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A B S T R A C T 

The � cold dark matter ( � CDM) standard cosmological model is in severe tension with several cosmological observations. 
Foremost is the Hubble tension, which exceeds 5 σ confidence. Galaxy number counts show the Keenan–Barger–Cowie (KBC) 
supervoid, a significant underdensity out to 300 Mpc that cannot be reconciled with � CDM cosmology. Haslbauer et al. 
pre viously sho wed that a high local Hubble constant arises naturally due to gravitationally dri ven outflo ws from the observed 

KBC supervoid. The main prediction of this model is that peculiar velocities are typically much larger than expected in the 
� CDM framework. This agrees with the recent disco v ery by Watkins et al. that galaxies in the CosmicFlows-4 catalogue have 
significantly faster bulk flows than expected in the � CDM model on scales of 100 − 250 h 

−1 Mpc. The rising bulk flow curve 
is unexpected in standard cosmology, causing 4.8 σ tension at 200 h 

−1 Mpc. In this work, we determine what the semi-analytic 
void model of Haslbauer et al. predicts for the bulk flows on these scales. We find qualitative agreement with the observations, 
especially if our vantage point is chosen to match the observed bulk flow on a scale of 50 h 

−1 Mpc. This represents a highly 

non-trivial success of a previously published model that was not constrained by bulk flow measurements, but which was shown 

to solve the Hubble tension and explain the KBC void consistently with the peculiar velocity of the Local Group. Our results 
suggest that several cosmological tensions can be simultaneously resolved if structure grows more efficiently than in the � CDM 

paradigm on scales of tens to hundreds of Mpc. 

Key words: gravitation – methods: data analysis – galaxies: kinematics and dynamics – galaxies: statistics – large-scale structure 
of Universe – cosmology: theory. 
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 I N T RO D U C T I O N  

he Hubble tension is one of the greatest currently debated unsolved
roblems in cosmology (Wong et al. 2020 ; Migkas et al. 2021 ; Di
alentino 2022 ; Riess et al. 2022 ). It is a statistically significant
iscrepancy between direct local measurements of the Hubble–
ema ̂ ıtre constant H 0 and the prediction of the Lambda-Cold Dark
atter ( � CDM; Efstathiou, Sutherland & Maddox 1990 ; Ostriker &

teinhardt 1995 ) standard model of cosmology with parameters
alibrated to fit the angular power spectrum of anisotropies in the
osmic microwave background (CMB). The local Universe appears
o be expanding 10 per cent faster than this prediction. While the
rigin of this tension is not known, if the high local determination of
 0 is correct, then the universe would have to be about 10 per cent
ounger than if the lower CMB-based value is correct. However, the
ges of the oldest stars argue against this interpretation (Cimatti &
oresco 2023 ). While their upper limit on H 0 is consistent with CMB
easurements taken by the Planck satellite (Planck Collaboration VI

020 ) and the Atacama Cosmology Telescope (Aiola et al. 2020 ),
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t leaves open the issue of why so many local measurements show
 faster expansion rate (e.g. figure 1 of Di Valentino 2021 , and
eferences therein). It has recently been argued that the Hubble
ension should be solved largely at late times in cosmic history
Jia, Hu & Wang 2023 ; Vagnozzi 2023 ), with the expansion rate
pparently diverging from � CDM expectations only rather recently
G ́omez-Valent et al. 2023 ). 

Another serious but less widely known problem is the Keenan–
arger–Cowie (KBC) void, an underdensity with a diameter of
bout a Gpc (Keenan, Barger & Cowie 2013 ). Such an extended
nd deep local underdensity is indicated by several observations at
ptical (Maddox et al. 1990 ), infrared (Huang et al. 1997 ; Frith
t al. 2003 ; Busswell et al. 2004 ; Frith, Shanks & Outram 2005 ;
rith, Metcalfe & Shanks 2006 ; Keenan, Barger & Cowie 2013 ;
hitbourn & Shanks 2014 ; Wong et al. 2022 ), X-ray (B ̈ohringer

t al. 2015 ; B ̈ohringer, Chon & Collins 2020 ), and radio wavelengths
Rubart & Schwarz 2013 ; Rubart, Bacon & Schwarz 2014 ). The near-
nfrared measurements imply that the matter density is only half the
osmic mean value out to a distance of 300 Mpc (see figure 11 of
 eenan, Barger & Co wie 2013 and fig. 1 of Kroupa 2015 ). Using
ata from the Millennium XXL simulation (MXXL; Angulo et al.
012 ), Haslbauer, Banik & Kroupa ( 2020 , hereafter HBK20 ) showed
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1 The tension is not stated for a scale of 250 h −1 Mpc, but figure 8 of 
Watkins et al. ( 2023 ) shows that it exceeds the 5 σ falsification threshold 
( P = 5.73 × 10 −7 ) typically used in science. 
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hat the KBC void is in 6.04 σ tension with the � CDM model despite
ccounting for redshift space distortions induced by outflow from 

he void, which implies that the actual density contrast is about half
hat reported by Keenan, Barger & Cowie ( 2013 ). Such a deep and
xtended void suggests a cosmological model in which structure 
rows faster than in � CDM. 
It has been suggested that outflows from a large local void can

olve the Hubble tension (Keenan, Barger & Cowie 2016 ; Shanks 
t al. 2019 ; Ding, Nakama & Wang 2020 ; Camarena et al. 2022 ; San
art ́ın & Rubio 2023 ). This would be a natural solution because

 local void creates a hill in the potential, causing galaxies to flow
way from the void. From a purely kinematic perspective, the near 
niformity of the CMB implies that a substantial underdensity today 
ust be a consequence of outflows. Using this argument, HBK20 

stimated that the observed KBC void implies that the locally 
easured H 0 should exceed the true background expansion rate 

y 11 per cent (see their section 1.1). The Local Group (LG) is
ituated within the KBC void and is a part of the bulk matter flow.

