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The bound on the proton lifetime is one of a small handful of observations that constrains physics
not far from the Planck scale. This calls for a calculation of the proton lifetime in quantum gravity.
Here, we calculate how quantum fluctuations of the metric impact four-fermion interactions which
mediate proton decay. We find that quantum gravity lowers the scaling dimension of the four-fermion
interaction, suppressing proton decay and raising the proton lifetime significantly.

As a special case, we analyze asymptotically safe quantum gravity, in which we discover that
proton-mediating four-fermion interactions are strictly zero.

Introduction: the proton lifetime constrains quantum
gravity.
The proton is an exceptionally long-lived triquark bound
state: the current lower bound for its lifetime has been es-
timated at Super-Kamiokande to be of the order of 1034

years [1], with Hyper-Kamiokande, DUNE and JUNO
projected to improve the bound by about an order of
magnitude [2–4]. This is quite a stringent lower bound
and among only a handful of measurements that con-
strain theories of matter and fundamental interactions
at scales of 1016 GeV and above. The constraint arises
as follows: Theoretically, the proton lifetime τp is related
to the mass MX of a hypothetical particle that mediates
proton decay. In terms of MX and the proton mass Mp,
the proton lifetime is estimated as

τp ≈M−1
p (MX/Mp)4 , (1)

The observational constraint τp > 1034 years thus trans-
lates into MX ≳ 2 ⋅ 1016 GeV = 2 MGUT. That this is a
stringent constraint on grand unified theories (GUTs) is
well-explored, see, e.g., [5–7]. However, GUTs are not the
only new physics that may exist at or above MGUT; the
quantum-gravity scale is also nearby. How closely nearby
it is, depends on the quantum-gravity theory: the re-
duced Planck mass lies at 1018 GeV; the actual quantum-
gravity scale may be even lower (or higher) than that. For
instance, in settings with sufficiently many matter fields,
the quantum-gravity scale may be as low as the GUT
scale [8, 9], in settings with extra dimensions, it may
even be much lower [10], implying that the bound on the
proton lifetime constrains these settings [11]. There are
also some discrete quantum-gravity approaches in which
effects of quantum gravity are expected to set in far be-
low the Planck scale, e.g., [12]. Finally, in the context of
black-hole physics, it is conjectured that effects of quan-
tum gravity are relevant at the horizon, implying that
the scale of quantum gravity may be significantly lower
than the Planck scale, see, e.g., [13–16] and references
therein.

Quantum gravity and proton decay through four-
fermion couplings.
This clearly calls for the calculation of the proton decay

rate in quantum gravity, such that the experimental con-
straint τp > 1034 years can be brought to bear on theory-
development in quantum gravity. Quantum gravity theo-
ries come with diverse assumptions about the degrees of
freedom, the dynamics and even the mathematical for-
malism, see, e.g., [17]. They all have in common that
inbetween the full quantum gravity theory in the ultra-
violet (UV) and General Relativity in the infrared (IR),
there is a regime in which gravity can be quantized as an
effective field theory [18–20]. In this regime, the quan-
tum fluctuations of gravity are quantum fluctuations of
the metric, described within the standard local quantum
field theory framework. We calculate the effect of quan-
tum gravity on the proton lifetime within this regime. To
do so, we extend the Standard Model effective field the-
ory (SMEFT), see [21–23] for reviews, into the quantum-
gravity regime, where we add metric fluctuations to the
set of quantum fluctuations of the SM fields.

The SMEFT contains all interactions compatible with
the SM symmetries. This includes four-fermion interac-
tions for proton decay with corresponding coupling Ḡqqq`4F ,
see, e.g., [24, 25]. The proton lifetime is inversely pro-

portional to the square of Gqqq`4F (Mp),
τp ≈ 16πM−1

p (Gqqq`4F (Mp))−2 , (2)

where

Gqqq`4F (k) = Ḡqqq`4F (k)k2 (3)

is the dimensionless four-fermion interaction with k the
Renormalization Group (RG) scale, and we have included
the explicit 16π phase-space factor for decay rates [26] for
four-fermion interactions.

In perturbation theory, the leading-order scaling of
Gqqq`4F (k) is quadratic, such that Ḡqqq`4F is in fact constant.
As a function of the scale MX , we thus have

Gqqq`4F (k) = Gqqq`4F (MX) k2
M2
X

. (4)

To calculate the proton lifetime, we set k =Mp to obtain

τp ≈ 16πM−1
p (Gqqq`4F (MX))−2 M4

X

M4
p

. (5)
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Mp = 0.938 GeV

MX kUV
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FIG. 1. We illustrates the scales in our setting: In the
far UV, at kUV, a quantum-field theoretic description of the
Standard Model plus gravity breaks down; some unknown
quantum theory of gravity takes over. Inbetween kUV and
MX , the Standard Model plus gravity can be described as an
effective field theory and our calculation holds. The reduced
Planck mass MPlanck = 1018 GeV is expected to lie in the range
covered by MX , as is the scale Mexp = 2 ⋅ 1016 GeV, which is
already constrained by proton lifetime bounds. In the deep
IR, we find the proton mass Mp = 0.938 GeV.

If we insert MX = MGUT = 1016 GeV, we obtain τp ≲
(Gqqq`4F (MX))−2 ⋅ 1032 years. With Gqqq`4F (MX) ∼ O(1),
MX =MGUT is thereby already ruled out.

To determine whether or not the assumption
Gqqq`4F (MX) ∼ O(1) is justified, we need to calculate the
size of the four-fermion coupling. We thus evaluate the
effect of metric fluctuations on the scaling dimension of
Gqqq`4F (k). We use functional RG techniques [27–29], see
[30] for a review. These techniques allow us to integrate
out quantum fluctuations inbetween a UV scale kUV and
the scale MX , see Fig. 1 for an illustration of the scales
involved in our setting. In this setup, the propagator for
metric fluctuations is derived from the Einstein-Hilbert
action, and thus parametrized by the Newton coupling
GN and the cosmological constant Λcc; see the supple-
mentary material for further details.

