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Preface

These lecture notes were written for a one-semester course in mathemat-
ical relativity aimed at mathematics and physics students, which has been
taught at Instituto Superior Técnico (Universidade de Lisboa) since 2010.
They are not meant as an introduction to general relativity, but rather as a
complementary, more advanced text, much like Part 1T of Wald’s textbook
[Wal84], on which they are loosely based. It is assumed that the reader
is familiar at least with special relativity, and has taken a course either in
Riemannian geometry (typically the mathematics students) or in general
relativity (typically the physics students). In other words, the reader is ex-
pected to be proficient in (some version of) differential geometry and to be
acquainted with the basic principles of relativity.

I thank the many colleagues and students who read this text, or parts
of it, for their valuable comments and suggestions. Special thanks are due
to my colleague and friend Pedro Girao.






CHAPTER 1
Preliminaries

In this initial chapter we give a very short introduction to special and
general relativity for mathematicians. In particular, we relate the index-free
differential geometry notation used in Mathematics (e.g. [O’N83, [dC93,
Boo03,, (GN14]) to the index notation used in Physics (e.g. [MTWT3,
Wal84, [HE95]). As an exercise in index gymnastics, we derive the con-
tracted Bianchi identities.

1. Special relativity

Consider an inertial frame S’ moving with velocity v with respect to
another inertial frame S along their common z-axis (Figure [I). According
to classical mechanics, coordinate x’ of a point P on the frame S’ is related
to its x coordinate on the frame S by

/
xr = x — vt.

Moreover, a clock in S’ initially synchronized with a clock in S is assumed
to keep the same time:
t'=1t.
Thus the spacetime coordinates of events are related by a so-called Galileo
transformation
' =x— vt
=t

If the point P is moving, its velocity in S’ is related to its velocity in S
by
dr’  dr—wvdt dx
ar — at ot
This is in conflict with the experimental fact that the speed of light is the
same in every inertial frame, indicating that classical mechanics is not cor-
rect. Einstein solved this problem in 1905 by replacing the Galileo transfor-

mation by the so-called Lorentz transformation:
2 =~v(z — vt)
t' = ~(t — vx)

Here
1

/7_ /—1—2}27
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6 1. PRELIMINARIES
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FIGURE 1. Galileo transformation.

and we are using units such that the speed of light is ¢ = 1 (for example
measuring time in years and distance in light-years). Note that if |v| is much
smaller than the speed of light, |[v| < 1, then v ~ 1, and we retrieve the
Galileo transformation (assuming |v%| < 1).

Under the Lorentz transformation velocities transform as

de’  ~(dx —vdt) de _y

dt’ — y(dt —vdz) 1—o%’

In particular,
dx dr’  1—wv
—=1=—= =1
dt ' 1—v 7
that is, the speed of light is the same in the two inertial frames.
In 1908, Minkowski noticed that

—(dt")? + (dz")? = —~2(dt — vdz)? + A (dz — vdt)? = —dt? + dz?,
that is, the Lorentz transformations could be seen as isometries of R* with
the indefinite metric
ds? = —dt* + da® + dy? + d2% = —dt @ dt + dz ® dz + dy @ dy + dz @ dz.

DEFINITION 1.1. The pseudo-Riemannian manifold (R, ds?) = (R?, (-,-))
1s called the Minkowski spacetime.

Note that the set of vectors with zero square form a cone (the so-called
light cone):
(v,0) =0 —(0")* + (v1)* + (¥)* + (v*)? = 0.
DEFINITION 1.2. A vector v € R* is said to be:
(1) timelike if (v,v) < 0;
(2) spacelike if (v,v) > 0;
(3) lightlike, or null, if (v,v) = 0.
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(4) causal if it is timelike or null;
(5) future-pointing if it is causal and (v, %) < 0.

The same classification applies to (smooth) curves c : [a,b] — R* according
to its tangent vector.

timelike future-pointing vector

null vector o

spacelike vector

FIGURE 2. Minkowski geometry (traditionally represented
with the t-axis pointing upwards).

The length ‘(’U,?}H% of a timelike (resp. spacelike) vector v € R?* repre-

sents the time (resp. distance) measured between two events p and p + v in
the inertial frame where these events happen in the same location (resp. are
simultaneous). If ¢ : [a,b] — R?* is a timelike curve then its length

b
) ) 1
o) = [ les). ) s
a
represents the proper time measured by the particle between events c¢(a)
and ¢(b). We have:

PropoOsSITION 1.3. (Twin paradox) Of all timelike curves connecting
two events p,q € R*, the curve with maximal length is the line seqgment
(representing inertial motion).

PrROOF. We may assume p = (0,0,0,0) and ¢ = (7,0,0,0) on some
inertial frame, and parameterize any timelike curve connecting p to ¢ by the

time coordinate:
c(t) = (t,z(t),y(t), 2(t)).
Therefore

T 1 T 1 T
T(C):/ |—1+¢2+y2+22|2dt:/ (1—¢2—y2—22)2dt§/ 1dt = T.
0 0 0
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O

Most problems in special relativity can be recast as questions about the
geometry of the Minkowski spacetime.

PROPOSITION 1.4. (Doppler effect) An observer moving with velocity v
away from a source of light of period T measures the period to be

T T 1+wv
V1i—v’

Proor. Figure [J represents two light signals emitted by an observer at
rest at x = 0 with a time difference T'. These signals are detected by an
observer moving with velocity v, who measures a time difference 7" between
them. Now, if the first signal is emitted at ¢ = #g, its history is the line
t = tg + x. Consequently, the moving observer detects the signal at the
event with coordinates

= N
t=ty+zx T 1_-v
=
x = vt _ Vo
. 1—vw
t x = vt
T/
T
T

Fi1GURE 3. Doppler effect.

Similarly, the second light signal is emitted at ¢ = tg + T, its history is
the line t = tyo + T + z, and it is detected by the moving observer at the

event with coordinates
. to+ T

1—vw

_ U(to + T)

1—vw
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Therefore the time difference between the signals as measured by the moving
observer is
o (T tg 2 (vto+T) vto ?
1—w 1-— 1—-w

B T2 0272 1—22 14w
V=02 -0 (1—-v)2 Vl—v

In particular, two observers at rest in an inertial frame measure the same
frequency for a light signal (Figure ). However, because the gravitational
field couples to all forms of energy (as E = mc?), one expects that a photon
climbing in a gravitational field to lose energy, hence frequency. In 1912,
Einstein realized that this could be modelled by considering curved space-
time geometries, so that equal line segments in a (flat) spacetime diagram
do not necessarily correspond to the same length.

t

T/

I
N~

FIGURE 4. Minkowski geometry is incompatible with the
gravitational redshift.

2. Differential geometry: Mathematicians vs physicists

Einstein’s idea to incorporate gravitation into relativity was to replace
the Minkowski spacetime (R*, (-, -)) by a curved four-dimensional Lorentzian
manifold (M, g) = (M, (-,-)). Here g is a Lorentzian metric, that is, a
symmetric 2-tensor field such that at each tangent space g = diag(—1,1,1,1)
in an appropriate basis. Just like in Riemannian geometry, g determines a
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Levi-Civita connection, the unique connection V which is symmetric and
compatible with g:

VxY - VyX = [X,Y];
X (Y, 2) = (VxY, Z)+ (Y, Vx Z),

for all vector fields X, Y, Z. The curvature of this connection is then given
by the operator

R(X,Y)Z =VxVyZ —VyVxZ —VxyZ.

The formulas above were written using the abstract notation usually
employed by mathematicians. It is often very useful (especially when dealing
with contractions) to use the more explicit notation usually adopted by
physicists, which emphasizes the indices of the various objects when written
in local coordinates:

Object Mathematicians Physicists
Vector field X XH
Tensor product XY XrYyv
Metric g={,") G
Inner product 9(X,Y)=(X,Y) Gu XYY
Associated covector Xt =g(X,") X = g XH
Covariant derivative VxY XHV,YY
Covariant derivative tensor VX VX" =0, X" + T, X
Here I}, are the Christoffel symbols of the Levi-Civita connection;

they can be computed from the components g,,, of the metric tensor by the
formula

1
Fijzg

and in turn be used to compute the components of the Riemann curvature
tensor:

gaﬁ (0u9vs + 0vgus — 989u) ;

R, 4", = da" (R(Da,05)0y) = 0aTY, — 95T%, + TH T}, — T4 T7,.

The covariant derivative tensor of a vector field X, not always empha-
sized in differential geometry courses for mathematicians, is simply the (1, 1)-
tensor field defined by

VX(Y)=VyX.
Also not always emphasized in differential geometry courses for mathemati-
cians is the fact that any connection can be naturally extended to act on

tensor fields (via the Leibnitz rule). For instance, if w is a covector field
(1-form) then one defines

(Vxw)(Y) = X - [w(Y)] = w(VxY).
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In local coordinates, this is
(XHVw))YY = X100, (w, YY) — wy (XHV, YY)
= XH*(0,w)Y" + XHw,0,Y" — w, (XH0,Y" + X“FZQYO‘)
= (Opwy — I‘Z‘,}wa)X“Y”,
that is,
Vuw, = 0wy — Fijwa.
The generalization for higher rank tensors is obvious: for instance, if T is a

(2,1)-tensor then

vaT[fV = 8anV + ngT,]V — PZWT@ - FZWT/%.

Note that the condition of compatibility of the Levi-Civita connection with
the metric is simply
Vg=0.

In particular, the operations of raising and lowering indices commute with
covariant differentiation.

As an exercise in index gymnastics, we will now derive a series of iden-
tities involving the Riemann curvature tensor. We start by rewriting its
definition in the notation of the physicists:

R " X YP 7" =
= XV, (YPV3ZM) = YOVL(XPVZH) — (XOV,YP — YOV, XP)V 521
= (XOV,YP)(VZM) + XY PV, V52 — (YOVLXP) (Vs 2ZH)
—YOXPV, V32t — (XOVYP)VZl + (YOVXP)\V 2+
= XYA(V,V5 — V5Va)ZH-.
In other words,
RQB“VZ” = (VaVg —VgVy)ZH,
or, equivalently,
(1) 2V[avﬁ]Zu = Raﬁ,uuzya
where the square brackets indicate anti—symmetrizationﬂ This is readily
generalized for arbitrary tensors: from
2V (Ve (Z W) = Vo Vg Zu)Wy + 2V, Vg W) Z,
= RopucZ° Wy + RapueW°Z,
one readily concludes that
QV[QVB]TMV = RopuoT?, + RaﬁyoTu .
Let us choose

Zy=Vuf =0uf

"Thus Tiag) = 5 (Tas — Tsa), Tags) = § (Tapy + Tsva + Tyas — Toay — Tays — Tysa),
etc.
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in equation (IJ). We obtain
BiapupZ” = 2V([aV 5124 = 2V[a Vs 2y = 0,
because
Vil = 0,2y — FﬁW]Za = 9,0, f =0.
Since we can choose Z arbitrarily at a given point, it follows that
Riapuy =0 < Rapuw + Rppow + Ruasy = 0.

This is the so-called first Bianchi identity, and is key for obtaining the
full set of symmetries of the Riemann curvature tensor:

Raﬁ;u/ = _Rﬁauu = _Raﬁuu = Rul/aﬁ-
In the notation of the mathematicians, it is written as
RX,)Y)Z+R(Y,Z) X+ R(Z,X)Y =0

for all vector fields X,Y, Z.
Let us now take the covariant derivative of equation (I):

VoRapguwZ” + Rapu V2" =2V NV (Vg Z,,.
At any given point we can choose Z such that
V. 2" =0,2" +TY2° = 0.

Assuming this, we then obtain]

Vi BagywZ" = 2V VeV Zu = 2V, Va) Vi Zy

= Riyag1sV° 2y + Rpyalus) V5 2° = 0.

Since we can choose Z arbitrarily at a given point, it follows that
(2) v[aRB-y];w =0« Vangu + VBR’YOCMV + V»YRQQH,, =0

This is the so-called second Bianchi identity. In the notation of the
mathematicians, it is written as

VR(nyy Zv '7') + VR(K Z7X7 '7') + VR(Z7X7K '7') =0

for all vector fields X,Y, Z.
Recall that the Riemann curvature tensor has only one independent
contraction, called the Ricci tensor:

R, = Rapal,.
The trace of the Ricci tensor, in turn, is known as the scalar curvature:
R=g¢""R,,.

These quantities satisfy the so-called contracted Bianchi identity, which
is obtained from (2]) by contracting the pairs of indices (5, 1) and (v, v):

1 1
VaR-VPRosg~V'Roy =0 < VBRag—ivaR —0e V* <Ra5 - 5Rgaﬁ> = 0.

2In the formula below the indices between vertical bars are not anti-symmetrized.
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The contracted Bianchi identity is equivalent to the statement that the Ein-
stein tensor

1
G;w = R;w - ERg,uu

is divergenceless:
VEG,,, = 0.

3. General relativity

Newtonian gravity is described by a scalar function ¢, called the grav-
itational potential. The equation of motion for a free-falling particle of
mass m in Cartesian coordinates is
d%a d?a’

Note that all free-falling particles describe the same trajectories (an obser-
vation dating back to Galileo). The gravitational potential is determined
from the matter mass density p by the Poisson equation

A¢p = 4rp

(using units such that Newton’s gravitational constant is G = 1; this choice,
together with ¢ = 1, defines the so-called geometrized units, where lengths,
time intervals and masses all have the same dimensions).

To implement his idea of describing gravity via a curved four-dimensional
Lorentzian manifold (M, g), Einstein had to specify (i) how free-falling par-
ticles would move on this manifold, and (i) how to determine the curved
metric g. Since free particles move along straight lines in the Minkowski
spacetime, Einstein proposed that free falling particles should move along
timelike geodesics. In other words, he suggested replacing the Newtonian
equation of motion by the geodesic equation

R R

m

Moreover, Einstein knew that it is possible to define the energy-momentum
tensor T}, of the matter content of the Minkowski spacetime, so that the
conservation of energy and momentum is equivalent to the vanishing of its
divergence:
a1
This inspired Einstein to propose that g should satisfy the so-called Einstein
field equations:
Guv + Aguy = 81Ty,

Here A is a constant, known as the cosmological constant. Note that the
Einstein field equations imply, via the contracted Bianchi identity, that the
energy-momentum tensor is divergenceless.

As a simple example, we consider a pressureless perfect fluid, known as
dust. Its energy-momentum tensor is

T = pU,U,,
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where p is the dust rest density and U is a unit timelike vector field tangent
to the histories of the dust particles. The equations of motion for the dust
can be found from

VT, =0 < [VH(pU,)] U, + pU,V'U, =0
< div(pU)U + pVyU = 0.
Since U and VU are orthogonal (because (U,U) = —1), we find

div(pU) =0
VU =0

in the support of p. These are, respectively, the equation of conservation
of mass and the geodesic equation. Thus the fact that free-falling particles
move along geodesics can be seen as a consequence of the Einstein field
equations (at least in this model).

4. Exercises

(1) Twin paradox: Two twins, Alice and Bob, are separated on their
20" birthday. While Alice remains on Earth (which is an inertial
frame to a very good approximation), Bob departs at 80% of the
speed of light towards Planet X, 8 light-years away from Earth.
Therefore Bob reaches his destination 10 years later (as measured
on the Earth’s frame). After a short stay, he returns to Earth,
again at 80% of the speed of light. Consequently Alice is 40 years
old when she sees Bob again.

(a) How old is Bob when they meet again?

(b) How can the asymmetry in the twins’ ages be explained? No-
tice that from Bob’s point of view he is at rest in his spaceship
and it is the Earth which moves away and then back again.

(c¢) Imagine that each twin watches the other trough a very pow-
erful telescope. What do they see? In particular, how much
time do they experience as they see one year elapse for their
twin?

(2) A particularly simple matter model is that of a smooth massless
scalar field ¢ : M — R, whose energy-momentum tensor is

T;w = u¢ al/¢ - %(aa(b 8a¢)guu'

Show that if the Lorentzian manifold (M, g) satisfies the Einstein
equations with this matter model then ¢ satisfies the wave equa-
tion

O¢=0< VF:o,0=0.

(3) The energy-momentum tensor for perfect fluid is

TMV = (P + p)UuUu + DY,
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where p is the fluid’s rest density, p is the fluid’s rest pressure, and
U is a unit timelike vector field tangent to the histories of the fluid
particles. Show that:

(a) (T,w) = diag(p,p,p,p) in any orthonormal frame including U;
(b) the motion equations for the perfect fluid are

div(pU) + pdivU =0

(p+p)VyU = —(grad p)*

where - represents the orthogonal projection on the spacelike
hyperplane orthogonal to U.

1






CHAPTER 2

Exact solutions

In this chapter we present a number of exact solutions of the Einstein
field equations, as well as their Penrose diagrams. These solutions will be
used as examples or counter-examples to the theorems in the subsequent
chapters. We also discuss the matching of two different solutions across a
timelike hypersurface. A different perspective on Penrose diagrams can be
found in [HE95].

1. Minkowski spacetime

The simplest solution of the Einstein field equations with zero cosmo-
logical constant in vacuum (i.e. with vanishing energy-momentum tensor) is
the Minkowski spacetime, that is, R* with the metric

ds® = —dt® + da? + dy? + d=2.
Since this metric is flat, its curvature vanishes, and so do its Ricci and
Einstein tensors. It represents a universe where there is no gravity whatso-
ever. Transforming the Cartesian coordinates (z,y,z) to spherical coordi-
nates (1,0, ) yields
ds® = —dt* + dr* + r* (d6* + sin® 0d?) .
Performing the additional change of coordinates

u=t—r (retarded time)
v=t+r (advanced time)

we obtain
ds® = —dudv + r* (d? + sin® 0dy?) ,
where )
r(u,v) = §(U —u).

The coordinates (u,v) are called null coordinates: their level sets are null
cones formed by outgoing/ingoing null geodesics emanating from the center.
Note that they are subject to the constraint

r>0&0v>u.

Finally, the coordinate change

(3) {&:tanhu - {u:arctanhﬂ

v = tanhwv v = arctanh ¥

17
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brings the metric into the form
1

ds® = A et r? (d6* + sin® 0dyp?)
where now 1
r(u,v) = §(arctanh 0 — arctanh @)
and
4) -l<u<o<l

Because (@, 0) are also null coordinates, it is common to represent their axes
tilted by 45°. The plane region defined by () is then represented in Figure[Il

u v

FIGURE 1. Range of the coordinates (1, 7).

This region is usually called the Penrose diagram for the Minkowski
spacetime. If we take each point in the diagram to represent a sphere S? of
radius r (4, ), the diagram itself represents the full spacetime manifold, in a
way that makes causality relations apparent: any causal curve is represented
in the diagram by a curve with tangent at most 45° from the vertical. In
Figure [2] we represent some level hypersurfaces of ¢ and r in the Penrose
diagram. The former approach the point i° in the boundary of the diagram,
called the spacelike infinity, whereas the later go from the boundary point
i~ (past timelike infinity) to the boundary point i* (future timelike
infinity). Finally, null geodesics start at the null boundary line .#~ (past
null infinity) and end at the null boundary line .#* (future null infinity).
These boundary points and lines represent ideal points at infinity, and do
not correspond to actual points in the Minkowski spacetime.

2. Penrose diagrams

The concept of Penrose diagram can be easily generalized for any spher-
ically symmetric space-time. Such spacetimes have metric

ds® = gapdadz® + r? (d92 + sin? 9dg02) , r=r(z°zt),
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7;+

7

FIGURE 2. Penrose diagram for the Minkowski spacetime,
with some level hypersurfaces of ¢ and r represented.

where gABda;Ade is a Lorentzian metric on a 2-dimensional quotient man-
ifold with boundary (which we assume to be diffeomorphic to a region of
the plane). It turns out that any such metric is conformal to the Minkowski
metric:

(5) gapdr?da® = —Q%dudv, Q= Q(u,v).

This can be seen locally as follows: choose a spacelike line S, a coordinate
u along it, and a coordinate w along a family of null geodesics emanating
from S, so that S corresponds to w = 0 (Figure ). Then near S we have

(20N,
Guu = ou’ ou

R A
gww— aw7aw - .

Therefore the 2-dimensional metric is written in these coordinates

and

2 uw
gABda;Ada;B = guualu2 + 2guwdudw = gy, du <du + g—dw) .

Juu

As for any 1-form in a 2-dimensional manifold, we have

2UUJ
du + 294 gy = fdv

Guu

for suitable functions f and v. Note that f cannot vanish, because (u,w)
are local coordinates. Moreover, we can assume f < 0 by replacing v with
—v if necessary. Choosing Q2 = — fgy, then yields (F).
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u

FIGURE 3. Choice of the coordinates (u,w).

We then see that any spherically symmetric metric can be written as
(6) ds® = —QPdudv + r* (d6* + sin® 0dy?)

with Q@ = Q(u,v) and r = r(u,v). By rescaling u and v if necessary, we
can assume that the range of (u,v) is bounded, and hence obtain a Penrose
diagram depicting the causal geometry. As we will see, this is extremely
helpful in more complicated spherical symmetric solutions of the Einstein
field equations.

REMARK 2.1. From

0o - 0 -
(9aB) = <_%2 0 ) = (9"7) = (_% 0 >

it is easily seen that
0a ( —det (gcp) gABaBu) =0& VaVau = 0.
and similarly for v. In other words, the null coordinates u and v are solutions
of the wave equation in the 2-dimensional Lorentzian manifold:
Ou =0 = 0.

This is the Lorentzian analogue of the so-called isothermal coordinates
for Riemannian surfaces. The proof that the later exist locally is however
slightly more complicated: given a point p on the surface, one chooses a
local harmonic function with nonvanishing derivative,

Au =0, (du), # 0,
and considers the equation
(7) dv = xdu.

Here x is the Hodge star, which for generic orientable n-dimensional pseudo-
Riemannian manifolds is defined as follows: if {w!,... ,w"} is any positively
oriented orthonormal coframe then

*wt A AWF) = (W w!) - (WF WY WF A AW
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By the Poincaré Lemma, equation (7)) can be locally solved, since
d*du = **d*du=x(Au) = 0.
Moreover, v is itself harmonic, because
Av = xd * dv = *d * *du = xd(—du) = 0.

Finally,
1

Jdull = lldol) = &
for some local function €2 > 0, and so the metric is written is these coordi-
nates as

ds® = 02 (du2 + dvz) )
3. The Schwarzschild solution

If we try to solve the vacuum Einstein field equations with zero cosmo-
logical constant for a spherically symmetric Lorentzian metric, we obtain,
after suitably rescaling the time coordinate, the Schwarzschild metric

-1
ds? — — <1 _ g) de? + <1 — g) dr? + r? (d02 + sin? 9d<,02)

(where M € Ris a constant). Note that for M = 0 we retrieve the Minkowski
metric in spherical coordinates. Note also that if M > 0 then the metric
is defined in two disconnected domains of coordinates, corresponding to
r € (0,2M) and r € (2M, +00).

The physical interpretation of the Schwarzschild solution can be found
by considering the proper time of a timelike curve parameterized by the time
coordinate:

1
t 2M oM\ : 2
T:/ [(1——) — <1——> 72 —r20% — r?sin? 09| dt,
to r r

where 1 = %, etc. The integrand Lg is the Lagrangian for geodesic motion
in the Schwarzschild spacetime when parameterized by the time coordinate.
Now for motions with speeds much smaller than the speed of light we have
72 < 1, etc. Assuming % < 1 as well we have

1
-1 2
e [% Qﬂ) 99]
T

1 )
~1—-—— 3 (7‘2+7‘292+sin29¢72> =1- Ly,
where 1 M
Ly = 5 (#4122 +1%sin? 05%) + =
r
is precisely the Newtonian Lagrangian for the motion of a particle in the

gravitational field of a point mass M. The Schwarzschild solution should
therefore be considered the relativistic analogue of this field.
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To write the Schwarzschild metric in the form (@) we note that the
quotient metric is

R G N
o= (-2) o
(e ()
)
(

-1
dt + <1 — w) dr]
T

oM\ !
1——) dr=t—r—2Mlog|r —2M]|

T

and )
2M N\~
v:t+/<1——> dr =t+r+2M log|r — 2M]|.
r
In the domain of coordinates r > 2M we have 1 — % > 0, and so the
quotient metric is already in the required form. Note however that, unlike
what happened in the Minkowski spacetime, we now have

v—u=2r+4Mlog|r —2M| € (—o0, +00).

Consequently, by applying the coordinate rescaling (B]) we obtain the full
square, instead of a triangle (Figure M]). Besides the infinity points and null
boundaries also present in the Penrose diagram for the Minkowski spacetime,
there are two new null boundaries, 7~ (past event horizon) and
(future event horizon), where r = 2M.

It seems reasonable to expect that the metric can be extended across the
horizons, since r does not tend to zero nor to infinity there; this expectation
is confirmed by calculating the so-called Kretschmann scalar:

48 M2
ré -
This is perfectly well behaved as » — 2M, and seems to indicate that the

horizons are mere singularities of the coordinate system (¢, r). To show that
this is indeed the case, note that in the (u,r) coordinate system the quotient

metric is written
2M
ds® = — <1 - —) du?® — 2du dr.
T

_ 2M
det( T+ 1)2—1,

R, B R —

Since

-1 0
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it

FIGURE 4. Penrose diagram for the region r > 2M of the
Schwarzschild spacetime, with some level hypersurfaces of ¢
and 7 represented.

we see that the metric is well defined across r = 2M in this coordinate
system. Moreover, we know that it solves the Einstein equations in the
coordinate domains r < 2M and r > 2M; by continuity, it must solve it in
the whole domain r € (0,400). Note that the coordinate domains r < 2M
and r > 2M are glued along » = 2M so that the outgoing null geodesics
u = constant go from r = 0 to r = 4+00; in other words, the gluing is along
the past event horizon .

To obtain the Penrose diagram for the coordinate domain r < 2M we
note that the quotient metric can be written as

ds? = — <1_ g) dudy = — <¥ — 1> du (—dv) = — <¥ — 1> du dv’,

where v/ = —wv. Since in this coordinate domain % — 1 > 0, the quotient
metric is in the required form. Note however that we now have

u+v = —2r —4Mlog|r — 2M| € (—4M log(2M), +0),

and by setting
V" = + 4M log(2M)
we obtain
u+v" > 0.

Consequently, by applying the coordinate rescaling (3]) we obtain a triangle
(Figure [B)). There is now a spacelike boundary, where r = 0, and two null
boundaries s#~, where r = 2M. The Penrose diagram for the domain of the
coordinates (u,r) can be obtained gluing the Penrose diagrams in Figures [4]
and [l along 77—, so that the null geodesics u = constant match (Figure [)).
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FIGURE 5. Penrose diagram for a region r < 2M of the
Schwarzschild spacetime, with some level hypersurfaces of ¢
and r represented.

FIGURE 6. Penrose diagram for the domain of the coordi-
nates (u,r) in the Schwarzschild spacetime, with some level
hypersurfaces of t and r represented.

If instead we use the (v,r) coordinate system, the quotient metric is
written

ds? = — (1 — %) dv? + 2dv dr.

Again the metric is well defined across r = 2M in this coordinate system,

since
_ 2M
det < 1 41_ T é) = -1,

and solves the Einstein equations in the whole coordinate domain r €
(0, 400). The coordinate domains r < 2M and r > 2M are now glued along
r = 2M so that the ingoing null geodesics v = constant go from r = 400 to
r = 0; in other words, the gluing is along the future event horizon J# 7.
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To obtain the Penrose diagram for the coordinate domain r < 2M we
note that the quotient metric can be written as

2M
ds? = — <1— T) dudv = — <¥ - 1> (—du)dv = — <w - 1> du' dv,

T

where v/ = —u. Since in this coordinate domain % — 1 > 0, the quotient
metric is in the required form. We have

v +v=2r+4Mlog|r — 2M| € (—o0,4M log(2M)),

and by setting
' =u' — 4Mlog(2M)
we obtain
v +v <0.

Consequently, by applying the coordinate rescaling (B]) we obtain a triangle
(Figure [T). Again there is a spacelike boundary, where r = 0, and two null
boundaries ##*, where r = 2M. The Penrose diagram for the domain of the
coordinates (v, r) can be obtained gluing the Penrose diagrams in Figures [4]
and [ along 2", so that the null geodesics v = constant match (Figure []).

+

i Al

7

FIGURE 7. Penrose diagram for a region r < 2M of the
Schwarzschild spacetime, with some level hypersurfaces of ¢
and r represented.

Both regions r < 2M can of course be glued to the region r > 2M
simultaneously. Since they are invariant under reflections with respect to
t = 0 (the vertical line through their common vertex), it is then clear that
a mirror-reversed copy of the region » > 2M can be glued to the surviving
null boundaries 7~ and " (Figure @). The resulting spacetime, known
as the maximal analytical extension of the Schwarzschild solution, is a
solution of the Einstein equations which cannot be extended any further,
since r — 0 or r — 400 on the boundary of its Penrose diagram. Note
that by continuity the Einstein equations hold at the point where the four
Penrose diagrams intersect (known as the bifurcate sphere).

