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Abstract

To define a free string by the Nambu-Goto action, all we need is the notion of area,
and mathematically the area can be defined directly in the absence of a metric. Mo-
tivated by the possibility that string theory admits backgrounds where the notion of
length is not well defined but a definition of area is given, we study space-time geome-
tries based on the generalization of metric to area metric. In analogy with Riemannian
geometry, we define the analogues of connections, curvatures and Einstein tensor. We
propose a formulation generalizing Einstein’s theory that will be useful if at a certain
stage or a certain scale the metric is ill-defined and the space-time is better charac-
terized by the notion of area. Static spherical solutions are found for the generalized

Einstein equation in vacuum, including the Schwarzschild solution as a special case.
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1 Introduction

The string perturbation theory is fully specified by the 2-dimensional world-sheet theory of
a free string, which is classically defined by the Nambu-Goto action in a purely geometric
background. As the Nambu-Goto action simply equals the world-sheet area (up to an overall
factor of the string tension), it is natural to speculate the possibility that string theory admits
space-time manifolds on which only the notion of area is defined, in the absence of a metric
to define the notion of length. This topic is also interesting from a purely mathematical
point of view.

It may be surprising that, in fact, not only the Nambu-Goto action, but also the Yang-
Mills action

1 o 1 i
S=17 /de Tr(Fy9"g" Fu) = ] /de Tr(Eh7 Fy), (1)

depends only on the combination hjx = gikgj — gug;r (and its inverse) that defines area
(see below), and is not directly sensitive to the metric g;;. In particular, Maxwell’s theory
on a manifold with a generic area metric h;j;; which cannot be associated with any metric
gi; is motivated by the study of electromagnetic phenomenon in a generic linear media.
Birefringence effect in crystal, and quantum loop effect in curved space-time [I| can both
lead to a more general area metric h;;; than those defined by metrics.

Perhaps the notion of area is more fundamental than that of length in physics from the
perspectives of string theory. Basic notions of the geometry for area metric h;j; (assuming
that it is not defined by any metric g;;), including area connection, area torsion and area
curvature, have been studied in the literature [2]- [10]. The aim of this paper is to write down
an equation for the area metric analogous to the Einstein equation. In fact, an analogue of
the Einstein equation was given in Ref. [5], with the help of an effective metric defined from
the area metric. Instead we hope to deal with geometric structures which cannot be properly
characterized by any metric (or effective metric), and we would like to provide an alternative
approach in which the area metric will be the only quantity that defines geometry in our
formulation. This means that we need to find a way to associate a particular area connection
to any given area metric. Such an area connection was not discussed in the past.

The plan of the paper is the following. In Sec. 2 we point out two scenarios in which
area metric geometry potentially arises as an alternative theory of gravity. The focus of the
paper is the scenario of string theory, on which we have already briefly commented above. In
Sec. 3 we introduce the notion of area metric, and explore its algebraic properties. We note
in Sec. 3.2 that the Nambu-Goto action for an area metric is equivalent to a superposition
of Polyakov actions for a set of metrics.

The notion of area connection is introduced in Sec. 4. Contrary to the uniqueness of the
Levi-Civita connection in Riemannian geometry, the area metricity condition and the area
torsion-free condition are not sufficient to uniquely fix the area connection, because there
are a lot more covariant degrees of freedom in the area connection. We show in Sec. 4.5

that, assuming the area metricity condition and the area torsion-free condition, the equation



of motion derived from the Nambu-Goto action for a generic area metric can be interpreted
as the condition for the tangent area of the world-sheet to be parallel transported along the
tangent space.

In Sec. 5, we design a procedure to modify any area connection by adding a tensor such
that it becomes area torsion-free, and an analogue of the Levi-Civita connection is defined
not only to satisfy the area metricity condition and the area torsion-free condition, but also
to minimize its covariant degrees of freedom. Area curvature is defined in Sec. 6, and we find
a generalization of Einstein’s equation in vacuum for the area metric. In Sec. 7, we focus
on the examples of area metrics which are diagonalizable. We find static, spherical solutions
to the generalized Einstein equation in vacuum in Sec. 7.1, including the Schwarzschild
solution and other solutions that can or cannot be associated to ordinary metrics. Finally,

we summarise and comment in the last section.

2 Area vs length

In physics we almost always assume that the space-time is a pseudo-Riemannian manifold

equipped with the notion of length
ds® = g;j(z)dx' @ da’, (2)

where g;; is a symmetric tensor called metric. This determines the action for a free particle
under the effect of nothing but the space-time geometry (gravity) to be given by the length

of the particle’s world-line

S = m/ds—m/dr Gij i d, (3)

where i = dd z*and 7,7 =0,1,2,--- (D —1) in a D-dimensional space-time. The coefficient
m is identified with the mass of the partlcle. By observing the behavior of a free particle, one
can infer properties of the space-time. Furthermore, since the the action (3) also determines
how interactions mediated by particles propagate in space-time, the notion of length defined
by the free particle action (3) is expected to play an important role in all physics of particles.
For example, the magnitude of the force for an interaction should depend on the distance
between two particles.

Mathematically, in addition to the Riemannian structure, there are other geometrical
notions that can be defined on a manifold. In particular, one can consider a manifold
equipped with the notion of area but not the notion of length. Analogous to (2), we will

assume that the infinitesimal area element da can be defined through the expression
1 , ,
da® = Zhijkl(a:)(dazz ANda?) @ (do* A dat), (4)

where the tensor h;jp(x) will be referred to as the area metric. If a Riemannian metric g;;

is defined, the area metric should be given by
hiji = 9ikgj1 — GirGik- (5)
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Yet the area metric can be defined in the absence of a metric, for a manifold on which the
notion of length is not defined. It is possible that the universe is at a certain stage or a
certain scale characterized by the notion of area instead of the notion of length.

There are at least two scenarios in which the geometry of space-time is characterized not
by the notion of length, but by the notion of area. The first scenario occurs in the context
of quantum gravity when the quantum state of the space-time is a superposition of several
coherent states with different metrics. The second scenario happens in string theory as a
more general background for the Nambu-Goto action of a free string.

First, in a quantum theory of gravity, a classical space-time metric g;;(x) can be inter-
preted as the expectation value of the metric operators g;;(x) for a coherent state |g). It is

possible that the expectation value of g;;(x) vanishes

9ij() = (V]gys ()| W) = 0 (6)
for a state | W), while the expectation value of the area metric

~ ~

it = Gar (@) 351(x) — G () Gy () (7)

1S non-zero:

In this space-time background |¥), the notion of length is trivial (vanishing distance between
any two points), and the notion of area is expected to play a more important role in the
formulation of physical laws.

To be more concrete, let |g(®)) denote the eigenstates of the operator g;;(z) with the
(a)
to each other. For a superposition of eigenstates

0) = 19", (9)

eigenvalues g,°” (). As eigenstates of Hermitian operators, the states |g(*)) are orthogonal

we have
g = D95 (10)
higae) = |95 ()9 (@) — o (@)l ()] (11)
For instance, if g) = —¢® (o = 1,2), we have vanishing expectation value of the metric §

(6) and the area metric (8) is determined by a metric g = v/2¢g") through (5). In this case,
even though the area metric is given by a specific metric g, we do not expect the metric g
to couple to matters in the usual way, because it is not the expectation value of the metric
operator.

In general, there are infinitely many sets of metrics {g(®} that can be related to the same

h through (11). A simple way to see this is the following. Assuming that (11) holds for a
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set of metrics {g{®}7_,, we find that {¢'(®)}7_, also satisfies (11) if g’ﬁ?) = Maﬁggjﬁ) for any
SO(n) matrix M“z of functions.
In this scenario, the quantum state W (9) is different for different choices of the set of

(@)} are physically inequivalent even

metrics {g(®}. Hence two sets of metrics {g(®} and {g
if the area metric h;;,; (11) is exactly the same. The geometric information is not fully
characterized by the area metric, but is by the set of metrics {g(®}.

