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Abstract
We review various classical unified theories of gravity and other interactions that have appeared in
the literature, paying special attention to scenarios in which spacetime remains four-dimensional,
while an “internal” space is enlarged. The starting point for each such unification scenario is a
particular formalism for General Relativity. We thus start by reviewing, besides the usual Einstein-
Hilbert and Palatini formulations, the Einstein-Cartan, MacDowell-Mansouri and BF (both non-
chiral and chiral) formulations. Each of these introduces some version of “internal” bundle and
a dynamical variable that ties the internal and tangent bundles. In each of these formulations
there is also an independent connection in the “internal” bundle. One can then study the effects of
“enlarging the internal space”, which typically leads to a theory of gravity and Yang-Mills fields.
We review what has been done in the literature on each of these unification schemes, and compare

and contrast their achievements to those of the better developed Kaluza-Klein scenario.
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I. INTRODUCTION

Both General Relativity (GR) and Yang-Mills (YM) theories are geometric. It is thus not
surprising that there have been attempts to unify them in the framework of some classical
field theory. There was a flurry of activity along these lines in the context of the Kaluza-Klein
scenario in the 70’s and 80’s. This activity was later subsumed by the development of string
theory. The developments in the latter during the last two decades have led the majority
of the theoretical physics community to abandon the idea of gravity - YM unification at
the level of classical theory as too naive. Instead, the currently prevailing view is that both
gravity and YM arise naturally in the context of string theory, with gravity being the low
energy limit of closed strings, and YM being the low energy limit of open strings. This does
imply relations between the two theories, but these relations are very different from the
idea that gravity and YM are parts of a single classical theory. Instead, (super)gravity on
a certain background manifold with boundary is equivalent to a certain (super)-YM theory
on the boundary [1]. In a different relation between the two theories, gravity can be seen as
YM theory squared [2].

At the same time, the ideas of unification at the level of classical theory are almost as old
as the subject of GR itself, as we shall review shortly. It may well be that, as in many other
cases, history will eventually make another full circle and these ideas will attract attention
again. The aim of the present review is to collect what is currently known about the subject,
and compare and contrast different approaches, in the hope that this will create a useful
resource for future developments.

The history of attempts at unification of gravity with other forces of Nature started
shortly after the formulation of the GR itself E] Over almost four decades, many different
routes have been tried by Einstein himself, as well as researchers influenced by his ideas, see

, [1] for the history of Einstein’s attempts and related works. The common consensus is
that none of these approaches succeeded.

In retrospect, at least one of the reasons for this was that researchers did not have all

the ingredients to be unified.! Indeed, Einstein was only concerned with the unification of

! There was also Einstein’s insistence on availability of everywhere regular solutions he wanted to use to

describe matter, as well as his reluctance to accept the unavoidability of the quantum theory, see H]



gravity with Maxwell theory.? Einstein died in 1955. Just a year before his death YM theory
was proposed. YM theory came to prominence with the discovery of the Higgs mechanism
in 1965. In 1967 the electroweak unified theory was proposed. Asymptotic freedom was
discovered in 1973 and suggested that also the strong interactions can be described by non-
Abelian gauge fields. Thus, Einstein did not live long enough to have all the pieces of the
unification puzzle.

In spite of this, many of the ideas that were proposed in those early efforts evolved and
survived in some form until the present day. For example, it is noteworthy that SO(3)
gauge fields were discovered one year before Yang and Mills by Pauli in the context of the
Kaluza-Klein reduction of what we would now call a sphere bundle [§].> The work of Kaluza
and Klein was extended to general non-abelian groups in the 1960’s ﬂﬂ, ] Its revival
in the late 1970’s and early 1980’s was a prelude to the subsequent development of string
theory. The emergence of gauge theories was also heavily influenced by the work of Weyl
on his unified theory ]

As we already mentioned above, unification of the non-gravitational forces of Nature with
gravity in the form of a classical field theory is not, at least currently, a popular topic. This is
in part due to the discovery of new relations between gravity and YM ﬂi E] Further reasons
include: (i) the stigma associated to the unification idea by Einstein’s unsuccessful attempts;
(ii) somewhat disappointing conclusions that resulted from the revival of the Kaluza-Klein
theories in the 1980’s, see Section [V'A} (iii) expectation that no classical unified theory
of this sort can be promoted to a UV complete quantum theory. Nevertheless, papers on
this topic do appear from time to time, often to rediscover what was earlier done by other
authors. We hope this exposition will make the existing constructions better known and
thus save researchers from rediscovering them in the future.

In one way or another, all (classical) approaches to the unification of gravity proceed

by taking some structure from pure gravity, enlarging or generalising it in a geometrically

2 Schrédinger, on the other hand, tried to include a “meson” field into his unified theory, see H], Section 8.
3 Tt is interesting to remark that the notions of fibre bundle, connection and parallel transport was already

familiar to mathematicians at that time, it had just not penetrated to physics yet. A particularly relevant
example is the notion of Ehresmann connection introduced in 1950 [9]. This defines a connection as the
horizontal subbundle of the tangent bundle of the total space of the fiber bundle. It is this notion of the
connection that arises most naturally in the context of Kaluza-Klein dimensional reduction, where the

horizontal distribution appears geometrically as the orthogonal complement to the vertical one.



natural way and then reinterpreting the added structures in terms of other physically relevant
fields. These unification proposals can then be classified according to their starting point.

Thus, all the unification attempts that are the focus of this review will be in correspon-
dence with formalisms for GR that lie at their starting points. These fall in the following
three broad categories: (i) formulations of second-order in derivatives, in which the space-
time metric (or a field that encodes the metric, see below) is the only field appearing in the
Lagrangian; (ii) first-order formulation where in addition to the metric also an independent
connection field is introduced; (iii) second-order formulations in which the metric variable
of the first-order formalism is integrated out (this only works with a non-zero cosmological
constant).

In the first category, where the spacetime metric is the only field to play with, there is
not much room for generalisation. One possibility is to stay in four dimensions but remove
the assumption of symmetry of the basic field. This possibility has been studied extensively
by Einstein and co-workers, see [7]. Another prominent contributor was Schrédinger, even
though his work involved also an independent connection field. This will be commented
upon later on. The idea of combining the metric with an anti-symmetric tensor has been
persistently criticised by Pauli as going against the spirit of unification: “What God sepa-
rated, the humans must not join*, see H], page 67. This idea, however, has survived up to
the present day. The anti-symmetric tensor that can be put together with the symmetric
metric has become known as the B-field, or 2-form field. The B-field appears naturally in

")

where it becomes unified with the metric. It is also a necessary ingredient of double field

many contexts. For example, it is an important part of Hitchin’s generalised geometry

theory [14]. Still, it is clear that a 4 x 4 tensor does not have enough components to contain
all the bosonic fields that are the present in the Standard Model (SM) of particle physics. *

The only other possibility in the metric context is to allow for a higher number of space-
time dimensions. This leads to the Kaluza-Klein scenario, which is still one of the most
popular approaches to unification. Given that the dimension of the internal space is in
principle unlimited,® there is as much space here as one wants, and so in principle all the

known gauge fields, together with gravity, can be accounted for. An influential paper along

4 Replacing the metric by a frame field (or tetrad, or vierbein) does not change this conclusion, since the

additional degrees of freedom are pure gauge.
5 Unless supersymmetry is assumed; supergravity can exist in at most 11D.



these lines is ﬂﬂ], which also pointed out one of the most serious difficulties one encounters
on this path - obtaining chiral fermions. We will further comment on pros and cons of
the Kaluza-Klein approach later. Kaluza-Klein scenario is now part of string theory in the
sense that the low energy limit of string theory (or hypothetical M-theory) is 10D or 11D
supergravity, which then gives gravity plus a variety of matter fields upon compactification
to 4D, see e.g. [16] for a review.

In the second category one introduces an independent connection field into the Lagrangian
of gravity. This can be the affine connection of the Palatini formulation of GR, or the spin
connection of Cartan’s tetrad formulation, or the self-dual part of the spin connection in
Plebanski-related formulations, or the Poincare connection in MacDowell-Mansouri-type for-
mulations. In all these formulations (apart possibly from the MacDowell-Mansouri one), the
connection is first introduced as an auxiliary object, to convert the Lagrangian of the theory
from second-order in derivatives to first order. In this respect the connection is analogous to
an independent momentum variable that can be introduced to convert Lagrangian mechanics
to Hamiltonian form.

Once a connection appears in the Lagrangian, one can also change the viewpoint and
think about the connection field, not the metric, as the “main” variable. This leads to
formulations of the third category, in which the metric variable of the first-order formalism
is “integrated out” to obtain a second-order “pure connection” formulation. This only works
when there is a non-zero cosmological constant.

The second and third category offer an alternative route to unification: instead of enlarg-
ing spacetime one can enlarge the gauge group and the corresponding connection. This turns
out to be much closer in spirit to unification as normally understood in particle physics.

It is worth mentioning that also this route had been briefly explored by Einstein with
his assistant Walther Mayer ¢ around 1931 B], B] These papers seem to be very little
known, and we shall review them briefly in section [ B1l A non-abelian generalization of
this work, due to Rosen (another erstwhile collaborator of Einstein) and Tauber appeared in
1984 ] At about the same time, the same idea was proposed also by one of us, motivated
by the analogy to grand unification in particle physics. In the same year, however, particle

physics took a different direction. This, and the disappearance of Einstein’s old school, is

6 better known for the Mayer-Vietoris sequence in topology.



one reason why the bibliography on this scenario is so limited. We will give references in
the main text.

Let us also point out that there are many excellent reviews specifically devoted to the
Kaluza-Klein scenario, but there is very little discussion in the literature on the possibility
of “enlarging the internal gauge group”, and this is why our review is mostly devoted to the
latter scenario.

This paper is organised as follows. We start, in Section [[Il with a concise description of
what unification means in particle physics. We also describe here some less conventional
unification scenarios that view the Higgs field as the component of a gauge field in a higher
dimensional space. We then review, in Section [[TIl the known formulations of GR that are
relevant for the program of unification. We cover the usual metric formulation (briefly), the
tetrad formulation and its versions, the MacDowell-Mansouri formulation and its versions,
and BF-type formulations in their non-chiral and chiral forms. Section [[V] describes some
hints that support the idea of a classical gravity - YM unification. The various unification
scenarios are then treated in Section [Vl Section [Vl contains a critical assessment of these

theories, a discussion of various related topics and conclusions.

II. WHAT IS UNIFICATION?

In very broad terms unification is a mechanism by which fields of two (or several) different
physical theories become components of a single field. There are many examples of this sort

in physics. Here we review the main points and examples in a non-gravitational context.

A. Unification in particle physics

In particle physics the notion of unification has a well-defined technical meaning, that we
will use as a benchmark to judge our tentative unified theories including gravity.

Suppose we have two types of interactions A and B described by two gauge theories with
gauge groups G4 and Gg. In order to construct a unified theory of A and B one has to go

through the following “to do” list.

1. identify a unifying group G that contains G4 and G as commuting subgroups.



2. fit all known particles in irreducible representations of G in such a way that when they
are decomposed in representations of (G4 X Gp, all the known particles are present
with the right quantum numbers. The decomposition will generally contain also new
particles that are not in the known low-energy spectrum, for example gauge fields that

are not in the subalgebras of G4 or Gp.

3. identify a suitable order parameter. Typically, this is a scalar carrying a linear rep-
resentation of G that contains an orbit diffeomorphic to the coset G/(G4 x Gg). In

general the order parameter need not be a scalar, nor a fundamental field.

4. write a G-invariant action for all the fields. Among other things, the action must be

such that:

(a) it should provide a dynamical explanation for the different appearance of the
phenomena A and B. This can be obtained by writing a G-invariant potential
for the order parameter, whose minima form an orbit with stabilizer G4 x Gp.
By tuning some of the parameters in the potential (typically a mass), one can
continuously go from an “unbroken” or “unified” phase, when the minimum of
the potential is in the origin, to a “broken” or “Higgs” phase, when the minima
of the potential form an orbit diffeomorphic to the coset G/(Ga x Gp). If the
order parameter is a composite object, a more elaborate dynamical explanation

may be possible.

(b) all the new particles not contained in the original theories must have high mass,

so as to be invisible at low energy.

Note that the first three points are of a group-theoretic or kinematical character, whereas
point 4 concerns the dynamics. One could add to the preceding list some further require-
ments, for example that the theory be renormalizable. This, however, is not strictly neces-
sary. We shall return to this point.

In order to have a genuine unified theory the group G should be simple. Then, there is
only one gauge coupling and the difference between the interactions A and B is entirely due
to the non-zero VEV of the order parameter. Even though the electroweak (EW) sector of
the SM is not a genuine unified theory, because the EW gauge group SU(2) x U(1) is not

semi-simple, it satisfies all other requirements listed above. Much work has gone towards a
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construction of “Grand Unified Theories” (GUTSs) of the EW and strong interactions M]

In these theories the connection has the block structure

EW gauge field mixed gauge field
GUT GAUGE FIELD = : (1)

mixed gauge field strong gauge field

where the mixed gauge field components (usually called “leptoquarks”) must have a very
high mass. There are many possible variants, both with and without supersymmetry. The
lack of progress on this front is due mainly to the failure to detect the decay of the proton,
which redicted by these models. Many models have been ruled out but others remain

21, b,

In the preceding “to do” list we have described the case when the order parameter carries

viable

a linear representation. This is the case, e.g. for the EW theory, where the order parameter is
the Higgs field, which carries the fundamental spinor representation of the weak SU(2). One
can also go through the same steps by assuming that the order parameter carries a nonlinear
realization. In this case it would be typically a scalar with values in the coset G/(G4 x Gg)
(a nonlinear sigma model). Thus, we would have only a subset of the fields that are present
in the linear models, namely those variables that can be called “Goldstone bosons”. Insofar
as the purpose of the above construction is to give a mass to the components of the gauge
fields that are not in the subalgebras of G4 or Gp, this is perfectly sufficient: one can
choose a “unitary” gauge where the Goldstone boson fields are constant, and in this gauge
the kinetic term of the scalars becomes a mass term for some components of the gauge field
]. However, there are several reasons why this is not completely satisfactory. First,
the nonlinear sigma model is not renormalizable. Second, and even more important, the
scattering amplitude of the longitudinal bosons would violate the unitarity bounds near
the scale of unification. This is avoided in the presence of the additional singlet “Higgs”
scalar degrees of freedom that form a linear representation. Finally, the non-linearly-realized
theory describes only the “broken” phase. For all these reasons, at least in the particle
physics context, the non-linearly realized theory should only be viewed as an effective field
theory valid at energies below the scale of unification (the coupling of the nonlinear sigma

model is roughly comparable to the inverse of the unification scale).



B. Gauge-Higgs unification

Apart from the standard particle physics unification scheme reviewed above, there is a
set of scenarios where further unification is achieved. There are several different realisations,
but they all share the same common idea — it is assumed that the space(time) has extra
dimensions and the Higgs fields are just the extra-dimensional components of the gauge
field. In other words, a pure gauge theory in higher number of dimensions gives rise to a
gauge theory plus scalar (Higgs) fields upon dimensional reduction to lower dimensions:

Higgs

GAUGE FIELD = : (2)
gauge field

This is in the spirit of KK dimensional reduction, the only difference being that the theory
that is reduced is Yang-Mills theory in higher dimensions, not gravity.

At the mathematical level, there are some famous realisations of this mechanism. N = 4
supersymmetric Yang-Mills theory in four dimensions, with its six (Lie algebra valued)
scalars arises as the dimensional reduction of the ten-dimensional Super-Yang-Mills theory

|. Hitchin integrable system in two dimensions with its complex-valued Higgs field arises
as the dimensional reduction of the four-dimensional self-dual Yang-Mills theory [31].

From a more physical perspective, the interpretation of the Higgs field as the extra-
dimensional component of the gauge field has been developed by Hosotani, see e.g. [32] and
references therein. The non-commutative geometry model of Connes interprets the bosonic
sector of EW theory as the Yang-Mills theory on a non-commutative space [33]. The Higgs
field gets the interpretation of the component of the gauge field along the non-commutative
direction. A similar idea is used in the approach pioneered by Neeman, where the Higgs
field appears as a component of a superconnection, see [34] for a review, and [35] for a recent
concrete scenario along these lines.

To summarise, apart from standard particle physics models that require dedicated Higgs
fields to break symmetry, there are also scenarios that give Kaluza-Klein-type interpretation
to the Higgs fields, as extra-dimensional components of a gauge field. There is a host of

models along these lines, and the difficulty is always in writing a realistic model.



III. FORMULATIONS OF GENERAL RELATIVITY

As we have described in the Introduction, in very general terms the idea of unifying gravity
with other forces is to take a particular formulation of General Relativity and “enlarge”
the fields appearing in the corresponding Lagrangian. The unification procedure will thus
depend on the formulation of GR that one takes as the starting point. Because of this, we

will start by reviewing the available formulations.

A. The metric-related formulations
1. Metric formulation

This is standard, so we will be very brief. The only field appearing in the action is (at

this stage symmetric) metric. The Einstein-Hilbert action in D spacetime dimensions is

1
— [ d"sV=g(R— (D-2)A), 3)

Senlg] =
where G is the Newton’s constant. In D dimensions it has the mass dimension [1/Gy] =
D — 2, while [A] = 2. The cosmological constant is normalised so that, in any dimension,
the Einstein equation in the absence of matter reads R,, = Ag,,. The sign in front of the

action is signature- and convention-dependent, see below for ours.

2. First-order Palatini formulation

In the first-order formulation one introduces an independent connection field into the

game, to convert the Lagrangian into first order in derivatives form. The Lagrangian is

d2y/=g (9" Ry (T) — (D = 2)A). (4)

SPalatini [g> P] 167 G

Here I',”, is the affine connection, i.e. a connection on the tangent bundle to a manifold,
with the covariant derivative being V ,v* = d,v, +1',7,v”. Our convention for the Riemann
curvature is =2V, Vv = Rf;,,v7 so that

Ry =01, = 0,17, + 1,7, = T.7. %, . (5)
One forms the Ricci tensor present in () out of the Riemann curvature R, (I') := R 5.