We obtain

βGqqq`
4F

= k∂kGqqq`4F (k) = (2 + η4F)Gqqq`4F +O(Gqqq`4F )2, (6)

with the quantum-gravity contribution

η4F = 2gN

⎡⎢⎢⎢⎢⎣
30

24π(1 − 2λcc)2 + 6

4π(−3 + 4λcc)2
− 6(9 − 4λcc)

5π(−3 + 4λcc)2 + 9(3 − 2λcc)
4π(−3 + 4λcc)2

⎤⎥⎥⎥⎥⎦. (7)

It depends on the dimensionless Newton coupling gN =
GN ⋅ k2 and the dimensionless cosmological constant
λcc = ΛCC ⋅ k−2. Assuming that the cosmological con-
stant is sufficiently small at all scales, we can expand the
quantum-gravity induced scaling dimension to obtain

η4F = 29

15π
gN + 32

9π
gN λcc +O(λ2cc). (8)

Our central result is a positive gravitational contribution
to the scaling dimension of the four-fermion operator,
i.e., the four-fermion coupling is rendered more irrelevant
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FIG. 2. We show contours of η4F in the gN, λcc plane. Dashed
contours are different values of Λ = gNλcc.

by quantum gravity than it is canonically. The dimen-
sionless product Λ = gN ⋅ λcc also contributes positively
to η4F; such a dimensionless contribution from quan-
tum gravity is expected to be universal. Eq. (7) is also
equal to the quantum-gravity contribution to other four-
fermion operators, first calculated in [31]. This equality
is a consequence of the “flavor-blindness” of quantum
gravity: metric fluctuations are insensitive to the type of
SM fermion they couple to. Based on this argument, the
agreement between our result and [31] is expected; that
it comes out of the explicit calculation is a nontrivial
cross-check.
Dynamical suppression of proton decay in quantum

gravity.
A non-zero quantum-gravity contribution to the scaling
dimension changes the relation between proton lifetime
and MX , because the beta function Eq. (6) can, for (ap-
proximately) constant η4F, be integrated1 to yield

Gqqq`4F (MX) = Gqqq`4F (kUV)M2+η4F
X

k2+η4FUV

, (9)

where kUV > MX is the UV scale, beyond which we as-
sume that our quantum-field theoretic description breaks
down. In this way, because η4F > 0, we obtain

Gqqq`4F (MX) < 1, (10)

even if Gqqq`4F (kUV) ≈ 1. How strong the suppression of

Gqqq`4F (MX) is, depends on the values of gN and λcc. We
illustrate the dependence of η4F on gN and λcc in Fig. 2.

Accordingly, we obtain a larger proton lifetime than
expected based on the canonical scaling argument pre-

1 For non-constant η4F, a numerical integration is possible; the
case of constant η4F is instructive for the more general case.
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FIG. 3. We show contours of Log10(τp) as a function of
kUV and η4F (upper panel), and Log10(τp/τp, canonical), where
τp, canonical is the proton lifetime in a setting with canonical
scaling, i.e., with η4F = 0 (lower panel). For both panels, we

set MX = 1016 GeV and Gqqq`
4F (kUV) = 1.

sented in Eq. 5, namely

τp ≈ 16πM−1
p (Gqqq`4F (kUV)M2+η4F

X

k2+η4FUV

)−2 M4
X

M4
p

. (11)

We show contours of τp in the (η4F, kUV) plane in Fig. 3.
Even at modest values kUV ≈ 1018 GeV, proton lifetimes
of order 1040 years can be reached, putting the theory well
on the safe side of the encroaching experimental bounds.

Within the quantum-gravity theory that holds above
kUV, global symmetries are generically expected to be
broken, with explicit studies confirming the expectation
within string-theoretic and holographic settings [32–38].2

This includes baryon-number symmetry3 which, when vi-

2 Other quantum-gravity settings may well be exceptions to this
expectation, see, e.g., [39].

3 Baryon number symmetry is actually anomalous in the Standard

olated, generically leads to proton decay. We thus ex-
pect that at kUV, Gqqq`4F (kUV) ≈ 1. For low enough kUV,
this may even put quantum gravity theories in conflict
with the experimental bounds, see [11] for an example.
We find that the situation is improved by accounting for
quantum gravity fluctuations within the SMEFT regime,
because Gqqq`4F (MX) ≪ 1 holds quite generically.

How strongly proton decay is suppressed, depends on
the details of the quantum gravity setting, which deter-
mines Gqqq`4F (kUV) and kUV. Even for η4F ≈ 0.1, i.e.,
a contribution well in the perturbative regime and the
choice kUV = 10MPlanck, τp is increased by nearly an
order of magnitude. The probably most conservative as-
sumption puts kUV = MPlanck and takes the low-energy
values for GN and λcc, i.e., neglects any running of
the gravitational couplings. We thus set λcc = 0 and
gN = k2/M2

Planck and obtain that η4F ∼ k2, i.e., the gravi-
tational contribution is only active over very few orders of
magnitude below MPlanck. Even so, we find an increase
of τp by roughly a factor 2 by numerically integrating
Eq. (6). This shows that even for quantum gravity the-
ories which set in as low as MPlanck, the contribution to
the proton lifetime from the effective field theory regime
is not negligible, such that any comparison to the ex-
perimental data should account for this contribution. It
also means that quantum-gravity theories dynamically
protect the stability of the proton – at least in settings
where four-fermion operators provide the relevant decay
channel.

Implications for asymptotically safe quantum gravity:
There is one particular quantum-gravity approach that
serves as a special case of our general analysis, namely
the asymptotic-safety scenario for quantum gravity and
matter. In short, asymptotic safety relies on an enhanced
symmetry in the UV, namely quantum scale symmetry.
It is realized if all beta functions of the theory become
zero. As a consequence, the quantum field theoretic de-
scription of gravity and matter can be extended to arbi-
trarily high energy scales.