The second scenario in which area replaces length as the fundamental geometric notion
of space-time occurs in string theory. In string theory, forces are mediated by strings, and
the only necessary notion of geometry for the string world-sheet action is the area, not the
length. While a metric always defines an area metric, a priori a well-defined area does not
necessarily imply a unique well-defined metric. Hence we expect that, in string theory, it is
sensible to consider space-time background geometries characterized by the notion of area, in
the absence of the notion of length. In the background in which the string world-sheet action
is fully determined by an area metric, the complete information of space-time geometry is
encoded in the area metric. The second scenario will be the focus of this work, although
most of the discussions below apply to both scenarios.

The main difference between these two scenarios is that in the first scenario the geometry
is characterized by a set of metrics {g(®}, while in the second scenario the full geometry
is encoded in the area metric alone. In this paper we focus on the second scenario (string
theory), and we will comment in Sec.3.1.4 on viable mechanisms to explain why the current

universe can be described as a Riemannian manifold to a good approximation.

3 Area metric

In this section we introduce basic notions about the area metric.

The area of a surface ¥ is defined as the integral of the infinitesimal area element:

Area:/da, (12)
2

The surface can be defined by its embedding coordinates X*(o) in the D-dimensional space,
with {0, o'} an arbitrary coordinate system on Y. When the space-time is equipped with

a metric g;;, one can define the induced metric G, on the surface X as
Gap = 9i5(X)0a X (0)0,X7 (o), (13)

where a,b = 0, 1 label the surface directions, and an infinitesimal area element of the world-

sheet is given by

da = d*c Vdet G. (14)
More explicitly, it is

1 ‘ . 1 ..
da2 = Ze“bﬁaXzﬁbX]hl-jklecal@chﬁXm|d20\2 - ZAZ]hijklAkl7 (15)
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where h;;i; is given by (5) and
AT = ¢ 9, X0, X7 (do® A dot) = dXT A dX7 (16)

The last expression (15) is in the form of a norm on the space of two-forms dX* A dX7.

A natural and modest way to generalize the notion of area is to relax h;jy from the
definition (5) based on a given metric g;;. It is possible to generalize the notion of area
further, just like the notion of length can be generalized in Finsler geometry. Yet, as a first
step, we restrict ourselves to the notion of area defined by a norm in the quadratic form
(15), where A% is given by (16) but h;;r does not have to be given by (5). (But it will be
restricted by other constraints.) We will see below that this definition of area is suitable for
the application to string theory.

Notice that not all components of a rank-4 tensor h;;; are relevant in the definition of

the area metric )
da2 = ZhijklAijAkl. (17)

We should impose conditions to remove those irrelevant components of h;jy. First, it is

obvious that we should impose the symmetry properties
hijiie = —hjie = —hijie = by (18)
It is less obvious that the area metric should also satisfy the cyclicity condition |3]
Nijri + Njrir + i = 0. (19)

Due to the cyclicity condition (19), the definition of area metric is different from that of a
generic norm for 2-forms. The necessity of the cyclicity condition can be seen by rewriting
(15) as

da® = hiyun X XI XX |do®do %, (20)

where derivatives of 0% are denoted by dots, and derivatives of o! by primes, and

~

higykty = Pikji + Pjar- (21)

In other words, only the tensor izijkl (21) is necessary to define the area, and the cyclicity

condition removes the irrelevant part in h;ju.

3.1 Algebraic properties of area metric
3.1.1 Gilkey decomposition

Let us count the number of free parameters in h subject to the constraints (18), (19). In

space-time of D = d + 1 dimensions, the number of independent components in h;jy; is

D D
W_CEZ%DQ(D—U(DJA). (22)
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In 2D, g;; has 3 independent components, while h;;,; has only one. The area metric can
always be put in the form (5) for infinitely many choices of g, as there are more independent
free components in g than h. It is less interesting to talk about the area metric in 2D because
all area metrics are locally equivalent to hiso = +1.

In 3D, both g¢;; and h;ji,; have 6 independent components. The metric g;; can always be
determined for a given h;ji; up to a =+ sign through the relation (5). The difference between
metric and area metric is minimal.

In higher dimensions, h;;x; is in general not of the form (5). There are a lot more free
parameters in h than g. In general, according to a theorem by Gilkey [11], the properties
(18) and (19) imply that the area metric can always be expressed in the form

hijn =) [9§? 'g$) — g )9](»2)] (23)
(o
ij
of a set of metrics. This expression (23) fits very well with the physical interpretation of the

for a set of metrics ¢ ). Thus we can always think of the area metric as the superposition
area metric as the effect of a superposition of states of different metrics (11). On the other
hand, the decomposition of a given area metric h into the superposition of area metrics for
different metrics is not unique. There are always infinitely many sets of {g(®} for the same

area metric h.

3.1.2 The inverse h~!

We define another tensor h7* as the inverse of h;jz by

1 ..
S st = 81,83 = 8,53, (24)

n-m

We use the convention that when we sum over a pair of (anti-) symmetrized indices [kl] we
insert a factor of 1/2 because the labels [ij] and [ji] are redundant. The tensor on the right
hand side of the equation,

I = 6,5 — 3167, (25)
plays the role of identity as a matrix with indices that are pairs of anti-symmetrized indices

[ij]. Tt satisfies

For h given by (5), hM = gikgil — gilgik,

3.1.3 Volume form

The area metric h;j,; can be viewed as a symmetric N x N matrix for N = CPin D

AN since h is of

dimensions. The determinant (deth) of this matrix is of dimension [L]
dimension [L]*, where [L] represents the dimension of length. The determinant (det k) can
be defined by

(det h)ea,.ay = €2 PVhy g hayby (27)
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where the indices A;, B; represent pairs of anti-symmetrized indices [ij] (¢,j = 0,1,---,D —
1), with [ij] and [ji] identified, and €®*""B~ is the totally anti-symmetrized tensor of rank N.

In our convention, a sum over a pair of anti-symmetrized indices A = [ij] is understood
as a sum over a pair of ordered indices. For example, in 4 dimensions with 7,5 = 0,1,2,3, a
pair of indices [ij] can take 12 different values with i # j. But the indices A, B take only 6
values [01], [02], [03], [12], [13], [23] in the summation. In general, we have

|
A, = §<1>[Uh1/m. (28)
In order to develop differential calculus in space-time, it is desirable to define the volume
form
Qil---iD = WE€j,.ip» (29)
where
w = (det h)Y/EP-1) (30)

is of dimension [L]”. This reminds us that there are two totally anti-symmetrized tensors
€iip ald €44y, (31)

where iy,---,ip = 0,1,---,D — 1 and Ay,--- Ay = 1,2,---,N. We have defined the
determinant of the area metric using €q4,..4,, but we can also define another determinant,
denoted det’h, for even D, as

(det'h) = (32)
where n = D/2.

A natural question is whether the two determinants are related to each other in a simple
way. In the special case when the area metric is defined by a metric (5), we have det’ h = det g

and
det h = (det’h)P 1. (33)

In general, the two determinants are algebraically independent.

3.1.4 Effective metric

Given an area metric h, we would like to know when it can be defined by a metric g through
(5). We hope to find conditions on h that tell us whether a metric g exists for (5) to hold.
We discuss this issue separately for even and odd dimensions.
Odd dimensions

For D =2n+1 (n > 0), let

HY = 2"(277,)! (det h) 4 )6 rEn el Jthilinl_jQ T hizn—lianQn—1j2n7 (34)




so that if h is defined from a metric g (5), one can choose to define g by

g7 =+H". (35)

Define
AR = pidkl _ (HikHjl . Hilij>’ (36)
r = i — (G — Hy UG, (37)

Both of them vanish if (5) holds for some metric g. Conversely, both

AU =0 and A/

)

Gkl — 0 (38)

are sufficient to ensure that the area metric can be derived from a metric. Introducing a
potential energy V (A, A’) that is minimized at A =0 or A’ = 0 provides a mechanism that
drives the background geometry towards one that can be fully defined by a metric.