Let us now analyze in detail the Penrose diagram for the maximal ana-
lytic extension of the Schwarzschild spacetime. There are two asymptoti-
cally flat regions r > 2M, corresponding to two causally disconnected uni-
verses, joined by a wormhole. There are also two regions where r < 2M: a
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it r=0 it

FIGURE 8. Penrose diagram for the domain of the coordi-
nates (v,r) in the Schwarzschild spacetime, with some level
hypersurfaces of ¢ and r represented.

it r=20 it

FIGURE 9. Penrose diagram for the maximal analytic exten-
sion of the Schwarzschild spacetime, with some level hyper-
surfaces of ¢ and r represented.

black hole region, bounded by the future event horizons ', from which
no causal curve can escape; and a white hole region, bounded by the past
event horizons 77—, from which every causal curve must escape. Note that
the horizons themselves correspond to spheres which are propagating at the

speed of light, but whose radius remains constant, r = 2M.

The black hole in the maximal analytic extension of the Schwarzschild
spacetime is an eternal black hole, that is, a black hole which has always
existed (as opposed to having formed by some physical process). We will see
shortly how to use the Schwarzschild solution to model physically realistic

black holes.
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4. Friedmann-Lemaitre-Robertson-Walker models

The simplest models of cosmology, the study of the Universe as a whole,
are obtained from the assumption that space is homogeneous and isotropic
(which is true on average at very large scales). It is well known that the
only isotropic 3-dimensional Riemannian metrics are, up to scale, given by

2

di? = ks r? (d9? + sin® 0d?)
where
1 for the standard metric on S3
k= 0 for the standard metric on R3
-1 for the standard metric on H3

Allowing for a time-dependent scale factor a(t) (also known as the “radius
of the Universe”), we arrive at the Friedmann-Lemaitre-Robertson-
Walker (FLRW) family of Lorentzian metrics:

dr?

2_ 32 2
(8) ds* = —dt* + a*(t) T2

+ 7% (d6? + sin® 0d?) | .

To interpret these metrics, we consider a general Lorentzian metric of
the form

ds? = —e®?dt? + hijdiﬂidiﬂj = —e2%dt? + di?.

The Riemannian metric dI? is readily interpreted as giving the distances
measured between nearby observers with fixed space coordinates z* in radar
experiments: indeed, such observers measure proper time 7 given by

dr? = e*Pd?.

The null geodesics representing a radar signal bounced by a given observer
from a nearby observer (Figure [I0) satisfy

ds’ =0 & 224t = dI? & dr? = dI? & dr = +dl.

Since the speed of light is ¢ = 1, the distance traveled between the
observers will be half the time between the emission and the reception of
the signal:

(t+dl)— (7 —dl)
2

Moreover, the unit timelike covector field tangent to the trajectories of the
the observers with fixed space coordinates x* is

=dl.

U=—ePdt = U, =—e’V,t.
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2dl

Ficure 10. Distance between nearby observers.

Therefore
VyUH = —U"V,(e?VHt) = (U - ¢)U* — ?UYV, VHt
= (U - ¢)UF — PUYVIV it = (U - ¢)U* 4 U V(e ?U,)
= (U - ¢)U* —U"U,V*$ + U'VFU,
= VFp + (UV, ) U + %V“(U”Uu) = V¢ + (UV,0)U*,
since UYU,, = —1. In other words,

VyU = (grad ¢)*,

where - represents the orthogonal projection on the spacelike hyperplane
orthogonal to U.

Therefore the observers with fixed space coordinates in the FLRW mod-
els have zero acceleration, that is, they are free-falling (by opposition to the
corresponding observers in the Schwarzschild spacetime, who must acceler-
ate to remain at fixed r > 2M). Moreover, the distance between two such
observers varies as

1

d(t):a(t)z—g;»d:aj—zzgd.

This relation, known as the Hubble law, is often written as
v = Hd,
where v is the relative velocity and
a
H=-
a
is the so-called Hubble constant (for historical reasons, since it actually
varies in time).
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We will model the matter content of the universe as an uniform dust of
galaxies placed at fixed space coordinates (hence free-falling):

(9) T = p(t)dt ® dt.

Plugging the metric (§]) and the energy-momentum tensor (@) into the Ein-
stein equations, and integrating once, results in the so-called Friedmann
equations

1o o A, k
30T T T
AT 4

EX

(where « is an integration constant). The first Friedmann equation is a first
order ODE for a(t); it can be seen as the equation of conservation of energy
for a particle moving in the 1-dimensional effective potential

with energy —%. Once this equation has been solved, the second Friedmann

equation yields p(t) from a(t). We now examine in detail the FLRW models
arising from the solutions of these equations.

4.1. Milne universe. If we set « = A = 0 then the first Friedmann
equation becomes

a* = —k.

Therefore either kK = 0 and @ = 0, which corresponds to the Minkowski
spacetime, or k = —1 and a® = 1, that is

ds? = —dt* + t*dl3;s,

where dl?_lg represents the metric of the unit hyperbolic 3-space; this is the
so-called Milne universe. It turns out that the Milne universe is isometric
to an open region of the Minkowski spacetime, namely the region limited
by the future (or past) light cone of the origin. This region is foliated by
hyperboloids S; of the form

T2 - X?2-Yv?-27%2=1¢,

whose induced metric is that of a hyperbolic space of radius ¢ (Figure [IT]).
Note that the light cone corresponds to a(t) =t = 0, that is, the Big Bang
of the Milne universe.

4.2. de Sitter universe. If « = 0 and A > 0 we can choose units such
that A = 3. The first Friedmann equation then becomes

a’ —a® = —k.
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T

St

FIGURE 11. Milne universe.

In this case all three values ¥ = 1, £k = 0 and k¥ = —1 are possible; the
corresponding metrics are, respectively,

ds? = —dt* + cosh? t dl%,;
ds* = —dt* + e*'dl3s;
ds® = —dt® + sinh?¢t dl?{‘g,,
where dl%g, dlég and dl?_lg represent the metric of the unit 3-sphere, the
Euclidean 3-space and the the unit hyperbolic 3-space.
It turns out that the last two models correspond to open regions of the
first, which is then called the de Sitter universe. It represents a spherical

universe which contracts to a minimum radius (1 in our units) and then
re-expands. It is easily seen to be isometric to the unit hyperboloid

~T*+ X2+ Y 4+ 22+ Wi=1
in the Minkowski 5-dimensional spacetime (Figure [12]).

To obtain the Penrose diagram for the de Sitter universe we write its
metric as

ds? = —dt* 4 cosh? t [d¢2 + sin? ¢ (d02 + sin? 0d<,02)]
= cosh?¢ [—d7'2 + dip® + sin® 1 (d92 + sin? 9d<,02)]
cosh?t [—dT2 + dsz] + 72 (d@2 + sin? 9dcp2) ,

/t dt
T =
—oo Cosht

where ¢ € [0, 7],
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T

FIGURE 12. de Sitter universe.

and
r = cosh tsin .

oo dt
/_Oo cosht

we see that the quotient metric is conformal to the square (0,7) x [0, 7] of
the Minkowski 2-dimensional spacetime, and so the Penrose diagram is as
depicted in Figure Note that there are two lines where » = 0, corre-
sponding to two antipodal points of the 3-sphere. A light ray emitted from
one of these points at t = —oo has just enough time to reach the other point
at t = +oo (dashed line in the diagram). Note also that in this case .#~
and £ (defined as the past and future boundary points approached by null
geodesics along which r — 400) are spacelike boundaries.

Since

4.3. Anti-de Sitter universe. If &« = 0 and A < 0 we can choose

units such that A = —3. The the first Friedmann equation then becomes
a2 +a?=—k.
In this case only k = —1 is possible; the corresponding metric is

ds®> = —dt?® + cos®t dl%g.
It turns out (see Exercise [Blin Chapter [l that this model is an open region
of the spacetime with metric
ds® = — cosh? dt® + dyp® + sinh® ¢ (d6? + sin? 0d?)
(where ¢ € [0,4+00)), called the anti-de Sitter universe. It represents a
static hyperbolic universe (with radius 1 in our units).



32 2. EXACT SOLUTIONS

j+

-
FI1GURE 13. Penrose diagram for the de Sitter universe.

To obtain the Penrose diagram for the anti-de Sitter universe we write
its metric as

d 2
ds® = cosh? ¢ [—dtQ + wQ ] + sinh? ¢ (d6? + sin? 0dp?)
cosh” v
= cosh? 1 [—dt2 + da:z] + 72 (d@2 + sin? Hdgpz)
where
[ i
xTr =
o coshv

and

r = sinh .
Since

+oc0o dw o

/0 coshtp 2’
we see that the quotient metric is conformal to the strip R x [0, ) of the
Minkowski 2-dimensional spacetime, and so the Penrose diagram is as de-
picted in Figure 4l The FLRW model above corresponds to the triangular
region in the diagram. Note also that in this case &/~ = 4T = ¥ is a

timelike boundary.

4.4. Universes with matter and A = 0. If & > 0 and A = 0, the
first Friedmann equation becomes

PN,
a
In this case all three values k = 1, £k = 0 and k£ = —1 are possible. Although
it is possible to obtain explicit formulas for the solutions of these equations,
it is simpler to analyze the graph of the effective potential V' (a) (Figure [I5]).
Possibly by reversing and translating ¢, we can assume that all solutions
are defined for ¢ > 0, with lim;,ga(t) = 0, implying lim;_,o p(t) = +o0.
Therefore all three models have a true singularity at ¢ = 0, known as the
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FIGURE 14. Penrose diagram for the anti-de Sitter universe.

Big Bang, where the scalar curvature R = 8mp also blows up; this is not
true for the Milne universe or the open region in the anti-de Sitter universe,
which can be extended across the Big Bang. The spherical universe (k = 1)
reaches a maximum radius 2« and re-collapses, forming a second singularity
(the Big Crunch); the radius of the flat (k = 0) and hyperbolic (k = —1)
universes increases monotonically.
To obtain the Penrose diagram for the spherical universe we write its
metric as
ds® = —dt* + a*(t) [dy® + sin® ¢ (d6® + sin® Ody?) |
= a’(t) [—dr® + d® + sin® ¢ (d6? + sin® Ody?)]
= a*(t) [—dr? + dp?] + r* (d6* + sin? 0dp?)
where ¢ € [0, 7],

and
r = a(t)sin.
Since

tmax t Amax 2a d
/ d_ - 2/ d_‘_l — 2/ a = 2m,
o at) 0o aa 0 g/ 1
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Fi1GURE 15. Effective potential for FLRW models with A = 0.

we see that the quotient metric is conformal to the rectangle (0,27) x [0, 7]
of the Minkowski 2-dimensional spacetime, and so the Penrose diagram is
as depicted in Figure Note that there are two lines where r = 0, corre-
sponding to two antipodal points of the 3-sphere. A light ray emitted from
one of these points at ¢ = 0 has just enough time to circle once around the
universe an return at t = tyax (dashed line in the diagram). Note also that
the Big Bang and the Big Crunch are spacelike boundaries.

To obtain the Penrose diagram for the flat universe we write its metric
as

ds® = —dt* + a*(t) [dp® + p* (d6? + sin® Ody?)]
= a*(t) [~d7? + dp* + p* (d6” + sin? 0d?)]
= a*(t) [—dr® + dp*] + r* (d6* + sin® 0dyp?)
where p € [0, +00) and r = a(t)p. Since

/+oo dt /+oo da /+oo da
_— = — = = +OO,
o a) Jo aa Jo o, /2

we see that the quotient metric is conformal to the region (0, +00) x [0, +00)
of the Minkowski 2-dimensional spacetime, and so the Penrose diagram is
as depicted in Figure [I7. Note that the Big Bang is a spacelike boundary.

The Penrose diagram for the hyperbolic universe turns out to be the
same as for the flat universe. To see this we write its metric as

ds® = —dt* + a*(t) [dy® + sinh® ¢ (d6” + sin® dy?) |
= a®(t) [~dr® + dip* + sinh® ¢ (d6? + sin® 6d?) |
= a*(t) [—dr* + dip?] + r* (d6? + sin® 0dp?)
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Big Crunch

Big Bang

FIGURE 16. Penrose diagram for the spherical universe.

it

Big Bang

FIGURE 17. Penrose diagram for the flat and hyperbolic universes.

where ¢ € [0, +00) and r = a(t) sinh ¢, and note that

/+oo dt /+oo da /+oo da
o alt) Jo aa Jo o, [2a

35
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4.5. Universes with matter and A > 0. If & > 0 and A > 0 we can
choose units such that A = 3. The first Friedmann equation then becomes
2a
2 2

a°———a" =—k.
a

In this case all three values Kk = 1, kK = 0 and £ = —1 are possible. As before,
we analyze the graph of the effective potential V' (a) (Figure[I8]). The hyper-
bolic and flat universes behave qualitatively like when A = 0, although a(t)
is now unbounded as t — +oo, instead of approaching some constant. The
spherical universe has a richer spectrum of possible behaviors, depending on
a, represented in Figure [I8 by drawing the line of constant energy —k = —1
at three different heights. The higher line (corresponding to o > @) yields
a behaviour similar to that of the hyperbolic and flat universes. The inter-

mediate line (corresponding to o = @) gives rise to an unstable equilibrium
point a = @, where the attraction force of the matter is balanced by the

repulsion force of the cosmological constant; it corresponds to the so-called
Einstein universe, the first cosmological model ever proposed. The inter-
mediate line also yields two solutions asymptotic to the Einstein universe,
one containing a Big Bang and the other endless expansion. Finally, the
lower line (corresponding to o < @) yields two different types of behaviour
(depending on the initial conditions): either similar to the spherical model

with A = 0, or to the de Sitter universe.

V(a)

FiGURE 18. Effective potential for FLRW models with A > 0.

It is currently believed that the best model for our physical Universe is
the the flat universe with A > 0. If we write the first Friedmann equation

as

a2 8r A
H>== =" —
23713
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then the terms on the right-hand side are in the proportion 2 : 5 at the
present time.

4.6. Universes with matter and A < 0. If > 0 and A < 0 we can

choose units such that A = —3. The first Friedmann equation then becomes
2
S
a
In this case all three values K = 1, k = 0 and kK = —1 are possible. As

before, we analyze the graph of the effective potential V' (a) (Figure [I9]).
The qualitative behaviour of the hyperbolic, flat and spherical universes is
the same as the spherical universe with A = 0, namely starting at a Big
Bang and ending at a Big Crunch.

V(a)

F1cURE 19. Effective potential for FLRW models with A > 0.

5. Matching

Let (My,g1) and (Ma, g2) be solutions of the Einstein field equations
containing open sets U; and Uy whose boundaries S; and Sy are timelike
hypersurfaces, that is, hypersurfaces whose induced metric is Lorentzian
(or, equivalently, whose normal vector is spacelike). If S; is diffeomorphic
to So then we can identify them to obtain a new manifold M gluing U; to
Us along S7 = Sy (Figure 20]).

Let n be the unit normal vector to S; pointing out of U;, which we
identify with the unit normal vector to Sy pointing into Us. If (z!,22,23)
are local coordinates on S = 57 = S5, we can construct a system of local
coordinates (t,z!,22,2%) in a neighbourhood of S by moving a distance
t along the geodesics with initial condition n. Note that U;, S and U,
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92

F1GurE 20. Matching two spacetimes.

correspond to t < 0, t = 0 and ¢ > 0 in these coordinates. Since % is the

unit tangent vector to the geodesics, we have

0/0 0N _[g,0 0N, [0 g, 0
ot \ot’ ori/  \ Hot or ot 5 Ot

0 0 o (1/0 0
= <ava> = o (5 <aa>> =0
(1 =1,2,3), where we used
0 o [o 0
Vior Vi [aaﬂ =

ot axl ozt E -

Since for t = 0 we have

9 ON_ [/, 9N _
ot ori) \N"ow/) "

we see that % remains orthogonal to the surfaces of constant ¢. This result
will be used repeatedly.

LEMMA 5.1. (Gauss Lemma I) Let (M,g) be a Riemannian or a
Lorentzian manifold, and S C M a hypersurface whose normal vector field
n satisfies g(n,n) # 0. The hypersurfaces Sy obtained from S by moving
a distance t along the geodesics orthogonal to S remain orthogonal to the
geodesics.

The same ideas can be used to prove a closely related result.
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LEMMA 5.2. (Gauss Lemma II) Let (M,g) be a Riemannian or a
Lorentzian manifold and p € M. The hypersurfaces Sy obtained from p by
moving a distance t along the geodesics through p remain orthogonal to the
geodesics.

In this coordinate system the metrics g; and g2 are given on ¢ < 0 and

t > 0, respectively, by
ga = dt* + h‘fj(t, x)dx' da?
(A =1,2). Therefore we can define a continuous metric g on M if
h}j(O, x)dr'de! = h?j(O, x)dx'da?,
that is, if
Ilips = 92|1g-

This also guarantees continuity of all tangential derivatives of the metric,

but not of the normal derivatives. In order to have a C! metric we must
have

O 0,y de? = 2 (0, )
8t(7x)xw_W(7x)xxa

that is,
£n91|TS = £n92|TS-

Note that in this case the curvature tensor (hence the energy-momentum
tensor) is at most discontinuous across S. More importantly, as shown in
Exercise ], the components T3; and Ty; of the energy-momentum tensor are
continuous across S (that is, the flow T}, n* of energy and momentum across
S is equal on both sides), implying that the energy-momentum tensor satis-
fies the integral version of the conservation equation V#T),,, = 0. Therefore

we can consider (M, g) a solution of the Einstein equations.

Recall that )

Ka=5Lngals,

is known as the extrinsic curvature, or second fundamental form, of
S4. We can summarize the discussion above in the following statement.

PROPOSITION 5.3. Two solutions (M, g1) and (Ma, g2) of the Finstein
field equations can be matched along diffeomorphic timelike boundaries Sq
and Sy if and only if the induced metrics and second fundamental forms
coincide:

g1 = g2 and K = K.

6. Oppenheimer-Snyder collapse

We can use the matching technique to construct a solution of the Einstein
field equations which describes a spherical cloud of dust collapsing to a black
hole. This is a physically plausible model for a black hole, as opposed to the
eternal black hole.
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Let us take (Mj,g1) to be a flat collapsing FLRW universe:
g1 = —dr? + d*(7) [d02 + o2 (d92 + sin? 9d<p2)] .
We choose S7 to be the hypersurface o = oo, with normal vector
" ado’

The induced metric then is

_ 2, 2 2 (302 | win2 2

Gijps, = —d7° +a (T)oo” (d6” + sin” 0dyp?)

and the second fundamental form

Ky = a(1)og (d92 + sin” 0dp?) .

Here we used Cartan’s magic formula: if w is a differential form and X
is a vector field then

Lxw=X1dw+dXiw).
Thus, for example,
Lndr =nid*r +d(nadr) = 0.
Note that the function a(7) is constrained by the first Friedmann equation:
5 2«

(10) it ==

(we assume A = 0).
We now take (Ma, g2) to be the Schwarzschild solution,

g2 = —Vdt* + V" dr? 4+ r* (d6* + sin® 0dy?) ,
where

Ve=l-"o,
"

and choose Sy to be a spherically symmetric timelike hypersurface given by
the parameterization

t=t(r)

r=r(T)

The exact form of the functions ¢(7) and r(7) will be fixed by the matching
conditions; for the time being they are constrained only by the condition
that 7 is the proper time along Ss:

—VE+ VT2 =1
The induced metric is then
92|rg, = —dr? +r%(7) (d02 + sin” 0dy?)
and so the two induced metrics coincide if and only if

(11) r(1) = a(7)op.
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To simplify the calculation of the second fundamental form, we note that
since 57 is ruled by timelike geodesics, so is S2, because the induced met-
rics and extrinsic curvatures are the same (therefore so are the Christoffel
symbols). Therefore ¢(7) and 7(7) must be a solution of the radial geodesic
equations, which are equivalent to

{Vt':E Vi=FE

. g
V2 + V=1 2op 1424

r

(12)

(where E > 0 is a constant). Equations (I0)), (II)) and (I2]) are compatible

if and only if
E=1
M = 040'()3

that is, if and only if S represents a spherical shell dropped from infinity
with zero velocity and the mass parameter of the Schwarzschild spacetime
is related to the density p(7) of the collapsing dust by

To compute the second fundamental form of Sy we can then consider a
family of free-falling spherical shells which includes Ss. If s is the parameter
indexing the shells (with Sy corresponding to, say, s = sp) then by the Gauss
Lemma we can write the Schwarzschild metric in the form

go = —dr? + A%(1, 5)ds* + (1, 5) (d02 + sin? fdp?)
(consider, for instance, the change of coordinates determined by the solution
t =t(r,s), r =r(r,s) of the radial geodesic equations with initial conditions

determined by ¢(0,s) = 0, r(0,s) = s, 7(0,s) = 0). The unit normal vector
field n to the hypersurfaces of constant s is then

10
n=_——
Ads’
and so we have
1 2 .2 2
Ky = 55"92|T52 =r(n-r) (d9 + sin“ Odp ) .
On the other hand, in Schwarzschild coordinates
0 . 0
=Vl Vi
" T@t + or’
since n must be unit and orthogonal to
1t'2 + 7‘*3
ot or

Therefore we have

Ky =1Vt (d92 + sin? Hdgpz) =rk (d92 + sin? Hdgpz) )
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or, using £ =1,
Ky =7r(T) (d92 + sin” 0dp?) .

In other words, K1 = K> follows from the previous conditions, and so we
indeed have a solution of the Einstein equations.

Big Crunch r=20 it

) )

FIGURE 21. Matching hypersurfaces in the collapsing flat
FLRW universe and the Schwarzschild solution.

To construct the Penrose diagram for this solution we represent S7 and
Sy in the Penrose diagrams of the collapsing flat FLRW universe (obtained
by reversing the time direction in the expanding flat FLRW universe) and the
Schwarzschild solution (Figure 2II). Identifying these hypersurfaces results
in the Penrose diagram depicted in Figure

7. Exercises

(1) In this exercise we will solve the vacuum Einstein equations (with-
out cosmological constant) for the spherically symmetric Lorentzian
metric given by

ds® = —(A(t, T))2dt2 + (B(t, T))2dr2 + 72 (d92 + 72 sin? Hdgpz) ,

where A and B are positive smooth functions.
(a) Use Cartan’s first structure equations,

Wuy = —Wyy

dwt + Wty Aw’ =0
to show that the nonvanishing connection forms for the or-
thonormal frame dual to

W = Adt, w" = Bdr, w? = rde, w? = rsinfdp
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FIGURE 22. Penrose diagram for the Oppenheimer-Snyder collapse.

are (using the notation "= % and ' = %)

0 r A E

W, =w Ozﬁdt—l—Adr;
1
W=y = Ed@;
sin 6
w?, = _wrw = B do;
w¥y = —wep = cosOdyp.

(b) Use Cartan’s second structure equations,

B — ot p o
QF, =dwt, + ", Aw?,,

43
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to show that the curvature forms on this frame are

i in i
- :QT():(AB AB | AB AB)WTAWO;

" AB3 A3B
0 0 0 0 B 0 r
W=7 = 15 Aw +7‘AB2W AW
Al B
0 _ oY _ 0
Q,=0Q 0—TABQ(A)“”/\w + WP AW
B’ B
0 roo__ 6 r 6 0
27, =-Q 0= 53w ANw +rAB2w ANw™;
B B
e _ _Or _ 0
0%, Q@—TngSD/\w’"—F 1 WP AW
B? -1
Y _ 0 _ 0
Q% =-Q", 52 wf Aw
(c) Using
QMV:ZRaﬁuIJwa/\wB’
a<f
determine the components R B ’ ., of the curvature tensor in

this orthonormal frame, and show that the nonvanishing com-
ponents of the Ricci tensor in this frame are

A"B — A'B’ N AB — AB 24’

Roo = —53 B5 A’
2B

Ror = Ryg = —— ;
0 0~ L AB?

R A’B’—A”B+AB—AB L 2B
e AB3 A3B rB3’

A’ B B?-1

Rgg = Ry = — .

06 v rAB?2 * rB3 * r2B2

Conclude that the nonvanishing components of the Einstein
tensor in this frame are

G00=2—B/+7B2_1'
rB3 r2B2 "’
2B

Gor = Gro = W ;
o 2A B*-1

" rAB? r2B? ’
Cop = Gl — A'B — A'B’ N AB — AB N A B

e AB3 A3B rAB? rB3’
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(d) Show that if we write

[NIES

B(t,r) = <1 _ M>_

for some smooth function m then

om’

Goo = .
r2

Conclude that the Einstein equations Gog = Gy, = 0 are equiv-

alent to
2MN\ ~
B = <1 — —) ,
’

where M € R is an integration constant.
(e) Show that the Einstein equation Gog + G, = 0 is equivalent

(NI

to A = % for some positive smooth function .

(f) Check that if A and B are as above then the remaining Einstein
equations Ggg = G, = 0 are automatically satisfied.

(g) Argue that it is always possible to rescale the time coordinate
t so that the metric is written

-1

ds® = — <1 — ¥> dt?*+ (1 — ¥> dr?*+r* (d6” + sin® 0d?)
(the statement that any spherically symmetric solution of the
vacuum Einstein equations without cosmological constant is of
this form is known as Birkhoff’s theorem).

(2) Show that the Riemannian manifold obtained by gluing the hyper-
surfaces ¢ = 0 of the two exterior regions in the maximally extended
Schwarzschild solution along the horizon r = 2M is isometric to the
Flamm paraboloid, that is, the hypersurface in R* with equation

2

VI 2+ 22 =2M + —

8M
(Figure 23).

(3) Recall that the nonvanishing components of the Einstein tensor of
the spherically symmetric Lorentzian metric

ds* = —(A(t,7))*dt* + (B(t,r))dr* + r* (d6? + sin” 0d?)
in the orthonormal frame dual to

W' = Adt, w" = Bdr, w? =rdo, w? = rsinfdy,
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F1GURE 23. Two-dimensional analogue of the Flamm paraboloid.

are given by (using the notation "= % and ' = %)

2B B*-1 2m/

Goo = rB3 + r2B2  p2 ;
2B

GOT — GT’O - Wv

24’ B2-1
Grr - - 5

rAB2 r2B2
o _AB—ABq]m—AB+ A B

00 = Hee = T AR3 A3B rABZ  rB3’
where )
2m(t 2
Bt = (1- 2

(a) Assuming
e Gy, = 0 (so that B, and hence m, do not depend on t);

e Go+Gpr =0 (sothat A = % for some positive smooth

function «a(t));
e «o(t) =1 (which can always be achieved by rescaling t),
show that
1 no 1 /
Gog = Ggogo = 5 (Az) + ; (A2) .
(b) Prove that the general spherically symmetric solution of the
vacuum Einstein field equations with a cosmological constant
A is the Kottler metric

-1
g=—<1—%—ér2>dt2+<—%—ér2> dr?
r 3 r 3

+ 72 (d02 + sin? 0d<,p2) .
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(c) Obtain the Penrose diagram for the maximal extension of the
Kottler solution with A > 0 and 0 < M < ﬁ
(d) Consider now the spherically symmetric electromagnetic field

F=E(t,r)w A
Show that this field satisfies the vacuum Maxwell equations
dF =d*xF =0

(where % is the Hodge star) if and only if
e
E(t, 7’) = 7‘_2
for some constant e € R (the electric charge in units for which
41 S0 1).
(e) As we shall see in Chapter [0 this electromagnetic field corre-
sponds to the energy-momentum tensor

E2

T= - <w0®w0 —wr®wr+w6®w6+w‘p®w@> .
T

Prove that the general spherically symmetric solution of the

Finstein field equations with an electromagnetic field of this

kind is the Reissner-Nordstrom metric

2M ¢ oM e\
g=—(1-= 4+ a2+ (1-=4+5) ar?
roor? roor?
+ 7% (d6? + sin” 0d?) .
(f) Obtain the Penrose diagram for the maximal extension of the

Reissner-Nordstrém solution with M > 0 and 0 < e? < M?.
(4) Consider the spherically symmetric Lorentzian metric

2 _ 32 2
ds* = —dt” + a(t) <1—/<;r2

dr? + r? (d6* + sin® 9dcp2)> ,

where a is a positive smooth function.
(a) Use Cartan’s first structure equations,

Wy = —Wyp

dwt + W, ANw” =0
to show that the nonvanishing connection forms for the or-
thonormal frame dual to

1
WY = dt, w" = af(t) (1 —kr?)"2dr,
w? = a(t)rds, w¥ = a(t)rsin Ode
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are

_1
W0, =w", :a(l—kr2) 2dr;
WOy =wly = ardd;
W', =w¥y = arsinfdy;
0 2\3
w’, = —w'y = (1—kr?)%db;
1
w¥ = —w', = (1-— kr2) 2sinfdy;
w¥y = —w% = cos Odyp .
(b) Use Cartan’s second structure equations,
QF, =dw", + !, ANw®,,
to show that the curvature forms on this frame are

a
Q=07 =AW
a

G
00, =00 = WO AW
0 0= )

QOQO—Q“DO:—wO/\wSD,
k a2
QGT:—QTQ <§—|—a—>w9/\w’",
k a2
Y _ _OrF — @ T
7, = Q¢_<a2+a2>w Aw';

(c¢) Using
QMV - Z Raﬁ uuwa N’ ’
a<f
determine the components Raﬁ K’ ., of the curvature tensor on
this orthonormal frame, and show that the nonvanishing com-

ponents of the Ricci tensor on this frame are

Rop = ——
a

i 2a® 2k
RT’T’_R99_R<P<P_G+&2 2
Conclude that the nonvanishing components of the Einstein
tensor on this frame are
3a? | 3k

Goo = —
22

a?’
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(d) Show that the Einstein equations with a cosmological constant
A for a comoving pressureless perfect fluid of nonnegative den-
sity p, G+ Ag = 8mpdt?, are equivalent to the system

> k  8mp A

a2 a2 3 3

26  a®  k
iR TR ¥
a+a2+a2

Show that this system can be integrated to

4

203 = a

3

1., a A, k 7
2 LT T2

where « is a nonnegative integration constant.
(e) Draw the Penrose diagram of the solutions with o > 0, A > 0
and k = 0 (currently believed to model our physical Universe).
(5) Compute the metrics of the following manifolds in the local coor-
dinates indicated, and sketch the corresponding Penrose diagrams:
(a) Theregion T > v X? +Y? + Z? of the 4-dimensional Minkowski
spacetime using the parameterization

T = tcosh
X =tsinhsin 0 cos ¢
Y =tsinh¢sinfsin g
Z = tsinh cos 0
(b) The hyperboloid X% + Y2 + Z2 + W2 = 1 + T? in the 5-
dimensional Minkowski spacetime using the parameterization
T = sinht
X = cosh tsin sin 6 cos ¢
Y = coshtsin sin @ sin ¢
Z = coshtsin cos 6
W = cosht cos

(c) The region W > 1 of the same hyperboloid using the parame-
terization
(T = sinh cosh P
X = sinhtsinh sin 6 cos ¢
Y = sinh ¢ sinh v sin 0 sin ¢
Z = sinh t sinh v cos
W = cosht
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(d) The region T' > W of the same hyperboloid using the param-
eterization defined implicitly by

T =W + ¢t
X =elx
Y =ely
Z =c¢elz

(e) The hyperboloid T2 + U? = 14+ X% + Y2 + Z? in R® with the
pseudo-Riemannian metric

ds® = —dT? — dU® + dX* + dY* + dZ*
using the parameterization

T = cosh cost
U = coshysint
X =sinhsin§ cos ¢
Y = sinh ¢ sinfsin ¢
Z = sinh ) cos 6

(6) Show that the anti-de Sitter metric
ds* = — cosh? 1dt? + dip* + sinh® ¢ (d6? + sin® Odp?)

is a solution of the vacuum Einstein field equations with cosmolog-
ical constant A = —3.

