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1 Introduction

Symmetry is a fundamental concept in Physics. In the Lagrangian formalism, Noether’s symme-
tries play a central role, since Noether’s theorem shows a direct connection between symmetries
and conservation laws [I0]. In particular, the starting point of modern gauge theories [7, [12] is a
Lagrangian density admitting a prescribed symmetry group. The associated conservation laws
should then reflect experimental observations. Examples of conserved quantities include energy,
linear momentum, angular momentum, and electric charge.

A natural requirement in relativistic theories is that the Lagrangian density must be a Lorentz
scalar. This assures the validity of the Poincaré group, which is the fundamental transformation
group on Minkowski space. In another context, in gauge theories, interactions are obtained
from local gauge invariance principles. Usually, the local gauge symmetry is postulated in
advance. Afterward, the action invariance is explicitly verified [7, [12]. The question, regarding
an opposite point of view, is how to systematically derive Noether symmetries uniquely from the
Lagrangian density, without additional hypothesis. The advantage of the deductive approach
is the possibility of unveiling symmetries not apparent from the very beginning. In addition,
given a broad class of Lagrangians, one might be interested in the identification of the particular
subclasses admitting Noether symmetries. In Section 7, this approach is put forward in the
case of the charged scalar particle under prescribed external electromagnetic fields. In this case,
not necessarily the external field will be compatible with some symmetry transformation. It
should be mentioned that the traditional approach, put forward e.g. in authoritative textbooks
[7, 12, 15l 7] is of course perfectly well justified, as long as the overall symmetry structure
of space-time and internal space is concerned. However, sometimes (as in the aforementioned
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case of the charged scalar particle under external fields) one might be interested in subclasses
admitting Noether point symmetry, as a toll in the search for sufficiently simple benchmark
systems.

The present article shows in detail the procedure for the systematic derivation of Noether
point (or geometric) symmetries, applied to special relativistic field theories. In fact, in com-
parison with systems of a discrete number of degrees of freedom, there are fewer examples of
step-by-step calculation of Noether invariance results for continuous systems, in relativity. For
instance, Ref. [§] considers the derivation of integrals of motion for the N-body problem. With
few exceptions [0}, [14], most works in this direction assume non-relativistic and discrete systems

The work considers some of the basic relativistic field theories, going from the simplest to
the more elaborate models. Namely, in a sequence, the real scalar, complex scalar, vacuum
electromagnetic and coupled complex scalar and electromagnetic field theories will be treated,
as case examples for the systematic application of Noether’s theorem in the search for geometric
transformations. In this way, an hierarchy of models will be described from the symmetry
analysis point of view. Although in all studied cases the external symmetries are given by the
Poincaré group, as expected, the internal symmetries have distinctive features, including global
or local gauge symmetries, together with an additional internal symmetry due to linearity, in
the non-interacting field cases - to be detailed in the next sections. It is assumed that the
present communication has essentially a methodological character. Nevertheless, it is precisely
the systematic (non ad hoc) procedure that allows the identification of the aforementioned extra
internal symmetry. Moreover, it will be addressed the case of a charged scalar particle under
external electromagnetic fields. The class of external fields so that Noether point symmetries
are admissible will be so determined, for the first time, as well as the accompanying conservation
laws. The problem has interest for strong laser-plasma interactions, where test-particle dynamics
has both relativistic and quantum aspects [9]

This work is organized as follows. In Section 2, the Noether theorem is reviewed. In Section
3, the Noether point symmetries and conservation laws are deduced in the case of the real scalar
field. The same procedure is repeated in the remaining sections, for increasing complexity of the
models. Section 4 is dedicated to the complex scalar field. Section 5 is dedicated to the vacuum
electromagnetic field. Section 6 considers the coupled complex scalar and electromagnetic fields.
Section 7 is devoted to the charged scalar particle under external electromagnetic fields. Section
8 presents some conclusions.

2 Noether’s Theorem

In this Section, the Noether’s theorem is enunciated in the case of a single field, the generalization
to the multi-field case being straightforward. The starting point is the action functional,

5= [ L6.0,6.0)d's,

where ¢ = ¢(z) is the pertinent field, £ is the Lagrangian density of the indicated arguments, and

x is a 4-vector with covariant components z,, = (¢,r) = (29,21, %2, 23). The metric tensor will

be taken as g"” = diag(1l,—1,—1,—1). Natural units ¢ = 1, = 1 and the Einstein summation

convention will be employed. Greek indexes run from 0 to 3, and Latin indexes from 1 to 3.
The infinitesimal point transformations given by

= ot +ent(p,x),
¢ — ¢+e(d ),

will be considered, where ¢ is a real infinitesimal parameter and where n*(¢,x), ¥ (¢, z) are
smooth functions not dependent on the field derivatives. Dynamical symmetries, where the
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transformation law involves the field derivatives, are fundamental in many cases [I]. For in-
stance, the derivation of the infinite hierarchy of conserved functionals for the Korteweg-de
Vries equation [II] needs the application of dynamical symmetries. Nevertheless, for simplicity
this work is restricted to point transformations only.

The (quasi) invariance condition for the action is given [6l [13] by

oL

¢+<¢>

8(;5 (dyp —dpp Oun”) + 0, L " + L dyn” = d* oy, (1)

where 0, = 0,(¢, x) is at this stage an arbitrary 4-vector of the indicated arguments. Actually,
the condition () does not assures the strict invariance of the action, which can be modified by
the addition of a constant surface term, namely, the surface integral of o, at infinity. However,
a numerical constant added to the action, has not any effect on the form of the Euler-Lagrange
equations.

