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Abstract

Three equivalent variational formulations of General Relativity Theory:
1) metric, 2) metric-affine (Palatini) and 3) purely affine, are discussed. The clas-
sical “Palatini method of variation” is thoroughly analysed. It implies non-
metricity of the spacetime connection, as soon as the matter Lagrangian den-
sity is connection-sensitive. This conclusion is not new, but was never seriously
discussed. We show, that accepting this non-metricity, i.e. treating both geo-
metric structures of spacetime: the metric tensor and the connection, as being
a priori independent, but interacting with each other via field equations, con-
siderably simplifies the conceptual structure of the present Gravity Theory and,
maybe, provides a better starting point for its generalisations from our Solar
System scale to the Universe scale (dark matter).
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1 Introduction

Gravity is believed to describe the universal interaction between all possible kinds
of matter. Mathematically, the above conjecture can be formulated as the following
rule (called often the minimal coupling rule): for every matter field ¢, whose local
dynamics in the flat Minkowski space, equipped with the flat Lorentzian metric 7,,,,
is described by the matter Lagrangian density:

Ematt - Lmatt(¢7 VQb, 7]) ) (1)

its global dynamics in an arbitrary spacetime (equipped with a — possibly non-flat —
metric g, ), together with interaction between matter and geometry, is described by
the following total (i.e. “matter + gravity”), metric Lagrangian density:

ﬁg = £H + 'Cmatt . (2)
Here, by Ly we denote the Hilbert Lagrangian densit (see [I):

det g| o
Lo = Lulg,09.0%) = VS . ®)

and R denotes the scalar curvature of the metric g or, more precisely, of the metric
Levi-Civita connection
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Geometric structure of the Minkowski spacetime in formula (I]) (both the metric n
and its flat connection) has to be replaced by the actual, possibly non-flat, struc-

ture (g,f ). This means that £y depends upon the metric components g,,, to-
gether with their first and second derivatives, according to (Bl), whereas matter La-
grangian depends upon metric and its first derivatives only, contained in the Levi-

Civita connection I:

Ematt = Ematt(qﬁv% ¢7 g) = Ematt(¢7 8¢7 g, ag) . (5)

Physical intuitions concerning the fundamental conceptual structure of General
Relativity Theory were built on specific examples: electrodynamics, scalar field

In this paper we use geometric system of physical units, where ¢ = 1 and G = 1 are di-
mensionless numbers. To rewrite formula (B in an arbitrary system of units one has to multiply

the dimensionless constant “m ~ 3,14 ...” appearing here, by the fundamental physical constant

«G»
ct -



and, especially, on mechanics of continuous media (see, e.g., [2], [3]). In all these
cases the matter Lagrangian (Bl) does not depend upon connection (and, therefore,
upon derivatives of the metric tensor), i.e. instead of (), we have:

»Cmatt = ﬁmatt(gba a¢a g) : (6)

This, very special, property of the matter Lagrangian was explicitly assumed in most
papers discussing the fundamental structures of the theory, like, e.g., the famous
Palatini article [4]. If the matter field belongs to this exceptional category, both mat-
ter and gravitational field equations (i.e. Euler-Lagrange equations derived from
the total Lagrangian density (2])) can be rewritten as follows:

oL
A matt
a»Cmatt
h A= , =0\, 8
where  p 90 0B A (8)
T )
a'Cmatt
where  TH = 2 , 10
o (10)

with
Guw =/ |detg| G, (11)

denoting density of the Einstein tensor:

GW:RW—%gWR.
Here, R, denotes the Ricci tensor, whereas its trace R := g"” R, denotes the scalar
curvature.

But what is most important in these exceptional examples, is the fact that
the quantity (I0), defined in this way, can really be interpreted as the energy-
momentum tensor of the matter field, because its “time-time-component” correctly
describes the special-relativistic energy density of the matter field evolving over

a non-dynamical (i.e. fixed a priori) geometric spacetime structure (g,I"). This obser-
vation appears in the classical literature under the name of the so called Belinfante-

Rosenfeld theorem (cf. [5], [6] and [7]).

Unfortunately, this simple scheme fails for a generic matter field (e.g. vectorial,
spinorial or tensorial), when covariant (and not just partial) derivatives are necessary



to define the covariant matter Lagrangian, i.e. when, instead of ([6]), we have:

£matt = ﬁmatt(gba% ¢> g) = £matt(¢> a¢> g, f) = »Cmatt(Cb, a¢a g, ag) . (12)

In this case variation of (2) with respect to the metric g,, produces an extra term
on the right-hand-side of Einstein equation ([@). Consequently, remaining field equa-
tions (7)) — (&) of the theory do not change, but the partial derivative (I0) of the mat-
ter Lagrangian density, which provides the right-hand-side of Einstein equation (@),
must be replaced now by the so called “variational derivative™

0L 0L g 0L
T,uuzz tt:2{ tt_aLC tt} 7 (13>
59;“/ 8guu 39;%4
where we use the following notation: g, . := 0.g,,. In a generic case, the second

(extra) term contains second order derivatives of the metric. This changes con-
siderably the structure of Einstein equations, makes it extremely complicated and,
above all, ruins the standard physical interpretation of the theory: “mass generates
curvature”, which was proposed already by Riemann and Clifford (cf. [§]). This is
due to the fact that (I3) does not represent neither energy (mass) nor momentum
of the matter field, because Belinfante- Rosenfeld-theorem does not apply in this case
and, consequently, (I3]) differs from the energy-momentum tensor, defined properly as
the Hamiltonian density generating evolution of the matter field in the Hamiltonian
picture. Moreover, small perturbations of the metric (i.e. gravitational waves) propa-
gate differently than the electromagnetic waves (i.e. they do not follow the light-cones
of the metric). The simplest example of such a matter field, namely a vector field
@M, is discussed in Section Bl Hence, the traditional, heuristic interpretation of Ein-
stein equation (mass causes the spacetime curvature) fails in this case. To avoid this
discrepancy, one should probably treat matter and gravity on a more equal footing,
as already suggested strongly by Albert Einstein, who stressed many times in his
papers (see, e.g. [9]), that dividing physical reality into “matter” and “geometry” is,
from the fundamental point of view, probably not justified.

A considerable simplification of the conceptual framework of the General Rel-
ativity Theory is due to the discovery of its purely affine variational formulation
(see [10]), where variation of the affine Lagrangian density

£A - ‘CA(RMV7 ¢> V¢) (14)

is performed with respect to the connection variable only, whereas the metric tensor
arises as the “momentum canonically conjugate” to the connection. Such a purely



affine Lagrangian density dependsﬁ upon connection coefficients F)‘W (contained in
the curvature tensor, but also in the matter covariant derivatives Vo), together with
their first (and not the second !) derivatives contained in the curvature tensor,
(cf. [I0], [1I], [I2] and a recent review article [13]). A specific sensitivity of the co-
variant derivatives towards the connection:

Vop=0p+“¢ - I, (15)

is implied by geometric properties of the matter field ¢ (e.g. vector, tensor or other)
and will be decisive for its gravitational properties.

One of the unexpected consequences of the affine formulation of the General
Relativity Theory is that, in a generic case of a Lagrangian density (I2), the resulting
connection I' is (possibly) non-metric, i.e. differs (possibly) from the Levi-Civita
connection () in a way depending upon above sensitivity of the matter field. In fact,
the metricity condition for I' is obtained in the affine picture only for specific matter
Lagrangians, namely those fulfilling (@). One can say shortly that, whereas matter
causes the spacetime curvature, its specific sensitivity (I5) towards the connection
causes the non-metricity of the connection.

This is not a new phenomenon: it arises already when applying the classical,
well established “Palatini method of variation” (cf. [4]), to a generic matter La-
grangian (), but is usually left unsaid by most authors.

In the present paper we show in a simple and natural way, how and why the non-
metricity arises in a generic case of a matter Lagrangian (Bl). For this purpose,
we analyse the validity of the Palatini principle and prove that it leads, in a generic
case, to the non-metric connection: the only exception are theories given by specific
matter Lagrangian densities, namely those fulfilling (), where the Palatini equation
implies, indeed, the conventional metricity condition for the connection.