For odd dimensions, it is tempting to define H as the effective metric for a given h, and
to use it to define Levi-Civita connection and Riemannian curvature, even when (38) is not
satisfied. However, we do not expect it to be sufficient to fully characterize the geometry
because there are similar inequivalent expressions which are equally justified to be called the
effective metric. For example, we could start with an inverse of h and combine it with the €
tensor as

H. =
Y 2n(2n)!

(det h)l/(Qn)Eii1~~~i2n €iiron pivi2didz . ., pizn—tiznim-1jam (39)

which is in general not the inverse of HY.

More importantly, the effective metric is in general not covariantly constant because the
volume form is not, regardless of how one defines the area connection, as we will see below
in Appendix A.

Even Dimensions

For D =2n+ 2, let

ijkl — 1 (det h)*l/(2n+1)€ijl'1"'iQnEkljl'“anh

o 2"(2n)' ivigjije " hign_liQn]’Qn_len. (40)

This tensor H* agrees with the inverse of hijr when h;j is defined by a metric g;; (5).

Similarly one can define

_ 1 1/(2n+1 i1i2j1] ion—192nj2n—1Jj2n
ngkl = m(det h) /@n+ )6¢jz1---¢2n6kzj1...j2nh 1127132 ... plen—ti2nd2n—172n (41)

If hjji is defined by a metric g (5), we have both conditions
H* — p¥ =0 and  Hj; — hij =0 (42)

satisfied. In 4D, it can be checked explicitly that these conditions are strong enough to
imply the existence of a metric for eq.(5) to hold only for some of the meta-classes defined

in Ref. [9]. We expect similar situation for higher dimensions.
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One can define

ijkl — rrijkl 15kl / S -
A =H —h s ijkl = H]kl - hz]kla (43)

2

and a potential energy V (A, A’) minimized at A = A’ = 0 would provide a mechanism
to enhance the possibility of finding our universe evolving towards a state approximately
described by a metric. But even when A = A’ = 0, it is possible that (5) does not hold for
any metric. In the geometry of area metric, even dimensions and odd dimensions are quite

different in this aspect.

3.2 String world-sheet action

The Nambu-Goto action is defined by the area of the world-sheet

S = Ts/da = Ts/d20' Ay, (44)

where T is the tension of the string, and

h= ieabGthzjkl (X)0u X' (0)0p X7 ()0 X" ()04 X" (0). (45)

This action is invariant under both world-sheet diffeomorphism and space-time diffeomor-
phism. It is well defined regardless of whether h;jj; is defined from a metric through (5) or
not. From the viewpoint of strings, the notion of length is unnecessary. It is more natural
to start with a space-time geometry defined by the area metric.

In the perturbative string theory, the dynamics of the background fields can be derived
from the string world-sheet theory by requiring conformal symmetry, but one has to first
rewrite the Nambu-Goto action in another way before the quantization of the theory can be
carried out.

The Nambu-Goto action can be written in various different ways. It can be shown to be

equivalent to the action
T
S = 5 /d20 [e ™ (0) A2 + e(0)], (46)

where e(0) represents the measure of area on the world sheet. Solving the equation of motion
for e(o) reproduces the action S. Despite the fact that the square root is removed in this
action, it is still hard to quantize due to the quartic form of .

Another way to rewrite the action is the following. As the area metrics can always be
defined by a superposition of metrics ¢ (23), the Nambu-Goto action (44) can always be
put in the form

S =T, / d*o (47)
where G((fﬁ) is the induced metric
G = g9, X9, X7, (48)
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It is equivalent to the following action quadratic in X:

n

S":E d*o /Y y@N~labg @ g rig, x| 49
2n 4

a=1

where

y=) Y (50)
A=1

(o)
ij
world-sheet actions for the space-time metrics ¢(®), with a superposition of the world-sheet

and n is the number of metrics g;; appearing in (23). This action is a superposition of the
metrics 7% accordingly. This action has both world-sheet and space-time diffeomorphism

symmetries, as well as the Weyl symmetry:

T = = ") (51)

We will leave the quantization of this action for future works. Instead we make some
comments here. First we recall that the Nambu-Goto action of a string in a generic Rie-
mannian space-time is classically equivalent to the Polyakov action, which can be quantized
as a perturbation theory around the Minkowski background. Einstein’s equation is the con-
straint on the background at the leading order to ensure that the beta functions vanish. In
principle, this procedure of deriving Einstein’s equation from the string world-sheet action
can be generalized to derive a field equation for the area metric. We hope that, even without
an actual calculation of the beta functions, it is possible to have a good guess about the
generalized Einstein’s equation if we know how to define geometric quantities that generalize
connection and curvature, when the metric is replaced by the area metric. We will refer
to these quantities as area connection and area curvature, or just connection and curvature

when there is no risk of confusion.

4 Area connection

4.1 Transformation of area connection

The notion of area (17) can be interpreted as the norm on a fiber in the bundle of 2-forms

on the space-time manifold. The connection on the bundle is a 1-form
F[Zﬂ [kl] = d{L‘mI‘m[ij] (k1] (52)

and we call it the area connection. Here a pair of anti-symmetrized indices [ij] is used to
label the basis dz’ A da’ of the space of 2-forms.
The area connection I'/y; is defined so that the covariant derivative of a rank-2 anti-

symmetric tensor field

- - 1.
(DV)9 = dVii 4 5Wklv’fl (53)
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is covariant. Under a general coordinate transformation z* — 2/*(x), since a tensor field V%

transforms as

VI = V= MY MYV (54)
where 9
i _ ox”

M Jj= Oz’ (55)

the area connection should transform as
Ty = M, M? TP, M MY — 2d(MU, M ) M My, (56)
so that the covariant derivative transforms covariantly as
(DV)'4 = M, M?(DV)F. (57)

Since the covariant derivative of a scalar is just the ordinary derivative, in order to
preserve the Leibniz rule

d(VIWy,) = D(VIW,,) = (DV) W, + VI (DW),5, (58)
the covariant derivative of the tensor with lower indices should be defined as
1
DW;; = dWy; — 5W,glr’fll-j. (59)

The Leibniz rule can be used to determine how the covariant derivative acts on a tensor with
an arbitrary set of pairs of anti-symmetrized indices.

According to the transformation law of the area connection (56), the combination
Ty = T g 4+ T gy + T g (60)

is covariant, and can be viewed as the generalization of the torsion defined for an ordinary
connection [3]. We refer to this quantity as the area torsion.

Naively, the fact that, apart from its 1-form index, the indices of the area connection
I’ are anti-symmetric pairs suggests that covariant derivatives apply to tensors only if all
indices of the tensor are anti-symmetric pairs, and thus only to tensors with an even number
of indices. This is not entirely true. For an arbitrary tensor of even or odd rank, we can
define a differential form from it by contracting some of its indices with dz*’s. The covariant
derivative can then apply to this differential form as long as the remaining indices of the
differential form come in anti-symmetric pairs. For example, the torsion T;/%;, is a tensor

of rank 5. We can define a 1-form
Tijkl = da™ Tmijkl (61)
and the covariant derivative on the torsion can be defined as

(DT)”M = adl’m A dx™ [(8anUkl + mequnqul — I‘mqulTnZ]pq) — (m Ad 'I’I,)} . (62)
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4.2 Area metricity and area torsion-free conditions

In Riemannian geometry, the Levi-Civita connection is uniquely fixed by the metricity condi-
tion and the torsion-free condition, and the Einstein equation and Hilbert-Einstein action can
be expressed in terms of its curvature. Similarly, we would like to impose various constraints
on the area connection I'“;, to look for the counterpart of the Levi-Civita connection for
the area metric.