hile the Hubble tension can be naturally understood as arising from
utflows induced by the KBC void, the problem for � CDM is that
t is unable to form such a void because on the rele v ant scale of
00 Mpc, the universe should be almost homogeneous and isotropic. 
 simultaneous solution to the KBC void and Hubble tension is
ossible in � CDM, but only if we assume a 10 σ density fluctuation
t early times (see figure 1 of HBK20 ). Moreo v er, the observations
f Keenan, Barger & Cowie ( 2013 ) trace the majority of the galaxy
uminosity function, suggesting that the observed underdensity is 
 genuine underdensity in the total matter distribution (see their 
gure 9). Allowing for redshift space distortions, HBK20 found that 

he results of Keenan, Barger & Cowie ( 2013 ) imply that the density
ithin 300 Mpc is ≈ 20 per cent below the cosmic mean evident in 
alaxy number counts at greater distances. This is very much in line
ith the findings of Wong et al. ( 2022 ). 
HBK20 showed that matter inhomogeneities comparable to the 

BC void can arise in the neutrino Hot Dark Matter ( νHDM)
osmological framework (Angus 2009 ; Katz et al. 2013 ; Wittenburg 
t al. 2023 ). The νHDM model assumes Milgromian dynamics 
MOND; Milgrom 1983 , 2014 ). MOND postulates that the gravi- 
ational acceleration g in an isolated spherically symmetric system 

s asymptotically related to the Newtonian gravitational acceleration 
 N of the baryons alone according to 

 → 

{
g N , if g N � a 0 , √ 

a 0 g N , if g N � a 0 . 
(1) 

he key new ingredient is a fundamental acceleration scale a 0 = 

 . 2 × 10 −10 m s −2 . This value must be deduced empirically, just
ike the gravitational constant G in standard gravity. Different 
tudies o v er the decades hav e returned v ery similar values for a 0 
Begeman, Broeils & Sanders 1991 ; Gentile, Famaey & de Blok
011 ; McGaugh, Lelli & Schombert 2016 ). The MOND gravitational 
eld follows from a Lagrangian, ensuring the usual symmetries and 
onservation laws with respect to the linear and angular momentum 

nd the energy (Bekenstein & Milgrom 1984 ; Milgrom 2010 ). The
east action principle then leads to a generalized Poisson equation that 
s non-linear in the mass distribution. 

MOND has been highly successful on galaxy scales (F amae y &
cGaugh 2012 ; McGaugh 2020 ; Banik & Zhao 2022 ). νHDM

xtends its application to cosmology by postulating an extra species 
f sterile neutrino with a rest energy of 11 eV, which is crucial to
atching the high velocity dispersions of virialized galaxy clusters, 

he offset between the weak lensing and X-ray peaks in the Bullet
luster, and the high third peak in the angular power spectrum of the
MB (for a re vie w, see section 9.2 of Banik & Zhao 2022 ). The back-
round cosmology in νHDM is the same as in � CDM (Skordis &
ło ́snik 2019 ), though the extra neutrino species implies a mild
eparture from standard Big Bang nucleosynthesis (see section 3.1.2 
f HBK20 ). Moreo v er, both models behav e similarly at early times
ecause when the redshift z � 50, the typical accelerations are high
nd thus standard gravity applies. At lower redshifts, significant 
ifferences arise in the large-scale structure due to the lack of
DM and the MOND corrections to the gravitational field (Angus &
iaferio 2011 ; Angus et al. 2013 ; Katz et al. 2013 ; Wittenburg et al.
023 ). 
Using a semi-analytic model in the νHDM framework, HBK20 

volved three initial void density profiles (Maxwell–Boltzmann, 
aussian, and Exponential) for a large grid of initial void sizes

nd strengths at z = 9. The initial conditions were constrained
y observations of the local Universe ( z = 0.01–0.15) and the
equirement for the density to almost reco v er the cosmic mean value
t distances of 600–800 Mpc (see fig. 11 and table 1 of Keenan,
arger & Cowie 2013 ). Any local void solution to the Hubble tension

mplies quite large peculiar (CMB-frame) velocities, so an important 
onstraint on such models is the observed peculiar velocity of the LG
 v LG = 627 ± 22 km s −1 ; Kogut et al. 1993 ). While peculiar velocities
re typically larger in νHDM (Katz et al. 2013 ; Wittenburg et al.
023 ), such a low value arises for a reasonable fraction of observers
ecause gravitational fields from nearby and more distant structures 
an sometimes partially cancel. Ho we ver, if we consider a larger
egion of the universe, the significant Milgromian enhancement to 
ravity implies much more substantial bulk flows of galaxies on 
cales of hundreds of Mpc. If this model is to be viable, such rapid
ulk flows need to be verified observationally. 