Naively, one could think that the theory with a non-metric connection will not be
equivalent with the conventional Einstein theory, where the connection’s metricity
is assumed a priori. We show in this paper that such a naive conclusion is false.
Indeed, when rewritten in terms of the metric connection, the non-metric theories
described here assume their conventional, Einsteinian form, the only difference being
the geometric interpretation of various mathematical (computational) terms arising
in field equations. We stress, therefore, that theories discussed here, do not belong

2 A non-symmetric connection is not an irreducible object. It splits into two irreducible parts: 1)
a symmetric connection and 2) the torsion tensor. Being a tensor field, the latter can be interpreted
as a part of the matter fields. Thus, without losing generality, we limit ourselves to the case of a
symmetric connection: F)‘W = F)‘UH.



to any of the “generalisations of General Relativity Theory”, but to the standard,
Einsteinian gravity theory!

The goal of this paper is to convince the reader that such a reformulation of non-
metric connection, back to the metric connection, is neither necessary nor useful.
We show that formulation of the conventional gravity theory in terms of the (pos-
sibly) non-metric connection, arising in a natural way from the consequent use of
the Palatini “method of variation”, simplifies considerably the conceptual framework
of the theory and its entire mathematical structure. Being geometrically natural and
algebraically useful, the above non-metric connection deserves, maybe, more atten-
tion on the side of the physical interpretation of the theory as the “true geometric
structure” of spacetime ...

The paper is organised as follows. In Section Pl we present a simple technique
which enables one to treat a variational principle as a “symplectic relation”. We
show that the usual treatment, based on “imposing spacetime-boundary-conditions”
contradicts the hyperbolic structure of field equation. The techniques presented here
enable us to easily manipulate various variational principles and greatly simplify
the proofs of their equivalence. In Section [3] we first analyse thoroughly the content
of the simplified version of the “Palatini method of variations”, limiting ourselves to
the case of “connection-non-sensitive” matter fields. This was the case considered
by Palatini himself in his outstanding paper [4]. Next, we show that — in case of
a generic matter field — it leads to a non-metric spacetime connection. Consequently,
we provide its complete formulation as a correctly defined symplectic relation between
the two geometric spacetime structures: the metric one (defined by the metric tensor)
and the affine one (defined by connection). In Section ] we discuss the transition
from the metric formulation to the affine formulation in terms of the simple Legendre
transformation (i.e. change of the control mode of the theory). In Section [ we
construct the universal Palatini formulation of the present General Relativity theory
and in Section [6] we briefly discuss the inverse Legendre transformation: from affine
to the metric picture. Finally we discuss possible physical consequences (Section [1])
of the mathematical results obtained here. The most complex calculations have been
shifted to Appendixes.



2 The role of variational principles in hyperbolic
field theories. Affine variational principle for grav-
itational field

Consider a Lagrangian density £ = L(p®, o) depending upon a one-parameter-
family of fields

o™ = o (z"€),

where (z*) are spacetime coordinates. We denote by
Spf\{ = aAQOK )

the field’s partial, spacetime derivatives. Traditionally, derivative with respect to

the parameter € is denoted by §:
d

§i=—.
de

Operator 6 commutes, obviously, with spacetime derivatives:

(16)

5905 = au(SSOK )

(this trivial observation is, in many textbooks, upgraded to the level of “the funda-
mental Lemma of the calculus of variations”). The following, obvious identity:

oL oL oL oL oc
6L = 00" + =60 = | 5—= — Oh=—w | 60 St 1

is the starting point of the calculus of variations. The first term of (I is called
the volume part (the bulk term) and the second one the boundary part. Traditionally,
one neglects the boundary part because, when integrated over a spacetime volume O,
imposing boundary conditions on its boundary 9O, implies d¢% |50 = 0. This way
one derives the second-order partial differential equations for unknown functions o,
called Fuler-Lagrange equations:

(18)

as the necessary condition for the extremum of the functional:

]-"::/Oﬁ, (19)
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within the functional-analytic space of fields fulfilling the fixed boundary conditions
e loo = 5.

For example, C.Misner, K.Thorne and J.A.Wheeler in their monograph [14], oth-
erwise excellent as an introduction to General Relativity Theory, calculate only
the volume part of the variation of the Hilbert Lagrangian density and neglect
the boundary part. As a justification of such a careless procedure (see [14], page
520, just above their formula 21.86) they write:

“Variation of the geometry interior to the boundary make no difference in the value
of the surface term. Therefore, it has no influence on the equations of motion to
drop the term (21.85)”.

The term, which is dropped there, is precisely the surface term. It was never
calculated in this monograph (cf. also [I5] for more details).

Such a procedure, whose origin goes back to Johann Bernoulli and his clas-
sical brachistochrone problem (1696), works perfectly for “optimisation problems”,
where Euler-Lagrange equations are elliptic. Unfortunately, it is entirely false in
case of dynamical theories, governed by hyperbolic — not elliptic — field equations.
Most theoretical physicists have already learned long time ago that there is no ex-
tremum, but only a “saddle point”, in the hyperbolic case, and believe that the above
observation represents the pinnacle of human understanding of the principles of vari-
ation.

For example, the “Feynman integral” quantisation method is based precisely on
the observation that the classical trajectory —i.e. the action’s stationary point — gives
the main contribution to the integral over classical trajectories. But the “extremum
versus saddle point” dichotomy is not enough to describe the entire complexity of
the variational problems, because the real difficulty lies elsewhere! Namely: no mat-
ter whether we expect extremum or a saddle point, imposing the spacetime-
boundary conditions is strictly forbidden in hyperbolic theories. This means, that
there is no solution of (I8)) for a generic choice of boundary data! To convince oneself
that this is the case, it is enough to consider the “mother of all hyperbolic theories”,

that is, the wave equation
0? 0?
(@—w>¢:0, (20)

in two dimensional spacetime R? = {(¢,z)}. Implying advanced and retarded coor-
dinates (u,v) = (t — z,t + x) and twice integrating it over the rectangle

R ={(u,v) € R*: ug < u < ug+ 25, vo < v < v+ 2},



is easy to prove that field equation (20) for the function ¢(u,v) is equivalent to
the following identity

o(ug + 28, v9 + 2€) — (ug + 26, v9) — (ug, vo + 2€) + @(ug, v9) =0,

for any choice of four numbers: {ug,vg,€,0}. Above equation could be simply re-

transformed to (t,r) = (%, %5*) coordinates. Then:

o(to+e+d,x0+€—06) —p(to+ 6,20 —0) — p(to + €, 19 + €) + @(to, z0) = 0. (21)

Putting to = 0, zg = x, 6 = x and € = 1 — x we obtain an identity which must be
fulfilled for any 0 < x < 1:

Consider now the spacetime volume O = [0, a] x [0, al, i.e:
O={(t,z)[0<t<a; 0<z<a}. (23)

We see (unfortunately, few physicists are aware of that!) that field equation
implies here a constraint in space of boundary data: the value of the field on the upper
wall (i.e.: ¢(1,-)) is uniquely given by its value on the remaining three walls (i.e.:
©(+,0), ¢(-,1) and ¢(0, -)). There is no solution of the wave equation if the boundary
data do not belong to the subspace C defined by equation [22))! Moreover: field
equation (20) is equivalent to this constraint!

Hence, the “brachistochrone” philosophy enables us to derive field equation as
soon as we already know field equation (choosing boundary data “at random”; there
is zero probability, that there is any solution satisfying this choice).

We stress, that the above constraint ([22)) is still “relatively manegeable” for
the simple spacetime rectangle (23]), whereas for a generic spacetime volume O (e.g.,
a time slice {a <t < b;x € R}) it is a much worse, very singular, non-close subspace
in any reasonable topology of boundary data.

We conclude that, as a method of deriving field equation, the above “brachis-
tochrone philosophy” breaks down completely in case of hyperbolic field equations.
We stress, however, that this method works perfectly for purposes of optimisation
problems governed by elliptic field equations, because boundary conditions can be
imposed without any restriction in those cases.

Our conclusion does not mean that the formulae used in the Lagrangian field
theory are false and useless! Below we will give them a coherent mathematical
meaning, which replaces the nonsensical heuristics based on the "spacetime boundary
conditions".