In view of its importance in the formulation of physical laws, it is natural to impose the
area metricity condition:

(Dh);ji = 0, (63)

where . .
(DR = A = 5 hpmnien T i) = 5 bt T (64)

As a result, the inverse h* is also covariantly constant. Using h;;r and h9* one can lower

or raise a pair of anti-symmetrized indices. For example,
1 kl

The area metricity condition implies that the area torsion vanishes for the totally anti-
symmetrized combination,
Tiijkim] = Pl Ti" 1m) = 0, (66)

where all 5 indices {i, 7, k,[, m} are totally anti-symmetrized.
In analogy with Riemannian geometry, it is desirable for the area connection to be torsion-

free, that is,
Ty, = 0. (67)

In the context of quantum gravity when the background is a superposition of coherent
states of different metrics, the area metric h is defined directly in terms of a set of metrics
{g'®} through (23). It would then be natural to define [3]

Littjm = hiipg D jm = ) <[F§?}Q§Z) — (k=D =[0 < m)]) (68)
where I'®) is a connection for the metric ¢(®), and this area connection automatically satisfies
the area metricity condition (63). If I'® is given by the Christoffel symbol (so that it is
torsion-free), this expression also leads to the vanishing of the torsion (67). Note, however,
that there are infinitely many sets of metrics {g(®} corresponding to the same area metric.
Hence there are infinitely many choices of the area connection I' that satisfy both the area
metricity (63) and the torsion-free conditions (67).

In the context of string theory, when h is the only quantity that defines the background
geometry, the choice of area connection through a set of metrics {g(®} (68) is not appropriate

because it is not independent of the choice of the set of metrics.

12



Another way to see that there are infinitely many solutions to both the area metricity
condition and the area torsion-free condition is to check that these two conditions are satisfied

by the expression of the area connection as
1 1
Loij = §8mhijkl + Z(aihjmkl — Ojlimkt — Ohijim + Othijkm). (69)

One can check that this equation is not covariant. That is, the transformation of the area
metric leads to a transformation law of the right hand side of the equation that is not
compatible with the transformation law of the area connection. This means that we can
use this expression in different coordinate systems and obtain different area connections

compatible with area metricity and are area torsion-free.

4.3 Induced connection

The transformation law of the area connection (56) allows us to define the connection 1-

form [3] ' '
I, (0) = ——T, —
(0= 551" 2(D—1)(D —2)

which transforms like an ordinary connection in Riemannian geometry

5T, (70)

I;(0) = IT7;(0) = MY % (0) MY, — (dM*) M~F;. (71)

The reason for the notation “(0)” is that this is not the only combination of components of
I" that transforms like an ordinary connection. There are infinitely many of them and we will
call them nduced connections. We can readily write down many other induced connections

as
LX) = T;%(0) = AT}y, (72)

where T} is the torsion of T';’(0):
Tj'x = T;%(0) = T)'5(0). (73)

The induced connection T';'; (A = 1/2) is torsion-free.
The induced connections T';'x(\) (72) allow us to define covariant derivatives that can
act on indices individually, not only on pairs of anti-symmetrized indices. In particular, the

volume form (29) is covariantly constant with respect to I';(0). That is,
dweir"iD = weji?--iDPjh (O) +oot weir--iDﬂijiD (O) (74)

It is equivalent to the relation

I7;(0) = w'dw, (75)

which is guaranteed by the area metricity condition. In this sense, the induced connection
I'";(0) with A = 0 is special.
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The volume form is covariantly constant with respect to other induced connections I';())
with A # 0 only if 7;7; = 0. Since

1

TijA:_i
177D - 2)

the volume form is covariantly constant with respect to all I';(\) if the area torsion vanishes.

For a given induced connection I';()), one can decompose I'7y; as
T = SY,(\) + T, (N), (77)
where S%;;(\) is a covariant tensor, and
TY54(A) = DA = TN, — T9(A)6] + T74(\)dy.. (78)

The tensor S(0) is traceless:

S .£(0) = 0. (79)

The difference between S,,”;(\) and S,,,“;(0) is A times
(T, 'k6] — T0n'18% — Toa? 1.0} + T 163 - (80)

In Riemannian geometry, torsion is the only covariant quantity one can derive alge-
braically (without taking derivatives) from a connection I'';. In other words, it is the only
tensor one needs to fix in order to uniquely determine the connection for a given metric. For
the area connection I', we have not only the area torsion T as a covariant tensor defined
algebraically from a given area connection I', but also the torsion 7T;7;, for the induced con-
nection and the tensor SY;;()\) (for any fixed value of \). To uniquely determine an area

connection for a given area metric h;jx;, one needs to fix all these covariant quantities.

4.4 Parametrization of area metric and area connection

In 2D, there is a single component hjs15 in the area metric. At any given point, it can be
scaled to +1 by coordinate transformation.

In 3D, we can always find a metric g;; (up to sign) to represent h;r. The difference
between metric and area metric is less significant.

In 4D, there are 20 independent components in h satisfying (18) and (19). Roughly
speaking, using the 16 independent parameters in a G'L(4) transformation, we should be
able to use 4 parameters to parametrize h at a given point. But there are more canonical
forms of the area metric, categorized into 23 meta-classes [9]. In contrast, a metric g;; can
always be cast in the canonical form g¢;; = diag(£1,+1,£1, £1) at any point by coordinate
transformation.

For the Taylor expansions of h;j;; around a given point xy in 4D
hijri(2) = hijri(xo) + ( — 20)" O hiji (o) + - - -, (81)
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there are 4 x 20 independent coefficients 0, h;;ii(z0) at the first order. On the other hand,
there are 4 x 10 coefficients 9;0yx" (z0) at the second order in the Taylor expansion of the

new coordinates z¥(z)

2" (z) = 2" + (z — 20) 0;2" () + %(x — 20) (v — 20)*0; 005" () + - - - (82)

as a function of the old coordinates 7. The latter coefficients change the former under
a coordinate transformation. Thus we expect to be able to construct out of (9p,hijk)(zo)

80 — 40 = 40 covariant quantities. These quantities are encoded in the tensor S%;;(\).
D(D+1)
2
coeflicients 0yg;;() at the linear order in the expansion of g;; around a point xg, and as

This is in contrast with the case of the metric g;;. In D dimensions, there are D x

many coefficients 9;0,2" (o) in the expansion of z¥ at the quadratic order, so covariant
geometric quantities (the curvature tensor) are only encoded in second or higher order terms

in the expansion of g;; in Riemann normal coordinates.

4.5 Generalized geodesic equation

Another condition one may wish to impose on the area connection is its compatibility with
the generalized geodesic equation, namely the equation of motion for a string to extremize
its world-volume. In this subsection, we derive the generalized geodesic equation and find
its compatibility condition with the area connection.

In terms of the bracket

€0, 1) (Opg
(7.9 = DRI (53)
h
where Ay, is defined in (45), the equation of motion of the generalized Nambu-Goto action
(44) is

hagr{ X7, {X*, X+ TG o (X7, XPHXL XY = 0, (84)

Im

which is analogous to the geodesic equation. ' Here IT'V¢ is defined by
1
L} Cigmy) = 1 (Diljrim — Ojhikim + Okhijim + Othumije — Omhiij) - (86)

The indices in [---] are anti-symmetrized, and the two pairs of indices in (---) are sym-
metrized.
Recall that the ordinary geodesic equation is equivalent to the covariant constancy of the

tangent vector dz'/ds of the geodesic curve in the direction of da'/ds. More precisely, for a

! The geodesic equation can be written as

d?z7 da? dak . 1
izt (gr)ijkgg =0  with (g1)ijx = 3 (9jgik + Okgij — Digjk) , (85)

where the derivative d/ds can be viewed as the generator of length-preserving diffeomorphism, while {-, -}

in (84) generates area-preserving diffeomorphism.
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vector field V7 (z), we define the covariant derivative in the direction of dz®/ds as

da? , de? (0 _ . , d._ . da? . D_ .
— (D;V" = — =V +T;,V* =V — T, VF =V
i (Vi = (VT = SV AV = 2V )
(87)
so that the geodesic equation can be written as
D dxt
T ds = 0. (88)

Note that we have replaced the vector field V7 (z) in (87) by da’/ds, which is a function of
the world-line parameter s.

