; 1 +

1

2n
;−
(

t

At0

)2n
]

, (61)

where 2F1 is the hypergeometric function.

VI. PRIMORDIAL SPECTRA

While the conformal phase can address the classic
problems of the hot-big-bang model, it does not explain
the origin of the primordial spectra and their almost scale
invariance. It turns out that these are generated dur-
ing the sub-Planckian phase, where conformal invariance
is spontaneously broken. The one-loop quantum correc-
tions to the classical action are directly responsible for
the small deviation from Harrison–Zel’dovich spectra.
In this section, after describing some basic approxima-

tions needed for technical reasons, we derive the quasi-
scale-invariant spectrum of primordial tensor and scalar
perturbations.

A. Flat spacetime approximation

According to the discussion in Secs. II and III and the
results derived in Appendix B 3, the computations we are
going to make in this section rely on two assumptions for
the energy regime in which we will consider the theory
(2):
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FIG. 6. Top: Scale factor (proper wavelength) a(t) (58a)
(solid thin curve) and Hubble radius RH (59) (solid thick
curve) for A = 0.5, n = 1, and t0 = 1. The general-relativity
radiation-dominated solution (58b) with corresponding RH =
2t are shown as well (dashed thin and thick curves, respec-
tively). In this plot, a < RH for all t. Bottom: Same as in
the top panel but for the comoving wavelength λcom = 1 and
the comoving Hubble radius rH .

(i) Quadratic-gravity or higher-derivative (hd) regime

(29), Λhd . E . Λ∗, where Λhd = Λ∗/
√
b for

0 6 b0 6 1 and Λhd = Λ∗
√

b0/b for b0 > 1. In this
range, the theory has the local limit (A4) [Eq. (A5)
with matter] which captures its main UV proper-
ties. More generally, what follows holds also for
Stelle gravity with a nonzero coefficient of the R2

operator.

(ii) Perturbative (one-loop) approximation (B31), cor-
responding to E & Λ∗/10. It guarantees that one-
loop quantum corrections in the propagator are
subdominant with respect to the classical part con-
sistently with the quantum field theory perturba-
tive expansion. This condition also permits some
analytic simplifications [Eqs. (B26) and (B27)].
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FIG. 7. Top: Scale factor (proper wavelength) a(t) (58a)
(solid thin curve) and Hubble radius RH (59) (solid thick
curve) for A = 0.05, n = 1, and t0 = 1. The Einstein-
gravity radiation-dominated solution (58b) with correspond-
ing RH = 2t are shown as well (dashed thin and thick curves,
respectively). In this plot, we have an interval of time in
which a > RH . Bottom: Same as in the top panel but for
the comoving wavelength λcom = 1 and the comoving Hubble
radius rH .

Therefore, if max(1, b0)/b < O(10−2), then Λhd < Λ∗/10
and the conditions (i) and (ii) imply that Λ∗/10 . E .
Λ∗, which boils down to pushing the energy to the lower
limit:

E ≃ Λ∗
10

. (62)

If we make the identification Λ∗ = MPl, then the regime
(62) falls within the sub-Planckian or Higgs phase where
conformal invariance is spontaneously broken.
At the end of Sec. III A, we argued that Λ∗ 6 MPl

only using conformal invariance, Eq. (36). Here, we end
up with a similar statement using (62) and the fact that
the energy of particles propagating in the Higgs phase
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must be smaller than the Planck mass, E < MPl:

Λ∗ < 10MPl , ℓ∗ >
ℓPl

10
. (63)

These inequalities are consistent with Eq. (36).
In order to evaluate the correlation functions in flat

spacetime and avoid the complications of quantum field
theory on curved spaces, we have to verify that we can
approximate the FLRW metric with the Minkowski one.
Hence, the condition that has to be fulfilled is to consider
perturbations within the Hubble horizon,

λ =
1

E
≪ RH , (64)

where λ is the wavelength of the perturbation. Since we
are in the regime (62), i.e, out of the conformally in-
variant phase, we can consider the radiation-domination
scale factor

a(t) =

√

t

t0
(65)

and compute for which value of t the perturbation crosses
the horizon, λ(t⋆) = RH(t⋆). At the instant t, the wave-
length is given by Eq. (55), while H = ȧ/a = 1/(2t) and
RH = H−1 = 2t. Therefore, at horizon crossing t = t⋆
we have

√

t⋆
t0
λcom = 2t⋆ =⇒ t⋆ =

λ2com
4t0

. (66)

Apart from t⋆, there are three more important moments
in the evolution of the Universe: the instant tΛ∗

when λ =
ℓ∗ and the Universe exits the conformal phase, the instant
tλ when λ = 10ℓ∗ [see Eq. (62)], and the instant tΛhd

when λ = Λ−1
hd and the theory is approximated by the

local quadratic action (A4) [Eq. (A5) with matter]. Let
us now find such instants and provide the chronological
order of the events.
The instant tΛ∗

is given by

tΛ∗
:

√

tΛ∗

t0
λcom = ℓ∗ =⇒ tΛ∗

=
ℓ2∗t0
λ2com

=
ℓ2∗
4t⋆

. (67)

The instant tλ is given by

tλ :

√

tλ
t0
λcom = 10 ℓ∗ =⇒ tλ = 102 tΛ∗

. (68)

The instant tΛhd
is given by

tΛhd
:

√

tΛhd

t0
λcom =

√

b

max(1, b0)
ℓ∗ =⇒

tΛhd
=

b

max(1, b0)
tΛ∗

. (69)

Since b/max(1, b0) ≫ 1, we have the hierarchy

tΛ∗
≪ tλ < tΛhd

, (70)

which is the time analogue of the interval (29).
The condition (64) is satisfied in the regime (62) when

λ ≃ 10 ℓ∗ ≪ H−1 = 2tλ =⇒ tλ ≫ 5ℓ∗ . (71)

Plugging Eq. (66) into (71), we find

tλ ≫ 5ℓ∗ = 10
√

t⋆ tΛ∗
,

in which we now replace tΛ∗
= tλ/10

2:

t⋆ ≪ tλ . (72)

We will take into account the results of this section in
drawing the cosmological model described here.
The conformal and the Higgs phase as well as the scale

hierarchy (70) and the local UV limit of the theory are
depicted in Fig. 8.

B. Tensor perturbations

After the spontaneous breaking of conformal invari-
ance, distances acquire a meaning, correlation functions
become nonvanishing, and one can consider metric per-
turbations. In this noninflationary early-Universe sce-
nario, tensor perturbations are the subhorizon metric
quantum fluctuations corresponding to the graviton, in a
regime where one can ignore the curvature of the back-
ground and the cosmological expansion. In contrast, in
standard inflation metric fluctuations are induced by the
quantum fluctuations of a scalar field and the spectrum is
calculated at subhorizon scales but evaluated at horizon
crossing.
The tensor spectrum in the regime (62) is readily ob-

tained from the graviton propagator (B32) derived in Ap-
pendix B 3. The two-point correlation function for trans-
verse and traceless tensors in four dimensions reads [19]

G
(2)
ijkl(x, x

′) := 〈hij(x)hkl(x′)〉

(B32)
= −C

∫

d4k

(2π)4
eik·(x−x′)

P
(2)
ijkl(k)

k4
(

k
Λ∗

)2ǫ2

= −CΛ2ǫ2
∗ P

(2)
ijkl(∂x)

∫

d4k

(2π)4
eik·(x−x′)

k4+2ǫ2
, (73)

where Latin indices run over spatial directions, the con-
stants C and ǫ2 are given by Eqs. (B32) and (B21), re-
spectively,

C :=
4Λ2

∗
b eγ̃eM2

Pl

, ǫ2 = − 2βRicΛ
2
∗

b eγ̃eM2
Pl

, (74)

and P
(2)
ijkl(k) are the spatial components of the spin-2 pro-

jector in Eq. (B3) [53].
In order to explicitly compute Eq. (73), we recall that

the two-point correlation function in D-dimensional Eu-
clidean momentum space is obtained through the Fourier
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FIG. 8. The cosmological scenario proposed in this article. For t < tΛ∗
, the Universe is in the trans-Planckian conformal

phase described by the theory (2). For t & tΛ∗
, the conformal symmetry is spontaneously broken. The instant t⋆ represents

horizon crossing when k = aH for a radiation-dominated Universe, Eq. (66), while tλ is when the perturbation is evaluated
after the spontaneous breaking of the Weyl symmetry, consistently with the perturbative approximation (62). In the epoch
tλ . t ≪ tΛhd , the Universe is well described by quadratic gravity (Stelle’s theory) plus quantum corrections. The CMB is
formed at the decoupling time tdec.

