
Remembering Alexei Starobinsky – the gentle
giant of cosmology

Varun Sahni

Abstract I share fond memories of my former PhD advisor Alexei Starobinsky with
whom I was closely associated for nearly 45 years. I reflect upon my early years in
Moscow when I worked with him on my thesis, and touch upon the seminal work
on inflation which he did during that period. Alexei visited India often and actively
interacted with Indian scientists and students on issues relating to inflation, large
scale structure and dark energy. This extensive collaboration, which lasted several
decades, resulted in the publication of over a dozen important papers, several PhD’s,
and the development of the Statefinder and Om diagnostics, which I briefly discuss.
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1 Introduction

I first met Alexei Starobinsky on March 29, 1979 which was a Thursday. I remember
this day well because it also happened to be my birthday and I was feeling quite
happy and elated at having turned 23. I had arrived in Moscow from New Delhi
three years earlier in 1976 to pursue my higher studies at the physics department
of Moscow State University. I was admitted into the second year of the five year
integrated MSc course and began studying physics in the Russian language which,
at first, was not an easy task for me. As my studies advanced I became increasingly
fascinated by the field of cosmology and started attending the outstanding course
taught by Prof. Yakov Zeldovich to students of Moscow state university1. Zeldovich’s
academic style and personality attracted me like a magnet and I soon began working
under his guidance for my ‘Kursovaya rabota’ – project work, which students needed
to do during their intermediate years before before embarking on their MSc thesis.

Inter-University Centre for Astronomy and Astrophysics, Post Bag 4, Ganeshkhind, Pune 411 007,
India. e-mail: varun@iucaa.in

1 See my article [1] for a summary of Zeldovich’s many remarkable contributions to science.
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I thoroughly enjoyed working under Zeldovich, but when the time came for me to
find a guide for my MSc and PhD Zeldovich gently informed me that he no longer
guided students at the advanced level. He then generously offered to introduce me to
any member of his talented team with whom I might like to pursue higher studies.

I immediately thought of Alexei Starobinsky, who, at the young age of 31, was
widely considered to be the rising star of Soviet cosmology. Zeldovich provided
me with Alexei’s contact details and so on March 29, 1979 I went to the Landau
Institute on Sparrow street to meet my future guru and thesis supervisor. When I had
asked Zeldovich earlier, on how I should address Dr Starobinsky, he had thought
for a moment and then replied “let us simply call him Alyosha”. Alyosha was the
shortened nick-name with which everyone addressed Alexei Starobinsky and which
was easier for me to pronounce than the more formal Alexei Alexandrovich according
to Russian custom.

My association with Alyosha got off to a smooth start. He was very kind and con-
siderate and began guiding me on how to carry out independent research in physics.
At that point of time, in the 1970’s, Alyosha was deeply involved in the exciting
new subject area of ‘quantum field theory in curved space-time’. His 1971 paper
with Zeldovich on the quantum mechanical production of particles in an anisotropic
universe is widely considered to be a landmark paper in this field [2]. Zeldovich
and Starobinsky demonstrated that a rapidly changing gravitational field could give
rise to copious particle production in the early universe. This seminal work paved
the way for the development of regularization and renormalization methods which
are essential for the extraction of a finite value of the vacuum energy momentum
tensor, ⟨𝑇ik⟩, from a formally divergent and infinite quantity. Of central importance
was the fact that the backreaction of created matter on the background geometry,
via the semi-classical Einstein equations 𝐺 ik = 8𝜋𝐺⟨𝑇ik⟩, could rapidly isotropize
an initially anisotropic universe [3]. This helped address the famous observation
by Collins and Hawking [4] that “the set of spatially homogeneous cosmological
models which approach isotropy at infinite times is of measure zero in the space of
all spatially homogeneous models. . . . It therefore seems that there is only a small
set of initial conditions that would give rise to universe models which would be
isotropic to within the observed limits at the present time.” The work of Zeldovich
and Starobinsky [2] and Lukash and Starobinsky [3] showed that our universe could
arise from a much larger set of initial conditions, if quantum effects were taken into
account2.
Decades later, Alexei once remarked to me, that his very first paper with Zeldovich
[2] – written for his MSc – was perhaps the best paper he had ever written !

For his PhD Alexei explored the possibility of quantum particle production from
a rotating black hole [8]. His paper “Amplification of waves reflected from a rotating
black hole“ published in 1973 was pathbreaking and influenced Stephen Hawking’s

2 Alexei revisited this issue in [5] where he showed that a positive cosmological constant could
also isotropize the universe. A similar result was obtained by Wald [6] and later generalized to an
inflationary universe by Moss and Sahni [7]. These results demonstrate that inflation can iron out
anisotropies and small inhomogeneities thereby considerably enlarging the set of initial conditions
from which our homogeneous and isotropic universe could arise.
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famous work on black hole evaporation [9]. As Hawking later reminiscenced [10]
“In September 1973 while I was visiting Moscow, I discussed black holes with two
leading Soviet experts, Yakov Zeldovich and Alexander Starobinsky. They convinced
me that according to the QM uncertainty principle, rotating black holes should create
and emit particles.” In 1974 Hawking showed that quantum particle production is
also a key feature of non-rotating black holes which shine via the famous ‘Hawking
radiation’ formula 𝑇 = 1/8𝜋𝑀 [9].

I worked with Alexei from 1979 to 1985, initially for my MSc and then for my
PhD. Most of Alexei’s efforts during this period were directed towards developing
inflationary cosmology. Below I list some of his seminal results that emerged during
1979-1997.