For the sake of notation, we denote total derivatives as d,, and partial derivatives (maintaining
constant fields and derivatives of the fields) as /0 x* = 0,,. For instance,

oL oL
Al = Ol 52000+ 55 0

99 u0y -

Noether’s theorem assures that whenever the symmetry condition () is satisfied, there is a
conserved current given by

oL
JH = gt —
T 9(0,49)

v+ ot (2)

where the energy-momentum tensor 0% is defined by

oL
0(9ud)

The conservation law reads

o = Oyh — 61 L.

d,J" =0,

where ¢ solves the Euler-Lagrange equation,

oL oL
7~ (o) = Y

The basic question to be addressed here is: given the Lagrangian density, how to systemat-
ically derive the infinitesimal symmetry transformations leaving the action functional invariant
up to the addition of a surface term? The answer, to be developed in the examples in the
next sections, is as follows. Inserting the Lagrangian density into the invariance condition (),
typically we obtain a polynomial equation on the field derivatives. The coefficient of each dif-
ferent field derivative must be zero. Otherwise, one would impose additional constraints on
the field, which should be ideally leaved free as much as possible. Therefore, a set of partial
differential equations for the symmetry functions will be derived, not involving the derivatives
of the field. Solving the determining partial differential equations in all generality, we obtain the
full set of Noether point symmetries, without ad hoc postulates. The procedure will be worked
out in the following examples, starting with one of the simplest relativistic models, namely, the
Klein-Gordon field.
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3 Real Scalar Field

3.1 Noether Symmetries for the Real Scalar Field

The Lagrangian density for the real scalar field is
1 1 5 9
£:§8“¢8u¢—§m¢, (4)

where m is the particle mass. Using the Euler-Lagrange equation (B]), we derive Klein-Gordon’s
equation,

00,6 +m>p = 0.

Inserting £ from Eq. () into the symmetry condition (), it follows that

1
—m?¢p + "¢ (d,p — D0 d,m”) + 3 (0" D — m2¢*)d,n” = d'o,, . (5)

The quantities n* and 1 should be managed so that the left-hand side of Eq. (Bl becomes the
divergence of some appropriate 4-vector o,,.
The following total derivatives

b = uw+f§i 9,

on”
d;m” = 8u77y ¢ M¢7
do
d‘uO'u = 8“Uu+a—;8‘u¢,

when inserted on Eq. (B, give the expression

- 500,060,055 +060,0 (52 + S0 ) ~ 960,00, +
06 (00— 5 me %) — i — 3w Ot = 049 5 + ko, ©)

Equation (@), to be identically satisfied, is a polynomial expression on the field derivatives.
Therefore, the coefficient of each monomial (term with equal derivative power) should vanish.
The third order terms give

00,6 0,6 2 = =),

aqb

In another words, the external transformations (affecting the space-time coordinates only) are
not dependent on ¢.
The second order terms in Eq. (@) imply

3¢
ol
The last equation decomposes itself into a set of equations, corresponding to terms proportional

to Oy 0o, 0o 0;¢ and 0;¢ 0;¢. A detailed examination shows that the resulting equations are
reducible to

8“¢au¢ < 81/77 > - 8“¢au¢a;ﬂ7y =0.

—0Oono = O = Oamp = 033, (7)
5;ﬂ7u + 5u77u=0, N#Va (8)
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together with

0
8_1(/; - _807707 (9)

where Eq. (7)) was taken into account for Eq. ([@). We left the system ([7))-(8) untouched by now.
Equation () gives

b=~ domo + $(x), (10)

where ¢(z) is an arbitrary function of z.
The invariance condition (@), for the terms which are of first order in the derivatives, leaves
us with

do ~
a—qg = a;ﬂ;b =—¢ 8u60770 + 8u¢,

with the solution
2 ~
o=~ 2 0o + 6D + 5 (), (1)

where ¢, () is an arbitrary 4-vector depending only on x.
The zeroth-order term on Eq. (Bl implies

1
—m2ph — 3 m?p? ountt = 0oy, (12)
Inserting the results from Eqs. (), (I0) and (II) into Eq. ([I2]), one get
1 m 2 2 o 7 27 o~
—5 0 0,00m0 +m* om0 ) ¢ + (970, +m?3) ¢+ 05, = 0. (13)

Equation (I3)), being identically satisfied for any ¢, implies that the coefficients of different
powers of the field vanish, or,

1
— 5 8“@180770 + m280770 =0, (14)
M0 +m2p =0, (15)
95, = 0. (16)

Equation (I4)) can be rewritten as

o (8“(‘?”770 — 2m2no) =0, (17)
or,

IM"0umo — 2m*no = —2m?ip(r), (18)

where 7p(r) is a function of space coordinates only.

The next information, comes from Eq. (I3]) showing that 6 solves the Klein-Gordon equation.
Therefore, adding to ¢ a particular solution of the Klein-Gordon equation is a Noether symmetry,
reflecting the linearity of the equation. In addition, Eq. (6] shows that

oy =20,

without loss of generality.