We will say that the generalized geodesic equation (84) is compatible with an area con-
nection T' if it can be derived from the covariant constancy condition for {X? X7} in the
“direction” of {X?, X7}. Naturally, for an anti-symmetric tensor field W™ (X), it is defined

as

(X, X5} (DWiidxooxioy = X7 X Y hwam (DiW') o)
= X9, X Y i, (O, 4 I‘jlmpquq))mx(o)
=~y [{ X5 W (X (0))} = {X7, XEHD; WP(X ()]
= Rt { X" {X, XY} + D { X7, X PP, (89)
The condition for {X*, X7} to be covariantly constant in the “direction” of {X*, X7} is thus
hijkl{Xj7 {Xka Xl}} + ijilm{va Xk}{le Xm} =0 (90)

Comparing this equation with the generalized geodesic equation (84), we see that they can
be identified with each other if V¢ can be identified with I'. Assuming the area metricity
condition (63), we can rewrite the first derivatives of the area metric in (86) in terms of the
area connection. Under the contraction with { X7, X*}{ X! X™} TWNC is equivalent to
1
NG

Limpm) ~ Likim + §Tijklma (91)
without assuming the area torsion-free condition. In other words, if the area torsion T
vanishes, the generalized geodesic equation (84) can be interpreted as the condition for the
tangent plane of the string to be parallel transported along its world-sheet.

Strictly speaking, it is unnecessary for the area torsion to vanish for the compatibility of
the area connection with the generalized geodesic equation, one only needs the contraction
of the area torsion Tjk, with the factor {X7, X*}{ X' X™} to vanish. For instance, since

. 1 ) .
(X9 XX Xx™ = P(aaXJaﬁx'faa)daﬁxm — 0, X705 X 0P X 07 X™),  (92)
h
where the first term symmetrizes (j, 1) and (k,m), and the second term can be obtained from

the first term by anti-symmetrizing (I, m), according to (91), TN¢ ~ T if
[(Tigjigim + Timijn) + (7 < D]+ [(k < m)] =0, (93)

which does not require that the area torsion vanishes identically.
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5 Torsion-free area connections

5.1 Construction of torsion-free area connections

In Riemannian geometry, given any connection I', we can always derive from it a torsion-free
connection I’y = T'j; — 151, which satisfies the same metricity condition as I'. (Here T}
is the torsion of the connection I'.) We will show in this section that similarly one can add
a tensor to any area connection such that the new area connection is torsion-free (67), and
satisfies the same area metricity condition (63) and (64), although the algebra involved is
more complicated.

One can add a tensor K45 to any area connection such that the new area connection
Mg =T +K*'s  (A=][ij],B=[kl]) (94)
preserves the area metricity condition by demanding K to be anti-symmetric
Kap+Kpa=0. (95)

We aim at introducing a minimal amount of freedom in K just enough to realize the area

torsion-free condition for the new area connection. A simple possibility is
Kz’jklm = Uijklm - Uilmjka (96)

where the free tensor U is required to have the same symmetry as the area torsion,

Uijkim = Uijkmi = Umgkirs (97)
Uijkim = —Uikjim, Uijkim = —Uljkm, (98)
Ulijkim) = 0, (99)

so that it has the same number of independent components as the area torsion.

More generally, we can use the ansatz
Kijkim = Ugjrim — Uimje + (Upgim — Upmijin) (100)

with a free parameter a as a generalization of (96).

The condition of zero area torsion is a set of linear relations for U. Due to the symmetries
(97)-(99) of the tensor U, these relations are coupled to each other in different patterns
depending on how many different values the five indices (i, 7, k,l,m) of the new torsion
T jkim
torsion T/1[12}23 to vanish is

take. When they take only 3 different values, say, (1,2, 3), the condition for the new

—T1[12}23 = 2(1 - Oé)U1[12}23- (101)

Ui 1923 can be easily determined as long as a # 1.
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When there are four different values among the five indices of T7;;,,,, we have a set of

linear equations to solve:

— T1[34}23 = (3 — 04/2)U1[34]23 — (1 + 30[/2)U1[23]34 + (1 + 30[/2)U2[13]34, (102)
—Topgiza = (3 —a/2)Uspgiza — (1 + /2)Uyjzgas — (1 4+ 30/2) Uy pag34, (103)
—Tipgiza = (3 —a/2)Uspgiza — (1 4+ 30/2)Uyzgpos — (1 4 3a/2)Ugpgjaa. (104)

These unknowns of U can be uniquely solved if the determinant of the 3 x 3 matrix of
coefficients in these linear relations is non-zero. The determinant is (1 —«)?(1+«/2). Hence
we need a # 1 and o # —2.

When all five indices of T7;,,, take different values, one needs to solve 10 linear rela-
tions for 10 variables, say, Uiasas, Uiases, Uasias, Usoias, Ussiz, Usaiaz, Uasast, Uasasi; Usoast
and Usggsyy. There are in fact only 9 independent variables because of the constraint (99).
Correspondingly the torsion T, satisfies the same identity (66) and the 10 linear relations
are linearly dependent. Thus the task is to solve a reduced set of 9 linear relations for 9 inde-
pendent variables. The determinant of the 9 x 9 matrix of coefficients is (1 — a)®(1 + a/2)%.
It also demands that o # 1, —2.

In 3 dimensions, there are at most 3 different values for the indices to take, and the
coefficient « is redundant.

In 4 or higher dimensions, there are T’ components with indices taking 4 or 5 different
values. The tensor U can be uniquely fixed by the area torsion-free condition (67) for the

new area connection I'' as long as

a#1l, and «a# —2. (105)

5.2 Generalized Levi-Civita connection

In the discussions on physical theories of gravity (the dynamics of space-time geometry), the
choice of a connection is in some sense a convention. If a connection is used in a gravita-
tional theory to write down its field equation, one can always rewrite it in terms of another
connection, merely by a field redefinition. For example, the Levi-Civita connection is con-
ventionally adopted in Einstein’s theory. But teleparallel gravity, which is equivalent to
Einstein’s theory, is formulated in terms of the Weitzenbock connection, which has zero cur-
vature but non-zero torsion. The choice of connection depends on the choice of formulation
of the physical theory of gravity.

Nevertheless, the Levi-Civita connection has its conceptual advantage. With torsion
viewed as the covariant information contained in a connection, the Levi-Civita connection
is the special connection for which this information is empty. It can be used as a reference
connection.

In this section, we aim at defining the counterpart of Levi-Civita connection for the

geometry of area metric. This will provide a reference area connection for the convenience

18



of future discussions. More importantly, this task helps us understand better the content
of the area connection. This understanding will be useful when we construct a dynamical
theory for the area metric.

As a generalization of the Levi-Civita connection, the reference area connection should
satisfy both the area metricity condition (63) and the area torsion-free condition (67). It
was commented in Sec. 4.2 that additional constraints are needed to fix the area connection
uniquely. The problem is to find suitable constraints just enough to fix the area connection
without inconsistencies with the area metricity and the area torsion-free conditions.

The basic idea is to introduce just enough degrees of freedom in a simple way in the
area connection to satisfy the constraints, i.e., the area metricity condition and the area
torsion-free condition, so that the constraints can fix the area connection uniquely.

In view of the previous subsection, where we showed how to turn any area connection
into one that is area torsion-free, all we need is to find an area connection that satisfies the
area metricity condition, and then we can modify it by adding the tensor K. There are, of
course, infinitely many area connections satisfying the area metricity condition. Our task
is to find one such connection that is simple, and can be easily related to the Levi-Civita
connection when the area metric is defined from a Riemannian metric through (5).

First, we know that the area connection needs to include a part (78)
L1 (N) = DN 62, — Ty (V6% — Ti' (N + Do (V)67 (106)

which is composed of the induced connection in order for it to transform properly, where
[';/1()\) is defined by (70) and (72). While T' may not satisfy the area metricity condition,
we need to add more degrees of freedom in I'.

The area metricity condition is a tensorial equation of the form
(Area Metricity);ap = 0, (107)

with the indices A, B symmetrized. Correspondingly, one can introduce a tensor S’ with the

same syminetry

iap = Sipa (108)
into the area connection. But we need to impose an additional constraint on S’ to remove
as many degrees of freedom in S’ as there are in the induced connection T';/4()). For A =0,

it is the traceless condition
L. (0) = 0. (109)

Therefore, generically, the sum I' = S'(\) + f‘()\) is expected to be uniquely determined
by the area metricity condition. For a given area metric, this expression depends on A, since
the choice of the parameter A affects the meaning of the constraint (108).