(7) The 3-dimensional anti-de Sitter space can be obtained by “un-
wrapping” the hyperboloid 72 4+ U? = 1 + X2 +Y? in R* with the
pseudo-Riemannian metric

ds? = —dT? — dU? + dX? + dY?>.

In this exercise we identify R* with the space of 2 x 2 matrices by
the map

(T.U,X,Y) s <T+X U”).

-U+Y T-X

(a) Show that the hyperboloid corresponds to the Lie group SL(2,R)
of 2 x 2 matrices with unit determinant.

(b) Check that the squared norm of a vector v € R* in the met-
ric above is (v,v) = —detV, where V is the 2 x 2 matrix
associated to v. Conclude that the metric induced on the hy-
perboloid is bi-invariant (that is, invariant under left and right
multiplication).

(c) Use the Penrose diagram in Figure 24] and the fact that the
one-parameter subgroups of a Lie group with a bi-invariant
metric are geodesics of that metric to conclude that the expo-
nential map exp : s[(2,R) — SL(2,R) is not surjective.
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(d) Write explicitly the matrices in SL(2,R) which are not in the
image of exp : sl(2,R) — SL(2,R) by using the parameteriza-
tion

T = coshcost
U = cosh ¢ sint
X =sinhy cos
Y =sinhvysing

t=m

=0 b = +o0
t=20

t=—T o

FIGURE 24. Exponential map on SL(2,R).

(8) Consider a Riemannian or Lorentzian metric given in the Gauss
Lemma form
g = dt* + hy;(t,z)dz"dz’,

so that the level sets of ¢ are Riemannian or Lorentzian manifolds
with induced metric h(t) = hjjdz'dz? and second fundamental form
1 ahm

t) ==
®) 2 0t
Show that in these coordinates:
(a) The Christoffel symbols are

0 oh =T TR K
Uiy = =Ky Th=Tjei Toy = K,

dx'dax? .
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where f‘;k are the Christoffel symbols of h.
(b) The components of the Riemann tensor are

9
ot
R0l = —ViK'; + V;K;

Rijlm = Rzylm - KZlKn; + KleW;,

K7 — Ky K'Y,

where V is the Levi-Civita connection of h and RZ- jlm are the
components of the Riemann tensor of h.

(c) The time derivative of the inverse metric is given by the for-
mula

Oh'i
ot

= —2K".
(d) The components of the Ricci tensor are

Roo = —QKZ — K KY;

ot |
ROi = _?inj + ?jKji;
.
Rij = Rij = 5. Kij + 2K K’ — Ky,

where Rij are the components of the Ricci tensor of h.
(e) The scalar curvature is

R=R- 2%}{@ — (K%)= Ky K",
where R is the scalar curvature of h.
(f) The component G of the Einstein tensor is

G = 5 (~R+ (K)’ — KyKY).

This shows that the matching conditions guarantee the conti-
nuity of G(]o and GOi = ROi-
(9) Recall that the nonvanishing components of the Einstein tensor of
the static, spherically symmetric Lorentzian metric

ds* = —(A(r))*dt* + (B(r))*dr® + r* (d* + sin® 0dp?)
in the orthonormal frame dual to

W' = Adt, w" = Bdr, w? =rdo, w? = rsinfdy,
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are given by

2B" B*-1 2m

Gpy=— 4+ — ="
0= B3 + r2B2 r2’
a2 BZ-1
" rAB? r2B2’
A//B _ A/B/ A/ B/
Gop =G, = _
00 = Cop AB5 T rAB2 B

where

D=

B(r) = <1 - 277:4(7*))_

In this exercise we will solve the Einstein equations (without cos-
mological constant) for a static perfect fluid of constant rest density

p and rest pressure p, and match it to a Schwarzschild exterior.
(a) Show that

1
2

B(r)= (1—kr*)"2,
where k = 8% p. Conclude that the spatial metric is that of a
sphere S3 with radius ﬁ
(b) Solve the ordinary differential equation G, = Ggy to obtain

A(r) =C(1—k?)? + D,

where C, D € R are integration constants.
(c) Show that the matching conditions to a Schwarzschild exterior
of mass M > 0 across a surface r = R are

What is the value of p(R)?
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(f) Show that M and R must satisfy Buchdahl’s limit:
28

R 9
What happens to p(0) as % — %?



CHAPTER 3

Causality

In this chapter we briefly discuss the causality theory of a Lorentzian
manifold, following [GN14]. We take a minimal approach; more details can
be found in [O’N83, [Wal84,, Pen87, [Nab88, HE95, Rin09].

1. Past and future

A spacetime (M, g) is said to be time-orientable if there exists a
timelike vector field, that is, a vector field X satisfying g(X,X) < 0. In
this case, we can define a time orientation on each tangent space T,,M by
declaring causal vectors v € T,M to be future-pointing if g(v, X,) < 0.
It can be shown that any non-time-orientable spacetime admits a time-
orientable double covering (just like any non-orientable manifold admits
an orientable double covering).

Assume that (M, g) is time-oriented (i.e. time-orientable with a defi-
nite choice of time orientation). A timelike or causal curve ¢: I C R — M
is said to be future-directed if ¢ is future-pointing. The chronological
future of p € M is the set I (p) of all points to which p can be connected
by a future-directed timelike curve. The causal future of p € M is the
set JT(p) of all points to which p can be connected by a future-directed
causal curve. Notice that I*(p) is simply the set of all events which are
accessible to a particle with nonzero mass at p, whereas J*(p) is the set of
events which can be causally influenced by p (as this causal influence cannot
propagate faster than the speed of light). Analogously, the chronological
past of p € M is the set I~ (p) of all points which can be connected to p by
a future-directed timelike curve, and the causal past of p € M is the set
J~(p) of all points which can be connected to p by a future-directed causal
curve.

In general, the chronological and causal pasts and futures can be quite
complicated sets, because of global features of the spacetime. Locally, how-
ever, causal properties are similar to those of Minkowski spacetime. More
precisely, we have the following statement:

PROPOSITION 1.1. Let (M, g) be a time-oriented spacetime. Then each
point pg € M has an open neighborhood V. C M such that the spacetime
(V,g) obtained by restricting g to V satisfies:

55
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(1) V is geodesically convex, that is, V is a normal neighborhood
of each of its points such that given p,q € V there exists a unique
geodesic (up to reparameterization) connecting p to q;

(2) q € T (p) if and only if there exists a future-directed timelike geo-
desic connecting p to q;

(3) J*(p) =I*(p);

(4) q € JT(p) \ I'T(p) if and only if there exists a future-directed null
geodesic connecting p to q.

PROOF. Recall that the exponential map exp, : U C T)M — M is

the map given by

exp,(v) = cp(1),
where ¢, is the geodesic with initial conditions ¢,(0) = p, ¢,(0) = v; equiva-
lently, exp, (tv) = c,(t) (since ¢y (1) = ¢y(t)). Recall also that V' is a normal
neighborhood of p if exp, : U — V is a diffeomorphism. The existence of
geodesically convex neighborhoods is true for any affine connection and is
proved for instance in [KIN96).

To prove assertion (2), we start by noticing that if there exists a future-
directed timelike geodesic connecting p to g then it is obvious that g € I (p).
Suppose now that ¢ € I'™(p); then there exists a future-directed timelike
curve ¢ : [0,1] — V such that ¢(0) = p and ¢(1) = gq. Choose normal
coordinates (z°, z!, 22, 2%), given by the parameterization

(20 2t 2% 23) = expp(xOEo + 2 By + 22 Fy + 23 E3),

where {Ey, E1, E2, E3} is an orthonormal basis of T, M with Ej timelike and
future-pointing. These are global coordinates in V, since exp,, : U — V is a
diffeomorphism. Defining

with (7,,,) = diag(—1,1,1,1), we have to show that W,(q) < 0. Let W)(t) =
Wy(c(t)). Since z#(p) = 0, we have W, (0) = 0. Setting x*(t) = z#(c(t)), we
obtain

3
Wy(t) =2 ) muat(t)i” (t);

=0

. 3 3

Wy(t) =2 > mua ()3 (8) +2 ) mud” ()i (¢),
H,v=0 H,v=0

and consequently
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Therefore there exists € > 0 such that W,(t) < 0 for ¢t € (0,¢).

By the Gauss Lemma, the level surfaces of W, are orthogonal to the
geodesics through p. Therefore, if c,(t) = exp,(tv) is the geodesic with
initial condition v € T, M, we have

(grad Wp)e, (1) = a(v)éy(1).

Now
. d d
<(grad Wp)cu(t)ycv(t» = EWP(CU@)) = E(tvvtv>
_ d 2 _
- E (t <U7U>) - 2t<U,U>,
and hence

<(grad Wp)cv(l)v CU(1)> = 2<U7 U>'
On the other hand,

((grad Wp)., 1), ¢o(1)) = (a(v)éy (1), é,(1)) = a(v){v,v).
We conclude that a(v) = 2, and therefore
(grad Wp)e, (1) = 2¢0(1).

Consequently, grad W, is tangent to geodesics through p, being future-
pointing on future-directed geodesics.

Suppose that W,(t) < 0. Then (grad W) o(t) 18 timelike future-pointing,
and so

W(r) = ((arad Wy) (1) ) <0

as ¢(t) is also timelike future-pointing. We conclude that we must have
Wy(t) < 0 for all t € [0,1]. In particular, W,(¢) = W,(1) < 0, and hence
there exists a future-directed timelike geodesic connecting p to q.

To prove assertion (3), let us see first that It(p) C J*(p). If ¢ € It (p),
then g is the limit of a sequence of points ¢, € I (p). By (2), ¢, = exp,(vn)
with v, € T, M timelike future-pointing. Since exp,, is a diffeomorphism, vy,
converges to a causal future-pointing vector v € T, M, and so ¢ = expp(v)
can be reached from p by a future-directed causal geodesic. The converse
inclusion J*(p) C I*t(p) holds in general (cf. Proposition [I.2)).

Finally, (4) is obvious from (3) and the fact that exp, is a diffeomorphism

onto V. O

This local behavior can be used to prove the following global result.

PROPOSITION 1.2. Let (M, g) be a time oriented spacetime and p € M.
Then:

(1) I*(p) is open;
(2) J*(p) C I*(p);

(3) I*(p) = int J*(p)

(4) if r € Jt(p) and q € I (r) then q € I (p);
(5) if r € I (p) and q € J*(r) then q € I (p).
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Proor. Exercise. O

The twin paradox also holds locally for general spacetimes. More pre-
cisely, we have the following statement:

PROPOSITION 1.3. Let (M, g) be a time-oriented spacetime, pg € M and
V C M a geodesically convex open neighborhood of py. The spacetime (V, g)
obtained by restricting g to V satisfies the following property: if p,q € V
with ¢ € It (p), ¢ is the timelike geodesic connecting p to q and vy is any
timelike curve connecting p to q, then 7(y) < 7(c), with equality if and only
if v is a reparameterization of c.

PROOF. Any timelike curve v : [0,1] — V satisfying v(0) = p, v(1) = ¢
can be written as
7(t) = exp, (r(t)n(t)),
for t € [0, 1], where r(t) > 0 and (n(t),n(t)) = —1. We have

Y(t) = (expp)« (F()n(t) + r(t)a(t)) -
) =

Since (n(t),n(t)) = —1, we have (n(t),n(t)) = 0, and consequently n(t) is
tangent to the level surfaces of the function v — <v v). We conclude that

V() = () Xy@) + Y (1),
where X is the unit tangent vector field to timelike geodesics through p

and Y (t) = r(t)(exp,).«n(t) is tangent to the level surfaces of W), (hence
orthogonal to X ;)). Consequently,

1 1
= /0 |(F() Xy + Y (8),7(6) X0y + Y (2))]2 dt

where we have used the facts that v is timelike, 7(¢) > 0 for all ¢ € [0, 1]
(as 7 is future-pointing) and 7(c) = r(1) (as ¢ = exp,(r(1)n(1))). It should
be clear that 7(y) = 7(c¢) if and only if |Y(¢)] = 0 & Y(¢) = 0 (Y(¢) is
spacelike or zero) for all ¢ € [0, 1], implying that n is constant. In this case,
7v(t) = exp,(r(t)n) is, up to reparameterization, the geodesic through p with
initial condition n € T, M. O

There is also a local property characterizing null geodesics.

PROPOSITION 1.4. Let (M, g) be a time-oriented spacetime, pg € M and
V C M a geodesically convex open neighborhood of py. The spacetime (V, g)
obtained by restricting g to V satisfies the following property: if for p,q € V
there exists a future-directed null geodesic ¢ connecting p to q and v is a
causal curve connecting p to q then 7y is a reparameterization of c.
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PROOF. Since p and ¢ are connected by a null geodesic, we conclude
from Proposition [LT] that ¢ € J*(p) \ IT(p). Let v : [0,1] — V be a
causal curve connecting p to ¢. Then we must have v(t) € J™(p) \ IT(p)
for all ¢ € [0,1], since v(tg) € I (p) implies v(t) € I (p) for all t > ¢y (see
Proposition [[L2)). Consequently, we have

Wy(y(5) =0 = ((grad Wy), ), 3(8)) =0,
where W), was defined in the proof of Proposition [[LIl The formula
(grad Wp)&;(l) = 2év(1)7

which was proved for timelike geodesics ¢, with initial condition v € T, M,
must also hold for null geodesics (by continuity). Hence grad W), is tangent
to the null geodesics ruling J*(p) \ I (p) and future-pointing. Since ()
is also future-pointing, we conclude that 7 is proportional to grad W), and
therefore « is a reparameterization of a null geodesic, which must be ¢. [

COROLLARY 1.5. Let (M,g) be a time-oriented spacetime and p € M.
If g € JT(p) \ I (p) then any future-directed causal curve connecting p to q
must be a reparameterized null geodesic.

2. Causality conditions

For physical applications, it is important to require that the spacetime
satisfies reasonable causality conditions. The simplest of these conditions
excludes time travel, i.e. the possibility of a particle returning to an event
in its past history.

DEFINITION 2.1. A spacetime (M, g) is said to satisfy the chronology
condition if it does not contain closed timelike curves.

This condition is violated by compact spacetimes:

PROPOSITION 2.2. Any compact spacetime (M, g) contains closed time-
like curves.

Proor. Taking if necessary the time-orientable double covering, we can
assume that (M, g) is time-oriented. Since IT(p) is an open set for any
p € M, it is clear that {I*(p)}yen is an open cover of M. If M is compact,
we can obtain a finite subcover {I*(p1),...,I"(pn)}. Now if p; € I (p;) for
i # 1 then I't(p1) C I (p;), and we can exclude I (p;) from the subcover.
Therefore, we can assume without loss of generality that p; € I (p1), and
hence there exists a closed timelike curve starting and ending at p;. O

A stronger restriction on the causal behavior of the spacetime is the
following:

DEFINITION 2.3. A spacetime (M, g) is said to be stably causal if there
exists a global time function, i.e. a smooth function t : M — R such that
grad(t) is timelike.
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In particular, a stably causal spacetime is time-orientable. We choose
the time orientation defined by — grad(t), so that ¢ increases along future-
directed timelike curves. Notice that this implies that no closed timelike
curves can exist, i.e. any stably causal spacetime satisfies the chronology
condition. In fact, any small perturbation of a stably causal spacetime still
satisfies the chronology condition (Exercise M.

Let (M,g) be a time-oriented spacetime. A smooth future-directed
causal curve ¢ : (a,b) — M (with possibly a = —oo or b = +00) is said
to be future-inextendible if lim;_,; ¢(¢) does not exist. The definition of
a past-inextendible causal curve is analogous. The future domain of
dependence of S C M is the set D(S) of all events p € M such that
any past-inextendible causal curve starting at p intersects S. Therefore any
causal influence on an event p € D (S) had to register somewhere in S,
and one can expect that what happens at p can be predicted from data on
S. Similarly, the past domain of dependence of S is the set D~ (5) of
all events p € M such that any future-inextendible causal curve starting at
p intersects S. Therefore any causal influence of an event p € D~(S) will
register somewhere in S, and one can expect that what happened at p can
be retrodicted from data on S. The domain of dependence of S is simply
the set D(S) = DT (S)uU D~ (S).

Let (M, g) be a stably causal spacetime with time function ¢ : M —
R. The level sets S, = t~!(a) are said to be Cauchy hypersurfaces if
D(S,) = M. Spacetimes for which this happens have particularly good
causal properties.

DEFINITION 2.4. A stably causal spacetime possessing a time function
whose level sets are Cauchy hypersurfaces is said to be globally hyper-
bolic.

Notice that the future and past domains of dependence of the Cauchy
hypersurfaces S, are D1 (S,) = t~!([a, +o0)) and D~ (S,) = t~((—o0, a]).

3. Exercises

(1) Let (M,g) be the quotient of the 2-dimensional Minkowski space-
time by the discrete group of isometries generated by the map
f(t,z) = (—t,z + 1). Show that (M, g) is not time orientable.

(2) Let (M,g) be a time oriented spacetime and p € M. Show that:

) is open;

J*(p) is not necessarily closed;

J(p)

e) if r € JT(p) and q € I (r) then q € I (p);
f) if r € IT(p) and g € J*(r) then g € I (p).
(3) Consider the 3-dimensional Minkowski spacetime (R?, g), where

g = —dt* + dz* + dy*.
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(7)
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Let ¢ : R — R3 be the curve ¢(t) = (t,cost,sint). Show that

although ¢(t) is null for all ¢ € R we have c(t) € I (¢(0)) for all

t > 0. What kind of motion does this curve represent?

Let (M,g) be a stably causal spacetime and h an arbitrary sym-

metric (2,0)-tensor field with compact support. Show that for suf-

ficiently small |e| the tensor field g. = g + ¢h is still a Lorentzian

metric on M, and (M, g.) satisfies the chronology condition.

Let (M, g) be the quotient of the 2-dimensional Minkowski space-

time by the discrete group of isometries generated by the map

f(t,z) = (t+ 1,2 4+ 1). Show that (M, g) satisfies the chronology

condition, but there exist arbitrarily small perturbations of (M, g)

(in the sense of Exercise M) which do not.

Let (M, g) be a time oriented spacetime and S C M. Show that:

(a) S C DF(S);

(b) D*(S) is not necessarily open;

(c) D*(S) is not necessarily closed.

Let (M,g) be the 2-dimensional spacetime obtained by remov-

ing the positive x-semi-axis of Minkowski 2-dimensional spacetime

(cf. Figure ). Show that:

(a) (M, g) is stably causal but not globally hyperbolic;

(b) there exist points p,q € M such that J*(p) N J~(g) is not
compact;

(c) there exist points p,q € M with ¢ € IT(p) such that the
supremum of the lengths of timelike curves connecting p to ¢
is not attained by any timelike curve.

t t

J*(p)

/\\/ P

FI1GURE 1. Stably causal but not globally hyperbolic spacetime.

(8)

(9)

Let (X, h) be a 3-dimensional Riemannian manifold. Show that the
spacetime (M, g) = (R x X, —dt ® dt + h) is globally hyperbolic if
and only if (3, h) is complete.

Show that the following spacetimes are globally hyperbolic:
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the Minkowski spacetime;
the FLRW spacetimes;

a)
b)
c¢) the region {r > 2m} of the Schwarzschild spacetime;
d)
)

(
(
(
(d) the region {r < 2m} of the Schwarzschild spacetime;

(e) the maximal analytical extension of the Schwarzschild space-

time.
(10) Let (M, g) be a global hyperbolic spacetime with Cauchy hyper-
surface S. Show that M is diffeomorphic to R x S.



CHAPTER 4

Singularity theorems

As we have seen in Chapter 2] both the Schwarzschild solution and the
FLRW cosmological models display singularities, beyond which timelike and
null geodesics cannot be continued. It was once thought that these solutions
were singular due to their high degree of symmetry, and that more realistic
spacetimes would be non-singular. In this chapter we show that this is not
the case: any sufficiently small perturbation of these solutions will still be
singular. We follow [Wal84] when discussing conjugate points and [GN14]
for the details of the proofs. See also [O’N83|, [Pen&87, Nab88, [HE95].

1. Geodesic congruences

Let (M,g) be a Lorentzian manifold. A congruence of curves in an
open set U C M is the family of integral curves of a nonvanishing vector
field X in U. We will assume that X is unit timelike and geodesic, that is,

(X, X)=-1 and VxX =0.

The properties of the congruence determined by X are best analyzed by
considering its second fundamental form

B, =V,X,.
This tensor is purely spatial, that is,
B, X" =B, X" =0.
Indeed, since X is unit,
B, X' =X'V, X, = %V,,(XMX“) =0.
On the other hand, because X is geodesic,
B,X"=X"V,X,=VxX,=0.
PROPOSITION 1.1. The second fundamental form B satisfies
VxBu = —BuaB®, + Ry X XP.
Proor. We have
XVoBu = XV V, X, = XV, Vo X, + X Ry XP
=V (XVoX,) — (Vo X)(VaXy) + Rapus X X7
= —BuaB®, + Rayus X XP.

63
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O

Let ¢(t,s) be a one-parameter family of geodesics of the congruence,
parameterized such that

Oc
A '
ot
(Figure [[). The geodesic deviation vector associated to c is
Oc
Y =—.
0s

FIGURE 1. Geodesic deviation.

PROPOSITION 1.2. The geodesic deviation vector satisfies
VxYH =Bt Y".
PROOF. The definition of Y implies that
[X,)Y]=0& VxY —VyX =0.
Consequently, we have

VxYt =VyX!=Y"V X! =DB!)Y".

The equation for V x B, then yields the following famous result.

PRroOPOSITION 1.3. The geodesic deviation vector satisfies the Jacobi
equation

VxVxY = R(X,Y)X.
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ProOOF. We have
VxVxY® =Vx(B%Y"?) = (VxB*%)Y’ + B%VxY"
= —B“B,sY" + R,;% X'X"YP + BB’ Y
= R%,, X X"y,
Alternatively, we can simply notice that
VxVxY =VxVyX =VyVxX + R(X,Y)X = R(X,Y)X.
O
We now define the kinematic quantities associated to the congruence.
DEerFINITION 1.4. The spatial metric associated to the congruence is
hyw = guw + X, X,
The expansion, shear and vorticity are defined ad]
0 =h"B,, =g B,
1

U/M/ = B(NV) — gehuy,

W = Bl
so that we have the decomposition
1
3
Note that all the tensors above are purely spatial:

hyw XY = 0, X" = w, XY =0,
Moreover, the trace of h is
h#uhwj - glwh/w = W(guv + XMXV) =4—1=3,

and so the shear is traceless:

B, = 50hu + 0 + Wy

Mo =g o =0.
Fix a geodesic ¢, and let Y be a geodesic deviation vector along c. If Y
is initially orthogonal to ¢ then it will remain orthogonal:
X (X YH) =(VxX)YF+ X, VxYH =X,B"Y, =0.

In an orthonormal frame {X, F, Es, F5} parallel along ¢ we then have
» ) 1 1 . .
V' = ByY? = <§95ij + 0ij + Wij) Y/ = 26V + 0y 4wy Y

(1 = 1,2,3). If we consider a small spacelike sphere in the hypersurface
orthogonal to ¢ and let it be carried by the geodesics of the congruence, we
see that # measures the rate at which the sphere’s volume grows, o describes
the sphere’s volume-preserving shape deformations, and w gives the sphere’s
angular velocity.

1Curved brackets indicate symmetrization: Biuw) = 3 (Buw + Buy).
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PROPOSITION 1.5. The expansion of the congruence satisfies the Ray-
chaudhuri equation

1
X 0= —592 — O'/JVO-MV + www’“j — RHVXMXV.

PROOF. Taking the trace of the equation for V x B,,,, (that is, contracting
with g") yields

X -0 =-B,,B" — RopX°X"

1 1
= — <§9h,w + o + w,w> <§9h’“’ + ot — w’“’) - R, X'X"

1
= —592 — 00"+ Wt — Ry, XPXY.

2. Energy conditions

DEFINITION 2.1. A given energy-momentum tensor I, with trace T =
9" Ty, is said to satisfy:

(1) the strong energy condition (SEC) if T),, X* X" + %T >0 for
all unit timelike vectors X ;

(2) the weak energy condition (WEC) if T),, X*X" > 0 for all
timelike vectors X ;

(3) the null energy condition (NEC) if T, X* X" > 0 for all null
vectors X ;

(4) the dominant energy condition (DEC) if —T*' X, is causal
and future-pointing for all causal future-pointing vectors X.

The weak energy condition is the reasonable requirement that any ob-
server should measure a non-negative energy density, and the null energy
condition can be thought of as the same requirement for observers moving
at the speed of light. The dominant energy condition, on the other hand,
demands that any observer should measure the flow of energy and momen-
tum to be causal. To understand the strong energy condition, we write the
Einstein equations as

1
Ry — §R9W =81y

(possibly including the cosmological constant in the energy-momentum ten-
sor). Note that the trace of this equation yields

—R = 8«T,

and so the Einstein equations can also be written as

1
R,, = 8w (TH,, — §Tgu,,> .
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Therefore the strong energy condition simply requires that the Ricci tensor
satisfies R, X*X" > 0 for all timelike vectors X (given that the Einstein
equations are written as above).

Generically, the energy-momentum tensor is diagonalizable, that is, there
exists an orthonormal frame { Ey, Ey, F2, E5} in which the energy-momentum
tensor is diagonal,

(T,LLI/) = diag(p7p17p27p3)'

The timelike eigenvalue p and is called the rest energy density, and the
spacelike eigenvalues pi,po,p3 are known as the principal pressures. In
terms of these eigenvalues, we have:

(1) SEC & p+ 32  p;>0and p+p; >0 (i = 1,2,3).

(2) WEC = p>0and p+p; >0 (i =1,2,3).

(3) NEC = p+p; >0 (i =1,2,3).

(4) DEC < p > |pi| (i =1,2,3).
Using this characterization, it is easy to see that the NEC is the weakest
energy condition, that is, it is implied by any of the other conditions. The
remaining three energy conditions are largely independent, except that the
DEC implies the WEC. Notice that in particular the SEC does not imply
the WEC.

3. Conjugate points

DEFINITION 3.1. Let (M, g) be a Lorentzian manifold. A point ¢ € M is
said to be conjugate to p € M along a timelike geodesic c if there exists a
nonvanishing solution Y of the Jacobi equation VxVxY = R(X,Y)X such
that Y, =Y, = 0.

Informally, two points p and ¢ are conjugate along c if there exists a
nearby timelike geodesic intersecting ¢ at both p and ¢ (Figure [2I).