transform

(x2)−s = BD(2s)

∫

dDk

(2π)D
eik·x(k2)s−

D
2 , (75a)

BD(2s) :=
2D−2sπ

D
2 Γ
(

D
2 − s

)

Γ(s)
. (75b)

Therefore, comparing Eqs. (73) and (75) with D = 4,
we see that s = −ǫ2, so that the propagator in position
space reads

G
(2)
ijkl(x, x

′) = − CΛ2ǫ2
∗

B4(−2ǫ2)
P

(2)
ijkl(∂x)|x − x′|2ǫ2 . (76)

For x′0 = x0 and using again Eq. (75) with s = −ǫ2, but
now in D − 1 dimensions,

G
(2)
ijkl(x,x

′) = − CΛ2ǫ2
∗

B4(−2ǫ2)
P

(2)
ijkl(∂x)|x− x′|2ǫ2

= −CΛ2ǫ2
∗ B3(−2ǫ2)

B4(−2ǫ2)

×P (2)
ijkl(∂x)

∫

d3k

(2π)3
eik·(x−x′)

(k2)ǫ2+
3
2

.

From the second formula in Eq. (75), we can compute
the ratio B3(−2ǫ2)/B4(−2ǫ2):

BD−1(2s)

BD(2s)
=

1

2
√
π

Γ
(

D−1
2

)

Γ
(

D
2

)

D=4
=

1

4
. (77)

Finally, according to the definitions in Appendix D,

G
(2)
ijkl(r) = −CΛ2ǫ2

∗
4

P
(2)
ijkl(∂x)

∫

d3k

(2π)3
eik·r

k2ǫ2+3

(D1)
= −P (2)

ijkl(∂x)

∫ +∞

0

dk
k2

2π2
Ph(k)

sin(kr)

kr

(D3)
= −P (2)

ijkl(∂x)

∫ +∞

0

dk

k
∆2

h(k)
sin(kr)

kr
, (78)

where r = x− x′, r = |r|, k = |k|, and

Ph(k) =
CΛ2ǫ2

∗
4 k2ǫ2+3

, ∆2
h(k) =

C

8π2

(

Λ∗
k

)2ǫ2

. (79)

Taking into account the two polarization modes of the
graviton, the final result for the tensor power spectrum
Pt is

Pt(k) := 2∆2
h(k) =

4Λ2
∗

b (2π)2 eγ̃e M2
Pl

(

k

Λ∗

)−2ǫ2

. (80)

Therefore, using the definition (B22), the tensor spec-
trum reads

Pt(k) =
nt

(2π)2 βRic
(ℓ∗k)

nt , (81)

where the tensor spectral index is

nt :=
d lnPt

d ln k
= −2ǫ2 =

4βRic

b eγ̃e

Λ2
∗

M2
Pl

, (82)

which is positive because βRic > 0.
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C. Scalar perturbations

Scalar perturbations are thermal fluctuations of the ra-
diation filling the Universe. They are not induced by the
quantum fluctuations of a scalar field as in inflation. In
order to convert the power spectrum of primordial den-
sity perturbations to the spectrum of fluctuations in the
CMB at large angular separations, we follow the standard
treatment of the Sachs–Wolfe effect relating temperature
deviations δT/T to the gravitational potential Φ at the
last-scattering surface [54, 55]:

δT (x)

T
= − 1 + 3w

3(1 + w)
Φ(x) , (83)

where w is the constant barotropic index defining the
equation of state p = wρ of the perfect fluid assumed to
dominate, where p is the pressure and ρ is the energy
density. For radiation, w = 1/3 and the front coefficient
in Eq. (83) is −1/2.
At the last-scattering surface, the theory (2) is well

approximated by Einstein gravity. Therefore, the poten-
tial is related to density perturbations by the standard
Poisson equation

∇2Φ(x) =
1

2M2
Pl

δρ(x) . (84)

Regarding the potential, at the last-scattering surface
the leading contribution to Φ comes from the Einstein–
Hilbert action because, at that time, the energy scale is
much smaller than the Planck energy [18]. Moreover, we
remind the reader that the FLRW solutions of Einstein’s
equations are exact solutions also of the theory (2).
Equations (83) and (84) imply

δT (x)

T
= − 1 + 3w

3(1 + w)

1

2M2
Pl

1

∇2
δρ(x) ,

so that the two-point function of CMB temperature fluc-
tuations reads

〈

δT (x)

T

δT (y)

T

〉

=

[

1 + 3w

3(1 + w)

]2

〈Φ(x)Φ(y)〉 , (85)

〈Φ(x)Φ(y)〉= 1

4M4
Pl

〈

1

∇2
x

δρ(x)
1

∇2
y

δρ(y)

〉

, (86)

where we formally inverted Eq. (84).
On the other hand, both the density perturbations and

their two-point correlation function have to be evaluated
at the energy scale E ≃ Λ∗/10 right after the confor-
mal phase. Therefore, we need to express the pertur-
bations of the energy-momentum tensor in terms of the
gravitational perturbations through the linearized equa-
tions of motion for the theory (2) at the scale (62). Af-
terwards, such density perturbations affect the fluctua-
tions of the gravitational potential, which satisfies the 00
component (84) of Einstein’s equations at the decoupling

time tdec. In turn, the potential affects the temperature
of the CMB. Schematically,

δρ
∣

∣

∣

E≃Λ∗

10

=⇒
(84)

Φ
∣

∣

∣

last scattering

=⇒ δT

T

∣

∣

∣

last scattering
.

In order to relate the density perturbations to the gravi-
ton two-point correlation function, we need the linearized
equations of motion for the theory (2) including the quan-
tum corrections, i.e.,

[

eH
(0)
]στ

µν

[

M2
Pl
G

(1)
στ − T

(1)
στ

2

]

+ EQ(1)
µν = 0 , (87)

where EQ are the quantum corrections to the equations
of motion coming from the Lagrangian (30b). The lin-
earized equations are given in Appendix B4 by Eq. (B36),
written in compact notation as (B37).
Now we are ready to evaluate the two-point correla-

tion function of the energy momentum tensor. The de-
tails of this tedious computation are given in Appendix
E and the final result is Eq. (E2). However, we are only
interested in the two-point correlation function of the

energy-density perturbation δρ := T
(1)
00 , which is given

by Eq. (E9). Let us focus on the first contribution pro-
portional to 5/12, later showing that the other term is
negligible:

〈δρ(x)δρ(y)〉≃−4M2
PlΛ

2
∗

b eγ̃e

∫

d4k

(2π)4
eik·(x−y) 5

12

(

k

Λ∗

)2ǫ2

(75)
=−5M2

PlΛ
2(1−ǫ2)
∗

3b eγ̃e

(|x− y|2)−ǫ2−2

B4(2ǫ2 + 4)
. (88)

On the spatial section x0 = y0, this becomes

〈δρ(x)δρ(y)〉=−5M2
PlΛ

2(1−ǫ2)
∗

3b eγ̃e

(|x− y|2)−ǫ2−2

B4(2ǫ2 + 4)

=−5M2
Pl
Λ
2(1−ǫ2)
∗

3b eγ̃e

B3(2ǫ2 + 4)

B4(2ǫ2 + 4)

×
∫

d3k

(2π)3
eik·(x−y)(k2)ǫ2+2− 3

2 , (89)

where in the last equality we used again Eq. (75) for
D = 3 and s = ǫ2 + 2. Using the second formula in
Eq. (75), we can compute the ratio

B3(2ǫ2 + 4)

B4(2ǫ2 + 4)
=

Γ
(

−ǫ2 − 1
2

)

2
√
πΓ(−ǫ2)

≃ ǫ2 , (90)

where we assumed ǫ2 ≪ 1. Finally,

〈δρ(x)δρ(y)〉 ≃ −5M2
Pl
Λ
2(1−ǫ2)
∗

3b eγ̃e

ǫ2

×
∫

d3k

(2π)3
eik·(x−y)k2ǫ2+1. (91)
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At this point, we can compute Eq. (86) employing
the definitions of Appendix D. In particular, we apply
Eq. (D1) to ψ(x) = Φ(x):