6 F. Haas

While Egs. (IH) and (I6]) have already been fully examined, there remains Eq. (I4]), which
is equivalent to Eq. (I8]). To analyze the last one, we take into account Eqs. () and (8]). For
instance, considering the first line in Eq. (@), for x =0, v =1 in Eq. (), it results

om = —0ono, OGom = —0no -
To satisfy Cauchy’s condition dyg01m1 = 019911, necessarily

0101mo = oo - (19)
Similarly, using again Eqs. (7)) and (8]), we conclude that

020210 = 0303m0 = 9o0omo - (20)
Equations (I9) and (20) allow to write

0" 0umo = —2000mo -
Inserting the last into Eq. (7)) gives

8odomo + m*1mo = m*ijo(r) - (21)

Only time-derivatives appear in the differential equation (2IJ). Therefore, in this context, 7o(r)
is a constant, and the general solution obviously is

1o = 7jo(r) + F(r)e"™ + G(r)e~ "™, (22)

where F(r) and G(r) are arbitrary functions of the space coordinates only.

From now on, sometimes we denote r = (z,y, z) whenever convenient, as long as there is no
risk of confusion between the space-time 4-vector x = (¢,r) and the coordinate z. Following this
definition, and inserting Eq. (22) into (), the result is

m = my,zt) —z'meimt/ de—l—z’me_imt/ dx G, (23)
ne = ez, zt) —imeimt/ dyF+ime_imt/ dy G, (24)
ns = n3(x,y,t) —z'meimt/ sz+ime_imt/ dz @G, (25)

where 71, 72 and 7j3 are arbitrary functions of the indicated arguments.
The solution presented in Eqgs. ([22)-(25) must be compatible with Eq. (&)). For instance, for
uw=0,vr=11in Eq. (8), we obtain

g~ i~ imt 2 a_F —imt 2 8_G —
825771—|-ax770—i-e <m /de+8$>+e <m /de+8x =0.

The derivative of the last equation with respect to x implies

Pilo | o (O°F i (2G|,
im z s I —im i —0.
—8m2+e <8m2+m >+e <8x2+mG> 0

Since neither 7, nor F, G have a dependence on time, it follows that

PF 2c
2~
o _ . (27)

0 22
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Equation (27]) will not have immediate consequences. On the other hand, following a procedure
similar to the derivation of Eq. (26]), we obtain

O*F O*F

dy? +m’F = 0 22 +m*F =0, (28)
2 2

g—y(2;+m2G = %—szG:O. (29)

The (unique) solution for the system composed by Eqs. (26]), [28)-(29) is

F cpexplim(z +y + 2)] + caexplim(z +y — 2)]

czexplim(z — y + 2)] + caexplim(—z + y + 2)]

csexplim(z —y — 2)] + cg explim(—z + y + 2)]
[im(— a:—y+z)] + cgexp[—im(z +y + 2)],
[im(

+ o+ o+

cr7 expltm

@
I

coexplim(z +y + 2)] + croexplim(z + y — 2)]

cr1 explim(z —y + 2)] + crg explim(—z + y + 2)]

cizexplim(z —y — 2)] + cra explim(—z + y + 2)]
[im(—x — y + 2)] + c16 exp[—im(z + y + 2)],

+ o+ +

C15 €eXplim

where ¢y, ... c1g are numerical constants. Hence,

flo(x,y, 2) + c1 explim(x +y + 2 + )]
e expl—im(z +y +z + )], (30)

My, zt) — crexplim(z +y + z + )]
+ - —cgexpl—im(z+y+2z+1)], 31)

ne = ez, z,t) —crexpiim(z +y+ 2z +t)]
+ - —cgexpl—im(zr+y+z+1)], (32)

ns = M3(@,y,t) —crexplim(z +y 4z +1)]
+ - —cgexpl—im(z+y+z+1)], (33)

7o

_l’_

m

where the terms depending on co, ..., c15 were omitted, for brevity.
It remains the constraint (). Taking u = 1,v = 2 in Eq. (8) and inserting Eqs. B1)-(32),
results in

01 + Oofiy  —  2imey explim(z +y + 2z + t)]
+ -+ 2imegexp[—im(zr+y+ 2z +1t)] =0.

Derivation of the last with respect to x and y, shows that

2im® {ciexplim(z +y+ z + 1)+ - + cigexp[—im(z +y+ 2z +1)]} =0,

so that

cpr=---=c1=0.
Since all numerical constants ¢y, . .., ¢ vanish, and using Egs. (8), 0)-(33]), we get the compact
expressions

Ay + Oy = 0, (34)

generalizing Eq. () to arbitrary indexes u, v
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We are almost done. However, we should still take into account Eq. (B4]), applying appro-
priate derivatives to it. For instance, for 4 = 0,v = 1, differentiation with respect to x recalling
that 79 does not depend on time, gives

8181770 =0.

Similar calculations, involving appropriate indexes and derivatives of Eq. (B34]), shows that the
functions n* are at most linear functions of space-time coordinates. In other words,

= a4 Ria?,
where a* is an arbitrary constant 4-vector and R, is a constant second-rank tensor. However,
the components R, are not entirely free. Indeed, Eq. (34]) implies

R/*“/ + Ryu - O,

so that R, is an anti-symmetric tensor. This exhausts the information contained in the Noether
symmetry condition (), applied to the real scalar field.
We are at a convenient point to enumerate the results until now. The Noether symmetries

are completely specified by

W= R,

v o= o),
where a* is a constant 4-vector and R" a constant anti-symmetric tensor, while ¢ is any solution
of the Klein-Gordon equation. Therefore, we are left with a 10-parameter external symmetry
group for space-time coordinates, plus the internal symmetry transformation due to linearity.

Naturally, the external symmetry group is Poincaré’s group, where a* relates to space-time
translations, RY relates to spatial rotations, and R corresponds to Lorentz boosts.