For this purpose we propose to work “on shell”, i.e. to restrict oneself only to
those field configurations (and their jets (¢, %)) which fulfil field equations (IS).
This means, that — instead of neglecting the boundary part of ([I7) — we neglect
its volume part. This way, formula (I7) is no longer an identity, but becomes an
equation imposed on the first jet of the field configuration:

oL
SL(p", <pI§) =0\ (W 5<pK) = (8ApKA) S +pR 5<p§, (24)
A
where the canonical momentum p;® has been introduced as a shortcut notation for
the following expression:

A 0L

= 25

We see that the system of first-order partial differential equations (24]) for the vari-
ables (cpK D I?) is equivalent to the second-order Euler-Lagrange equation (IS]), writ-
ten in the form:

oL

DK’
together with definition (23 of momenta. This way, at each spacetime point m =
(z#), field equations (24)) can be considered as a symplectic relation (i.e. a Lagrangian
submanifold) in a symplectic space Py, parameterized by the following “generalized
jets” of fields: (¥, gpfi, PR, jk = O\py). Mathematically, this approach was rig-
orously defined in [II], [16] and [I7], but its strength consists in the fact that it is
very well adapted for practical calculations in both the Lagrangian and Hamiltonian
formalisms (especially when constraints are present) and avoids the nonsensical pro-
cedure of “imposing the spacetime-boundary conditions”. Practically, this approach
is based on splitting canonical field variables into two groups: the “control parame-
ters” (those, who appear under the sign “6” — in case of (24]) these are configuration
variables ¢ and their “velocities” <p§) and the “response parameters” (in case of (24))

3,\]912\ = (26)

these are momenta pz and their “currents” j% = dypz). Field equations are then
treated as the “control — response relation”. We shall use this formalism in the sequel.

This techniques was informally present already in classical texts, written by La-
grange, Caratheodory and other pioneers of the calculus of variations, and also in
classical thermodynamics. As an example, consider the classical, thermodynamical
formula:

SU(V,S) = —pdV +T6S,

equivalent to:
ou ou

p:_Wv T_%7
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which selects the two-dimensional subspace of all the physically admissible states
of a simple thermodynamical body, as a Lagrangian submanifold within a four-
dimensional symplectic manifold parameterized by (V, S, p, T') (volume, entropy, pres-
sure, temperature) and equipped with the canonical symplectic form:

w=—=0p AV +0T NS (27)

Similarly, classical mechanics can be formulated as a symplectic relation:

) d ) .
0L(q,q) = T (pdq) =poq+poq,

(equivalent to: p = g—{;, p= g—g) with respect to the canonical symplectic form:
d i .
w:a((Sp/\dq):ép/\(quL(Sp/\éq. (28)

Legendre transformations, like transition from adiabatic to the thermostatic insu-
lation in thermodynamics, or from the Lagrangian to the Hamiltonian picture in
mechanics, are simply described in this formalism as an exchange between control
and response parameters: 1" versus S in (27)) and p versus ¢ in (28]).

In case of the gravitational field, the missing boundary term in the Wheeler-
Misner-Thorn formula (21.86) was calculated in paper [I5] and will be presented
below. Following V.A. Fock (see [1§]), who realized that the substantial simplification
of the canonical structure of gravity theory is obtained when, instead of the covariant
tensor g,,, one represents the metric structure of spacetime by its contravariant
density, we introduce the following notationt:

oLy

1
L T o T
= T |det g| g Dl (29)

(With respect to the Fock’s book [18], our modest contribution here consists in incor-
porating the gravitational constant — i.e. ﬁ in geometric units — into the “momen-

tum” variable 7.) Moreover, the following object arises automatically in the formula
for the variation:

VK a‘CH v V)K
7T>\M :W:ﬂ'” 5}\—5§\M7T) . (30)
QUK
The Hilbert Lagrangian density assumes now the following form:
V| det g| v y
EH = EH(g, F, 8F) = 16777'1:{ = 71"u R)\#)\V = 71"u ij, (31)

3See footnote on page () for physical units used here.
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where

A L A A A o A o
R I r IR I VLK + T av I uK r ak r nv (32)
R, = R\, . (33)

The missing boundary term in the variation of Ly follows from an identity, which
is universally valid (see [15] for the proof) for an arbitrary metric tensor g and an
arbitrary symmetric connection I' (not necessarily metric):

1 v VK VK
0Ln =~ 150" 6gu - (Vim)"") 612, + O ()" oT,) - (34)

We see, that variation of the Hilbert Lagrangian (3) with respect to the connection
can be easily calculated:

Ly
0T,

where V denotes the covariant derivative with respect to I' (see again [15]). An
obvious algebraic identity:

1
6 (V/Tdetg]) = 5/Tdetg] 9 dgs. (36)

implies yet another representation of variation of the Hilbert Lagrangian density:

= —V,m,/"", (35)

1 /| det ¢ 1
uyo - Hyo o af —
R, o7 —— R0 ( [det gl g ) (R 09" + 5 R g™ 5a
B /| det ¢ w1 R
= 7]_671‘ R 5 Rg 6gwj = 167 g 5gul/ ) (37)

which enables us to rewrite (B4]) in an equivalent form:
0Ly = Ry 07 — (V,m ™) 6T, + 0, (m"" 6T%,) (38)

In case of the purely metric Hilbert Lagrangian (B]) without any matter, the second
term in both (B4]) and (B8)) vanishes automatically — see definitions (29]), (B0) — which
implies the following field equation:

Vi =0 <= Viguw =0 < T, =T%,.
(39)

12



Hence, we end up with:

1 2 v VK Of{
0Lu(g, 99, 829) = “16n G" 09y + Oy <7T,\M or Au) = (40)
= éuu o + 0y, (WAWM 0 fﬁAp) ) (41>

where the last, boundary term in both (equivalent) formulae: ({0) and (4l), repre-
sents the missing term in the Wheeler-Misner-Thorn formula (21.86), page 520 (a
circle above geometric objects denotes their metricity, but the formula is valid for an
arbitrary symmetric connection F")\“, t00).

The boundary term 9, (7,""6I,,) in the variational formula provides a strong
argument for the affine approach, where connection I'"y , plays role of the gravita-
tional field configuration, whereas the metric tensor, encoded by the tensor-density
7, plays role of its canonically conjugate momentum, according to formulae (B0)
and (29).

There is also a strong physical argument, based on the Newton’s First Law,
for choosing the connection I' (instead of the metric tensor) as the fundamental
configuration variable of the gravitational field (see [19]).

3 Mathematical structure of the Palatini variational
principle. Emergence of the non-metricity

Below, we are going to use above formalism of “symplectic relations” (in contrast to
the “least action principle”, based on the “spacetime boundary value problem”, which
is strictly forbidden by the mathematical structure of the theory).

The modern Palatini approach is based on the following observation: deriva-
tives of the metric enter linearly into the Levi-Civita connection () and, whence,
to calculate variation of (2) it is useful to “change variables” in space of second jets
of the metric: from (g, dg, 8*g) to (g, T', ). Next, one can treat both the met-
ric tensor and the connection coefficients as independent quantities: we do not as-
sume a priori the metricity condition (39) of the connection, but derive it as one of
the Euler-Lagrange equations. This simple trick is often called “the Palatini method
of variation”, although it has been earlier used by Hilbert, Weyl and Einstein him-
self. In fact, the originality of the Palatini paper [4] with respect to these authors
consists in the fact, that when calculating variation 6Ly, he was able to select prop-
erly the contribution due to the variation 0I" of connection. However, in those days,
the connection was not regarded as an independent geometric object: only “Christof-

13



fel symbols” were known, equivalent to our “metric connection” f‘ This fact obscures
considerably the understanding of the Palatini’s contribution.

We see that the contravariant density of metric 7 (see formula (29)) plays role
of the “momentum canonically conjugate to the connection” (derivative of the La-
grangian density with respect to the derivatives of the connection). As already men-
tioned in the previous Section (see formula (BH)), variation of the Hilbert Lagrangian
with respect to the connection is following:

0Ly

—=% = V.1, (42)
6T, A

where V denotes the covariant derivative with respect to the symmetric connection
I'. Consequently, variation of the total metric Lagrangian density £, = Lya + Lu
equals:

5£g 8£g 8£g o 8£matt

0= = — 0, = -V, "",
5F)‘W 8F)‘W 81”‘”% 8FAuv
(43)
0L, oL, oL, oL,
0 = — = — a}i g =
5g/u/ aguu aguun ag/u/
1
= — e — g 44
equivalently:
a*cmatt o UVK
0FAW = V,m /", (45)
a'Cmatt 1
H =2 = — g, 4
T 09 s g (46)

We see that, in particular case of a connection - independent matter Lagrangian (@),
we have
8£matt

ar,

=0, (47)

and, whence, Euler-Lagrange equation (3] (variation with respect to the connection)

reduces (see eqn. ([B9)) to metricity condition I" = r. Hence, what was assumed a
prioriin the purely metric approach, here, in the Palatini approach (i.e. in the mixed
— metric-affine approach), is obtained as one of field equations, i.e. as a result of
the variational principle.