• 1979 Production of relic gravitational waves (GW) from Inflation [11].
• 1980 First model of Inflation in the framework of 𝑅 + 𝑅2 gravity [12].
• 1982 Determination of the primordial scalar power spectrum in Inflation [13].
• 1985 Calculation of the tensor-to-scalar ratio 𝑟 in inflationary cosmology [14].
• 1986 Developed the formalism of Stochastic Inflation [15, 16].
• 1994-97 Developed the formalism of post-inflationary preheating (with Kofman

and Linde) [17, 18, 19, 20]; also see [21].

I should mention that during my years in Moscow office space was very limited,
due to which I was obliged to work from my hostel room while Alexei mostly worked
from home. We agreed to meet on Thursdays at the Landau institute, provided I either
had a nice result to show him, or – which was more frequent – I was fundamentally
stuck in an intractable calculation. Occasionally I also visited Alexei at his stately
home where his very kind wife Lyudmila made me some delicious Russian Borsch.

From the very outset Alexei struck me as a kind of science wizard. No matter
how mathematically complicated the problem, Alexei could always guess the final
answer even without performing any of the very tedious intermediate calculations
(which were left to me). During my visits to the Landau institute I was occasionally
accompanied by Lev Kofman, who had started working under Alexei around the
same time as me. Lev and I soon became close friends. Although Lev lived in the
Estonian city of Tartu, he visited Moscow often and on these occasions used to stay in
my small room in the Moscow university hostel. Lev and I had a great time together.
We watched movies, had awesome discussions and performed difficult calculations
seated side by side next to my writing table (which also served as our dining table).
Since living in the hostel required special permission, Lev’s stay at my place was
illegal and he was once hauled off by the police after a surprise raid. I rushed to the
police station, located in the university basement, and begged and pleaded for the
release of Lev. Luckily the police were lenient and let him go after a warning, after
which all was forgotten and Lev began living in my room again. I defended my PhD
in 1985 and my research papers included several collaborations with Lev. Alexei was
the junior supervisor and Prof. Zeldovich the senior supervisor of my PhD thesis.

It is interesting that Alexei Starobinsky and Yakov Zeldovich had very contrasting
science styles. Zeldovich was an intuitive physicist par excellence. He had the gift
of cutting to the very essence of complex physical phenomena and then explaining
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them to us students using very simple language. This was a key attraction of his
bi-weekly seminar series at the Shternberg institute where he invited two experts to
present their results, which they sometimes did in a very cumbersome manner. At the
end of the presentation Zeldovich would bound up to the podium and lucidly explain
to the audience the very gist of the problem being discussed. I could never quite
figure out how he did this so spontaneously, since the seminar – under the general
title of ‘Unified Astrophysics Seminar’ – covered a wide range of topics ranging
from stellar physics to quantum gravity. Zeldovich’s excellent lectures to students of
Moscow state university were marked by the same style: rigorous, yet at the same
time intuitive. I believe that Zeldovich developed his unique scientific style because
he was essentially self-taught, his formal education having ended very early – in the
8th standard.

Alexei, on the other hand, was a formidable mathematical physicist. His under-
standing of complicated physical problems was supported by a deep and nuanced
knowledge of mathematics which he imparted to his students. Although I struggled
at first during my PhD (partly since the text books were in Russian), those early years
of exposure to complicated mathematical concepts and calculations developed in me
a deep sense of confidence that stood me in good stead in the years to come.

Alexei was the recipient of numerous international awards and honours including:
the Oscar Klein medal (2010), the Gruber cosmology prize (2013), the Kavli prize
(2014) and the ICTP Dirac medal (2019). He was a fellow of several academic
bodies including the Russian Academy of Science and the Indian National Science
Academy. Below I summarize some of the key scientific achievements of Alexei
Starobinsky which were a major influence on my own work in cosmology.

2 Inflation

2.1 Relic gravitational waves from Inflation

In 1979 Alexei examined an interesting cosmological scenario in which the radiative
epoch was preceded by a non-singular de Sitter universe3. Alexei showed that relic
gravitational waves were a generic prediction of such a scenario [11] – subsequently
called inflation [24, 25, 26]. It is interesting that the amplitude of relic GWs is
sensitive to the value of the Hubble parameter during inflation, while the GW
spectrum encodes both the inflationary and post-inflationary EOS of the universe
[11, 27, 28, 29, 30, 31, 32, 33]. Since GWs interact minimally with other forms of
matter they constitute one of the cleanest probes of physics of the very early universe.

3 Gliner (1966-75) originally advocated the possibility of a metastable super-dense de Sitter stage
in the early universe [22]. Alexei was aware of Gliner’s work when he wrote his GW paper in 1979
and cites it in [11, 23]. However Alexei was also looking for a physically better motivated scenario
of a metastable early de Sitter stage which subsequently led him to develop his 𝑅 + 𝑅2 model of
inflation in 1980 [12].
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In a homogeneous and isotropic universe massless scalar fields satisfy the Klein-
Gordon equation

(□ + 𝜉𝑅)Φ = 0 (1)

where 𝑅 is the Ricci scalar and 𝜉 characterizes the coupling to gravity, with 𝜉 = 1/6, 0
corresponding to conformal and minimal coupling respectively. In a spatially flat
FRW universe Φ = 𝜙𝑘 (𝜏)𝑒−𝑖k.x where 𝜏 is the conformal time 𝜏 =

∫
𝑑𝑡/𝑎(𝑡).

Performing the conformal transformation 𝜒𝑘 = 𝑎𝜙𝑘 and using 𝑅 = 6 ¥𝑎/𝑎 leads to

¥𝜒𝑘 +
[
𝑘2 −𝑉 (𝜏)

]
𝜒𝑘 = 0 (2)

where
𝑉 (𝜏) = (1 − 6𝜉) ¥𝑎

𝑎
. (3)

For exponential inflation 𝑎 = 𝜏0/𝜏 ( |𝜏 | < |𝜏0 |), whereas 𝑎 ∝ 𝜏, 𝜏2 in a post-
inflationary radiation/matter dominated universe.