Chose an orthonormal frame {X, Ey, Fy, E3} parallel along ¢, where X
is the unit tangent vector. Let Y be a geodesic deviation vector Y which
vanishes at p = ¢(0). If we write

Y =YX +Y'E;

then the Jacobi equation becomes

V0=0
Since Y0 is an affine function of the proper time 7, it must vanish identically
if Y vanishes again along ¢. We will therefore assume that Y? = 0, that is,

that Y is orthogonal to c¢. Since the remaining components of Y satisfy a
linear ODE, we know that

Yi(r) = Ayj(1)Y(0),
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q

b
FIGURE 2. Geodesic deviation.

where A(7) is the fundamental matrix solution vanishing at 7 = 0:

A(0) =0
A(0)=1
Aij = B oo, Akj
Although A(0) = 0 is singular, A(7) is not singular for 7 > 0 sufficiently
small, because A(0) = I. If A(7) becomes singular for some 7, > 0 then
q = c(7x) is conjugate to p (we just have to choose Y (0) to be a nonvanishing
column vector in the kernel of A(7y)).
Consider the congruence of timelike geodesics through p. Since on the
one hand
Y= BV’
and on the other
Y = AV(0) = AATAV(0) = AAY,
we conclude that
B=AA!,
and so
. d
f=trB=tr(AA™}) = . log(det A).
T

Therefore the expansion of the congruence blows up if and only if the geo-
desic approaches the first conjugate point q.
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THEOREM 3.2. Let (M, g) be a 4-dimensional Lorentzian manifold sat-
isfying the SEC, ¢ a timelike geodesic and p = ¢(0). Suppose that the ex-
pansion 0 of the congruence of timelike geodesics through p takes a megative
value 6y < 0 at some point r = c(19), with 79 > 0. Then there exists a point
q conjugate to p along c at a distance at most % from r.

PROOF. By the Gauss Lemma, we can find local coordinates (¢, 2!, 22, 23)
such that X* = dt, and so

dX* =04 VX, =0

In other words, the congruence has no vorticity, and the Raychaudhuri equa-
tion becomes

do 19 y y
E:—ge —O'MVO'M —RMVXMX .
Because o is purely spatial and (M, g) satisfies the SEC, we have
d_9<_12 _id_9>1:>1>i+1(7—_7—)
dr = 3 2dr =3 66, 3 0

We conclude that % vanishes, and so € blows up, at proper time at most
T0 + %. O

Let c(t,s) be a one-parameter family of timelike curves connecting two
points p and q:

c(to,s) =p and c(t1,s) =¢q
for all s. Then the connecting vector

dc
Y—%,

which in general is not a Jacobi field, satisfies
Y, =¥, =0.

We assume that c(t, s) has been parameterized in such a way that Y does
not vanish identically.
The tangent vector
Oc
X=—
ot

is timelike, and if we define

f(t73) = (_ <X7X>)

then the length of each curve is

[NIES
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We have
dr " of ! !
i Lt = — — (X, VyX)dt = — —(X,VxY)dt
il . f( vy X) ; f< xY)

_ _/: X (% (X,Y>> dt + /totl <VX (?) ,Y> dt
e (e

where we used the Fundamental Theorem of Calculus and the fact that
Y, =Y, = 0. This shows that the timelike curve ¢ defined as ¢(t) = ¢(t,0)
has extremal length among all timelike curves in such one-parameter families

if and only if
X

that is, if and only if it is a timelike geodesic. Assume this to be the case.
Then

%(0) :/totly. <vX <§> ,Y> dt:/: <vyvx <§> ,Y> dt.

Assuming that f(t,0) = 1 (that is, ¢ is parameterized by its proper time)
and (X,Y) = 0 for s = 0 (which is always possible by reparameterizing
c(t,s)) leads to
d27_ t1
—(0) = X,Y)dt.
0= [ vy
Finally, using
R(X,Y)Z =VxVyZ —-VyVxZ — V[Xy}Z =VxVyZ -VyVxZ

we obtain

d2T t1
50 = /t (VyVyX — R(X,Y)X,Y)dt
0

t1
:/ (VxVxY — R(X,Y)X,Y)dt.
to

THEOREM 3.3. A timelike curve ¢ connecting the points p,q € M lo-
cally mazimizes the proper time (along any one-parameter family of time-
like curves connecting the same points) if and only if it is a timelike geodesic
without conjugate points to p between p and q.

PROOF. It is clear from what was done above that ¢ being a geodesic is
a necessary condition.

Let us assume that ¢ has no conjugate points (to p, say) between p and
g. In an orthonormal frame parallel along ¢ we have

d’r h i (i i j
@(0)=/ Y (Y ~R Oojw) dt.

to
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Because there are no conjugate points, the fundamental matrix solution A(t)
is nondegenerate for ¢t € (tg,t1), and we can set
Y= AyZ7.
We have
Vi Ay 4 2470+ Ay 2T = AgH 424070 + R oo Ay 20,

and so

d27' t j =l Lok
0= [ A,z (AikZ V24,2 ) dt
to
tl .. . .
- / ZtAt <AZ T 2AZ> dt
to

tl . . . . . . .
— / [% (ZtAtAZ) —Z'A'AZ — ZPAYAZ + ZtAtAZ} dt
to

t1 . . t1 . . .
_ / (AZY AZdt + / 7' (4t~ Ata) Zar
to to

Above we used the Fundamental Theorem of Calculus and the fact that
(AZ)'AZ =YY Y — AZ) = Y'(Y — BY) vanishes at ty and t; (although B
blows up as (t — tg)~!, Y vanishes as t — to or faster by Taylor’s formula).
From A = BA we have

A'A—A'A= A'BA— A'B'A=A"(B-B")A=2A'wA =0,

because the vorticity matrix w vanishes for the congruence of timelike geodesics
through p. Therefore

d*r T
TR0 =~ / (AZ)'AZdt <0,
to

with equality if and only if

Z=0=>2Z=0=Y=0
(note that if Z is constant then it must be zero because 0 = Y, = A(t1)Z
and A(t1) is nonsingular). We conclude that ¢ is indeed a maximum of the
proper time along any one-parameter family of timelike curves connecting p
and q.

On the other hand, if there exists a conjugate point along ¢ between p
and ¢, say r = c(t*), then let Y be a nonvanishing Jacobi field such that
Y(to) = Y(t*) = 0 (in particular Y is orthogonal to ¢), and let Y be the
vector field along ¢ that coincides with ¥ between p and r and is zero between
r and ¢. Similarly, let Z be the (necessarily spacelike) vector field parallel
along ¢ such that Z(t*) = —VxY(t*), and let Z(t) = 6(t)Z(t), where 6 is
a smooth function satisfying 6(to) = 0(¢1) = 0 and 6(t*) = 1. Finally, let
Y: be the vector field along ¢ defined by Y. =Y 4 ¢Z, and consider a one-

parameter family of curves c.(t, s) such that c.(¢,0) = ¢(t) and Y. = %CSE.
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Since Y; is not C', we must write the formula for the second derivative of
the length as

%((D - [1 <<VXYE,VXY5> + <R<X=5@)X’n>>dt ~ e

0

where the bilinear form I is clearly symmetric. Therefore
d*r

ds?

Since Y is a Jacobi field between p and r, and zero between r and ¢, we
have I(Y,Y) = 0. On the other hand,

0) =I(Y,Y) +2I(Y, Z2) +%1(Z, Z).

I(Y,Z) = —/tt* <<VXY7 VxZ)+ (R(X,Y)X, Z>>dt

:_[<VXY,Z>} +/:*<<VXVXY,Z>—<R(X,Y)X, Z>>dt

to 0

_ <VXY(t*),VXY(t*)> > 0.

Therefore for € > 0 sufficiently small the one-parameter family c.(¢, s) con-
tains curves whose length is greater than the length of c.

Figure B illustrates the geometric idea behind the proof above: ¢ rep-
resents a generic curve of a one-parameter family corresponding to Y, and
has the same length as ¢; adding £Z changes c; between points u and v, say,
making it longer by the twin paradox.

O

The results above can be generalized for timelike geodesics orthogonal to
a spacelike hypersurface S. If one considers the congruence of such geodesics
then at S

VxY,=VyX, = YV(VVXM) = Y”(V(VX“) + V[VXM)
1
= V(“XV)YV = §£Xgu,,Y” = KMVYV.

DEFINITION 3.4. Let (M, g) be a Lorentzian manifold and let S C M be
a spacelike hypersurface with second fundamental form K. A point g € M
1s said to be conjugate to S along a timelike geodesic ¢ orthogonal to S
at some point p € S if there exists a nonvanishing solution Y of the Jacobi
equation VxVxY = R(X,Y)X such that Y, € T,S, (VxY,)p = (KuY")p
and Yy = 0.

In an orthonormal frame {X, E, Fy, E5} parallel along ¢, again we can
assume that Y? = 0, and have for the remaining components

Yi(t) = Ay (t)Y7(0),
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p

FIGURE 3. Proof of Theorem B.3]

where A(t) is the fundamental matrix solution:

A(0) =1
A0) = K
Aij = B oo Akj

Arguing as above, we have the following result.

73

THEOREM 3.5. Let (M, g) be a 4-dimensional Lorentzian manifold sat-
isfying the SEC, S C M a spacelike hypersurface and ¢ a timelike geodesic
orthogonal to S at some point p € S. Suppose that the expansion 0 of
the congruence of timelike geodesics orthogonal to S takes a negative value
0y < 0 at p. Then there exists a point q conjugate to S along c at a distance

at most ‘9—?:)‘ from S.

THEOREM 3.6. A timelike curve ¢ connecting the spacelike hypersurface
S C M to the point ¢ € M locally maximizes the proper time (along any
one-parameter family of timelike curves connecting S to q) if and only if it
1s a timelike geodesic orthogonal to S without conjugate points to S between

S and q.
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PROOF. The proof is basically the same as for curves connecting two
points. The main differences are the in formula

% _ _/t: X G <X,Y>> dt+/: <VX <§> ,Y> dt

_ ﬁ (X,.Y) + /tt <vx @) ,Y> dt,

which requires ¢ to be orthogonal to S at p = ¢(t(); the fact that A(¢y) does
not vanish, but instead

(AZ)Y'AZ =YY Y — AZ) =Y (Y — BAZ)
=YY Y -BY)=Y(Y -KY)=0

at tg; and the integrated formula

30 =5y - [ (v + X )

to

= (K Y"Y")(p) +1(Y,Y),
which vanishes when Y is a Jacobi field. O

4. Existence of maximizing geodesics

PROPOSITION 4.1. Let (M,g) be a globally hyperbolic spacetime, S a
Cauchy hypersurface and p € DT (S). Then DT (S)NJ~(p) is compact.

PROOF. Let us define a simple neighborhood U C M to be a geodesi-
cally convex open set diffeomorphic to an open ball whose boundary is a
compact submanifold of a larger geodesically convex open set (therefore QU
is diffeomorphic to S and U is compact). It is clear that simple neighbor-
hoods form a basis for the topology of M. Also, it is easy to show that any
open cover {V,}aca has a countable, locally finite refinement {U, },en by
simple neighborhoods.

If A= D% (S)NJ~ (p) were not compact, there would exist a countable,
locally finite open cover {U, }en of A by simple neighborhoods not admit-
ting any finite subcover. Take ¢, € AN U, such that ¢, # g, for m # n.
The sequence {¢, }nen cannot have accumulation points, since any point in
M has a neighborhood intersecting only finite simple neighborhoods U,,. In
particular, each simple neighborhood U,, contains only a finite number of
points in the sequence (as U, is compact).

Set p; = p. Since p; € A, we have p; € U,, for some n; € N. Let
qn & Up,. Since g, € J~(p1), there exists a future-directed causal curve ¢,
connecting gy, to pi. This curve will necessarily intersect OU,,,. Let r; ,, be an
intersection point. Since U, contains only a finite number of points in the
sequence {gp tnen, there will exist infinite intersection points 71 ,. As OUy,,
is compact, these will accumulate to some point pa € U, (cf. Figure @).

Because U, is contained in a geodesically convex open set V', which can
be chosen so that v — (7(v),exp(v)) is a diffeomorphism onto V' x V| we
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have pp € J~(p1): if 71,5 is the unique causal geodesic connecting p; to 71 p,
parameterized by the global time function ¢ : M — R, then the subsequence
of {7} corresponding to a convergent subsequence of {r; ,} will converge
to a causal geodesic 71 connecting p; to po. If S = t71(0) then we have
t(r1,,) > 0, implying that t(p2) > 0 and hence py € A. Since py & Uy, , there
must exist ny € N such that py € U,,.

Since U, contains only a finite number of points in the sequence {gn, }nen,
an infinite number of curves ¢, must intersect U, to the past of ry,. Let
r2,n be the intersection points. As 0U,, is compact, {r2,} must accumulate
to some point p3 € OU,,. Because Unz is contained in a geodesically con-
vex open set, p3 € J7(p2): if ¥, is the unique causal geodesic connecting
r1,n to T2,, parameterized by the global time function, then the subse-
quence of {7, ,} corresponding to convergent subsequences of both {r1,}
and {ry,} will converge to a causal geodesic connecting ps to ps. Since
J7(p2) C J~(p1) and t(r2,) > 0 = t(p3) > 0, we have p3 € A.

Iterating the procedure above, we can construct a sequence {p; }ien of
points in A satisfying p; € U, with n; # n; if i # j, such that p; is connected
to p;+1 by a causal geodesic ;. It is clear that +; cannot intersect S, for
t(pi+1) > t(pit2) > 0. On the other hand, the piecewise smooth causal curve
obtained by joining the curves ; can easily be smoothed into a past-directed
causal curve starting at p; which does not intersect S. Finally, such curve is
inextendible: it cannot converge to any point, as {p; };en cannot accumulate.
But since p; € DT (S9), this curve would have to intersect S. Therefore A
must be compact. O

COROLLARY 4.2. Let (M, g) be a globally hyperbolic spacetime and p,q €
M. Then
(i) J*(p) is closed;
(ii) JT(p) N J~(q) is compact.

Proor. Exercise. O

Proposition [4.1] is a key ingredient in establishing the following funda-
mental result.

THEOREM 4.3. Let (M, g) be a globally hyperbolic spacetime with Cauchy
hypersurface S, and p € DY (S). Then, among all timelike curves connecting
p to S, there exists a timelike curve with maximal length. This curve is a
timelike geodesic, orthogonal to S.

PRroOF. Consider the set T'(.S, p) of all timelike curves connecting S to p.
Since we can always use the global time function ¢ : M — R as a parameter,
these curves are determined by their images, which are compact subsets of
the compact set A = DT(S)NJ (p). As it is well known (see for instance
[MunO00]), the set C(A) of all compact subsets of A is a compact metric
space for the Hausdorff metric dy, defined as follows: if d: M x M — R
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FIGURE 4. Proof of Proposition 411

is a metric yielding the topology of M,
dp(K,L) =inf{e >0| K C U(L) and L C U.(K)},

where U.(K) is a e-neighborhood of K for the metric d. Therefore, the

closure C(S,p) = T(S,p) is a compact subset of C'(A). It is not difficult

to show that C(S,p) can be identified with the set of continuous causal
curves connecting S to p (a continuous curve ¢ : [0,t(p)] — M is said to be
causal if ¢(t2) € JT(c(t1)) whenever to > t7).

The length function 7 : T'(S,p) — R is defined by

t(p)
(o) = /0 e(t)|dt.

This function is upper semicontinuous, i.e. continuous for the topology
O ={(-00,a) | —00 < a < +oo}

in R. Indeed, let ¢ € T'(S, p) be parameterized by its arclength u. For a suf-
ficiently small € > 0, the function u can be extended to the e-neighborhood
U:(c) in such a way that its level hypersurfaces are spacelike and orthogonal
to ¢, that is, — grad u is timelike and coincides with ¢ on ¢ (cf. Figure [). If
~v € T(S,p) is in the open ball B.(c) C C(A) for the Hausdorff metric dy
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then we can use u as a parameter, thus obtaining
du(y) =1« (y,gradu) = 1.

Therefore 4 can be decomposed as

y = d X
K (grad u, grad u) gracdt + 2,

where X is spacelike and orthogonal to grad u, and so
1

2

91 = + (X, X)

(grad u, grad u)

Given § > 0, we can choose € > 0 sufficiently small so that

1 2
_ 142
(grad u, grad u) < < + 27(0))
on the e-neighborhood U, (c) (as (grad u,grad u) = —1 along ¢). We have

t(p) d t(p) d 7(c)
Y . au .
T<v>:/ —dt=/ fy—dt=/ 5| du,
0 dt 0 ’ ‘ dt u(yNS) ’ ‘

where we have to allow for the fact that ¢ is not necessarily orthogonal to
S, and so the initial point of « is not necessarily at u = 0 (cf. Figure [)).
Consequently,

(¢)
)= [
u(yNS)

< /u::s) (1 + 2Tic)> du = <1 + 2;10)) (t(c) —u(yNn29)).

Choosing ¢ sufficiently small so that

ERe)

on S NU.(c), we obtain 7(v) < 7(c) + d, proving upper semicontinuity in
T(S,p). As a consequence, the length function can be extended to C(S,p)
through

1
1 2
— —(X, X d
(grad u, grad u) (X >‘ “

7(c) = limsup{r(1) | 7 € Bo(e) 1 T(S,p)}

(as for € > 0 sufficiently small the supremum will be finite). Also, it is clear
that if ¢ € T'(S,p) then the upper semicontinuity of the length forces the
two definitions of 7(¢) to coincide. The extension of the length function to
C(S,p) is trivially upper semicontinuous: given ¢ € C(S,p) and 6 > 0, let
e > 0 be such that 7(y) < 7(c) + % for any v € Ba-(c) N T(S,p). Then it is
clear that 7(¢’) < 7(c) + % < 71(c) + 0 for any ¢ € B.(c) N C(S,p).

Finally, we notice that the compact sets of R for the topology O are the
sets with a maximum. Therefore, the length function attains a maximum
at some point ¢ € C'(S,p). All that remains to be seen is that the maximum
is also attained at a smooth timelike curve . To do so, cover ¢ with finitely
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many geodesically convex neighborhoods and choose points py,...,pr in ¢
such that p; € S, pr = p and the portion of ¢ between p;_1 and p; is contained
in a geodesically convex neighborhood for all ¢ = 2,... k. It is clear that

there exists a sequence ¢, € T(S,p) such that ¢, — ¢ and 7(¢,) — 7(c).
Let t; = t(p;) and p;, be the intersection of ¢, with t=1(t;). Replace c,
by the sectionally geodesic curve <, obtained by joining p;—1, to p;, in
the corresponding geodesically convex neighborhood. Then 7(v,) > 7(¢p),
and therefore 7(v,) — 7(c). Since each sequence p;, converges to p;, Vn
converges to the sectionally geodesic curve « obtained by joining p;—1 to p;
(1t = 2,...,k), and it is clear that 7(v,) — 7(7) = 7(¢). Therefore v is a
point of maximum for the length. Finally, we notice that v must be smooth
at the points p;, for otherwise we could increase its length by using the twin
paradox. Therefore v must be a timelike geodesic. It is also clear that
must be orthogonal to S, for otherwise it would be possible to increase its
length by small deformations. O

FIGURE 5. Proof of Theorem .31

5. Hawking’s singularity theorem

We have now all the necessary ingredients to prove the Hawking singu-
larity theorem.

DEFINITION 5.1. A spacetime (M, g) is said to be singular if it is not
geodesically complete.
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THEOREM 5.2. (Hawking [Haw66]) Let (M, g) be a globally hyperbolic
spacetime satisfying the strong emergy condition, and suppose that the ex-
pansion of the congruence of future-pointing timelike geodesics orthogonal to
S satisfies 0 < 0y < 0 on a Cauchy hypersurface S. Then (M, g) is singular.

PrOOF. We will show that no future-directed timelike geodesic orthog-
onal to S can be extended to proper time greater than 7y = —% to the
future of S. Suppose that this was not so. Then there would exist a future-
directed timelike geodesic ¢ orthogonal to S, parameterized by proper time,
defined in an interval [0, 7y 4 €] for some € > 0. Let p = ¢(19 + €). Accord-
ing to Theorem 3] there would exist a timelike geodesic v with maximal
length connecting S to p, orthogonal to S. Because 7(c) = 79 + &, we would
necessarily have 7(vy) > 79 + €. Theorem guarantees that v would de-
velop a conjugate point at a distance of at most 7y to the future of S, and
Theorem states that v would cease to be maximizing beyond this point.
Therefore we arrive at a contradiction. O

REMARK 5.3. It should be clear that (M, g) is singular if the condition
0 < 0y < 0 on a Cauchy hypersurface S is replaced by the condition 6 >
fp > 0 on S. In this case, no past-directed timelike geodesic orthogonal
to S can be extended to proper time greater than 79 = % to the past of S.

EXAMPLE 5.4.

(1) The FLRW models with & > 0 and A = 0 are globally hyperbolic,
and satisfy the strong energy condition (as p > 0). Moreover, the
expansion of the congruence tangent to % is @ = %“ Assume that
the model is expanding at time tg. Then 6 = 6y = 3;(%0)) > 0 on the
Cauchy hypersurface S = {t = ty}, and hence Theorem guar-
antees that this model is singular to the past of S (i.e. there exists
a big bang). Moreover, Theorem [5.2]implies that this singularity is
generic: any sufficiently small perturbation of an expanding FLRW
model satisfying the strong energy condition will also be singular.
Loosely speaking, any expanding universe must have begun at a
big bang.

(2) The region {r < 2m} of the Schwarzschild solution is globally hy-
perbolic, and satisfies the strong energy condition (as R,, = 0).
The metric can be written in this region as

2
g=—dr?+ <—m - 1) dt® + 12 (462 + sin? 0dep?)
T

mom, 3
T = / <— — 1> du.
. U

Therefore the inside of the black hole can be pictured as a cylinder
R x S? whose shape is evolving in time. As r — 0, the S? contracts

where
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to a singularity, with the ¢-direction expanding. Since

g=ar (—%dﬁ + rd6? + rsin? 9dcp2> ,
T

Cdr
(o) ).
r roor

Therefore we have # = 0y < 0 on any Cauchy hypersurface S =
{r = ro} with ro < 22, and hence Theorem guarantees that
the Schwarzschild solution is singular to the future of S. More-
over, Theorem implies that this singularity is generic: any suf-
ficiently small perturbation of the Schwarzschild solution satisfying
the strong energy condition will also be singular. Loosely speaking,
once the collapse has advanced long enough, nothing can prevent
the formation of a singularity.

(3) It should be noted that Theorem proves geodesic incomplete-
ness, not the existence of curvature singularities. For instance, it
applies to the Milne universe, or a globally hyperbolic region of the
anti-de Sitter universe, whose curvature is bounded (they are sim-
ply globally hyperbolic regions in larger, inextendible Lorentzian
manifolds).

we have

NI

6. Penrose’s singularity theorem

Let (M, g) be a globally hyperbolic spacetime, S a Cauchy hypersurface
with future-pointing unit normal vector field N, and ¥ C S a compact 2-
dimensional submanifold with unit normal vector field n in S. Let ¢, be the
null geodesic with initial condition N, + n,, for each point p € ¥. We define
a smooth map exp : (—¢,e) x ¥ — M for some ¢ > 0 as exp(r,p) = ¢p(7).

DEFINITION 6.1. The critical values of exp are said to be conjugate
points to 2.

Loosely speaking, conjugate points are points where geodesics starting
orthogonally at nearby points of ¥ intersect.

Let ¢ = exp(ro, p) be a point not conjugate to X. If ¢ is a local parame-
terization of ¥ around p, then we can construct a system of local coordinates
(u,r, 2%, 2%) on some open set V > ¢ by using the map

(uv Ty x27 ‘Tg) = exp(r, %(90(9527 xg)))a

where 1), is the flow along the timelike geodesics orthogonal to S and the
map exp : (—¢g,¢) X ¥, (X) — M is defined as above.
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Since BQ is tangent to null geodesics, we have g, = < Br> 67,> = 0. On

the other hand, we have

Yo _ 00 ON_[0 o 0
or  Or \or ozt ar’ " b Ozt

0 0 10 0 0
- <E’Vaiua> =20 <575> =0

for p = 0,1,2,3. Since gy, = —1 and g2 = g3 = 0 on 1, (X), we have
grw = —1 and g2 = gr3 = 0 on V. Therefore the metric is written in this
coordinate system as

g = adu?® — 2dudr + 28adudx™ + ’yABda:Ade.

Since
a -1 [ B3
det P det <722 723) )
B2 0 a2 723 V32 V33
Bz 0 32 733

we see that the functions

_ /9 9
YAB = axAvaxB

form a positive definite matrix, and so ¢ induces a Riemannian metric on
the 2- dimensional surfaces exp(r, 1, (X)), which are then spacelike. Since the
vector fields 52 9 can always be defined along ¢p, the matrix (yap) is also
well defined along c,, even at points where the coordinate system breaks
down, i.e. at points which are conjugate to X. These are the points for
which v = det (74p5) vanishes, since only then will { Bus ar, 6962, 81,3} fail to

be linearly independent. In fact the vector fields 8314 are Jacobi fields along

Cp-
It is easy to see that
PZT = F:‘Lr = PgA = F:r = Ffr =0 and FTB = ACBCBv
where (y48) = (yap)~" and Bap = %878%. Consequently,

u A arﬁr B 1A
RTT = Rurr + RATT = _W - FATFTB
0
= —— (v*Bap) — VPP BcaBps.
or
The quantity
0 =" Bap
appearing in this expression is called the expansion of the null geodesics,
and has an important geometric meaning;:

0

1 10 0 1
= 5o ((1an) ™ 57 (an) ) = 5 57 o (et (140)) = 5 Tog (et (ran)?
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Therefore the expansion yields the variation of the area element of the
spacelike 2-dimensional surfaces exp(r, 1, (X)). More importantly for our
purposes, we see that a singularity of the expansion indicates a zero of
det (yaB), i.e. a conjugate point to ¥, (%).

PROPOSITION 6.2. Let (M, g) be a globally hyperbolic spacetime satisfy-
ing the null energy condition, S C M o Cauchy hypersurface with future-
pointing unit normal vector field N, ¥ C S a compact 2-dimensional sub-
manifold with unit normal vector field n in S and p € ¥ a point where
0 = 0y < 0. Then the null geodesic ¢, with initial condition N, + n, con-
tains at least a point conjugate to X3, at an affine parameter distance of at
most —% to the future of ¥ (assuming that it can be extended that far).

PROOF. Since (M, g) satisfies the null energy condition, we have R,., =
R, (%)“ (%)V > 0. Consequently,
00
o T YBCyAP BeaBpp < 0.
Choosing an orthonormal basis (where y42 = § ), and using the inequality

(tr A)? < ntr(A'A)

for square n X n matrices, it is easy to show that

vBOy AP BeaBpp = BeaBap = tr ((Ban)(Bap)') > %92.

Consequently 6 must satisfy
% + %92 <0.
Integrating this inequality yields
L1y
0~ 6 2’
and hence 6 must blow up at a value of r no greater than —%. O

We define the chronological future and the causal future of the
compact surface X as

e =JIr'e and JHE) =] 0

peEX peEY

(with similar definitions for the chronological past and the causal past
of ¥). Tt is clear that I (X), being the union of open sets, is itself open,
and also that J7(X) C IT(X) and I1(X) = int J*(X). On the other hand,
it is easy to generalize Proposition [A.1] (and consequently Corollary E.2]) to
the corresponding statements with compact surfaces replacing points. In
particular, JT(X) is closed. Therefore

9T (D) = or" (%) = JH (D) \ T (%),
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and so, by a straightforward generalization of Corollary in Chapter [3|
every point in this boundary can be reached from a point in 3 by a future-
directed null geodesic. Moreover, this geodesic must be orthogonal to X.
Indeed, at ¥ we have

0

0
%—N and E—N—l—n,

and so the metric takes the form
g = —du® — 2dudr + yapdz?dz®.

If c: I CR— M is a future-directed null geodesic with ¢(0) € ¥, its initial
tangent vector
A

L0 .0 4,0 : A O
c(O)—u%—H‘E—i—x w—A—(u—FT)N—i-rn—Fx p

must satisfy

A.B

W(t+ 2r) = yapz”a”.
Since c is future-directed we must have u + 7 > 0. On the other hand, by
choosing the unit normal to ¥ on S to be either n or —n, we can assume

7 > 0. If ¢ is not orthogonal to ¥ we then have
YapidiP > 0= u(i+27) >0=u>0.

Now the region where v > 0 and r > 0 is clearly a subset of I7(X), since its
points can be reached from Y by a sectionally smooth curve composed of an
arc of timelike geodesic and an arc of null geodesic. Therefore, we see that
if ¢ is not orthogonal to ¥ then c(t) € IT(X) for all ¢ > 0.

Even future-directed null geodesics orthogonal to 3 may eventually enter
IT(X). A sufficient condition for this to happen is given in the following
result.

PROPOSITION 6.3. Let (M,g) be a globally hyperbolic spacetime, S a
Cauchy hypersurface with future-pointing unit normal vector field N, ¥ C S
a compact 2-dimensional submanifold with unit normal vector field n in S,
p € X, ¢, the null geodesic through p with initial condition N, + n, and
q = ¢p(r) for some r > 0. If ¢, has a conjugate point between p and q then
qeIt(y).