In Palatini formalism the affine connection is assumed to be torsion-free, i.e. to satisy the

10



symmetry *

Dty =T, . (6)

The Ricci curvature R, (I') is not automatically symmetric, but the symmetric part is
selected in (@) when R, gets contracted with the symmetric metric.

Variation of ({]) with respect to the affine connection gives an equation that implies that
V,g" = 0, i.e. that the connection is metric-compatible. The solution to this equation
is the usual expression for I' in terms of the derivatives of the metric. Substituting this
solution into the action one gets back the second-order Einstein-Hilbert action (3]).

We also note that in the case A = 0, if one views /—gg"” as the basic variable of the
theory, the action () is cubic in the fields. This has been emphasised by Deser @], who
used this cubic formulation to reconstruct GR from the linear Fierz-Pauli theory and hence

prove its uniqueness.

3. Eddington-Schrédinger formulation

Instead of “integrating out” from (@) the affine connection to get back (B]) one can in-
tegrate out the metric field. Indeed, varying the Palatini action with respect to the metric

one gets an equation that is trivially solved

1
I = KR(/W)(F)' (7)

This can then be substituted into the action to get a second-order pure affine formulation

Sesll] = —xias / @7 [~det( Ry (D). (8)

The field equation that results by varying this action with respect to the connection implies
that the metric defined in () is compatible with the connection. The definition of the
metric ([7) then becomes the Einstein equation. We note that this purely affine formulation
is only available with a non-zero cosmological constant. Note also that the coefficient in
front of the Eddington-Schrédinger action is always dimensionless. In four dimensions we

have (GA)™' ~ 10'?° a very large number.

7 Actually one could also assume that the connection is metric-compatible and derive the absence of torsion

as an equation of motion. See section [[ILB4] below.
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While the action () appears to be a natural construct, the pure affine formalism brings
with it arbitrariness that is not present in the metric formalism. This has been emphasised in
particular by Pauli, see H], Section 8.2. Thus, the tensor I, is not automatically symmetric
even for a symmetric affine connection. It can be split into its symmetric and anti-symmetric
parts, and these can be separately used in constructing the Lagrangian. The elementary

building blocks are then

Lo = \/_det(RW(F))’ Ly = \/ énvr e R0 Rig) R Rios]s Lo = €77 Riy) Ripo),
(9)
where é*?? is the densitized anti-symmetric tensor that exists without any background
structure on the manifold. The above blocks are all densities of weight one, and can be

integrated over the manifold. However, one can also consider their ratios. The most general

L=1Lyf (ﬁ—; 2—2) (10)

for an arbitrary function f of 2 variables. The case f = 1 gives GR, but other choices are

Lagrangian is then

possible. A general theory from this class has been studied in [37], where it was shown that
it is equivalent to a non-linear Einstein-Proca system. This ambiguity in writing down the
most general Lagrangian is a drawback of all “pure connection” formulations, see below.
Another drawback of the pure affine formulation is the very large number of field com-
ponents one has to deal with. Indeed, in four dimensions we have 4 x 10 = 40 components
in I',”, as compared to only 10 components in g,,. This makes the pure affine formalism

not too useful in practice.

B. Tetrad and related formulations
1. Frame fields and their geometrical interpretation

The tetrad (a.k.a. vierbein, or co-frame field ® ) is a collection of D linearly independent

one-forms 67, such that

Guv = eluermJ . (11)

8 The terms “tetrad” and “’vierbein” both have the drawback that they refer explicitly to four dimensions.

In three dimensions the same fields are usually referred to as triads or dreibeins; in higher dimensions the

4

term “vielbein” is used. We will ignore this and use the same term in all dimensions.
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An equivalent set of variables is given by the frame field (sometimes also called the inverse
tetrad or inverse vierbein) 6;#, which is a collection of D linearly independent vectors. They
are related by

0,0;" = 6" ; o' .0," =64 . (12)

The geometrical interpretation of 6;# is as fields of orthonormal frames in the tangent bundle
of spacetime, and of 9,5 as orthonormal co-frames in the cotangent bundle. Then, every tensor
can be decomposed in such frames, for example the orthonormal components of a tensor ¢
are related to the components in a coordinate basis by &/, = GIHHJVHKQGLBtZE . Also the
connection can be written in the orthonormal basis. The orthonormal components of the
connection, denoted wpl 7, are related to the Christoffel symbols, I',#, (i.e. the coordinate

components of the Levi-Civita connection) by *
00", +w, 07, —0',0,7,=0. (13)

This equation is usually interpreted as saying that “the total covariant derivative of the
tetrad vanishes” and written in the form V,07, = 0. When I',”, is compatible with the
spacetime metric, in the sense that V,g,, = 0, the connection w,’; is compatible with the
internal metric n’/. Indeed, we have n’/ = 07,07,g"" and so V,n'/ = 0 because both the
covariant derivative of the tetrad is zero (I3)), and the covariant derivative of the spacetime
metric is zero. The statement that the connection is compatible with the metric 7;; is the
statement that it is a Lorentz connection. This connection is also referred to as the spin
connection. ' Note that, defining w,; = nrxw,”™ s, the metricity of w is just the condition

of anti-symmetry
Wl = —WuJg - (14)
It is clear that for a given metric, the orthonormal frame is not unique — the Lorentz
rotated co-frame
0", =N",07, (15)
gives the same metric. This brings the group of local Lorentz rotations into play. This is an

important point for later, because the unification procedure that we will consider below will

9 It would be more natural to denote these by I‘pI 7, because they are the components of the same connection

in a different basis. We will stick to the traditional notation.
10 The Spin group is the double cover of the Lorentz group. These groups have the same Lie algebra and

therefore a connection for one is also a connection for the other.
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consist in enlarging this group. Under local Lorentz transformations the spin connection
transforms as

w, = A"'w, A+ A0, (16)
where we treated w, as a matrix, suppressing the Lorentz indices. In the same notation, the

curvature of the spin connection is
R, = —0,w, + 0w, — [wy, w,] (17)

and is related to the Riemann tensor by R,,;; = 6;°0;° R,,.50. (The choice of sign is dictated
by consistency with equation ({).)

Given any action S(g) for gravity in metric formulation, one obtains an action in the
tetrad formulation by setting S’(6) = S(g(#)), where g(6) is given by (IIl). For example

starting from the Hilbert action (B]):
1
- 167G

The tetrads are necessary to couple gravity to spinor fields, because spinors are represen-

S'(0) dPz|det 6] 0,0, R,," . (18)

tations of the Spin group. One cannot write Dirac Lagrangian for the fermions in terms of
the metric alone.

The interpretation of the frame fields given above is the most straightforward one but
it has the drawback that a smooth assignment of frame fields is in general only possible
locally. It is somewhat unusual that the dynamical variable should not be a globally defined
geometrical object.

There is an alternative interpretation that does not have this drawback. One can think
of a vector bundle E with fibers R” and a fiber metric of desired signature, that is globally
isomorphic to the tangent bundle. Let 6 be an isomorphism of TM to E. We choose (locally)
orthonormal frames {e;} in E and stick to coordinate frames {0,} in T'M. Then we can
view 07, as the local matrix representation of the isomorphism, relative to these bases.
In this interpretation, the co-frame field 67, is also called the “soldering form”. Equation
(II) says that the metric g on spacetime is the pullback by € of the fiber metric in £ and
likewise ([I3]) expresses the connection in 7'M as the pullback of the connection in E. In this
interpretation, £ is a priori unrelated to spacetime and therefore its fibers can be thought
of as “internal” spaces.

Throughout the rest of the paper we shall implicitly adopt this second interpretation and

refer to latin indices I, .J,... as “internal indices”.
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2. FEinstein-Cartan formulation

The Einstein-Cartan formulation is first-order in derivatives, so that apart from the tetrad
there is also an independent Lorentz connection w,;;. On-shell it becomes related to the
connection in T'M by (I3)). Importantly, the Einstein-Cartan action is written in terms
of differential forms and their wedge products, which makes it, unlike its Einstein-Hilbert

counterpart, polynomial. We will only need the 4D version. The action reads

1 A
SEC[Q,W] = %/EIJKLGI /\HJ A\ (FKL(M) — gﬁK /\GL) . (19)

Here F17(w) = dw'’ + w'® Awg’ is the curvature of the Lorentz connection.

When one varies ([9) with respect to the connection, one obtains an equation that implies
VOl = do! + wl; A7 =0, i.e. the zero torsion condition. This is an algebraic equation for
w!’ and can be solved uniquely in terms of the derivatives of 7. Substituting this solution
into the action (I9) brings us back to the action (I8]) discussed in the preceding subsection.

IJ are differential forms. Given

We also note that the tetrad 6/ and spin connection w
a metric, this gives a very efficient way of computing the Riemann curvature. This is in
particular due to the fact that in 4D there are only 4 x 6 = 24 components of w!’ to solve
for, while the affine connection I',”, has 4 x 10 components. Once the spin connection is
known the Levi-Civita connection is recovered via (I3)).

We note that the Einstein-Cartan action (I9) is polynomial in the fields it contains, and
contains just up to quartic terms. This is true even for A # 0, in contrast to the case of
the Palatini action (#]) which is only polynomial (with the choice of the inverse densitiesed
metric as the main variable) for A = 0. This, as well as the necessity of tetrads when spinors
are present, are the two reasons why the tetrad formulation can be considered superior to
the formulation in terms of the metric.

One drawback of the Einstein-Cartan formulation as compared to the metric one is more
complicated character of its Hamiltonian formulation obtained via the 341 split. It is known

This should be contrasted with the ADM formalism

that in this case there are second class constraints, see e.g. [38] for the Hamiltonian analysis.
@g] where no second class constraints

appear. The appearance of second class constraints in the Einstein-Cartan formalism is not
surprising because 24 “momentum” variables have been introduced in addition to 16 “con-

figuration” variables. The extra variables are then eliminated by second class constraints. A
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formalism that shares all the good features of Einstein-Cartan but does not suffer from the

problem of second class constraints is the chiral first-order formalism to be reviewed below.

3. Pure Lorentz connection formulation

¢

Given that it is possible to “integrate out” the metric variable from Palatini Lagrangian
(@) to obtain the pure affine formulation (§]), one can ask whether a similar trick is possi-
ble with the Einstein-Cartan formulation. The field equations one gets for the tetrad are
algebraic in any dimension, so this is always possible in principle. In 3D it is possible to

obtain a closed form expression for the corresponding pure connection Lagrangian, see [4(]

and also |41] for the description of this functional. In 4D the equation one needs to solve is
J ko _ A J A nK A oL
E[JKLH N F == gEIJKLH /\‘9 /\‘9 . (20)

At present it is not known how to solve this equation for #/ in a closed form. However, a
perturbative solution (around constant curvature background) is possible, see [42, 43].

We now describe this solution. The constant curvature background corresponds to

A
F = g91 NG (21)

Denoting by 6!, w’’ the background and by e, a’’ the perturbations we have the following

linearisation of (20)

2A
E]JKLQJ/\VCLKL = ?eIJKLeJ/\QK/\QL, (22)
whose solution is
3 » . 1
el = ﬁRgeJ, R = RL — 65=I’R’ (23)

where we introduced the linearised curvature R/} := 2V,a//0 07 and R} = Rif, R = R].

Note that the linearised “Ricci” tensor R} does not need to be symmetric.

The linearisation of the action (I9]), evaluated on the solution (23) gives, compare ]

3 Ao n A
S@[a] = oI / 0(6L.67, — 61,07 )RERM 4 geumef AO7 A aXy A aME, (24)
where 0 = (1/24)e; 500707050 is the volume form for §/. The last term here can be

rewritten in a convenient form. Thus, one uses the background condition (2I]) to replace the

M

wedge product of two §’s with the curvature. The term e; 5 F77a y;a™* is then rewritten
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by replacing a™t = (1/4)eMEF%epgrsa™, and decomposing the product of two of the €’s.
We get
E[JKLFIJCLKMGML = FIMCLMJEIJKLGKL = (1/2)(VV)GIJ€]JKLCLKL. (25)

Integrating by parts we can then replace the last term in [24) with —e; 5 Val/Va®l =

—(0/4)ersrer MNP RE NRJI.% . In these manipulations the wedge product is implied every-
where. Thus, the last term in (24]) can also be rewritten in the form curvature squared. The

final result for the linearised action can be written very compactly as [43]

3
Slal =~ [ 6CKHaICE ) (26)
where the Weyl-like tensor is defined as
R
Cila) == Ri, — (0} RY) — 0% RLy) + 55{1(5{}. (27)

Note that in Euclidean signature the action (20) has a definite sign. This is similar to
Eddington-Schrédinger action (), but in contrast to the metric formulation (3). The above
manipulations can be simplified by starting with the MacDowell-Mansouri action instead,
as in ] In that case there is no need for integration by parts manipulations, and the

linearised action (20) results immediately. We will review this below.

4. GL(D) formalism

In section [ITA 2] we worked with fixed coordinate frames, used the metric and the affine
connections as the basic fields and imposed absence of torsion on the dynamical connection,
which translates into the purely algebraic symmetry condition (@). Dynamics then enforced
metric-compatibility. On the other hand in section we worked with dynamical or-
thonormal frames, so that the components of the metric were fixed, and imposed metricity
on the connection, which translates into the purely algebraic antisymmetry condition (I4]).
Dynamics then enforced the absence of torsion.

One may wonder whether one could have exchanged the roles of torsion and non-metricity.
The two formulations only differ in the choice of frames, and physics cannot depend on such
a choice, so one would expect the answer to be positive. This is indeed the case, and to make

it manifest one can use a more general formulation, where the frames are not restricted to
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be either natural or orthonormal, and the connection is not constrained a priori to satisfy

any condition. Then, equation (1) is generalized to
v = HI,uHJI/VIJ . (28>

where 77, a set of scalar fields, are the components of the metric in the vectorbundle £ and
the connection in T'M is

1—‘puu = eluwpIJeJV + eluapelu (29)

where w, now does not have any symmetry property. In a general gauge, torsion and non-

metricity both involve derivatives:

@HI,, = 8“91,, — 8,,91u + quJHJ,, — CUVIJQJ“ , (30)
Ay = =01+ w.™ 1yrs +w. S v - (31)

In such a formulation one is free to perform local linear transformations on the indices I, J, so
the local Lorentz-invariance of the tetrad formulation is extended to local G L(D)-invariance.
This invariance can be gauge-fixed by either fixing the soldering form 9;6 = 5;6, which brings
us back to the standard formulation in natural frames, or the fiber metric v;; = 17, which
leads to the vierbein formulation. Note again that torsion is purely algebraic in the first
gauge and non-metricity is algebraic in the second one.

One can write an action

5(9777‘*}) = SPalatini(g(9>7)>F(9aw))> (32)

where the metric g and connection I' are given by equations (28),([29). It turns out that
in this generalized context the variation with respect to w does not fix the connection
uniquely. This is due to the projective invariance of the action, namely invariance under
the transformations dw,’; = 6%v,. One can get around this by demanding either metricity
or torsionlessness, and then the other follows from the equations of motion. However, the
condition to be imposed is now a differential, not a purely algebraic one as in the Palatini or
Einstein-Cartan formulations. Alternatively, we can further modify the action by adding a
generic term involving the squares of © and A, which can be seen as the natural kinetic terms
of the fields # and 7. One can show that generically (i.e. for almost all choices of coefficients
of such terms) the field equations imply that the connection is metric and torsion-free, and

on shell the theory is equivalent to GR.
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Note that the action (B2]) is no longer first order in derivatives, as the affine connection
I',#, now contains a derivative of the frame. One of the reasons for introducing an inde-
pendent connection was the desire to have an action that is first order in derivatives. From
this point of view, the action (B2]), possibly supplemented by terms quadratic in torsion and
non-metricity, could be seen as a step back. A related point is that there appears to be no
way to write an action realising these ideas in terms of differential forms, which can also be
seen as a drawback of this formalism.

Once the kinetic terms for the frame and metric are introduced as suggested above, one
can see that there is a kind of Higgs mechanism in action, giving mass to the connection, or
more precisely to the difference of the dynamical connection from the Levi-Civita connection.
This effectively removes the connection from the low energy spectrum, independently of the
details of the gravitational dynamics, and further strengthens the interpretation of GR as a
low-energy effective field theory.

This formalism has various applications ] It is necessary for a proper under-
standing of the transformation of spinors under diffeomorphisms ] The GL(D)-invariant
connection can be coupled to spinors by first extracting from it a Lorentz connection. This
is possible and unambiguous in presence of # and . However, the interpretation of the
remaining, non-metric degrees of freedom is not very clear and therefore this formulation
is not very natural for what we are going to discuss in the following. Also it seems that
fermions, and in particular SM fermions to be reviewed below, suggest that the gauge group
of the theory should be an orthogonal group, not general linear group. So, this type of
generalisation does not appear to go in the right direction. We refer to , ] for more

details on this formalism.

C. MacDowell-Mansouri formulation

The idea of this formulation B] is to combine the spin connection w!’ of the Einstein-
Cartan formalism together with the tetrad 67 into a connection for the gauge group SO(1,4)
or SO(2,3), depending on the sign of the cosmological constant. The Lie algebra of these
groups splits as the sum of the Lorentz subalgebra plus an additional 4-dimensional part. The
frame receives the interpretation of the component of the connection in this 4-dimensional

part. A similar idea can be put to use in 3D gravity, where it leads to its Chern-Simons
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formulation H] and, when the cosmological constant is zero, in Poincaré gauge theories of
gravity, see e.g. [52].