Eqn (2) bears an interesting resemblance to the one dimensional non-relativistic
Schroedinger equation

𝑑2Ψ

𝑑𝑟2 + [𝐸 −𝑉 (𝑟)] Ψ = 0 . (4)

Comparing (2) and (4) one finds that𝑉 (𝜏) in (2) plays the role of a ‘potential barrier
in time’, which is illustrated in fig. 1.

Two values of 𝜉 merit special mention.
For conformal coupling (𝜉 = 1/6), 𝑉 (𝜏) = 0, which implies 𝜙(𝜏) ∝ 𝑒−𝑖𝑘𝜏/𝑎

and indicates that massless conformally coupled scalars cannot be created in an
expanding universe. This result applies to massless neutrino’s and photons, and for a
while it was felt that all massless particles may have this property [36]. However, as
shown by Grishchuk [37], gravitational waves couple minimally (𝜉 = 0) to gravity
and can therefore be created quantum mechanically as the universe expands.

The two polarization states of the graviton satisfy

ℎ×,+ =
√

8𝜋𝐺
𝜒𝑘 (𝜏)
𝑎

𝑒𝑖kx

where 𝜒𝑘 is determined from the wave equation (2) & (3).
Eqns. (2) & (3) inform us that for short wavelength modes with 𝑘2 ≫ |𝑉 |

𝜒𝑘 ∝ 𝑒−𝑖𝑘𝜏 and 𝜙+in =
𝜒𝑘

𝑎
∝ 𝑒−𝑖𝑘𝜏

𝑎
, (5)

which corresponds to the adiabatic decay of positive frequency modes and no particle
production. However (2) & (3) also reveal that long wavelength modes freeze out
once they exit the Hubble radius since

𝜙𝑘 ≃ constant , for 𝑘2 < |𝑉 | .
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Fig. 1 GW production is illustrated by the time-like “potential barrier” 𝑉 (𝑎) = (1 − 6𝜉 ) ¥𝑎
𝑎

in
inflationary cosmology (top). The evolution of the comoving Hubble radius is shown below. Short
wavelength modes with 𝑘2 ≫ |𝑉 | experience adiabatic damping (5) and no particle production.
Long wavelength modes, on the other hand, exit the Hubble radius at 𝑡1 during inflation and re-enter
it during matter domination at 𝑡0. The amplitude of these modes remains frozen while they are
outside the Hubble radius (𝑘2 < |𝑉 |). As a result the gravitational wave (𝜉 = 0) amplitude is
super-adiabatically amplified post-inflation. The amplification of fields with 𝜉 < 0 can give rise to
dark energy, as shown by Sahni and Habib [35].

As a result these modes get super-adibatically amplified once the universe stops
inflating and enters a radiation or matter dominated stage, see fig. 1. Thus inflationary
zero-point fluctuations get transformed into post-inflationary gravitational waves
[11, 37].

The dimensionless amplitude of a tensor GW mode is related to the inflationary
Hubble parameter 𝐻inf

𝑘
at Hubble exit by

𝑃GW (𝑘) ≡ ℎ2
×,+ (𝑘) ≃

1
2𝜋2

(
𝐻inf

𝑘

𝑚𝑝

)2 ����
𝑘=𝑎𝐻

. (6)

The spectral density of stochastic GWs, defined in terms of the critical density at
the present epoch 𝜌0𝑐, is

ΩGW ( 𝑓 ) ≡ 1
𝜌0𝑐

𝑑𝜌0
GW ( 𝑓 )

𝑑 log 𝑓
. (7)
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During the post-inflationary epoch it is described by the following set of equations
[28, 32, 33]

Ω(MD)
GW ( 𝑓 ) = 3

8𝜋3 𝑃GW ( 𝑓 )Ω0𝑚

(
𝑓

𝑓ℎ

)−2
, 𝑓ℎ < 𝑓 ≤ 𝑓eq (8)

Ω(RD)
GW ( 𝑓 ) = 1

6𝜋
𝑃GW ( 𝑓 )Ω0𝑟 , 𝑓eq < 𝑓 ≤ 𝑓re (9)

Ω(re)
GW ( 𝑓 ) = Ω(RD)

GW

(
𝑓

𝑓re

)2
(
𝑤−1/3
𝑤+1/3

)
, 𝑓re < 𝑓 ≤ 𝑓e . (10)

The superscripts ‘MD’, ’RD’, ‘re’ in ΩGW refer to the matter dominated epoch,
radiative epoch and the epoch of reheating respectively, while 𝑓ℎ, 𝑓eq, 𝑓re, 𝑓𝑒 refer to
the present day frequency of relic GWs corresponding to tensor modes that became
sub-Hubble at: the present epoch ( 𝑓ℎ), the epoch of matter-radiation equality ( 𝑓eq),
the commencement of the radiative epoch ( 𝑓re) and at the end of inflation ( 𝑓𝑒). Note
that 𝑓re > 𝑓BBN ≃ 10−11 Hz in order to satisfy the BBN bound on the reheating
temperature 𝑇re . In (10) 𝑤 is the post-inflationary equation of state (EOS) during the
epoch of reheating.