3.2 Conserved Currents for the Real Scalar Field

To obtain the conserved current defined in Eq. (@]), the 4-vector ¢ is needed. From Eq. (),
we obtain

ot =¢otg,
so that

JE = 9tpa’d,p — a'L + 0" d,p RV
LRMZY 4+ ¢ d — pHe, (35)

where £ is given by Eq. ().

It is interesting to examine the conservation laws associated with different symmetries. For
time translations, we set a” = 1, together with the remaining parameters and <;~5 vanishing. From
expression (B3l), we get

7= 3 [0 + (V) +m??]
= 9o,

corresponding to the energy conservation law,

%{%/K%@%wwW+m%ﬂﬂ}=0
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For space translations, we set a* = (0,a', a?, a®), together with vanishing remaining param-
eters and ¢. The conserved currents (one for each component of the translation vector a) can
be expressed as

JO = a1 9% 8¢, (36)
i i | qi 5ij 2 2 2,2
Jo= 09050 — Z((@00) - (Vo) —m??) |,
associated with linear momentum conservation,

d 0 _

Spatial rotations are associated with Rij # 0, which gives
IO = R, k8% 0,0,
J' = Ry (0'0;0—05L)

associated with the angular momentum conservation,
d
— [ rxVe¢dr=0.
G [Porxvo

For Lorentz boosts, we take R(;» # 0, leaving us with
J' = RY[a27 (0°¢00p — L) — 2% 000 & 9]
J' = RY[2?0'¢00p —a° (00 p+ L5Y)] .
In consequence,

d

E/[ anqbaiqb—iﬂi (60¢60¢—£)] dr =0. (37)

Taking into account the momentum density m; = dy¢ 9;¢ which follows from Eq. ([B6]) and the
energy density H = 0°¢ 0y¢ — L, Eq. ([B7) reads
d
dt
showing, in a more transparent way, that the linear momentum relative to the center of mass is
constant. Notice that the Noether momentum density, a quantity arising from space translation
symmetries, in this case is not the same as the canonical momentum density L/9(9p¢) = 9°¢.
Similarly, for a free relativistic particle with momentum p and energy H, one has (d/dt)(pt —
Hr)=0.
Finally, for the internal symmetry, only b is non-vanishing. In this case,

JH = — GG = %/(M%—M%) dr=0.

This conserved current is analogous to the constant wronskian of two particular solutions y; 2 (%)
for a linear harmonic oscillator equation, namely,

dy12 d ( dyz dyl) _0

(xoﬂ—’Hr) dr =0,

az Ty a \Iar TPy

Recapitulating, we have derived, in a systematic way, the Noether point symmetries group
for the real scalar field, obtaining the Poincaré group (external symmetries) plus an infinite
dimensional internal symmetry group, reflecting the linearity of the Klein-Gordon equation. It
can be mentioned that such internal Noether symmetry transformation is not recognized in the
literature, as far as we know.
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4 Complex Scalar Field

In this Section, we consider the case of the complex scalar field, so that a global gauge symmetry
is expected. Let us verify this, proceeding in a systematic manner, as done in the case of the
real scalar field.

4.1 Noether Symmetries for the Complex Scalar Field
The Lagrangian density for the complex scalar field is
L=0"¢"0u0—m*¢" ¢, (38)
implying two separate equations for the independent fields ¢, ¢*,
Houp+mPp = 0,
M0, * +m?e* = 0
Due to the linearity of the equations, it is reasonable to suppose the existence of internal Noether

symmetries corresponding to the addition of particular solutions.
Consider the infinitesimal point transformations,

= ot +ent(o, 0, x),
¢ — o+e(e,97, ),
oF = ¢ +ey (9,97, 1),
where ¢ is an infinitesimal parameter, and where n*(¢, ¢*, x), (¢, ¢*, x), V* (4, ¢*, x) are smooth

functions to be determined and not depending on field derivatives. The Noether invariance
condition (), generalized to more than a single field, yields

oL oL . oC )
oL o
+W (d* = 0y9* dyn”) + L + Ldnt = d'o,,

where 0, = 0,(¢,¢*,x) is, at this stage, an arbitrary 4-vector. The corresponding conserved
current reads

oL oL
JH = gl g - F 4ot 39
50,9 "~ 00,0 U 7 39
where the energy-momentum tensor
oL oL
O = ——— 0o+ ———— 0" — . L.
5.0 " 30
was used.

Inserting £ from Eq. (B8] into the symmetry condition (), it results a polynomial on the
derivatives of ¢, ¢*, to be identically set to zero. The coefficient of each monomial (term with
equal power of the derivatives of the fields) should then vanish. For brevity, we will not show
the full calculations, which are analogous to the case of the real scalar field.

The terms of degree three imply

" =nt(z),

so that the external transformations are field-independent.
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The terms of degree three and two imply

o o*
96— 06 0, (40)
oy oy

5“”(0_15 + ai* + 0an™) = By — O = 0. (41)

A tedious analysis shows that Eqs. (40) and (A1) satisfy the appropriate Cauchy conditions if
and only if

om = Oam = O3mz = —omo,
8u77u + 8V77M:07 N#V-
In this case, the solution for Eqs. (@0)-@I) is
v o= —¢m —iMx)¢ + (), (42)
Pro= —¢" Oomo +iA(2)" + ¢ (z), (43)
where A(z), ¢(z) and ¢*(z) are arbitrary functions not depending on the fields. For consistency,
Az) = N (). (44)

The terms depending on A\(x) are associated with local gauge transformations.
The invariance condition, regarding terms of first order in the derivatives of the fields, gives

doy,
ZIh gt
36 TR
doy,
= 0.
8¢* lﬂiz)
Taking into account v, ¢* from Eqs. (42]) and (43]), it can be verified that the Cauchy condition
d%o, d%a,

DpOd*  0p 0 (45)

yields
OuA(z) =0.