Proor. We will offer only a sketch of the proof. Let s be the first
conjugate point along ¢, between p and ¢. Since ¢ is conjugate to p, there
exists another null geodesic 7 starting at > which (approximately) intersects
cp at s. The piecewise smooth null curve obtained by following v between X
and s, and ¢, between s and ¢ is a causal curve but not a null geodesic. This
curve can be easily smoothed while remaining causal and nongeodesic, and
so by the generalization of Corollary [L5lin Chapter[Blwe have ¢ € I (X). O



84 4. SINGULARITY THEOREMS

7
(_

FIGURE 6. Proof of Proposition [6.3

DEFINITION 6.4. Let (M,g) be a globally hyperbolic spacetime and S
a Cauchy hypersurface with future-pointing unit normal vector field N. A
compact 2-dimensional submanifold ¥ C S with unit normal vector field n
in S is said to be trapped if the expansions 0 and 0~ of the null geodesics
with initial conditions N +n and N —n are both negative everywhere on 3.

We have now all the necessary ingredients to prove the Penrose singu-
larity theorem.

THEOREM 6.5. (Penrose [Pen65]) Let (M,g) be a connected globally
hyperbolic spacetime with a noncompact Cauchy hypersurface S, satisfying
the null energy condition. If S contains a trapped surface . then (M, g) is
singular.

PROOF. Let ¢t : M — R be a global time function such that S = ¢=1(0).
The integral curves of gradt, being timelike, intersect S exactly once, and
OI*(X) at most once. This defines a continuous injective map 7 : 91T (%) —
S, whose image is open. Indeed, if ¢ = m(p), then all points is some neigh-
borhood of ¢ are images of points in I (X), as otherwise there would be a
sequence g € S with g — ¢ such that the integral curves of gradt through
qx would not intersect OIT(X). Letting 74 be the intersections of these curves
with the Cauchy hypersurface ¢t ~!(¢(r)), for some point r to the future of p
along the integral line of gradt, we would have 7, — r, and so ry € I1(X)
for sufficiently large k (as I (X) is open), leading to a contradiction.
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Since ¥ is trapped (and compact), there exists 6y < 0 such that the
expansions 0% and 6~ of the null geodesics orthogonal to ¥ both satisfy
07,0~ < 6. We will show that there exists a future-directed null geodesic
orthogonal to ¥ which cannot be extended to an affine parameter greater
than ry = —% to the future of ¥. Suppose that this was not so. Then,
according to Proposition [6.2, any null geodesic orthogonal to ¥ would have
a conjugate point at an affine parameter distance of at most g to the future
of ¥, after which it would be in IT(X), by Proposition [6.3l Consequently,
OIT(X) would be a (closed) subset of the compact set

exp ™ ([0,70] x X) Uexp ([0, 0] x X)

(where exp™ and exp™ refer to the exponential map constructed using the
unit normals n and —n), hence compact. Therefore the image of m would
also be compact, hence closed as well as open. Since M, and therefore S, are
connected, the image of m would be S, which would then be homeomorphic to
OI*t(X). But S is noncompact by hypothesis, and we reach a contradiction.

O

REMARK 6.6. It should be clear that (M, g) is singular if the condition
of existence of a trapped surface is replaced by the condition of existence of
an anti-trapped surface, that is, a compact surface > C S such that the
expansions of null geodesics orthogonal to % are both positive. In this case,
there exists a past-directed null geodesic orthogonal to 3 which cannot be
extended to an affine parameter time greater than ro = % to the past of X.

EXAMPLE 6.7.

(1) The region {r < 2m} of the Schwarzschild solution is globally hy-
perbolic, and satisfies the null energy condition (as R, = 0). Since
r (or —r) is clearly a time function (depending on the choice of
time orientation), it must increase (or decrease) along any future-
pointing null geodesic, and therefore any sphere X of constant (¢, r)
is anti-trapped (or trapped). Since any Cauchy hypersurface is dif-
feomorphic to R x S2, hence noncompact, we conclude from Theo-
rem that the Schwarzschild solution is singular to past (or fu-
ture) of 3. Moreover, Theorem implies that this singularity is
generic: any sufficiently small perturbation of the Schwarzschild
solution satisfying the null energy condition will also be singu-
lar. Loosely speaking, once the collapse has advanced long enough,
nothing can prevent the formation of a singularity.

(2) The FLRW models with « > 0 and A = 0 are globally hyper-
bolic, and satisfy the null energy condition. Moreover, radial null
geodesics satisfy

% = i%\/ 1 — kr2.

Therefore, if we start with a sphere 3 of constant (¢,7) and follow
the orthogonal null geodesics along the direction of increasing or
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decreasing r, we obtain spheres whose radii ar satisfy

i(ar) =ar+ar=ar+1—kr2

dt

Assume that the model is expanding, with the big bang at ¢t = 0,
and spatially noncompact (in particular k& # 1). Then, for suffi-
ciently small ¢ > 0, the sphere X is anti-trapped, and hence The-
orem [6.5] guarantees that this model is singular to the past of X
(i.e. there exists a big bang). Moreover, Theorem [G.5] implies that
this singularity is generic: any sufficiently small perturbation of
an expanding, spatially noncompact FLRW model satisfying the
null energy condition will also be singular. Loosely speaking, any
expanding universe must have begun at a big bang.

7. Exercises
(1) Let g be a Lorentzian metric given in the Gauss Lemma form,
g = —dt* + hijda:idxj,
and consider the geodesic congruence tangent to %.
(a) Show that
1 Oh”
2 ot

Bij =TY; =
that is,
1
B=:Log=K,
2 ot
where K is the second fundamental form of the hypersurfaces
of constant t.
(b) Conclude that the expansion of the congruence of the galaxies

in a FLRW model is

=22 _3m.
a

(2) Let (M, g) be a Lorentzian manifold.
(a) Use the formula for the Lie derivative of a tensor,
(Lxg)Y,Z) = X -g(Y, Z) — g(LxY,Z) —g(Y, Lx Z)
to show that
(Lxg)(Y,Z) =9(VyX,Z)+g(Y,VzX).
(b) Show that this formula can be written as
(Lxg)w = VX, +V, X,

(c) Suppose that X is a Killing vector field, i.e. Lxg = 0. Use the
Killing equation

VX, +V,X, =0
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to show that X is a solution of the Jacobi equation. Give a
geometric interpretation of this fact.

(3) Let T be a diagonalizable energy-momentum tensor, that is, (7,,) =
diag(p, p1, p2, p3) on some orthonormal frame {Fy, E1, Eo, E3}. Show
that:

(a) T satisfies the SEC if and only if p+ Z;?’:l p; > 0and p+p; >0

(i=1,2,3).
(b) T satisfies the WEC if and only if p > 0 and p+ p; > 0
(i=1,2,3).

(c) T satisfies the DEC if and only if p > |p;| (i = 1,2,3).
(d) T satisfies the NEC if and only if p+p; >0 (i = 1,2,3).
(e) The first three conditions are independent except that the
DEC implies the WEC.
(f) The first three conditions imply the NEC.
(4) Let (M,g) be the globally hyperbolic Lorentzian manifold corre-

sponding to the exterior region of the Schwarzschild solution, that
is, M =R x <R3 \ B2m(0)) and

2 om\ '
g=— (1 = Tm> dt* + <1 - Tm> dr? + 12 (d6® + sin® 6d?)

(with m > 0).
(a) Show that for any ro > 2m the curve

c(t) = (t,ro, =y [ Lot
- 70727 7’03

is a timelike, null or spacelike geodesic, according to whether
ro > 3m, rg = 3m or 7o < Im.

(b) Argue that the point ¢ = <m/%,ro, %,77) is conjugate to

the point p = (0, 0, 55 O) along ¢ (note that this can be done
without solving the Jacobi equation).

(¢) Show explicitly that if ro > 3m then ¢ stops being maximizing
for ¢ > 71\/% .

(5) Let (M,g) be a globally hyperbolic spacetime and p,q € M with
q € I'(p). Show that among all timelike curves connecting p to
q there exists a timelike curve with maximal length, which is a
timelike geodesic.

(6) Use ideas similar to those leading to the proof Hawking’s singularity
theorem to prove Myers’s theorem: if (M, (-,-)) is a complete
Riemannian manifold whose Ricci curvature satisfies R, X# X" >
€9 XH XY for some € > 0 then M is compact. Can these ideas be
used to prove a singularity theorem in Riemannian geometry?

(7) Explain why Hawking’s singularity theorem does not apply to each
of the following geodesically complete Lorentzian manifolds:
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(a) Minkowski’s spacetime;
(b) Einstein’s universe;

(c) de Sitter’s universe;

d) Anti-de Sitter spacetime.

(8) C(onsider the metric
ds® = adu® — 2dudr + 284 du dz? + YAB dz?da®.
(a) Show that the Christoffel symbols satisfy
Ly =Th =Ty =0, =T, =0 and Ip=+""Fcs,
19vap

where (y48) = (yap)~! and Bap = 1 L2,
(b) Conclude that

0
R, = ~ar (v*Bas) = v*Pv“PBacBsp.

(9) Let (M, g) be a globally hyperbolic spacetime with Cauchy hyper-
surfaces Sy and S; satisfying S; C DT (Sp), and ¥ C S a compact
surface. Show that:

(a) DT (Sp) N J~(X) is compact;

(b) J~(X) is closed.

(10) Explain why Penrose’s singularity theorem does not apply to each

of the following geodesically complete Lorentzian manifolds:

(a) Minkowski’s spacetime;

(b) Einstein’s universe;

(c) de Sitter’s universe;

(d) Anti-de Sitter spacetime.



CHAPTER 5

Cauchy problem

In this chapter we discuss the Cauchy problem for the Einstein field equa-
tions, following [Wal84]. We start by studying the Klein-Gordon equation,
as a prototypical wave equation, and the the Maxwell equations, where the
issues of constraints on the inital data and gauge freedom also arise. We
then sketch the proof of the Choquet-Bruhat theorem and discuss the Lich-
nerowicz method for solving the constraint equations. See [Rin09] for a
more complete discussion.

1. Divergence theorem

It is possible to define the divergence of a vector field on any orientable
manifold where a volume form has been chosen.

DEFINITION 1.1. Let M be an orientable n-dimensional manifold with
volume form €, and let X be a vector field on M. The divergence of X is
the function div X such that

d(XJe) = (div X)e.

The following result in a straightforward application of the Stokes the-
orem.

THEOREM 1.2. (Divergence theorem) If M is a compact orientable
n-dimensional manifold with boundary OM then

/ (div X)e = Xae
M oM

PROPOSITION 1.3. If (M, g) is a pseudo-Riemannian manifold with Levi-
Clivita connection V then

div X =V, X*".

ProoF. Take local coordinates such that X = 0; around each point
where X does not vanish. Since

€= det(g,,)| dzt A ... A dz™
v/ det(gpw )| :

d(Xa€) = Lxe— Xide = 01 1og|det(g,)|
where we used de = 0. Since
01 log |det A] = tr(A719, A)

89

we have

[NIE

€,
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for any matrix-valued function A in M, we have

1 1
d(X_J 6) = 5 (g“yalgp,u) €= 5 (guy(EXg)MV) €

1 v
= 59" (VuXy + Vi Xp)e = (V. XH)e.

This formula can be easily extended to the set of zeros of X: by continuity
on the boundary, and trivially in the interior. O

Assume now that (M, g) is a compact orientable n-dimensional Lorentzian
manifold with boundary M, and let {E1,..., E,} be a positive orthonor-
mal frame with F; = N the outward unit normal vector on 0M. The volume
element is

e=—E'A.. AEE,

and the volume element of OM with the induced orientation is
o=+E\A...ANE

(according to whether N is timelike or spacelike). Therefore we have on OM
X.e==(X,N)o,

implying that the divergence theorem can be written as

/M(div X)e = /8 (X

where n is the outward unit normal vector in the points where it is space-
like, and is the inward unit normal vector in the points where it is timelike

(Figure [I).
It may happen that OM has points where the normal is null, hence
tangent to M. In that case we choose the orthonormal frame such that

N =F1 + E»

is a null normal, with F; timelike and pointing outwards, and Fs spacelike
and (necessarily) pointing inwards. Then

e=—NAELA.. . NE!

and so

Xie=—(X,N)o,
where

oc=FEiA...NE}

is a volume element on OM (compatible with the induced orientation, as
E; points outwards). So we must choose in this case n = —N, that is, we
must use the normal whose timelike component points inwards and whose
spacelike component points outwards (Figure [I). Note that the magnitude
(but not the sign) of the volume element o will depend on the choice of n.
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n timelike

n spacelike

FIGURE 1. Normal vector for the divergence theorem on a
Lorentzian manifold.

2. Klein-Gordon equation

Let (M, g) be a Lorentzian manifold. A smooth function ¢ : M — R is
a solution of the Klein-Gordon equation if it satisfies

O¢ — m?¢ = 0 & V9,0 — m?¢ = 0.

For reasons that will become clear in Chapter [6] we define the energy-
momentum tensor associated to this equation as

1

T,uu = 8u¢ Oy — 59;”/ (aﬁb 0%¢ + m2¢2) .

If ¢ is a solution of the Klein-Gordon equation then
VAT =06 0,6 + 0, V"0, — 0ud V,0%¢ — m*¢ 8,0

= (0¢ — m?¢)d,¢ = 0
Moreover, if (M, g) is time-oriented then it is possible to prove that 7" sat-
isfies the dominant energy condition, that is, 7}, X" corresponds to a past-
pointing causal vector whenever X is a future-pointing causal vector. As-

sume that X is a future-pointing timelike Killing vector field, and define
YH =THX,. Then Y is a past-pointing causal vector field satisfying

VYt =T"V,X, =0
where we used the Killing equation ») = 0 and the symmetry o .
h d the Killi ion V(,X,) =0 and th fT

Let us now focus on the case when (M, g) is flat Minkowski spacetime
and X = %. Consider the Cauchy hypersurface Sy = {t = ¢o}, and let By
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be the ball of radius R in that hypersurface:
By = {t =tg, 2> +y? + 22 < R*}.

Let S; = {t = t1} be another Cauchy hypersurface, and consider the ball
By = D(B()NS; in that hypersurface (Figure[2). By the divergence theorem

e /BO<Y,X>+/C<Y,n)+/Bl(Y,—X>=0,

where C' is the null portion of 0D (By) between Sy and S; and n is a past-
pointing normal. Since Y is a past-pointing causal vector we have (Y, n) <0,
and so

(13) /ny’)” s/BO<Y,X>.

So

FIGURE 2. Proof of Proposition 211
Note that

(Y, X) = T, XXV = (X - 6)° + % (00 ¢ + m?2¢?)

= (@06 + (26 + (8,6)° + (0:0)° + m?6?]

We conclude immediately that if ¢ is a solution of the Klein-Gordon equation
and ¢ = Jp¢p = 0 in By then ¢ = 0 in By, and indeed in D(Sy) (since t; is
arbitrary). Because the Klein-Gordon equation is linear we can then deduce
the following result.

PROPOSITION 2.1. Given two smooth functions ¢g, vy : Sg — R, there

exists at most a solution ¢ of the Klein-Gordon equation satisfying ¢ = ¢g
and Op = g on Sy.

Given a smooth function ¢ : M — R and some set A C R* we define the
Sobolev norm

606y = [ [+ @00 + (00 + (0,0)° + 0.0].



2. KLEIN-GORDON EQUATION 93

In this definition A can either be an open set or a submanifold (in which
case we use the induced volume form in the integral).
More generally, for each k € Ny we define the Sobolev norms

[ (0%9)?,
= || .o%

where o = (ap, a1, a2, a3) € No*, |a| = ag+a1+az+as, d = (0o, Ox, 0y, 0,)
and 0% = 9;° 03102023, Similarly, given a smooth function ¢g : Sop — R we

define
ool = [ 3 (Do)

O lal<k

where now D = (05, 0y,0;). Inequality (I3]) can then be written as
113 5,y < CllBlE (o) < ClldollEn gy + Cllvollzro s,):

where C' > 0 is a generic positive constant (not always the same). Integrating
this inequality in ¢ from 35 — R to tg + R we obtain
2 2 2
1015 (D(8o)) < Clidollzn sy + Clivollzosy)-

On Sy, all spatial partial derivatives of ¢ and Jy¢ are given by partial deriva-
tives of ¢¢ and 1y. On the other hand, from the Klein-Gordon equation we
have

0b)s, = Oadho + Oy do + 020 — m” o,
and so, by partial differentiation, we can obtain all spatial partial derivatives

of agqb on Sy from partial derivatives of ¢g. Differentiating the Klein-Gordon
equation with respect to ¢ yields

85815, = Oatbo + Dty + 8240 — m*4py,

and it should be clear that all partial derivatives of ¢ on Sy are given by
partial derivatives of ¢y and 1/y. Note from the general partial derivative of
the Klein-Gordon equation,

RO = 020" + 0,0%¢ + 020 — m*0™¢,
that 0%¢ also satisfies the Klein-Gordon equation, and so
1011z 5,) < ClO*6 1311 () =
”¢H?{k(31) < CH(ﬁoH?qk(BO) + CHTZJOH%{kfl(BO) =
18117t p(80)) < Cllollzzn (0 + CllvollFremr (),
whence

6% (D(BoY) < Clldoll mr (o) + Cllvoll mr—1(s,)-
Another important norm is the supremum norm,

9l coca)y = sup |p(p)]-
pEA
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More generally, we define the norms

I8llcxay = D sup|0”6(p)

o<k PEA

DEFINITION 2.2. A set A C R” is said to satisfy the interior cone
condition if there exists a (closed) cone of height h > 0 and solid angle
Q > 0 at the vertex such that for each point p € A it is possible to map the
cone isometrically into A in such a way that the vertex is mapped to p.

THEOREM 2.3. (Sobolev inequality) If A C R™ satisfies the interior
cone condition and k > 5 then for any smooth function f: A — R

[ fllcocay < ClFIlpx(ay-
Proor. Exercise. O

For a solution of the Klein-Gordon equation we then have

H¢||CO(D(B0)) < H¢||H3(D(Bo)) < C||¢0HH3(BO) + C||7/)0||H2(Bo)-

More generally,

10%Gllcop(yyy < N90%GlEs(p(Bo)) < Clldoll mm+s (o) + Clltboll m+2(By),

where m = |a|. We conclude that

9llcm(D(By)) < Cligollm+3(syy + Clivollmmt2(sy)
whence
9llcm(D(By)) < Clldollcm+3(sy) + Clltbollam+z(my)-

THEOREM 2.4. Given initial data ¢g, 0 : Sog — R for the Klein-Gordon
equation, there exists a unique smooth solution ¢ satisfying ¢ = ¢¢ and
0o = 1y on Sy. Moreover, if By C Sy is a ball then the solution in D(By)
depends only on the initial data in By, and the map

C"™3(By) x C™**(By) 3 (¢o,1h0) + ¢ € C"™(D(By))

1S continuous.

PRrROOF. We just have to prove existence of solution. To do that, we note
that if ¢ is a solution then we know all its partial derivatives on Sy. There-
fore, we can construct a power series for ¢ around each point of Sy. If ¢q
and 1y are analytic then the Cauchy-Kowalewski theorem guarantees
that these series converge, and so there exists an analytic solution ¢. If ¢q
and vy are smooth then there exist sequences ¢q,, and 1, of analytic func-
tions which converge to ¢y and 1)y in all spaces C"(By). The corresponding
analytic solutions ¢, of the Klein-Gordon equation thus form a Cauchy se-
quence in all spaces C™(D(By)), and hence must converge in all these spaces
to some function ¢. This function is therefore smooth, and, passing to the
limit, must satisfy the Klein-Gordon equation in all sets (D(By)). O

Using similar tecnhiques, it is possible to prove a much stronger result.
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THEOREM 2.5. Let (M, g) be a globally hyperbolic spacetime with a Cauchy
hypersurface S and future unit normal N. Then the linear, diagonal sec-
ond order hyperbolic system

g””Vuc‘?Vqﬁ,- + A%@M@- + Bij(lﬁj +C; =0 (Z =1,... ,n),
where Aé‘j, B;; and C; are smooth and V is any connection, yields a well-
posed Cauchy problem with initial data in S. More precisely, given smooth
initial data (¢1,...,0n, N P1,...,N-¢,) on S there exists a unique smooth
solution of the system, defined in M. Moreover, the solutions depend con-
tinuously on the initial data, and if two initial data sets coincide on some
closed subset B C S then the corresponding solutions coincide in D(B).

To solve the Cauchy problem for the Einstein equations, we will need to
solve more complicated systems of hyperbolic equations.

THEOREM 2.6. Consider the quasi-linear, diagonal second order
hyperbolic system

gl“/(:p’ ¢7 a¢)vuau¢z = E(xy ¢, 8¢) (Z = 17 s ,’I’L),

where g and F; are smooth and V is any connection on some manifold
M. Let (¢0)1,---,(¢0)n be a solution of this system, and define (go)** =
g (z, o, 0dg). Assume that (M,g) is globally hyperbolic, and let S be a
Cauchy hypersurface. Then the system above yields a well-posed Cauchy
problem with initial data in S, in the following sense: given initial data
in S sufficiently close to the initial data for (¢o)i,...,(do)n there exists
an open neighborhood V' of S such that the system has a unique solution in
V., and (V,g(z, ¢, 09)) is globally hyperbolic. Moreover, the solutions depend
continuously on the initial data, and if two initial data sets coincide on some
closed subset B C S then the corresponding solutions coincide in D(B).

PROOF. The idea of the proof is to start with the linear hyperbolic
system
g/“/(x, ¢07 8¢0)v,ual/¢z = E(x7 ¢07 8¢0) (Z = 17 cee 7n)7

which by the previous theorem has a unique solution ¢; close to ¢g. Because
of this, there exists a neighborhood V; of S such that (Vi,g(x, ¢1,001)) is
globally hyperbolic with Cauchy hypersurface S, and so the system

g‘uy(x7¢17a¢l)vual/¢i = E($,¢1,8¢1) (Z = 17 LR 7n)7

again has a unique solution ¢o close to ¢;. Iterating this procedure we
obtain a sequence ¢, which can then be shown to converge to the unique
solution of the quasi-linear hyperbolic system. O

3. Maxwell’s equations: constraints and gauge

As a warm-up problem to solving the Einstein field equations we consider
the considerably easier problem of solving the Maxwell equations without
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sources in flat Minkowski spacetime. These equations can be split into what
we shall call constraint equations,

divE =0
divB=0

and evolution equations:

E
%—t:curlB
B
88—75 = —curlE

One expects that the evolution equations completely determine E(¢,x) and
B(t,x) from initial data

E(0,x) = Eo(x)
B(0,x) = Bo(x)

This initial data, however, is not completely free: it must satisfy the con-
straint equations

divEg = divBg = 0.

This suffices to guarantee that the constraint equations are satisfied by
E(t,x) and B(t,x), since they are preserved by the evolution: for instance,
%(div E) = div <%—Et}> = div(curl B) = 0.

As we will see, solving the Einstein field equations will also require splitting
them into constraint equations and evolution equations. Another issue that
will have to be dealt with, gauge freedom, also occurs when solving the
Maxwell equations by using the electromagnetic gauge potentials. To do
so, we note that two of the Maxwell equations (those which do not admit
sources) are equivalent to the existence of a vector potential A and a scalar

potential ¢ in terms of which B and E can be written:

divB =0 B =curl A
oB < 0A
curlE:—W E:—gradQS—E

These potentials, however, are nonunique: given any smooth function y, the

potentials
A’=A +grad

Ix

/I - =
=0 G

yield the same fields B and E (A’ and ¢’ are said to be related to A and ¢
by a gauge transformation). The remaining Maxwell equations can now
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be written as

0
divE =0 A¢ —|— (dlv A)=0
OE & )

IB=— - op  I*A

cur 9t grad(dlv A)— AA = —grad ETT
Therefore, if there exist gauge potentials satisfying
0
divA = —8—?3

(the so-called Lorentz gauge) then these equations reduce to uncoupled

wave equations:
Op=0
OA=0

To solve the Maxwell equations using the gauge potentials we then solve

these wave equations with initial data ¢y, (a—‘f

(1) curl Ay = By (possible because div By = 0);
(2) qﬁo = 0 (by choice);
(3) ( ) —Eo (giving the correct initial electric field);

(4) <%_(f)0 = —div Ag (so that the Lorentz gauge condition holds).

and Ay, ( 57 ) satisfying:

These potentials will determine a solution of the Maxwell equations with
the correct initial data if the Lorentz gauge condition holds for all
time. Now

. oo\ . 0 B
O (leA + E) =div(JA) + a(DqS) =0
and
oo\
<d1VA + E) =0.

Moreover,

8 aqb B 8A 0% . (0OA
and so

0 0o . . _
<8t <d A+8t>> = —divEy=0.

By uniqueness of solution of the wave equation, we conclude that the Lorentz
gauge condition does hold for all time, and so the potentials obtained by
solving the wave equation with the initial conditions above do determine the
solution of the Maxwell equations with initial data Bg, Eg.

REMARK 3.1. The electromagnetic potentials can be seen as the com-
ponents of the electromagnetic potential one-form

A= —¢dt+ Aldx + A%dy + A3dz
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Note that a gauge transformation can be written as
A= A+dy.

The electric and magnetic fields can in turn be seen as the components of
the Faraday tensor

F =dA = E'dz Adt + F*dy A dt + E3dz A dt
+ Bldy A dz + B?dz A dx + B3dx A dy.

It should be obvious that F' remains invariant under a gauge transformation.
The Maxwell equations can be written as

dF =0& F=dA
and
d*xF =0,
since
*F = Eldy A dz + E*dz A dx 4+ E3dx A dy
— Bldx A dt — B%dy A dt — B3dz A dt
(that is, the Hodge star replaces B with E and E with —B).

4. Einstein’s equations

Let (M,g) be a globally hyperbolic spacetime and S C M a Cauchy
hypersurface. Let us write g in the Gauss Lemma form near S,
g = —dt* + h;j(t,x)dz'da?,

so that the leve_l sets of ¢ are Riemannian manifolds with induced metric
h(t) = hijdx’dx’ and second fundamental form

1 Ohy;
KO =37

For this choice of coordinates (gauge), finding the metric is equivalent to
finding a time-dependent Riemannian metric h(t) on S. The vacuum Ein-
stein field equations G, = 0 can be split into constraint equations

Guo=0 _ [R+(K\)" —K;Ki=0
GOi =0 ?Z’K]j — ij]i =0

dx'dax? .

and evolution equations

P _
Gij =0 & 5 K = —Rij + 2K K — K Kij

where V, R and R;; are the Levi-Civita connection, the scalar curvature

and the Ricci tensor of h. Note that the evolution equations allow us to

evolve h(t) and K (t), whereas the constraint equations restrict their initial

values h(0) and K (0). If the initial data satisfy the constraint equations, so



4. EINSTEIN’S EQUATIONS 99

does the solution of the evolution equations. Indeed, the contracted Bianchi
identities give us for free the equations
VQGOCB =0 VOGOB + ViGiB =0& —V()G()B + hijVjGw =0
<~ 80G05 — FgoGaﬁ — FggGOa = hij(ajGiﬁ — F?{iGaﬁ — F?ﬁGm)-

If the evolution equations hold, we have G;; = 0,G;; = 0, and so the
contracted Bianchi identities become

B0Goo = Iy Gao + IyGoa + h (9;Gio — TG ao — T'Gio)

00Gor = F80G0k + ngGoa — h¥ (F?iGOk + ngGiO)

90Goo = h(0;Gio — Kj;Goo — ffino)
0Gor = K4,Goi — hV (K;:Gor + Kj1.Gio)
This is a system of linear first order partial differential equations on Gg;

integrating the last three equations, and then the first, it is easy to see that,
since the initial data vanishes at ¢t = 0, the solution vanishes for all ¢.

REMARK 4.1. In general, any time function ¢ : M — R whose level
sets S; are Cauchy hypersurfaces can be completed into a system of local
coordinates (t,z', 22, 23). If

gradt
| grad ¢|

is the future-pointing unit normal to S, we have the orthogonal decompo-
sition

0 _ N

E =« + 57

where the positive function « is known as the lapse function and the vector
field 3, tangent to Sy, is known as the shift vector (Figure B]). In these
coordinates, the metric is written

g = (—a® + BiB")dt* + 2B;dtdx’ + hijdx'da?
= —a?dt? + h;;(dx’ — Bldt)(dx? — BIdt).

Note that the Riemannian metric of the Cauchy hypersurfaces S; is still
h(t) = h;jdx’dx’; the lapse function and the shift vector merely specify how
points with the same coodinates z* in different Cauchy hypersurfaces S; are
related, which is a matter of choice, that is, a gauge freedom. The Gauss
Lemma form of the metric, for instance, corresponds @ = 1 and 5 = 0, but
this is not necessarily the best choice.

To prove the existence and uniqueness result for the vacuum Einstein
field equations it is best to choose so-called harmonic coordinates, that
is, coordinates x* satisfying the wave equation, Oz* = 0. This equation can
be written as

1
H" = 0,9 + 590‘“9”"%9,)0 =0
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FIGURE 3. Lapse function and shift vector.

We define the reduced Ricci tensor to be
1
RZ/ = R;w + ga(,uau)Ha = _§gaﬁaaaﬁg/w + F;w(ga ag),
and the reduced Einstein equations to be
R[, =0.