〈Φ(x)Φ(y)〉 = 1

4M4
Pl

[

−5M2
PlΛ

2(1−ǫ2)
∗

3b eγ̃e

]

ǫ2

×
∫

d3k

(2π)3
eik·(x−y) 1

k4
k2ǫ2+1

= − 5Λ
2(1−ǫ2)
∗

12b eγ̃eM2
Pl

ǫ2
2π2

∫ +∞

0

dk

k

sin(kr)

kr
k2ǫ2

=

∫ +∞

0

dk

k
∆2

Φ(k)
sin(kr)

kr
, (92)

where, according to Eq. (D2), we introduced the power
spectrum

∆2
Φ(k) = − 5Λ2

∗
6b eγ̃eM2

Pl

ǫ2
(2π)2

(

k

Λ∗

)2ǫ2

(74)
=

5

12

ǫ22
(2π)2βRic

(ℓ∗k)
2ǫ2 , (93)

which is positive since βRic is positive.
In order to get the full result including the second term

in Eq. (E9) proportional to 5/24, we simply have to add
to Eq. (93) a similar contribution obtained replacing 5/12
with 5/24 and ǫ2 with ǫ0. Hence, the total contribution
to the power spectrum is

∆2
Φ(k)=

5

12

ǫ22
(2π)2βRic

(ℓ∗k)
2ǫ2

+
5

24

ǫ20
(2π)2(βRic + 3βR)

(ℓ∗k)
2ǫ0

=
5

12

ǫ22
(2π)2βRic

(ℓ∗k)
2ǫ2

+
5

24

ǫ22(βRic + 3βR)

(2π)2β2
Ric

(ℓ∗k)
2ǫ0

=
5

12

ǫ22
(2π)2βRic

[

(ℓ∗k)
2ǫ2 +

βRic + 3βR
2βRic

(ℓ∗k)
2ǫ0

]

.

(94)

However, according to Eq. (B25), the coefficient of the
second term is ≪ 1. Therefore, Eq. (93) is a good ap-
proximation of the scalar power spectrum.
The primordial scalar spectrum Ps is defined by the

spectrum of the gauge-invariant curvature perturbation
on uniform density slices ζ, Ps(k) := k3Pζ(k)/(2π

2). In
the presence of one barotropic fluid with constant w and
ignoring the anisotropic stress, one can show that the
relation between the potential Φ and ζ is (see, e.g., [56,
Chap. 8])

Φ ≃ −3 + 3w

5 + 3w
ζ . (95)

In particular, for radiation Φ = −(2/3)ζ, so that the final

form for the scalar power spectrum is

Ps(k) =
9

4
∆2

Φ(k) =
15

64

(ns − 1)2

(2π)2βRic
(ℓ∗k)

ns−1 , (96)

since the scalar spectral index is

ns − 1 :=
d lnPs

d ln k
= 2ǫ2 = − 4βRicΛ

2
∗

b eγ̃eM2
Pl

, (97)

which is negative definite. Here we used Eq. (74).
The small value of ns − 1 is related to perturbative

quantum field theory via the constant βRic, while the ex-
istence of the intermediate scale Λ∗/

√
b < Λ∗ = O(MPl)

with b > 1 could be due to the number of fundamen-
tal fields (Appendix B 3) or to the geometric structure of
the Universe in the conformal phase (Sec. VII). There-
fore, there is no puzzle in having a scale smaller than the
Planck mass in our model of perturbative quantum field
theory.
Comparing Eqs. (82) and (97), we get the prediction

nt = 1− ns > 0 . (98)

This relation between the tensor and the scalar index is
typical of noninflationary scenarios where scalar pertur-
bations are sustained by thermal fluctuations. Examples
are string-gas cosmology [57–59]7 and the new ekpyrotic
model [62–64].

D. Tensor-to-scalar ratio

Using Eqs. (81) and (96), we can finally compute the
tensor-to-scalar ratio at the pivot scale k0:

r :=
Pt(k0)

Ps(k0)
=

64

15(1− ns)
(ℓ∗k0)

2(1−ns) . (99)

VII. DISCUSSION

In this paper, we proposed a quantum-gravity sce-
nario for the cosmology of the early Universe that passes
through a Planckian conformally invariant phase. It is
this Weyl conformal symmetry that geometrically solves,
in a simple and natural way, the cosmological problems of
the standard hot-big-bang model and, at the same time,

7 A noninflationary model coming from matrix theory may realize
string-gas cosmology from first principles [60, 61]. Its cosmolog-
ical spectra are under construction.
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predicts a scale-invariant power spectrum for the CMB
at large scales without the need of any inflationary era.
These findings rely on a recently proposed nonlocal

field theory for gravity coupled to matter consistent with
unitarity, causality, and finiteness at the quantum level.
Indeed, our statements above are based on the prop-
erty of finiteness, that secures Weyl conformal invariance
at the classical as well as at the quantum level. Once
the conformal symmetry is spontaneously broken, two-
point correlation functions get perturbative quantum log-
corrections that make primordial spectra deviate from
exact scale invariance. The main results of the paper are
the tensor spectrum Pt (81), the tensor index nt (82), the
scalar spectrum Ps (96), the scalar index ns (97), the re-
lation (98) between the tensor and the scalar index, and
the tensor-to-scalar ratio r (99).
In particular, logarithmic quantum corrections provide

unique predictions for the tensor spectral index nt (pos-
itive and equal to 1 − ns) and for the tensor-to-scalar
ratio r (dependent only on ns and the scale ℓ∗). There-
fore, quantum corrections are the reason for a quasi-scale-
invariant spectrum for primordial perturbations, and a
genuine evidence of quantum gravity in its realization in
the quantum-field-theory framework.
The only free parameters in the model are the con-

stants βRic (or, actually, the number of matter fields in
the spectrum of the theory) and b (or, equivalently, ns,
which is known from observations). However, βRic can
only affect the amplitude of the perturbations, but not
nt or r, that are completely fixed in our model regardless
of the details of the theory in the UV regime. The whole
scenario is summarized in Fig. 8.
According to Planck observations, at the pivot scale

k0 = 0.05Mpc−1 the scalar index is ns = 0.9649± 0.0042
at 68% confidence level, assuming dns/d lnk = 0 [65]. In
particular,

ǫ2 =
ns − 1

2
≈ −0.01755 , k0 = 0.05Mpc−1 . (100)

Therefore, nt and r are uniquely specified and we have a
real quantum gravity prediction. In particular,

nt ≈ 0.0351 . (101)

According to Eq. (63), the tensor-to-scalar ratio at k0 =
0.05Mpc−1 is bounded from below by

r0.05 = 0.009 , (102)

while its value for the natural choice ℓ∗ = ℓPl is

r0.05 = 0.011 , (103)

which is three times larger than the prediction for
Starobinsky inflation, rStarobisky = 0.0037 for N = 57
e-folds [66, 67]. The lower bound (102) is well within
reach of present observations [68, 69], as discussed more
in detail in [23].
Let us here focus on the parameter space of the theory

compatible with data. Plugging the observed value of ns

into Eqs. (81) and (96) at k0 = 0.05Mpc−1 and taking
ℓ∗ = ℓPl, we find

Pt(k0) ≃
8.266× 10−6

βRic
, Ps(k0) ≃

7.867× 10−4

βRic
. (104)

We provide two possible mechanisms to explain the small
values for the amplitudes Ps and Pt. In order to be con-
sistent with the observed amplitude of scalar perturba-
tions Ps ≈ 2.2× 10−9, one possibility is to assume a very
large value for βRic ≈ 3.6×105. Since βRic ∝ Nfields (Ap-
pendix B 3 and [70]), where Nfields is the total number
of fields in the theory, the latter requires a large number
of new fundamental particles. This assumption may be
consistent with a particle-physics solution of the problem
of dark matter, interpreted as the contribution of exotic
particles, while at the same time it could also populate
the “desert” lying between the mass of the Higgs boson
and the Planck scale. The theory does not predict the
value of the free mass scale MPl/

√
b that appears in nt,

but we can argue that it takes an intriguing value. From
Eqs. (82) and (98) with Λ∗ =MPl,

b =
4βRic

(1 − ns) eγ̃e

. (105)

For βRic ≈ 3.6 × 105 and γ̃e = γe, we get b ≈ 2.3 × 107

and the mass scale MPl/
√
b = 5× 1014GeV, which looks

like a low GUT scale and is about one order of magnitude
larger than the Starobinsky mass for the curvaton.
The scenario just described is not the only possibility.