We test the local void solution to the Hubble tension proposed
n HBK20 by extracting the predicted bulk flow from the exact
ame model without any adjustments in order to compare its a
riori bulk flow predictions with recently published measurements. 
sing the CosmicFlows-4 galaxy catalogue (Tully et al. 2023 ), 
atkins et al. ( 2023 ) present the bulk flow of galaxies on scales

f 100 − 250 h 

−1 Mpc, where h ≈ 0.7 is the Hubble constant in units
f 100 km s −1 Mpc −1 , velocities are reported in the CMB frame,
nd the bulk flow involves a vector average of line of sight peculiar
elocities out to some distance (Section 2.3 ). Bulk flows are expected
o decrease with scale, but the observed bulk flow curve has the
pposite behaviour and rises to > 400 km s −1 beyond 160 h 

−1 Mpc.
t a scale of 200 h 

−1 Mpc, it is in 4.81 σ tension with the � CDM
odel ( P = 1.49 × 10 −6 ). 1 An independent study recently reported

excellent agreement with the bulk flow measurements of Watkins 
t al. ( 2023 )’ using the same data set and also found significant
ension with � CDM at an ef fecti ve depth of 173 h 

−1 Mpc, though
he more conserv ati ve methodology pre vented the authors from
oing further out (Whitford, Howlett & Davis 2023 ). This issue
s observationally unrelated to the Hubble tension because adopting 
 different H 0 would affect the peculiar velocities in a spherically
ymmetric manner, thus not affecting the inferred bulk flow curve 
hown in fig. 7 of Watkins et al. ( 2023 ). In Section 3 , we compare
he results in the bottom right panel of this figure with the bulk flow
redicted by the νHDM model for different void density profiles 
nd possible vantage points that were previously shown to provide 
he best o v erall match to several other cosmological observables
MNRAS 527, 4388–4396 (2024) 
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Table 1. The distance of the LG from the void centre (in Mpc) in each of the 
considered void density profiles for the two possible vantage points consistent 
with the CMB-frame velocity of the LG (see the text). The impact of its 22 km 

s −1 uncertainty (Kogut et al. 1993 ) is considered separately in all cases. We 
also consider setting v LG = 840 km s −1 (Section 3.1 ), in which case the inner 
vantage point’s distance from the void centre is 115.99 (158.39) Mpc for the 
Gaussian (Exponential) void profile. 

Density profile 
LG location v LG (km s −1 ) MB Gauss Exp 

Inner 627 + 22 136.38 142.59 192.19 
vantage 627 138.08 145.79 196.39 
point 627 − 22 139.78 149.29 200.69 

Outer 627 + 22 265.37 505.95 848.56 
vantage 627 262.27 494.76 816.16 
point 627 − 22 259.17 483.86 786.46 
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mainly the KBC void density profile and the high local H 0 ; 
ee HBK20 ). 

It is important to note that the bulk flow measurements of Watkins
t al. ( 2023 ) were not available to HBK20 . While earlier bulk flow
easurements were available, these were not used − the νHDM
odel and the parameters of a local void in this model were in no way

onstrained to fit the observed bulk flow on scales of several hundred
pc. The primary objective of this study is to use the bulk flow
easurements of Watkins et al. ( 2023 ) to test the a priori predictions

f the HBK20 ‘Hubble bubble’ model on the same scales. This will
elp to assess whether the Hubble and bulk flow tensions faced by
he � CDM model might have a common Milgromian solution. More
enerally, our results will help to clarify whether the velocity field
n a local supervoid solution to the Hubble tension might also match
he observed bulk flow on scales of up to 250 h −1 Mpc. 

The structure of this paper is as follows: In Section 2 , we describe
ow we obtain the predicted bulk flows in the same manner as the
eported observations. We then present our results in Section 3 and
onclude in Section 4 . 

 M E T H O D S  

he starting point for our analysis is the peculiar velocity field of
he semi-analytic void model of HBK20 , which is shown in their
gure 8 for the Maxwell–Boltzmann void density profile (velocity
elds of the rele v ant models are shown in our Appendix A ). This

s a combination of a spherically symmetric outflow from the void
entre with a systemic motion of the whole void towards the left,
hich reduces the spherical symmetry to axisymmetry. We refer to

he peculiar velocity in the CMB frame as the total velocity v tot 

analogous to equation 72 of HBK20 ). This is well suited for a
omparison with observations because in studies of the bulk flow
n large scales, heliocentric redshifts are typically corrected for the
recisely known velocity of the Sun in the frame of the CMB. 2 

.1 Possible locations for the Local Group 

he position of the LG in this framework can be deduced by finding
oints which mo v e with a v elocity of v tot = v LG = 627 ± 22 km s −1 

Kogut et al. 1993 ), where we use the notation that v ≡ | v | for any
ector v . Fig. 8 of HBK20 shows the locus of such points with a solid
lack curve. Those authors suggested that the LG is towards the right
and side of this curve, which is located further away from the void
entre. Ho we ver, their study lacked any reliable way to precisely
etermine where the LG ought to be. 
We simplify our analysis by only considering two possible LG

ocations, which we call the inner and outer vantage point (relative
o the void centre). These bracket the range of possible LG distances
rom the void centre. Importantly, both vantage points place the LG
n the symmetry axis of the problem, allowing us to work with an ax-
symmetric code. We consider both vantage points separately for all
hree considered void (under)density profiles (Maxwell–Boltzmann,
aussian, and Exponential). We also consider uncertainties in the
odel predictions for each of these six cases due to the uncertainty

n v LG , which can slightly vary the location of the LG by a few Mpc
see Appendix A ). This is ho we ver less significant than observational
ncertainties in the bulk flow. 
In Table 1 , we show the possible locations of the LG for all three

oid density profiles. In all cases, the inner vantage point lies within
NRAS 527, 4388–4396 (2024) 

 R. Watkins, pri v ate communication. 

 

b  

t  
00 Mpc of the void centre. The outer vantage point is generally
uch more distant. Only the Maxwell–Boltzmann profile gives an

uter vantage point reasonably close to the void centre, at a distance
f d MB,r = 262.27 Mpc. 