Note that Rf,, = R,,, if the coordinates z# are harmonic; in this case, the
reduced Einstein equations coincide with the Einstein equations. Moreover,
the reduced Einstein equations are a quasi-linear, diagonal second order
hyperbolic system for the components of the metric. Given initial data
(hij, K;j) satisfying the constraint equations, consider the following initial
data for the reduced Einstein equations:

(1) gij = hyj (forced);

(2) gio = 0 (by choice);

(3) goo = —1 (by choice);

(4) 65? = 2K;; (forced);

(5) 6%2“ such that H* =0 in S.
If (hsj, Kj) is close to the trivial data (;;,0) for the Minkowski spacetime,
Theorem guarantees that we can solve the reduced Einstein equations
in some open neighborhood V' of S. From

1 (6% 1 (6%
Gu =RH — gRHgW = a0 H" + 59u0cH

it is easily seen that if g, satisfies the reduced Einstein equations Rﬁly =0
then the contracted Bianchi identities yield

VHGy =0 = ¢"'0,0,H" + A3 0,H" = 0.
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Moreover, we have from the constraint equations
GM0=0:>80HMZO

on S. Therefore H* is the solution of a linear, diagonal second order hyper-
bolic system with vanishing initial conditions. We conclude that H* = 0 in
V, and therefore g, solves the Einstein equations in V.

We can always assume that our initial data is close to the trivial data
by rescaling: if z# are local coordinates such that g, = 7,, at some point
p € S, where 7, is the Minkowski metric, we define new coordinates 7* by

the formula
1

Th = XZE“,
where A > 0 is a constant. In these new coordinates the metric is
_ 0292 2
Juv = @ﬁgaﬁ = AN Guv-

If this metric is a solution of the vacuum Einstein field equations, then so is

. 1_
Juv = ﬁgw/ = Guv-

Note that this metric satisfies

8§uu . 89#1/@ . 8g;w

ot ot ot = ot

Therefore for X sufficiently small the initial data (g,
(M, 0)-

In this way we can obtain a local solution of the Einstein field equations
in a neighborhood of each point p € S. By uniqueness of solution of a
quasi-linear, diagonal second order hyperbolic system we can glue these local
solutions to obtain a global solution defined on an open neighborhood of S.
In other words, given initial data (h, K) satisfying the constraint equations,
there exists a globally hyperbolic spacetime (M, g) satisfying the Einstein
field equations such that S is a Cauchy surface with induced metric h and
second fundamental form K.

Finally, now that we have proved the existence of such solutions, it is pos-
sible to prove the existence of a maximal solution. The proof is as follows:
if (M1, ¢1) and (Ma, g2) are two solutions of the Einstein field equations con-
taining S with the same initial data (h, K), we say that (M, g1) < (Ms, g2)
if there is an isometric embedding v : My — My preserving (S, h, K). Note
that it is possible that neither (M, g1) < (Ms, g2) nor (Ma, g2) < (My,g1)-
A set of solutions with the property that any two are related by < is called
a chain; it is clear that every chain has an upper bound (the union up to
isometric embeddings). Under these conditions, Zorn’s Lemma guaran-
tees that there is a maximal element (M, g) in the set of all solutions, that
is, a solution which cannot be isometric embedded into any other solution.
It is possible to prove that this element is unique (if there were two such

OGuv

%) will be close to
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maximal solutions it would be possible to patch them together to construct
a larger solution). We then have the following fundamental result.

THEOREM 4.2. (Choquet-Bruhat [FB55, [CBG69|) Let (S,h) be a
3-dimensional Riemannian manifold and K a symmetric tensor field in S
satisfying the constraint equations

R+ (K%)= KK =0
VZ-K]]- - V,K’ =0 ’
where V and R are the Levi-Civita connection and the scalar curvature of
h. Then there exists a unique (up to isometry) 4-dimensional Lorentzian
manifold (M, g), called the maximal Cauchy development of (S, h, K),
satisfying:
(i) (M, g) is a solution of the vacuum Einstein equations;
(ii) (M, g) is globally hyperbolic with Cauchy surface S;
(iii) The induced metric and second fundamental forms of S are h and K;
(iv) Any 4-dimensional Lorentzian manifold satisfying (i) — (iii) can be
isometrically embedded into (M, g).
Moreover, if (S,h, K) and (S,h,K) coincide on some closed subset B = B

then D(B) and D(B) are isometric. Finally, g depends continuously on the
initial data (h, K) (for appropriate topologies).

5. Constraint equations

To obtain initial data for the Einstein equations it is necessary to solve
the nonlinear constraint equations

{R + (K%)= Ky Ki =0
V,-ij —V,K’ =0
The Lichnerowicz method for solving these equations is as follows: one

starts by choosic an arbitrary Riemannian metric h and an arbitrary sym-
metric tensor K satisfying

K.=0

v o

VK’ =0

(that is, K is traceless and divergenceless). These choices satisfy the second,
but not the first, constraint equations. On then defines the conformally
rescaled metric

h=u*h
and the rescaled symmetric tensor
K=u"’K

Clearly K is still traceless, and it is easily seen that it is also divergenceless:

VK7 =
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where V is the Levi-Civita connection of ﬁ; The first constraint equation
for the metric h and the symmetric tensor K, on the other hand, becomes

o _ 1. 1 3
R — KinZJ =0& Au— gR’LL + gu_7KinZ] =0.

This is a nonlinear elliptic equation on one variable, much simpler than the
original system. If one chooses the so-called time symmetric case K = 0
(the reason for this designation being that in the Gauss Lemma coordinates
t — —t is clearly an isometry of the solution), this equation becomes linear:

Au — %Ru =0.

As an example, choose h to be the Euclidean metric, h;; = d;;; then R=0
and the equation above is simply the Laplace equation
Au = 0.

A simple solution, related to the gravitational field of a point mass, is

M

u=14+—.

2r
This solution leads exactly to the Schwarzschild solution, which in isotropic
coordinates is written

2 1-4 : 2 M\ o s oo
ds® = — LA dt” + 1+§ (dr® 4 r=(df* + sin® 0dyp*)).
2r

Since the Laplace equation is linear, one can superimpose solutions. Thus
an initial data set for a set of NV black holes initially at rest can be obtained

by choosing
N
M,
u=3y <1 + 2_) |

i=1
where M; > 0 and 7; is the Euclidean distance to a fixed point p; € R?
(i=1,...,N).

6. Einstein equations with matter

So far we have analyzed only the vacuum Einstein field equations. To in-
clude matter (and also a cosmological constant A) we must introduce matter
fields, generically represented by v, and consider a system of the form

G/u/ + Ag/u/ = 87TT;W(97 w)
Field equations for

If the equations for ¢ form a hyperbolic system then Choquet-Bruhat’s
theorem still applies, with the constraint equations

R+ (K%)? — KiK' — 27 = 16mp

?ZKJ]- - ij]i = 87TJZ'
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Here p = Tyo and J; = —Tp; are computed from h and the initial data for
1. As an example, the Einstein-Klein-Gordon system is given by

G + Ag,uu = 8m (8u¢ O — %g,uu (8a¢ 09+ m2¢2))
VH9,6 — m2¢ = 0 ’

and we have
p =1 (Yo +h70;p00;¢0 + m>¢o?)
{ = —00;do 7
where ¢g and 1y are the initial data for ¢.

7. Exercises

(1) Let (M, g) be a time oriented Lorentzian manifold and X a future-
pointing timelike vector field. Given a smooth function ¢ : M — R
let

w = 0,90, — g,w (a0 +m*¢?)

be the energy-momentum tensor associated to the Klein-Gordon
equation for ¢, and let Y be the vector field defined by

Y, = T X".

Show that:

(a) Y = (X - ¢) grad ¢ — § ((grad ¢, grad @) + m?¢?) X
(b) Y is causal.

(¢c) Y is past-pointing.

(2) (Sobolev inequality) Let @ be a closed solid cone in R™ with
height H, solid angle €2 and vertex at the origin. Let ¢ : R = R
be a smooth nonincreasing function with ¢ (r) = 1 for r < % and
¢(r) =0 for r > 22 Show that:

(a) For any smooth function f: @ — R and any k& € N we have

(_1)k R(0) b1 ok
(k1) / " ok
where (r,0) are the usual spherical coordinates in R™ and r =
R(0) is the equation for the base of the cone (here f(r,6)

represents the function f written in spherical coordinates).
(b) There exists a constant C, depending on k and €2, such that

(c) For k > § we have |f( )| < O,HfHHk(Q), where the constant
C’ depends on k, H and Q only (you will need to use the
Cauchy-Schwarz inequality for multiple integrals).

f(0) =

(¢ (r)f(r,0)) dr,
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(3) Consider a Lorentzian metric given in the Gauss Lemma form
g=—dt® + hij(t, x)dx'dx?

so that the level sets of t are Riemannian manifolds with induced
metric h(t) = hjjdx'dz’ and second fundamental form

1 Ohy;
KO =37

Show that in these coordinates:
(a) The Christoffel symbols are

dr'dz?.

0 __ T T, i 7
U = Kij; e =g Ty = K,

where f‘;k are the Christoffel symbols of h.
(b) The components of the Riemann tensor are

, o . y
Ry, = _aK]i — KuKY;

Ry

™ =R "+ KyK™ — Ky K™,
where V is the Levi-Civita connection of h and Rijlm are the
components of the Riemann tensor of h.

(c) The time derivative of the inverse metric is given by the for-

mula
Oh -
= 2K,
ot
(d) The components of the Ricci tensor are
Roo = —2 K — Ky K.
00 — ot i i 3

Roi = _?inj + ?jKji;
D 0 1 l
Rij = Rij + EKU — 2KilKj + KlKij,
where Rij are the components of the Ricci tensor of h.

(e) The scalar curvature is

R=R+ 2%}{2 + (KY)? + Ky K9,

where R is the scalar curvature of h.
(f) The component G of the Einstein tensor is

Goo = % (R—i— (Kll)z — Kinij) .

(4) Let (M,g) be an (n + 1)-dimensional Lorentzian manifold and
(20,...,2") local coordinates on M. Show that:
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(a) The condition for these coordinates to be harmonic is written
1
Vavax“ =0& HH = Z?aga“ + §ga“gp03agpa =0

(L=0,...,n).
(b) The reduced Ricci tensor is
(0% 1 Q
jo = R;w + ga(uﬁ,,)H = —gg Baaaggw/ + ij(g, a9).

(5) Denoting by hq the standard constant curvature metric on R3, S or
H?, compute the cosmological constant and determine the maximal
globally hyperbolic developments of the following sets of initial data
for the vacuum Einstein equations (with cosmological constant):

(S H 3, ho, ho);

f) (R?, ho, diag(p1, p2, p3)) with p1+pa+ps = p1® +pa®+p3® = 1.

(6) Let (S,h, K) be an initial data set for the vacuum Einstein equa-
tions, with K traceless and divergenceless. Given a smooth posi-
tive function u : S — R, consider the conformally rescaled metric
h = u*h and the symmetric tensor K = v 2K. By using normal
coordinates when convenient, show that:
(a) The Christoffel symbols f‘;k of h are related to the Christoffel

symbols f;"k of h by
N;ﬂk = I + 20;(log u)h' ;. + 20k (log u)h' ; — 20" (log u)hjy..
(b) K is divergenceless for the Levi-Civita connection of h.

(c) The Ricci tensor R;; of h is related to the Ricci tensor R;; of
h by

Rij = Rij — 2V;0;(log u) — 2A(log u)h;;
+ 40 (log u)d; (log u) — 4 |grad (log u)|? hij.
(d) The scalar curvature R of h is related to the scalar curvature
R of h by
R=u"*R—8u "Au.
(7) Check that the metric
2 1-° 2 M\* 2, 2002 2072
— 2r .
ds* = — <@> dt” + <1 + §> (dr® +77(d6* + sin” 0dy~))

is indeed the Schwarzschild metric by making the coordinate change

2
R:r<1—|—%> .
2r



CHAPTER 6
Positive mass theorem

In this chapter we present the positive mass theorem. Following [Wal84],
we start by defining the Komar mass for stationary spacetimes. We then
discuss field theory and introduce the Einstein-Hilbert action as a means
of motivating the definition of the ADM mass. Finally, we prove the (Rie-
mannian) positive mass theorem and the (Riemannian) Penrose inequality
for graphs, following [Lam10]. For more details see [Mar09, Brall].

1. Komar mass
Recall that the Newtonian gravitational field satisfies
div G = —4mnp,

where p is the mass density of the matter generating the field. Therefore
the total mass of a given system is given by

1 1
M=[ p=—— [ ave=-— [ (G
Rgp A Jp3 v 47 /E< 1),

where ¥ is any surface enclosing all the matter and n is the outward unit
normal. The fact that M does not depend on ¥ is equivalent to the statement
that div G = 0 in the region between any two such surfaces.

For a static Lorentzian metric, that is, a metric of the form

ds? = —e*?dt? + hijda:idxj

with ¢ and h not depending on ¢, the analogue of the gravitational field
is minus the acceleration of the observers with constant space coordinates
2%, that is, —grad ¢ (see Chapter Z). On the other hand, since the metric
is static, we expect that the energy computed at a given surface should be
multiplied by the redshift factor e? to obtain its reference value at infinity.
The relativistic analogue of the formula above is then

1 1
M 477/26 (Ouo)n gy /Z(ﬁue )nt.

We have
8u€¢ = au(_KVKV)% = _6_¢KVVMKV = _NVV"KV’

where K = % is the timelike Killing vector field and N = e_‘b% is the unit
timelike vector with the same direction, that is, the future-pointing unit

107
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normal to the hypersurfaces S; of constant ¢ (see Figure [I). Therefore, we
can write

1 1
M=—— K )n*N" = — K, NHn”.
47?/2(v“ n 1 /E(Vu JN¥n

T
K
f N
Ey
n
—grad ¢
by

St

FiGURE 1. Computing the Komar mass on a static spacetime.

Because K is a Killing vector field, V, K, is a 2-form; more precisely,
(dK*),, = VK, — V, K, =2V,K,.

If E1 and E5 are two unit vector fields tangent to ¥ such that {N,n, Eq, Ea}
is a positive orthonormal frame (see Figure [I]), and so {—N¥, n¥, E?, Eg} is
a positive orthonormal coframe, then we can expand

VK = -VKYN,n)N* Anf+ ...,

and so
1 1
M= — KYN,n) = — KY(N,n)E* A ES
= [ VKiN) = = [ VR A
1 1
=—— [ -VK¥N NMﬁz——/ K*
4W/Z R
that is

M:—i/*dm.
87'(' »

This expression is the so-called Komar mass. Although we arrived at this
expression by considering a static space, it actually works for any station-
ary spacetime. In other words, the timelike Killing vector field K does not
have to be hypersurface-orthogonal.

To show that the Komar mass is well defined, that is, that xdK" is a
closed 2-form in vacuum, we start by noticing that if X is any vector field
then

(div X)e = d(X 1e) = d XF,
whence
divX = — xd* X*.
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In particular, for any smooth function ¢
O¢ = divgrad ¢ = — xd x (grad ¢)* = — x d * dop.

In local coordinates, we have

*xdp = e(grad ¢, -, -,-) = 1/| det(gw )| dz® A dzt A da® A dzP(grad ¢, -, -, )

= /| det(g,n)| 0 dx’ A da* Ada® — /| det(gp, )| 0' ¢ da® A do? Ada® + ...

Therefore

dxdp = 0y (\/ | det (g, )| 80¢> daz® A dazt A da® A da?

+ 0 ( | det(g,)] 81¢> dz® A dat A da® Adad + .

and we obtain the useful formula

1 e}
o = \/Waa <\/ | det (g, )| O <Z5> :

It is natural to try and generalize this formula for arbitrary k-forms.

DEFINITION 1.1. If w is a k-form then its Hodge d’Alembertian is
the k-form
Opw=—*d*xdw—d*d*w.

It turns out that in general the Hodge d’Alembertian does not coincide
with the usual d’Alembertian

Ow =V, ,VFw

(sometimes called the rough d’Alembertian). The relation between these
two operators for 1-forms is given by the following result.

THEOREM 1.2. (Weitzenbock formula) If w is a 1-form then
Opw — Ow = — Ric(w?, ).
ProOF. We have

. 1
(*d % dw)s = ﬁewmvweﬂ”aﬁv“ wy) = Eeawe“”aﬁvvv“ w,
= (_gﬂwgl’é + g“(sgyy)vwvu Wy = _v“v,u ws + V'Vsw,
and
4 Y (HveB 1 prap Y
(dxdxw)s = IV(;(EWQBV (G wy)) = gewage VsViw,
=—¢"VsVw, = =VsV'w,.
Therefore

(xdxdw+ dxdxw)s = —(0Ow)s + VFVsw, — VsVFw,.
The Weitzenbock formula now follows from
Vi Vswh = VsV, wh = R 55 w” = Rs, w”.
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(]

Now let K = % be the timelike Killing vector field in a stationary
spacetime. Then

%J < | det(gu)| dt A dat A da® A daz?’))

=d <\ /| det(g,)| dz' A dz? A da:3>
= %\ /| det(g,u)| da' A dz? A dx® =0,

since the metric coefficients do not depend on t. From the Weitzenbock
formula we then have

d*Kﬁ=d<

*dx dK* = —OK* + Ric(K,-).

Now, adding cyclic permutations of the fundamental identity for the Rie-
mann tensor,

V/JVI/KQ - Vuv,uKa = RuuaﬁKﬁ’

V,,VQKM — VQVVKM = RuauﬁKﬁ7

VOCVMKV — V;J,VQKV = RO!;M/BK67
and using the Killing equation and the first Bianchi identity, we have

VMVVKQ = _RyauﬁKﬁ7
whence
DKClt = —RQBKB
We conclude that
xd* dK* = 2Ric(K,-) < d dK* = 2 x Ric(K, -),

implying that *dK* is indeed closed in vacuum, that is, the Komar mass is
well defined: any two homologous compact orientable surfaces ¥; and X,
which enclose the matter content of the stationary spacetime can be used
to compute it (Figure [2]).

If ¥ is the boundary of a spacelike 3-dimensional manifold B whose
future-pointing unit normal is N then the Komar mass can be written as

M:_i/*d[(ﬁ:_i/d*dKﬁ:—i/*Ric(K,-)
& ) 8w B 4 B

:_%/jge(Ric(K")ﬁ"""):_% B—<(Ric(K,.)ﬁ,N>

1 1
= — JEKFNY =2 T —=Tg,. | K*N"
47r/BR“ /B<” 2 g”)
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vacuum matter vacuum

21

2o

FicUre 2. Computing the Komar mass with two homolo-
gous surfaces.

(we used ¢ = —N* A ¢ in the second line, where o is the volume element
for B). Note that the Komar mass is not, as one might have guessed, the
integral

M’ :/ T, K'N"”.
B
This integral is also well defined in a stationary spacetime, since
VHTwK”) = (VT )K" + T, VFK" =0,

due to the contracted Bianchi identity and the Killing equation. However,
we also have

VMTK,) =K'V, T +TV'K, =0,
because T is constant along K, which has zero divergence (by contracting
the Killing equation). Therefore we also have

1
9 (5 ran) ) 0.

To have an idea of what exactly is measured by the Komar mass, consider
a static spacetime, where it is possible to choose B such that N = e ?K.
In this case, for a perfect fluid (whose flow lines are necessarily the integral
curves of K), we have

M=2/B<T(N,N)+%T>e¢= /B(p+%(—p+3p)>e¢=/B(p+3p)e¢.

Thus we see that the Komar mass also includes the pressure; this is remi-
niscent of the Newtonian formula for the internal energy of a monoatomic
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gas,
3
U=_-pV.
2p

2. Field theory

Let us consider the problem of how to define the energy of a field ¢ in
flat Minkowski space. The field equations for the field ¢ are usually the
equations for the critical points of an action

S = / L1, 00) dt dz*da?da®,
R4

obtained by integrating a Lagrangian density £ (where we assume that
the field decays fast enough so that S is well defined). The field equations

are then
) (i) _9L _
"\o@uw) ) o

Indeed, if ¥)()) is a one-parameter family of fields such that ¢(0) is a critical
point of the action, and § = %Ix—o’ then

ss= [ (Geve+ Zexn sow) = [ (Ggoe+ 50, 00)

[ (stm) (o (05))

For field variations dv with compact support we then have

oL oL
0S = — — 90, | ——— 0.
. <aw “<a<am>>> v

The canonical energy-momentum tensor is defined as

oL

TH, = ———0,9 — Lo,
80, "
and satisfies
oL oL
9,1 —a( >@¢ O _9.0,0
- A(0¢) 9(9uw) "
oL oL
0,04
OO~ Gy
Defining the Hamiltonian density to be
oL
H=-T=——"-00+ L,
"~ o) "

it is then clear from the divergence theorem that the Hamiltonian
H = H dxtda?da?
St

is independent of the hypersurface S; of constant ¢ chosen to compute the
integral (assuming that the field decays fast enough so that H is well defined
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and the boundary integral corresponding to the divergence term vanishes).
The Hamiltonian can be identified with the total energy of the field v, which
is therefore constant in time.

If we have N fields 1, ...,%y instead of a single field v, then it is easily
seen that the field equations are

oL oL .
d, <W>_8_wi:0 (i=1,...,N),

the canonical energy-momentum tensor is

oL
T = 9, — LoM
9@ Y

(summed over 7), and the Hamiltonian density is

oL
H=-T°=——""—0pt; + L.
0 (Oots)
Note carefully that up until this point the metric was not used to raise
or lower indices, or even to apply the divergence theorem. This will be
important in Section Bl

If we use Cartesian coordinates then the tensor

oL
p _ 0" — Lg"
(9((9”1/12-) '
satisfies the conservation equation
vV, T = 0.

This provides a method for obtaining the energy-momentum tensor that is
used in the Einstein field equations for the various matter models. We now
list some simple examples.

2.1. Klein-Gordon field. The Lagrangian density for the Klein-Gordon
field is

L= 2" 0u00,6 + m*6?).
Consequently the canonical energy-momentum tensor for the Klein-Gordon
field is
T = 990" ) — Jg" (a0 %6+ mP?)
as claimed in Chapter Bl

2.2. Electromagnetic field. In this case we can take as our fields the
electromagnetic potentials Ay, Ay, As, As. The Lagrangian density (in units
where 4mweg = 1) is

1
L= m—ﬂgaugﬁuFaﬁFuuy
where

F=0,A, —0,A,.
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Using
OF
= gk Y — 80
9(0,4,) P e

it is easily seen that

P < oL > _oc
"\ 9(0,A)) 0A,
which are indeed the Maxwell equations d x F' = 0, as
ewg,,V“eaﬁwFag = euw(geaﬁ“";V“Fag
= —2(0",0"5 — 5”a5“ﬁ)V“Fa5 = —2VH'E,,.

=0 & §,F" =0,

Note that the equations dF' = 0 follow automatically from the definition
F = dA. The canonical energy-momentum tensor for the electromagnetic
field is

oL 1 1
T — =9’ A, — Lg" = — [ FFOY Ay — ~F,gFPg™ ) .
can 6(6“14&)8 L9 = ( ? grest g >

This tensor is neither symmetric nor gauge-invariant. However,
FrYQV A, = FHOFY, + FFY0, A",

where the first term is symmetric and gauge-invariant, and the second term
is divergenceless:

0, (F1r0, A”) = Fr9,0, A" = 0

(because F' is antisymmetric and the partial derivatives commute). There-
fore the tensor

1 1
T = — ( FreFY  — ZF, g FB g
ir < o grest g >
is symmetric, gauge-invariant and divergenceless. This is the true energy-
momentum tensor for the electromagnetic field.

2.3. Relativistic elasticity. A continuous medium can be described
by a Riemannian 3-manifold (S, k) (the relaxed configuration) and pro-
jection map 7 : R* — S whose level sets are timelike curves (the worldlines
of the medium particles), as shown in Figure Bl

If we choose local coordinates (z!,z2,7%) on S then we can think of 7
as a set of three scalar fields z',z2, 2> : R* — R. For a given worldline, we
can complete this set of scalar fields into local coordinates (¢, z!,z2, 2%) for
R* such that t is the proper time along that worldline and its level sets are
orthogonal to it:

g = —dt* + h;;dz'dz’ (on the worldline).
Notice that the orthogonal metric
h = hy;dz'dz’
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R4

FIGURE 3. A continuous medium in Minkowski’s spacetime.

can be thought of as a time-dependent Riemannian metric on .S, describing
the local deformations of the medium along each worldline, that is, the
deviations from the natural metric

k = ky;dz'dz’.
We can compute the (inverse) metric h from
Ozt Ozv’
which does not depend on the choice of ¢. In other words, the metric h is
a quadratic function of the partial derivatives of the fields z',z2,z3. An

elastic Lagrangian density £ for these fields is obtained by assuming that
L = L(Z",h"7). The canonical energy-momentum tensor is

% V=i Ny
T = 7( M_Z.)a T — Eg y

i =g

and so in the coordinate system (,z', 72, Z%) we have
T =

that is, the elastic Lagrangian density is just the rest energy density p =T 00
measured by each particle in the medium. The choice of p = p(z*, h") is
called the elastic law of the continuous medium.
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We define homogeneous and isotropic materials to be those for
which p depends only on the eigenvalues (512, 592, s32) of hi; with respect to
ki; (that is, the eigenvalues of the matrix (h;;) in a frame where k;; = 6;5).
Note that (s1,s9,s3) are the stretch factors along the principal directions
given by the eigenvectors of h;;, that is, the distance between two nearby
points along a principal direction in the current configuration, as measured
by the metric h, divided by the distance between the same points in the
relaxed configuration, as measured by the metric k.

Assume that k;; = d;;, that is, that (S, k) is the Euclidean space. We
define the more convenient variables

ij 1
AO = det(h ]) = 7(313283)2;

Note that

1\2
$15283 = <)\—0>

is the volume occupied in the deformed state by a unit volume of material
in the relaxed configuration. Equivalently,

n=(X)?

is the number density of particles of the medium in the deformed state, if we
normalize the number density in the relaxed configuration to be 1 particle
per unit volume. Elastic media whose elastic law depends only on n,

p = p(No),

are simply perfect fluids. To check this, we note that from the formula for
the inverse of a matrix we have

1 .1 .
hii = — AT = — Al
T o Ao

where A% is the (i, j)-cofactor of (h¥/). On the other hand, from the Laplace
expansion for determinants we have

3
Ao = E h* A% (no sum over i),
j=1

and so
O\

ohis

= Aij = >\0hij-
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Therefore
dp g OhI .
wy . P v v RPN} 2
o 0077 (0, 7y " T MY
d . . o
- d_;;th,-j(gWal $Oa) + gh0,3'8 )0 T — pgt”
d o
= 2)\0d—)i)hij8“a’:’8”a’:3 — pgwj.
Since

h“,, = hij8ua‘:i8,,§:j
is simply the metric on the hyperplanes orthogonal to the worldlines, that
is,

h;w = Guv + UuUua
where U is the unit tangent vector to the worldlines, we obtain

dp dp
o 15844 _ ynz
T 2)\0—d)\0U U” + <2)\0—d)\0 > g

= (p+p)U*UY + pg"”
with
dp
o Ps
which is indeed the energy-momentum tensor of a perfect fluid. For ex-
ample, dust corresponds to the elastic law p = ppv/Ag (for some posi-
tive constant pg), yielding p = 0, and a stiff fluid, with equation of state
p = p, is given by the choice p = pgAg. The “hard phase” rigid fluid intro-
duced by Christodoulou, with equation of state p = p — pg, corresponds to
= 2o +1).

To obtain elastic materials that are not fluids we must choose elastic
laws that also depend on A\; and \s. For instance, an elastic law is said to
be quasi-Hookean if it is of the form

p=2X\o

p=p(n) + in)o,

where o is a shear scalar, that is, a non-negative function of the stretch
factors such that ¢ = 0 if and only if s = s = s3. The functions p and
[ are called the unsheared energy density and the rigidity modulus
of the elastic material. Examples of these are the John quasi-Hookean
material, corresponding to the shear scalar

512 + 892 + 832

o= —"""7" 3
(512592532)3

and the the Karlovini-Samuelsson quasi-Hookean material, corre-
sponding to the shear scalar

1 S1  So 2 S 53\ 2 S 53\ 2
o= — 222 4 21 28 + °2 28 )
12 S9  S1 Ss3  S1 Sz S2
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It is easily seen that the first elastic law is of the form

p = f(Ao) + g(Ao)Az,

whereas the second is of the form

p = f(Ao) + g(Ao) A1 Aa.

Other examples are the stiff ultra-rigid material of Karlovini and Samuels-
son, given by

p= %(/\2 + 1)7
and the Brotas rigid solid, given by

_ o
8

(where pg is a positive constant).