In other words, A does not depend on x and gauge transformations are global. Besides, in this
case we can solve for

Oy = —¢" aOa,u770 + ¢" uﬁg + ¢a,u¢;* + 5#(33) ) (46)

where ¢, () is an arbitrary 4-vector, depending on x only.
Finally, the term not containing field derivatives in the invariance condition (Il) gives

69 (00,0010 — 2m200mq) — 6* (90,6 +m*3)
—¢ (8*@&* + m%*) — "5, =0.

The terms proportional to ¢*¢, ¢*, ¢ and the remaining contribution should identically vanish.
Hence,

8o(0"Oumo — 2m*my) = 0, (47)
"0, +m?p = 0, (48)
M9, d* +mPpt = 0, (49)
M5, = 0 (50)
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Equations [8]) and (9] show that ¢ and ¢* are particular solutions of the Klein-Gordon equa-
tion, while Eq. (B0) shows that

o, =0,
without loss of generality. Finally, Eq. (47]) reveals that
" 0umo — 2m*ng = —2m*7jo(r) (51)

where 7jp(r) is an arbitrary time-independent function. Equation (EII) coincides with Eq. ([I8). In
this way, we realize that there is no need to repeat the previous calculations, with the conclusion
that the external Noether symmetries are given by the Poincaré group. Therefore,

n = =d'+ RKa¥,
v o= —idg+d(),
Pro= iAgT + 9" (2),

where a* is a constant 4-vector, R is a second-rank antisymmetric tensor, A is a real con-
stant and <;~5, <;~5* are particular solutions of the Klein-Gordon equation. To conclude, besides the
Poincaré group, one has the internal symmetries, composed by a global gauge transformation
and a symmetry due to the linearity of the model.

4.2 Conserved Currents for the Complex Scalar Field

To compute the conserved currents, there is the need of the 4-vector o,,, obtained from Eq. (40,
ot = ¢ G+ ¢ G

Inserting this 4-vector into J# in Eq. ([89), we get a somewhat long expression. In comparison
to the case of the real scalar field, the distinctive feature comes from the global gauge symmetry.
Setting A = 1 and the remaining contributions to zero, we derive the Noether’s current,

Iy =i(00"0" — §0"9),
corresponding to global electric charge conservation,

d

. 0 1% * 00 _
E[z/((bﬁqﬁ — ¢*8%)dr| = 0.

The remaining Noether currents are analogous to those derived in Section

5 Vacuum Electromagnetic Field

5.1 Noether Symmetries for the Electromagnetic Field in Vacuum

Following our schedule, the Noether point symmetries for the vacuum electromagnetic field will
be studied, without ad hoc claims. The Lagrangian density is

1
c=lpwg,, (52)

where

F, = 0,4, —0,A,
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is the electromagnetic tensor, while A, = (Ao, A) denotes the electromagnetic 4-potential. The
Fuler-Lagrange equations are the vacuum Maxwell’s equations,

0”0, A" — 0"0,A” = 0.

We can anticipate the existence of internal Noether symmetries, associated with the linearity of
the equations.
Suppose the infinitesimal point transformations,

= st +ent(A ),
AP — AP 4+ eTH(A ),
where A is a shorthand for the 4-potential, ¢ an infinitesimal parameter, and n*(A, x), T*(A, x)

functions to be determined, not depending on field derivatives. Since the Lagrangian density
contains only field derivatives, the Noether symmetry condition simplifies to

oL
S (el A ™) & Ly = do (53)
niiy

where, at this stage, 0, = 0,(A, z) is an arbitrary 4-vector with the indicated functional depen-
dence.

The procedure must be clear now. Inserting £ from Eq. (B2)) into Eq. (B3] and considering
field derivatives of third degree, it follows that

Once again, the space-time transformation rules do not depend on the fields.
After several elementary calculations, the second-order field derivative terms give
TH = —9kn, A + Ak(z), (54)
Oy +0m, = 0, (55)

where the 4-vector A* is field-independent. As seen before, the Poincaré group is obtained from

Eq. (B3).

The first-order in the field derivative terms give

do,

@LFV—&,F“: w,
or, taking into account Eq. (B4,

do,

8;,,/11, - 81//1“ == w 5

with the solution
oy = ((9,,AM — 8,AV) AV + 5#(55) )

where ¢, (z) is an arbitrary field-independent 4-vector.
From the remaining term in the invariance condition, we get
M, = 0, (56)
0" 0, A* — 9" (0,AV) = 0. (57)

While Eq. (B6]) shows that ¢, is superfluous, Eq. (57) implies that Ar is a particular solution
for vacuum Maxwell’s equations.
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Summing up results, and using Eq. (B4]), we derive the following symmetry transformation
functions,

77'u = a“"‘RllL/xya R/w"‘RVu:Oy
' = Aw(z)+ RFAY,

where A#(z) solves Maxwell’s vacuum equations.
A notorious particular vacuum solution is specified by local gauge transformations,

Al = 9 \(z),
where A(x) is an arbitrary space-time function. In this context there is a link between the
linearity of vacuum Maxwell’s equations and local gauge transformations.
5.2 Conserved Currents for the Electromagnetic Field in Vacuum

The conserved current in all generality reads
1
JE = <—F”°‘ Ao+ 8%, FQBFQB>

1
+ RY <—xﬁ F™ 0o Ay + 7 2f5 FUVF,, + AP Ff;)
+ FMWA,—FM™A,, (58)

where it was defined F* = 91 AY — ¥ AH.