Based on a proposal by Weinberg [42] and a method-
ology pioneered by Reuter [29], the modern asymptotic-
safety approach has achieved a number of compelling re-
sults over the last decade: an asymptotically safe fixed
point has been convincingly established in the Euclidean
quantum gravity regime, see [43, 44] for reviews and ref-
erences therein; and extended to include SM matter [39].
Its predictive power has been established by showing how
the ratio of Higgs mass to the electroweak scale and the

Model, but the anomaly does not give rise to a four-fermion inter-
action leading to proton decay, because it violates baryon num-
ber by 3 [40]. The contribution to proton decay is then through
12-fermion operators (= mass dimension 10); combined with in-
stantonic prefactors as a function of the weak gauge coupling,
the decay rate due to this effect is of order 10−173, see, e.g., [41]
for details.
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ratio of the top mass to the electroweak scale can be
calculated from first principles [45–47], and the Abelian
gauge coupling can be bounded from above [48]. More-
over, indications for Lorentzian asymptotic safety and
for the avoidance of unitarity-violation have been found
[49–51]; evidence for singularity resolution has been dis-
covered [52–54] and an argument why the spacetime di-
mensionality is in fact 4 has been advanced [55].

In this approach, the quantum field theoretic treat-
ment can be extended to kUV → ∞. The value of Gqqq`4F

is determined by quantum scale symmetry. Thus, we
first ask whether there is a (non-trivial) zero of the
beta function βGqqq`

4F
. We find that there are no terms

∼ gαN (Gqqq`4F )0, α = 1,2, ... in βGqqq`
4F

, see the supplemen-

tary material for details. Therefore, we conclude that
there is a trivial zero of βGqqq`

4F
. This is an important dif-

ference to other four-fermion couplings, which have been
analyzed in [31], see also [56–58], and for which gravity
shifts the trivial zero to a non-trivial one. The differ-
ence can be traced back to the underlying symmetries:
asymptotically safe gravity generates those four-fermion
interactions in the SMEFT, which can roughly be writ-
ten as a product of two kinetic terms. As a consequence,
no four-fermion operator with three quarks and one lep-
ton is generated. Thus, the main effect of gravity on
Gqqq`4F remains the anomalous scaling dimension η4F. Be-
cause 2 + η4F > 0 holds in asymptotic safety4, the four-
fermion coupling is irrelevant at the asymptotically safe
fixed point. In other words, quantum gravity fluctuations
drive the coupling back to zero, even if it is by hand set
away from the fixed-point value. As a consequence, the
asymptotically safe prediction is

Gqqq`4F (k =MPlanck) = 0, (12)

where MPlanck is the scale at which quantum-gravity fluc-
tuations in asymptotic safety become negligible (roughly
MPlanck = 1019 GeV). From this it follows that

τp →∞, (13)

in the asymptotically safe Standard Model with gravity.5

In asymptotically safe grand unified theories, the situa-
tion is different, because a nonzero four-fermion coupling

is present. An upper bound of (Gqqql4F )2 ≲ 10−7 for its

value can be predicted in asymptotic safety, see the sup-
plementary material.

4 One may supplement our analysis by beta functions for the grav-
itational couplings, which, under the impact of Standard Model
matter fields yield fixed-point values gN = 3.3 and λcc = −4.5, see
[46], such that η4F = 0.07.

5 Instanton effects in the asymptotically safe path integral may
become important, so that the proton may not be completely
stable, see footnote 3.

Before concluding, we highlight a main assumption
of our analysis: we assume a near-perturbative gravi-
tational regime, where strongly non-perturbative effects,
encoded in higher-order operators, are negligible, such
that we can parameterize metric fluctuations in terms of
the Einstein-Hilbert action. There is support for such a
near-perturbative regime from several directions, includ-
ing an analysis of scaling dimensions [59–62], non-trivial
symmetry identities [63, 64], a weak-gravity bound on
the size of gravitational effects [65–69] and explicit eval-
uations of the size of the quantum gravitational effects
on matter, cf., e.g., [39, 46, 70]. Nevertheless, it is not in
principle excluded that effects neither included in the pre-
vious studies nor the present work change this. However,
our results are actually consistent with the assumption of
near-perturbativity, because the fixed-point value of the
gravity-induced correction to scaling dimension is in fact
η4F∗ ≈ 0.07.

Summary and outlook :
We have shown that quantum gravity dynamically pro-
tects the stability of the proton by increasing the scaling
dimension of four-fermion operators which mediate pro-
ton decay. Near-future experiments will provide a non-
trivial test of our prediction, because the experimental
bounds on the proton lifetime can be translated into con-
straints on the value of η4F.

It is also interesting that quantum-gravity fluctuations
in the effective-field-theory setting have the opposite ef-
fect of what is generically expected of quantum gravity:
it is expected that quantum gravity breaks global sym-
metries, which would imply that proton-decay-mediating
four-fermion operators are generated by quantum grav-
ity. Our explicit calculation shows the opposite, namely
that quantum gravity fluctuations dynamically suppress
these operators.

We finally highlight that if experiments discover the
proton to be unstable, the asymptotically safe Stan-
dard Model with gravity comes under pressure: with the
caveat that large nonperturbative effects would invali-
date our result, we predict a very large proton lifetime
well out of reach of near-future experiments.
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[25] A. Falkowski, M. González-Alonso, and K. Mimouni,
JHEP 08, 123 (2017), arXiv:1706.03783 [hep-ph].

[26] A. V. Manohar, (2018),
10.1093/oso/9780198855743.003.0002, arXiv:1804.05863
[hep-ph].

[27] C. Wetterich, Phys. Lett. B 301, 90 (1993),
arXiv:1710.05815 [hep-th].

[28] T. R. Morris, Int. J. Mod. Phys. A 9, 2411 (1994),
arXiv:hep-ph/9308265.

[29] M. Reuter, Phys. Rev. D 57, 971 (1998), arXiv:hep-
th/9605030.

[30] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M.
Pawlowski, M. Tissier, and N. Wschebor, Phys. Rept.