There are two versions of this formulation. In the original formulation of MacDowell and
Mansouri @], the basic field is an SO(1,4) or SO(2,3) connection, but the Lagrangian

1

is only invariant under the 4-dimensional Lorentz ‘gjroup.l Invariance under SO(1,4) or

SO(2,3) is explicitly broken. In the second version [53] the symmetry breaking from SO(1,4)
or SO(2,3) to SO(1,3) is dynamical, due to an auxiliary vector field, often referred to as

the compensator in the literature.

1. MacDowell-Mansouri version

The curvature of an SO(1,4) or SO(2,3) connection has two parts. First, there is the

part valued in the Lie algebra of the Lorentz group SO(1,3). It is given by

A
F7 = P17 (w) — 591 N (33)

Second, there is the remaining part, which is just a multiple of the torsion tensor V#'. The

4-dimensional MacDowell-Mansouri action is

3
647GA

SMM[Q,UJ] = — /EIJKLFIJ /\fKL. (34)

Using (33 we get the Einstein-Cartan action (I9]) plus a topological term.

The action ([34]) thus differs from (I9]) by a total derivative term, and leads to the same
field equations. However, it has many advantages over the Einstein-Cartan action. First,
its value on maximally symmetric backgrounds F!7/ = 0 is zero. Second, in relation to
the problem of evaluating the gravitational action on e.g. asymptotically Anti-de Sitter
spaces, the usual Einstein-Hilbert or Einstein-Cartan actions diverge on such backgrounds
and require renormalisation. This is usually done by adding to the action appropriate
boundary terms that also diverge as one approaches the AdS boundary. The difference
between the divergent bulk and boundary actions is then the renormalised action, see e.g.

|. The action (B4]) vanishes on exact AdS and is finite on asymptotically AdS solutions.

Moreover, the difference between the Einstein-Cartan and MacDowell-Mansouri actions is a

11 Supergravity can also be described along the same lines, by replacing the gauge group that gives pure

gravity with a supergroup, see |50].
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total derivative, or equivalently a boundary term. Thus, the boundary terms needed for the
renormalisation on asymptotically AdS backgrounds are automatically included in (B4]).

Another advantage of ([B4) over (I9) is that it is very easy to linearise this action on
maximally symmetric backgrounds. Indeed, we have

Sﬁl)v{[e, al = ~GiCA /EIJKL (Va” — ?91 A eJ) A <VaKL — ?QK A €L) ; (35)

where, as in the previous subsection, e’,a’” are the perturbations of the tetrad and the

spin connection respectively. Substituting here the solution (23)) gives the pure connection
linearised action (26]) with very little work. Indeed, the combination that appears in (33])
evaluates to

1

20 : 1
M 0 n el = (R — 280 ) 0M A 0N = SOl Ao, (36)

3
and the result (20)) follows immediately.

Va

In the Mc-Dowell-Mansouri formulation the fields of the first-order formulation ([I9) have
been unified into a single connection field, but now the Lagrangian (34)) is no longer man-
ifestly of first-order. Schematically, it is of the type F?. However, the two-derivative term
in ([34) is, modulo total derivative terms, a term with no derivatives. This is why (B4]) is
equivalent to the first-order Einstein-Cartan Lagrangian.

A final remark is that it is possible to put ([B4) into a manifestly first order form by
“integrating in” a 2-form field, as in BF-type formulations that we consider below. This

manifestly first order form of MacDowell-Mansouri theory has been studied in [55].

2. Stelle-West version

The action (34]) can be rewritten in manifestly SO(1,4) or SO(2,3) invariant form by
introducing an extra field. Let us denote the 5-dimensional indices by lower case latin letters,
so that SO(1,4) or SO(2,3) Lie algebra valued objects are of the form v® = vl®l. Let us
introduce a new field v®. This field is required to have unit norm |v|?> = &1, depending on
the sign of the cosmological constant. Let us consider the following action

_ 3
647rGA

Here A% is a SO(1,4) or SO(2,3) connection, and F®(A) is its curvature. The action is

S[A, 0] = / oot F(A)FA( Ao, (37)

manifestly invariant under the large group. Choosing v* to point in a particular direction
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breaks the symmetry down to the Lorentz group, and reproduces ([B4)). The unit norm
constraint can be explicitly added to the action with a Lagrange multiplier, see below.

To couple gravity in this form to matter one just has to note that the frame is readily
recovered as the covariant derivative Vo® (with respect to the connection A%°) of the vector
v®. This allows to convert e.g. the Dirac Lagrangian to an explicitly SO(1,4) or SO(2,3)

invariant form by replacing all occurrences of 7 with Vo,

3. Pure SO(1,4) or SO(2,3) connection formulation

The idea of this formulation is to integrate out the vector field v* of the Stelle-West
formulation. The corresponding Lagrangian has been described in [56]. Similar procedure
has been considered in EE] in a related context, but with the curvature squared action (37
replaced by a BF-type action containing an additional auxiliary 2-form field B.

Let us add to (B7) a Lagrange multiplier term to enforce the constraint. For definiteness,

we consider the case of positive A so that the relevant constraint is [v|*> = 1. The action is

3 P
A — abA ch e M 2_1.
S0l =~y [ e FHAF A = Bl - 1) (38)
Varying this action with respect to v gives
1. vpo ab ¢ % ~
i Cabede F i F e = Xq = jiva, (39)

where we introduced a convenient notation, and jid*z = pu. The Lagrange multiplier can

now be solved from the constraint and reads

=1 (40)

The resulting pure connection action @] is the integral of the Lagrange multiplier

SlAl = _64:GA / \/@ (41)

This action, however, is not very useful for a perturbative expansion. Indeed, one typically

wants to expand around a maximally symmetric background which in this case corresponds
to F% = 0. We cannot expand the square root around zero, and so ([I]) is not useful as
a starting point for gravitational perturbation theory. But the action (38]) one step before
the pure connection action, and especially its MacDowell-Mansouri version (34]) in which
the de Sitter symmetry is explicitly broken to Lorentz is very convenient for developing

perturbation theory, as we saw above.
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D. BF formulations

The idea of BF-type formulations is to replace the wedge product e; 505 A 0% of two
tetrads in the Einstein-Cartan action with a new 2-form field By;. However, in 4D not every
2-form field B!/ is of the required form and one adds a set of constraints on the 2-form field
to guarantee that it “comes from a tetrad”. In 4D this has been first considered by Freidel
and De Pietri in [57], and so we will refer to the corresponding model by the initials of these
authors.'? The higher dimensional version has been developed in [58].

Consider the following action

1

A
SFdP[Ba W, \If] B_[J A FIJ(CU) — 5 <\I/IJKL + €€IJKL) B_[J N BKL~ (42)

- 167G

The Lagrange multiplier field W//5% is required to be tracefree W//5l¢; pr = 0. When
Bry = (1/2)er 0% A 6L the above action reduces to (I9).

\I]IJKL

Varying (42]) with respect to the Lagrange multiplier field we get the constraint

BUJ A BKLl o, JIKL (43)

As is shown in @], Theorem 1, this equation implies that B!7 is either the wedge product

of two frame fields, or the dual of such a wedge product
1
BIJ = :EHI/\HJ or BIJ = :l:§€[JKL9K/\¢9L. (44)

The second set of solutions to the constraints (43) is what gives GR, because the action
then reduces to ([I9). The first set of solutions gives the so-called Holst term [38]. After
integrating out the spin connection it becomes a total derivative.

The Lorentz group SO(1, 3), in whose Lie algebra the 2-forms fields B’/ are valued, is not
simple. The general invariant metric on the Lie algebra is an arbitrary linear combination
of two metrics 5%5? and ¢!/ ;. In ([@3) we have imposed the tracelessness of W//KL with
respect to a particular metric from this class. It is also possible to consider a more general
tracefree constraint, as was first studied in [59]. This removes the degeneracy present in (44

and gives a single solution, which is a linear combination of the two solutions in ([@4]). The

12 Plebanski @] has considered essentially the same model before, as his paper also contains an action that

includes both the self-dual and anti-self-dual sectors.
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action evaluated on the solution is then the Einstein-Cartan action with the addition of the
Holst term [38].

Thus, classically, the theory (42), or its version @] where one imposes a more general
tracefree condition on W//5L describes GR in the sense that all solutions of GR are also
solutions of this theory.

The formulation (42) is the starting point of the so-called spin foam model quantisation

of gravity [61].

E. Plebanski and related formulations

We now come to what is possibly the least familiar formulation of all. It was first
introduced in a paper by Plebanski E] and was later rediscovered in ,@], in the authors’
search for a Lagrangian formulation for Ashtekar’s new Hamiltonian formulation of GR [64].

A review of the Plebanski formulation is given in [65].

1. Decomposition of the Riemann curvature

To motivate the Plebanski formulation we need to review some properties of the curvature
specific to four dimensions. The special property of 4D is that the Hodge star maps 2-forms
into 2-forms, and introduces the decomposition of the space of 2-forms into self- and anti-
self-dual parts

AN =ATDA. (45)

The Riemann curvature can then be viewed as a symmetric A2 ® A? valued matrix. Decom-

posing this matrix into its A* components we get the following block form

) A B
Riemann = : (46)

BT C
Here A, C are symmetric, and B is an arbitrary 3 x 3 matrix. There are also some reality
properties that are signature dependent. In the Euclidean and split (—, —, +, 4) signature
the decomposition ([A3]) works with real coefficients. In the Lorentzian signature one must

complexify the space of 2-forms to perform (4H]). In the case of Euclidean and split signatures

all matrices A, B, C are real. For Lorentzian signature the matrices A, C' are complex and
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complex conjugates of each other C* = A, and B is Hermitian (B7)* = B. In all cases the
traces of A, C' are equal, and equal to the scalar curvature Tr(A) = Tr(C') = R/4. One can
also show that the tracefree parts of A, C' encode the self- and anti-self-dual parts of the
Weyl curvature, while B is the trace-free part of Ricci curvature.

The observation that makes the Plebanski formulation work is that it is sufficient to have
access to just one of the rows of the matrix (@] to impose the Einstein condition. Indeed,
the Einstein condition R,, = Ag,, can be stated as the condition that the Ricci tensor has
only the trace part. In view of what was said above, this is equivalent to imposing the
condition B = 0. This can be imposed by taking the first row of the matrix (4@]), which has
the interpretation of the curvature of the self-dual part of the spin connection. Thus, we

decompose the spin connection as
Wl = AT 4 AV, (47)

where the dual is taken with respect to the internal indices. The curvature of w!’, which

coincides with the Riemann tensor when w is torsion free, decomposes as the sum
FY(w)=F 4 F1Y. (48)

where F[7 are the curvatures of AL/. This happens because in the complex domain the Lie
algebra of the Lorentz group splits as the direct sum of two su(2) Lie algebras. Thus, each
of the two connections A is actually an SU(2) connection. The decomposition (@8] tells
us that the Einstein condition can be encoded as the statement that the curvature of the
self-dual part of the spin connection is self-dual as a 2-form. The Plebanski formulation and
its variants are based on this way of expressing the Einstein condition. It is clear that all

this is specific to four dimensions.

2. Chiral first order formulation

The discussion above tells us that to impose the Einstein condition it is enough to have
access to just a half of the spin connection w!’/. We can take this to be the self-dual half A,
which we shall from now on denote simply by A. To write an action that realises this idea,
we recall the fact that one can add to the Einstein-Cartan action the Holst term 6; A 6, F!7

with an arbitrary coefficient, without changing the dynamics of the theory. Indeed, when
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the connection has zero torsion this term becomes a total derivative. This can be easily seen
by considering the torsion squared V7 A V6. Integrating by parts here one gets a multiple
of the Holst term.

So, we add to the Einstein-Cartan Lagrangian the Holst term with a coefficient chosen

so that the self-dual part of 87 A 67 is taken:

Seniral [0, w] = ﬁ / 0r N0y P p A (FKL —~ %Mf A eL) . (49)

where
P.|I_JKL = % (5%5? + §€IJKL) (50)
is the self-dual projector. Here o is the signature related sign, with ¢ = —1 for the Lorentzian

signature. Thus, in the Lorentzian signature we have added to the Lagrangian the Holst
term with an imaginary coefficient, and the Lagrangian is no longer manifestly real. Working
with complex-valued fields, will be economic, as we shall see below, but will also lead to
some headaches related to reality conditions.

The next step is to recall that the self-dual projector applied to the curvature gives the
curvature of the self-dual part of the spin connection. So, we can alternatively write the

above Lagrangian as

Senivat]8; A] = Or AOs)s A (F”(A) . %(91 A eJ)+) : (51)

1 / (
8nGy/o
where the plus subscript on the wedge product of two tetrads could be omitted because the
projection is taken automatically by contracting with the self-dual FZ/(A).

This Lagrangian is written most economically in spinor notations. We remind the reader
that in four dimensions there are Weyl spinors of two different types, and the tangent
bundle splits as the product of spinor bundles TM = S, ® S_. Similarly, the bundle of
2-forms splits as A? = S2 @ 52, where S7 denotes the space of symmetric rank 2 spinors
of the corresponding type. The self-dual connection A then becomes an object A4, where
A, B = 1,2 are the unprimed spinor indices denoting objects in S,. The tetrad is an object
644 and the self-dual part of the wedge product of two tetrads is selected by contracting

the primed spinor indices. All in all, we get the following Lagrangian

’ A ’
Seniral[0, A] = Oaar A O™ A (FAB(A) — =04 A HBB) : (52)

1
8nGy/o / 6

where the curvature is given by FAP = dA4P 4 AAE A ARB.
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The main outcome of all these manipulations is that we halved the number of the connec-
tion components that enter the Lagrangian. Indeed, in the Einstein-Cartan case (), the
Lagrangian depends on 24 connection components per spacetime point. This is better than
the case of Palatini theory (], where in addition to the 10 metric components there are also
40 components of the affine connection. But this is nevertheless quite many components to
carry around in explicit calculations. What was achieved by passing to (52)) is that now, in
addition to the 16 components in the tetrad, the Lagrangian depends on just 12 connection
components. One could object that the connection is now complex, and so its real and
imaginary parts continue to comprise the same 24 components. But this is not the right
interpretation. The Lagrangian depends on the 12 components of the self-dual connection
A48 holomorphically, as no complex conjugate connection ever appears. Also, in Euclidean
signature no complexification has happened, and we indeed just halved the number of the
connection components with the self-dual projection trick.

To summarise, the “chiral” formulation (52]) keeps the main advantage of the Einstein-
Cartan formulation of GR — it is polynomial in the fields, with at most quartic terms
appearing in the action. And it is also much more economical than the Einstein-Cartan
formulation, because it depends only on 16 4 12 field components per spacetime point, as
compared to 16 4+ 24 components in the Einstein-Cartan case. This makes (52)) much better
suited for explicit e.g. perturbative calculations. One complication is that one needs to deal
with the issue of reality conditions in the Lorentzian case. However, at least for perturbative
calculations, these are not difficult to impose. One just imposes the condition that the tetrad
is real, i.e. Hermitian. The correct reality conditions on the connection are then imposed
automatically by the field equations. Further, loop calculations are customarily performed
in Euclidean signature, and then one does not need to worry about reality conditions at all
as all fields are real.

The final remark is that, unlike in the full Einstein-Cartan formulation, in the chiral
theory (52)) the Hamiltonian analysis does not lead to any second-class constraints. This
is directly linked to the halving of the number of “momentum” variables introduced in
this first-order theory. The Hamiltonian analysis of (52)) directly leads to Ashtekar’s new

Hamiltonian formulation of GR [64].
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3. Plebanski formulation

Plebanski’s formulation ﬂa] takes one further step, and replaces the self-dual 2-form
Oan A O with a new 2-form field Bg. It then adds to the action a Lagrange multiplier
term that guarantees that B,p is a wedge product of two tetrads. This is similar to what
was done in the passage from the Einstein-Cartan formulation to the BF action (42).

In spinor notations, the Plebanski action reads

1 1 A
Spien[B, A, V] = ———— [ Bag A F*P — — [ 04P —eoe® p ) Bap ABP. (53
pleb| B, A, U] SWG\/E/ AB 2( CD‘|‘3€ c€ D | bap (53)
Here €47 is the spinor metric and the Lagrange multiplier field is required to be completely

symmetric. However, given that there are now no primed spinor indices in sight, it is
convenient to rewrite the Plebanski Lagrangian in SO(3) notations. Thus, we replace a
symmetric pair AB with an index i = 1,2, 3. The connection is then an SO(3) (complexified,

in the case of Lorentzian signature) connection. The action reads

. 1 Y ) )
SPICb[B7A7 \II] — BipaF— = (\I,w _ 552]) B'A B, (54)

1
8nGy/o / 2

Varying this action with respect to the Lagrange multiplier field W% which in the SO(3)

notations is required to be tracefree, we get the constraint
B'A B ~ 64, (55)

which can be compared to [#3). This constraint implies that B* can be written as (plus
or minus) the self-dual part of the wedge product of two tetrads. We are then back to the
chiral formulation (52)), and so we get a formulation of GR with so(3) valued 2-form field B
and connection A as the basic variables.

Now that the basic variable is a 2-form field, it is not clear how to obtain the metric.
As we have said, when B® satisfies (B3]), there exists a tetrad that gives this 2-form field.
However, it would be more convenient to have an explicit formula for the metric in terms
of B'. Such a formula exists and is known in the literature as the Urbantke formula [66]. It
gives a densitized metric

~ 1 ~ i 7 ]
glﬂ/ = E 5766 ]kBuaBZBB']:é‘ (56)

The metric itself can be computed by noting that the volume form is given by the sixth root

of the determinant of the right-hand-side.
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Apart from the constraint (B3)), the other field equations that follow from (B4l are as
follows

dyB'=0, F'= <\1ﬂﬂ + 55”) B (57)

The first of these equations is the analog of the torsion-free condition in the Plebanski setup.
Together with the constrain (55) it implies that A is the self-dual part of the spin connection
compatible with the metric (56). The second equation then states that the curvature of the
self-dual part of the spin connection is self-dual as a 2-form, which we know to be equivalent
to the Einstein condition. As we know from ({@l), the self-dual-self-dual block A of the
Riemann curvature tensor is just the self-dual part of the Weyl curvature plus a multiple of
the scalar curvature. So, the second equation in (57)) also says that on-shell the Lagrange
multiplier field U¥ receives the interpretation of the self-dual part of the Weyl curvature.
In Lorentzian signature all fields are complex-valued, and so one must impose appropriate
reality conditions. As in the chiral first order formulation described above, it is sufficient to
impose the reality conditions on the metric-like field B?, the appropriate reality condition
on the connection then gets imposed automatically by the field equations. The conditions

on the 2-form field are
B'A(B)* =0, Re (B' A B7) = 0. (58)

The first of these equations gives 9 conditions which guarantee that conformal class of the
metric (B0) is real, while the last condition gives the reality of the volume form.