14



Example: In electrodynamics, which was historically the first example, carefully
analysed by Hilbert (see [I]), we have:

matt—_ V |detg f,uufaﬁgua Vﬁ

where

fuw = A, — 0, A, = 2Ap

and the electromagnetic four-potential A, plays role of the matter field ¢. We see
that this matter Lagrangian fulfils (@7]) and, whence, metricity condition can be
either assumed a priori (metric picture) or obtained as one of the field equations
(Palatini picture).

According to equation (8, the role of the momentum “p**”, canonically conjugate
to the “matter variable” A,,, is assumed by the Faraday contravariant tensor-density:

FHr = aﬁmatt = /| det g fop g™ g™ = /| det g| f**.

Hence, Euler-Lagrange equation () encodes the Maxwell equations 9, F" = 0,
whereas ([I) becomes the Maxwell (symmetric!) energy-momentum tensor density

a‘cma v, v «
T =27 = ] detg] |1 17 - 19 Jus 10 (48)
g

This means that

=+/|detg| T,

2 a»Cmatt

~ V]detg] 99w

There is no doubt that, indeed, this quantity describes the energy-momentum density
carried by the Maxwell field (cf. [I4], [15]).

with:
T

1
_ fﬂﬁ fl/ﬁ _ Z g;w faﬁ faﬁ.

Unfortunately, the naive implementation of the above “Palatini method” fails
when the matter Lagrangian depends upon connection coefficients I', which are con-
tained in covariant derivatives of the matter fields. This happens for generic matter
fields, like vector, spinor or tensor fields, where covariant derivatives are necessary as
the “building blocks” of the coordinate-invariant matter Lagrangian density. Hence,
in a generic case we have:

£matt - £matt(¢> a¢> g, F) ) (49)

15



and, consequently:
PMV S a‘Cmatt
©or A;w

£0. (50)

We see, that the metricity of the connection (equation ([39)) is not recovered! In-
stead, we would have obtained the following value of the non-metricity of the con-

nection:
o a»Cmatt

ar,

s _ oy
Vm ™ =P :

£0. (51)

Given the value of the (newly defined above) field P*|, this equation can be casily
solved with respect to the connection I', i.e. I' can be uniquely reconstructed in
the form:

A A A
F,LLI/:FIU,I/_‘_N,U,I/' (52)
This way, the covariant derivative of the metric: V, calculated with respect to

the connection I, splits into the sum: the covariant derivative ¥ m, which vanishes
identically, plus a combination of N’s multiplied by 7. Finally, we obtain the follow-
ing, linear equation for N )‘W:

1
,P/W)\ = ﬂ-uaNV)\a + WVaNMAa - WMVNQ}\O! - 5 (551\[”@5 + 5KNMaB) ﬂ-aﬁ ) (53>

which can easily be solved:

& 1
N, = ———G"" X | Poru + Pour — Pruo + P—=P . |+
A [det g] g [ A ) Ao T Gap < 5 )
14 2 14
+Pix Yo — 3 9ox P } : (54)

(proof in the Appendix [E] see also Appendix [B).

In the present paper we show that it is worthwhile to use the above non-metric
connection (52), arising from the naive implementation (GII) of the “Palatini method
of variation”, because it simplifies considerably the standard description of the canon-
ical structure of General Relativity Theory. In particular, it is precisely the one,
which describes properly the field energy (cf. [5], [6], [7]) and also arises in its “purely
affine” formulation (cf. [10], [15], [12]).
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3.1 Simplified version of the Palatini principle

To analyse better the mathematical structure of the Palatini principle, let us begin
with the special case ([@l), where the matter Lagrangian density £, does not depend

upon derivatives of the metric tensor (i.e. upon connection I'). We see that the “on
shell” variation of the matter Lagrangian density can be written as:

OLoma
5£matt(¢a a¢a g) = 8g & 59,“, + a)\ (p)\ 6¢) . (55)
v

Because L. does not depend upon derivatives of the metric tensor (i.e. upon
connection), we can add an extra, trivial term to formula (G5):

aﬁma v
OLonate (6,06, 9) = 5 E 5gu, + P 6T, + 03 (9799) (56)
g

because it is equivalent to an extra, trivial field equation:

. a‘Cmatt
Sar,,

P =0. (57)
Formulae (B0) and (57 provide the simplest proof of the validity of the “Palatini
method of variation” for a Lagrangian density of the type (@l): instead of the second
order variation of (2] with respect to the metric g, we may equivalently perform

the first order variation with respect to the two (a priori independent) geometric
fields: ¢ and I'. Indeed, denoting

Vdet g

LP(¢7 8¢7 g, Fv 8F) = Ematt(¢7 8¢7 g) + 167 R(gv F7 ar) ) (58>
and using (B4]) together with (b)), we obtain:
1
0Lp = T (87T™ = G") dgu + (P = V™) 0T, +
+0, (pF 60 + w61, (59)

which simply means that its “variational derivatives” are equal to ([43]) — (44]). More-
over, because quantity P vanishes (see (57)), equation ([A3]) reduces to ([B9). This
means that the metricity condition of the connection — which was not assumed a
priori — is obtained as one of the Euler-Lagrange equations of theory, namely equa-

tion (39]).
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We conclude, that in case of a special matter Lagrangian £, fulfilling (@) (like
electrodynamics), the original, purely metric, second order variational principle (2),
where variation is performed with respect to the metric tensor exclusively, is equiv-
alent to the first order “Palatini variational principle”’, where variation is performed
with respect to both geometric quantities: connection and metric, independently.

3.2 (Generic case

The above equivalence of the two “methods of variation” does not hold in a generic

case of a Lagrangian density L,,.u (¢, 00,9, ), i.e. where (7)) is no longer true,
because the corresponding Fuler-Lagrange equation, resulting from variation with

respect to I':

V,JT)\MVH — PM'/)\ = 8£Omatt 7& 07 (60)

o1,
would imply the non-metricity of the connection i.e. the theory which is — naively —
nonequivalent to the original Einstein theory.

Example: If ¢ = (¢%) is a vector field, then unique way to construct an invariant
scalar out of derivatives of ¢ is to use covariant derivatives:

V¢ = 0+ T, 07,

and, whence, according to (60) we have the non-metricity tensor, which does not
vanish identically:

Lo oV (Vs9°) _ OLoan
ot (Vo) ot 9%

P = 5265 M 67 =p o). (61)

We see, that the naive (i.e. straightforward) implementation of the “Palatini method
of variation” implies the non-metricity of the connection and, consequently, field
equations which are a prior: nonequivalent with the original metric theory.
However, we are going to prove in this paper, that the universal “Palatini varia-
tional principle”, consisting in varying with respect to independent geometric fields I
and g does ezist, if we only accept the above non-metricity, defined by equation (G0I).
The resulting field theory is not a new physical theory, but merely a mathematically
equivalent reformulation of the standard purely metric theory, based on Lagrangian
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density (). Even if formulated in terms of the non-metric connection, when re-
calculated back in terms of the metric g and their derivatives, it is perfectly equiv-
alent to the original, metric theory, as will be proved in the sequel. The essence of
our construction can be formulated simply as follows: it is worth combining the in-
formation about the matter field contained in the “non-metricity-tensor N” (given

by formula (B4])) with the metric connection I', because the use of the resulting

non-metric connection [' = 10“ + N significantly simplifies the structure of the theory.

Technically, the simplest way to find such a universal Palatini formulation goes
through the purely affine theory. As will be proved in the next Section, affine picture
arises naturally and provides the easiest method to simplify the canonical structure
of the theory.