P Ao+ +X+1)

3. Einstein-Hilbert action

The variational formulation of field theories is coordinate-free, and so it
gives a simple method to write the field equations on an arbitrary coordinate
system. We must be careful, however, to note that the action written in
the new coordinate system must include the Jacobian of the coordinate
transformation:

S:/ L(Y,00)1/| det(gu)| da'dx! dada?®.
R4

This suggests that to generalize the field equations to an arbitrary curved
spacetime (M, g) one should consider actions of this form, where £ should be
invariant under coordinate changes. In particular, one may wonder if there
is a Lagrangian action for the metric itself which yields the Einstein field
equations. The answer to this question is affirmative, and the corresponding
action is known as the Einstein-Hilbert action:

S:/ Ry/|det(gu, d$0dx1d3:2d:133:/ Re,
., v/ | det(guw)| .,

where R and € are the scalar curvature and the volume element of the met-
ric g, and the integral is over an arbitrary (oriented) manifold M. Note
that R depends on g and its first and second partial derivatives, unlike the
Lagrangian densities that we encountered before. Instead of deriving the
Euler-Lagrange equations for this case, we will proceed in a more geometric
way. We note here, however, that this action is exceptional in that it leads to
second-order equations for the metric, as opposed to the fourth order equa-
tions that are typical of Lagrangian densities depending on second partial
derivatives.

To obtain the Euler-Lagrange equations for the Einstein-Hilbert action
we start by considering two affine connections V and V on M. Because

(Vx = Vx)(fY) = f(Vx — Vx)Y,
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there exists a tensor C' such that
(Vx —Vx)Y =C(X,Y) & V.Y’ =V, V" + O, V"
If both V and V are symmetric then
0=(VxY - VyX)— (VxY - VyX)=C(X,Y) - C(Y, X),
that is, C' is symmetric:
Co =Cp,

Using the Leibnitz rule, it is easy to determine the relation between the
covariant derivatives of any tensor using the two connections: for example,

VoI, =VaoTh, +CL. T, — CT5, — C1,T0 .

Assume now that V is the Levi-Civita connection for the metric g. Then
we have

0= va.g,uu = Vag;w - Cg,ugﬁu - ngguﬁ = va.g,uu - Oz/a,u - C;Laz/-
By subtracting this identity from its cyclic permutations,

VMgVO! = Coz/u/ + Cl/uou
vygau = C,uua + Cal/,uy

we readily obtain
2Co = Vugva + Vigap — Vaguw &
(14) Cits = 59° (Vs + o9 — V).
Moreover, we have
ViV X =V, (VX 4+ C3XP) =V, V, X% + CV, XP — CF Vg X
+VuCos X0 + OV, XP 4+ Co O X0 — O, 0% X7,

Y~ vp
whence
R/u/ aBXB = (Vuvu - VVVM)XQ = RMV aﬁXﬁ
+ (Vi85 = ViCils + GOl = G20 ) X7,
that is,

(15) Ry % = Ry %+ VuGis = ViCiig + G, G5 = €y Cls.

Note that we retrieve the usual formulae for the Christoffel symbols and the

Riemann tensor from equations (I4]) and (I3)) in the case when V, = 0,.
Let g(A) be a one-parameter family of Lorentzian metrics on M, and

choose V and V to be the Levi-Civita connections of g(0) and g(\). The
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difference between these connections is a tensor C'(\) with C'(0) = 0. Again
setting 6 = %‘ko, we have from (I4])

—

505:1 = _gaﬁ (Vudgus + Vibgus — Vdguw)

\)

1
=3 (Vuégl,a +V.,ig," — Vo‘dguy) ,

where g, means g,,,(0) and all indices are raised or lowered with this metric.
Note carefully that 6g means the tensor 6g,,, possible with some indices
raised. Thus for instance

8(g") = —g"“9" 6gap = —0g"".
From (I5]) we have

6R,uz/ aﬁ = vﬂécgﬁ -V, lojﬁ’

whence
OR,, = VaéCﬁ‘V - V,.0Cg,

1 1
— §Va (Vudg,~ + V.,09," — V%) — ivuvuaga“.

Note that
g oR,, = =V, VHog,” + VIV 69, = VH (=Vu0g,” + V" 0g,)

is a divergence with respect to the metric g(0), and will vanish when inte-
grated for variations of the metric with compact support.
The variation of the Einstein-Hilbert action is

5525/ Re:/ 5(Re):/ (0Re + Rde).
M M M
We have

SR =6(g""Ru) = —09" Ry, + V* (=V,09,” + V7 0g,u)
and, using the identity
Sdet A = (det A)tr(A16A),

for any matrix-valued function A,

S = 81/ — det(gu) dz° A dz' A da® A da®

1
=-3 (det(guw)) " 6Guw (— det(gu,,))_% da® A dat A da® A da?
1

- §guuég‘”’e.



3. EINSTEIN-HILBERT ACTION 121
We conclude that

1
0S8 = _/ (R;w - §R9uv> 59" e +/ s (_Vuégy” + V”(Sg“,,) €
M M

:—/ G dgh”e.
M

for variations of the metric with compact support. We conclude that the
Euler-Lagrange equations for the Einstein-Hilbert action are the Einstein
equations G, = 0.

REMARK 3.1. It is easy to see that the Kinstein tensor of a compact
surface (M, g) vanishes identically. Therefore we have

5/ Re=0
M

automatically. If g1 and g9 are any two Riemannian metrics on M then
g(A) = (1 — A\)g1 + Ag2 is a Riemannian metric which interpolates between
g1 and go. We then have

4 R(N)e(N) :0:>/ R161=/ Rseo,
dX Jm M M

that is, the integral of the scalar curvature does not depend on the metric.
This statement is known as the Gauss-Bonnet theorem.

To include matter fields 1 and a cosmological constant A in the Einstein
equations we consider the action

1
= ——(R—-2A .
s= [ (£ - -r-20)
It is clear that
1
08 = / EW)oy e+ — / (G + Mg — 87T,) 6" e,
M 167T M
where we have defined

5/M Love= /M B@)oe - % /M L0y

The Euler-Lagrange equations are then the Einstein equations with sources
plus the field equations for 1):

{GW + Agu = 81T,

E()) =0
The energy-momentum tensor is then
oL
T;w = _2W - »Cg;wy

where the second term comes from the variation of the volume element and
we have set s
oL =

= 5o

dg"" + E(¢)é.
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It is interesting to note that the energy-momentum tensor as defined here of-
ten agrees with what one would expect from the canonical energy-momentum
tensor associated to the Lagrangian density £ in Minkowski’s spacetime.

4. Gravitational waves

Since we have computed the variation of the Ricci tensor, we make a
short digression to discuss the linearized Einstein vacuum equations, which
describe the propagation of gravitational waves on a fixed solution (M, g) of
the full nonlinear vacuum equations R, = Ag,,. The linearized equations
are simply

ORu, = Aoguw,
that is,
(16) Va (V,ﬁgya + V.,ég," — Vadg,w) - V.V,i9,% = 2Adg,.

Note that some variations of the metric are trivial, in that they arise from
the diffeomorphism invariance of the Einstein equations: if 1) is a one-
parameter family of diffeomorphisms, then the variation

g(A) =U\"g
yields metrics which are isometric to g = ¢g(0), but expressed in different
coordinates. In this case we have
o9 = Lvg,
that is
09w = VuVu +V,V,,
where V is the vector field defined at each point p € M by

d

V}: = ﬁh:o%\(p).

Therefore, the linearized Einstein equations have gauge freedom: we can
always add a Lie derivative of g to any given variation of the metric without
altering its physical meaning. This corresponds to gauge transformations of
the form

59;”/ — 59;11/ + vqu + v”VH‘

We will now construct a gauge where equations (I6)) look particularly simple.
To do that, we consider the trace-reversed metric perturbation

— 1
5g;w = 5g/u/ - 5(59aa)guua
which transforms under a gauge transformation as

09 = 09, + ViV + ViV = (VaV) g,
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so that its divergence transforms as
V#og,, =V*bg,, + 0V, + V,V, V¥ =V, V V"

= V*g,, +0V, + R, "V

= V"3g,, + OV, + Ry V.
Assume that (M, g) is globally hyperbolic. By solving the wave equation

OV, + RyaV® + V¥g,, =0,
we can then change to a gauge where
VHdg,, =0,
that is,
VH0gu, = %Vyégao‘.

Taking the trace of equation (I6]) we then obtain
(17) Odg,* + 2Adg,* = 0.

Note that we still have a residual gauge freedom, corresponding to vector
fields V' such that

OV, + R,V =0.
Choosing V' and its derivatives on some Cauchy hypersurface S such that
0g,% + 2V V¥ =N - (g, + 2V, V) =0,

where N is the future-pointing unit normal to .S, and solving the wave
equation for V' above, we guarantee the existence of a gauge where

5gaa =N- (5gaa) =0
on S. The wave equation (I7]) then guarantees that
0g,~ =0

on M, and so
VHog = 0.

This is the so-called transverse traceless gauge. In this gauge, the lin-
earized Einstein equation (If) can be written as

VaVudg,* +VaV,ég,* — 069 = 2A0g,. .
Using
VaV,u69,% = VuVadg,® + Rauwsdg™ + Ry, “509,"
= Rouwsd9™” + R,p0g,"”
= Rouwpdg™ + Mgy,

we finally obtain
069, — 2Rauwpdg™” =
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5. ADM mass
If we write the metric in the Gauss Lemma form,
g = —dt* + hij(t,z)dz" dz?

then from the exercises in Chapter bl we have

R—R+ 2% (') + (K7 )% + Ky K.

Setting

we have
div X = Vo X + V, X7 = 9y X° + Tl X0 = 9pX° + K*, X°,

that is,
0

= (K') = divX — (K%)"

We conclude that
R=R- (K',)" + KyK" +2div X,
and so the Einstein-Hilbert action corresponds to the Lagrangian density
£ = \/det(hs;) (R — (K + KinU> .
Therefore the Hamiltonian density is

oL oL
M= @) T o)

= —\Jdet(hyy) (2K = 2K 117) Ky + £
=/ det(hij) (R+ (K';)" - Kinij> = 2y/det(hij) Goo = 0

for any solution of the vacuum Einstein field equations. That is, the total
energy associated to the fields h;; is simply zero.

To try to obtain a nonzero quantity we reconsider the boundary terms
that were discarded when varying the Einstein-Hilbert action:

|V Vb0, Vg = [ (Vg 4 Vg e,
M oM

K;;+ L

where we take M to be a manifold with a timelike boundary M at infinity,
tangent to %, with unit normal n and volume element w (Figure d)). Note
that it is not necessary to consider the flux of the vector field X which we
discarded above as it is orthogonal to n. The boundary integral can be
written as

/ / (—0:(07*Shsx) + 7V kdhiy ) niadt,
RJXE
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oM

F1GURE 4. Computing the boundary terms for the Einstein-
Hilbert action.

where we take M to be the flow by % of a spacelike surface ¥ and w = dtAo.
Suppose that h approaches the Euclidean metric at infinity, so that in an

appropriate coordinate system (a;l, x2, m3) we have

hij = 5@' + 0 (T‘_p) , 5}1@) =0 (r_p) R akhij, akéhij,l“fj =0 (r_p_l)

2 2

as r — +oo, with 72 = (21" + (2?)" + (:t?’)2 and p > 1. Then the boundary

integral can be written as

lim // (—0;0h;; + 0jdh;j) x?dt
R r

r—00

= ¢ lim / / (—aihjj + ajhij) :E?dt =41,
R JS,

r—00

where S, is a coordinate sphere of radius r. Note that § can be brought
outside the integral because we have replaced the metric-dependent terms
V, n and o.

If S is the Einstein-Hilbert action, we then have

0S = —/ G o9 + 61,
M
and so the Einstein equations hold if and only if
0(S—1)=0.

One can think of I as the integral of a singular Lagrangian density Z. The
Finstein-Hilbert Lagrangian density £ should therefore be replaced by £L—Z,
and so, since Z does not depend on Kjj, the corresponding Hamiltonian
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density H should be replaced by H —Z = —Z. The Hamiltonian should then
be ,
xl
H = — lim . (Ojhij — Oihjj) —~-
This Hamiltonian suggests a definition of the total energy of the gravitational
field at a given time slice, provided that h approaches the Euclidean metric

at infinity.
DEFINITION 5.1. A 3-dimensional Riemannian manifold (S,h) is said
to be asymptotically flat if there exist:

(i) A compact set K C S such that S\ K is diffeomorphic to R?\ B(0);
(ii) A chart (x',2% 23) on S\ K (called a chart at infinity) such that
‘hij — 5”‘ + r]@kh,-j! + r2\8k81hij\ = O(T_p) and R = o(r™19)

or some p > L and q > 3, where v = (1) + (22)* + (2%)° and R is
[ P> q>3,
the scalar curvature of h.

FIGURE 5. Asymptotically flat manifold.

DEFINITION 5.2. (Arnowitt-Deser-Misner [ADMG61]) The ADM
mass of an asymptotically flat Riemannian manifold (S, h) is

1 i
M = lim —/ (8]}1@) —aihjj) x—,
Sr

r—+o0 107 r
where S, is a sphere of radius r in the chart at infinity (z*, 22, z3).

Note that in this definition the Hamiltonian has been multiplied by the
factor —ﬁ that is used when coupling to matter fields.

THEOREM 5.3. (Ashtekar [AMAT9)]) If (S,h) is asymptotically flat
and the mazimal Cauchy development of (S,h, K) is stationary then the
Komar mass of the mazimal Cauchy development coincides with the ADM
mass of (S,h).

THEOREM 5.4. (Bartnik [Bar86|) The ADM mass is well defined, that
18, it does mot depend on the choice of the chart at infinity.
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6. Positive mass theorem

Since the gravitational field is attractive, its energy is presumably neg-
ative, at least for bound states. On the other hand, we expect gravitational
waves to carry positive energy. It is therefore an important question to de-
cide whether there is a lower bound for the ADM mass (the inexistence of
which would signal an instability). In the simplest case of time-symmetric
initial data (K = 0) the restriction equations reduce to

R = 167p,

and we expect p > 0 < R > 0 for reasonable matter fields. In this case, we
have the following famous result.

THEOREM 6.1. (Schoen and Yau [SY81]) Let (S,h) be a complete
asymptotically flat Riemannian 3-manifold with scalar curvature R > 0.
Then:

(i) Its ADM mass is nonnegative, M > 0.
(ii) If M = 0 then S = R? and h is the Buclidean metric.

ProoFr. Following [Lam10], we give a proof of (i) only for asymptot-
ically flat Riemannian 3-manifolds S that are graphs of smooth functions
f : R?® = R with the metric h induced by the Euclidean metric of R*. Us-
ing the Cartesian coordinates (z!, 22, 23) of R? as global coordinates on the

graph we have
hij = 5@' + azfajf

From that expression one can show that the scalar curvature of the graph
is the divergence of a vector field on R3:

R=0

; <m(3ifajajf - 8iajfajf)> ’

On the other hand,

. 1 x

M= lim Ton /ST (9jhij — Oihyj) p
. 1 xt
= T‘BIEOO —167'(' /ST. (828]f8]f + &fajajf — 28283fajf) 7

1 @'
= lim —/S (&'fajajf_aiajfajf)?'

r—+oo 167
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Since (S, h) is asymptotically flat, the derivatives of f approach zero with
certain decays as r — +00. One can then easily show that

. 1 1 2
1 1
~ 16n /11@3 9; (W(@f@@f — aiajfajf)>
1 _
167 E=0

We do not prove the rigidity statement (ii). It is interesting to note that
this statement, together with the formula above for the ADM mass, implies
that any graph with zero scalar curvature is flat. O

The volume element of the graph is

= \/1+ |grad f]2dz! A da?® A da?,

since the eigenvalues of the matrix (h;;) are 1+ | grad f|? for the eigenvector
grad f and 1 for the eigenvectors orthogonal to grad f. Consequently the
ADM mass is

= e e <
= €= e< | pe
167 Js /1 + | grad f]? s v/1+ |grad f|? S

The difference
M — / pe<0

can be thought of as the (negative) gravitational binding energy.

7. Penrose inequality

The positive mass theorem admits a refinement in the case when black
holes are present, known as the Penrose inequality. The idea is that black
hole horizons correspond to minimal surfaces ¥ on the Riemannian manifold
(S,h), each contributing with a mass M at least as big as the mass of a
Schwarzschild black hole with the same event horizon area A:

A
167

To understand the motivation for this inequality, recall that in the proof of
the Penrose singularity theorem we defined the outward null expansion of a
2-surface 3 on a Cauchy hypersurface S as

ITs

M >

2 (97‘ 2 or

If N is the future-pointing unit normal to S and n is the outward unit normal
to X on S we then have

5t (Lag)

lrs

1
0= §tr (LN4nG) |y = tr K|y +
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where we used the fact that % = N + n on %, and also that if XY are
tangent to X then

(ﬁzg) (X7Y) = <X7 VYZ> + <Y7 VXZ>

depends only on Z along . For time-symmetric initial data (K = 0) this
becomes

1 1
0= 3 tr (£n9)),s = 3 tr (Lph)

where h is the metric induced by g on S and & is the second fundamental
form of ¥ on S. We conclude that ¥ is marginally trapped, that is, has
zero outward null expansion, if and only trx = 0, which is precisely the
condition for ¥ to be a minimal surface. Now a marginally trapped surface
anticipates the formation of trapped surfaces, which will lead to geodesic in-
completeness of the resulting spacetime, presumably due to singularities. If
one believes the weak cosmic censorship conjecture, these singularities
should only occur inside black holes, and so there should be a black hole
horizon envelloping any marginally trapped surface.

lrs = tr x,

THEOREM 7.1. (Huisken and Ilmanen [HIO1], Bray [BraO1]) Let
(S,h) be a complete asymptotically flat Riemannian manifold with scalar
curvature B > 0. Then:

(i) Its ADM mass satisfies M > 16%, where A is the sum of the areas

of the outer minimal surfaces.
(i1) If M = 4/ 16% then the restriction of (S, h,0) to the exterior of the outer

minimal surfaces coincides with the initial data for the Schwarzschild
solution of mass M outside the event horizon.

PRrooF. Following [Lam10|, we give a proof of only for asymptotically
flat Riemannian 3-manifolds S that are graphs of smooth functions f : U C
R3 — R, with the metric h induced by the Euclidean metric of R*. Here

N
U=R*\ | K.,
a=1
where K1, ..., Ky are disjoint convex compact sets with smooth boundaries

0K1,...,0Ky to which f extends as a constant and where | grad f| — 400
(so that they are minimal surfaces of the graph). Applying the divergence
theorem as in the proof of the positive mass theorem for graphs we now
obtain

N
1 _ 1 1 i
VT L T 2 (o Tarae @057 ~0030,0)) o'

where n is the outward unit normal to K,. Now as is well known the
Laplacian Af of f in U is related to the Laplacian Af of f in K, by

Af=Af+Hf(n,n)+(n- f)trs,
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where H f is the Hessian of f and & is the second fundamental form of 9K,
in R3. Since f is constant on 9K, we have Af = 0 and so

(0:£0;0;f — 0:0;£9; f)n* = (n- f)Af — H f(n,grad f)
= (n- f)Hf(n,n) + (n- f)* tre — {grad f,n)H f (n, n)
= (grad f,n)*trk = | grad f|*tr s,

where we used grad f = (grad f,n)n. Therefore

1 | grad f|?
M= L P N,
67 J, " T6n Z/aK <1 tlgrad f2) "

1
T 167 Jy 16712/3Ka

Now Minkowski’s inequality for the smooth boundaries of compact con-

vex sets states that
/ tre > 4/16mA,,
0K,

where A, is the area of 9K,. Since R > 0 we conclude that

M>§: Aq ZA
el (i 167 @

where we used va + b < /a+ Vb for a,b > 0.

We do not prove the rigidity statement (i7). It is interesting to note that
this statement, together with the formula above for the ADM mass, implies
that any graph of the type considered above with zero scalar curvature is a
Flamm paraboloid. U

1 e

FIGURE 6. Penrose inequality; the sum of the areas of the
outer minimal surfaces is A = A + As.
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8. Exercises

(1) Let g be a static spherically symmetric Lorentzian metric on R*
whose matter fields have spatially compact support and satisfy the
dominant energy condition. There exist smooth functions ¢ = ¢(r)
and m = m(r) such that

dr?
1 2m(r)

T

g=—e2g? 4 + 72 (d@2 + sin? Hdgpz) .

Show that:
(a) The Einstein equations imply

(Z—T = 4712 p;
dp m+ A7r3p
dr— r(r—2m)’
where p and p are the energy density and the radial pressure
as measured by the static observers.
(b) There exist constants M > 0 and ® € R such that

lim m(r)=M and lim ¢(r) = .

r—-+00 r—-+o00

(c) If we choose the coordinate ¢ such that ® = 0 then M is the
Komar mass of g with respect to the timelike Killing vector
field 2.

(d) The constant M satisfies M < E, where

E= / P
{t=0}

with equality exactly when g is the Minkowski metric.
(2) Starting with the appropriate Lagrangian density, show that the
Klein-Gordon equation can be written as

1 lo’ 24 —
|det(g“,,)|aa <\/]det(gu,,)]8 gb) m“¢p = 0.

(3) Starting with the Einstein-Hilbert-Klein-Gordon action
sz/ ! (9" 00 0y + m*¢?) — L Rl
w12 we 167
obtain the energy-momentum tensor for ¢:

1
T,uu = 8u¢ Oy — 59;”/ (8a¢ 0%¢ + m2¢2) .

Note that this agrees with what one would expect from the canon-
ical energy-momentum tensor.
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(4) Show that the Einstein-Hilbert action is equivalent to the (first
order, non-geometric) Einstein action

S = / ap F‘S 1ﬂ F'Y > | det (g, )| da’da' da?da?,
by showing that they differ by a term of the form J,Q%, where

Q* = (9718, — °°T%, ) /I det(gu ).

The following formulae will be useful:

\/ ‘det g/u/ __gﬁw agﬁ’y\/ ‘det guu

Vag" =0 & 0ag" = —T0,9" —T759%.

and

(5) Let f : R® — R be a smooth function and consider the metric h
induced on its graph S by the Euclidean metric in R?,

hij = 61'_]' + Z?Zfajf

Show that:
(a) The inverse metric is

0;fo; f
1+ |grad f|>
(b) The Christoffel symbols are

ok O f0:0; f

5T [grad
(¢) The Ricci tensor is
.. —0:0i[0kOkf — 0:0k 100t

hij = 5@' —

Yo 1+ |grad f|?
akfalfa O fO;01f — O fOLf0;0; fakalf
(1+ |grad f|2)

(d) The scalar curvature is

= 0:0;f0;0;f — 0;0;f0;0; f

= 1+ |grad f|?
_ 20,0, f(9:0if0;0k f — 80, f0i0uf)
(14 |grad f|?)?

(e) The scalar curvature can be written as

_ 1
R=2 <W(aifajajf - aiajfam) -
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(6) Let h be the spherically symmetric Riemannian metric defined in
R3 by
dr?

1 2m(r)

T

h= + 17 (d8? + sin® 0dy?)

where m is a smooth function whose derivative has compact sup-

port.
(a) Check that in Cartesian coordinates we have
2m§r) o
hij = di; + 1_’"Tm$’:n9.

T

(b) Show that if the limit
M= lim m(r)

r—+00
exists then h is asymptotically flat with ADM mass M (which
in particular coincides with the Komar mass when appropri-
ate).

(c) Check that h has scalar curvature

R=2dm
2 dr
and use this to prove the Riemannian positive mass theorem
for h.

(d) Show that r = g is a minimal surface if and only if m(rg) =
(in which case r is a well-defined coordinate only for r > rg),
and use this to prove the Riemannian Penrose inequality for
h.

(7) Consider a Riemannian metric given in the Gauss Lemma form

g = dt* + hij(t,z)dz"dz?

so that the hypersurface ¢ = 0 is a Riemannian manifold with
induced metric h = h;;dx'dz’ and second fundamental form
10h;; , .
K = -—2da'da’ .
2 ot
Show that:

(a) The Laplacian operators A and A of g and h are related by
Af=Af+ Hf(do,8)+ (Dof)tr K,
where H f is the Hessian of f.
(b) The metric induced on the hypersurface t = Af(z) is
h(X) = [hij(Af(z), 2) + N0; f0; f] da’da? .
(c) The first variation of this metric is

d

Nl (A) =2fK;jdx"dx

oh



134 6. POSITIVE MASS THEOREM

(d) The first variation of the volume element is

d
bo=— oA =ftrKo.
TN =T
(e) The second variation of the volume element is
o _
00 = — A
T \A:oa( )

- EJ‘Q (R— R+ (KZZ)2 — Kinij> + ]gradf]z} o,

where R and R are the scalar curvatures of g and h.

(f) There is no metric on the 3-torus with positive scalar curva-
ture. (You will need to use the fact that any metric in the
3-torus admits a minimizing 2-torus; this type of idea is used
in the proof of the rigidity statement in the positive mass the-
orem.)

(8) Consider the surfaces 3; obtained from the boundary 0K = ¥ of
a compact convex set K C R? by flowing a distance ¢ along the
unit normal. Let A(¢) and V() be the area of ¥; and the volume
bounded by ;.

(a) Show that

A(0) = /é)K trx,

where k is the second fundamental form of .
(b) Prove that A(t) = 8, implying A(t) = 4xt* + A(0)t + A(0).
(c) Conclude that V() = 4¢3 + @1@ + A(0)t + V(0).
(d) Use the isoperimentric inequality A(¢)? > 367V (t)? to prove
Minkowski’s inequality:

A(0) > /167 A(0).



CHAPTER 7
Black holes

In this chapter we study black holes and the laws of black hole thermo-
dynamics, following [Tow97| (see also [BCHT73|, [P0i07]). An elementary
discussion of quantum field theory in curved spacetime and the Hawking
radiation can be found in [Car03].

1. The Kerr solution

General rotating black holes are described by the Kerr metric, given
in the so-called Boyer-Lindquist coordinates by

oM 4Marsin® 6 2
ds? = — (1 - 220 g2 = 222975 Y i+ P g2
P P A
2M azrzsin2 9) sin? 0,
P

+ p2do* + (7“2 +a® +
where
p? =712+ a?cos? 0,
A =7r?—2Mr+d?,
and M, a € R are constants. Note that the Schwarzschild metric is a particu-
lar case, corresponding to a = 0. It is possible to prove that the Kerr metric
solves the vacuum Einstein field equations (see for instance [O’N95]).

The Kerr metric is not spherically symmetric, but admits a two-dimensional
group of isometries, generated by the Killing vector fields X = % and

Y = %. The Komar mass associated to X is

1
MKomar = _8_7T/*dXti7
by

where 3 is a 2-surface of constant (¢,7), and can be computed to be
MKomar =M.

The expression for the Komar mass in terms of the energy-momentum
tensor, given in Chapter [0 suggests the definition of the Komar angular
momentum as

1
JKomar = E/E*dyﬁ

(note the change in sign and absolute value of the constant, due to the
fact that Y is now spacelike and essentially orthogonal to the timelike unit

135
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normal N). The same exact argument as was done for the Komar mass
shows that Jkomar does not depend on the choice of . Performing the
calculation for the Kerr metric yields

JKomar = MCL,

and so the parameter a can be interpreted as the angular momentum per
unit mass.

The Killing vector X becomes null on the hypersurface given by the
equation

r=M+ /M2 —a?cos?6

known as the ergosphere. However, it is easy to show that the metric
induced on this hypersurface is Lorentzian, and so it cannot be the black
hole event horizon (since it can be crossed both ways by timelike curves).
The event horizon corresponds to the hypersurface » = ro, where

7“_|_:M—|-\/M2—a2.

Indeed, the function A changes sign on this hypersurface, and so gradr
becomes timelike (meaning that r» must decrease along causal curves). Note
that the ergosphere encloses the event horizon, touching it only at the poles,
as shown in Figure [l The region in between, where X is spacelike, is
called the ergoregion, because matter fields satisfying the dominant energy
condition can have negative energy there, and so extract energy from the
black hole when absorbed (a mechanism known as the Penrose process
in the case of particles or superradiance in the case of fields). Note also
that the existence of an event horizon requires that |a| < M. If |a| < M the
black hole is said to be subextremal, and if |a| = M it is called extremal.

ergosphere , event horizon

\

ergoregion black hole

FIGURE 1. Spacelike cross-section of the Kerr solution.

A time-oriented spacetime (M, g) is said to be asymptotically flat if it
contains an open set Z where the metric is well approximated (in a certain
sense which we will not make precise) by the Minkowski metric in the region
{2? + 9% + 22 > R?}, for sufficiently large R > 0. For such spacetimes we
can define the black hole region as B= M \ J~(Z), so that B consists of
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the events which cannot send signals to Z. If B # &, the spacetime is called
a black hole spacetime, and " = 9B is called the event horizon.
Finally, an asymptotically flat spacetime is called stationary if it admits a
Killing vector field which is timelike on Z.

The importance of the Kerr solution stems from the following result.

THEOREM 1.1. (Israel [Isr67], Carter [Car71], Hawking [Haw72],
Robinson [Rob75], Chrusciel and Costa [CCO08]) The Kerr solution is
the only real-analytic, stationary black hole spacetime satisfying the vacuum
FEinstein equations.

2. Killing horizons and the zeroth law

DEeFINITION 2.1. A Killing horizon is a null surface which is orthog-
onal to a nonvanishing Killing vector field.

Note that the Killing vector field is therefore null on the corresponding
Killing horizon, and tangent to it. Killing horizons are important due to the
following result.

THEOREM 2.2. (Hawking [Haw'72|) The event horizon of a stationary
black hole spacetime whose matter fields satisfy hyperbolic equations and the
weak energy condition is a Killing horizon.