Indeed, remaining within the Standard Model of particle
physics, another reliable mechanism could be rooted in
the choice of a different background in the sub-Planckian
phase, in particular, the interpolating metric (49). When
performing the rescaling from the Minkowski metric (41)
to the spacetime (49), the two-point correlation function
must be rescaled, too. Since the potential Φ is propor-
tional to the metric perturbation h and h′ = Ω2h, one
has 〈Φ(x)Φ(y)〉′ = Ω4〈Φ(x)Φ(y)〉 and

P ′
s = Ω4Ps . (106)

The same rescaling is applied to the amplitude Pt, but
the ratio r is conformally invariant. Therefore, evaluat-
ing Ω2 at the Planck conformal time, i.e., for τ & τPl,
Ω2(τPl) = a2(τPl) ≃ A+ B. We get an amplitude P ′

s(k0)
consistent with observations if, for instance, βRic = 1 and
A + B = 1.7 × 10−3, or βRic = 40 and A + B = 10−2.
Therefore, in this case the level of fine tuning is very
modest.
In order to complete the cosmological picture and fur-

ther test the predictions of our model, one should look
at other aspects of the evolution of the early as well as
of the late universe. In the first case, scenarios based
on conformal invariance are known to be able to gener-
ate a level of primordial non-Gaussianity larger than the
one of inflation but still within the observational bounds
[18, 19, 22]. The calculation of the three-point functions
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in our theory may be quite involved and should deserve
a dedicated study. At the level of late-time cosmology, in
this paper we have said nothing about the cosmological
constant problem, which could be another field of appli-
cation of the symmetries of the theory. Also, any late-
time modification of the ΛCDM model should be able to
explain the H0 and the σ8 tensions and satisfy certain
general conditions outlined in [71–73]. These and other
open questions await to be addressed in the future.
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Appendix A: Theory at the scale Λhd

In this section, we derive the limit of the classical and the quantum theory in the Higgs phase of the conformal
symmetry, i.e., in the energy range (29).

1. Classical theory at the scale Λhd

From the Lagrangian (30), the action in the above limit reads

SΛhd
≃
∫

dDx
√

|g|EµνF (∆)µνστE
στ , (A1)

where the form factor F (∆) is defined in Eq. (11) and expH(∆) approaches the polynomial (25) in the UV regime.
According to the results of Sec. II A, we can ignore the constant term in the form factor when E & Λhd, where

Λhd =
√

b0/bΛ∗. Then,

2∆F (∆) = eH̄(∆) − 1
uv≃ eγ̃ep(∆)

E&Λhd≃ eγ̃e

(

−b z + z4
)

= eγ̃e

[

−b 4∆

M2
Pl
Λ2
∗
+

(

4∆

M2
Pl
Λ2
∗

)4
]

. (A2)

Therefore,

F (∆) = − 2eγ̃eb

M2
PlΛ

2
∗
+

27eγ̃e

(MPlΛ∗)8
∆

3 . (A3)

Below Λ∗, we can also ignore the ∆
3 term, so that the gravitational sector of the classical action at the scale Λhd is

Svacuum
Λhd

= − 2eγ̃eb

M2
PlΛ

2
∗

∫

dDx
√

|g|EµνE
µν

= − 2eγ̃eb

M2
Pl
Λ2
∗

∫

dDx
√

|g|M
2
Pl

2
Gµν

M2
Pl

2
Gµν

= −e
γ̃eM2

Pl
b

2Λ2
∗

∫

dDx
√

|g|
(

Rµν R
µν +

D − 4

4
R2

)

. (A4)

The full action consist also of the matter-matter and matter-gravity contributions coming from the operator EµνE
µν

in Eq. (2). The total fourth-order action reads

SΛhd
= − 2eγ̃eb

M2
PlΛ

2
∗

∫

dDx
√

|g|
(

M2
Pl

2
Gµν − 1

2
Tµν

)(

M2
Pl

2
Gµν − 1

2
T µν

)

= − eγ̃eb

M2
Pl
Λ2
∗

∫

dDx
√

|g|
[

M4
Pl

2

(

Rµν R
µν +

D − 4

4
R2

)

−M2
Pl

(

Rµν − 1

2
gµνR

)

T µν +
1

2
TµνT

µν

]

. (A5)
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2. Quantum effective action at the scale Λhd

The gravitational action at the energy scale Λhd is actually Stelle gravity for a particular choice of the coefficients
for the Ric

2 and the R2 operators in Eq. (A4). According to [70, 74], the divergent part of the quantum effective
action in Stelle gravity in D = 4 dimensions reads

Γdiv = − 1

2ε

1

(4π)2

∫

d4
√

|g|
(

β2CµνρσC
µνρσ + β3R

2
)

,
1

ε
= ln

Λ2
uv

µ2
, (A6)

where Cµνρσ is the Weyl tensor, β2,3 are beta functions, Λuv is the cut-off energy scale in cut-off regularization, and
µ is the renormalization energy scale.

Replacing the cut-off for ε in Eq. (A6), the quantum effective action including the finite contribution at high energy
reads

Γdiv + Γfinite = −1

2
ln

Λ2
uv

µ2

1

(4π)2

∫

d4
√

|g|
(

β2CµνρσC
µνρσ + β3R

2
)

+
1

2

1

(4π)2

∫

d4x
√

|g|
[

β2Cµνρσ ln

(

− �

µ2

)

Cµνρσ + β3R ln

(

− �

µ2

)

R

]

=
1

2

1

(4π)2

∫

d4x
√

|g|
[

β2Cµνρσ ln

(

− �

Λ2
uv

)

Cµνρσ + β3R ln

(

− �

Λ2
uv

)

R

]

. (A7)

Now we can use the identity [75]

CµνρσC
µνρσ = 2

(

RµνR
µν − 1

3
R2

)

+O(Riem
3) (A8)

to express the divergent and finite contributions to the quantum effective action (A7) in the Einstein basis up to
higher curvature operators, i.e.,

Γdiv + Γfinite =
1

2

1

(4π)2

∫

d4x
√

|g|
[

2β2Rµν ln

(

− �

Λ2
uv

)

Rµν − 2

3
β2R ln

(

− �

Λ2
uv

)

R+ β3R ln

(

− �

Λ2
uv

)

R

]

=
1

(4π)2

∫

d4x
√

|g|
[

β2Rµν ln

(

− �

Λ2
uv

)

Rµν +
3β3 − 2β2

6
R ln

(

− �

Λ2
uv

)

R

]

. (A9)

This is also the one-loop quantum effective action of the theory (2) after some modifications. In contrast with Stelle’s
theory, the nonlocal theory considered in this paper is finite. This has two consequences. On one hand, we can identify
the cut-off scale in Eq. (A6) with the fundamental scale of theory up to an O(1) rescaling. On the other hand, the
scale in 1/ε may differ in the two counterterms in Eq. (A6). In particular, and without loss of generality, we can set

C2 term : Λuv = Λ∗ , R2 term : Λuv = Λ∗ δ0 , δ0 > 0 , (A10)

respectively for the Weyl-square and the Ricci-square counterterm.

Finally, comparing Eqs. (A9) and (30b), we get the relation between the one-loop coefficients in the nonlocal theory
(2) and the beta functions of Stelle gravity:

βRic =
β2

(4π)2
, βR =

3β3 − 2β2
6(4π)2

. (A11)

We reiterate that the left-hand sides are not beta functions coming from counterterms.