We remark that the Plebanski formulation, as well as the related formulation ([@2]), is cubic
in the fields, even with non-zero cosmological constant. This is the only known formulation
of GR with A # 0 that is cubic. However, a drawback of this formulation is that it is not so
easy to couple spinors to two-forms. The only known way of doing this is described in [63]

and uses further Lagrange multipliers.

4. Chiral pure connection formulation

The 2-form field of the Plebanski formulation can be integrated out, resulting in the

action

1 AN )
— ij 2~ Sij i J
S[A, V] WGﬁ/@ 30 ) FiNFI (59)
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This action, which is an intermediate step towards the pure connection formulation below, is
itself a useful variational principle for GR. It depends on just 1245 variables. Even though it
appears to be second-order in derivatives, this is an illusion. The most natural backgrounds
on which this action can be expanded are maximally symmetric. On such backgrounds
U9 = ( (zero Weyl curvature), and the part of the linearised action that is quadratic in
derivatives is just d 0A" A d40A". Integrating by parts and replacing the commutator of
covariant derivatives with a curvature one reduces this to a term not containing derivatives.

The action (BJ) exists even with A = 0, but in this case it is not possible to expand it
around a ¥% = () background. This action is surprisingly similar to the MacDowell-Mansouri
action (34)) in that it is obtained as the wedge product of two copies of the curvature,
contracted with some appropriate tensor. The similarity becomes even more pronounced if
one compares to the action (B7)) that contains a dynamical field in front of the curvature
squared term.

To go to the pure connection formulation we do the trick that we already applied several
times — we add to the action a Lagrange multiplier term imposing the relevant constraint
on the field that appears in front of the wedge product of curvatures. We have already used
this trick in passing to the pure connection formulation related to MacDowell-Mansouri.

Thus, let us write the action (IEQI) as

S[A, W, ] = (MY) AR 4 (Te(M) — A). (60)

167TG\F /

Note the perfect similarity between this action and ([B8). We now integrate out MY. Its

Euler-Lagrange equation reads

(MY *FEAN FI(MY = pé, (61)
and so if we introduce
-~ 1
XY = Z~HVPUF}ZLVFZU’ (62)
and write p = fid*z we get B
—\ Y
- X
MY = 7 (63)

As usual, the Lagrange multiplier /i is found from the constraint it imposes, and the pure

connection action becomes the integral of the Lagrange multiplier

Trf (64)

Ok = 167TGA\/_ /
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This action was first obtained in @] It is the most economic pure connection formulation
of GR available. Indeed, it must be compared to the action ({Il) that depends on the 4 x 10
components of the connection, and to the linearised action (26) that depends on the 24
components. In contrast, (64) depends on just 12 components of the SO(3) connection.
It is thus comparable to the usual metric formulation with its 10 components in economy.
Moreover, it turns out that the perturbation theory in this chiral pure connection formalism
can be set up in such a way that only 8 out of the 12 components propagate, 2 of them
being the physical polarisations of the graviton, the remaining 3 + 3 being unphysical gauge
variables, see [68]. This is more economical than GR in the metric formalism, where, having
fixed a gauge, 10 components propagate, 2 of them being the physical polarisations of the
graviton. But this perturbation theory only exists around A # 0 backgrounds, because of

the presence of 1/A in front of the action.

F. Summary

We now summarise the above constructions. We can divide the formulations of GR into
two classes, depending on the group of gauge transformations that leaves the Lagrangian
invariant. One class consists of the metric and related formulations. The gauge group
of these formulations is Diff M, the diffeomorphisms of spacetime. No “internal space” is
introduced in these formulations: they work with spacetime and its tangent bundle. So,
even if one introduces an independent connection to obtain a first-order formalism (@), this
is a connection in the tangent bundle.

All other formulations can be interpreted in terms of a bundle £ over spacetime with fibers
being copies of some internal space.'® There is then a connection acting on sections of this
bundle. The field encoding dynamical information is the soldering form, or a component of
the connection as in MacDowell-Mansouri formulation. The group of local gauge symmetries
in all formulations of this type is the (semi-direct) product of Diff M with a group of local
gauge transformations of the fibers. In some of these formulations the basic dynamical fields
are differential forms, and the Lagrangian is constructed as the wedge product of forms.

These formulations are particularly attractive, because they are polynomial.

13 As mentioned in section III.B, this interpretation is not strictly necessary, but it strongly motivates the

approach to unification that we shall discuss later.
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We did not discuss in detail the coupling of gravity to other fields. Given that the
philosophy is to get (most optimistically all) the bosonic fields by enlarging the gravitational
gauge group, we do not need to discuss this. However, fermions will never arise from bosonic
constructions of the type envisaged. So, they have to added by hand. How to do this depends

on the specific scenario.

G. Linear vs. non-linear realizations

In all known formulations of GR, the theory is power-counting non-renormalisable. Fur-
thermore, the dynamical field encoding information about the metric is always non-linear,
due to the constraints on the signature of the metric, and the nondegeneracy of the soldering
form. In the world of flat space QFTs there is a class of non-renormalisable models that
exhibit very similar features: the non-linear sigma models.

For example, let us consider the chiral models, which are particular non-linear sigma

models with values in a Lie group. These have actions of the form
1
S = —iﬁf/alﬁ‘:)str(U_lﬁU)2 (65)

where f, has dimensions of mass. To exhibit the analogy between these models and gravity,
we note that, by discarding a total derivative term, the Hilbert action can be written in the

schematic form
S = mp/d‘lx\/—g T (66)

where I' are the Christoffel symbols, see e.g. @], Chapter 93. These have the structure I' =
g '0g, so that the gravitational action looks very similar to the chiral action. Both actions
are non-polynomial (when expanded around a background the action contains infinitely
many vertices), have a dimensionful coupling and are power-counting non-renormalizable.

The non-linear sigma models can be constructed from free scalar field theory by adding
a set of constraints. For example, the simplest non-linear sigma model is obtained from a
set of scalars taking values in R™ by imposing the condition that the scalars take value in
the sphere S"~! C R™. In the case of S* = SU(2) we get the chiral model (B3]).

The non-renormalisable sigma model becomes renormalisable if one replaces the o-

function type constraint with a quartic potential designed so that the minimum of the
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potential corresponds to the required submanifold. This adds to the theory an extra propa-
gating degree of freedom, which in the SM is the Higgs field. It is thus very tempting to think
that the same mechanism may also be at work in gravity, and that the non-renormalisability
can be cured by replacing non-linear fields with linear ones.

A remark is in order about the tetrad and BF-type formulations. The corresponding
Lagrangians are written in terms of differential forms and are polynomial, unlike the La-
grangian in metric formulation. Differential forms can be added, and so it may seem that
we have a linear realisation here. However, if we try to expand the Lagrangian written
in terms of tetrads around the zero configuration, there is no quadratic term, so no useful
perturbation theory arises. And if we rewrite the theory in BF form, where one can now
expand the kinetic B A F' term around the zero configuration, the constraints present in
the potential-type terms prevent us from getting a useful perturbative expansion around
the zero vacuum. This is most clearly seen in the formulations that are intermediate steps
before the pure connection formulation, see e.g. (£9)). These are of the Stelle-West type (B8]
and contain a non-linear constraint on the auxiliary field.

The situation is slightly different for the MacDowell-Mansouri formulation. Here the field
is a De Sitter (or anti De Sitter) connection. The vacuum corresponds to a flat connection.
So, it could be taken to be the zero connection. However, given that the metric is a part of
the connection, one needs to explain why a particular flat connection that gives a non-zero
metric is selected. The non-degeneracy of the metric is thus not automatic in this formalism.
This is similar to all other formalisms where the non-degeneracy of the metric field is part
of the definition of the theory. Furthermore, in the Stelle-West formulation the field v* is
subject to a non-linear constraint that is very similar to that of a spherical non-linear sigma
model. Thus, we conclude that none of the discussed formulations of General Relativity is
in terms of linearly realised fields, even when differential forms are used.

This discussion suggests that the non-renormalisability of gravity and the non-linear
nature of its basic field (in particular its non-zero VEV) are related, and that the non-
renormalisability may be cured by adding extra degrees of freedom (Higgs fields) so as to
convert a non-linear realisation (group manifold or a group coset) into a linear one (vector
space). However, nobody has been able to realise these ideas. One important difference
is that relaxing the constraints in GR should presumably not introduce new degrees of

freedom, because they are in the form of inequalities (“anholonomic”) rather than equalities
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(“holonomic”).

The only situation where the idea of linear realisation works is 3D gravity H] In this case
the Einstein-Cartan action is cubic in the fields, and has a perturbative expansion around the
zero frame field configuration. This is related to the fact that the MacDowell-Mansouri type
of formulation of 3D gravity is just the Chern-Simons theory of the corresponding De Sitter
or anti De Sitter connections. The space of connections is diffeomorphic to a linear space,
and so we have essentially a linear realisation that moreover admits a good perturbative
expansion around the zero field configuration.

Thus, in spite of this idea being attractive, whether gravity can be described in terms
of linearly realised fields, and whether this can cure its non-renormalisablity remains open.

We will not make any new proposal along these lines here.

IV. HINTS OF UNIFICATION

Before studying in more detail some models that unify gravity with the bosonic fields
of the type present in the SM, let us ask whether there is any evidence for this kind of
unification in the real world. As with all other extensions of the SM and GR, one can give

only rather weak circumstantial evidence, but it is worth pointing it out at once.

A. Convergence of the couplings

A crucial aspect of a unified theory, as spelled out in section [TAl is that the coupling
constant at high energy is unique. Below the unification scale, the gauge couplings relative
to different gauge groups run differently and are not expected to be equal. One of the main
arguments in favor of GUT theories is the fact that the gauge couplings oy, as and ag of the
groups U(1)y, SU(2) and SU(3) tend to converge as the energy increases. If nothing more
than the SM existed, the renormalization group trajectories would not cross at a single point.
This has been used for a long time as an argument in favor of supersymmetry. However,
there could be many other intermediate states beyond the present reach of accelerators that
could change the beta functions and make the three trajectories cross at a single point.

How does gravity fit in this picture? Unlike the couplings of the SM, the gravitational

coupling is dimensionful. We can form a dimensionless coupling GG, analogous to a;, ap and
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a3, multiplying Newtons’ constant by the square of an energy. In a collision process, this
could be one of the Mandel’stam variables, for example. This coupling G has the property
that it depends on the energy already at the classical level. It has a classical beta function
2G. Due to the fact that the energies we can reach are so much smaller than the Planck
energy, (& is very small, of the order of 1076 for particles at the LHC. This is why gravity
is negligible in particle physics. On the other hand, G runs much faster than the other
couplings: quadratically instead of logarithmically. Thus G becomes of the same order as
the other couplings at the Planck scale. It is remarkable that in many GUTs, the energy
scale at which the crossing, or near-crossing, happens is only a few orders of magnitude
below the Planck scale. One can take this as a hint in favor of a unification that also

involves gravity [70].

B. Kaluza-Klein hint

The bosonic fields that we know to exist and appear in the SM coupled to gravity are:
(i) the metric to describe gravity; (ii) gauge fields charged with respect to the SM gauge
group SU(3) x SU(2) x U(1); (iii) the Higgs field. Other fields, whose existence has not
yet been verified, may be needed for specific models, for examples an inflaton 4, as well as
fields to describe dark matter. However, since we don’t want to have several spin 2 fields
around, it is not very restrictive to assume that any such bosonic fields will again be either
scalars or gauge fields. A very compelling scheme where all such fields can be described as
components of a single field is Kaluza-Klein (KK) theory, where they are all interpreted as

components of a higher-dimensional metric. Schematically,

Higgs  Connection
METRIC = . (67)
Connection  Metric

In spite of difficulties with dynamical realisations of this idea, see section [V_Al it still remains

one of the strongest hints that gravity should be unified with the other known bosonic fields.

14 Unless the Higgs field is used for this purpose as in dﬂ]
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C. Fermions

The orthogonal groups SO(2k) and SO(2k + 1) have spinor representations. These can
be given a simple geometrical construction. Consider first the complexified groups, in order
to avoid having do deal with different possible signatures. The spinor representation of
SOc¢(2k), can be constructed as the space of all differential forms in C*. It has dimension
2% and is reducible. The irreducible subspaces consist of even and odd degree differential
forms, each of dimension 2*~!. The spinors taking value in these irreducible representations
are called Weyl spinors. In the setting over reals the structure of spinor representations
depends on the dimension as well as the signature. The possibilities are complex, real and
quaternionic spinor representations. A useful source for this material is [72].

As is well-known, see e.g. [73] for a nice description, all fermions of the single generation
of the SM, supplemented with the right-handed neutrino that is required to explain the
neutrino oscillations, fit into the single 16-dimensional (complex) Weyl representation of the
group SO(10). To see this, it is clearest to count using the 2-component spinor formalism,
as is reviewed in e.g. |. Then each SM fermion is described using two unprimed (left-
handed) 2-component Lorentz spinors. (The right-handed components of each particle are
described as the charge conjugate of a left-handed spinor). The only particle requiring a
single unprimed 2-component spinor is the left-handed neutrino. But one usually extends
the SM adding the right-handed neutrino. Then the 2-component Lorentz spinor content of
one SM family is: a weak doublet consisting of left-handed neutrino and electron, as well
as 3 doublets for 3 colours of the left-handed up and down quarks. This gives in total 8
2-components spinors. Plus there is the same number of unprimed 2-component spinors
that are all weak singlets. This gives 16 2-component unprimed spinors. These form the
16-dimensional Weyl representation of SO(10).

The SM gauge group SU(2) x U(1) x SU(3), modulo a certain discrete subgroup, see
e.g. [73], can be embedded first into SU(5), which in turn is a subgroup of SO(10). In the
realisation of the Weyl representation as differential forms in R®, the subgroup SU(5) mixes
the forms of a fixed degree, without changing the degree of the form. Thus, if we realise
the Weyl representation in question by, say, even forms, the 16-dimensional Weyl represen-
tation splits as the 1-dimensional space of O-forms, plus 10-dimensional space of 2-forms,

plus 5-dimensional space of 4-forms. These are all irreducible representations of SU(5).
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The 1-dimensional representation describes the right-handed neutrino, the 5-dimensional
representation describes the 3 colours of the right-handed down quark plus the left-handed
electron-neutrino doublet, and the 10-dimensional representation describes the colour triplet
and weak doublet of the left-handed up and down quark, plus the colour triplet of the right-
handed up quark, plus the right-handed electron. For more details on this standard GUT
material see |73] for a somewhat more mathematically oriented exposition, and e.g. I,
Chapter 97 for textbook treatment.

All the described fermions are also spinors of the 4-dimensional Lorentz group SO(1,3) ~
SL¢(2), but the Lorentz group did not play any role in the above discussion. Now the spinor
representations of SO(2k) have the property that if one takes SO(2p), p < k and embeds
it into SO(2k) in the obvious way, so that the commutant of this embedded SO(2p) is
SO(2(k — p)), the Weyl spinor of SO(2k) splits as a direct sum of Weyl bi-spinors, i.e.
spinors of SO(2p) as well as spinors of SO(2(k — p)). Thus, spinors of bigger orthogonal
groups decompose as spinors of their smaller orthogonal subgroups. This follows quite
directly from the differential forms construction of the spinor representations.

We can attempt to use this fact to embed the SO(10) GUT gauge group together with the
Lorenz group SO(4) into SO(14) [76, [77]. Again, at first everything is viewed over complex
numbers to avoid having to deal with different possible signatures. Then the Weyl represen-
tation of SO(14) is 64-dimensional. If we embed SO(10) x SO(4) so that they commute, the
64-dimensional representation splits as the 16-dimensional Weyl representation of SO(10)
which is also the unprimed 2-component spinor of SO(4), plus the other 16-dimensional

Weyl representation of SO(10), which is the primed 2-component spinor of SO(4)
64=2x16®2 x 16 (68)

The first multiplet on the right-hand-side corresponds to the fermionic content of one SM
family, now with the Lorentz group spinor indices taken into account.

Let us discuss the same picture over the reals. If we consider groups SO(p,q) with
p+q = 14 and containing SO(10) x SO(1, 3) as a subgroup, there are only two possibilities:
SO(3,11) and SO(1,13). As is well-known, see e.g. | for a review, or [72] for a more
concise description, the type of spinors one gets for SO(p, ¢) in the real case is governed by the
signature (p — ¢)mod(8). Among even signatures, signature zero gives a real representation,

signature 4 a quaternionic representation, signatures 2 and 6 give complex representations,
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see e.g. Table 2 in B] In the case of the group SO(3,11) the signature is zero, and the
spinor representation is 64-real-dimensional (it is called a Majorana-Weyl representation).

Under the embedding SO(1,3) x SO(10) C SO(3,11) this real representation splits as
64z = 2¢ x 16¢ (69)

which is exactly what is needed for one generation of the SM B]

In the case SO(1,13) the signature is equal to 4, which means that the spinor represen-
tation is quaternionic, of real dimension 128. This is twice more than is needed to describe
the fermions of one SM family.