The usual symmetries (space-time translations and spatial rotations) are fairly well discussed
in the literature, including additional steps such as the symmetrization of the energy-momentum
tensor [7]. For instance, in terms of the electric field F; = —Fpy; and the magnetic field B; =
—(1/2) g1 F° 7k where €iji is the 3-dimensional Kronecker symbol, for time-translations (only

a® = 1 is non-zero) one finds
1
JO = 5(]32+132)+v-(AOE)—AOV.E.

The third term is a surface term and so does not contribute to the associated conserved quantity.
The last term vanishes since V - E = 0 in vacuum. The only effective contribution is

/Jodr:%/(E2+B2)dr,

which is the well-known electromagnetic energy density.
Actually the conserved current (G8]) can be put into a more traditional and gauge-invariant
form, as follows. One has

1
Jh = a” <—F”O‘ Fra+ 3 0% F* Fog — 0a(F"* A4,) + (aaFW)A,,>
1 af | .0 pv 1 wovy « pv 1 Wy
+ SR (<P Fay+ 04 P By ) = (—FP 4 5 04 F Ry,

4 Oy (Tl Ag — mgF™ Ay) — (24 Ag — 25 Ag) 0, FW]
+ FMWA,—FMA,, (59)

Most terms in (B9) are total divergence terms, integrating to zero, or vanish due to Maxwell’s
equations in vacuum. Therefore essentially we have the well-known [0 [7] results,

1 - -
J' =Pl + 5 R ML+ FMA, — F™ A, (60)
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where
e e L ool
Py =—FlrF,,+ ZéyF Fop
is associated to momentum conservation and

MSB :xan—xﬁPg

is related to angular momentum conservation. As can be checked, J, J# = 0 is maintained in
the reshaped form (G0).

The internal symmetry due to linearity is basically ignored in the usual treatments. As
apparent from Eq. (G8]), one has the conservation law

d - -
g /(FOF‘AM — F% A,)dr =0,

where both A, Au solve Maxwell’s equations;
The case of local gauge symmetries with A, = d,\ yields 8HJ(‘§\) =0, where

JM

By = FMON = 0,(F™ ) = X0, F" . (61)

The subscript A refers to the particular gauge function employed. At least for A bounded at
infinity, the first term in the right-hand side of Eq. (€Il contribute a vanishing surface term,

while the last term vanishes due to Maxwell’s equations in vacuum. Hence in this case (4, = 0, A
for some function \) the related conserved charge vanishes. Otherwise it can happens that the
conservation law yields a non-trivial result.

6 Coupled Complex Scalar and Electromagnetic Fields

6.1 Noether Symmetries for the Coupled Complex Scalar and Electromag-
netic Fields

The Lagrangian density follows from the minimal coupling assumption and is given by

L= (0"¢* —ieAF ¢*)(Oup +ie A, d) —m e o — i FME,,, (62)

where e is the particle’s charge and F* the electromagnetic tensor, as before. The Euler-
Lagrange equations are

D'D,¢+m?¢ = 0,
(D"Dy¢)* +m?¢* = 0,
0, = ic(¢(Dre) —o" (D).

where

Dhe = (0" +ieA")o,
(D'g)* = (9" —ieA") ¢

denote covariant derivatives. Due to presence of matter and the corresponding nonlinearity, we
expect a broken internal symmetry, previously corresponding to the linear superposition law.
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Consider infinitesimal point transformations of the form
¢ — o+e(A ¢ 9" ),
¢* — ¢T+eyYt(4,¢,90%,2).

The Noether symmetry condition is

oL oL oL oL
1 -~ * = _ 4
S a¢w+a¢*w +a(a“Ay) (dul'y — 0,A, dun”) +
oL oL . ‘1w
+ e (d) — 0y d) + ma—— (% — D™ dum”) +

9(0,0)
+ Ldn"=d'o,,

9(9,6*)

where 0, = 0,(A, ¢, ¢*,x) is an arbitrary 4-vector.
From the cubic in the derivatives terms, it can be shown that

" =n(z).
The quadratic terms give
T = —9tn, AV 4+ Ak(x),
Y o= —ie(z)d+ o),
Pro= ieA(x) ¢t +¢7(z),
Ouny + 0Oump =0, (63)
where Ar, (5, <;~5* and A are field independent. The factor e was included for convenience.
Moreover, A is a real function. Proceeding as in the vacuum case, from Eq. (63]) it follows that

the external symmetries are associated with the Poincaré group.
The linear in the derivative terms imply

do, ~ ~
9Ar oA, — 0,A,, (64)
9 _ _ _
a%b = —iecA ¢t —ied Ay +ic(9uN) " + 0ud", (65)
80” . 7 . g . It
90r ieA,p+iep A, —ie(OuN) P+ 0ud. (66)
The integrability condition
d%a, _ d%o,
0¢p 0p*  0¢* 0
implies
A, = 9. (67)

From Eq. (G7) it can be seen that in the presence of matter only (local) gauge symmetries are
allowed.
Once Eq. (67) is satisfied, it is possible to solve Eqs. (64)-(66), with the result

¢ = ¢"=0,

o, = oux).
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As verified, the symmetries due to the linearity are completely eliminated.
The remaining terms in the invariance condition give

"o, =0,
so that there is no loss of generality to define
0,=0.