.2 Obser v ed peculiar velocity 

e describe the problem using Cartesian coordinates centred on
he observer. Only two axes are needed because the problem is
xisymmetric. The x -axis corresponds to the symmetry axis of
he problem, while the y -axis lies in the orthogonal direction. The
istance of any point from the observer is thus r = 

√ 

x 2 + y 2 . 
Observations of distant galaxies can only tell us their peculiar

elocity along the line of sight. Applying this consideration, the
bservable component of the peculiar velocity at point i is 

 obs , i = 

(
x v x + y v y 

r 

)
i 

, (2) 

here v tot ≡
(
v x , v y 

)
is the velocity in the CMB frame. This is found

y adding the v elocity relativ e to the void centre with the systemic
elocity of the void as a whole, which is towards −x . The systemic
oid velocity is given in tables 4 and C1 of HBK20 and is not
djustable in our analysis. 

.3 Bulk flow velocity 

hile the line-of-sight peculiar velocity of point i is typically thought
f as a scalar quantity, it will help to think of it as a vector v obs , i 

ointing from the observer towards point i . The bulk flow velocity in
he CMB frame is the weighted average of these line-of-sight peculiar
 elocity v ectors within a spherical volume of radius r bulk centred on
he observer. This definition matches equation 26 of Watkins et al.
 2023 ). 

Due to the simulated velocity field being axisymmetric with
espect to the x -axis and the observer also lying on this axis, the bulk
ow must be along it. We therefore consider only the x -component
f v obs , i , which is given by 

 obs , x ,i = v obs ,i 

(x 

r 

)
i 
. (3) 

alculating the bulk flow velocity is then just a matter of taking a
uitably weighted average of this quantity, which we discuss below. 

Each point has a weight w i ∝ V i / r 2 , where V i is the volume co v ered
y cell i . The factor of 1/ r 2 is necessary because we are dealing with
he radial velocity components instead of the 3D velocities. Under the
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ssumption that the velocity field is curl-free, this will then match the
verage of the 3D velocities, which is how the bulk flow is defined
see section 3 of Peery, Watkins & Feldman 2018 ). To minimize
umerical issues at very low radii caused by the 1/ r 2 factor, we
often it by adding to r in quadrature half the radial width of each
ell used in our calculation. Due to the high resolution used, this has
 negligible impact on our analysis. The bulk flow is then 

 bulk ( ≤ r bulk ) = 

∑ 

i w i v obs , x , i ∑ 

i w i 

, (4) 

here the sums are taken o v er all points within r bulk of the observer.
he volume weighting accounts for the inhomogeneous distribution 
f points, a consequence of the discretization scheme detailed in 
ection 3.3.6 of HBK20 and reused here for simplicity. This scheme 
educes the computational cost by working with a polar coordinate 
ystem centred on the void centre. Because we need to work with
pherical regions centred on the LG rather than the void centre, we
ubstantially increase the resolution compared to that used in HBK20 . 
e also compute the velocity field out to a larger distance because
e need predictions out to 250 h 

−1 Mpc from the outer vantage point.
Since the simulated velocity field is smooth, setting r bulk → 0 

mplies that all considered points have the same v tot . This velocity 
ust be parallel to the symmetry axis as the velocity component 

erpendicular to it must become negligible at small distances from 

he axis. Equations ( 2 ) and ( 3 ) can then be combined and simplified
o give 

 obs , x , i = v 
(x 

r 

)2 

i 
= v cos 2 αi , (5) 

here v ≡ | v tot | is the speed of any particle in the small region under
onsideration, αi is the angle at the observer between the direction 
owards point i and the positive x -axis, and the power of 2 accounts
or the projection of v tot onto the line of sight and the projection of
he line of sight onto the direction of v tot . Relating this to equation
 4 ) shows that the observed bulk flow in this small region is only
/3 because the angle-averaged value of cos 2 α is 1/3 when there are
hree spatial directions. Note also that in a small sphere centred on
he observer, we must have that v tot → v LG as r bulk → 0 because 
e expect that the peculiar velocity of the LG arises mostly from

tructure on quite large scales. In the model, v LG is towards −x for
he inner vantage point and towards + x for the outer vantage point.
his is because the systemic velocity of the void dominates near its
entre, while outflow from the void becomes more important further 
ut. 