The next step is to add K to the area connection as we described in the previous sub-

section.
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Instead of imposing the area metricity condition and then the area torsion-free condition
in two steps, one can simply put all these degrees of freedom S/, [ and U together to

construct an area connection as
I'=S'(\)+ KO\ +T(), (110)
where §'(\) = §/(0) + AT, ['(\) = I'(0) — AT and
T = 103, — Ti718%, — Ti' ] + Tl 1}, (111)
with 7). being the torsion of the induced connection (73)
Tj's = T5'%(0) = T4'5(0). (112)
The tensor S’ is subject to the conditions (108) and (109), which now become
() = S (V). (13)
(S'(A) = AT) ' =0, (114)

A bunch of modifications of the constraints on S’(\) and K(\) are possible, without
changing the number of independent degrees of freedom in the area connection, so that it
will still be uniquely fixed by the area metricity condition and the area torsion-free condition.

For instance, the condition (114) can be modified as
(SO + (1= HK () — XDy = 0. (115)

This corresponds to the constraint (79) after replacing I' by I' — fK in (70) to define the
induced connection.

To summarize, the area connections as candidates of reference area connections are a

~

sum of three terms as (110), where S’(\) is constrained by (113) and (115), I'(\) is defined
by (70) and (106), and K () is given by (100) with U satisfying (97)—(99).
There are thus three parameters A\, & and [ to parametrize the area connection I'(\, o, 3).

The simplest choice of the parameters A\, a and S is
A =0, a =0, g =1, (116)

and we will refer to the corresponding area connection as the area Levi-Civita connection.

For this case, the area connection is the sum of three terms
Fmijkl = Slmz'jkl + Kmijkl + FImijklv (117)
where S’ is subject to the constraints

S =0, (118)
S;AB = S;‘BAa (119)
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K is defined as
Koijkt = Uikt — Unkti, (120)
where U satisfies (97)-(99), which is reproduced here

Usijrim = Upjkmi = Uk, (121)
Uijkim = —Uikjim, Uijkim = —Uljkmi, (122)
Ulijiimy = 0, (123)
and IV is defined as
[ i = U165, = Ti2i05, = T 0] 4 T3 mdy (124)

The connection F;.ik is different from sz‘k defined by (70). Instead it satisfies a relation of
the form (70), but with T" replaced by I' — K. Since this relation is a direct consequence of
(117) and (118), it does not have to be imposed separately.

The calculation of the area Levi-Civita connection for a given area metric can be pro-
ceeded as follows.

1. Solve the area metricity condition (63), which is equivalent to
Oihimim) = 2Sijkum) + Tigmum) + Tigmy - (125)

Contracting two indices of this equation, say k and m (with the help of h™1), the
tracelessness of S (118) allows us to solve I (ie. to solve '), unless there are

degeneracies in the area metric. 2

2. After obtaining I'}";, (125) can be used to determine S'.

3. Finally, K can be calculated as described in the previous subsection by demanding the

area torsion to vanish.

To make connection with Riemannian geometry in which the Levi-Civita connection is
used, when h is defined by a metric g (5), it is easy to see that all conditions for the area
Levi-Civita connection is satisfied by setting S’ = K = 0 and F;-ik equal to the Christoffel
symbol.

We have no intention to claim that this is the only way to uniquely determine the area
connection for a given area metric. The simple fact is that in the case of area geometry,
there are a lot more covariant tensorial degrees of freedom in the area connection (while in
Riemannian geometry the torsion is the only one), and as a result there are a lot of different
ways to establish a connection between the area metric and the area connection.

In the context of string theory, the requirement of conformal symmetry should impose
an equation on the area connection. A good choice of the area connection would be the one
in terms of which that equation can be expressed in a simple form. However, this is out of

the scope of this work. We leave this problem for future study.

2 The degenerate cases will be discussed below through an example.
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6 Area curvature

6.1 Area curvature and induced curvature

The area curvature 2-form can be defined for an area connection I'/; as
R = (d+T)? (126)

or more explicitly,

1 ‘ ,
Rp = §RijAdez Adr? = dTg + T4¢ AT, (127)
where A, B, C represent pairs of anti-symmetrized indices. The area curvature tensor Rl-jklmn
has 3 pairs of anti-symmetrize indices.

It is straightforward to check that
Rijklmn = _Rijmnkla (128)

where .
Rijklmn = éhklquiqumn- (129)

One can also define the Riemann curvature R;;*;()\) for the induced connection I';(\) as
usual.
There are two ways to contract a pair of indices on the area curvature tensor as general-
izations of the Ricci tensor:
Rin ™1y Rif™im. (130)

In terms of the decomposition (77), we have

Rim = Bu'm(N)0 — Ri?n(N)6, — Ri'n (N7, + Ry n(N)07,
2D () = Sy (S Pn () + 87 (NS (V). (131)

For the special case when the area metric is by some metric g (5), the area curvature is
determined by g through the generalized Levi-Civita connection with the induced connection

given by the Levi-Civita connection of g and S’ = K = 0. Then we have
Ry = [R40] — (i < )] — [k & 1], (132)
where R'; is the ordinary Riemann tensor (2-form) defined by g. We have
Ry = (D —2)Ry;, (133)

where R;; is the ordinary Ricci curvature for the metric g;;. (For D = 2, one can always
choose his12 to equal to 1 by general coordinate transformations, so all 2D spaces are equiv-

alent to the flat 2D space from the viewpoint of area geometry.)
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6.2 Bianchi identity and generalized Einstein equation

The Bianchi identity for the area curvature is

DR=dR+TANR-RAT =0. (134)
In the component form, it is
DR®P, = édxi Ada? A dz* DRy, = 0, (135)
where
DR mn = iR mn + TR mn — R L) - (136)

(The indices r, s in the last two terms are not anti-symmetrized together with the indices
i,7,k.) As we have explained in Sec.4.1, when the covariant derivative acts on a differential
form, it ignores the indices to be contracted with dx as a differential form.

In Einstein’s theory of gravity, the Bianchi identity gives us a hint on how to define
Einstein’s equation such that the conservation of energy-momentum tensor is guaranteed.
The situation is different for the gravity theory of the area metric. The conservation of
energy-momentum is a result of the invariance of the theory under general coordinate trans-
formations. In the theory of area metrics, the gauge symmetry is still merely general coordi-
nate transformations. We do not expect more conserved quantities than before, although we
do expect more equations of motion for more independent components in the area metric.
Therefore, we should not try to define the generalized Einstein equation from the generalized
Bianchi identity as we did in Einstein’s theory.

On the other hand, we wish to find an equation of the area metric that would reduce
to the Einstein equation when h is given by a metric ¢ as in (5). Assuming that the area
connection is given by I' with both S and K vanishing, while the induced connection is

identical to the Levi-Civita connection defined by the metric g, we have

R yin = Ria'm0), — R’ 1m0}y — Rig' 167, + Ry’ 0L, (137)
where Rl-jkl is the Riemann tensor for g. Then one can check that the equation
A A 1 : 1 ,
G"Z = R m . 7R m m 7R zmm — 0 138
j Kl Jm Kkl (D—2) Y k +(D—2) ikl (138)

reduces to the Einstein equation in vacuum through the relation (137). Up to an overall
factor, this is the only combination of the area curvature R with this property. When the
source term is present, the generalized Einstein equation should be of the form

1 1
(D —2) (D —2)

although for the time being we do not know anything about the source term Z, except that

R; e — R, T Rjkimlm = Zjikla (139)

its trace reduces to something given by the energy momentum tensor 7;; as

1
Z* = (D—1)|Ty; — mgijT’fk (140)

when the area metric is defined by a metric g.
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7 Examples of area metric and area connection

In this section we consider the class of manifolds with area metrics that can be diagonalized:
hag = Aadag, (141)

where A4 is a function of space-time. We will denote the inverse of A4 by

M= (142)

In this section, the Einstein summation convention is not used.
There is a universal expression for a candidate of area connection which satisfies both

the area metricity condition and the area torsion-free condition:
1 ij _ L i, 1 T im |1 jm
Logisiey = 50 Ai e = 306Nt lim + 30N o — 705Momi " + 7 0id g Iy (143)

where I}) = 6i6) — 6i6]. However, this expression is not covariant, and so it is not a good
choice for a reference connection. Hence we shall not use this expression, but instead we
will find the generalized Levi-Civita connection by imposing the covariant constraints (117)
— (124).