To conclude, the external symmetries are composed by the Poincaré transformations, while
the internal symmetries are specified by

' = REAY + OM)(x),
b= —ieA)o,
P o= del(z)o”.

6.2 Conserved Currents for the Coupled Complex Scalar and Electromag-
netic Fields

The general conserved current is
I o= ¥ (a,,qs (D")* + 8,¢" (DF¢) — FH 9, Ay — ygc)

+ RY [xﬁ (aa¢ (DF)* + Bad™ (DH) — F* 94 A, — 5%;£) + A8 ng}
+OFM 9N tieNd (DIO) —ieAdt (DPG).

The usual conservation laws (energy, linear momentum, angular momentum) are verified.
Besides, we have the gauge symmetry, with the conserved current

JM

By =F"™ 0\ +ieX¢(D'o)" —iere” (D"e).

In particular,
Ty = 0i(F¥X) = X [0, F” +ie¢™ (DF¢) —ied (D'¢)*] = d,(FO)N),

the last equality coming from Maxwell’s equations. Therefore, dQy) /dt =0, where

Q()\):/J(O)\)dr:—/V'()\E)dr,

which is the electric charge for A = —1, where E; = — Fp; is the electric field.

7 Charged Scalar Particle under External Electromagnetic Fields

The Lagrangian density is the same as in Eq. (G2)), omitting the free electromagnetic field
contribution, but retaining the interaction terms,

L= (0"p* —ieAF ¢*)(Oup+ie A, d) —m?e*s.

The interpretation is that A, is a given external field, acting on a test charge. Such problem
has implications in laser-plasma interactions in the quantum relativistic regime [9].

The Noether symmetry condition is given by Eq. (), since A, is not subject to any trans-
formation. The treatment of the third and second-order in the field derivative terms yields the
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results already shown in Eqs. ([@2)-(@4]), with the replacement A — e A since now there is the
test charge e.

From the first and zeroth order in the field derivatives terms, the following equations are
derived,

% = (i€, 8 — 0,00m0 + i e A — i en @ Ay, — 2ie (o) Ay ) &
+ 0.0 —ieA, o, (68)
32’: = (e A0 ny — 0um0 — i eBuA+ ien, Ay + 2ie (o) Ay ) 6

+ OubptieA,d, (69)
oo, = 2 (— €2 APG N + e2n, (0" A,) AP + (Dono) (€2 AP A, — m2)) o* ¢

+ (ieAr0,d + (@A, —m?) &) 6
+ (—i e APO,p+ (2 AMA, —m?) &) & . (70)
From the equality of mixed partial derivatives as shown in Eq. (), it follows that
0" A+ 2(0omo) Ay — Ay 0Vny = O\, (71)

allowing to re-express Eqgs. (68) and (69) as

9 i o
a%b = " 0,00m0 + 0,0 —ie A, ¢*
0 : i i
ai;: = 40,000+ b +icA,d,

which has the solution
0 = —(3,00m0) ¢ ¢+ (8" —ie Ay d*) d+ (Oud +ie Ay d) ¢* + 6,(x), (72)

where 6, (x) does not depend on ¢, ¢*.
Plugging o, from Eq. (2) into Eq. (Z0) and considering the terms linear in ¢* and ¢, the
results are

(00 +2ic 410, +ic O A, — (2 A"A, —m?)é = 0,
(099, — 2ic 410, —icoma, — (2 ArA, —m?)) ¢ = 0,

which are the Klein-Gordon equations obeyed by (5, (5* Therefore, the addition of particular
solutions is an allowable Noether symmetry, reflecting the linearity of the problem. On the same
trend, the independent term (not containing ¢ or ¢*) gives 95, = 0, so that 7, = 0 without
loss of generality.

In the continuation, the term proportional to ¢*¢ in Eq. (7Q), taking into account Eq. (72]),
gives

(00 + 2 (c® A" Ay — m?)) B + 2¢2n, (97 A4,) A" — 262 A*Gu) = 0.
Using Eq. (1)), the last equation can be reshaped as

(aﬂau —2( AMA, + m2)) Bomo + 2% A" A, 81, =0,
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where the gauge function A was eliminated. From the identities shown in Eqs. (42)) and (42]), it
is possible to prove that A*A, Oyny = A*A, 0"n, = 0, so that

(99, — 2m?) dmo = 0.

We have already meet the same equation, see Eq. (B8). Following the same procedure as
before, we obtain dpng = 0, which in turn imply 9,7, + 9,7, = 0, showing that the symmetry
transformations constitute the Poincaré group. In comparison, the symmetry treatment of non-
relativistic charged particle motion under external electromagnetic fields, including magnetic
monopoles, is compatible with much more general transformations of the time variable [2} [3] [4].
In the relativistic case, the space and time variables entanglement allows only linear coordinate
transformations as determined by the Poincaré generators.
The external fields are not arbitrary. According to Eq. (1), they satisfy

mO" A, — A, 0", = O\,
for some function A. In other words,

(0" Ay — 0, AY) = Ou(XN —n"Ay) + (0uny + Oump) A”
which is the same as

0" Fyp = 0\, (73)
where

A=\—nlA,

is a redefined arbitrary function. Equation (73] is in a manifestly covariant form. The last
requirement is the verification of the homogeneous Maxwell equations,

OuFya + 0, Foy + 00 Fu = 0.

7.1 Examples

It is worthwhile to consider illustrations of the compact equation (73]).