A potentially interesting alternative arises if instead of demanding SO(10) to be the
subgroup, one only requires the Pati-Salam SO(4) x SO(6) to be embeddable. This gives a
twice larger list of acceptable groups, see [80]. In particular, it is now possible to consider
the group SO(7,7) that, similarly to SO(3,11) is of signature zero and thus has a real 64
dimensional Weyl representation.

To summarise, all fermions of a single generation of the SM can be viewed as forming
a single irreducible spinor representation of a “graviGUT” group whose complexification is
SOc(14). This suggests that the SM gauge group, or one of its GUT extensions, should be
put together with the Lorentz group, which is what the unification schemes to be described

below will do.

D. The low energy effective theory of gravity

We shall now review indications that a Higgs mechanism may be taking place in gravity.
Insofar as the Higgs mechanism is usually associated with unification, this may be taken as
a hint for a form of unification.

As we already discussed above, and as has been pointed out since long and by many
authors, GR has deep similarities to the chiral models of strong interactions, or more gener-
ally to nonlinear sigma models. This is in particular due to the fact that the metric tensor
is in reality a very non-linear object, already at the kinematical level. Indeed, the con-
straints on its eigenvalues select a subspace of symmetric tensors diffeomorphic to the coset
GL(n)/O(p,q), where (p,q) is the signature of the metric. Likewise, the tetrad has to be

non-degenerate and that makes the space of tetrads diffeomorphic to the linear group.
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On the other hand, the chiral models are regarded as low-energy effective field theories of
the strong interactions, valid up to energy of order ~ f, (omitting numerical factors) [81].
The target space G can be viewed as the coset G x Gr/Gy, where G, and G act on the
target space from the left and from the right, respectively, and Gy is the diagonal subgroup.
In general, a nonlinear sigma model with target space GG/ H is the low-energy effective theory
describing a (global) symmetry G that is spontaneously broken to H. The coupling f, is
related to the scale of the breaking. From this point of view it is natural to interpret GR
as a low-energy effective field theory @@], with the Planck mass as the temperature of a
phase transition, separating the low-temperature phase of “gravity as we know it” from a
high-energy phase in which the linear group is unbroken.

It is not very clear what kind of physics this high-energy phase would describe. But even
before coming to that, the situation in gravity is more complicated because the linear group
is gauged (as discussed in section [IIB4)). Therefore the phase transition must separate
not a broken/unbroken phase in the ordinary sense, but rather a low-energy Higgs phase,
where the gauge fields are massive (or perhaps confined, see |), from a high-energy
phase where the gauge fields are massless. Is there any sign of the gravitational connection
being massive? In GR (independently of the fields one uses to describe it) the connection
is not a propagating degree of freedom. This is indeed what one would expect to see if
the connection (more precisely: the difference between the dynamical connection and the
Levi-Civita connection, which is a composite field of the metric) had a mass that is much
larger than the presently accessible energies. The terms quadratic in torsion (and possibly
non-metricity), which are unavoidable when gravity is viewed as an effective field theory
containing also an independent connection, are just a gauge-invariant way of writing a mass
term for this field. We are then led to a picture where a kind of Higgs phenomenon occurs
in gravity, giving mass to the difference between the independent connection field and the
Levi-Civita connection @, H, @@] This is a natural explanation of the fact that in GR
the connection is not an independent field, a fact that otherwise is simply postulated for

reasons of simplicity. '°

15 In Palatini, and other first order formulations of gravity, the connection is forced to be the Levi-Civita
connection by the equations of motion. However, this is only a property of the simplest gravitational
Lagrangians: when one includes terms with curvature squared, which are unavoidable in the effective

field theory, the connection becomes an independent propagating degree of freedom. If it is massive, it
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In particle physics the Higgs phenomenon is generally used in the context of unification,
as a way to generate a distinction between different types of low-energy interactions. If a
Higgs phenomenon occurs in gravity, as the previous discussion suggests, then it is natural to
think that it may have something to do with unification. Following the logic of section [[I] one
would have to find an order parameter giving rise to the distinction between gravitational
and non-gravitational gauge interactions. This is not difficult, as we shall discuss below.
What turns out to be difficult is to write a dynamics that describes correctly both the low-

and high-energy phases.

V. UNIFIED THEORIES

A unified theory of gravity must contain pure gravity, and so a possible way to obtain
such a theory is to enlarge some of the structures that are present in gravity to begin with.
The Kaluza-Klein approach is to extend the four-dimensional spacetime metric to a metric
in a higher-dimensional space. However, there is a natural alternative.

With the exception of the metric formulation, all formulations reviewed above contain
a connection field that defines the notion of parallel transport on some “internal” bundle
E over the spacetime manifold. Correspondingly, the group of local transformations that
leaves the Lagrangian invariant is the semi-direct product of the group of diffeomorphisms
of the manifold with some group of “vertical” transformations of the fibers. The related
connection is either the Lorentz connection in the tetrad and BF formulations, an SO(1,4)
or SO(2,3) connection in MacDowell-Mansouri framework, and the self-dual part of the
Lorentz connection for Plebanski-type formulations.

A natural approach to unification is to allow the structure group of the bundle in question
to become larger than required by GR. As we have already mentioned in the Introduction,
this has first been suggested by Einstein and Mayer in , ], in the context of unification

of gravity with electromagnetism. We shall briefly review this below. In such an approach

disappears from dynamics at sufficiently low energy. The Palatini formulation corresponds to taking the

limit when the mass goes to infinity.
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the gauge field will be a matrix-valued one-form with the general structure

GUT fild  mixed field
GAUGE FIELD = satipe BEid - THed Sase e . (70)

mixed gauge field gravitational connection

It is clear that this is very different from the Kaluza-Klein, or more generally higher-
dimensional approaches to unification, because one is not enlarging the spacetime but rather
the internal spaces of the theory. There are however relations between these approaches that
we shall discuss in section [VIBl

After a brief review of the usual Kaluza-Klein approach and its modern string theory in-
carnations, in this section we will occupy ourselves with “enlargement of the Lorentz group”
4D unification scenarios. The relevant literature is much smaller, and a comprehensive re-
view is possible. The various proposals for unified theories along the lines of “enlarging the
gauge group” are all extensions of one of the formulations of GR discussed in section [T}
and therefore are listed in the same order.

We begin our description with the Einstein-Cartan formulation. Unification in this ap-
proach has been studied for longer and in more detail. This type of unification is a rather
direct extension to gravity of the notion of unification as understood in particle physics, so
in this case we shall try to follow in some detail the list of steps presented in section [Il We
will thus discuss separately the kinematical aspects, the fermionic dynamics and the bosonic

dynamics. In the other cases we shall not split the discussion in the same way.

A. Kaluza-Klein unification

Gravity differs from all other interactions in that it describes the dynamics of the space-
time geometry. It is only to be expected, therefore, that a unified theory containing gravity
should also have a strong geometrical flavor. As mentioned before, a unified theory must
extend some of the structures that are present in the original theories. One of the earliest
and most fruitful ideas is to enlarge the spacetime by introducing extra dimensions. This
allows to unify spin two, spin one and spin zero fields, as is sketched in (7).

As is well-known, Yang-Mills fields with gauge group G can be interpreted as connections
in a principal G-bundle. Kaluza-Klein theory is essentially the Riemannian geometry of this
principal bundle, where the metric in the base space and the metric in the group, together

with the assumption that vertical and horizontal spaces are orthogonal, define a metric in the
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principal bundle. In the physics literature, this point of view has been originally discussed
in [10].

It is also important to emphasise that the dimension of the internal space does not have
to be as large as the dimension of the gauge group one desires to obtain, if one compactifies
on coset spaces of the type G/H. The minimal dimension of the internal space with the
group of isometries equal to the SM gauge group is 7, see [15]. 6 This points towards an 11D
metric as an appropriate single object to put together all known bosonic fields. The concrete
implementation of this unification program meets several difficulties. We will describe this
only briefly, a more comprehensive review is e.g. [16].

The first difficulty is that one would like the higher-dimensional background geometry to
arise as a stable solution of the field equations (this is called “spontaneous compactification”),
but this is not so easy to achieve, as is discussed in Chapter 1 of [16]. Leaving aside torus
compactifications, which only give rise to abelian gauge groups, all dimensions except four
are supposed to form a compact, highly curved space. This requires extra fields whose

energy-momentum tensor provides the source of this curvature. Suitable solutions have

been found using nonlinear sigma models as sources 103] or gauge fields [104, 105].

However, the spectrum of excitations around these solutions often shows instabilities [106],

and furthermore the would-be KK gauge fields have large (typically Planckian) mass, thereby
defeating the original purpose of these theories. In 11-dimensional supergravity there is a
differential form that can be used to trigger compactification via the co-called Freund-Rubin

mechanism [107], as is discussed in Chapters 2, 3 of @] As pointed out in @] Chapter 13,

truncations on the spectrum of states will generally lead to inconsistencies.

Even when a spontaneous compactification can be achieved, there is a difficulty obtaining
chiral fermions, as was anticipated already in [15].

The third difficulty is getting a realistic value of the cosmological constant. The Freund-
Rubin solution with a positively curved internal space (as would be required to get a non-
trivial group of isometries to serve as the 4D gauge group) gives the value of the 4D cosmo-
logical constant proportional to the scalar curvature of the internal space. This is way too
big if one wants Planck-size internal space.

Finally there is the obvious fact that higher-dimensional quantum field theories have

16 For KK theories with coset spaces as fibers see also @]
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worse quantum behavior than the corresponding four-dimensional ones. One may not worry
too much about UV completions as long as only low energies are considered, but the likely
compactification scale is expected to be comparable to the scale where quantum effects in
gravity become important.

For all these reasons, with the “first superstring revolution” the attention of the com-
munity shifted to higher-dimensional theories of a different type. First, one does not try
anymore to obtain the matter fields from components of the higher-dimensional metric.
Matter fields are already present in the higher-dimensional theory. Second, one compactifies
higher-dimensional supergravity on a Ricci flat compact manifold with a parallel spinor.
This can be a Calabi-Yau 6D manifold if one compactifies from 10D to 4D, or a holonomy
(G5 manifold if one goes from 11D to 4D. Such manifolds have no non-trivial isometries, and
so no gauge group arises by the usual Kaluza-Klein mechanism. However, such compactifi-
cations preserve supersymmetry, and so the effective 4D cosmological constant is zero. Its
non-zero observed value should then be explained by some other mechanism, but at least
one is not facing the problem of Planck size cosmological constant (of negative sign) that is
generated by Freund-Rubin solutions.

Both the gauge group and chiral fermions then arise from singularities of the compact

manifold, which are made sense of using string theory. We refer to [108] for a description of

models of this sort in the context of GGo compactifications of M-theory. Thus, the modern

string theory unification scenarios no longer follow the geometric pattern (67]).

B. Einstein-Cartan-type unification

1.  PEinstein-Mayer theory

The Einstein-Mayer theory developed in , ] can be viewed as a precursor to “unifi-

cation by enlarging the gauge group”. This theory has later been studied by Cartan [109]

and a non-abelian generalization has been discussed in [19].

With the purpose of obtaining a unified theory of gravity and electromagnetism in mind,
the authors consider objects taking values in a 5-dimensional vector space V?, in addition
to being tensors from the point of view of spacetime, that remains four-dimensional. For

consistency of notation with our exposition, we denote the indices in V® by I,J =1,...,5.
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The 5-dimensional vector space V? is assumed to be equipped with a metric n’/. The main

object in [17] is then a mixed tensor @, where i is a spacetime index. 7 The spacetime

1w
metric is then assumed to be given by 7; JQ{LQLI = guw- Thus, the object 6 is just an enlarged
or generalised tetrad of the type we consider in more detail below.

The other main object of the formalism ] is the connection w,’;. It is assumed from
the outset that w is a metric, i.e. an SO(5) connection. This is the condition (I) of the

paper [17]. There are two more conditions imposed on w),’;, whose geometrical meaning is

clarified in [109]. Their purpose is to partially fix the connection, while still leaving a part

of it that can be interpreted as the electromagnetic connection free. The main difference
with the schemes considered below is that the authors in ] do not impose the condition
that the full covariant derivative of the generalised frame 9,5 is zero.

The final outcome of the paper [17] is a unified theory of gravity and electromagnetism,
where the latter does not have sources. This was considered unsatisfactory and motivated the
further developments in [18]. We now know that all sources should come from fermions (or
other electrically charged fields), and so obtaining a bosonic theory that leads to Maxwell
equations in vacuum is not unsatisfactory. We will encounter another instance of such a

unified theory, possibly even more elegant than Einstein and Mayer’s, in Section VET|

2. Kinematics

We now consider a more general variant of this unification scheme.

The discussion of fermion representations in section [V (| suggests that a natural form
of unification of gravity with all the other interactions would consist of enlarging the local
Lorentz group of the tetrad formulations to SO(3,11). We will describe here a slightly more
general case when the enlarged group is some orthogonal group SO(N) of suitable signature.

Since both gravity and Yang-Mills theories have strong geometrical character, it is best
to start the description of these unified theories from the basic geometrical structures. We
again have an ‘internal” vector bundle E over spacetime, but now its fibers have dimension
N > 4, while the base manifold M remains four dimensional. As in the usual Einstein-

Cartan formulation we assume that there is an “internal” metric 7 in F, so that the group

17 The papers B, IE] use instead latin indices for spacetime tensors and Greek indices for Vs-tensors. The

object we call §7 u 1s denoted 7' and the connection is denoted I'7 .
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of “vertical” gauge transformations is SO(N) of appropriate signature.

One clearly cannot assume anymore that 7'M is isomorphic to E. The strongest possible
statement that one can make is that 7'M is a subbundle of £. This amounts to the existence
of a vectorbundle morphism 6 (still called soldering form) of maximal rank (namely four).
Equation (1)) still makes sense and says that the metric on spacetime is the pullback of the
internal metric by the soldering form. Without loss of generality we can assume that the
last four elements of the basis {e;} in E are in the image of @, and the others are in the
orthogonal complement. In fact, we can choose them to be the images under 6 of a tetrad

in T'M for the pullback metric. In such a basis the soldering form has components

0= . (71)

14
The connection field of this generalised Einstein-Cartan formalism is an so(/V) valued
one-form that, in the same basis described above, can be represented in (4, N — 4) matrix

block notations

W;(LN_4) K,
Wy = N (72)
Here w,(fl) is an SO(4) connection in the 4-dimensional subbundle Im# C FE, and w,SN_‘l) is

an SO(N — 4) connection.
As in the Einstein-Cartan formalism, we can define the connection in the tangent bundle
to be the pullback of w,:
LY, =0/"w, 07, +0770,0", . (73)

Note that 6! , does not have an inverse, but we can define 6;” = n; 707 ,g°7, which has
the property 6;6) = d". Equation (Z3) can be obtained by multiplying (I3) by 6;”. It is
therefore equivalent to a subset of those equations.

It is instructive to explore in some more detail the possible relations between the soldering
form and the connection. In Einstein-Cartan theory imposing the conditions of metricity
and vanishing torsion completely determines w,;, and then equation (I3]) fixes the 64 com-
ponents of I',)¥,, in terms of the 64 components of w,r;. Here the analogous relation is a bit
more involved.

Imposing the antisymmetry (metricity) condition, w,;; has 4 x N(N —1)/2 independent

components. We can now impose equation (I3)), which amounts to 16N conditions for
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w,ry and for the 64 components of I',)V,. This leaves us with 2N(N — 1) + 64 — 16N =
2(N — 4)(N — 5) + 24 free functions. We can further impose that I')”, be torsion-free,
which amounts to 24 equations. Altogether we remain with 2(N —4)(N —5) free functions,
which is just the number of components of the internal SO(N — 4) YM field wLN_4). In
fact, the conditions of metricity and vanishing torsion have entirely fixed the connection in
TM, which is given just by the Christoffel symbols of the pullback metric, the spacetime
components w,(fl) are the corresponding spin connection and the mixed components K, have
been forced to vanish. Thus a theory with a dynamical SO(N) connection and soldering

form, on which we impose by hand the constraints (I3]) and absence of torsion, has the same

degrees of freedom as gravity coupled to an SO(N — 4) YM field.

Note that the case N = 5 is a bit special, as was pointed out in [110], [111]: the preceding
counting gives zero free functions. This is simply because the normal to the tangent bundle
is one-dimensional, and the SO(1)-connection w,(}) has a single component w55 which must
be zero by antisymmetry. Furthermore, in this case the number of the components of the
generalised frame is 4 x 5 = 20. But the dimension of the gauge group has also increased
as compared to N = 4 case, and it is now 10. The number of non-gauge components in the
frame, which is the total number of components minus the dimension of the gauge group, is
therefore still 10, and so such a theory is effectively just a theory of gravity.

In the following we will not impose (I3) as a constraint. Instead, we will see that it
arises dynamically as a natural property of the theory at low energy. It is clear from the
preceding discussion that the order parameter for this gravity-Yang-Mills unification is the
soldering form 6 |76, E] If it vanishes, then all the internal directions are equivalent. When
it has maximal rank, four of the internal directions have a special character: they can be
identified with the tangent spaces to spacetime, while the others remain genuinely internal.
It is therefore the VEV of the soldering form that separates the gravitational from the other
interactions.

In this way we have fulfilled the first three points of the to-do list in section II.A. The
hardest part is now to complete the fourth point, namely to write an SO(N)-invariant

dynamics.
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3. Bosonic dynamics

The first problem one encounters is that in the generalised context we are considering
one can no longer write a Lagrangian in terms of differential forms. Indeed, we can wedge
two copies of ! with the curvature F'7 to produce a four-form. But this leaves us with the
problem of contracting the four internal indices in some way that does not produce a trivial
theory. There seems to be no SO(N)-invariant way of doing this, unless one introduces
other fields, as in the next subsection that discusses the coupling to fermions. This may be
possible, but has not been explored. The only explored option is to abandon the idea of
working with differential forms. This is a big departure from the Einstein-Cartan philosophy,
but it appears that there is no other way forward if one is to pursue this unification scenario
without introducing more fields.