910, 1 (2021), arXiv:2006.04853 [cond-mat.stat-mech].
[31] A. Eichhorn and H. Gies, New J. Phys. 13, 125012 (2011),

arXiv:1104.5366 [hep-th].
[32] T. Banks and L. J. Dixon, Nucl. Phys. B 307, 93 (1988).
[33] S. B. Giddings and A. Strominger, Nucl. Phys. B 306,

890 (1988).
[34] R. Kallosh, A. D. Linde, D. A. Linde, and L. Susskind,

Phys. Rev. D 52, 912 (1995), arXiv:hep-th/9502069.
[35] N. Arkani-Hamed, L. Motl, A. Nicolis, and C. Vafa,

JHEP 06, 060 (2007), arXiv:hep-th/0601001.
[36] T. Banks and N. Seiberg, Phys. Rev. D 83, 084019

(2011), arXiv:1011.5120 [hep-th].
[37] D. Harlow and H. Ooguri, Phys. Rev. Lett. 122, 191601

(2019), arXiv:1810.05337 [hep-th].
[38] D. Harlow and H. Ooguri, Commun. Math. Phys. 383,

1669 (2021), arXiv:1810.05338 [hep-th].
[39] A. Eichhorn and M. Schiffer, (2022), arXiv:2212.07456

[hep-th].
[40] G. ’t Hooft, Phys. Rev. Lett. 37, 8 (1976).
[41] O. Espinosa, Nucl. Phys. B 343, 310 (1990).
[42] S. Weinberg, “Ultraviolet Divergences in Quantum The-

ories of Gravitation,” in General Relativity: An Einstein
Centenary Survey (1980) pp. 790–831.

[43] A. Bonanno, A. Eichhorn, H. Gies, J. M. Pawlowski,
R. Percacci, M. Reuter, F. Saueressig, and G. P. Vacca,
Front. in Phys. 8, 269 (2020), arXiv:2004.06810 [gr-qc].

[44] F. Saueressig, (2023), arXiv:2302.14152 [hep-th].
[45] M. Shaposhnikov and C. Wetterich, Phys. Lett. B 683,

196 (2010), arXiv:0912.0208 [hep-th].
[46] A. Eichhorn and A. Held, Phys. Lett. B 777, 217 (2018),

arXiv:1707.01107 [hep-th].
[47] A. Eichhorn and A. Held, Phys. Rev. Lett. 121, 151302

(2018), arXiv:1803.04027 [hep-th].
[48] A. Eichhorn and F. Versteegen, JHEP 01, 030 (2018),

arXiv:1709.07252 [hep-th].
[49] E. Manrique, S. Rechenberger, and F. Saueressig, Phys.

Rev. Lett. 106, 251302 (2011), arXiv:1102.5012 [hep-th].
[50] T. Draper, B. Knorr, C. Ripken, and F. Saueressig, Phys.

Rev. Lett. 125, 181301 (2020), arXiv:2007.00733 [hep-
th].

[51] J. Fehre, D. F. Litim, J. M. Pawlowski, and M. Reichert,
Phys. Rev. Lett. 130, 081501 (2023), arXiv:2111.13232
[hep-th].

[52] J.-L. Lehners and K. S. Stelle, Phys. Rev. D 100, 083540
(2019), arXiv:1909.01169 [hep-th].

[53] L. Bosma, B. Knorr, and F. Saueressig, Phys. Rev. Lett.
123, 101301 (2019), arXiv:1904.04845 [hep-th].

[54] J. N. Borissova and A. Eichhorn, Universe 7, 48 (2021),
arXiv:2012.08570 [gr-qc].

[55] A. Eichhorn and M. Schiffer, Phys. Lett. B 793, 383
(2019), arXiv:1902.06479 [hep-th].

[56] J. Meibohm and J. M. Pawlowski, Eur. Phys. J. C 76,
285 (2016), arXiv:1601.04597 [hep-th].

[57] A. Eichhorn and A. Held, Phys. Rev. D 96, 086025
(2017), arXiv:1705.02342 [gr-qc].

[58] G. P. de Brito, A. Eichhorn, and M. Schiffer, Phys. Lett.
B 815, 136128 (2021), arXiv:2010.00605 [hep-th].

[59] K. Falls, D. F. Litim, K. Nikolakopoulos, and
C. Rahmede, (2013), arXiv:1301.4191 [hep-th].

[60] K. Falls, D. F. Litim, K. Nikolakopoulos, and
C. Rahmede, Phys. Rev. D 93, 104022 (2016),
arXiv:1410.4815 [hep-th].

[61] K. Falls, C. R. King, D. F. Litim, K. Nikolakopou-
los, and C. Rahmede, Phys. Rev. D 97, 086006 (2018),



6

arXiv:1801.00162 [hep-th].
[62] K. G. Falls, D. F. Litim, and J. Schröder, Phys. Rev. D
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I. MODEL AND METHOD

The aim of this section is to define the framework within
which the computations in the main text were performed.

To begin with, let us define our model. The matter sector
consists of one Dirac spinor 𝜓, encompassing all fermionic
matter degrees of freedom in the Standard Model plus three
right-handed neutrinos. The fermions in the SM are Weyl
fermions, some of which transform in the fundamental repre-
sentation of the SU(3)colour and SU(2)L gauge groups. Gravity
is ‘blind’ with respect to such internal indices. We can there-
fore use a compact notation in whichwe group all SM fermions
into one spinor 𝜓𝛼𝑖 that is a collection of Dirac spinors formed
by combining the left- and right-handed Weyl fermions of the
SM (ameliorated by right-handed neutrinos). The Dirac index
is denoted 𝛼 (and suppressed wherever possible), whilst 𝑖 is
a collection of all other internal indices. We do not require
the index 𝑖 of 𝜓 to transform in a simple way under the gauge
groups of the SM, because such transformation properties are
immaterial for the interplay with gravity.

The index 𝑖 may be understood as a combined generation,
SU(3) colour, and SU(2) isospin index. In the SM, the sym-
metry between left- and right-handed fermions is broken by a
nonvanishing SU(2)L gauge coupling. Within the asymptoti-
cally safe SM with gravity, asymptotic freedom of the SU(2)L
gauge coupling persists [1–3] and thus, at high energies, left-
right symmetry is restored asymptotically. We neglect the
small breaking of this symmetry that occurs even at trans-
planckian scales, when the SU(2)L gauge coupling increases
from zero towards its nonzero value at the Planck scale.