7.1.1 Time-translations

Supposing time-translations, one has \g = 1, Ai = 0. In this case, it is a simple matter to verify
that Eq. (73] implies an electric field E = VA, where A = A(r) is time-independent. Finally,
Faraday’s law shows that the magnetic-field is also time-independent.

7.1.2 Space-translations

For translations along a particular axis (say, the z—direction), one has g =n; =n2 = 0,73 = 1.
In this case, applying the symmetry condition (73]), one has the electromagnetic field components

By = F3p = 0*)\, By=Fi3=-0'"\, FE3=F3=—d\,

where 93X = 0. Moreover, from the homogeneous Maxwell’s equations it is found that 8°E; =
OBy = 93B3 = 0.
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7.1.3 Circularly Polarized Electromagnetic Field

In an inverse approach, one might consider first the electromagnetic configuration, and then ask
about Noether symmetries plugging the field into Eq. (73]). For instance, for the right circularly
polarized wave one has

C, . .
A="(ee + e ), Ay=0,

V2

where w, k are constants and Cj is a slowly varying function of the phase
0 =kz—wt,

while € = (2 — i7)/v/2 denotes the polarization vector, with the unit vectors &, 7 perpendicular
to the direction of light propagation. It is a simple matter to verify that the circularly polarized
field admits Noether symmetries, satisfying Eq. (@3] with ng = k,n1 = 12 = 0,13 = w, together
with A = 0. In this case, it should be noticed that this is not the unique solution to the system
provided by Eq. (73).

7.1.4 Homogenous Static Magnetic Field

As a final example, let us suppose an homogeneous static magnetic field
B = Byz,

where By is a non-zero constant. What are the allowable electric fields, so that Noether symmetry
exist?

From Faradays law, one has V x E = 0, so that E = —V Ag, where Aq is the scalar potential.
Therefore, Fyy = —0'Ay. Moreover, for our magnetic field we have Fio = —By, Fhs = F3; =
0. The Noether symmetry condition (73] reduces to four equations. For simplicity, limiting
ourselves to the case ng = 0, these equations are given by

0 Ay = ONOt,
mBy = 0O\ or,
—mBy = 0)\dy,

0 = ONdz.

Since 19 = 0 implies a® = 0, R% = 0, the general solution for Eqs. (75) and (78] is

1
A = Bo(a'y — a’z) + 3 BoR"™(2* + y*) — Boz(R®z + R*y) + g(2,1) (78)

for some function g(z,t). In view of Eq. (7)), from Eq. (8) we conclude that R* = R3 =0,
and that g = g(t). Finally, Eq. (7)) gives

o4, 0dy | 5 0y

1 12
(" + R7Y) ox dy 0z

+ (a® — R"x) =—g(t). (79)
Just for simplicity, we will assume a® = 0. The results with a3 # 0 are easily reachable, although
of a less readable form.

There are two classes of solutions for Eq. (79) with a® = 0. The first, for R'? # 0, can be
more simply written taking R'? = 1 and a' = a® = 0 without loss of generality, after a rescaling

of g and appropriate space translations, if necessary. In this case one has

Ay = ¢ arctan (Q) + A (\/x2 + y2,z,t) ,
T
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where Ay is an arbitrary function of the indicated arguments. Notice that the electric field found
from the scalar potential is a single valued function.
The second class of solutions for Eq. ([9) is found for R'? = 0 and is given by

. (T 1
Ay=—=g (—1 + %) + Ag(a'y — a’z, 2,1),
a a

where Ay is an arbitrary function of the indicated arguments and where a'a? # 0 was assumed,
for simplicity.

7.2 Conserved Currents for the Charged Scalar Particle under External Elec-
tromagnetic Fields

Our conserved current reads

[(D"6) 0,07+ (D"6) 06— ot ]

+ ie[o <D“gb)* — o (D49)]

+ 0 (D) 4o (Dr0) -6 (Do) — 37 (D).

JH

There are three components in the current: the external symmetries contribution, associated to
n*; the internal gauge symmetries associated to A; the internal symmetries due to linearity, due
to the superposition law for particular solutions ¢, ¢*.

8 Conclusion

Adopting a systematic procedure, it was seen that the incorporation of symmetries requires the
addition of adequate terms to the Lagrangian density. Already in the case of the complex scalar
field, there is a global gauge symmetry, which becomes local when coupled to the electromag-
netic field. In this context, gauge symmetries can be viewed as rotations in the internal space
parametrized by the real and imaginary parts of the field [I2]. For the vacuum electromagnetic
field, we have a local gauge symmetry, which is in accordance with the causality principle. The
accompanying linearity of the equations, is associated with a Noether conserved current not
always emphasized in the literature. It was the main purpose of the present study, to pursue the
calculations of Noether symmetries without ab initio assumptions. Such a procedure was shown
to be useful for the clear identification of the internal symmetries due to linearity, in the case of
the free theories (real and complex scalar field, vacuum Maxwell’s equations). The conservation
laws can be used to check the accuracy of numerical methods. It is expected, that the present
systematic procedure could be more frequently applied, in both relativistic and non-relativistic
studies. An example was applied, for the first time, to the case of a charged scalar particle un-
der a general external electromagnetic field. The Noether symmetry condition, in this case, was
reduced to the compact system provided by (73]), which is manifestly gauge-invariant. Finally,
the extension of the work, to include internal spin degrees of freedom, as well as dynamical
and nonlocal symmetries [I], [11], and potential symmetries [16] can be an interesting avenue for
future work.
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