Appendix B: Tree-level graviton propagator

In this appendix, we calculate the tree-level graviton propagator for the theory (2) in vacuum, after recalling some
results in the literature of quantum gravity.
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1. Tree-level propagator with generic form factors

Consider a D-dimensional general, purely gravitational local or nonlocal theory quadratic in the Ricci scalar and
the Ricci tensor:

S =
M2

Pl

2

∫

dDx
√

|g| [R+Rγ0(�)R +Rµνγ2(�)Rµν ] , (B1)

where γ0(�) and γ0(�) are generic analytic form factors depending on the Laplace–Beltrami operator � and, in
principle, on multiple scales Λi. The propagator for the gravitational perturbation hµν = gµν −ηµν in the theory (B1)
up to gauge-dependent terms reads [76]

O−1(k) = − 4

M2
Pl

(

P (2)

k2 [1− k2γ2(k2)]
− P (0)

k2 {(D − 2) + k2 [4(D − 1)γ0(k2) +Dγ2(k2)]}

)

, (B2)

where

P (2)
µνρσ :=

1

2
(ΘµρΘνσ +ΘµσΘνρ)−

1

D − 1
ΘµνΘρσ ,

P (0)
µνρσ :=

1

D − 1
Θµν Θρσ , Θµν := ηµν − kµkν

k2
, (B3a)

are the Barnes–Rivers projectors [53].

2. Tree-level propagator in the theory (2)

The graviton propagator for the theory (2) has been computed in [24]. Here, we recall the form of the kinetic
operator and the gauge-invariant components of the propagator. In D dimensions, the expansion of the vacuum
action at second order in the graviton perturbation is

S(2)[h] =
1

2

∫

dDx

{

hαβ
(

δ2Sloc

δhαβδhγσ

)

[

eH̄(∆)
]γσ

µν
hµν
}

=
M2

Pl

8

∫

dDxhαβ
{[

P (2) − (D − 2)P (0)
]

�
}γσ

αβ

{

e
H̄

[

P(2)
−(D−2)P (0)

Λ2
∗

�

]}

γσ,µν

hµν (B4)

=
M2

Pl

8

∫

dDxhαβ

({

P (2)e
H̄

(

�

Λ2
∗

)

− (D − 2)P (0)e
H̄

[

− (D−2)�

Λ2
∗

]}

�

)

αβ,µν

hµν

=:
M2

Pl

8

∫

dDxhαβ
{[

P (2) eH2 − (D − 2)P (0) eH0

]

�
}

αβ,µν
hµν

=:
1

2

∫

dDxhαβ OK
αβµν h

µν , (B5)

where H̄(z) = H(z)−H(0) was defined in Eq. (11), the entire function H(z) is defined in Eq. (13), and in the second
and third equalities we wrote explicitly the dimensionless arguments of H.
Therefore, the propagator can be obtained from the propagator of the Einstein–Hilbert theory under the replace-

ments

�P (2) → � e
H̄

(

�

Λ2
∗

)

P (2) =: � eH2 P (2) , (B6)

�P (0) → � e
H̄

[

− (D−2)�

Λ2
∗

]

P (0) =: � eH0 P (0) . (B7)

These rules are useful when computing the propagator for the action (2) including the logarithmic one-loop quantum
corrections [see Eq. (B12)]. Augmenting the kinetic operator OK with a gauge-fixing term Ogf , from O = OK +Ogf

we get the tree-level graviton propagator up to gauge-dependent contributions [76]:

O−1 =
4

M2
Pl











P (2)

� e
H̄

(

�

Λ2
∗

) − P (0)

� (D − 2)e
H̄

[

− (D−2)�

Λ2
∗

]











=
4

M2
Pl

[

P (2)

� eH2
− P (0)

(D − 2)� eH0

]

. (B8)
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According to Eq. (17), in the UV the propagator becomes polynomial:

O−1 uv≃ 4

M2
Pl
eγ̃e







P (2)

� p
(

�
Λ2

∗

) − P (0)

(D − 2)� p
[

− (D−2)�
Λ2

∗

]







, (B9)

where γ̃e is defined in Eq. (21). Writing explicitly the scale in the argument of the polynomial (24),

p

(

�

Λ2
∗

)

= b0 − b
�

Λ2
∗
+

(

�

Λ2
∗

)4

, (B10)

p

[

− (D − 2)�

Λ2
∗

]

= b0 + (D − 2)b
�

Λ2
∗
+

[

(D − 2)
�

Λ2
∗

]4

. (B11)

When b0 6= 0, this constant can be dropped from the polynomial at the energy scale E & Λhd defined in Eq. (28).

3. One-loop graviton propagator

In this section, we calculate the graviton propagator for the quantum effective Lagrangian (30). Taking the sum of
Eq. (B5) and the quadratic expansion in the graviton hµν of Eq. (30b), the quantum effective action reads

Γ(2)[h] =

∫

dDx
(

L+ LQ
)

=
1

2

∫

dDxhµν
[

OK +OQ
]µνρσ

hρσ

=
M2

Pl

8

∫

dDxhµν �
((

eH2 +�γQ2

)

P (2) −
{

(D − 2)eH0 −�
[

4(D − 1)γQ0 +DγQ2

]}

P (0)
)µν,ρσ

hρσ, (B12)

where γQ2 and γQ0 are the quantum corrections to the kinetic operator. According to Eq. (30b), the quantum form
factors are

γQ2 :=
2βRic

M2
Pl

ln

(

− �

Λ2
∗

)

, γQ0 :=
2βR
M2

Pl

ln

(

− �

Λ2
∗ δ

2
0

)

. (B13)

The linearized equations of motion that we get from Eq. (B12) are

0 = �
((

eH2 +� γQ2

)

P (2) −
{

(D − 2)eH0 −�
[

4(D − 1)γQ0 +DγQ2

]}

P (0)
)ρσ

µν
hρσ

= �
{

eH2P (2) − (D − 2)eH0P (0) +�γQ2 P
(2) +�

[

4(D − 1)γQ0 +DγQ2

]

P (0)
}ρσ

µν
hρσ

= �
{

eH̄
[

P (2) − (D − 2)P (0)
]

+�γQ2 P (2) +�
[

4(D − 1)γQ0 +DγQ2

]

P (0)
}ρσ

µν
hρσ

= �
(

eH̄
{[

P (2) − (D − 2)P (0)
]

+ e−H2�γQ2 P
(2) + e−H0�

[

4(D − 1)γQ0 +DγQ2

]

P (0)
})ρσ

µν
hρσ , (B14)

where the operator H̄ acting on the first term contains the projectors according to Eq. (B4). In the last two steps of
Eq. (B14), we used the completeness relations of the projectors [53]:

P (2)2 = P (2) , P (0)2 = P (0) , P (2)P (0) = 0 , (B15)

where we use a boldface notation to omit spacetime indices. From the action (B12) augmented by the gauge-fixing
term, or combining together the results (B8) and (B2), the one-loop one-particle-irreducible propagator for the
quantum effective Lagrangian (30) reads

O
−1(k) = − 4

M2
Pl





P (2)

k2
[

eH2 − k2γQ2 (k2)
] − P (0)

k2
{

(D − 2)eH0 + k2
[

4(D − 1)γQ0 (k2) +DγQ2 (k2)
]}



 . (B16)

In order to get the propagator, we used the identifications (B6) and (B7) to replace “1” in Eq. (B2) with expH2 at
the denominator of the spin-two contribution, and “D − 2” with (D − 2) expH0 at the denominator of the spin-zero
contribution.
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In the high-energy limit, we can replace the form factors with the polynomial as we have done in Eq. (B9), and,
thus, the propagator (B16) turns into

O
−1uv≃− 4

M2
Pl





P (2)

k2
[

eγ̃ep
(

− k2

Λ2
∗

)

− k2γQ2 (k2)
] − P (0)

k2
{

(D − 2)eγ̃ep
[

(D−2)k2

Λ2
∗

]

+ k2
[

4(D − 1)γQ0 (k2) +DγQ2 (k2)
]}



,

(B17)

where γ̃e is defined in Eq. (21). Assuming now to be in the energy regime (29), which is still well within what we
consider the UV regime, the action reduces to Stelle’s theory with a certain choice of coefficients (Appendix A) and
the dominant contribution comes from the first monomial in Eqs. (B10) and (B11), since at energy scales E & Λhd

we can forget the constant b0 in the polynomial:

eγ̃ep

(

− k2

Λ2
∗

)

≃ eγ̃eb k2

Λ2
∗

, eγ̃ep

[

(D − 2)k2

Λ2
∗

]

≃ −e
γ̃e(D − 2) b k2

Λ2
∗

. (B18)

The propagator turns into:

O
−1(k) ≃ − 4

M2
Pl





P (2)

k4
[

eγ̃e b
Λ2

∗

− γQ2 (k2)
] − P (0)

k4
{

−(D − 2) e
γ̃e (D−2)b

Λ2
∗

+
[

4(D − 1)γQ0 (k2) +DγQ2 (k2)
]}





= − 4

eγ̃eb

Λ2
∗

M2
Pl





P (2)

k4
[

1− Λ2
∗

eγ̃e bγ
Q
2 (k2)

] +
P (0)

k4
{

(D − 2)2 − Λ2
∗

eγ̃e b

[

4(D − 1)γQ0 (k2) +DγQ2 (k2)
]}



 .