 RESULTS  A N D  DISCUSSION  

he bulk flow curves for all considered void profiles and LG locations
inner/outer) are shown in Fig. 1 for the nominal v LG . Results for the

axwell–Boltzmann, Gaussian, and Exponential void profile are 
hown in green, red, and blue, respectively. Results for the inner 
outer) vantage point are shown using a solid (dotted) line. Two 
dditional curves are shown for the inner vantage point in which v LG 

s varied from its nominal value by its observational uncertainty: the 
ashed–dotted (dashed) curves assume a lower (higher) v LG . The 
esulting uncertainty on the predicted bulk flow is much smaller than 
n the observed bulk flow amplitude (solid black points with error
ars; Watkins et al. 2023 ). All the simulated bulk flow curves start at
 LG /3 for reasons discussed below equation ( 5 ). 

The bulk flow represents an average of the motions within a region.
f the velocity field were linear in the position, then the bulk flow
urves would remain flat at v LG /3. Non-linearity in the velocity field
auses the bulk flow curve to deviate from this value. To better
nderstand the simulated bulk flow curves, it will help to consider
he velocity field (Appendix A ). 

We first consider the case where the LG is at the inner vantage
oint. The bulk flow curve for the Maxwell–Boltzmann profile is 
airly flat because v tot is nearly linear: if we consider its value along
he symmetry axis for simplicity, it drops from ≈1500 km s −1 at the
oid centre to zero at ≈200 Mpc (as indicated by the black star) and
hen rises back up again at a similar rate, albeit with a velocity in the
pposite direction (Fig. A1 ). This causes the average motion within
 sphere to stay roughly flat as we increase the radius of the sphere,
eading to a fairly flat bulk flow curve. Since the observed bulk flows
re much faster than v LG /3 and increase with scale, it is not possible
or the Maxwell–Boltzmann profile to explain the observations (solid 
reen curve in Fig. 1 ). 
The situation is rather different for the Gaussian and Exponential 

rofiles, which yield bulk flow curves that rise rather quickly. If we
gain consider v tot along the symmetry axis, it rapidly drops from
2000 km s −1 at the void centre to 627 km s −1 at the location of the
G, but v tot then only very gradually decreases to zero (see Figs A2
nd A3 , respectively). This causes the average motion within a sphere
o rise quickly with the radius of the sphere, leading to a rising bulk
ow curve. We expect the bulk flow to remain parallel to v LG at all
adii, which is approximately the case (Kogut et al. 1993 ; Watkins
t al. 2023 ). 

We find that both the Gaussian and Exponential density profiles re-
ult in bulk flow curves with a similar trend to the observed bulk flow
urve: there is an initial steep increase which then almost stagnates
t large radii. Ho we ver, both models undershoot the observations by
0–100 km s −1 , with the largest deviation at r bulk ≈ 150 h 

−1 Mpc.
art of this can be attributed to relativistic corrections, which imply

hat the actual bulk flows are about 10 per cent smaller than reported
Heinesen 2023 ). Ho we ver, these corrections scale with z and are in
ny case too small to fully explain the discrepancy. 

.1 Our vantage point 

he bulk flow around the outer vantage point completely differs from
he inner one, as shown by the continuously declining thin dotted
urves in Fig. 1 (the same colour is used for each density profile).
f the LG were located at the outer vantage point, then regardless of
he void density profile, the bulk flow would decrease with r bulk 

nd reverse direction at r bulk ≈ 300 h 

−1 Mpc (420 h 

−1 Mpc) for
he Maxwell–Boltzmann (Gaussian) density profile. The bulk flow 

urves for the outer vantage point are in catastrophic disagreement 
ith the observed fact that v bulk � v LG /3 for r bulk ≈ 200 h 

−1 Mpc.
he outer vantage points are at least 2 × further away from the void
entre than their respective inner counterparts (4 × for the Gaussian 
nd Exponential profiles). Thus, our results seem to imply that we
eed to be within ≈200 Mpc of the void centre (see Table 1 ), in
greement with the conclusion of HBK20 . Being fairly close to the
entre of a void would also limit the extent to which the Universe
ppears anisotropic. 

The impact of the 22 km s −1 uncertainty in v LG is illustrated in Fig.
 , where the dashed (dashed–dotted) lines show the impact of raising
reducing) v LG by this amount from its nominal value of 627 km s −1 .
he uncertainty in v LG has little impact on the observed bulk flow

or the inner observers because the modified velocity of the LG only
lightly shifts its position (see Table 1 and Appendix A ). The resulting
hanges to v bulk are < 10 km s −1 . Increasing v LG by its uncertainty
auses the bulk flow curves for the Gaussian and Exponential profiles
o slightly shift towards the observational data, while decreasing 
MNRAS 527, 4388–4396 (2024) 
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M

Figure 1. Bulk flows in spheres of different radii around an observer with a suitable CMB-frame velocity for the Maxwell–Boltzmann, Gaussian, and Exponential 
density profiles (green, red, and blue curves, respectively). The solid black points with uncertainties show the observed bulk flows (bottom right panel of figure 7 
in Watkins et al. 2023 ). The two innermost data points use the same method and surv e y data but were not published in that study, so these were provided in a 
pri v ate communication by its lead author. At r bulk = 0, the simulated curves begin at v LG /3 because the observed bulk flows use only the line-of-sight velocities, 
which are treated as vectors that are then combined (see below equation 5 ). The solid curves represent the bulk flows as seen by the inner observer if v LG = 