The equal number of left- and right-handed fermions also
ensures that the gravitational contribution to the axial anomaly
does not percolate into a lepton number anomaly. The asymp-
totic left-right symmetry that emerges in the limit of vanish-
ing SU(2)L gauge coupling allows us to form Dirac SU(2)-
doublets, i.e., 𝑞 =

(
𝑑
𝑢

)
and ℓ = ( 𝑒𝜈 ). It is expedient to group

the three quark colours 𝑞 = (𝑞r, 𝑞g, 𝑞b) along with the lepton

∗ eichhorn@cp3.sdu.dk
† sray@cp3.sdu.dk

ℓ to form

(𝜓𝑖) =
©­­­«

𝑞r
𝑞g
𝑞b
ℓ

ª®®®¬
. (1)

In this arrangement, the index 𝑖 with 𝑖 ∈ {1, 2, 3, 4} is often
referred to as the Pati–Salam colour index. Processes involv-
ing quark-lepton transmutation are encoded in non-vanishing
matrix elements between the 𝑖 6 3 and 𝑖 = 4 subspaces, which
makes the Pati–Salam index a natural language for discussing
proton decay.
The Euclidean action for fermions minimally coupled to

gravity reads

𝑆kin,F = 𝑖

∫
𝑥

√
𝑔𝜓̄𝑖 /∇𝜓𝑖 . (2)

The coupling to the spacetime metric arises through the deter-
minant factor √𝑔 where 𝑔 = det(𝑔𝜇𝜈), as well as the covariant
derivative ∇𝜇, which contains the spin connection in the case
of spin-1/2 fields such as 𝜓. The dynamics of the metric are
described by the Einstein–Hilbert action

𝑆EH =
1

16𝜋𝐺N

∫
𝑥

√
𝑔 (2Λcc − 𝑅) , (3)

where 𝑅 is the Ricci scalar, Λcc is the cosmological constant
and 𝐺N is the Newton coupling.
We work within the background field formalism, such that

an auxiliary background metric is available to gauge fix and
also to set up a Renormalization Group (RG) flow [4, 5]. We
thus expand the metric as 𝑔𝜇𝜈 = 𝑔̄𝜇𝜈 + ℎ𝜇𝜈 , where ℎ𝜇𝜈 are
the fluctuations around the auxiliary background metric 𝑔̄𝜇𝜈 .
We are not working in a perturbative framework; thus there
is no restriction in the amplitude of ℎ𝜇𝜈 . The path integral
over metric fluctuations 𝑔𝜇𝜈 can thus be rewritten in terms of
the path integral over ℎ𝜇𝜈 . This leads to the vertices shown in
Fig. 1(a), where we have set 𝑔̄𝜇𝜈 → 𝛿𝜇𝜈 for simplicity (it is
sufficient for our purposes, since we are ultimately interested
in the RG flow of 4-Fermi couplings). Propagators have the
standard form, summarized in Fig. 1(b); since we work in the
Landau–DeWitt gauge, only the transverse traceless mode ℎ⊥𝜇𝜈
and the trace mode ℎ contribute.
Finally, to describe proton decay, we need dimension 6

operators of the 4-Fermi type,

𝑆4F =
1
4!
𝐺𝐴𝐵𝐶𝐷
4F

∫
𝑥

√
𝑔Ψ𝐴Ψ𝐵Ψ𝐶Ψ𝐷 . (4)
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Here,

Ψ ≡ (Ψ𝐴) =
(
𝜓
𝜓𝑐

)
(5)

is the Nambu–Gor’kov spinor constructed from 𝜓, with 𝜓𝑐

the charge conjugate of 𝜓; the 𝐴’s are to be understood as
a combined index collecting Nambu–Gor’kov isospin along
with the usual Dirac spinor and other SM indices. As pointed
out in [6], only the determinant factor √𝑔 can lead to fermion-
graviton vertices; these are summarized in Fig. 1(c). The term
(4) clearly describes every 4-Fermi operator conceivable; the
specific forms of the coefficients 𝐺𝐴𝐵𝐶𝐷

4F that describe proton
decay operators have been tabulated in the SMEFT literature,
cf., e.g., [7] for an exhaustive list. We shall denote all such cou-
plings schematically (in a slight abuse of notation) as 𝐺𝑞𝑞𝑞𝑙

4F ;
it will in fact turn out that the metric fluctuation contributions
to the scaling dimension of these operators are independent of
the specific structure of the coefficients 𝐺𝐴𝐵𝐶𝐷

4F .

For completeness, let us mention that we shall be deriving
the flow equations using the functional renormalization group
(FRG) approach, see [8]. The flow equation is [9–11]

𝑘𝜕𝑘Γ𝑘 =
1
2
STr

𝑘𝜕𝑘𝑅𝑘

Γ(2)
𝑘 + 𝑅𝑘

, (6)

where the IR cut-off is implemented by a bilinear term with
kernel 𝑅𝑘 . The supertrace STr includes an integration over
coordinates as well as summation over indices; the ‘super’
refers to the minus sign when tracing over the fermionic sector.

A useful way to re-write the FRG flow equation is in the
form

𝑘𝜕𝑘Γ𝑘 =
1
2
STr 𝑘𝜕𝑘 lnP𝑘 + 12

∞∑︁
𝑛=0

(−1)𝑛−1
𝑛

STr 𝑘𝜕𝑘
(
P−1
𝑘 F𝑘

)𝑛
.