PRrROPOSITION 2.3. The integral curves of a monvanishing normal to a
null hypersurface (e.g. the Killing vector field orthogonal to a Killing hori-
zon) are reparameterized null geodesics.

PROOF. Let Z be nonvanishing and normal to a null hypersurface S,
and let p € S. For any tangent vector v € T},5 it is easy to construct a local
vector field V' which is tangent to S, commutes with Z and satisfies V), = v.
We have

V.V22) =~ (VaV, 2) =~ (W2, 2) = 5 V {7, 2) =0.
Since p and v are arbitrary, we conclude that VzZ is orthogonal to .S, i.e.
VzZ =kZ,
for some function k£ : S — R. O

DEFINITION 2.4. If S is a Killing horizon associated to the Killing
vector field Z then the function k : 7 — R such that

VzZ =kZ,
on J€ is called the surface gravity of 7 relative to Z.

THEOREM 2.5. (Zeroth law of black hole thermodynamics) The
surface gravity of a Killing horizon on a spacetime satisfying the dominant
energy condition is a constant function.
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ProOOF. Let Z be a Killing vector field associated to a Killing horizon
€. Since Z is orthogonal to 77, we have from the Frobenius theorem that
ZENdZF =0

on . Because Z! is nonvanishing, and can therefore be completed to a
coframe, we necessarily have

dZ* = 27° NU* < VoZs = ZoUs — UaZg

on 77, for some vector field U. If the vector fields X and Y are tangent to
F then

(18) XYPV,Z5 =0,
and consequently
(19) Vo7V X5 = -YXPV,Z5 = 0.

on 7. Taking the derivative of (I8]) along any vector field V' tangent to ¢
yields

VEXOYPY VW Zs = VMV, XYV, Z5 — VIXYV,YP)\V,Z5
= —VHMYPV, X+ XV, YP)(Z,Us — UsZg) =0,

in view of (I9). On the other hand, we saw in Chapter [0 that any Killing
vector field Z satisfies

(20) V.VaZs=—Rop,"Zy,
whence
(21) Ropu XOYPVEZY =0

for any three vector fields X, Y, V tangent to 7. If X and Y are orthonormal
then they can always be completed to a local frame {X,Y, Z, W} such W is
null, orthogonal to X and Y, and normalized against Z,

Z,WH = —1.
In this frame the metric is written
9w = X, X0 + Y)Y, -2, W, =W, Z,,

and so we obtain, for any vector field V' tangent to 7,

(22) RogVOZP = Rops, VOZPg" = —Rppup, V2P ZHWY
=VZPW"V V27,
where we used (2I)) and (20]).
We have
(23) k=—-W,VzZ)=-W"Z'V ,Z,.

Differentiating (23) along a vector field V' tangent .7 yields
V-k=—-(VNW"ZIN , Z,, — WY (VNI 2, — WY ZEVEN N W2,
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The first term in the right-hand side of this equation is
—(VINWkZ, = kEWYVN G Z, = kW'VNZU, —UnZy,) = kVOU,,
whereas the second term is
—WYVHZ UM = U ZMN W2, = VOUWYZEN 2, = —kV UL,
Therefore these terms cancel out, and, using ([22]), we obtain
V.k=—R.,VZP.
From (22]) it is clear that
R.32°7P =0,
implying that the vector field
I, = RopZ”

is tangent to 7. By Einstein’s equation, we have
1 1
I, = <§Rgag — Agog + 877Ta5> zZ8 = 51 Z0 — AZy + 87To52°,

where R is the scalar curvature, A is the cosmological constant and T,z is
the energy-momentum tensor. Therefore the vector field

Jo = TupZP

is also tangent to . Since T, satisfies the dominant energy condition, the
vector field J must be causal, and since it is tangent to .7 it can only be null
and parallel to Z. We conclude that the vector field I is also proportional
to Z, and so

V.k=-1,V*¥=0,
that is, k is constant along 7. O

Let XA be a local coordinate that is an affine parameter for the null
geodesics along 7, that is,

o0 0 0
<a,ﬁ>—0 and V%ﬁ—o

on 7. Then it is easy to see that

0
7=k = )5y

on 77, where A\g may depend on the null geodesic. In other words, Z vanishes
on some cross-section of JZ. If Z and 6% are future-pointing then Z vanishes
to the past when k is positive (that is, A > A¢), and to the future if & is
negative (that is, A < A\g).

If t is a local coordinate in a neighborhood of .7# such that

0
7= 5

then we have on 7
A9 0

= N k(X — )\0)8_)\’
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implying that
A=\ = CeM,
where C may depend on the null geodesic. By rescaling A conveniently we

may assume that

0
kt
Z =e —)\

on J.
Now consider a timelike congruence crossing 7, with tangent unit time-
like vector field U satisfying

2,U] = 0.

This can be accomplished by taking a timelike hypersurface transverse to
Z, ruled by timelike curves, and moving each curve by the flow of Z. The

quantity
__ /9 okt
E——<§,U>——<€ Z,U>

represents the energy of a given null geodesic as measured by an observer
of the congruence when crossing the Killing horizon, and is related to the
frequency of the associated wave. Since Z is a Killing field, we have

Z - E=—Ly <e—'ftz, U> . <cz(e—’“2), U> - <e—’“z, L‘ZU>
— <[Z, ek 7], U> _ <e—’ftz, Z, U]> - <ke—ktz, U> — _kE,
implying that
E = Eye k.

In other words, the energy of the null geodesic as measured by the observers
of the congruence decreases exponentially if & > 0 (redshift effect), and
increases exponentially if £ < 0 (blueshift effect).

3. Smarr’s formula and the first law

Unlike the case of the Schwarzschild black hole, where the event horizon
is the Killing horizon corresponding to X = %, the event horizon of the
Kerr black hole is a Killing horizon for the Killing vector field

7Z =X +QY,
where Y = % and 2 € R is an appropriate constant.

DEFINITION 3.1. €2 is called the angular velocity of the event hori-
zon.

To find 2, we write the quadratic equation in w for the vector X + wY
to be null at some point with » > r; (so that we can use Boyer-Lindquist
coordinates):

2Mr AMar sin® 0
- 1= 2 ) 2 w

2Ma?rsin? 6
2

—|—<r2+a2—|— )sin29w2:0.
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The discriminant of this equation has the simple form Asin?#, and conse-
quently vanishes when we take r = r, in which case the quadratic equation
has the single solution

a a

Q= = .
ri +a? 2Mr,

This solution is the limit as » — 74 of the values of w = w(r,#) such that
X 4+ wY is null, and so it must coincide with the angular velocity of the
event horizon.

From the expressions of the Komar mass and angular momentum, it is
clear that

M—ZQJ:—L/*dZﬁ
87T »

for any compact orientable 2-surface X enclosing the event horizon 7. Let
us consider the case when ¥ is a spacelike cross-section of 7 (Figure [2]).
We can uniquely define a future-pointing unit timelike vector field N and
an unit spacelike vector field n, both orthogonal to ¥, such that Z = N +n.
Because Z is a Killing vector field, V,Z, is a 2-form; more precisely,

(dZ%) 0 = V2 — V2, = 2V, Z,.

If F4 and E5 are two unit vector fields tangent to ¥ such that {N,n, Ey, Es}
is a positive orthonormal frame, and so {—N ﬁ,nﬁ,Eﬁ, Eg} is a positive or-
thonormal coframe, then we can expand

VZ = —VZ}N,n)N* Anf 4. ...

Therefore,
1 1
M—20J = —— / *VZHE = —/ VZY(N,n)E! A EL.
47 » 47 »

Since
VZYN,n)=VZ"Z,n) = (VzZn) = (kZn) =k,
we finally obtain the Smarr formula:

M = E + 2QJ,
47

where A is the area of the cross-section ¥ (which in particular is the same
for all cross-sections of J¢).

A cross section of the event horizon can be obtained by taking the limit
as r — r4 of a surface of constant (¢,r). The induced metric is then

2Ma?ry sin® @

ds®> = (r2 + a®cos® 0)d0? + (2 +a®> + =—
(r: ) + ri+a200820

> sin? 0dyp?,
and its area is

A =dn(ri +a®) = 8n(M? + M/ M2 — a2),
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N

FIGURE 2. Spacelike cross-section of the event horizon.

whence

A AnJ?
M=1/— .
167 * A
Noting that M = M(A,J) is homogeneous of degree 1/2, we know from

Euler’s homogeneous function theorem that

On the other hand, it is easy to check that
oM _
oJ

Smarr’s formula then implies the following result:

Q.

THEOREM 3.2. (First law of black hole thermodynamics) The
function M = M(A,J) giving the mass of a Kerr black hole as a func-
tion of the area of (spacelike cross-sections of) its horizon and its angular
momentum satisfies

dM = ﬁdA + QdJ.
8w

This formula provides an easy way to compute the surface gravity of a
Kerr black hole horizon:
1

k=-— — MQ2
aM
In particular, for an extremal black hole (r; = a = M) we have
1
QO=—=%k=0.

2M



4. SECOND LAW 143

4. Second law

We consider arbitrary test fields propagating on a Kerr background.
Apart from ignoring their gravitational backreaction, we make no further
hypotheses on the fields: they could be any combination of scalar or elec-
tromagnetic fields, fluids, elastic media, or other types of matter. By the
Einstein equation, their combined energy-momentum tensor 1" must satisfy

vV, T" =0.
Using the symmetry of T" and the Killing equation,
VX, +V, X, =0,

we have
V. (T"X,) = 0.
This conservation law suggests that the total field energy on a given spacelike

hypersurface S extending from the black hole event horizon '+ to infinity
(Figure [3) should be

E= / T X, N,,
S

where N is the future-pointing unit normal to S.

FI1GURE 3. Penrose diagrams for the region of outer commu-
nication of the Kerr spacetime.

Analogously, the total field angular momentum on a spacelike hypersur-
face S extending from the event horizon to infinity is

(24) L=— /S T*Y, N,

where the minus sign accounts for the timelike unit normal.
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Consider now two such spacelike hypersurfaces, Sy and S, with S to
the future of Sy (Figure B]). The energy absorbed by the black hole across
the subset H of s#T between Sy and S is then

AM = [ T"X,N,— [ T"X,N,,
S() Sl

whereas the angular momentum absorbed by the black hole across H is
AJ = —/ T"Y, N, + / TY,N,.
So S1
Therefore, we have
AM — QAJ = T Z,N, — T Z,Ny.

So Sl

Because Z is also a Killing vector field,
v.(T"Z,) =0,

and so the divergence theorem, applied to the region bounded by Sy, S and
H, yields

AM —QAJ = / ™" 7,7,
H

(we use —Z as the null normal on H). Therefore we have the following
result.

THEOREM 4.1. (Second law of black hole thermodynamics, test
field version) If the energy-momentum tensor T corresponding to any col-
lection of test fields propagating on a Kerr background satisfies the null en-
ergy condition at the event horizon then the energy AM and the angular
momentum AJ absorbed by the black hole satisfy

AM > QAJ.

If we think of Kerr black holes as stationary states and imagine that the
interaction of a Kerr black hole with test fields results in a new Kerr black
hole, then, in view of the first law of black hole thermodynamics, we can
rewrite the result above as

A = %(dM —QdJ) >0,

that is, the area of the event horizon of a Kerr black hole can only increase
as a result of its interaction with test fields.

In fact, it is possible to prove a general result about the area of the event
horizon of a black hole spacetime.

PROPOSITION 4.2. The event horizon of a black hole spacetime is ruled
by null geodesics.
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PROOF. Given the causal structure of Minkowski’s spacetime, it is clear
that J~(Z) coincides with I~ (Z), an open set. Let p € J# be any point in the
event horizon and let U 3 p be a simple neighborhood (see Proposition [4.1]
in Chapter ). Given a sequence {p,} C U N J (Z) converging to p, let
¢, be a future-pointing causal curve connecting p,, to Z, let ¢, be the first
intersection of ¢, with QU, and let =y, be the future-pointing causal geodesic
connecting p, to ¢, in U (see Figure[]). Since the exponential map centered
on any point in U is a diffeomorphism, these geodesics converge to a future-
pointing causal geodesic v in U with initial point p. Note that « cannot enter
J~(Z), because then we would have p € J~(Z) = int J~(Z), in contradiction
with p € J# = 0J(Z). Moreover, every point in « is the limit of points
in vy, hence points in J~(Z). We conclude that v is a curve on J—(Z) \
int J=(Z) = 4. Finally, v cannot be a timelike geodesic, because then
the sequence ¢, would enter the open set I*(p), and we would again have
p € J7(Z). We conclude that v is a null geodesic. If we extend vy maximally
towards the future we obtain a future-inextendible null geodesic; covering
this curve with simple neighborhoods and applying similar arguments to the
above, one can easily show that it never leaves 7Z. O

FIGURE 4. Proof of Proposition
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THEOREM 4.3. (Second law of black hole thermodynamics, Hawk-
ing’s version [Haw?72|) If the energy-momentum tensor of a black hole
spacetime satisfies the null energy condition at the event horizon and the
null geodesics ruling the event horizon are complete towards the future then
their expansion is never negative. In particular, the area of any spacelike
cross-section of the event horizon cannot decrease towards the future.

Proor. Note that the null geodesics ruling the event horizon are orthog-
onal to any spacelike cross-section 3, so that the discussion preceding the
proof of Penrose’s singularity theorem in Chapter [l applies. Suppose that
the expansion of some null geodesic were negative at some point p € 7.
Then, by the analogue of Proposition in Chapter [, that null geodesic
would have a conjugate point to the future of p, after which, by the ana-
logue of Proposition in Chapter 4] it would leave .. Since this would
contradict Proposition 2] the expansion can never be negative. O

5. Hawking radiation and black hole thermodynamics

Recall the three laws of thermodynamics for, say, a gas:

e Zeroth law: The temperature is constant throughout the gas when
thermal equilibrium has been reached.

e First law: The internal energy U as a function of the gas entropy
S and volume V satisfies

dU = TdS — pdV,

where T is the temperature and p is the pressure.
e Second law: The entropy of the gas cannot decrease towards the
future.

These are remarkably similar to the three laws of black hole thermody-
namics, if we identify the black hole mass M with the internal energy, (some
multiple of) the horizon’s surface gravity with the black hole’s temperature
and (some multiple of) the horizon’s area with the black hole’s entropy. In-
spired by this analogy, Bekenstein [Bek72] proposed in 1972 that black holes
are indeed thermodynamic systems. Hawking initially resisted this sugges-
tion, since objects in thermal equilibrium at a given temperature must emit
black body radiation, which black holes cannot (classically) do. In 1974,
however, Hawking [Haw74] applied methods of quantum field theory in
curved spacetime to show that black holes do indeed emit particles with a
thermal spectrum corresponding to the temperature

r- X
2
In particular, this fixed the black hole entropy as
A
S=—.

4
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6. Exercises

(1) To compute the Komar mass and angular momentum of the Kerr
solution we consider the region r > M, a.
(a) Show that a positive orthonormal coframe is approximately
given in this region by
WO~ dt, w" ~ dr, w? ~rdd,

2Masin 6
asind

w? ~ rsinfdy — 5
r

(b) Establish the following asymptotic formulas:
2M 2Masin® 6
¥ (12 200 gy D0
r r
2Masin? 6
r

Vi~ — dt + 12 sin? 0d;

2M
dXﬁNT—2wO/\wT’+...;

6M a sin

29
Ayt ~ — O AT+

r2
(¢) Prove that Mkomar = M and Jkomar = Ma.
(2) Show that the metric induced on the ergoshpere is
2M3r
(r— M)?
+ (r* 4+ a® + a®sin? ) sin® Od?,

ds® = — 2asin® Odtdy + do?

where r = M++/M?2 — a? cos? §. Prove that this metric is Lorentzian.
(3) The symmetry semiaxis § = 0 is a totally geodesic submanifold of
the Kerr solution, with metric

A 7”2 2
- a2y O
r2 + a2 A
Obtain the maximal analytical extension of this submanifold. Note
that r = 0 is not a singularity, and so the metric can be continued
for negative values of r.

(4) Consider the static and spherically symmetric metric given in local
coordinates by

ds* = =V (r)dt* + V(r)dr? +r* (d6? + sin® 6d?) .

ds® = dr?.

(a) Show that this metric can be written in the form

ds* = =V (r)dv* + 2dvdr + r* (d6? + sin® 0d?) ,

where
e
oo V(r)
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(b) Assume that there V has an isolated zero at r = rp, so that
this hypersurface is a Killing horizon. Show that the corre-
sponding surface gravity relative to 6% is

1
k= §V,(7’H)

(5) Consider a one-parameter family of null geodesics (7, \) connect-
ing two timelike curves c¢o(7) = (7,0) and ¢;(7) = v(,1). Show

that
9 [0y Oy _
OAN\OT oN/ 7

and use this to prove that if 7 is the proper time for the curve ¢
and

-
(0= [ lawla

70
is the proper time for the curve ¢; then

dT’_@

dr By’

where

. 0 0

are the energies of the null geodesic (7, ) as measured by the
observers corresponding to ¢y and c;.

(6) Compute the area, the angular velocity and the surface gravity of a
Kerr black hole horizon (you may find the relation ri +a? =2Mr,
to be useful here).

(7) Prove that test fields satisfying the null energy condition at the
event horizon cannot destroy an extremal Kerr black hole. More
precisely, prove that if an extremal black hole is characterized by
the physical quantities (M, J), and absorbs energy and angular
momentum (AM,AJ) by interacting with the test fields, then the
metric corresponding to the physical quantities (M +AM, J+ AJ)
represents, to first order in AM and AJ, either a subextremal or
an extremal Kerr black hole.

(8) Show that if a test field satisfying the null energy condition at the
event horizon extracts energy from a Kerr black hole then a = J/M
always decreases. What fraction of the black hole’s mass can be
extracted?

(9) Check that the second law holds for the black hole resulting from
an Oppenheimer-Snyder collapse.

(10) Use the second law of black hole thermodynamics to:
(a) Prove that a Schwarzschild black hole cannot split into two
Kerr black holes;
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(b) Give an upper bound to the energy released in the form of
gravitational waves when two Kerr black holes coalesce to form
a Schwarzschild black hole. Can the efficiency of this process
ever exceed 50%7






Appendix: Mathematical concepts for physicists

In this appendix we list some mathematical concepts which will be used
in the main text, for the benefit of readers whose background is in Physics.

Topology

DEFINITION 6.1. A topological space is a set M with a topology,
that is, a list of the open subsets of M, satisfying:

(1) Both @ and M are open;
(2) Any union of open sets is open;
(3) Any finite intersection of open sets is open.

All the usual topological notions can now be defined. For instance, a
closed set is a set whose complement is open. The interior int A of a
subset A C M is the largest open set contained in A, its closure A is the
smallest closed set containing A, and its boundary is 04 = A\ int A.

The main object of topology is the study of limits and continuity.

DEFINITION 6.2. A sequence {p,} is said to converge to p € M if for
any open set U > p there exists k € N such that p, € U for alln > k.

DEFINITION 6.3. A map f : M — N between two topological spaces is
said to be continuous if for each open set U C N the preimage f~Y(U) is
an open subset of M. A bijection f is called a homeomorphism if both f
and its inverse f~1 are continuous.

A system of local coordinates on a manifold is an example of a homeo-
morphism between the coordinate neighborhood and an open set of R™.

Two fundamental concepts in topology are compactness and connected-
ness.

DEFINITION 6.4. A subset A C M is said to be compact if every cover
of A by open sets admits a finite subcover. It is said to be connected it is
impossible to write A= (ANU)U(ANV) with U,V disjoint open sets and
ANU ANV #£ @.

The following result generalizes the theorems of Weierstrass and Bolzano.

THEOREM 6.5. Continuous maps carry compact sets to compact sets,
and connected sets to connected sets.

151
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Metric spaces

DEFINITION 6.6. A metric space is a set M and a distance function
d: M x M — [0,+00) satisfying:
(1) Positivity: d(p,q) > 0 and d(p,q) =0 if and only if p = q;

(2) Symmetry: d(p,q) = d(q,p);
(8) Triangle inequality: d(p,r) < d(p,q) + d(q,r),

for all p,q,r € M.

The open ball with center p and radius € is the set

B.(p) ={q € M |d(p,q) < ¢}.

Any metric space has a natural topology, whose open sets are unions of open
balls. In this topology p, — p if and only if d(p,,p) — 0, F C M is closed
if and only if every convergent sequence in F' has limit in F', and K C M is
compact if and only if every sequence in K has a sublimit in K.

A fundamental notion for metric spaces is completeness.

DEFINITION 6.7. A sequence {p,} in M is said to be a Cauchy se-
quence if for all € > 0 there exists N € N such that d(pn,pm) < € for all
m,n > N. A metric space is said to be complete if all its Cauchy sequences
converge.

In particular any compact metric space is complete.

Hopf-Rinow theorem

DEFINITION 6.8. A Riemannian manifold is said to be geodesically
complete if any geodesic is defined for every value of its parameter.

DEFINITION 6.9. Let (M,g) be a connected Riemannian manifold and
p,q € M. The distance between p and q is defined as

d(p,q) = inf{l(y) | v is a smooth curve connecting p to q}.

It is easily seen that (M,d) is a metric space. Remarkably, the com-
pleteness of this metric space is equivalent to geodesic completeness.

THEOREM 6.10. (Hopf-Rinow) A connected Riemannian manifold (M, g)
is geodesically complete if and only if (M,d) is a complete metric space.

Differential forms

DEFINITION 6.11. A differential-form w of degree k is simply a com-
pletely anti-symmetric k-tensor: wa,..a;, = Wiay---ay]-

For instance, covector fields are differential forms of degree 1. Differential
forms are useful because of their rich algebraic and differential structure.
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DEFINITION 6.12. Ifw is a k-form and n is an l-form then their exterior
product is the (k +1)-form

(k+ )
(wA 77)a1~~~ak51~"61 = Ww[al'”aknﬁl-“ﬁﬂ’

and the exterior derivative of w is the (k + 1)-form
(dw)aal“‘ak = (k + 1)v[awo¢1---o¢k}7
where V is any symmetric connection.
It is easy to see that any k-form w is given in local coordinates by

(25) w= Z Wa - (T)dT A - A dxF,

oy <---<ag

and therefore has (Z) independent components on an n-dimensional mani-
fold.

PROPOSITION 6.13. If w, n and 0 are differential forms then:
(1) wA(MAO)=(wAnN)Ab;
(2) wAn= (_1)(d0gw)(d0gn)n Aw;
(3) wA(n+0)=wAn+wAb;
(4) d(w +n) = dw + dn;
(5) d(w An) =dwAn+ (—1)38«“w A dn;
(6) d*w = 0.

It is clear from these properties that if the k-form w is given in local
coordinates by (25]) above then

dw = Z Z OaWa-a, AT N dz® N - N dx™,
a1 <-<ay
The last property in Proposition [6.13] has a converse, known as the
Poincaré Lemma.

LEMMA 6.14. (Poincaré) If dw = 0 then locally w = dn.

A related result is the Frobenius Theorem. Here we present a partic-
ular case of this result.

THEOREM 6.15. (Frobenius) The nonvanishing 1-form w is locally or-
thogonal to a family of hypersurfaces if and only if w A dw = 0.

To prove the easy direction in this equivalence it suffices to note that w
is locally orthogonal to a family of hypersurfaces { f = constant} if and only
if w = gdf for some nonvanishing function g. Note that in particular this is
always true for 1-forms in 2-dimensional manifolds.

We will now assume that our n-dimensional manifold is oriented, that
is, that an orientation can be, and has been, consistently chosen on every
tangent space. Any n-form w is written in local coordinates as

w=a(z)dz* A--- Adz".
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If the coordinate system is positive, that is, if the coordinate basis {1, ...,0,}
has positive orientation at all points, we define

/ w :/ a(x)dzt ... dz",
U z(U)

where U is the coordinate neighborhood. This formula does not depend on
the choice of local coordinates because dz! A --- A dz™ transforms by the
determinant of the change of variables.

THEOREM 6.16. (Stokes) If M is an oriented n-dimensional manifold
with boundary OM and w is an (n — 1)-form then

Jut= L

In this theorem the orientations of M and OM are related as follows:
if OM is a level set of z! in a positive coordinate system and 0; points
outwards then the coordinate system (z2,...,2") on OM is positive.

If M has a metric g then its volume element is the n-form e which
is 1 when contracted with a positive orthonormal frame. In positive local

coordinates we have
= /| det(gu)| dz' A -+ Ada™

It is easily seen that Ve = 0, where V is the Levi-Civita connection. If w is
a k-form then its Hodge dual is the (n — k)-form xw given by

1 ag
(*w)ﬁl‘“ﬁnfk - k'w €ar--ap PPk

The operator %, called the Hodge star, can alternatively be defined as follows:
if {w!,...,w"} is any positively oriented orthonormal coframe (so that the
volume element is € = w! A... Aw™) then

*wh A AWR) = g(whwh) - g W) WFFE A LAWY

e((wWhHh, ..., (WM, ).

Lie derivative

A vector field X can be identified with the differential operator that cor-
responds to taking derivatives along X. In local coordinates, this operator
is given by

X -f=X"o,f.
It turns out that the commutator of two vector fields X and Y, regarded as
differential operators, is also a vector field:

(X, Y] f=X-(YFO.f) =Y - (XHOuf)
= (XYM, f + YFXV8,0,f — (Y - XM f — XIYV0,0,f
— (X Y'Y - XM, f.
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DEFINITION 6.17. The Lie bracket of two vector fields X and Y is the
vector field
X, Y]=(X -Y'-Y . -X")0,.

This operation is intimately related with the exterior derivative.

PROPOSITION 6.18. If w is a 1-form then
dw(X,Y)=X - w(lY)-Y wX) - w(X,Y])
for all vector fields X and Y.

PROOF. In local coordinates we have
dw(X,Y) = (Opwy — Opw, ) XHYY =YX - w, — XY - w,
=X (WY —wX - Y'-Y (wX")4+wY X
=X wl)-Y wX)—w, (X Y=Y -X").
O

If the vector field X is nonzero at some point p then there exists a
coordinate system defined in a neighborhood of p such that X = 9;. In
fact, we just have to fix local coordinates (z2,...,2™) on a hypersurface ¥
transverse to X at p and let ! be the parameter for the flow of X starting
at X. If T is any tensor, we define its Lie derivative along X as the tensor
with components

a1 a1
(LxT)g 58 = 0Ty 5"

This can be extended to points where X vanishes by continuity. Although
this definition seems to depend on the coordinate system, it is actually
invariant. To check this, we just have to find an invariant expression for the
Lie derivative of functions, vector fields and 1-forms and then notice that
the Leibnitz rule applies.

PRrROPOSITION 6.19. If X is a vector field then:

(1) Lxf=X-f for functions f;
(2) LxY = [X,Y] for vector fields Y ;
(3) Lxw=X_idw+ d(X_w) for 1-forms w

(where 5 means contraction in the first index).

PROOF. The formula for functions is immediate. In the coordinate sys-
tem where X = 0y,

LxY =0YF0,=(X -Y'-Y . -X")0,=[X,Y]
Finally, we have
(Xodw+dXiw)(YV)=dw(X,Y)+Y - w(X)=X -wY) —w(X,Y])
= Lx(w(Y)) —w(LxY) = (Lxw)(Y),

where we used the Leibnitz rule. This formula is sometimes called Cartan’s
magic formula. O
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Cartan structure equations

Let {E,} be an orthonormal frame, and {w"} the corresponding or-
thonormal coframe, so that

wt(E,) = o0H,.

Note that the metric can be written as

ds® = N W' ® W,
where (7,,,) = diag(—1,1,1,1) is the flat space metric (which we will use to
raise and lower indices).

DEFINITION 6.20. The connection forms associated to the orthonor-

mal frame {E,} are the 1-forms w", such that

VxE, =w', (X)E,
for all vector fields X. The curvature forms associated this frame are the
2-forms QV, such that

R(X,Y)E, = Q" (X,Y)E,

for all vector fields X,Y .

Note that the components of the Riemann tensor in the orthonormal
frame can be retrieved from the curvature forms by noticing that

Qr, = Raﬁuywa QuwP = ZRaﬁuuwa AwP.
a<f
These forms can be computed by using the so-called Cartan structure
equations. This is by far the most efficient way to compute the curvature.

THEOREM 6.21. The connection forms are the unique solution of Car-
tan’s first structure equations

Wy = —Wyy

dot + W'y Aw? =0 7
and the curvature forms are given by Cartan’s second structure equa-
tions

QF, =dwt, + !, Aw®, .
PRroOF. The first condition is equivalent to
X -(E,,E,)=0
for all vector fields X, which in turn is equivalent to the compatibility of
the connection with the metric. Using
dw"(X,)Y) =X -w(Y) =Y - w(X) - ([X,Y])

for all vector fields X and Y, it is easy to see that the second condition is

equivalent to
[Ea,Eﬁ] = VEQEB — VEBEQ,
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which in turn is equivalent to the symmetry of the connection. Since the
Levi-Civita connection is the only connection which is symmetric and com-
patible with the metric, we conclude that Cartan’s first structure equations
have a unique solution.

Finally, the third condition can be derived by writing

O (X,Y)E, = R(X,Y)E, = VxVyE, - VyVxE, — Vixy|E,

in terms of the connection forms. O
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