The inflationary power spectrum 𝑃GW (𝑘) can be written as

𝑃GW (𝑘) = 𝑃GW (𝑘∗)
(
𝑘

𝑘∗

)𝑛
𝑇

, (11)

where the tensor power at the CMB pivot scale 𝑘∗ = 0.05 Mpc−1 is given in terms
of the scalar power spectrum 𝐴

𝑆
by

𝑃GW (𝑘∗) =
1
4
𝑟 𝐴

𝑆
= 𝑟 × 5.25 × 10−10 , (12)

and the tensor tilt is found to be

𝑛GW ≡ 𝑛𝑇 =
𝑑 log 𝑃GW (𝑘)

𝑑 log 𝑘
= − 𝑟

8
, (13)

which satisfies the consistency relation; see [33] for details.
The GW spectrum, ΩGW (𝑘), and spectral index 𝑛GW =

𝑑 logΩ𝑔

𝑑 log 𝑘
, therefore serve

as key probes of physical processes occurring both during and after inflation. As
originally shown in [11, 27, 28], and outlined in (8) - (10), the spectrum of relic
gravitational radiation is exceedingly sensitive to the post-inflationary EOS 𝑤.
From (10) one finds that the GW spectrum on small scales can have a red tilt (for
𝑤 < 1/3), a blue tilt (for 𝑤 > 1/3) or be scale free (if 𝑤 = 1/3). The GW spectrum
therefore provides us with a powerful signature of physics in the early universe.
Some consequences of blue tilted and red tilted GW spectra are shown in figure 2
and a more comprehensive discussion of this issue is given in [33]. Concerning the
EOS 𝑤 = 𝑤re during the post-inflationary epoch of reheating, it is important to keep
in mind the issues summarized in the next section.



8 Varun Sahni

2.1.1 Reheating

A key feature of inflationary cosmology is that it enables the universe to reheat by
transferring the energy localized in the inflaton to the matter/radiative degrees of
freedom present in the universe.

In potentials possessing a minimum, reheating can occur in two distinct ways:
(i) perturbatively (slowly), (ii) rapidly – via a parametric resonance. Which of these
two ways is realized depends upon the nature of the coupling between the inflaton
and bosons/fermions. In the case of perturbative reheating, the scalar field oscillates
for a very long time gradually releasing its energy into matter/radiation. In this case
the EOS during the oscillatory regime, ⟨𝑤

𝜙
⟩, is determined primarily by the shape

of the inflaton potential near its minimum value, about which the inflaton oscillates.
For 𝑉 ∝ 𝜙2𝑝 , ⟨𝑤

𝜙
⟩ = 𝑝−1

𝑝+1 . Perturbative reheating is expected to occur if the inflaton
decays primarily into fermions (which then decay into standard model fields), its
decay into bosons being strongly suppressed [19].

However if the inflaton decays into bosons, 𝜒, through the coupling 𝑔2𝜙2𝜒2

with 𝑔 ≫ 10−3, then oscillations of 𝜙 can lead to a parametric resonance during
which quanta of the field 𝜒 are produced in copious amounts. This stage is usually

Fig. 2 The spectrum of relic gravitational waves is plotted for the T-model 𝛼-attractor potential
[49] 𝑉 (𝜙) = 𝑉0 tanh2𝑝 ( 𝜆𝜙

𝑚𝑝
) for 𝜆 = 0.4 assuming that reheating takes place perturbatively. The

dotted black curve corresponds to 𝑝 = 2 for which the post-inflationary EOS is radiation-like,
with 𝑤re =

〈
𝑤

𝜙

〉
= 1/3. The solid and dashed green curves corresponds to reheating temperatures

𝑇re = 1 MeV and 100 GeV respectively, for the case when 𝑝 = 3 where the post-inflationary EOS is
stiff with 𝑤re =

〈
𝑤

𝜙

〉
= 1/2. We infer that blue tiled relic GWs can be detected by the future GWs

observatories such as the Big Bang Observatory (BBO) [51], for a range of 𝑇re . A matter-like post
inflationary EOS with 𝑤re =

〈
𝑤

𝜙

〉
= 0 corresponds to 𝑝 = 1, and is shown in red (solid, dashed).

One sees that the red tilted GW amplitude is strongly suppressed in this case. From [33].
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referred to as preheating and was studied in great detail by Alexei Starobinsky and his
colleagues in [19, 17, 21, 18, 20]. The backreaction of 𝜒 on 𝜙 ends the resonance and
the subsequent decay of excitations of the 𝜙 and 𝜒 fields into standard model (SM)
fields gives rise to reheating and the subsequent thermalization of the universe at a
temperature 𝑇re . The duration of the pre-radiative epoch, which includes the end of
inflation, the parametric resonance, the decay of the inflaton into bosons (𝜙 → 𝜒 𝜒)
and fermions (𝜙 → 𝜓 𝜓) and thermalization can be quite long, and it is convenient to
encode its physics by means of an effective EOS parameter 𝑤re . Since 𝑤re influences
the spectrum of relic gravitational waves, observations of the GW spectrum can shed
light on the complex, non-linear physics which operates during the reheating epoch
(this sub-section has been adapted from [33]).

2.2 𝑹 + 𝑹2 Inflation

In 1980 Alexei suggested an interesting model of inflation which is commonly
referred to as ‘Starobinsky inflation’ [12]. It is based on the Jordan frame action4

𝑆 =

∫
𝑑4𝑥

√−𝑔
𝑚2

𝑝

2

[
𝑅 + 1

6𝑚2 𝑅
2
]

(15)

where 𝑚 is a mass parameter and 𝑚𝑝 = 1/
√

8𝜋𝐺. Since

𝛿

𝛿𝑔ik

∫
𝑑4𝑥

√−𝑔 𝑅
2

𝑚2 = 2𝑔ik□𝑅 + · · · (16)

this action leads to fourth order gravity, with two orders being encoded in the □
operator and another two in the Ricci scalar 𝑅.