(7)

Here, 𝜕𝑘 only acts on the regulator dependence,

𝜕𝑘 =
∫

𝜕𝑘𝑅𝑘
𝛿

𝛿𝑅𝑘
, (8)

and Γ(2)
𝑘 + 𝑅𝑘 has been split into the regularized inverse prop-

agator P𝑘 and the field-dependent part F𝑘 (roughly speaking
the vertices of the theory) as

P𝑘 (−𝑖𝜕𝜇) 𝛿(𝑥 − 𝑦) = Γ(2)
𝑘

���
ℎ𝜇𝜈=Ψ𝐴=0

(𝑥, 𝑦) + 𝑅𝑘 (𝑥, 𝑦), (9)

F𝑘 (−𝑖𝜕𝜇) 𝛿(𝑥 − 𝑦) = Γ(2)
𝑘 (𝑥, 𝑦) − Γ(2)

𝑘

���
ℎ𝜇𝜈=Ψ𝐴=0

(𝑥, 𝑦). (10)

Eq. (7) makes the 1-loop nature manifest. In fact, up to the 𝜕𝑘 ,
the contributions on the right-hand side are simply those given
by 1PI one-loop diagrams, but with vertices and propagators
replaced by their dressed avatars. The effect of the 𝜕𝑘 is
to replace the loop integral by so-called threshold functions,
where a diagram with 𝑛F fermion lines, 𝑛⊥ TT lines, 𝑛t trace
lines is associated with the threshold function 𝐼𝑛F ,𝑛⊥ ,𝑛t . We
shall be using the Litim regulator, for which the threshold
functions are known analytically [6].
The essence of the approximation is then contained in the

choice of ansatz for Γ𝑘 . We shall be working in the minimal
truncation, defined by the ansatz [12] for the running effective
action

Γ𝑘 [ℎ𝜇𝜈 ,Ψ𝐴] = 𝑆
[√︁

𝑍N (𝑘)ℎ𝜇𝜈 ,
√︁
𝑍F (𝑘)Ψ𝐴;𝐺N (𝑘),Λcc (𝑘)

]
,

(11)

which means the vertices and propagators entering Eq. (7) are
precisely the dressed (and IR-regulated if applicable) versions
of those appearing in Fig. 1. The definitions of the dimension-
less couplings are

𝑔N (𝑘) = 𝑘2𝐺N (𝑘), (12)
𝜆cc (𝑘) = 𝑘−2Λcc (𝑘), (13)

𝑔𝐴𝐵𝐶𝐷
4F (𝑘) = 𝑘2𝐺𝐴𝐵𝐶𝐷

4F (𝑘). (14)

II. WARD-TAKAHASHI IDENTITY FOR 𝐵-SYMMETRY

Here we consider whether 𝐵-violating interactions are generated by metric fluctuations. At the level of 4-Fermi operators, the
only diagram at O((𝑔4F)0) is the ‘candy’ diagram shown in Fig. 2,

[Fig. 2] = −1
2
F ℎ⊥

𝜇1𝜇2ℎ
⊥
𝜇3𝜇4

kin 𝑘

(
P−1
𝑘

)
ℎ⊥
𝜇3𝜇4ℎ

⊥
𝜇5𝜇6

F ℎ⊥
𝜇5𝜇6ℎ

⊥
𝜇7𝜇8

kin 𝑘

(
P−1
𝑘

)
ℎ⊥
𝜇7𝜇8ℎ

⊥
𝜇1𝜇2

, (15)

where Fkin refers to the vertices arising from the expansion of the 𝑔𝜇𝜈-dependence of 𝑆kin in powers of ℎ𝜇𝜈 . Acting with 𝑘𝜕𝑘
and expressed using the threshold functions of [6], one finds

𝑘𝜕𝑘 [Fig. 2] = 15
256 × 16 𝐼020

(
𝜓̄𝑎𝛾

𝜇𝛾5𝜓𝑎

)2
, (16)

in agreement with ibid.
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(c)

= − 1
4δ

(ρ
µ δ

σ)
ν GABCD4F

µν

ρσ

D

C

B

A

D

C

B

A

= 1
16G

ABCD
4F

D

C

B

A

= 1
2G

ABCD
4F

(b)

µ1ν1

µ2ν2

p

= − 1
128pσγ

[ρ1γρ2γσ]

× (δµ1ρ1δµ2ρ2δν1ν2 ± · · · )

p
= 3

16/p

(a)

=
pµ
p2
γµαβδij

=
32πGN

p2 − 2Λcc
δ(ρµ δ

σ)
ν

=
32πGN

− 3
8p

2 + 1
2Λcc

h⊥µν h⊥ρσ

h h

ψαi ψ̄βj

FIG. 1. Propagators and vertices arising from the classical action 𝑆 = 𝑆EH + 𝑆kin,F + 𝑆4F: (a) minimal coupling of free fermions to metric
fluctuations, (b) free fermion and metric fluctuation propagators, (c) vertices coupling fermions and metric fluctuations due to the determinant
factor √𝑔 in 𝑆4F. Here, the metric fluctuation field ℎ𝜇𝜈 is defined as a linear split of the metric 𝑔𝜇𝜈 (𝑥) = 𝑔̄𝜇𝜈 (𝑥) + ℎ𝜇𝜈 (𝑥) with background
metric 𝑔̄𝜇𝜈 ; we have only kept up to quadratic terms in ℎ𝜇𝜈 and set 𝑔̄𝜇𝜈 → 𝛿𝜇𝜈 when noting vertices and propagators. We are working
in the Landau–DeWitt gauge, so that only transverse traceless ℎ⊥𝜇𝜈 and trace ℎ modes can contribute. Solid lines without an arrow denote
Nambu–Gor’kov spinors, see Eq. (5). Due to the Grassmann nature of Ψ, the 𝐺𝐴𝐵𝐶𝐷

4F may be assumed to be completely antisymmetric in
𝐴𝐵𝐶𝐷 w.l.o.g.

Each of the two bilinears that constitute the four-fermion oper-
ator, is diagonal in the Pati–Salam index. There are therefore
four-fermion operators that mix quarks with leptons, but they
contain an even number of each and therefore do not result in

proton decay. This may be summarized by saying

𝑘𝜕𝑘𝑔
𝑞𝑞𝑞𝑙
4F = O(𝑔𝑞𝑞𝑞𝑙4F ). (17)

In SMEFT (i.e., without gravity), the validity of this relation
has been established previously [13, 14]. In other words,
within the SM, 𝐵-violating 4-Fermi operators are not generated
by quantum fluctuations. Our calculation shows that this is
respected by gravity fluctuations.