4 The universal affine formulation of General Rela-
tivity Theory

Let us, therefore, begin with the purely metric formulation of General Relativity The-
ory in case of a generic matter Lagrangian density (B]). Its variation has the following
form:

o 8Ema v °
S Lau (¢, 00, g, T') = 5 L0 + PO TR, + 0 (01 00) (62)
uv

where, in general, the field P does not vanish identically:

P = aim““ #0. (63)

or*

jn%

We have the following

Lemma 4.1. The term P", ¢ IO“AW in formula ([62) can be rewritten as follows:

PNV)\ 5 F)\MV — aﬁ (RN«VR 691“/) _ (V RRMV&) 591“/,
where:

RIVE (me 4 PprvK _ Puun) (64)

N —

and YV s the covariant derivative with respect to the Levi-Civita connection T .
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The proof of this simple Lemma is given in Appendix [Al Hence, formula (62)),
generating field dynamics, can be rewritten as:

a‘Cmatt
Gy

5L — ( —%HR‘W“) 5 + B (RI 5gp0 + p'60) | (65)

We see that (as mentioned already in the Introduction, cf. formula (I3))) derivative
of the matter Lagrangian with respect to the metric in (62]), has been replaced now
by its variational derivative:

6£matt(¢7 8(25,9,89) _ 8£matt . 8 8£matt o 8£matt

5g;w ag,uu Kﬁguu,ﬁ - 8g;w

— VR (66)

Together with variation of the Hilbert Lagrangian given by (d0), we obtain this
way the following, universal formula for the variation of the metric Lagrangian density

»Cg = »CH + Lmatt:

a’cma Lo v e VK
5Ly(6, 06, 9, 09, Pg) = { n_ LG g }@W

09 167
R UPE N .

(we have put the circle above the Einstein tensor density G, in order to stress that

it is calculated for the Levi-Civita metric connection f) Above formula splits into
the “volume part” (describing Euler-Lagrange field equations, vanishing “on shell”)
and the “boundary part”, describing the Lagrangian control-mode of the theory.

As we show in Appendix [E] the troublesome term V ,R*“* combines, together

with the metric Einstein-tensor-density G #* to its non-metric analogue G*” (plus
an extra term, which also finds a nice geometric interpretation and is discussed in
the sequel).

Implementing our “on shell” philosophy — see Section [2] — we obtain the volume
term producing Einstein equations:

8£matt 1 ° 1 °
- — " -V . R"" =0 68
09 167 g v (68)
and the “on shell" — variation of L:
0Ly = s <Rum 0w + " 0 + w6 FA}“’) ’ (69)
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Unfortunately, above formula is not yet fully satisfactory because the metric
g appears here in a double role: as a control parameter (dg,,) and as the response
parameter (7,""”"). Mathematically, this means that the underlying symplectic struc-
ture is degenerate: some combinations of the "momenta" 7" (response) are equal to
some combinations of the "configuration" g,, (control). Now, we are going to reduce
this degeneracy, rewriting the formula in terms of independent parameters. First, we
rewrite the term 0, (R*" dg,,) according to following lemma:

Lemma 4.2. The following identity holds:

iy —a v vifRe].
where
167 1 2 1
K = - Kk _ oK _ = K o p K 1
g | det g| R)\M 2 RJ I 3 <6()\ RM)J 2 R o(A 5u)):| ) (7 )

is simply equation (B4) written in terms of the auziliary quantity R defined by (64),
instead of the original object P.

Proof of this Lemma is presented in Appendix [Bl Using this identity we rewrite
the metric variation (69) as follows:

0Ly = O [p" 00+ 15 (1, + N )| +6 [V (72)

We see, that our non-metric connection I' = T" + N, already defined in (52]), arises
here in a natural way:

5L, = 0, [ 60 + w00, ] +6 [0, R,7] (73)

Now, we perform the Legendre transformation between metric and the connec-
tion. As the first step, we put the last term (the complete variation) on the left-hand
side and obtain finally the universal affine Lagrangian:

L= L~V R, (74)

where now only the symmetric (but not necessarily metric!) connection I' and
the matter fields ¢ play role of independent configuration variables:

6La = On[p*0¢+m)"" 6T, ] = (0up") 60 + p" 60 +
+ (O, ") 5P*W + e fww . (75)
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The metric g, (represented here by the momentum 7#") and its derivatives (repre-
sented by 0,m,/"") are now shifted to the level of “response parameters”: they arise
as derivatives of the new affine Lagrangian with respect to I ’\W and its derivatives
F’\W,H. But, to be consistent, the second step of the Legendre transformation must
follow the first one: the function £, must be expressed in terms of the new control
parameters, whereas the old control parameters must be eliminated with the help of
the appropriate field equations. We have an analogous situation in thermodynamics
where, to perform transition from the adiabatic to the thermostatic mode, it is not
sufficient to replace formula 60U (V,S) = —poV +T0S by 6 (U — T'S) = —pdV — ST,
but the new generating function H := U — T'S (the Helmholtz “free energy”) must
be expressed in terms of the new control parameters: H = H(V,T). A similar
phenomenon occurs during any Legendre transformation which we commonly use in
theoretical physics. For example, formula

. . . oL
H(p,q,q) =pq— L(g,q) . P= g0 (76)

describing transformation from the Lagrangian control mode to the Hamiltonian one
in classical mechanics means, that we have to eliminate the Lagrangian variable ¢
and express it in terms of the “true Hamiltonian control parameters” (p, q). Mathe-
matically rigorous definition of these geometric structures can be found in [11], [17].
We stress, however, that no assumption about the non-degeneracy of the original
Lagrangian density is necessary here: theories with constraints, where only a sub-
space of control parameters is physically accesible and, consequently, the “control
— response” relation is no longer equivocal, (i.e.: non-physical “gauge parameters’
arise), fit perfectly into this framework.

To perform the second step of the Legendre transformation between the metric
and the affine picture in the gravity theory, we observe that the numerical value of
the affine Lagrangian £, equals:

»CA = »Cg_ %HRUUH = Ematt(¢7 8¢7 gvf) + EH(g,uVu&,uu>_ %HRUUH .
(77)

Hence, we have a prior::

EA = 'CA((bu a(bu g,twv 8Rgu1/7 FA;UN R,LU/) . (78>

But now, the variables (g,., 0x9,.) are no longer “control parameters” — see varia-
tional formula (75]) — and have to be eliminated by virtue of dynamical equations.
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For this purpose we can use two equations which enable us to reduce the number of
control parameters: the non-metricity equation (60]) and the Einstein equation (G8]):

a'Cmatt

Vm " = P o= — , (79)
or™,
]- ° a'Cmatt °
pyo o HVK
167 g O VRRET (80)

The complete Legendre transformation from the metric picture (“control mode”)
to the affine picture is, therefore, given by definition (7)) of the affine Lagrangian
density, together with formulas (79) and (80), the latter being necessary to express

o

“response parameters” (g, I') in terms of the new control parameters: (I', OT").
As will be seen in the Appendix E, derivatives of the connection enter here via
the non-metric Ricci tensor R, only:
RNV = _an,u,zx + Fn,uz/,n - Pgn,u 1—szcr + Fa,uz/ P’iﬁo : (81)
and even less, namely via its symmetric part (the non-metric Ricci may contain a
skew-symmetric part!):

Ky = Ry = =T ) T P’i/w,n - Fafw e+ FU/W o (82)

K
K(p,v

similarly as it was the case in the metric picture. Formula expressing K, in terms

of its metric analogue R, is given in Appendix [EL
Practically, to solve equations ([[9), (80), and to express explicitly metric g and

the metric connection I' in terms of K and I' (together with the matter field ¢)
can be computationally difficult (see example in Appendix [Gl). But, theoretically,
the implicit relation between the metric and the affine control parameters is suffi-
cient. It might well be that “what is simple in the metric picture, is complicated in
the affine one and wvice versa’. The affine picture being conceptually much simpler
that the metric picture, we are deeply convinced that when looking for fundamental
laws of nature (e.g. description of the dark matter) one should begin with geometric
structures which are simple rather in affine picture, even if their metric counterparts
would be computationally complicated. From this point of view, attempts to describe
dark matter by modifying slightly the metric Hilbert Lagrangian density do not look
very convincing. However, there are important examples of the matter fields, where
the above Legendre transformation can be performed explicitly.

23



Examples:

LK) =C-/|det K,,|. (83)

The resulting field equations are the Einstein equations for empty space with

cosmological constant A := -,
8r C

cA(K/M/7 ¢> aoz¢) =

2
2

It describes the Klein-Gordon-Einstein theory of the scalar field ¢, having mass
m and interacting with gravity.

det (S%KW - qs,uqs,,,) ‘ . (84)

ﬁA(KwM aaAB) =

1 W (-1
=\ det Ko | (K1) (K1) Fuo Fp (85)

where F,, ;== 0,4, — 0,4, is the electromagnetic field (Faraday tensor) given
in terms of its four-potential A,,, describes the Maxwell-Einstein theory.