Replacing the quantum corrections (B13) in the above expression, we get

O
−1(k) = − 4

eγ̃eb

Λ2
∗

M2
Pl





P (2)

k4
[

1− 2Λ2
∗

eγ̃e b
βRic

M2
Pl

ln
(

k2

Λ2
∗

)] +

+
P (0)

k4
{

(D − 2)2 − Λ2
∗

eγ̃e b

[

8(D − 1) βR

M2
Pl

ln
(

k2

Λ2
∗
δ20

)

+ 2D βRic

M2
Pl

ln
(

k2

Λ2
∗

)]}





= − 4

eγ̃eb

Λ2
∗

M2
Plk

4







P (2)

1 + ǫ2 ln
(

k2

Λ2
∗

) +
P (0)

(D − 2)2
[

1 + ǫ0 ln
(

k2

Λ2
∗

)

+
8(D−1)Λ2

∗
βR

(D−2)2eγ̃e bM2
Pl

ln δ20

]







= − 4

eγ̃eb

Λ2
∗

M2
Pl
k4

[

P (2)

1 +Q2
+

P (0)

(D − 2)2 (1 +Q0 +Qb)

]

, (B19)

where we defined

Q2 := ǫ2 ln
k2

Λ2
∗
, Q0 := ǫ0 ln

k2

Λ2
∗
, Qb :=

8(D − 1)Λ2
∗ βR

(D − 2)2 eγ̃ebM2
Pl

ln δ20 , (B20)

ǫ2 := − 2βRicΛ
2
∗

b eγ̃eM2
Pl

, ǫ0 := −2[DβRic + 4(D − 1)βR]Λ
2
∗

(D − 2)2 b eγ̃eM2
Pl

. (B21)

In D = 4 dimensions, Eq. (B21) reads

ǫ2 = − 2βRicΛ
2
∗

b eγ̃eM2
Pl

, ǫ0 = −2(βRic + 3βR)Λ
2
∗

b eγ̃eM2
Pl

, ǫ0 − ǫ2 = − 6Λ2
∗

b eγ̃eM2
Pl

βR = 3ǫ2
βR
βRic

. (B22)

In particular, from Eq. (A11) one has

βRic + 3βR =
3

2

β3
(4π)2

, (B23)

and

ǫ0 =
3ǫ2
2

β3
β2

≪ ǫ2 , ǫ2 − ǫ0 = ǫ2
2β2 − 3β3

2β2
≃ ǫ2 , (B24)
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where in Eq. (B24) we assumed that β3 ≪ β2, as is usually the case since β3 depends on the number of fields Nfields,
while β2 does not [70, formulæ (9.1) and (9.8)]. From Eq. (A11), this implies

βRic + 3βR
βRic

≪ 1 , (B25)

which can happen because βR < 0.
In order to manipulate the propagator analytically, at this point we make the following approximations:

1 +Q2 = 1 + ln

(

k2

Λ2
∗

)ǫ2

≃
(

k2

Λ2
∗

)ǫ2

=: u2ǫ2 , (B26)

1 +Q0 = 1 + ln

(

k2

Λ2
∗

)ǫ0

≃
(

k2

Λ2
∗

)ǫ0

= u2ǫ0 . (B27)

According to Eq. (B24), ǫ0 ≪ ǫ2, so that it is sufficient to focus on ǫ2, the largest of these two parameters. For
ǫ2 = −0.0175 (observed value; see Sec. VID), the approximation (B26) has an accuracy of 10% or better if

u2ǫ2 − (1 +Q2) < 0.01 =⇒ 0.02 < u < 60 . (B28)

In the main text, we show that our cosmological model fully lies in this range of values. The other approximation we
have to take into account is the self-consistency of the one-loop perturbative computation, namely,

∣

∣lnu2ǫ2
∣

∣≪ 1 ,
∣

∣lnu2ǫ0
∣

∣≪ 1 . (B29)

Again, for ǫ2 = −0.0175 and a quantum correction smaller than 10% of the classical part, we found
∣

∣lnu2ǫ2
∣

∣ < 0.1 =⇒ 0.06 < u < 17 . (B30)

This lower bound on u is larger than the one in (B28) and we can take it as a reference. For simplicity and to be even
more conservative, we approximate it to

u & 0.1 , (B31)

corresponding to an energy scale E & Λ∗/10, which is within the conformally invariant trans-Planckian regime (36)
if we identify Λ∗ with MPl.
Coming back to the calculation of the propagator, making use of the replacements (B26) and (B27) into Eq. (B19)

we get

O
−1(k) ≃ − 4

eγ̃eb

Λ2
∗

M2
Pl
k4















P (2)

(

k
Λ∗

)2ǫ2
+

P (0)

(D − 2)2
[

(

k
Λ∗

)2ǫ0
+Qb

]















= − 4

eγ̃eb

Λ
2(1+ǫ2)
∗

M2
Plk

4+2ǫ2






P (2) +

P (0)

(D − 2)2
(

k
Λ∗

)2(ǫ0−ǫ2)






. (B32)

Here, we assumed that Qb ≪ 1. Indeed, in D = 4 dimensions

Qb =
6Λ2

∗ βR
eγ̃ebM2

Pl

ln δ20 = (ǫ2 − ǫ0) ln δ
2
0 , (B33)

which is much smaller than 1 for ǫ2 − ǫ0 ≃ ǫ2 ≪ 1 [see Eq. (B24)] or δ0 ∼ 1. This analysis justifies the assumption
Qb = 0 in the main text.

4. One-loop linearized equations of motion

On the same vein, we can write the equations of motion (B14) in vacuum as

0 = �



eH̄







[

P (2) − (D − 2)P (0)
]

+

2βRic

M2
Pl

� ln
(

− �
Λ2

∗

)

expH2
P (2)

+
�
[

8(D − 1) βR

M2
Pl

ln
(

− �
Λ2

∗
δ20

)

+ 2D βRic

M2
Pl

ln
(

− �
Λ2

∗

)]

expH0
P (0)











ρσ

µν

hρσ ,
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where H̄ is taken at the zero order in the perturbation and, for Λhd . E ≪ Λ∗, we can make the replacements (B10)
and (B11):

0 = �



eH̄







[

P (2) − (D − 2)P (0)
]

+

2βRic

M2
Pl

� ln
(

− �
Λ2

∗

)

eγ̃e

(

−b �
Λ2

∗

) P (2)

+
�
[

8(D − 1) βR

M2
Pl

ln
(

− �
Λ2

∗
δ20

)

+ 2D βRic

M2
Pl

ln
(

− �
Λ2

∗

)]

eγ̃eb(D − 2) �
Λ2

∗

P (0)











ρσ

µν

hρσ

= �



eH̄







[

P (2) − (D − 2)P (0)
]

−
2βRicΛ

2
∗ ln

(

− �
Λ2

∗

)

b eγ̃eM2
Pl

P (2)

+Λ2
∗

8(D − 1)βR ln
(

− �
Λ2

∗
δ20

)

+ 2DβRic ln
(

− �
Λ2

∗

)

b eγ̃e(D − 2)M2
Pl

P (0)











ρσ

µν

hρσ .