It is sometimes convenient to write the action (15) in the Einstein frame where it
has the form

𝑆𝐸 =

∫
𝑑4𝑥

√−𝑔
[
𝑚2

𝑝

2
𝑅̂ − 1

2
𝑔̂𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙 −𝑉 (𝜙)

]
(17)

where the inflaton potential is [42, 43]

4 The quadratic 𝑅2 term can appear as a one loop quantum correction to GR [34]. Eqn (15) bears an
interesting analogy with the quantum (Euler-Heizenberg) corrections to classical electrodynamics.
The classical electromagnetic Lagrangian Lcl = − 1

4𝐹𝜇𝜈𝐹
𝜇𝜈 ≡ 1

2 (E
2 − B2 ) , in the presence of

one-loop quantum corrections becomes L = Lcl + LQ where the quadratic quantum correction

LQ =
𝛼2

90𝑚4
𝑒

[ (
𝐹𝜇𝜇𝐹

𝜇𝜈
)2 + 7

4
(
𝐹𝜇𝜈 𝐹̃

𝜇𝜈
)2

]
≡ 2𝛼2

45𝑚4
𝑒

[(
E2 − B2

)2
+ 7 (E.B)2

]
(14)

leads to third order equations and non-linear electrodynamics. (𝛼 is the fine structure constant.)
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𝑉 (𝜙) = 3
4
𝑚2𝑚2

𝑝

(
1 − 𝑒

−2 𝜙√
6𝑚𝑝

)2
. (18)

The CMB determined amplitude of scalar fluctuations sets 𝑚 = 1.25 × 10−5𝑚𝑝

[44]. The potential (18) is shown in figure 3 (left) and current CMB constraints on
𝑅+𝑅2 inflation are shown in the right panel. As shown in that figure the potential for
Starobinsky inflation is asymmetric about the origin. The right wing of the potential
is flat and has the same functional form as the Higgs inflation potential in the Einstein
frame. However the left wing of 𝑉 (𝜙) is very steep. The slow-roll parameter for this
potential is given by

𝜖 =
𝑚2

𝑝

2

(
𝑉 ′

𝑉

)2
=

4
3


𝑒
− 2√

6
𝜙

𝑚𝑝

1 − 𝑒
− 2√

6
𝜙

𝑚𝑝


2

.

Inflation ends when 𝜖 ≥ 1 which corresponds to 𝜙 ≥ 0.937 and indicates that no
inflation can arise from the steep left wing of the potential for which 𝜙 < 0 [45].

It is interesting that in formulating his 𝑅 + 𝑅2 model of inflation Alexei was
attracted by the fact that de Sitter space can arise as a self-consistent solution to the
Einstein equations with quantum corrections in the RHS

𝐺 ik = 8𝜋𝐺⟨𝑇ik⟩ , (19)

a fact that was originally noted by Dowker and Critcheley in 1976 [46]. (The 𝑅2

term in the 𝑅 + 𝑅2 action generates a higher order □𝑅 term in ⟨𝑇ik⟩.) However

Fig. 3 Left: The effective potential in Starobinsky Inflation, (18), is plotted in units of 𝑚4
𝑝 .

The potential is asymmetric about the origin and has a steep left wing and plateau-like right wing.
Inflation occurs along the flat right wing, the steep left wing is unable to sustain inflation. Right:The
tensor-to-scalar ratio 𝑟 and the scalar spectral index 𝑛𝑠 from the BICEP-Keck data [50] are shown
for several inflationary models. While most early models of inflation are either strongly constrained
or ruled out by CMB data, the Starobinsky model provides an excellent fit. From [33].
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Alexei went a step further and showed that de Sitter space – induced by its own
vacuum polarization – was unstable and made a transition to the FRW universe. The
Starobinsky model therefore successfully accommodated acceleration in the past
(inflation) with deceleration at present. Self-consistent solutions to (19) were further
explored in [47] and references therein.5

2.3 Stochastic Inflation

In his landmark 1986 paper [15], Alexei showed that “The dynamics of a large-scale
quasi-homogeneous scalar field producing the de Sitter (inflationary) stage in the
early universe is strongly affected by small-scale quantum fluctuations of the same
scalar field and, in this way, becomes stochastic. The evolution of the corresponding
large scale space-time metric follows that of the scalar field and is stochastic also.”
Alexei’s formalism for stochastic inflation was very influential and paved the way
for further important developments including eternal inflation and the multiverse
[16, 38, 39]; see [40] for a recent review of stochasic inflation dedicated to the
memory of Alexei Starobinsky.

There is an interesting parallel between stochastic inflation and classical diffusion
(Brownian motion) which allows one to formulate a diffusion equation for the inflaton
probability distribution 𝑃(𝜙, 𝑡) akin to the Fokker-Planck equation

𝜕𝑃(𝜙, 𝑡)
𝜕𝑡

= 𝐷
𝜕2𝑃(𝜙, 𝑡)

𝜕𝜙2 (20)

where 𝐷 = 𝐻3/8𝜋2 is the diffusion coefficient. Solving this equation results in a
Gaussian probability distribution for 𝑃(𝜙, 𝑡)

𝑃(𝜙, 𝑡) = 1
√

2𝜋𝜎(𝑡)
exp

(
− 𝜙2

2𝜎2 (𝑡)

)
(21)

where 𝜎2 = ⟨𝜙2⟩ is the quantum dispersion. In de Sitter space ⟨𝜙2⟩ = 𝐻3

4𝜋2 (𝑡 − 𝑡0)
where 𝑡0 marks the start of inflation [41]. The growth in 𝜎2 broadens the Gaussian
distribution (21) with time and arises because of the quantum diffusion of the inflaton.

In the presence of a potential 𝑉 (𝜙) the Fokker-Planck equation gets modified to

𝜕𝑃(𝜙)
𝜕 log 𝑎

=
1

8𝜋𝐺
𝜕

𝜕𝜙

(
𝑉 ′

𝑉
𝑃

)
+ 𝜕

𝜕𝜙

(√
Δ

𝜕

𝜕𝜙

(√
Δ𝑃

))
, Δ =

𝐻2

8𝜋2 . (22)

This equation has the solution

5 In his last conversation with me Alexei mentioned that he no longer believed that his 𝑅 + 𝑅2

model arose because of quantum corrections of the form (19) but might have a different origin.
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𝑃(𝜙, 𝑡) ∝ exp
[
− (𝜙 − 𝜙cl (𝑡))2

2𝜎2 (𝑡)

]
(23)

𝑃(𝜙, 𝑡) describes a Gaussian which is peaked about the classical trajectory 𝜙cl

¥𝜙cl + 3𝐻 ¤𝜙cl +𝑉 ′ = 0. (24)

Since 𝜎2 ∝ (𝑡− 𝑡0), the Gaussian broadens with time implying the quantum diffusion
of the inflaton 𝜙 about its classical trajectory.