To go beyond 4-Fermi operators, consider now the Euclidean path integral for Γ𝑘 [15, 16],

𝑒−Γ𝑘 [Φ] =
∫

DΦ̃ 𝑒−𝑆 [Φ̃]+(Φ̃𝑋−Φ𝑋 )Γ 𝑋
𝑘, [Φ]− 12 R𝑋𝑌

𝑘 (Φ̃𝑋−Φ𝑋 ) (Φ̃𝑌−Φ𝑌 ) , (18)

where 𝑋 is a DeWitt index for (Φ𝑋 ) =
(
ℎ𝜇𝜈 (𝑥)
Ψ𝐴 (𝑥)

)
. We use Φ̃𝑋 to denote the integration variable, to be distinguished from the

expectation value Φ𝑋 . Consider now an infinitesimal U(1)B transformation

𝛿𝜖BΦ𝑋 = 𝑖𝜖B𝑄
𝑋𝑌
B Φ𝑌 (19)
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FIG. 2. ‘Candy’ diagram – the only diagramwith four external fermion legs and no 4-Fermi vertices. The curly line indicates metric fluctuations.

where 𝑄𝑋𝑌
B is diagonal and equals 1/3 (−1/3) for the (anti-)quark entries and zero otherwise. The variation of Γ𝑘 [Φ] is

𝛿𝜖BΓ𝑘 [Φ] =
〈
𝛿𝜖B

(
𝑆[Φ̃] − (Φ̃𝑋 −Φ𝑋 )Γ 𝑋

𝑘, [Φ] + 1
2
R𝑋𝑌

𝑘 (Φ̃𝑋 −Φ𝑋 ) (Φ̃𝑌 −Φ𝑌 )
)〉

𝑘;Φ
(20)

with
〈F [Φ̃]〉

𝑘;Φ = 𝑒Γ𝑘 [Φ] ∫ DΦ̃𝑒−𝑆 [Φ]+(Φ̃𝑋−Φ𝑋 )Γ 𝑋
𝑘, [Φ]− 12 R𝑋𝑌

𝑘 (Φ̃𝑋−Φ𝑋 ) (Φ̃𝑌−Φ𝑌 )F [Φ̃]; note that this implies 〈Φ̃〉𝑘;Φ = Φ. The
variations of both the classical action and the regulator term manifestly vanish under 𝛿𝜖B . Furthermore, since 〈Φ̃𝑋 −Φ𝑋 〉𝑘;Φ = 0
and 𝛿𝜖B is a derivation (i.e., is linear and obeys the product rule), the Γ 𝑋

𝑘, [Φ]-term on the right-hand side also vanishes upon
taking the expectation value. Ultimately, this implies

𝛿𝜖BΓ𝑘 [Φ] = 0, (21)

which is the truncation-independent generalization of Eq. (17) as advertised. Let us note in passing that the derivation above
would go through for any symmetry of 𝑆kin,F that is realized linearly and not explicitly broken by the regulator. In this derivation,
we assume that a UV-regularized path-integral measure can be written to make Eq. (18) well-defined without violating the
symmetry. See also [17, 18] for similar derivations.

III. COMPUTATION OF 𝜂4F

The diagrams contributing to 𝜂4F are shown in Fig. 3. The results of diagrams (a) and (b) are manifestly proportional to
𝐺𝐴𝐵𝐶𝐷
4F times a factor independent of𝐺𝐴𝐵𝐶𝐷

4F . The more involved contributions are displayed in diagrams (c) and (d). Explicitly,
the contractions can be written as

Fig. 3(c) = −1
4

[
F ℎΨ𝐴

kin

(
P−1

)
Ψ𝐴Ψ𝐵

F Ψ𝐵ℎ
4F

(
P−1

)
ℎℎ

+ F ℎΨ𝐴

4F

(
P−1

)
Ψ𝐴Ψ𝐵

F Ψ𝐵ℎ
kin

(
P−1

)
ℎℎ

+ F Ψ𝐴ℎ
4F

(
P−1

)
ℎℎ

F ℎΨ𝐵

kin

(
P−1

)
Ψ𝐵Ψ𝐴

(−1)

+ F Ψ𝐴ℎ
kin

(
P−1

)
ℎℎ

F ℎΨ𝐵

4F

(
P−1

)
Ψ𝐵Ψ𝐴

(−1)
]
, (22)

Fig. 3(d) =
1
6

[
−
(
P−1

)
Ψ𝐴Ψ𝐵

F Ψ𝐵ℎ
kin

(
P−1

)
ℎℎ

F ℎΨ𝐶

kin

(
P−1

)
Ψ𝐶Ψ𝐷

F Ψ𝐷Ψ𝐴

4F

−
(
P−1

)
Ψ𝐴Ψ𝐵

F Ψ𝐵Ψ𝐶

4F

(
P−1

)
Ψ𝐶Ψ𝐷

F Ψ𝐷ℎ
kin

(
P−1

)
ℎℎ

F ℎΨ𝐴

kin

+
(
P−1

)
ℎℎ

F ℎΨ𝐴

kin

(
P−1

)
Ψ𝐴Ψ𝐵

F Ψ𝐵Ψ𝐶

4F

(
P−1

)
Ψ𝐶Ψ𝐷

F Ψ𝐷ℎ
kin

]
. (23)

Using the antisymmetry relations for 𝐺𝐴𝐵𝐶𝐷
4F , we can collapse the individual contributions to

Fig. 3(c) = −
(
P−1

)
ℎℎ

F ℎΨ𝐴

kin

(
P−1

)
Ψ𝐴Ψ𝐴′

F Ψ𝐴′ℎ
4F , (24)

Fig. 3(d) =
1
2

(
P−1

)
ℎℎ

(
P−1

)
Ψ𝐴′Ψ𝐴

(
P−1

)
Ψ𝐵′Ψ𝐵

F Ψ𝐴ℎ
kin F Ψ𝐵ℎ

kin F Ψ𝐴′Ψ𝐵′
4F . (25)



5

(c) (d)

(a) (b)

FIG. 3. Metric fluctuation contributions to 𝜂4F. Arrowless solid lines denote Nambu–Gor’kov spinors, see the discussion in Sec. I. Curly lines
denote transverse traceless metric fluctuations and dashed lines denote the trace fluctuations.