Using again the completeness relations for the projectors (B3), we can factorize the operator P (2) − (D − 2)P (0) and
get

0 = �







eH̄
[

P (2) − (D − 2)P (0)
]





1−
2βRicΛ

2
∗ ln

(

− �
Λ2

∗

)

b eγ̃eM2
Pl

P (2)

−Λ2
∗

8(D − 1)βR ln
(

− �
Λ2

∗
δ20

)

+ 2DβRic ln
(

− �
Λ2

∗

)

b eγ̃e(D − 2)2M2
Pl

P (0)











ρσ

µν

hρσ ,

where 1µν,ρσ := (ηµρηνσ + ηµσηνρ)/2 is the identity tensor [76]. Finally, for Qb ≪ 1 we write the linearized quantum
equations of motion as

0 = �

{

eH̄
[

P (2) − (D − 2)P (0)
]

[

1+ ǫ2 ln

(

− �

Λ2
∗

)

P (2) + ǫ0 ln

(

− �

Λ2
∗

)

P (0)

]}ρσ

µν

hρσ

= �
{

eH̄
[

P (2) − (D − 2)P (0)
] [

1+Q2 P
(2) +Q0 P

(0)
]}ρσ

µν
hρσ . (B34)

In the presence of matter, the equations of motion are (87). Expanding them at the linear level around the
Minkowski background [indeed, the metric ηµν is an exact solutions of the equations of motion (87) also including the
quantum corrections EQ], the contribution of the nonlocal form factor is of zero order in the fluctuations. Hence, it
is diagonal and we can write the modified Einstein’s equations (87) as

[

eH
(0)
]στ

µν
G(1)

στ +
2E

Q(1)
µν

M2
Pl

=
1

M2
Pl

[

eH
(0)
]στ

µν
T (1)
στ , (B35)

where (0) and (1) stand for, respectively, the zero-order and the first-order expansion in the metric or matter pertur-
bations. There is no H(1) contribution, as shown in [27]. The left-hand side of Eq. (B35) at the linear level is given
by Eq. (B14). Hence, the equations of motion (B35) at the linear level read

�



✟
✟✟eH
(0)







[

P (2) − (D − 2)P (0)
]

+
�γQ2

eH
(0)
2

P (2) +
�
[

4(D − 1)γQ0 +DγQ2

]

eH
(0)
0

P (0)











στ

µν

hστ

=
1

M2
Pl

[

✟
✟
✟
✟

eH
(0)]στ

µν
T (1)
στ ,

and, factoring out the exponential form factor expH(0) on both sides (which can be done since exp H̄ is entire),

T
(1)
µν

M2
Pl

= �
{[

P (2) − (D − 2)P (0)
]

+ e−H
(0)
2 �γQ2 P (2) + e−H

(0)
0 �

[

4(D − 1)γQ0 +DγQ2

]

P (0)
]στ

µν
hστ , (B36)
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where one should not confuse the labels (0) and (2) of the projectors with the linearization subscripts. Finally, using
the result (B34) and a compact vectorial notation, we can replace the quantum form factors in Eq. (B36) to end up
with

T (1)

M2
Pl

= �
[

P (2) − (D − 2)P (0)
] [

1+Q2P
(2) +Q0P

(0)
]

h . (B37)

As stated at the end of Sec. IVE, the linearized quantum equations of motion (B37) reduce to the linearized Einstein’s
equations in the classical limit ~ → 0, i.e., for Q2 = Q0 = 0.

Appendix C: Geodesic completeness for massless particles

For the sake of simplicity, in this section we change notation redefining ĝ∗µν → ĝµν and φ∗ → φ. Therefore, for the

pair (ĝµν , φ) = (ĝFLRWµν ,MPl/
√
2) Eq. (39) becomes

ĝµν = S(x) gFLRWµν , φ =
√

MPl

√
2S− 1

2 (x) , (C1)

where gFLRWµν is the FLRW metric given in Eq. (40).

1. Geodesics for massless particles

The action for photons or general massless particles, parametrized by a parameter p, is

Sγ =

∫

dpLγ =

∫

dp e−1(p)φ2ĝµν ẋ
µẋν , ˙ :=

d

dp
, (C2)

where e(p) is an auxiliary field. The action (C2) is invariant under general coordinate transformations x′
µ
= fµ(xν),

the Weyl conformal rescaling (10), and reparametrizations p′ = f(p) of the worldline, since e(p) transforms as
e′(p′) = e(p)(dp′/dp)−1.
The variation with respect to e gives

δSγ

δe
= −

∫

dp
δe

e2
φ2 ĝµν ẋ

µẋν = 0 =⇒ dŝ2 = ĝµνdx
µdxν = 0 , (C3)

consistently with the fact that massless particles travel along the light-cone.
Varying with respect to xµ, one gets the geodesic equation in the presence of the dilaton field. In the gauge

e(p) = const,

D2[g = φ2ĝ]xσ

dp2
:=

d2xσ

dp2
+ Γσ

µν ẋ
µẋν

=
D2[ĝ]xσ

dp2
+ 2

∂µφ

φ
ẋµẋσ − ∂σφ

φ
ẋµẋ

µ = 0 , (C4)

where

Γσ
µν :=

1

2
gρσ (∂µgνρ + ∂νgµρ − ∂ρgµν) (C5)

is the Levi-Civita connection for the metric g. When we contract Eq. (C4) with the velocity ẋσ and we use dŝ2 = 0
obtained in Eq. (C3), we get the on-shell condition

ẋσ
D2[ĝ]xσ

dp2
+ 2ẋσ

∂µφ

φ
ẋµẋσ − ẋσ

∂σφ

φ
ẋµẋµ = 0 =⇒ ẋσ

D2[ĝ]xσ

dp2
= 0 . (C6)

Therefore, D2[ĝ]xσ/dp2 must be proportional to the velocity,

D2[ĝ]xσ

dp2
= f ẋσ , f = const , (C7)
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which is null on the light-cone. Under a reparametrization q = q(p) of the worldline, Eq. (C7) turns into

d2xσ

dq2
+ Γ̂σ

µν

dxµ

dq

dxν

dq
=
dxσ

dp

(

dp

dq

)2(

f
dq

dp
− d2q

dp2

)

. (C8)

Choosing the p-dependence of q such as to make the right-hand side of Eq. (C8) vanish, we end up with the geodesic
equation in affine parametrization. Hence, we can redefine q → λ and, finally, get the affinely parametrized geodesic
equation for photons in the metric ĝµν ,

D2[ĝ]xσ

dλ2
= 0 . (C9)

This result can be obtained also noting that the geodesic equation is invariant under a Weyl transformations, where
λ is the conformally transformed affine parameter [47, Example 12.2].
We can now investigate the conservations laws based on the symmetries of the metric. Let us consider the scalar

ξ := ĝµνv
µ dx

ν

dλ
= ĝµνv

µẋν , (C10)

where vµ is a generic vector and, from now on, ˙ = d/dλ. Taking the derivative of Eq. (C10) with respect to λ and
using Eqs. (C5) and (C9), we get

dξ

dλ
=

1

2
vµ∂µĝρν ẋ

ρẋν + ĝµν∂ρv
µẋν ẋρ =

1

2
[Lv ĝ]ρν ẋ

ρẋν , (C11)

where Lvĝ is the Lie derivative of ĝµν by a vector field vµ. Thus, if vµ is a Killing vector field, namely Lv ĝ = 0, then
the scalar (C10) is affinely constant:

dξ

dλ
=

d

dλ
(ĝµνv

µẋν) = 0 . (C12)

2. Geodesic completeness in conformal gravity

After the rescaling (C1), the exact solution is Eq. (41), Minkowski spacetime in presence of the dilaton:

dŝ2 = −dτ2 + (dx1)2 + (dx2)2 + (dx3)2 , φ =
√

MPl

√
2 a(τ) . (C13)

However, it is crucial to note that the dilaton does not appear in the geodesic equations (C9) and in the conservation
equation (C12), which is only a function of ĝµν .
It is well known that Minkowski spacetime has ten Killing vectors, four of which are

vµ0 = (1, 0, 0, 0)µ , vµ1 = (0, 1, 0, 0)µ , vµ2 = (0, 0, 1, 0)µ , vµ3 = (0, 0, 0, 1)µ . (C14)

When replaced in Eq. (C12), these vectors give the following conserved quantities,

ξ0 := ĝµν v
µ
0 ẋ

ν = ĝ00 τ̇ = −τ̇ , (C15a)

ξ1 := ĝµν v
µ
1 ẋ

ν = ĝ11 ẋ
1 = ẋ1 , (C15b)

ξ2 := ĝµν v
µ
2 ẋ

ν = ĝ22 ẋ
2 = ẋ2 , (C15c)