In the presence of quantum noise, and in the slow roll limit when ¥𝜙cl ≃ 0, the
classical equation of motion (24) gets transformed into the Langevan equation for
the inflaton 𝜙 = 𝜙cl + Δ𝜙𝑞

𝑑𝜙

𝑑 log 𝑎
= − 𝑉 ′

3𝐻2 + 𝐻

2𝜋
𝑓 (𝜙, log 𝑎) (25)

where 𝑓 is a stochastic force which describes random kicks that are imparted to 𝜙

as small wavelength fluctuations of quantum origin (Δ𝜙𝑞) grow in scale and cross
the Hubble radius. If the quantum noise dominates over the classical drift then the
universe can inflate eternally in some regions of space [38], as shown in fig. 4.

3 Dark Energy

After completing my PhD in Moscow in 1985, I went to the UK and to Canada for
post-doctoral work. I finally returned to India in 1991 to join a newly established

Fig. 4 An illustration of stochastic Starobinsky inflation (18).
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institute of astrophysics in Pune called IUCAA. When I arrived the institutional
campus was just being built and we were all housed in temporary quarters. What
struck me immediately upon arrival were the large number of old and beautiful
Banyan trees on campus and the copious abundance of snakes and other wildlife
including peacocks, mongoose families and even scorpions (I was bitten by one).

At the time of my arrival the total faculty strength at IUCAA was only 6 and
so we were very keen to have distinguished scientists visit our institute and interact
with members of the Indian scientific community. I applied for an Indo-Russian
collaboration program which allowed Alexei to visit India. He loved the ambience
of IUCAA and, over the course of several visits, collaborated with a large number
of IUCAA students, visitors and faculty including Tarun Souradeep, Dipak Munshi,
Tarun Saini, Ujjaini Alam, Arman Shafieloo, Swagat Mishra, M. Sami, Minu Joy
and Somak Raychaudhury.

3.1 Reconstructing dark energy

The discovery of dark energy in 1998 [52] took almost everyone by surprise. Al-
though the existence of a cosmological constant Λ had been seriously discussed for
several decades, its theoretical value was presumed to be very large (formally infinite)
and so the fact that Λ may be small enough to describe the currently accelerating
universe seemed unlikely. However a small cosmological constant was anticipated in
several key early papers. For instance in 1967 Zeldovich suggested that a small value
of Λ could be associated with fundmamental physics [53] . Then in 1985 Alexei
Starobinsky and Lev Kofman [54] performed the first ever calculation of large scale
anisotropies in the CMB in ΛCDM cosmology (the Sachs-Wolfe effect). In 1992 I
had written a paper with Hume Feldman and Albert Stebbins on a universe which
loiters because of the presence of dark energy [55], and in 1998, at the time of the
SNIa discovery, I was working on a paper with Salman Habib in which we showed
that quantum effects during inflation could generate a small cosmological constant
[35]. Because of this early work, both Alexei and I were psychologically prepared
for Λ and began working on dark energy (DE) soon after its discovery. (See [56, 57]
for other important early work on DE and [58] for reviews.)

The SNIa discovery of an accelerating universe led to many interesting papers
being written which explained cosmic acceleration using new theoretical models.
Alexei and I followed a parallel path and developed model independent methods
which could reconstruct the nature of DE directly from observations using model
agnostic techniques [59, 60].

The idea behind DE reconstruction is simple. For standard candles (SNIa) with
luminosity 𝐿, the flux received by an observer is

F =
𝐿

4𝜋𝑑2
𝐿

, (26)
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where
𝑑𝐿 (𝑧) = (1 + 𝑧)

∫ 𝑧

0

𝑑𝑧′

𝐻 (𝑧′) (27)

is the luminosity distance. From (27) one can obtain the expansion history

𝐻 (𝑧) =
[
𝑑

𝑑𝑧

(
𝑑𝐿

1 + 𝑧

)]−1
(28)

and the equation of state of DE

𝑤(𝑧) =
2𝑥
3

𝑑 log 𝐻

𝑑𝑥
− 1

1 −
(
𝐻0
𝐻

)2
Ω0𝑚𝑥3

, 𝑥 = 1 + 𝑧 . (29)

Differentiating a noisy observable such as the luminosity distance 𝑑𝐿 (𝑧) increases
the noise, therefore one must smoothen 𝑑𝐿 (𝑧) or 𝐻 (𝑧) before differentiating in order
to obtain 𝑤(𝑧). This can be done either by approximating 𝑑𝐿 (𝑧) or 𝐻 (𝑧) by an ansatz,
or by smoothing the data directly. There are therefore two main approaches to DE
reconstruction: parametric and non-parametric [60].