So, to write a Lagrangian we will take into account that when N = 4 there are two
equivalent ways of writing the Einstein-Cartan action. One is by using differential forms, as
in (I9). The other is by using the inverse vierbein as in (I8). In the present context, the
soldering form 67, does not have an inverse, but one can use the internal metric 7;; and the
induced spacetime metric g,,, assumed nondegenerate, to contract the indices. The action

18

1
S[07wl] = Tive / V7 (07,07 ,"° 6" R(W) pors — 2A) . (74)

There are now two ways forward with this Lagrangian. One way, explored recently in [110],

[112] is to impose the frame - connection compatibility equation (I3 non-dynamically. As

we discussed above, this equation fixes all the components of the connection in terms of the

- components. These components

derivatives of the generalised frame, apart from the w,gN
are then to be interpreted as the YM gauge fields. Then for N = 4,5 this theory, after the

connection is determined from ([[3]) and is substituted back into the action, gives the Einstein-

Hilbert Lagrangian that depends only on the metric, see [110] for a further discussion. For

N > 5 one adds to the action terms quadratic in the curvature to generate the F? kinetic

term for the YM fields, see [112].

The other possible way forward is to try to keep the full connection w as an independent
field, and let its relation to the metric arise dynamically, as is the case in the usual first-order
formalism. One possible way to do this is to drop the requirement that the action must be

first-order in derivatives and add other types of terms. When one thinks of the most general
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possible action for w,"” and 6/, the most natural terms are quadratic in curvature and in the
total covariant derivative of the soldering form. The effect of the latter terms is to conspire
with the action (4] to generate masses for the wffl) and K, components of the connection
via the Higgs mechanism.!® The same effect is obtained if instead of the total covariant
derivative one employs the covariant exterior derivative of the soldering form, which is its
antisymmetric part. (It is given by equation (B0), where now I,J =1,..., N.) The terms
quadratic in curvature produce the YM F2-type kinetic terms for the part w,SN_4) of the
connection that is left massless.

This construction is a close analog of unification in the sense of particle physics, with
non-linearly realized order parameter, as discussed in section II.A. There, the description
in terms of nonlinearly realized fields is the low-energy approximate theory describing the
physics below the scale of the Higgs VEV. In the case of gravity this would presumably be
the Planck scale. Depending on dimensionless parameters appearing in the Lagrangian, the
mass of the connection may be comparable to or smaller than the Planck scale. If one looks
at this theory at scales much below the mass of the gauge fields, the latter will appear to

be dynamically frozen at their VEV. This is the same as imposing the condition (I3]) as

a constraint. Thus, the scheme recently discussed in [112] can be viewed as a low energy

approximation of the theory discussed in [76, [77], which in turn should be viewed as a low
energy approximation of some more fundamental theory.

At the classical level it is also consistent to think of the theory with the constraint (I3))
as a gauge-invariant description of a massive connection, independent of considerations of

energy scales. It is amusing to note that essentially the same logic has also been used recently

in the case of GUTSs to justify the absence of proton decay [113].

We stress once more that the action involves a non-degenerate metric and therefore only
makes sense in the low-energy (broken) phase of the theory. From the point of view of
the criteria for unification spelled out in section II.A, we fall short of having a completely
satisfactory dynamics.

To summarise, what appears to be the most serious drawbacks of this unification scenario

are the departure from the first order formalism, and a related departure from the require-

18 More precisely, what becomes massive is not w,(f) but rather the difference between w,(f) and the Levi-Civita

connection constructed with the soldering form [77].
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ment that the Lagrangian be written in terms of differential forms. A related drawback is
that this unified theory can only describe the dynamics of the broken phase.
We note that some attempts to provide a dynamical justification for the non-vanishing

VEV of the soldering form, by means of a self-consistent, bi-metric dynamics, were made in

@, , (114-116]. While bi-metric dynamics can be seen as aesthetically unpleasant, they

have been used extensively recently in discussions of massive gravity [117, [118] and also

appear in approaches to asymptotic safety |21, ]

4.  Fermion dynamics

When one has a bosonic dynamics that can explain the generation of a nonzero VEV
for the soldering form, then the formulation of a suitable fermionic dynamics satisfying all
the criteria of section II.A is relatively straightforward. Since the spinorial representations
depend on the dimension, we consider here the special case of the SO(3,11) unification
mentioned above B] We start from the Clifford algebra of SO(3,11), generated by gamma
matrices 7/ (latin indices I,.J now run from 1 to 14), satifying {7/,v’} = 2n’/. The

SO(3,11) covariant derivative acting on Majorana-Weyl spinors is

1
Dyine = (8,-+ ol S0 ) e ()

where Zf’,’ll) = i[w, 7] are the generators of SO(3,11) and Zf’f}’ their restriction to the

(left-handed) Majorana-Weyl representation. We also define the covariant differential D,
mapping spinors to spinor-valued one forms: Dy = (D, )dz*. There is an intertwiner
A mapping the spinor representation to its hermitian conjugate: E} JA = —A¥;;. Therefore

the quadratic form
U} (AY") Dby (76)
is manifestly a vector under SO(3,11) and a one form under diffeomorphisms. Then, to

construct an SO(3, 11)-invariant action, we introduce an auxiliary field ¢k transforming

as a totally antisymmetric tensor. The action is
S= /¢2+(A71)LDwL+ ANOT AT NO" bk, (77)

The breaking of the SO(3,11) group to SO(10) is induced by the VEV of two fields:

the soldering one-form 6/, and the four-index antisymmetric field ¢;;x. We assume that
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the VEV of ¢k 1S €mnrs, the standard four index antisymmetric symbol, in the Lorentz
subspace (spanned by indices m,n = 1,2,3,4), and zero otherwise.!* The VEV of the
soldering form on the other hand has maximal rank (four) and is also nonvanishing only in

the Lorentz subspace:

mnrs — €mnrs om, = Me™

¢ : " (78)
¢rixr =0 otherwise 6', =0 otherwise

where €™, is a vierbein, corresponding to some solution of the gravitational field equations

which we need not specify in this discussion (below we will choose €™, = §;') and M can

be identified with the Planck mass.

Then, the action for fluctuations around this VEV reduces to the standard action for a

single SO(10) family in flat space:
/d4x n'o"V,m, (79)

where now V, = D,(}O) = 0, + %Agb(m)zg?) + %AT&DES;P is the Lorentz- and SO(10)-
covariant derivative. Note that this action contains the standard kinetic term of the fermions,
and the interaction with the SO(10) gauge fields, which at this stage can still be assumed
to be massless.

We note that a scalar field ¢ i is reminiscent of what is needed in the MacDowell-
Mansouri scenario, to be discussed later. Indeed, a field of this type can also be used as the
“compensator” field in the Lagrangian ¢; x F'/ A FEE. So, it may be that the fermionic
Lagrangian described above should also be used in the context of the MacDowell-Mansouri
type unification, see below. This has not been explored.

In summary, we see that it is possible to write an SO(3,11)-invariant action for the
fermions that reduces to the correct Lorentz- and SO(10)-invariant action in the broken
phase. The most difficult part is thus to get the satisfactory mechanism for the symme-

try breaking in this context. Besides the explicit constructions discussed in the preceding

section, we mention the possibility of a dynamical symmetry breaking in a purely spinorial

theory. This has been explored to some extent in [119, [120].

19 We note that the field ¢; 71, also appears in BF reformulations of General Relativity, as reviewed above.
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5. Graviweak unification

Less ambitious than the “graviGUT” discussed in the preceding sections, this is a theory

unifying gravity with the weak interactions in a complex orthogonal group |121]. Tt is

easiest to motivate this sort of unification if one starts from a simplified setting where
the right-handed fermions are absent and the left-handed ones are doublets of SU(2),.
We ignore strong interactions. Since the fermions are complex, they automatically carry a
representation of the complexified Lorentz and weak groups. The algebra of the complexified
Lorentz group SO¢(3,1) = SOc¢(4) consists of real linear combinations of the rotation
generators L;, the boost generators K; and their purely imaginary counterparts iL; and
1K ;. In the case of the chiral fermion fields, the physical rotations and boosts are realized
by the generators M;r = L; +1K; and i.MjJr respectively, which together generate a group
SLc(2)4. The generators M;” = L;—iK; of SO¢(4) commute with the M~ and can therefore
be identified with physical operations on spinors that have nothing to do with Lorentz
transformations. In this simplified chiral model we can identify SLc(2), with the Lorentz
group, and the group generated by the M~ with the weak isospin gauge group SU(2)r. The
generators i}~ are related to the weak isospin generators in the same way as the boosts are
related to the rotations, therefore we can call them “isoboosts” and we can call the group
SLc(2)- generated by M +and ¢M;~ the “isolorentz group”. It is just the complexification
of the isospin group. The group SO¢(3,1) = SO¢(4) = SLc(2)+ x SLc(2) -, which contains
both Lorentz and isolorentz transformations, is called the “graviweak” group. Since this
group is a direct product, it may seem that no true unification has been achieved in this
way. However, it is both mathematically and physically different to have a gauge theory
of the group SO¢(4), with a single coupling constant, and of the group SL¢(2) x SLc(2),
which in general has two.

We shall use the following conventions regarding the indices: a,b = 1,2,3,4 are in-
dices in the vector representations of the real SOg(3,1) C SO¢(3, 1) generated by (L;, K;),
while m,n = 1,2,3,4 are indices in the vector representations of SLc(2), generated by
(M;r, z'MjJr), and u,w = 1,2,3,4 are indices in the vector representations of SL¢(2)_ gener-
ated by (M ,iM;").

In this theory one can write the action in terms of differential forms. The order parameter
is a generalized soldering form 6%, which can also be written as ;. Denoting A,%, and

®o
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A% the graviweak gauge field and its conjugate, the generalized torsion is
O = 0,0%, — 9,0°, + A 50", + A, 0%, — A, 500, — A, %07, (80)
and the curvature two-form is

R“,,C_mgb — ijabéle_) 4 ijle_)(sab (81)
Ruuab = a/rAl/ab - al/AAuab + AuacAucb - AuacAucb . (82)

With these fields we can define a generalized Einstein-Cartan action, which contains

terms
N aabb n pec n pdd _ -
Spc = 167 RENO% N 0 € aay o) (eo)(da (83)
So = a / [tigbb 0% + (1?) 9““/\9bb] N6 N O™ € o) @ ey (84)

where 2% are zero-form auxiliary fields. Eliminating them, the second term is quadratic

in torsion. Similarly

1 aab e f aa b cc 1
52 = g_g / |i7”ee})-?c R 1r + (7’2) 0% A be] A G N eddE((—m)(Eb)(Ec)(Jd) . (85)
aa bb
eeff”
The equations of motion of this action admit Minkowski space as a solution. We shall

refer to this solution as the VEV. It is given by (A4,%) = 0 and (#;**) = Md;" and (0;7*) = 0

is quadratic in graviweak curvature after eliminating the auxiliary fields r

for u = 1,2,3, where M is a mass parameter. This VEV breaks the original group in the
correct way to provide global Lorentz and local weak (isospin) gauge invariance: the (+)
part of the SO¢(4), corresponding to the Lorentz generators, and the imaginary part of the
(—) generators (the isoboosts) do not leave the VEV invariant, and therefore are broken.
Thus, the only unbroken subgroup of the original gauge group is the weak SU(2),. In
addition, the VEV @' = /" is invariant under the global diagonal SO(3,1). This is the usual
Lorentz group. Notice that the VEV has selected SL¢(2), for soldering with the spacetime
transformations, and accordingly the signature of the resulting metric is Minkowskian.

In order to describe in a covariant fashion also non-flat geometries with weak curvature

we can consider backgrounds of the form:
(0mt) = Me)'(z) ,(07™) = 0 for u =1,2,3 (86)
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where e,™ are now ordinary, real vierbeins connecting the internal Lorentz vector index u
to the internal vector index m. Moreover, using the SO¢(4) invariant product d,, one can
define a metric g, = 92“951’5@5&5 = €€}, Nmn, Where in the last step we used (BG).

If the metric is slowly varying we can neglect the action S5. In deriving the equations
of motion (EOMSs) for the other part of the action it is convenient to split the connection
and curvature in selfdual and antiselfdual parts, converting the graviweak indices (aa) to
Lorentz indices m,n ... and isolorentz indices u,v,.... Then, the EOMs for the isolorentz
(anti-selfdual) connection are identically satisfied by the VEV (8dl), while the equation for

the Lorentz (selfdual) connection imply that the standard gravitational torsion vanishes:

O = e, — 0", +w, e, Fw, e, =0. (87)

This fixes w,™, to be the Levi-Civita connection of €. On the other hand the equation
relative to 6" produces the Einstein equations for the background ej’. Thus, if €' is a
solution of Einstein’s equations in vacuum, then (86]) yields a solution of the equations of
motion of this theory.

One can understand better the dynamics of the gauge fields by inserting the VEV (8@l) in

the action and neglecting interaction terms. The generalized actions (83 and (84]) become
Skc + Se — /d4:E \/§[1%—17TM2R + 4a, M? (O, 04 + 10 K K ] : (88)

Thus one should identify the Planck mass as M#%;, = g, M?. Then, this shows that the
isoboost gauge fields K /ﬂ acquire mass at the Planck scale. As discussed in the introduction,
also the spin-connection wa, which is contained in O], and R, becomes massive. This can
be seen most clearly for the constant background e = 4,"; in curved backgrounds, it will
generate masses for the fluctuations of w around the Levi-Civita connection of €j'. The W
boson remains massless.

The action S, modifies the equations for the VEV, but flat space is still a solution. Using
([BE) and eliminating the auxiliary fields, the action Sy reduces to a term quadratic in the

gravitational curvature plus the standard Yang-Mills actions for the weak gauge fields:
1 o N —
Sy — e / d*z\/g < — RRY — W) W — KJ K ) : (89)
Above the breaking scale, the gravi-weak symmetry manifests itself in the equality of the

coefficients of all the three terms, while below the Planck scale the isoboosts and the spin

connection are massive and decoupled.
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One should point out that the equations admit also the solution () = 0. This corresponds
to an “unbroken” phase in which there is no distinction between gravitational and weak
interactions. Since the metric is quadratic in @, one expects this symmetric phase to be
also “topological”. The dynamical mechanism which favours the phase with nondegenerate
metric is outside this picture, but both phases at least appear as admissible solutions.

One can modify the theory to includes also the right-handed fermions and the strong

interactions [121)], see also [122]. This theory has been used for cosmological applications in

[123-126].

C. MacDowell-Mansouri type unification

The MacDowell-Mansouri action for General Relativity (B4]) is based on the DeSitter or
Anti-DeSitter gauge group, and possibly an explicit vector field that breaks the symmetry to
Lorentz as in (37)). It has been realised early on that other gauge groups can be considered.
Indeed, one of the motivations of the original MacDowell-Mansouri paper [50] was a simple
construction of supergravity along these lines, with a supergroup replacing the DeSitter or
Anti-DeSitter gauge groups. However, it took many years before any serious investigation
as to other possibilities was carried out.

In three spacetime dimensions the MacDowell-Mansouri (or Cartan) trick of putting
together the frame and the spin connection leads to the Chern-Simons description [51]. It
is interesting to remark that in this Chern-Simons context the procedure of “enlarging the
gauge group” from the SU(2) that is needed for gravity to higher rank groups has been

studied extensively. It turns out that the theories one gets this way are related to higher

spin theories, see e.g. [127].

In the setting of four dimensions, the paper [128] studies MacDowell-Mansouri-type theory

with the conformal group SU(2,2) ~ SO(2,4). We review their construction below.

Other papers on extended MacDowell-Mansouri formalism include: An interesting paper

[129] studying Stelle-West-type actions with a potential term for the compensator field in-

stead of the Lagrange multiplier term. It is shown that the result is a variant of scalar-tensor
theory of gravity. Lisi considered a MacDowell-Mansouri-type action for the gauge group
as large as Fjg, attempting also to include fermions as components of some superconnection.

We will discuss this in section V.G. Additional work on “enlarging the gauge group” in the
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context of MacDowell-Mansouri formulation is [130)].

1.  MacDowell-Mansouri-type theory with conformal group

As in [128], let A, B, ... be 6-dimensional indices so that an object V4 is in the six-

dimensional defining representation of SO(2,4). The connection is then a Lie algebra-valued
one-form A48 = AABl Its curvature is FAZ. To construct the Lagrangian with need an
object wA? with two indices to contract with espcpprF P A FEF. This is in contrast
with a one-index object in the Stelle-West version (B7) of the usual MacDowell-Mansouri

formalism. The authors of [128] start with W45 in a general orbit under SO(2,4), but then

quickly specialise to vectors of the form
0
WAB — , (90)

where the upper-diagonal block is 4 x 4, and the indices a, b take two values. It is assumed
that ¢ is a constant. Similar decomposition of the connection is
1J  pla
w E
AAB = : (91)
o EIa CEab
Here I, J,... are 4-dimensional internal indices. It is immediately clear that the novelty in
the “enlarged gauge group” case is that there is now not one but two fields E%? that can
play the role of the frame field. Introducing the sum and difference linear combinations

el, fI out of E'%? the authors obtain the “broken phase” action of the following form
Slw, c,e, f] = /OéEIJKLelfJRKL+ﬁ€1fJRU+7€1JKL€IfJ€KfL+M€1fI€JfJ+§€IfId07 (92)

where o, 3,7, i1, € are all constants whose values are related to ¢. Apart from the last term

containing dc, this is the action of the type considered in [131] in the context of bi-metric

gravity. It may therefore describe a massless and a massive graviton. Unlike [131], however,

there is an additional symmetry e/ — e®@e!| I — ¢=@) fI in ([@F). For an analysis of the

perturbative spectrum of this theory see [128].
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2. General case and difficulties

There is clearly a generalisation of the above construction to arbitrary SO(N) gauge
group. One wants to break this gauge group to SO(4) x SO(N —4). In the Stelle-West-type
approach this breaking will be carried out by a compensator field, which is totally anti-
symmetric in N — 4 indices, an analog of v® in [37) or W4 in the previous section. It is
also clear that there is an analog of the decomposition ([@I]) in the general case, with the
off-diagonal components of this matrix playing the role of a set of tetrad-like fields. The
unbroken symmetry group SO(N — 4) acts by mixing these tetrads. In general this gives a

version of multi-tetrad theory of |[131], but with an additional gauge symmetry. It would be

interesting to study these theories better to understand their viability.