For more examples see, e.g., [12], [2], [3].

5 'Transition to the universal Palatini picture

In this Section we introduce the universal “Palatini picture”’, where the configuration
fields are: metric tensor g and the symetric connection I'. In contrast to the “naive”
Palatini picture, discussed in Section 3, no metricity condition for I' is assumed a
priori. The non-metricity equation ([9) and the Einstein equation (80) arise here
as Euler-Lagrange field equations, implied by variation with respect to I' and to g,
respectively.

This universal Palatini formulation can be obtained directly via a simple Legendre
transformation from the affine picture. Let us begin, therefore, with a generic affine
Lagrangian

ﬁA - 'CA(¢7 a¢7 H)\ua K)\u,y) - ‘CA(¢3 v¢7 KuV)? (86)
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where derivatives of the connection coefficients enter via the symmetric part ([82) of

the Ricci, exclusively. Let us introduce the "coordinate transformation":

(I', or) = (', K)
in space of control parameters.
Lemma 5.1. The following identity holds:
Oy (m M1y ,) = (Vem ™) 6T, + 7 6K, . (87)

The proof of this identity is given in Appendix [Dl It enables us to rewrite gener-
ating formula (7)) as follows:

0La = 0. (p7d9) + (V™) 51”}“, + 7oK, = (88)
= 0, (p"d9) + (V,m,") 51”}“, — K 01 40 (7" K ) (89)

Putting the complete variation § (7#” K,,) on the left-hand-side, we obtain the Uni-
versal Palatini Lagrangian:

ﬁp(ﬁb, a¢a F)\uya g/w) = £A — K;w =
v/ | det
- ﬁA - % R, (90)

where the subtracted term is analogous to the Hilbert Lagrangian Ly (g, I, OI') for
a general (possibly non-metric) connection, like in formula ([BI). Due to (89), this
Lagrangian generates field equations according to:

1
VK A v K
5£p = (V,JTAM ) or v + ﬁ g" 591“, + 8,«” (p 5¢) ,

(91)
(cf. identity ([B7)) or, equivalently:
1o OLp
167 G
V.ml*" = % , (92)

(cf. (9) and (B0)).
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In case of a special theory (@), where matter Lagrangian density does not depend
upon derivatives of the metric tensor (i.e. upon the metric connection I'), the non-

metricity of I' vanishes (see Lemmas Il and A.2) and we have K,, = R v (cf.
Appendix [E]). Consequently, definition ([@0) implies in that case:

EP = »CA - WuVK,uu = Lmatt + ﬁH(Qa agv 829) - Wﬂyéuu = »Cmatt ; (93>

i.e. our “universal Palatini picture” reduces to the classical (“naive”) Palatini method
of variation presented in Section 3. But, in a generic case (), the two pictures differ
from each other. In particular, we have:

L:P = 'Cmatt — (NUHV NHHU — NUHu Nﬁyo_) =

VIdetgl o vo A o am
16777'.9‘“ (NMVNHU_NHMNVO')7

- Ematt -

(94)

where formula ([@4) is implied by (1), [@0) and the following identity, which is an

easy consequence of relation between K, and ﬁz;w (see Appendix [E]):
™ Ry — " K, —V RS = —7! (N"W N'o = N%u N“VU) . (95)

We see explicitly that:

a»Cmatt
ors,,

=0 & P =0 N\,=0 = Lp="Lyu- (96)

5.1 Fast track from the metric picture to the Palatini picture

Formula (@4]) provides the method of a direct transition from the metric picture to
the universal Palatini picture, without transition via the affine picture. The formula
gives directly the value of the universal Palatini Lagrangian density as the function
of the following variables:

Lp= ‘CP(ga ¢> V¢a F> N) = ‘Cmatt(g> ¢>% ¢> f) — (NUMV Nﬁna - NJHM Nﬁua) ’ (97)

where f‘ has been replaced by “I' — N”. What remains now is only elimination of
the “illegal” variable N, which must be expressed in terms of the remaining (“legal”)
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variables. For this purpose we have to solve (with respect to V) equation (B3], with
P given by (79), i.e. by the definition of non-metricity:

a‘Cmatt

P =
oT™,

Example: As the “metric matter-Lagrangian-density” of the vector field ¢, take
the standard, quadratic form of its covariant derivatives:

Loanls. 90) = YU (@ 59 (§20,) .

167

We prove in Appendix [Gl that the corresponding Palatini Lagrangian (04)) is given
by following formula:

d
£(0.V0) = gy SO DiDs () (Va0") (V004) % g +

+D1 Dy ¢* (Vad") (V,6%) + 4¢° (¢ — 1) [¢* (Vad") )" +

+4Dy (62 = 1) [67 (Vad") 6] (Vad?) — &% Dy (6* — 1) (V0")" +
~D1 (* = 2)" (V™) ¢a [(Vo0”) 03] g +

—2D; (¢* —2) ¢* [(V,u9®) ¢a] [¢° (Vae")] +

~Di " [¢* (Vag")] [¢° (V50")] gw} : (98)
where Dy, D, are polynomials of the variable ¢? := ¢, ¢* defined in Appendix
Example: Transformation in the opposite direction. As the “Palatini-Lagrangian-

density” of the vector field X, take the simplest, quadratic form of its covariant (with
respect to the non-metric connection I') derivatives:

det g N o
Lole. vx) = L8 (g x) (9,5%) 4 g

We prove in Appendix [G] that the corresponding metric matter Lagrangian density
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is equal to:

o v/ | det
Lonatt (9, V X) | det g| {D1D2

321 Dy Dy (X2 + 1)

2 () Fo)

B, ) [ () 3] (£0)
~X?D, (X2+1) (%axa)z +
Dy (X?=2)" [(V,X7) Xa| [@X7) X5] +
2Dy (X2 +2) X? [V,X%) Xa| [X* @0x7)] +
~Dy XX WX | X 6X,)] }
where D; i Dy are polynomials of the variable X2 := X, X* defined in Appendix [Hl

The two examples illustrate nicely our conclusion that “what is simple in the met-
ric picture can be computationally difficult in the affine picture and vice versa”. Being
conceptually much simpler (as far as the canonical structure of the theory is con-
cerned), the affine formulation (together with its consequence: the universal Palatini
picture) are — in our opinion — better suited to become the starting point for any
attempt to extrapolate validity of the present Gravity Theory by many orders of
magnitude, namely from our Solar System scale to the cosmological scale (scale of
the Universe).

6 From affine to metric picture

The equivalence proof of the three different formulations of the Gravity Theory
(purely metric, metric-affine which we call “Palatini” and — finally — purely affine)
would not be complete without a brief discussion of what happens if we begin with a
purely affine Lagrangian density. Even if these results are contained implicite in our
previous Sections, we have decided, for the convenience of the reader, to give below
the short equivalence proof starting from the affine picture.

Consider, therefore, a generic affine variational principle, where the field config-
uration is described by the first jet of a symmetric connection (I', OI') and the first
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D, Dy X? (VQX5> (VBXa) +4(X241) X2 [Xa (VQXH> X ]2+
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jet of a matter field (¢, 0¢):

5£A(Pa ar? ¢a a¢) = aI/ (Pn)\wj 6IWA;1, + pV 5¢) =
= (8,P) 61", + PN OL"

A,V +

+(0,p") 09 +p"0¢,,, (100)

or, equivalently,

0L 4 0L 4 0L
Apy Apy — 101
8I/Pf{ arﬁ)\u ) Pli 81—1,3\#71/ = 61—1,3\”7” 07 ( 0 )
o~ OLa s 0L OLa _ 102)

00" "o, T 60 T

As was explained in Section [ the formula (I00) is equivalent to Euler-Lagrange
equations, together with definition of momenta: P ¥ and p”, canonically conjugate
to Iy, and ¢, respectively.