• In the parametric approach one approximates a key cosmological quantity such
as the luminosity distance 𝑑𝐿 (𝑧) (or angular size distance 𝑑𝐴), the expansion
history 𝐻 (𝑧) or the DE equation of state, 𝑤(𝑧), using a simple ansatz such
as 𝑤(𝑧) = 𝑤0 + 𝑤1

𝑧
1+𝑧 [61]. The free parameters 𝑤0, 𝑤1 are then obtained by

matching with observations.
• Non-parametric reconstruction is based on the observation that one can obtain a

smoothed quantity 𝐷𝑆 (x) from a fluctuating ‘raw’ quantity, 𝐷 (x′), using a low
pass filter 𝐹 having a characteristic scale 𝑅 𝑓 [62]

𝐷𝑆 (x, 𝑅 𝑓 ) =
∫

𝐷 (x′)𝐹 ( |x − x′ |; 𝑅 𝑓 ) 𝑑x′ . (30)

Commonly used filters include the Gaussian filter 𝐹G ∝ exp(−|x − x′ |2/2𝑅2
G). In

studies of large scale structure 𝐷 is the density fluctuation 𝛿(x), whereas for DE
reconstruction 𝐷 could be either 𝐻 (𝑧), 𝑑𝐿 (𝑧), 𝑑𝐴(𝑧), etc.
Since we wish to smooth the noise and not the signal we proceed as follows [64]

ln 𝑑𝐿 (𝑧,Δ)s = ln 𝑑𝐿 (𝑧)𝑔 + 𝑁 (𝑧)
∑︁
𝑖

[ln 𝑑𝐿 (𝑧𝑖) − ln 𝑑𝐿 (𝑧𝑖)𝑔]

× exp

−
ln2

(
1+𝑧𝑖
1+𝑧

)
2Δ2

 , (31)

𝑁 (𝑧)−1 =
∑︁
𝑖

exp

−
ln2

(
1+𝑧𝑖
1+𝑧

)
2Δ2

 .
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Here, ln 𝑑𝐿 (𝑧,Δ)s is the smoothed luminosity distance at redshift 𝑧 and 𝑁 (𝑧) is
a normalization parameter. This procedure is to be used iteratively with ΛCDM
being the first ‘guess’ model for 𝑑𝐿 = 𝑑𝐿 (𝑧)𝑔. Convergence takes place quite
rapidly within only a few iterations. Using 𝑑𝐿 (𝑧) ≡ 𝑑𝑠

𝐿
(𝑧)

��
final one can obtain the

expansion history (28) and the EOS of DE (29). A parallel approach involving
cosmological reconstruction using Gaussian processes is discussed in [65].

3.2 Null tests of 𝚲CDM

Fig. 5 The time evolution of the statefinder pair {𝑟 , 𝑠} for quintessence models with 𝑉 = 𝑉0/𝜙𝛼,
DE with a constant EOS 𝑤, and the Chaplygin gas. Quintessence models lie to the right of the
ΛCDM fixed point (𝑟 = 1, 𝑠 = 0) while the Chaplygin gas lies to the left. Both models approach the
ΛCDM limit of 𝑟 = 1, 𝑠 = 0 in the future. For the Chaplygin gas, 𝜅 is the ratio between the matter
density and the density of the Chaplygin gas at early times. The dashed curve in the lower right is
the envelope of all quintessence models, while the dashed curve in the upper left is the envelope of
Chaplygin gas models. In DE models with a constant EOS 𝑠 remains fixed at 1+𝑤 while 𝑟 declines
asymptotically to 1 + 9

2𝑤(1 + 𝑤) . From [66].

Of all Dark Energy models the cosmological constant, Λ, is singled out by its
elegance and simplicity since 𝑇 𝑘

𝑖
= Λ𝛿𝑘

𝑖
. So, as a first step, its logical to find

tests which could falsify the cosmological constant hypothesis. These include the
Statefinder and 𝑂𝑚 diagnostics.
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3.2.1 The Statefinder diagnostic of dark energy

A general form for the expansion factor of the Universe is given by the Taylor series
expansion

𝑎(𝑡) = 𝑎(𝑡0) + ¤𝑎
��
0 (𝑡 − 𝑡0) +

¥𝑎
��
0

2
(𝑡 − 𝑡0)2 +

...
𝑎

��
0

6
(𝑡 − 𝑡0)3 + ... . (32)

In 1970 Alan Sandage described observational cosmology as being “a search for two
numbers”

𝐻0 =

(
¤𝑎
𝑎

)
0

and 𝑞0 = −
(

¥𝑎
𝑎𝐻2

)
0
. (33)

In 2002 Alexei and I, together with my students Ujjaini Alam and Tarun Saini,
showed that a new diagnostic of dark energy – Statefinder – could be constructed
using the third derivative of the expansion factor [63]. The statefinder pair {𝑟, 𝑠},
defines two new cosmological parameters (in addition to 𝐻 and 𝑞):

𝑟 ≡
...
𝑎

𝑎𝐻3 = 1 + 9𝑤
2
ΩDE (1 + 𝑤) − 3

2
ΩDE

¤𝑤
𝐻

, (34)

𝑠 ≡ 𝑟 − 1
3(𝑞 − 1/2) = 1 + 𝑤 − 1

3
¤𝑤

𝑤𝐻
. (35)

A key property of the Statefinder is that {𝑟, 𝑠} = {1, 0} is a fixed point forΛCDM.
The statefinder therefore provides us with a fingerprint of DE since for all DE

models excluding ΛCDM the trajectory of {𝑟, 𝑠} evolves with time. In figure 5 we
show the behaviour of the statefinder pair {𝑟, 𝑠} for a number of DE models including

1. Quintessence models defined by L = 1
2
¤𝜙2 −𝑉 (𝜙) and 𝑉 = 𝑉0/𝜙𝛼.

2. DE with a constant EOS 𝑝 = 𝑤𝜌.
3. The Chaplygin gas with L = 𝑉0

√︁
1 − 𝜙,𝜇𝜙

,𝜇 and 𝑝𝑐 = −𝐴/𝜌𝑐.

Note that null tests of ΛCDM can also be constructed using higher derivatives of
𝑎(𝑡), which results in a ’Statefinder hierarchy’ of null tests [67].