Following the procedure outlined in Sec. 5.2 to find the area Levi-Civita connection, we
find that the traceless condition of S’ (118) gives

> AFdNGy —2(D — 2T — 2 Zr’kk =0, (144)
ki
(D—2)I"; + AT, =0 for i3, (145)
where
A=) ARG (146)
k4,5

These equations for I'; are solved by

I = [Z AP NGy — Z AR dAW] . (147)
Then the area metricity condition implies that S’ is
Sijrt = Oligiimg Bd)‘[iﬂ = A (0" + T”ﬁ)} : (148)
where 01k is the Kronecker delta d,5 with A = [ij], B = [kl]. It follow that

1
T'sp = §5ABd)\A+KAB- (149)
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Now we can solve for K by imposing the area torsion-free condition. The Levi Civita

area connection is finally given by

Ciijlig) = %@'Ama (150)
Ciigiig = %@)\[ma (151)
Cipppn = —iakkm (152)
Liinig) = iak)\[ij]a (153)

where 7, j, k are assumed to be all different. Other components of I" vanish.
In the above we have assumed that the area metric is generic. However, the solution

above for I'; is not unique if the area metric happens to satisfy the condition
iNG 2
NN = (D —2) (154)

for some indices i # j. In the subsection below, we see in an explicit example that this
degeneracy in area connection somehow does not lead to degeneracy in the solutions of the

generalized Einstein equation.

7.1 Static solutions with spherical symmetry

Here we find solutions to the generalized Einstein equation for 4-dimensional static diago-
nalizable area metrics with spherical symmetry. There is degeneracy (i.e. (154) holds) in
this case.

Let the space-time coordinates be denoted (t,r,0, ¢), where ¢ will be interpreted as the
time coordinate, r the radial coordinate, and @, ¢ the angular coordinates. The spherical
symmetry acts on the coordinates 6, ¢ as it does on the angular coordinates on a 2-sphere.
We assume that there is a coordinate system in which all components of the area metric are

independent of ¢ (static). The ansatz of the diagonalizable area metric is

Piptr = F1<T)7 higre = F2<T)7 (155)
higte = Fo(r)sin?0, heorg = F3(r), (156)
hT¢>T¢> = F3<T) SiIl2 9, h9¢9¢ = F4<T> sin2 0. (157)

By a change of coordinates r — r’ = r/(r), one can always set
Fi(r)=-1 (158)

without loss of generality. We have 4 functions Fy(r), F3(r), Fu(r) to begin with. We

parametrize them in terms of ®y(r), ®3(r) and Y (r) as
Fy(r)= =0, RBy(r) =", Fy(r) = Br)B0)Y (). (159)

25



If Fy(r) = —Fy(r)F3(r) (Y = —1), this area metric can be interpreted as one that is defined
by an ordinary metric.

The degeneracy condition (154) is satisfied for the pairs of indices (1,2) and (3,4). Thus
[ 1, 17 2, T 3, and T %3 satisfy

m 2L 1,
2= —%A%P’ml% (160)
[ 4 = —%A43F;n34. (161)
Demanding spherical symmetry on F;»ik, we take the ansatz
Ity = f(r), I3y = —sinfcos¥, (162)

where a new functional degree of freedom f(r) is introduced. It turns out that the generalized
Einstein equation fixes f(r) uniquely, without introducing more than one solutions for the
same area metric.

In addition, the area metricity condition implies that

| , 1
ri [ik] o (k1]
= Z NHO Ny — o > AFD, Ay (163)
ki k#l
(without summing over 7). All other components of the induced connection T;ik vanish.
After solving S’ and K, we find the resulting area connection I',, 45 (m = 1,2,3,4 and

A B=1,2-6):

I = —Tip= —ie%(Zf(T) + ®L(r)), (164)
Tus = ~Tiss = —3e™(2F(r) + @ (r)) sin’6, (165)
Ty = —%e% (1), (166)
Loz = —%eq’? @4 (r) sin? 0, (167)
oy = %e% Y (r), (168)
o5 = %e% @4 (r) sin? 0, (169)
Tags = —%e%*%(y’(r)+Y(r)(q>’2(r)+q>g(r))sin29, (170)
Ty — —Tap — —ie%(z £(r) — DL (), (171)
D33 = —Tyo3 = yso = —e®2cosfsinb, (172)
Tsss = —Tyus =usy = e®¥ cosOsiné, (173)
Tss6 = —Tag5 = —Taug = Dugs = ie%”’?»(y’(r) + Y (r) (@ (r) + ®y(r)) sin® 0, (174)
a6 = —e?2T 3 cosfsind Y(r), (175)
Ty = —Tyg = —ie%(z f(r) — ®4(r)) sin® 0. (176)
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One can check that this area connection is of the form (117) and satisfies both the area
metricity condition and the area torsion-free condition.
The generalized Einstein tensor then gives the following seven non-trivial components

1
G’y = gecprq)?’ [—4f2 +Af + 2(1)/22 +2f (0 — 0f) — 505 + 2(1)/2/} ’ (177)

G’ e®2 ™% [—4f?Y 4 3V, 0, + 2f (3Y' + Y (TP} — D))

32Y
+Y <16f’ 18D — LE, + 8(1)’5)} ,

Gyl = % [—4]"’ 43007 — La, — 2f (B + @) + 6<1>g] , (178)
Gyloy = — 1611/2 [—31/’2 +3Y (Y (29, + Bf) + 2Yy)

+Y? (4f’ 46D, 4 2f (B — 20, + BLd, + 120 + 6@91)} , (179)
Gslis = 3—1264’2 [—326*4’2 FAf2 = 16f — Y@+ T0)° — YO, — Y O, P

2 (Y 4 (8 + Y, + YPL) + 8], (180)
Giylyy = 1—1664’2 [—166—‘1’2 CAf2 A (1) — 2f B, — AV, + 20,2 — 2V D, — 3V,

3V LB, — Y, — 2V 1 28] — 2Y Bl — 2Y<I>g] , (181)
Go'y = o™ [—31/’2 +Y (326—% —AfT - B2 Af (Y D)+ 6Y (20, + D) + 8Y”)

+Y? (7@’22 F8BLD, + L 4 Af (B + B,) + 8L+ 8@95)} , (182)
where we omitted redundant relations, e.g. G;71; = —G/i, and G144, Goos, Gal1a, Ga?os, G334

give the same relation as G313, G223, G3tis, G323, Gsys up to an overall factor, respec-
tively.

The generalized Einstein equation in vacuum I'" = 0 gives 7 differential equations (not all
independent) for the 4 functions @, 3, Y and f. We find two classes of solutions to these
equations.

The first class of solutions of the generalized Einstein equations is given by
Y(ir) = —1,

1

(r) (183)
fr) = =50, (184)
(r) (185)
(r) (156)

Oy(r) = log [('r’ +e)? — cl] , 185

r+ Co

d
3 Ja

186

r) = log [(T +c9)? — cl} + ¢y tanh ™ l ] + C4,

where we need either ¢; = 0 or ¢3 = +4, while ¢;’s are all constants. Note that all solutions
of the area metric with Y (r) = —1 can be interpreted as the area metric defined by a regular

metric with

F: .
Qrr = —glgl = _—3 Geg — \/ —F2F37 g¢¢ = 4/ —F2F3 Sll’l2 9 (187)



It reduces to the Schwarzschild solution for a mass m when

¢ =m?, Co = —m, cg =4, cy = 0. (188)

Another class of solutions allow Y'(r) to be an arbitrary negative function. For an arbi-

trary negative function Y (7), we have

f) =~ (189)
Oy(r) = 2log(r —a), (190)
By(r) — —log|Y(7’)\_2/”dr’ﬁ (m%@). (191)

As long as Y # —1, the area metric can not be interpreted as that defined by an ordinary
metric.