Now, contracting a fermion propagator with a kinetic vertex always leads to a trivial structure in spinor space. Thus, the final
result for 𝜂4F is independent [19] of the specific index structure of 𝐺𝐴𝐵𝐶𝐷

4F , and works out to be

𝜂4F = 2𝑔N
[
5(6 − 𝜂N)
24𝜋(1 − 𝜆cc)2

+ 6 − 𝜂N
4𝜋(−3 + 4𝜆cc)2

+ 36𝜂N − 7(54 − 24𝜆cc + 𝜂F (−3 + 4𝜆cc))
35𝜋(−3 + 4𝜆cc)2

− 9(21𝜂N + 24(−14 + 𝜂F) − 32(−7 + 𝜂F)𝜆cc)
448𝜋(−3 + 4𝜆cc)2

]
, (26)

in agreement with [6], where 𝜂N = −𝑘𝜕𝑘𝑍N (𝑘).

In the following, we further set 𝜂N = 0 and expand in powers
of 𝜆cc, as done in the main text. This leads to the following
result in terms of Λcc:

𝜂4F = 2𝐺N
∑︁
𝑛,𝑙

𝑐𝑛𝑙Λ
𝑛
cc

∫
d4𝑝
(2𝜋)4

(𝑝2/𝑘2)𝑟 ′(𝑝2/𝑘2)
(𝑝2)𝑚𝑛 [1 + 𝑟 (𝑝2/𝑘2)]𝑙 ,

(27)

where 𝑟 is the dimensionless shape function associated with
the regulator 𝑅𝑘 , i.e., 𝑅𝑘 = 𝑝2𝑟 (𝑝2/𝑘2). By definition, 𝜂4F
is a dimensionless quantity. The power 𝑚𝑛 is then fixed by
dimensional analysis: 4 + 2𝑚𝑛 + 2𝑛 − 2 = 0, whence 𝑚𝑛 =
1 + 𝑛. The contribution proportional to the dimensionless
combination 𝐺NΛcc corresponds to 𝑛 = 1. In the main text,
we asserted that it is regulator-independent. To see that it is
indeed so, make the substitution 𝑢 B 𝑝2/𝑘2; the integrals we
are left with after integrating over the 3-sphere and modulo
𝑟-independent prefactors, are given by

𝐼𝑙 =
∫ ∞

0
d𝑢

𝑟 ′(𝑢)
[1 + 𝑟 (𝑢)]𝑙 . (28)

The integrand can then be written as a total derivative, whence

the regulator-independence follows from the universal UV-
and IR-behavior of the shape function. In fact, 𝐼𝑙 = − 1

𝑙−1 , see
[20–22].

IV. IMPLICATIONS FOR ASYMPTOTICALLY SAFE
GUTS.

In typical GUT settings, quarks and leptons are grouped
into one representation of the gauge group, such that the gauge
bosons beyond the SM mediate proton decay. The resulting
effective field theory contains proton-decay-mediating four-
fermion operators with 𝑀𝑋 ≈ 𝑀GUT corresponding to the
mass of the gauge bosons beyond the SM. Additionally, pro-
ton decay can be mediated through a tree-level gauge boson
exchange as well as dimension-five operators; depending on
the GUT at hand. We focus on the four-fermion contribution,
for which we show that it fulfils an upper bound, if the GUT is
to be asymptotically safe. Schematically, the contribution to
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𝛽
𝐺

𝑞𝑞𝑞ℓ
4F

from the gauge sector is given by

𝛽
𝐺

𝑞𝑞𝑞ℓ
4F

|GUT = #GUT, 1
𝑔4GUT
16𝜋2

+ (2 + 𝜂4F)𝐺𝑞𝑞𝑞ℓ
4F + O(𝐺𝑞𝑞𝑞ℓ

4F )2,
(29)

where 𝑔GUT is the gauge coupling and #GUT, 1 a numerical
factor that depends on the gauge group. The scale dependence
of the gauge coupling is also impacted by quantum gravity
fluctuations [23], such that

𝛽𝑔GUT = − 𝑓𝑔 𝑔GUT +
#GUT, 2
16𝜋2

𝑔3GUT, (30)

with 𝑓𝑔 ≥ 0 the quantum-gravity contribution [1–3, 22, 24–
27] and #GUT, 2 a factor that depends on the gauge group and
the representations of fermion and scalar fields; we assume
#GUT, 2 > 0. From the beta function for the gauge coupling,
one can infer that the value of the GUT-gauge coupling at the
Planck scale, 𝑔GUT (𝑘 = 𝑀Planck) is bounded from above in
asymptotic safety: The screening contributions of the GUT
matter and gauge fields, encoded in #GUT, 2, compete with the
antiscreening contributions of gravity, encoded in 𝑓𝑔. For
𝑔GUT = 𝑔GUT, ∗ =

√︃
16𝜋2 𝑓𝑔/#GUT, 2, these balance out and

generate an asymptotically safe fixed point. Values 𝑔GUT (𝑘 =
𝑀Planck) < 𝑔GUT, ∗ are reachable from an asymptotically free
fixed point. However, values 𝑔GUT (𝑘 = 𝑀Planck) > 𝑔GUT, ∗ are
not connected to any fixed point and result in Landau poles in
the UV.
In turn, the asymptotically safe fixed point for the gauge

coupling induces an asymptotically safe fixed point for the
four-fermion coupling,

𝐺𝑞𝑞𝑞ℓ
4F, ∗ = − #GUT, 1

16𝜋2 (2 + 𝜂4F)
𝑔4GUT, ∗. (31)

This fixed point is infrared attractive, i.e., the value of the
four-fermion-coupling at the Planck scale is predicted. At the
same time, it serves as an upper bound for the asymptotically
free case: If 𝑔GUT is asymptotically free, the fixed-point value
for the four-fermion coupling vanishes. While 𝑔GUT increases
from its asymptotically free fixed point towards its non-zero
Planck-scale value, it pulls𝐺𝑞𝑞𝑞ℓ

4F alongwith it. To be concrete,
we provide a numerical example. For 𝑓𝑔 = 1

4𝜋 , #GUT, 1 = 1,
#GUT, 2 = 40 (translating into 𝑔GUT ∗ ≈ 0.56), cf. [23] and
𝜂4𝐹 ≈ 0.1, we obtain

𝐺𝑞𝑞𝑞ℓ
4F, ∗ = −3 · 10−4. (32)
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