3.2.2 The 𝑶𝒎 diagnostic

The 𝑂𝑚 diagnostic is defined very simply as [68]

𝑂𝑚(𝑧) ≡ ℎ2 (𝑧) − 1
(1 + 𝑧)3 − 1

, (36)

where ℎ(𝑧) = 𝐻 (𝑧)/𝐻0. The possibility of using 𝑂𝑚 as a null diagnostic follows
from the fact that for ΛCDM

𝑂𝑚(𝑧) = Ω0𝑚 . (37)
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In other words, the value of𝑂𝑚 is redshift independent for the cosmological constant,
while for other models of dark energy 𝑂𝑚(𝑧) is redshift dependent. Interestingly,
𝑂𝑚(𝑧) > Ω0𝑚 in quintessence models while 𝑂𝑚(𝑧) < Ω0𝑚 in phantom DE.

This important property of𝑂𝑚 can be used to considerable advantage by defining
the difference diagnostic

𝑂𝑚diff (𝑧1, 𝑧2) := 𝑂𝑚(𝑧1) −𝑂𝑚(𝑧2) . (38)

From (37) one immediately finds that for the cosmological constant

𝑂𝑚diff (𝑧1, 𝑧2) = 0. (39)

A departure of 𝑂𝑚diff from zero therefore serves as a ‘smoking gun’ test for ΛCDM.
Since 𝑂𝑚 depends only on the Hubble parameter and not its derivatives it may
be easier to determine from (noisy) observations than either 𝑞(𝑧) or 𝑤(𝑧). From
(36) one finds that the 𝑂𝑚 diagnostic does not depend upon the value of Ω0𝑚 and
is therefore insensitive to observational uncertainties in that quantity, unlike 𝑤(𝑧)
which explicitly depends upon Ω0𝑚 through (29).

One can also define the two-point 𝑂𝑚 diagnostic [69]

𝑂𝑚(𝑧2; 𝑧1) =
ℎ2 (𝑧2) − ℎ2 (𝑧1)

(1 + 𝑧2)3 − (1 + 𝑧1)3 , ℎ(𝑧) = 𝐻 (𝑧)/𝐻0 , (40)

where 𝑂𝑚(𝑧; 0) = 𝑂𝑚(𝑧) and 𝑂𝑚(𝑧2; 𝑧1) = Ω0𝑚 for ΛCDM. Multiplying both
sides of (40) by ℎ2

100 where ℎ100 = 𝐻0/100 km/sec/Mpc, results in the improved 𝑂𝑚

diagnostic [70]

𝑂𝑚ℎ2 (𝑧2; 𝑧1) =
[

ℎ2 (𝑧2) − ℎ2 (𝑧1)
(1 + 𝑧2)3 − (1 + 𝑧1)3

]
ℎ2

100

=
ℎ2

100 (𝑧2) − ℎ2
100 (𝑧1)

(1 + 𝑧2)3 − (1 + 𝑧1)3 , (41)

where ℎ100 (𝑧) = 𝐻 (𝑧)/100km/sec/Mpc. A significant advantage of 𝑂𝑚ℎ2 is that for
ΛCDM:

𝑂𝑚ℎ2 = Ω0𝑚ℎ
2
100 . (42)

Since observations of the CMB inform us that [71] Ω0𝑚ℎ
2
100 = 0.1426 ± 0.0025, it

follows that for ΛCDM [70]

𝑂𝑚ℎ2 (𝑧2; 𝑧1) = 0.1426 ± 0.0025 . (43)

Therefore a departure of 𝑂𝑚ℎ2 from this value would signal that DE is not Λ.
A recent reconstruction of the 𝑂𝑚 diagnostic from DESI-BAO data suggests that

cosmic acceleration may be slowing down [72]. In this context it is interesting to
note that several years prior to the release of DESI data, Alexei Starobinsky drew
attention to an interesting new model in which DE is metastable and can decay into
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dark matter (or radiation) via [73]

¤𝜌DE = −Γ𝜌DE

¤𝜌𝑚 + 3𝐻𝜌𝑚 = Γ𝜌DE . (44)

The decay of DE is based on its intrinsic properties and does not depend upon
the external environment (expansion rate, etc.), so in this sense (44) resembles the
radioactive decay of a substance. Eq. (44) leads to transient acceleration which may
be in better agreement with data than ΛCDM [72, 74]; also see [75].

4 Discussion

Alexei Starobinsky was not only an exceptional scientist, but also a very kind and
generous human being, a wonderful PhD guide and a team player par excellence.
In this latter role he helped mentor several generations of cosmologists including
myself, Lev Kofman, and numerous others, many of whom have contributed articles
to this memorial volume. During his visits to India, Alexei interacted with many
young researchers including Tarun Souradeep, Dipak Munshi, Tarun Saini, Ujjaini
Alam, Minu Joy, Arman Shafieloo and Swagat Mishra. Many of these scientists
have gone on to become leaders in the international scientific community and have
mentored a whole new generation of young students. I therefore firmly believe that
although Alexei Starobinsky is no longer present amongst us, the legacy of the
Zeldovich-Starobinsky school of cosmology will endure for many generations to
come.
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6 Down memory lane

Fig. 6 With Alexei at his home in Moscow, clockwise: Alexei, Lyudmila, myself, Alexei’s mother
and Rohini.

Fig. 7 With Alexei Starobinsky and Yakov Zeldovich during of my PhD defence, Moscow 1985.
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Fig. 8 Alexei at IUCAA. Top row: Alexei and myself, middle row: Jatush Sheth, Tarun Souradeep
and Ujjaini Alam, bottom row: Sanjit Mitra and Amir Hajian.

Fig. 9 Alexei sharing a joke with Tarun Souradeep, Amir Hajian and myself.
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Fig. 10 Alexei flanked by Swagat Mishra and myself, during Alexei’s last visit to IUCAA in 2019.
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