Apparently, there are infinitely many spherically symmetric static solutions of the area
metric in vacuum, in contrast with the no-hair theorem for the Riemannian metric. We
can interpret our result as follows. In the collapse of a spherical object, stringy effects
become important when the energy density is high, so that the space-time geometry is
better described by the area metric. The abundance of area-metric configurations may allow
the information of the collapsing matter to be preserved without breaking the spherical
symmetry. It is tempting to speculate a resolution of the information loss paradox following
this line of thoughts.

8 Summary and outlook

In this paper we have considered the generalization of metric to area metric, and studied the
notion of area connection as well as area torsion and area curvature. We propose to explore
the possibility that the area metric is more appropriate than metric to describe the geometry
of the early universe in a stage when stringy effects are important. A phenomenological
question is then, if the metric is inappropriate for describing the geometry of the universe
at an early stage, why is it suitable to describe our present-day universe? We have shown in
Sec. 3.1.4 that there are potential energy terms which can drive the area metric towards a
configuration that admits an approximation through (5) for a certain metric.

We have pointed out the fact that there are many covariant tensorial degrees of freedom
in the area connection and there can be many ways to fix them. We found a class of 3-
parameter area connections to satisfy the area metricity condition and the area torsion-free
condition, and we pointed out that the algebraically simplest choice is (A =0, = 0,5 = 1).
In this case, when the area metric is given by a metric g through (5), the area connection can
be taken as T' = IV, with T" given by the Christoffel symbol of the metric g. The generalized

Einstein equation is defined so that it reduces to the Einstein equation in this situation.
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One may hope to impose more constraints on the area connection, such as the covariant
constancy of the volume form. The volume form is automatically covariantly constant in
Riemannian geometry if the metricity condition is satisfied. But the area metricity condition
is insufficient, contrary to what was claimed in some of the literatures. In fact, the covariant

constancy of the volume form with respect to the area connection 3

imposes a very strong
constraint on the area connection, which in general constrains the area metric (and its
derivatives). We will explain this in Appendix A.

A problem with our formulation of the gravity of area metric presented above is that
it does not seem to admit an action principle. With an action principle, the current that
couples to the area metric h;j, is expected to be a tensor 7k with 4 upper indices (or
4 lower indices by using the area metric), unlike the tensor Z/* in (139). Similarly, the
tensor Rijklmn does not admit the definition of scalar curvature through the contraction of
indices, if the only additional tensor available is the area metric. A possibility is that the
action principle for the area metric theory is available only in certain dimensions when the
volume form can be used to do the trick. For example, in 6 dimensions, one can define
Zijin = L;""PQnpini. We leave the issue of action principle formulation of the area gravity
for the future.

A related issue that has been left out above is the description of matters in the background
of a space-time geometry defined by an area metric. As we mentioned in the Introduction,
the Yang-Mills action (including the Maxwell action) is naturally defined by the area metric.
The propagation of light in an area metric background has been studied in the literature [7],
and the causal structure for a given metric is analyzed in detail |7,9] for 4 dimensional space-
time. The quantization of general linear electrodynamics has also been considered [12].

It is less clear how to describe the motion of point masses in a background defined by the
area metric. It turns out that the area metric determines an effective Finsler geometry and
a point particle moves along its geodesics [3]. It will also be interesting to consider higher
dimensional branes in the geometry defined by area metric.

Generalizations of area metric to metrics of higher dimensional volumes can be studied

in a similar fashion. The metric for a d-dimensional volume can be defined as

dv? = hy, iy, (A2 Ao A dr') @ (do? A - A dad), (192)
where the volume metric h should be totally anti-symmetrized in (i1,--- ,7;), and totally
anti-symmetrized in (71 - -, jg). It should also satisfy the cyclicity condition

Z hil"'idfl[jl"'deﬁl] =0, (193)
eylic(j)
which is summed over cyclic permutations of (ji, -, Jar1)-

3 Recall that we have shown in Sec. 4.3 that the volume form is always covariantly constant with respect

to the induced connection I';(0).
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Finally, a generalization of the area metric analogous to the generalization of the usual
metric to Finsler geometry [13] is possible. Let us first review the notion of Finsler geometry.

For the action of a particle
S= / dr Lz, &) (194)
with reparametrization symmetry, the Lagrangian must be homogeneous of degree 1 in & =
dx/dr:
L(z,\i) = AL(z, 7). (195)
Then it makes sense to define, up to an overall factor, the length of an infinitesimal line

element as

ds = L(x,dz). (196)

Finsler geometry is the geometry equipped with this class of definitions of length. Similarly,

we can define the area Finsler geometry by a generalized string action
S = /dea L(x,x,2"), (197)
where the Lagrangian density should satisfy
L(x,\t,2") = L(x, 2, ') = \L(x, &, 2"). (198)
It is then consistent to define the notion of area via
da = drdo L(x,&,2") = L(x,dTi, doz’). (199)

Such a generalized notion of area, and more generally the volume of m-dimensional subman-
ifolds embedded in an n-dimensional space defined analogously, have been considered under
the terminology of “areal geometry” [14]. In these considerations, the metric and connection
in general depend not only on x but also on the derivatives of x with respect to world-volume
coordinates. It will be interesting if any of these generalized notion of geometry will find its
natural applications in string theory through extended objects like D-branes. We leave this

possibility for future study. For a recent work in this direction, see [15].
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A Covariant constancy of the volume form

In Riemannian geometry, the volume form is covariantly constant as a result of the metricity
condition. However, the volume form (29) defined from an area metric is in general not
covariantly constant with respect to the area connection, even when the area metricity
condition is satisfied.

If one wants to impose the covariant constancy of the volume form

as a constraint on the area connection, an immediate problem is that the covariant deriva-
tive with respect to the area connection I';; cannot be straightforwardly defined in odd
dimensions.

For D = even, one can interpret the covariant constancy of the volume form (200) as

EQ | R _..._EQ

S o o o . . TYp-1iD .
dQZl---ZD J1J2t3"1D 1112 11--'ZD—2]D—1JDF ?
2 2

— 0. (201)

D—1%D

This condition (201) is highly non-trivial, and it is too restrictive to be imposed on the area
connection. The origin of the problem is that, although the first term in (201) is totally
anti-symmetrized in all indices, the rest of the terms are a prior: not.

As an example, in 4 dimensions, the condition (201) implies all of the following equations

(without summing over repeated indices)

dweijr = wegr (T + Ty, (202)
dweijie = 0= w(el?j + €T, (203)
dweji; = 0= 2wep; T, (204)

for an arbitrary permutation {7, j, k, [} of {0, 1,2,3}. They constitute a total of 84 constraints
on the area connection. (They are not all linearly dependent — see (206) below.)

The number of constraints derived from (201) increases with the dimension D much
faster than that of components of the area connection. Therefore, in general the condition
of covariant constancy of the volume form (201) imposes too many constraints to be solved
together with the area metricity condition. It is therefore unlikely to impose (201) for all
D, unless further constraints are imposed on the area metric so that there is more linear
dependence in the constraints (201).

The fact that the volume form is in general not covariantly constant means that the
operation of Hodge dual is in general not commutative with the operation of covariant
derivatives, with respect to the area connection. (On the other hand, as we have seen in Sec.
4.3, the volume form is covariantly constant with respect to the induced connection.)

There is on the other hand a tensor whose covariant constancy is guaranteed by the area

metricity condition. It is

d(det h)EAlAg---AN = (det h)EBAQ...ANI‘BAl + (det h)EAlB...ANFBAQ + (det h)EAlAQ___BFBAN,
(205)
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where A;,B = 1,2,--- /N = CP, and the determinant (deth) is defined in (27). This
equation is equivalent to
dlog(det h) = Ty, (206)

which can be derived as a result of the area metricity condition.
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