ξ3 := ĝµν v
µ
3 ẋ

ν = ĝ33 ẋ
3 = ẋ3 , (C15d)

which are the geodesic equations for massless particles in Minkowski spacetime. Since Eqs. (C15) are well defined
everywhere for any value of the affine parameter λ, then this spacetime is geodesically complete. The condition
(C3), i.e., dŝ2 = 0, only imposes the following consistency relation between the conserved quantities ξ0, ξ1, ξ2, ξ3 in
Eq. (C15):

dŝ2 = −ξ20 + ξ21 + ξ22 + ξ23 = 0 , (C16)

which simply states that massless particles travel on the light-cone.
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3. Geodesic incompleteness in general relativity

In contrast with the case of conformal gravity, the FLRW spacetime in Einstein gravity only possesses three out of
the four Killing vectors (C15):

ξ1 = a2(τ) ẋ1 , ξ2 = a2(τ) ẋ2 , ξ3 = a2(τ) ẋ3 . (C17)

If we now replace the above conserved quantities in the FLRW line element before the rescaling, which is zero for
light,

ds2FLRW = a2(τ)
[

−dτ2 + (dx1)2 + (dx2)2 + (dx3)2
]

= 0, (C18)

we get the geodesic equation for a(τ) 6= 0:

τ̇2 =
ξ21 + ξ22 + ξ23

a4(τ)
. (C19)

For the sake of simplicity, we assume the spatial section to be flat and that it is well defined for τ 6= 0. We can restrict
our attention to τ > 0 and integrate Eq. (C19) for the case of a radiation-dominated universe, where a(τ) = τ/τ0 and
τ0 is conformal time today. The result for τ̇ > 0, τ > 0, and λ > 0 is

∫

dτ
τ2

τ20
=
√

ξ21 + ξ22 + ξ23

∫

dλ =⇒ λ =
1

3
√

ξ21 + ξ22 + ξ23

τ3

τ20
=⇒ τ =

(

3τ20

√

ξ21 + ξ22 + ξ23

)
1
3

λ
1
3 . (C20)

On the other hand, for τ̇ < 0, τ > 0, and λ < 0, we get

−
∫

dτ
τ2

τ20
=
√

ξ21 + ξ22 + ξ23

∫

dλ =⇒ λ = − 1

3
√

ξ21 + ξ22 + ξ23

τ3

τ20
=⇒ τ =

(

3τ20

√

ξ21 + ξ22 + ξ23

)
1
3

(−λ) 1
3 .

(C21)

Since in Eq. (C20) the time coordinate τ(λ) of the massless particle evolves from the big-bang singularity for a finite
amount of the affine parameter λ, then spacetime is not geodesically complete. In other words, we do not have any
information about the past evolution for λ 6 0. The two solutions (C20) and (C21) cannot be patched together in
order to get a new solution defined for all λ, since the function τ(λ) is nonanalytic in λ = 0.

Appendix D: Spatial correlation function and power spectrum

The spatial correlation function for a generic field Ψ(x) is defined by

〈Ψ(x)Ψ(y)〉 = 〈Ψ(x)Ψ(x− r)〉

=:

∫

d3k

(2π)3
PΨ(k)e

ik·r

=

∫ 2π

0

dφ

∫ +∞

0

dk k2

(2π)3
PΨ(k)

∫ 1

−1

du eikru

=

∫ +∞

0

dk k2

(2π)2
PΨ(k)

∫ 1

−1

du eikru

=

∫ +∞

0

dk k2

(2π)2
PΨ(k)

2 sin(kr)

kr

=

∫ +∞

0

dk k2

2π2
PΨ(k)

sin(kr)

kr
, (D1)

where r = x− y, r = |r|, and k = |k|. It is common to define the dimensionless power spectrum as

∆2
Ψ(k) :=

k3

2π2
PΨ(k) , (D2)

so that Eq. (D1) turns into

〈Ψ(x)Ψ(y)〉 =
∫ +∞

0

dk

k
∆2

Ψ(k)
sin(kr)

kr
. (D3)
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Appendix E: Two-point correlation function of the energy-momentum tensor

In this section, we provide all the details about the computation of the two-point correlation function of the

perturbed energy-momentum tensor T
(1)
µν . For the sake of simplicity, we omit the indices, which are hidden in the

boldface notation. Hence, from the linearized equations of motion (B37) we can get the two-point function

1

M4
Pl

〈T (1)(x)T (1)(y)〉

= �x
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P (2)
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y

] [
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(0)
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]

× 〈h(x)h(y)〉

=

∫

dDk

(2π)D
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O
−1(k) k4

×
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(B19)
=
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. (E1)

Making iterated use of the completeness properties (B15) in the product of the first and third brackets with the last
bracket, we can further simplify Eq. (E1),
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Let us now display the indices and also introduce the explicit form of the projectors (B3) in the two-point function
(E2):
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∫

dDk

(2π)D
eik·(x−y)

{

(1 +Q2)

[

1

2
(ΘµρΘνσ +ΘµσΘνρ)−

1

D − 1
ΘµνΘρσ

]

+(1 +Q0)
1

D − 1
Θµν Θρσ

}

= −4M2
Pl
Λ2
∗

b eγ̃e

∫

dDk

(2π)D
eik·(x−y)

(

(1 +Q2)

{

1

2

[(

ηµρ −
kµkρ
k2

)(

ηνσ − kνkσ
k2

)

+

(

ηµσ − kµkσ
k2

)(

ηνρ −
kνkρ
k2

)]

− 1

D − 1

(

ηµν − kµkν
k2

)(

ηρσ − kρkσ
k2

)}

+(1 +Q0)
1

D − 1

(

ηµν − kµkν
k2

)(

ηρσ − kρkσ
k2

))

. (E3)
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Expanding the products in the brackets:

〈T (1)
µν (x)T (1)

ρσ (y)〉 = −4M2
Pl
Λ2
∗

b eγ̃e

∫

dDk

(2π)D
eik·(x−y)

{

(1 +Q2)

[

1

2

(

ηµρηνσ − ηµρ
kνkσ
k2

− kµkρ
k2

ηνσ +
kµkρkνkσ

k4

+ηµσηνρ − ηµσ
kνkρ
k2

− kµkσ
k2

ηνρ +
kµkσkνkρ

k4

)

− 1

D − 1

(

ηµνηρσ − ηµν
kρkσ
k2

− kµkν
k2

ηρσ +
kµkνkρkσ

k4

)]

+(1 +Q0)
1

D − 1

(

ηµνηρσ − ηµν
kρkσ
k2

− kµkν
k2

ηρσ +
kµkνkρkσ

k4

)}

. (E4)

According to Lorentz invariance, the following identities hold:
∫

dDk f(k) kµkν =
1

D
ηµν

∫

dDk f(k) k2 , (E5)

∫

dDk f(k) kµkνkρkσ =
1

D(D + 2)
(ηµνηρσ + ηµρηνσ + ηµσηνρ)

∫

dDk f(k) k4 , (E6)

which can be easily verified contracting the left-hand sides with the Minkowski metric. Applying these identities to
Eq. (E4), we obtain

〈T (1)
µν (x)T (1)

ρσ (y)〉 = −4M2
PlΛ

2
∗

b eγ̃e

∫

dDk

(2π)D
eik·(x−y)

{

(1 +Q2)
(D − 2)(D + 1)

(D + 2)(D − 1)

[

1

2
(ηµρηνσ + ηµσηνρ)−

1

D
ηµνηρσ

]

+(1 +Q0)
1

D(D + 2)(D − 1)

[

(D2 − 3)ηµνηρσ + ηµρηνσ + ηµσηνρ
]

}

. (E7)

Therefore, the two-point correlation function of the perturbation of the energy density in D = 4 dimensions is

〈δρ(x)δρ(y)〉 = 〈T (1)
00 (x)T

(1)
00 (y)〉

= −4M2
PlΛ

2
∗

b eγ̃e

∫

dDk

(2π)D
eik·(x−y) D + 1

D(D + 2)
[(D − 2)(1 +Q2) + (1 +Q0)]

D=4
= −4M2

Pl
Λ2
∗

b eγ̃e

∫

d4k

(2π)4
eik·(x−y) 5

24
[2(1 +Q2) + (1 +Q0)] . (E8)

Replacing Eqs. (B26) and (B27) into Eq. (E8), we find

〈δρ(x)δρ(y)〉 = −4M2
PlΛ

2
∗

b eγ̃e

∫

d4k

(2π)4
eik·(x−y) 5

24

[

2

(

k

Λ∗

)2ǫ2

+

(

k

Λ∗

)2ǫ0
]

. (E9)
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