627 km s −1 . The dashed curves (typically above each solid curve) are the bulk flows for v LG = 627 + 22 km s −1 . The dashed–dotted curves (typically below 

each solid curve) are the bulk flows for v LG = 627 − 22 km s −1 . These additional curves help to show the impact of the uncertainty in v LG , which slightly shifts 
our vantage point in the context of each model and can thus affect the predicted bulk flow. The grey dashed (dotted) curve shows the bulk flow curve for the 
Gaussian (Exponential) density profile if v LG = 840 km s −1 , which shifts the inner vantage point by 29.8 (38.0) Mpc towards the void centre. The coloured thin 
dotted curves represent the outer observers for all density profiles. These all assume the observed v LG and use the same colour as the corresponding results for 
the inner observer. 
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 LG has the opposite ef fect. Ho we ver, these dif ferences are barely
erceptible. 
The bulk flow curves from the Gaussian and Exponential density

rofiles underestimate the observed bulk flow curve. Note that since
he bulk flow measurements are already in the CMB frame, the
ssumed v LG enters our analysis only by setting our location within
he void. The closer the vantage point is to the centre of the void, the
igher the bulk flow curve becomes overall. Considering the inner
antage point with any density profile, the uncertainty in v LG of
2 km s −1 corresponds to a shift to our position by a mere 3 −4 Mpc.
s discussed earlier, this is barely perceptible. 
If we allow a larger positional shift of the LG, we could in

rinciple match the observed bulk flow curve fairly well. Such an
ncrease to v LG is plausible because ideally our location within
he void would be set using an estimate of v local , the bulk flow
n a scale large enough to average over motions at the scale of
ndividual galaxy groups and clusters but small compared to the
BC void. We assumed v local = v LG as an approximation due to the
G frame being the largest reference frame to which a transformation
an easily be performed. Ho we ver, the true v alue of v local will
enerally differ from v LG . The investigated model by design ignores
he possibility of small-scale structures as it only considers the
NRAS 527, 4388–4396 (2024) 
uch larger structure that is the KBC void. In the real Universe,
dditional structures like gravitational attractors exist in the form
f galaxy clusters, for instance the Virgo and Fornax clusters at
istances of 17 and 20 Mpc, respectively (Mei et al. 2007 ; Blakeslee
t al. 2009 ). Small-scale underdensities can also play a role. In the
ocal vicinity of such small-scale structures, the velocity field would
ecome distorted, thereby shifting the appropriate vantage point.
he larger scale velocity field of the void would remain unaffected 
y this. 
Interestingly, the bulk flow on a scale of 50 h 

−1 Mpc is observed
o be 297 ± 14 km s −1 (pri v ate communication from R. Watkins;
ame method and data as in Watkins et al. 2023 ). This suggests an
ctual bulk motion on this scale of 891 ± 42 km s −1 based on our
rgument in equation ( 5 ). Allowing for the fact that the predicted
ulk flow curve rises by just under 15 km s −1 between r bulk = 0 and
 bulk = 50 h 

−1 Mpc for the most realistic void models from HBK20 ,
he abo v e result suggests that an appropriate choice of v local is slightly
elow 891 km s −1 . This motivates us to consider the case v LG =
40 km s −1 and update our vantage point accordingly. The results are
hown using the dashed (dotted) grey line in Fig. 1 for the Gaussian
Exponential) profile. In both cases, the model agrees quite well
ith the observed bulk flow curve, perhaps indicating that the local
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elocity due to large-scale structure is more accurately reflected by 
he bulk flow on a 50 h 

−1 Mpc scale than by v LG . Regardless of the
onsidered void models, the mismatch between the observed v LG 

nd 3 v bulk suggests that the LG is moving ≈200 km s −1 slower in
he CMB frame than is typical for the matter within 50 h 

−1 Mpc.
his modest difference could plausibly arise from nearby structures 
eyond the LG. 

.2 Predictions at large radii 

or all considered density profiles, the HBK20 model predicts a 
ising bulk flow amplitude o v er the range r bulk = 250 − 500 h 

−1 Mpc
f we are located at the inner vantage point, as strongly suggested
y our results. At 500 h 

−1 Mpc, the Gaussian and Exponential 
rofiles reach bulk flow amplitudes of approximately 475 and 520 km 

 

−1 , respecti vely. Ho we ver, these predictions should be treated with
aution because it is likely that our simplified model for the KBC void
reaks down at such large distances as there must be other structures
n the Univ erse. Ev en within the model we are using, it is necessary to
ssume more distant structures that impose an external gravitational 
eld on the void as a whole ( HBK20 ). At some point, it is no longer
ossible to approximate the structures responsible for this external 
eld as being much more distant than the region under consideration. 
hese issues should be more thoroughly addressed using a Gpc-scale 
osmological simulation of the νHDM model and analysis of KBC 

oid analogues therein (Russell et al., in preparation). It will be 
nteresting to see if the bulk flow typically reverses on larger scales
han those considered by Watkins et al. ( 2023 ), as would be needed to
xplain the dipole anisotropy in the galaxy cluster distance-redshift 
elation (Migkas et al. 2021 ). 