To manufacture an invariant scalar-density £, from derivatives of ', the only
method is to use the unique tensorial object which can by constructed from them,
namely the Riemann tensor (32):

RH)\NV = IW)\V,M - FH)\M,V + Fnau 0)\1/ - IWJV U)\u :

Moreover, the connection I' can only enter into the game either via the curvature
Rr,,, itself, or via some “covariant derivatives” of the matter field, which can be
symbolically written as:

Ve :=0¢+ “T-¢" . (103)

This means that, in fact, we have L, = ﬁA(R“)\W,QS, V¢). The Riemann tensor
satisfies identities:

RY,, = —R%,, (skew-symmetry),
R\, = 0 (Bianchi I identity),
and, consequently, splits into three irreducible parts. First, its splits into its trace
— the Ricci tensor (B3) Ry, := R, — and the remaining traceless part W" .
The latter is an analogue of the Weyl tensor in the metric case. It is defined by
the following identities:
we L =w"  =Ww" =0,

Kuv UKV UVE
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but other identities fulfilled by the Weyl tensor cannot even be formulated here, be-
cause there is no metric tensor to lower the upper index! Furthermore, the Ricci
tensor splits into its symmetric — K, — and its skew-symmetric — [, — parts, ac-
cording to R, = K, + F},,. Finally, decomposition of the Riemann tensor into three
irreducible parts (i.e.: K, F and W) enables us to rewrite the gravitational compo-
nent (I00) of the generating formula in a way similar to Lemma [5.T] in the purely
metric theory (cf. [20] and see Appendix [C):

Theorem 6.1. The following identity holds:
0y (P 61", ) = (VP 01, + 7 0K, + X" 0F,, — 2Q M W5, (104)

where

2
wo — _Zp R(u)
m 5 s ,
2
wo — _Zp K]
X 57k 5

and § is the remaining, traceless part of P.

Applying above decomposition to the variational formula (I00), we obtain:

SLA(K, Flup, W5, 0,V 0) = 0, (p"6¢) + (V,PM) 6T%,, + 7 0K, +
X OF,, — 2Q W, (105)

Because I' enters here through “covariant derivatives” of matter field, the gravita-
tional part of the Euler-Lagrange equation reads:

oLy 0Ls O(Va9)
ors,  9(Vap) ore,,

Ap
Mathematical structure and the physical interpretation of a general theory (I0)
will be discussed in another paper. Here, we limit ourselves to the conventional
General Relativity Theory. This means, as proved in Section M, that we consider
Lagrangians which depend upon curvature via the symmetric part of the Ricci tensor,
exclusively: L4 = L4(K,, ¢, V¢). Consequently, we have:

VVPR)\,U,V — — 77p . Qﬁ” ) (106)

oL
Y= e =0, (107)
v
oL
2wl = 8W“A =0, (108)
Apv
0L A
pro 1
m aKMV Y ( 09)
PN =m M = gL — s (110)



This means, that we obtain formula (88]), used already in Section [Bk
LA =0, (p"00) + (V,,WK’\‘“’) oIy, + 70K (111)
or equivalently:
6L4 =0, (m M 0T", + 1" 60) (112)
cf. formula ([73). The gravitational field equations are:
0L 4 0Ly OV  ,0V40

VoM = - =p pdT 113

orry,  OVap Iy, orr, (113)
0L 4

T = : (114)
K,

The first equation enables us to find the non-metricity tensor N as a difference

between our affine connection I' and the Levi-Civita connection I' — see formula (52)).
Then, equation (II2) reads:

5L =0, (wgw ST%, +m M SN, + 5¢) . (115)

The first term can be calculated from identity (40) which was already presented in
Section [2

o 1 o
Apv K — 1% ) 11
9, (wﬁ 5T Au) 0Lt + 3= 9" 0 (116)
For the second term we use the “inverted” Lemma and obtain:
By (m M ON%.,) = B, (R 3g,,,) — [% HR;’“} , (117)
where
/| det ¢ 1
WK NFEHY n(,u,N v)o Z(NFe — N.oF w | 11

Analogously, the “inverted” Lemma 1] gives us:
a,.@ (Rﬂun 5glw) — fPuV)\ R fAﬂy + (% H*}zﬂw;) 5g/w ’

where:

P = R 4 R (119)
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This way, variational formula (II3]) can be rewritten as follows:

o 1 o o
SLa = 0,(p"68) + 6Ly + P 5T, + (167 g“”+vn7z~"“) S g +

=5 [%HR(;’“] . (120)

Putting the complete variation o [%R] on the left hand side, we finally obtain
the metric Lagrangian (cf. (74)):

Ly = La+ VR

together with its variation:

0L, =0, (p"0¢) + 0Ly + P 0 lg’\“,, + (% é“"—i-%;ﬂzwm) OG-
Define the matter Lagrangian density L,,q := £, — L. It satisfies equation:
0(Ly—Ly) = 0Lmat = 0, (p” 00) + P, 0 lgAW + (16% é“"+%,ﬂ€‘“’“) dgum - (121)

This equation implies the gravitational field equations ([79) — (80]) in the purely metric
formulation.

7 Conclusions

The “Palatini method of variation” leads to the standard, metric formulation of Gen-
eral Relativity Theory only for a special class of matter fields: where the matter
Lagrangian density Lo = Lnaw (0, 00, g) does not depend upon connection coeffi-
cients (i.e. does not depend upon derivatives of the metric tensor). But, for a generic
matter field we have

ﬁmatt - £matt(¢>% ¢a g) = ‘Cmatt(¢> a¢> g, ag)

and, whence, the “Palatini method” leads a priori to the non-metric connection I'

['. In this paper we propose to accept this non-metricity of the connection and show
that the theory, rewritten in terms of this connection — although entirely equivalent
to the conventional GR theory — acquires a much simpler mathematical structure.
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Physically, this means that similarly as “mass generates curvature” (i.e. departure
from flattness), the matter sensitivity towards the connection generates the departure
of the connection from metricity. The two spacetime geometric structures, namely:
metric and connection, acquire an independent role. The relation between them is
not assumed a priori but is governed by field equations.

A Proof of Lemma (4.7

Proof. Using explicit formula for the metric connection coefficients, we obtain:

1

R T

v 5 1
= PuA 0 [QA (gw,u - 5 g,uu,n>:| =

v 1 K VK 1
= 7)# <gn,u, 2 guu,n) 59)\ + 7)# 5 (gn,u,u - 5 g,ul/,n) =

v 1 @ K VK ]'
= _P“)\ (gnu,u - 5 g/u/,;{) g)\ g B(Sgaﬁ + PR <g’€M7V — 5 gwjﬁ) =

)
[a (P P)] S0 —

= (R P T05) G 00 (R 54)
Taking into account that both R and P are tensor densities, we have:

%HR;W/@ _ Ruw@ 19‘ Ruun_i_ f‘ucm ROVE 4 f‘uon RHIE | f‘ncm R —
1 o 1

_ Ruw@ 2 ;LUR Ppo 4 Z :

_ Ruun Pan(u F

D, P =

oK)

which implies the thesis of the Lemma. O
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B Proof of Lemma

Proof. Using formula (B7) we obtain:

160 (1
R¥Y6gu = ——— | =R\ gap — Ry ) om0 =

1 K K (6%

) {167T (% R gap — RQB“) waﬁ} +

—7*%§ [167? (% R Gap — Raﬁf””)} =

=R — P § [167r (% R Gop — Raﬁﬁ)] :
and, consequently:

O (RM"6g,,) =6 [R)" ] + Ow {Wo‘ﬁ J [167r (Raﬁn - % R gaﬁ)} } :
Since R** g,, is a vector density, we have:
R~ = % R
and, whence:
b @i =a o] 0 fota e (L) .
Now, it remains to check that the quantity N defined by (7)) satisfies identity
T M ON™, = 7h§ [167r <Ra6” — % RS gag)} .

O

C Different representations of the curvature and its
decomposition into irreducible components

The Riemann tensor of a symmetric connection, defined by (82), splits into the three
irreducible conmponents: the symmetric (K, ) and the antisymmetric (F),,) parts of
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the Ricci tensor R, := R" ., = K + F, and the remaining traceless part W

according to the following decomposition formula:

. 1
R)\/ung

K
Apv?

1
(65 Ky — 05 Kau) + : (205 Fu + 05y Fy — 65 Fa) + W5, - (122)
The Riemann tensor satisfies the following two algebraic identities:

RH)\NV = _RH)\VM ) RH[AMV} =0, (123)

where the square bracket denotes antisymmetrization.