One obvious difficulty of the models of this type is that, while YM-like fields valued in
SO(N — 4) do get generated, the type of Lagrangians that one would naturally write in
this formalism only gives first-order kinetic terms for these fields, not second order. So, one
will never get the YM F? terms from first-order Lagrangians of the sort discussed. This is
typical of all first-order formulations. The desired F'? terms may in principle be obtained by
integrating out some other fields, in this case the components of the generalised frame field.
This, however, seems unlikely given that the frame fields are one-forms, and to get F? terms
one expects to integrate out two-forms, as we will see in the context of BF-type formalisms
below. This issue, however, needs to be studied better.

Another property that we see without any analysis is that the set of tetrads that one will
get from these models will be charged with respect to the unbroken gauge group SO(N —4).
While an SO(N — 4)-invariant combination can be formed to play the role of the “physical”
metric, the interpretation of the other SO(N — 4) charged components remains obscure.
Thus, it is far from clear that the spectrum of propagating modes in these theories will
resemble what one wants to get.

Another issue with this unification scenario is that nothing in principle prevents one from
taking an arbitrary gauge group containing SO(4). Indeed, there is nothing in this gauge-
theoretic scheme that forces us to stick to orthogonal groups. However, fermions seem to
suggest that the relevant unification group is an orthogonal group.

Given these difficulties, the set of models that can be obtained this way does not seem

to be too promising for the purpose of unification of gravity with other SM bosonic fields.
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D. BF type unification

Historically, gravity was first reformulated as constrained BF theory by Plebanski @]

His paper contained both the chiral and non-chiral versions. It seems that it was Robinson

[132] who first thought of unification in the framework of this formalism, even though his

paper is based on the chiral Plebanski formulation and so we postpone its treatment to the

next section. Another early paper on the subject of unification is [133], but it is again about

the chiral formalism, and moreover uses a non-manifestly covariant Hamiltonian framework,
so we refrain from reviewing it in this work.

The first paper studying the unification based on non-chiral BF formalism for gravity

was [134], with the motivation for modifying the non-chiral Plebanski action coming from

the work on “deformations of GR” [135] by one of the present authors. This unification

scenario was further developed in [136], [137] and [138], as well as in [139], |[140]. Another

relevant paper that uses this formalism is [141]. Tt is these non-chiral BF unification scenario

developments that we will aim to review in this section.

1. Modified Plebanski

The main idea of [135] was to modify the chiral Plebanski theory by removing the con-

straints that the variation with the Lagrange multiplier field imposes. The idea of Smolin

[134] was to combine this with the “enlarging the gauge group” idea.

In retrospect, one proceeds in two steps. First, the non-chiral Plebanski action (42) is

modified to

S[B,w, V] = % / By A FY(w) — % <fo”KL + (% + a(\lf”KL)2> e”KL) By A Bgy.

(93)
The “Lagrange multiplier” field W//XZ is still taken to be tracefree, but the variation with
respect to this field no longer imposes a constraint on the 2-form field B?/. Rather, one gets
a set of equations from which the field //X% can be determined in terms of the components

of B! A BEL matrix.

As the paper [142] showed, the modification (@3] is not innocuous, as new propagating

degrees of freedom are added in the process. The paper [137] interpreted the arising theory

as a bi-metric theory of gravity with 2 4+ 6 propagating degrees of freedom corresponding to
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a massless and a massive graviton. Some further aspects of this theory were later studied

in [139], [140).

2. Unification by enlarging the gauge group

The second step, which is the main idea of [134], was to enlarge the gauge group in (@3)

from SO(4) to an arbitrary group containing SO(4) as a subgroup. Let us for definiteness
assume this larger gauge group to be an orthogonal group SO(N), even though there is
nothing in this unification scenario that restricts us to orthogonal groups. Let us keep using

the letters I, .J,... to denote the N-dimensional internal indices. One of the main points

of [134] is that there is a solution of the field equations of (@3] that breaks the symmetry

SO(N) down to SO(4) times the subgroup that commutes with it. This is similar to how a
generalised tetrad in the Einstein-Cartan-type scenarios breaks the SO(N) symmetry as in

(T1). The breaking pattern will in general depend on the embedding of the unbroken SO(4)

Q

into the full gauge group SO(N) selected by the solution in question, as was emphasised and

explored in [143] in the context of the unification based on chiral formalism. For simplicity,

we assume that the symmetry breaking pattern is SO(N) down to SO(4) x SO(N —4). If

we use indices a, b, ... to denote the first four of the indices I, J, ..., i.e. say [ = (a,i),a =
1,...,4,2=>5,... N, then the relevant solution can be described as
ab 1 abed pe d

where 6° is a four-dimensional frame field, and all other components of B’/ are zero. Thus,
the background field configuration for the B!’-field selects a particular SO(4) subgroup in
the full gauge group. The background value of the field W75 is taken to be zero, and the

b assumed to be the spin

only nontrivial components of the background connection are w®
connection compatible with the frame field 6%, which in turn is assumed to be maximally
symmetric, i.e. correspond either to DeSitter or Anti-DeSitter space, depending on the sign
of A in the action (@3)).

The idea is then that the perturbations around the selected symmetry breaking back-

ground will describe gravitons as well as Yang-Mills fields for the unbroken gauge group

SO(N —4). Nobody seems to have analysed these perturbations carefully, such an analysis

was only done in the chiral version of this unification scheme [143]. But the results of the
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analysis in the chiral case suggest that the following behaviour can be expected. The SO(4)
sector of the theory will describe some version of bi-metric gravity with 2 + 6 propagating
degrees of freedom. The SO(N — 4) sector will describe Yang-Mills theory. The F? form of
the action for these Yang-Mills field follows by integrating out the B¥ components of the
2-form field, as well as the W9k components of the W!/XL field. Further, there are what
can be referred to as off-diagonal components of all the fields charged with respect both the

Lorentz group SO(4) as well as the Yang-Mills gauge group SO(N — 4). These describe

exotic fields, referred to as Higgs fields in [13§].

We should point out that a slightly different action from (@3]) was considered in |138],
with up to cubic dependence on the analog of the field W//XL which in this paper is also

taken to have some spacetime indices. But the overall logic remains unchanged. We should

also point out that the paper [141] suggested that in a certain parity asymmetric phase of

the SO(4) theory one of the two SU(2)’s of the SO(4) can be interpreted as the gauge group

that corresponds to gravity, while the other one gives the gauge group of weak interactions.
This is similar to the idea of graviweak unification discussed in section [V Bl

One of the main achievement of the discussed formalism is that it is first-order in deriva-
tives, works in terms of differential forms, and successfully solves the problem of generating
the [ terms for the Yang-Mills gauge fields. Indeed, these are obtained by integrating the
relevant components of the two-form field from the original first-order action. However, the
difficulty with this formalism is that, at least around the SO(4) symmetric vacuum (@4]) the
massless spin two particle arises together with its massive cousin. This seems undesirable.
Given that all 6 polarisations of the massive graviton propagate, there is likely the ghost
mode, even though this issue strongly depends on the reality conditions chosen for all the
fields, and these are subject to debate. It is probably the appearance of this massive gravi-

ton mode that led to diminishing interest in this unification model. A possible way out was

advocated in [141], and is to expand around a different, parity asymmetric background, but

then one faces the problems of reality conditions, see next section. So, the status of this
unification scheme at present is unclear.

The other difficulty of this scenario is the appearance of fields that transform with respect
to both the YM gauge group, as well as Lorentz group. Such fields are clearly undesirable,
but it is possible that they arise as massive fields, and that this mass can be tuned to be

large. This needs to be studied in more details. The final difficulty is that in any formalism
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that is based on 2-forms, not frame fields, a coupling to fermions is problematic. A possible
such coupling, but in the context of the chiral theory, was described in [63], but it is far
from clear that this coupling survives the generalisation from ([42]) to (Q3)), as we will discuss

in more details below.

E. Chiral unification

The unification scenario that starts with the chiral Plebanski formalism (54]) has been

studied by one of the present authors and collaborators. The paper [144] studied an SU(3)

model, linearising the action of the full theory around a solution that breaks the symmetry

to SU(2) x U(1), and interpreting the arising excitations as gravitons, Maxwell field, as well

as exotic “Higgs” fields. The paper [145] considered a similar theory but with the gauge
group G L¢(2) with what arises being a version of unified theory of non-linear electrody-
namics and gravity. Both papers work with BF-type formalism. The second of these papers
also analyses the non-linear aspects of unification and in particular solves the spherically

symmetric problem in the full non-linear theory.

The paper [143] is about the same unification scheme, but the starting point is a pure

connection action with an arbitrary gauge group. It is shown that there are in general many
different possible vacua for the theory, each vacuum being determined by the embedding of
the gravity gauge group SU(2) into the full gauge group. The spectrum of excitations one
finds around the vacuum strongly depends on this embedding.

We start our review of the chiral models with the simplest and possibly the most attractive

model of this type, the one described in [132].

1. GL¢(2) Plebanski-type Finstein-Mazwell unified theory

The reference |132] considers a theory of exactly the same type as (54) but with G L¢(2)

gauge group instead of SL¢(2). We will write this action in SO(3) indices, similar to (54)),
and add another direction to the Lie algebra to represent the U(1) gauge group. Thus, let

the index I = (i,4),7 = 1,2, 3 take four values. The action is

1
S[A, B, M] = / B'FT — §M”BIB‘] + p1(Trso@) (M) — A) + po(Trpay (M) — k). (95)
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Thus, we enlarged the gauge group of the Plebanski formulation by adding U(1), and further
added another trace condition on the matrix that appears in front of the 4-form B! A BY.
Here the traces are Trgos) (M) = M%Y6; and Tryy(M) = M*. Thus, the constraints
present in (@8] require that the matrix M*/ is of the form

WY Ay g
¢’ k

MY = (96)
To see that the theory (@3] is equivalent to Einstein gravity coupled to Maxwell let us

write everything in SO(3) plus U(1) components. We have
A

i i 1 y . 1 o
S[A, BV, ¢] = /BZF’ + B - (xw + 55”) BB~ SkB'AB' = ¢'B'B', (97)

where we have used ([06)).
Now, the SO(3) sector is unchanged as compared to (B4) and continues to describe

General Relativity. Varying with respect to ¢* gives
B'AB* =0, (98)

which implies that B* is a purely anti-self-dual 2-form. Using this fact, B* can be integrated

out from the action using its field equation

kB* = (F*),.. (99)
This gives the following action
i i 4 i L ij A ij inj 1 4 2
S[A", B', ¥, A%] = BF—§ \If’+§5] BBQ+%((F)M¢) , (100)

which, modulo a surface term, is just the Plebanski action for General Relativity plus the
action of Maxwell theory.

The reality conditions that need to be imposed to get a Lorentzian signature theory are
unchanged in the SU(2) sector, and are given by (G8)). The additional reality condition that

needs to be imposed is that the U(1) connection is real. This can be done by requiring
B*A(BY* =0. (101)

Indeed, we know from (@9) that on-shell B* will be purely anti-self-dual. Then the condition
(I0I) says that this anti-self-dual 2-form is the anti-self-dual part of a real 2-form, which
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then requires A* to be real. So, the reality condition for the U(1) sector takes a form similar
to the conditions (B8) in the gravity sector, which is nice.

All in all, the theory (@5 is probably the nicest known way of putting together GR and
Maxwell theory. It does so just by enlarging the structure already present in the formulation
of pure GR, and the constructions used are quite analogous to what is present in the case of
pure GR. We cannot think of any drawback of this unification scenario, except that it does

not generalise in any natural way to YM theory, as we review next.

2. Generalisation to Finstein- Yang-Mills

The action (@) can be trivially generalised to give gravity plus YM. To this end, one just
needs to introduce extra indices. Let a, b, ... be indices for the Yang-Mills gauge group. We

can then write

_ 1 y A . 1 . .
S[A, B, VU, ¢| = /B’F’ +BF 5 (w + 55’]) B'B — SkB" A B — ¢ B'B". (102)

Exactly the same procedure of integrating out ¢ and B® gives that B® is anti-self-dual and
a multiple of the anti-self-dual part of F'*. This results in the action of Einstein-Yang-Mills

theory in the form

S[A B W, A% = / B -3 <\If + %5“) BB + o (F)aa. (10)

Now k receives the interpretation of a multiple of the YM coupling constant.

On the other hand, the action (I02)) can be written in the form similar to (93]
1
S[A, B, M] = / B'F! — 5M”BHBJ, (104)
where the index I = (4,a) and the matrix M’/ is required to be of the form

\Ijij+%5ij ¢w
¢ia kéab

M7 = (105)
Unfortunately, this way of writing the action shows that we are not really dealing with a
unified theory. First, the gauge group in the above is just the product of the gauge groups
SO(3) ~ SU(2) required to get GR in Plebanski formalism and the YM gauge group.
Second, it is very hard to motivate the form of the matrix M’/ as (I0F) requires that
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only the trace part be present in the lower-diagonal block of this matrix. This form can
be imposed with the help of 1+ n(n + 1)/2 Lagrange multipliers, where n is the dimension
of the YM gauge group, but this is unattractive. So, overall we must conclude that (I04])
with (I03), while giving a way of rewriting the Einstein-Yang-Mills system Lagrangian, is

not really a unification scheme.

3. More general unified models

The models studied in [144], |[145] and [143] can all be described from a viewpoint similar

to the one previously discussed. Thus, we shall consider the action of the same general type

(@04, but add to it a single constraint on the matrix M’/
1
S[A, B, M] = /BIFI — §M”BIBJ +u(f(M) = N). (106)

Here the gauge group is arbitrary, and can be taken to be simple, and I, J,... is the Lie
algebra index. The matrix M’ has values in the second symmetric power of the Lie algebra.
The model is specified by choosing the function f(M), which is assumed to be a gauge-

invariant. If desired, one can impose on the matrix M’/ more than one constraint, as in

@), but in all models [144], |145] and [143] just a single constraint was imposed.

The main idea of the analysis in the papers [144], |143] was to choose an appropriate

background that breaks the symmetry to the gravitational SU(2) times the subgroup that
commutes with this SU(2). Such a background can be specified by choosing an embedding
of SU(2) into the full gauge group. One can then expand the action (I06) around the
background chosen, and see what are the propagating modes. In this analysis one does not
need to make any assumptions on f(M) apart from some generality. It is found that the
SU (2) sector describes gravitons, the sector charged under the subgroup that commutes with
the gravitational SU(2) describes massless gauge fields, and what can be called off-diagonal
sector describes exotic fields that are charged under Lorentz as well as the YM group.

The main difficulty of the models of this type is that at the non-linear level what arises

is a modified gravity of the type considered in |135], and unlike the case of the Plebanski

formalism for GR, the reality conditions to be imposed on the fields to get Lorentzian

signature metrics and real Lagrangian are not under control.
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F. Exceptional unification

A bold attempt at unification that attracted much public attention was the “exceptionally

simple theory of everything” based on the group Fg [146]. The original idea was to fit all

known particles into the 248-dimensional adjoint representation of Eg. The proposal met

with skepticism, which finally crystallized in a paper giving some no-go theorems [147].

Oversimplifying, the theorems can be summarized as:
1. there cannot be three fermion families in the adjoint of FEg;
2. there cannot be one chiral fermion family in the adjoint of Fg.

Let us spell them out in some more detail.

The first theorem can be proven as follows. Fermions are spinors, and therefore change
sign under a 360 degree rotation. When one embeds the spin group SLc¢(2) in Eg, the
rotation by 360 degrees corresponds to a central element whose square is 1. In a spinor
representation, such an element must act as minus the identity. One can use results of
Cartan to the effect that the subspace of the Lie algebra of Eg where this element acts as
minus the identity has dimension 112 or 128, depending on the real form. Since one spinor
family or antifamily (including a right handed neutrino) has real dimension 64, there can be
at most two families/antifamilies in the adjoint of Eg.

The second and stronger result of Distler and Garibaldi is based on chirality. For a given
embedding of SL¢(2) in (a real form of) Eg, define the GUT group to be the centralizer of
SLc(2). If the fermions happened to be in a real or pseudoreal representation of this group,
they could not be chiral. Distler and Garibaldi worked out the complete list of all GUT
groups that could be embedded in (real forms of) Eg, and of the corresponding fermionic
representations: they are all real or pseudo-real. As a consequence, Fyg unification as pro-
posed by Lisi predicts a nonchiral fermion spectrum. Statement (2) above then follows if one
makes the assumption that all the fermions of one family must be in a chiral representation
of the GUT group, as the known particle spectrum demands. Unfortunately (or fortunately,
depending on one’s taste) there is some wiggle room here: one cannot exclude with absolute
certainty the existence of additional families or antifamilies with large masses. Thus, one
could take one known family and an antifamily, corresponding to one complex representation

and its conjugate, and together they would form a real representation, which may happen
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to occur in the Distler-Garibaldi list.

In fact, in [148] Lisi describes an embedding of the “graviGUT” group SO(3,11) of B] in

FEy, which could be extended to an embedding of a fermionic family and the corresponding

antifamily (see also [149] for a more precise description of the algebras involved). One

would then have to find a mechanism that gives very large masses to all the particles in the
antifamily, while those in the family remain light.