A local void solution to the Hubble tension necessarily implies 
hat the Planck cosmology works at suitably high redshift. While 
ur focus here is on the predictions of the HBK20 model at the
resent epoch, those authors used the lightcone analysis described 
n their section 3.3.3 to show that the void-induced enhancement to 
he redshift decays rather slowly and is not negligible 8 Gyr ago
see their figure 16). This corresponds to z ≈ 1, which can seem
ar beyond the reach of a local void. But if the void is fairly large
nd given also the rather slower decline of MOND gravity with 
istance compared to Newtonian gravity, it is quite possible that the 
mpact of the void on cosmological observables is not restricted to 
 < 0.1, as was assumed in figure 1 of Kenworthy, Scolnic & Riess
 2019 ). It is thus not surprising that those authors were unable to
nd any evidence of a local void (other problems with a local void
cenario were addressed in detail in section 5.3 of HBK20 ). It is
nteresting in this regard that the data of Kenworthy, Scolnic & Riess
 2019 ) only goes up to z = 0.5 (see their figure 5). More recent
tudies do find a change to the inferred H 0 at higher redshift if the
ata are binned in z and care is taken to infer the cosmological
arameters from only the data within each redshift bin, removing 
esidual correlations with the data in other bins (Jia, Hu & Wang
023 ). Their analysis clearly shows a return to a Planck cosmology at
igher redshift, regardless of whether we consider supernovae alone 
r combine it with other data sets to impro v e the accurac y. A similar
esult is apparent in the preliminary analysis of G ́omez-Valent et al.
 2023 ), whose reconstructed expansion rate history closely follows a 
lanck cosmology at high redshift and deviates only when z � 0 . 6.
e are currently exploring the consistency of the HBK20 model 
ith cosmological data sets at high redshift, building on its known 

uccess fitting supernova data out to z = 0.15 (Mazurenko et al., in
reparation). 
 C O N C L U S I O N S  

t has been suggested that the anomalously high local H 0 could
e due to outflows from a local void ( HBK20 ). We revisit their
est-fitting semi-analytic void model for the three initial ( z = 9)
ensity profiles they considered (Maxwell–Boltzmann, Gaussian, 
nd Exponential). In each case, we consider two possible vantage 
oints where the simulated peculiar velocity in the CMB frame 
atches that of the LG. For these six combinations of void density

rofile and LG location, we determine the bulk flow v bulk in spheres
f different radii r bulk ≤ 250 h 

−1 Mpc. This predicted bulk flow curve
s compared with recent observations (Watkins et al. 2023 ) based on
he CosmicFlows-4 galaxy catalogue (Tully et al. 2023 ), which is
esigned to obtain reliable distances and thus line-of-sight peculiar 
elocities. We also consider the small uncertainty in the predicted 
ulk flow due to the uncertainty in v LG , which slightly shifts the
ocation of the LG. The impact on the predicted v bulk is much smaller
han its observational uncertainty (Fig. 1 ). 

With all three density profiles, the predicted bulk flow curve 
rom the outer vantage point (relative to the void centre) is strongly
ncompatible with observations, both qualitatively and quantitatively. 
ssuming instead that we are located at the inner vantage point, the
axwell–Boltzmann density profile also gives a bulk flow curve that 

s observationally excluded (albeit in somewhat better agreement). 
o we ver, the Gaussian and Exponential profiles give bulk flow

urv es that qualitativ ely agree quite well with the observational
ata, nicely capturing the steep increase followed by a flattening 
ut. Within the context of the HBK20 model, this implies a void
hich is deepest in the centre and that we are located within 200
pc of the void centre while remaining consistent with the observed

G peculiar velocity. Taking into account its 22 km s −1 uncertainty
arely impacts the bulk flow curv e. Howev er, if one allows for small-
cale flows within the void which are not captured by the model
as discussed in Section 3.1 ), then a good quantitative agreement
s achie v able (gre y curv es in Fig. 1 ). These curves nicely match
he bulk flow measurement of Watkins et al. ( 2023 ) on a scale
f 50 h 

−1 Mpc, suggesting that the velocity of the LG has been
educed slightly by local structures on a scale not considered in the 
odel. 
The agreement outlined abo v e is reasonable considering the 

implicity of the semi-analytic model used, which assumes spherical 
ymmetry relative to the void centre plus a constant extra velocity
verywhere within the void due to the impact of even more distant
tructures ( HBK20 ). Obviously the local Universe does not have
uch a simplified velocity field, which must instead be tied to its
omplex history of structure formation o v er a Hubble time. This
hould be explored using a Gpc-scale cosmological simulation of 
he νHDM paradigm, building on previously published smaller scale 
imulations (e.g. Katz et al. 2013 ; Wittenburg et al. 2023 ) − but
deally reaching scales similar to the MXXL simulation in the � CDM 

ramework (Angulo et al. 2012 ). This will address the plausibility
f the observed bulk flows in a self-consistent νHDM cosmological 
imulation (Russell et al., in preparation). In addition, detailed future 
bservations of the bulk flow beyond 250 h 

−1 Mpc can be compared
o the bulk flows predicted by the here utilized models and those
ound in Gpc-scale νHDM simulations. Once such measurements 
ecome available, the tension with the � CDM model should also be
uantified. It is quite possible that future data will worsen the 4.8 σ
ension reported by Watkins et al. ( 2023 ) on a scale of 200 h 

−1 Mpc,
specially given that the bulk flow seems to be increasing with scale
hile the typically expected value in � CDM decreases with scale

see their figure 7). 
MNRAS 527, 4388–4396 (2024) 



4394 S. Mazurenko et al. 

M

 

o  

i  

fl  

r  

w  

c  

t  

t  

t  

i  

a  

K  

F  

t  

t  

s  

s
 

f  

t  

i  

C  

i  

L  

b  

s  

c  

>  

K  

b  

c  

(  

g  

e  

t  

t  

m  

g

A

I  

c  

A  

p  

d  

W  

t

D

T  

o  

W

R

A
A  

A

A
A  

A
A
B
B  

B
B
B  

B
B  

C  

C
D
D
D
D
D  

E  

E
F
F  

F
F
G
G  

H
H  

H
H  

J
K
K
K  

 

K
K
K  

K
M  

M
M
M
M  

M
M
M
O
P
P
R
R
R

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/527/3/4388/7337338 by guest on 11 D
ecem

ber 2023
It is important to stress that the recent bulk flow measurements
f Watkins et al. ( 2023 ) were not available to HBK20 , who did not
n any way constrain the void parameters using the observed bulk
ow. Despite this, their model naturally accounts for the observed
ising behaviour of the bulk flow on scales of 100 − 250 h 

−1 Mpc
ithout any parameter adjustments for two of the six considered

ombinations of void profile and observer location, which was chosen
o match the peculiar velocity of the LG. This agreement suggests
hat a Milgromian cosmological framework can consistently explain
he Hubble and bulk flow tensions by assuming that we are located
n a large supervoid similar to the observed KBC void. Our analysis
lso imposes constraints on the position of the LG relative to the
BC void centre, and to a lesser extent on the void density profile.
uture work will test this model through better measurements of

he KBC void density profile and the bulk flows on larger scales
han those probed so far. In addition, it will be important to explore
elf-consistent cosmological simulations rather than the simplified
emi-analytic model considered here. 

Our results suggest that many of the severe cosmological tensions
aced by � CDM could be alleviated if structure grows more rapidly
han it predicts. This could also explain the unexpectedly large
ntegrated Sachs–Wolfe effect associated with supervoids (DES
ollaboration 2019 ; Kov ́acs et al. 2022 ) and the 2 per cent dipole

n the distribution of quasars (Secrest et al. 2021 , 2022 ; Dam,
e wis & Bre wer 2023 ). In this scenario, o v erdensities should also
e more pronounced than expected in standard cosmology. There is
trong evidence for this from massive high-redshift galaxy cluster
ollisions like El Gordo, which has been shown to falsify � CDM at
 5 σ confidence for any plausible infall velocity (Asencio, Banik &
roupa 2021 , 2023 ). Even the formation of individual galaxies could
e faster than expected in � CDM, as suggested by several recent dis-
o v eries with the JWST of massive galaxies in the very early Universe
 z � 10; Haslbauer et al. 2022 , and references therein). Such rapid
alaxy formation can be naturally understood in MOND (Eappen
t al. 2022 ). While it is too early to say what might be responsible for
hese tensions with � CDM, the wide range of different observational
echniques used to reveal these inconsistencies makes it likely that

any if not all of them are genuine problems for the paradigm that
o beyond the background expansion history. 
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Figure A1. Map of the total velocity v tot in the CMB frame resulting from 

the Maxwell–Boltzmann void density profile. Results are axisymmetric about 
the x -axis because the model applies a Galilean transformation to a spherically 
symmetric outflow ( HBK20 ). Distances and angles shown here are relative to 
the void centre. The solid black curve shows the locus of points where v tot = 

v LG . To highlight its uncertainty, the dashed–dotted (dashed) line shows the 
locus of points where v LG is assumed to be smaller (larger) than its observed 
value by its observational uncertainty. The grey line corresponds to v LG = 

840 km s −1 (Section 3.1 ). The bottom panel shows a zoomed in view. v tot is 
directed roughly away from the black star in both panels marking the point 
where v tot = 0. 
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PPEN D IX  A :  VO ID  VELOCITY  FIELDS  

hile our focus has been on the bulk flow, it can be helpful to consider
he velocity field in the void models we explore. We therefore 
how a 2D map of v tot for the Maxwell–Boltzmann, Gaussian, and 
xponential density profiles in Figs A1 , A2 , and A3 , respectively.
he velocity fields are axisymmetric around the x -axis, with the 
oid as a whole moving towards the left. The velocity fields are
hown in polar coordinates centred on the void centre, which is
ituated at r void = 0. While the direction of v tot is not shown for
implicity, this is directed approximately radially away from the 
oint where v tot = 0, which we indicate with a black star. In all these
gures, the solid black line shows the locus of points where v tot =
 LG = 627 km s −1 , while the dashed and dashed–dotted black lines
epresent the curves along which v tot = 627 + 22 km s −1 and v tot =
27 – 22 km s −1 , respectively, thus bracketing the observational 
ncertainty in v LG . The grey line represents v LG = 840 km s −1 ,
hich is moti v ated by the bulk flow measurement of Watkins et al.

 2023 ) on a scale of 50 h 

−1 Mpc (see Section 3.1 ). The lower panels
how a close-up of the region where v tot = 627 ± 22 km s −1 . The
antage points considered for the bulk flow calculations are at the 
wo intersections of each iso v elocity contour with the x -axis. Our
esults strongly suggest that the LG is within 200 Mpc of the void
entre. 
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Figure A2. Similar to Fig. A1 , but for the Gaussian density profile. Notice 
that the iso v elocity contours are elongated towards the right, indicating that 
the velocity field changes more slowly at larger distances from the void centre. 
This causes the rising bulk flow curve evident in Fig. 1 (see Section 3 ). 

Figure A3. Similar to Fig. A1 , but for the Exponential density profile. 
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