This is hard, but in our opinion the central issue is another one. Even if there was a
physically believable mechanism to get rid of the antifamily without contradicting known
experimental facts, how would we account for the presence of three families in nature? Given
the first result of Distler and Garibaldi, there are only two possibilities. The first is to give
up the constraint that all particles must be contained in a single copy of the adjoint of Fj.
For example, one could take three adjoints - but then one would also have three copies of the
electromagnetic field, three copies of the gravitational field and so on, and we certainly don’t
want this. Or, one could put the fermions in a larger representation. But since the gauge
fields must be in the adjoint, this means that one would have fermions and bosons in different
representations. This is normal in GUTSs, but is contrary to the spirit of Lisi’s original idea,
and furthermore the profusion of unwanted particles would become even bigger.

The second possibility is to try to evade Distler and Garibaldi’s first no-go theorem by

changing the rules of the game. This is essentially what Lisi tries to do in [146,150], where he

suggests that the three families could be related by triality. Three 64-dimensional subspaces
in the Lie algebra of FEjg, related by automorphisms, would each be identified as a spinor
representation of a different SLc(2) subgroup of Fg. This departs from the framework of
unified theories that we spelled out in section II.A, where the order parameter selects the

unbroken subgroup, and all particles fall in specific representations of this fized subgroup.

VI. DISCUSSION

We begin by summarizing, in subsection A, the strenghts and weaknesses of the unified
models, in particular those based on the McDowell-Mansouri and BF formulation. Sub-
section B contains a discussion of possible relations between KK theories and the unified
theories based on extensions of the internal space. The following three subsections contain

some comments on other aspects of the theory that we had not touched upon previously:
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the role of the Coleman-Mandula theorem, quantization and the nature of the unified phase.

Subsection F contains our conclusions.

A. Discussion of the unified models

A general feature that is shared by all the unification schemes of “enlarging the gauge
group” type is the appearance of fields that transform with respect to both Lorentz and YM
gauge groups. These are akin to the leptoquarks of the GUTSs, and their appearance seem
unavoidable in any model where the Lorentz and YM groups are embedded into a larger
gauge group. Indeed, it is intuitively clear that the “off-diagonal” components of the fields
must transform under both, and so one will obtain exotic fields of a type not yet seen in
Nature. In some of the models it is clear that these fields can be made very massive. In
others, a detailed understanding of their fate is still lacking.

We can divide the unified models of “enlarging the gauge group” type into two categories.
On one hand we have the Einstein-Cartan-type unified theories discussed in section[V B3l As
we have seen, it is not possible to preserve the polynomial character of the Einstein-Cartan
theory in the extended, unified, models. In particular, these models cannot be written
in terms of differential forms. Modulo certain possibilities to be discussed in subsection
below, they should be viewed as effective field theories valid below the Planck scale,
much like GR itself. This is somewhat disappointing, because it means that they can only
describe the “broken”, or “Higgs” phase of the theory. They do not provide a description
of the “unified” phase and therefore do not fulfil all the requirements that we spelled out in
section Il On the other hand, they clearly indicate the nature of the order parameter and
also give a satisfactory description of the fermionic sector. It is not at all obvious that such
a description would have been possible. In particular, the fact that the fermions that exist
in nature form the simplest representations of the unified “graviGUT” group SO(3,11), and
the fact that one can write an action for them that reduces to the correct one in the broken
phase, are among the strongest indications that there may be some truth in this approach
to unification.

If one insists for a polynomial decription of the bosonic variables at the fundamental level,
then one has to turn to the second type of models, those based on the MacDowell-Mansouri

or BF formulations, to which the rest of this section is devoted.
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Let us first remark that once larger gauge groups than required to get gravity are consid-
ered, there is little difference between the non-chiral unified model ([@3]) and the chiral one
(I06]). Indeed, one should just interpret the index pair I.J in (@3] as the Lie algebra index
I in (I06). Then the fact that the matrix that appears in front of B!/ A BEKE in ([@3) is of
the type specified can be imposed as a constraint of the type present in (I0G).

The only difference that arises between these two types of unification schemes is in the
natural background to expand about. In the non-chiral models the natural background is
taken to be ([@4]). In this background it is the subgroup SO(4) of the full gauge group that
gets interpreted as the gravitational one, and what commutes with it as the YM gauge
group. In the chiral models it is more natural to take a background in which only one of the
two chiral halves of SO(4) is “switched on”. On such backgrounds only an SU(2) subgroup
of the full group describes gravity, while what commutes with it describes YM. A proposal

along these lines has been also made in [141], where the second SU(2) inside SO(4) was

proposed to describe the weak gauge group. However, as we have already mentioned, in
chiral interpretations of the theory (I06) one wants to allow all fields to be complex, with
some suitable reality conditions imposed to select a sector with Lorentzian metrics and real
action. Unfortunately, such reality conditions are in general not understood, and so the
chiral interpretation of the model ([I06) suffers from this ambiguity in how to select the
appropriate “real slice”. On the other hand, as we already discussed, if the model ([I06)) is to
be interpreted as a non-chiral one, with all fields real, then at least its SO(4) sector is likely
to have propagating degrees of freedom with wrong sign kinetic terms. There may be ways
out of this by imposing more than one constraint on M’”, but this has not been studied.
Having pointed out that there is no substantial difference between the unified models of
BF-type, we can list some general features that are shared by the models of MacDowell-
Mansouri and BF-type. First, in all these models, after the gauge group is enlarged, it is
no more clear what is the spacetime metric. We have seen that in the MacDowell-Mansouri
case there are several different frame fields after the gauge group is enlarged. It is no more
clear how the “physical” metric is constructed from them. In a similar fashion, in the models
of BF-type it is only after a background is selected and the theory is expanded around it
that one can point out the variables that describe gravitons. In the full non-linear regime
it is impossible to select which combination of fields plays the role of “the metric” in these

theories. This is not necessarily a drawback of these unification schemes, as it may be a true
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feature of the unification, but it should be kept in mind.

Another property that was already mentioned is that in all these scenarios nothing forces
us to restrict our attention to orthogonal groups. One can of course make this restriction,
having the desired fermion transformation properties in mind. If one had hopes for a unique
“theory of everything” this may come as a disappointment. On the other hand, this is not
worse than ordinary YM theories, where one is free to choose the gauge group to fit the
observed particle multiplets.

Finally, even if an interesting bosonic model is constructed by following one of these uni-
fication schemes, one will still face the question of how to couple fermions to it. The models
of MacDowell-Mansouri type face less problems in this regard, because some components of
the connection receive the interpretation of the frame field that the fermions can couple to.
In contrast, in models of BF-type there is no more a frame field. The metric-like variable
is now a Lie algebra valued two-form. It is not easy to couple fermions to two-forms, with
the only known result in this direction being described in Q But the coupling mechanism
of this reference is only known to work for the case of Plebanski, and is unlikely to work
for the generalised models in which the two-form field no longer satisfies the B* A B/ ~ §%
simplicity constraint. So, at least at present, the coupling to fermions appears problematic
for the BF-type models.

Our final remark is that in all these scenarios the symmetry breaking would be caused
spontaneously, by selecting a particular solution of the field equations. As we already em-
phasised, there can be different symmetry breaking patterns depending on how the “gravi-
tational” gauge group gets embedded into the full gauge group by the background solution.
So, this would mean that different phases of the theory appear as different solutions of the
dynamical equations. Unlike the usual particle physics Higgs mechanism (see point 4.a in
section [[TAl), there seems to be no potential to select one as being energetically favoured

over another.

B. Extending the gauge group and Kaluza-Klein

We have presented the unified theories that enlarge the gauge group as sharply differ-
ent from Kaluza-Klein theory. Indeed, one may say that they are ideologically opposite:

in Kaluza-Klein theory spacetime structures (components of the metric) are dynamically
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converted into internal structures (gauge and Higgs fields). In extending the gauge group
scheme, internal structures (fiber metric and connection) are dynamically converted into
spacetime structures (spacetime metric and connection). In the former, the focus is always
on the metric and in this they fit the Einstein’s view of gravity, whereas in the latter the
focus is more on the connection, treated as an independent variable, a point of view that is
closer to Cartan’s.

In spite of this difference, one can think of several ways of relating the two approaches.
The simplest such relation comes from performing the Kaluza-Klein dimensional reduction
while using the higher-dimensional vielbein formalism. In this formalism the basic fields will
be a co-frame, which is a one-form on some higher-dimensional manifold M™ with values in
R®% for some values of p,q : p+ ¢ = n. There is also the spin connection, which is locally
a one-form on M™ with values in the Lie algebra so(p, ¢). When we dimensionally reduce to
four dimensions, some of the components of these fields become scalars from the 4D point
of view, while the other components give rise to 4D one-forms with values in either R®%)
or the Lie algebra so(p, ¢). But one will also obtain such 4D one-forms with values in a big
Lie algebra by starting with the 4D Einstein-Cartan formulation and “enlarging” the gauge
group. This shows that at the level of kinematics the Kaluza-Klein higher dimensional theory
(in the frame formalism) contains the fields of the “enlarging the gauge group” approach as
a subset. At the same time, at the dynamical level this relation disappears: In the Kaluza-
Klein context the connection is completely determined by the frame and its derivatives,
which is not the case in the “enlarging the gauge group” approach.

Another relation between the two approaches can be traced to papers of Weinberg who
discussed a generalization of Kaluza-Klein theory where the higher dimensional gravity that

one starts with is not ordinary gravity (described by a metric) but rather a theory that

has a different invariance group G C GL(4 + N) [151, [152]. In the language of modern

differential geometry, one would say that the higher-dimensional tangent bundle has a G-
structure. Ordinary gravity corresponds to the case G = SO(p,q) with p+ ¢ = 4 + N.
One then assumes spontaneous compactification to Minkowski times a manifold with an
isometry group C); acting transitively on the N-dimensional space. The requirement that
G contains the Lorentz subgroup O(3,1) leads to G being a direct product of a higher-
dimensional Lorentz group times a group G’. Among all possible choices there is also the

case G = SO(3,1) x SO(10).

69



For instance, the appearance of this specific G-structure in a higher-dimensional theory
can be achieved by coupling the connection to bosons with values in the Grassmannian
% of 4-dimensional planes in 14 dimensions (with fixed signature for the induced
metric). Explicitly, the Grassmannian field can be described by giving 4 linearly independent
vectors €, a = 1,2,3,4, and p = 1,...,14, modulo Lorentz transformations. As a quick
check, the dimension of this space is 56 (the number of components of ef) minus 10 (the
number of orthonormality constraints) minus 6 (the dimension of the Lorentz group). This
is indeed equal to the dimension of the coset space.

1

Now let the 14-dimensional Christoffel symbols I',#,, spin connection w,’; and frame

field 67, be related as in (I3). Then, imposing the condition
Dye®, =0, (107)

where D is the total covariant derivative, reduces the gauge group to the desired G. To see
this, note that the matrix e, = e,0," has rank four and acts as projector in the subspace

spanned by the four vectors e®. Due to ([I3)),
Dyey = 0. (108)

This is equivalent to (I07). We can choose the frame field such that the first four vectors
coincide with the vectors e®. In this gauge €%, = ¢ for a,b € (1,2, 3,4) and zero otherwise.
Then equation (I08) implies that the mixed components w,;; vanish, while those in the
diagonal 4 x 4 and (N — 4) x (N — 4) blocks remain free.

Alternatively, one can treat these vector fields as dynamical and add to the action a kinetic
term that is square in D,e%,. The condition (I07) then appears as a property holding at
low energy. Either way, upon dimensional reduction to four dimensions this would lead to a
model containing the same low energy fields as the ones of our Einstein-Cartan-type unified

model of sections IV.A.2-3-4.

Another possible relation goes via brane-world scenarios [153, [154]. In this case four-

dimensional spacetime would be embedded in a 4 + N-dimensional space with target space
coordinates Y/ (z), where z is a coordinate in four dimensions. The induced spacetime

metric would be given by g¢,,, = n'70,0,, where '’ is the metric in the target space and
I I
0, = a,y".
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This is a “generalised” tetrad of the type we considered in sections IV.A.2-3-4. The peculiar

feature of this scenario is that the soldering form satisfies the condition 8H(9[ , — 0,07 p=0.

C. The Coleman-Mandula theorem

It has sometimes been said that the Lorentz group cannot be unified with a YM gauge

group, due to the Coleman-Mandula theorem [155], whose folk version states that “one
cannot mix internal and spacetime symmetries”. Of course, this is too broad a statement.
The theorem itself has several hypotheses, the first and most relevant one being Poincaré
invariance.

The unified theories that enlarge the gauge group, in their unified phase (to be deter-
mined), would violate even a much weaker version of this hypothesis, namely the existence
of a nondegenerate metric. For it is only when the VEV of the soldering form vanishes that
the gravitational and non-gravitational interactions would be truly unified.

In the broken phase, assuming that the VEV of the metric is flat Minkowski spacetime,
the global symmetry group of the theory would indeed be the product of the Poincaré group
and O(N), as required by the theorem.

D. Quantization

So far, we have concentrated on the classical aspects of unified theories. If we tried to turn
these into quantum theories, we would face the same problems that are encountered for pure
gravity. Namely, the models where one enlarges the gauge group, while spacetime remains
four-dimensional, have the same types of divergences that are encountered in gravity and
are therefore power-counting non-renormalizable. In the case of higher-dimensional Kaluza-
Klein theories the divergences are even worse. So, all these unified theories can be assumed
to be UV incomplete.

There are several possible attitudes towards this issue. A modest attitude would be to
view them as effective field theories, valid up to some energy scale. However, unification
typically becomes manifest only at the Planck scale and this is precisely the scale where
effective theories of gravity break down. Thus, this point of view seems to confine the

unified theories to the domain where they are least interesting. This seems indeed to be the
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case for the non-polynomial formulations of section [V Bl

However, given that a unified theory of this type would describe all known forces of
Nature, one clearly wants to set the bar higher. Then, aside from string theory, there are
essentially two possibilities. One is provided by asymptotic safety ] The other one
is to hope for some kind of miracle (or more appropriately, for some yet to be identified
symmetry principle) that would make a very special theory of this sort UV complete. For
example, there is a hope that N = 8 supergravity in four dimensions may be quantum finite,
in part due to its very high degree of supersymmetry, in part due to mysterious enhanced
cancellations, see e.g. . So, it may be that there exist very symmetric power-counting
non-renormalisable theories that still manage to make sense quantum mechanically. None of
the described above schemes qualifies as a “very symmetric” theory, but it is not excluded
that there are better classical unification scenarios yet to be discovered. Thus, in our opinion,

the power-counting non-renormalisability of all the scenarios that have been considered so far

should not prevent researchers from looking for more elegant classical unification schemes.

E. The unified phase

A unified theory should be able to describe both a “unified” or “high energy” phase and
a “broken” or “low energy” phase. Only in the low energy phase it would be possible to
distinguish which fields are gravitational and which represent “matter”. No such distinction
would be possible in the unified phase, with all known fields (and possibly some new ones)
being components of (most optimistically) a single field.

As we have seen, in all the schemes that enlarge the gauge group it is the soldering form
(or a field that plays similar role) that acts as the order parameter. It is when this field
assumes a non-trivial vacuum expectation value that the symmetry of the original theory is
broken, and physics of the type that we see in our world arises. One can then speculate that
there may be different symmetry breaking patterns, depending on the VEV that the metric-
like field assumes. Further, one can imagine such different symmetry breaking patterns
being realised dynamically, e.g. by a process in which the theory moves from one possible
vacuum solution into another. For example, scenarios of this type are possible in the context

of models of BF-type, see [143].

The above leads to the speculation that the unified phase is one where the vacuum

72



expectation value of the metric field (or field that plays similar role) is zero. It thus appears
that the unified phase should be described by a “topological theory”, whatever that may
mean in this context. Indeed, some formulations of GR are strongly suggestive of this. For
instance, in BF-type formulations, the action of the theory always is the sum of the kinetic
BF term, which, taken by itself would give a topological theory, and a “potential” term for
the B-field that breaks the topological symmetry. It is tempting to speculate that this is the
topological BF term that describes the “unified” phase. However, it’s difficult to see what

kind of calculation could support such a speculation.

F. Conclusions

We now know that all interactions except gravity are correctly described by YM theories.
Aside from the choice of gauge group, these are the unique low-energy theories of spin-
one fields. Some of these theories, such as QCD, are UV complete. Others, such as the
abelian sector of the SM, are not UV complete because they lack an UV fixed point. The
simplest option is to assume that they are embedded in a non-abelian, asymptotically free
grand-unified gauge theory.

On the other hand we have gravity, which is correctly described by GR, which is the
unique low-energy theory of spin-two fields. In its most familiar formulations (in terms of
metric or vierbein) it is a nonpolynomial theory showing striking similarities to the gauged
non-linear sigma models. Insofar as these models are the universal low-energy description
of some symmetry-breaking phenomenon, this suggests that gravity, as we know it, is also
the relic of some symmetry breaking phenomenon occurring at the Planck scale. But there
are also other polynomial formulations of the theory that, in a way that we presently don’t
understand, may provide a more fundamental description of gravity.

These are the two theories that we try to unify. We have seen in section that, if
we content ourselves with the low-energy description, such a unification is possible. It is
essentially GR coupled to SO(10) YM fields and fermions, written in an SO(3, 11)-invariant
way. While suggestive, this is not fully satisfactory, because the unified theory is supposed
to describe physics also above the unification scale. We have also described attempts to
go beyond this effective description, based on the use of the MacDowell-Mansouri and BF

formulations.
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While both GR and YM are unique low energy theories, probably the most serious draw-
back of all the unification attempts that we have considered is that the uniqueness is lost:
there are ambiguities in how to write the Lagrangian, and typically many terms compatible
with all the symmetries can be written, with many new coupling constants.?’ This is prob-
ably a sign that none of these theories, taken by itself, should be taken too seriously. At the
same time, the partial successes of these attempts, taken together, suggest that the classical

unification of gravity with YM and other known fields may be possible.
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