As will be seen in the next Appendix (see also [20], [19]), for many calculational
purposes it is useful to represent the same geometric object (the curvature) by a
different, but totally equivalent, curvature tensor, defined in terms of the first jet of
the connection by the following formula:

KH)\W/ = IW)\/M/ - Fﬁ()\uu) + FJ)\M FRI/O’ - FU()\u FKl/)a : (124>

The equivalence between the two objects is assured by the following identities:

K 2 K K K
K = _g R ()‘M)V’ R v = _2K )‘[MV} 5 (125)

Apv
where the round bracket denotes symmetrization. The curvature tensor K satisfies
the following two algebraic identities:

H)\/u/ = Kﬁu)\l/ ) Kﬁ()\uu) =0 ) (126>

analogous to (I23)), and can be decomposed into its irreducible components in a way
analogous to (I122), namely:

K 1 K K K 1 K K K
K%, = ~9 (5>\ Ky + 0, Ky, — 20, KAu) - (5)\ F +5MF)‘V) +U" (127)
where
K . 2 K
Ay " _g A -

D Proof of Theorem

Proof. Because curvature tensor is equivalent with Riemann, we can assume that
the invariant Lagrangian density £4(I", OT', ¢, 0¢) depends upon derivatives of the con-
nection coefficients via the tensor K%, . i.e. via the expression “I'", , —I'", 7 which
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is: 1) symmetric in indices (A, p¢) and 2) its totally symmetric part ',y — I, ) =
0 vanishes identically. Being equal to the derivative of £4 with respect to this quan-
tity, the momentum P must fulfill a priori identities similar to (I26]), namely:

P =p v p ) — (128)
We have, therefore:
9, (P oT™,) = PM, 00", + P oI, , =
= P, T, + PGS (T, — o) -

because the last term vanishes. Using definition (I24]) of the curvature tensor, we
get:
Oy (77,;\‘“’ 51“/\“) = P OK"\,,

P OK"

AL,V

Apv K Apv o K o K
_'_PIQ “’Vér )\/J,_PR H 5(F )\ur VO'_F ()\ur I/)O’) —
Apv K Apv o K
+ P, 6T, — PN (T, T7,,) -

But, we have:

Lemma D.1. For a tensor density P M, the following identity holds:
Apv K Apv o K Apv K
P, 60", = PN (17, T7,,) = V, P 6I",, .
Proof. 1t is entirely computation:

PN, 0T, — P S (T9,,T7%,) = PM, 605, — PN T, 61", — P YT, 017, =
= (P, = PMIY, = BT, 0T,
Using again (I28)), the last term can be rewritten as follows:
—PATE 6T, = PATY 00", +PIATY 61, =
PVOTE, T, + PV, 0T, =
PATTE, 6T, + P TR 0T,

and, whence:

Pﬁ)\wju 5FH)\}L -P A 4 (Fo)\u Fnuo) = (P/@iju - PJMW Fom/ + Pﬁ)\m/ F‘ucn/ + P/@V)\U Fuou) 5FH)\H :

K

On the other hand, we have:

(V, PM) 6Ty, = (P

Ay
K b

—P

o

Ay FUHV + PHJMV FMO’I/ + PHAUV IWUV) 51—"{)\;1 ’

v

which ends the proof of the Lemma. O
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Inserting this formula:

d, (PN 0T",,) = PN 6K",,, + V, P 6"

Apv Apo
(129)
into (I27) we obtain:
0, (PHA“” 51““/\”) =1 OK,, + QH)‘“” oU" . + X" 0F L + (V,, P,f“”) or™y,.,
where we have defined:
v 2 K(uv)
™ = —gPH By (130)
2
X = —2p, (131)

whereas () represents the remaining, traceless part of P. This finally gives rise to
the following decomposition of the momentum P, analogous to (I23)) and (I26]):

(B +8x™) + QM (132)

R

1 1

PN = =5 (o + o — 207 7) — 2
The techniques used above prove that the use of the curvature tensor K% ,, in-
stead of the Riemann tensor R", , simplifies considerably description of the canonical

structure of the theory. Indeed, the canonical momentum (I0T]) is directly equal to
the derivative of the Lagrangian density £ with respect to the curvature:

Ay — A _ A
‘PH = - = H)\ ) , (133)

A,V

whereas derivative with respect to the Riemann tensor would need further sym-
metrization, which obscures considerably this, relatively simple and transparent,
structure. ]

E Relation between the metric and non-metric Ricci
tensors

Using definition (81 of the Ricci tensor R, of the connection I'* , =T",, +N* , we

can easily decompose the complete Ricci into the metric Ricci R and the remaining
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part, which depends upon non-metricity and its derivatives:

Rul/ = _an,u,u + FH;LV,H - Faﬁu IW1/cr + Fa;w ancr =
= RMV - Nﬁﬁu,u + Nﬁ,uu,n - Faﬁu Nnucr + Fa,uu Nﬁncr - NUn,u FHI/O’ + NU;W FH.l-ccr +
— N—— N ~ 7 ~ J/ ~ ~ 4
_NUHM NHVJ + NU/M/ NHHJ .

The terms, which have been marked, gather to the covariant derivatives of the non-
metricity V:
RHV :RHV _VVNRH,LL _'_VHNH;W _Non,u Nﬁucr + No,uu Nﬁncr : (134>
——

F Non-metricity tensor N
To find the non-metricity tensor N we have to solve equation (B3)):

,le)\ = ﬂﬁuaNVAa + ﬂ-yaNu)\a - WuVNOS\a - (65 NV B8 + 6K Nﬂaﬁ) 7-(-0‘5 .

1
2 Q
First, we calculate the trace, putting v = \:
P/J)\ _ _§ V |detg| NHe
2 16w o

and contracting the equation (G3) with metric tensor g,,:

- V| det g o o
————[-2N°, — N,.°] .

oA T
167
Then, a simple algebra leads to the final result:
G W[P + Pour — Poo + (73” 173“)+
AL m g oA oA Ao g)\u ov 9 vo

v 2 v
+P v(A Juwye — g 9o (A PM)V } .

G Transition from metric to Palatini picture — ex-
ample

Take the following matter Lagrangian density for the vector field ¢*:

Loanla ¥0) = YL (@ 59 (§20,)

167
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To find the corresponding Palatini Lagrangian density (©4]), we have to calculate
the non-metricity tensor N as a function of g, ¢, V¢ from equation (53)). The idea of
solving is quite easy (see Appendix [F]), but, unfortunately, calculations are difficult
and cumbersome. Using the symbolic calculation packagel, we obtain the final result.
In terms of the following auxiliary quantities:

¢2 = ¢a¢aa

Dy = 3+2¢%,

Dy, = —¢'—¢*+3,

B = V.7,

E, = B ¢,

Fr = ¢*B},

A = ¢aBaB¢B:E,u¢H:¢uFu7
B = B\,

the Palatini Lagrangian is equal:

V/| det g| 2 A 2 A
= D, D —2) B\ B” D, D B, B
Lp(g, Vo) 597Dy Dy (02— 1) |12 (¢ ) B + Dy Dy ¢” By +

+4A% (¢* = 1) ¢* +4Ds (¢° —1) AB—¢* D, (¢* — 1) B>+

—Dy ¢* F, F* — 2D, (¢* —2) ¢* E, F* — D, (¢* —2)* E, E*|.

H Transition from Palatini to metric picture — ex-
ample

Take as the Palatini Lagrangian for the vector field X* the quadratic expression:

det g N o
Lole, V) = YU (g x0) (9,57) 70 g
In a way analogous to the one used in Appendix [G], using the symbolic computa-
tions provided by Mathematica, we obtain the final result in terms of the auxiliary
quantities:

4We used the suite of free packages xAct version 1.2.0 (especially xTensor package) prepared by
José M. Martin-Garcia (see www.xAct.es) for Mathematica version 12.2 environment.
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E, = BSX,,

F* = X"Br,

A = X, F*=F,X*,
B = BS

The corresponding metric matter Lagrangian defined by equation ([@7)) has the fol-
lowing form:

Lol 9 X) = — Y95 B (x2 1 9) By B + Dy Dy X? Bay B +
327 D1 D2 (X2 + 1)
+4 (X2 +1) X2 A2 +4D, (X*+1) AB+
—X?Dy (X>+1) B2 Dy (X2=2)* E, E" +

—2Dy (X?+2) X?E, F' — D, X* F, F"| .

References

[1] D. Hilbert, Die Grundlagen der Physik, Konigliche Gesellschaft der Wis-
senschaften zu Gottingen, Mathematisch-Physikalische Klasse, S. 395407,
1915;

[2] J. Kijowski and G. Magli, Unconstrained variational principle for relativistic
elasticity theory,Rep. Math. Phys. 39 p. 99 - 112, 1997;

[3] J. Kijowski and G. Magli, Unconstrained hamiltonian formulation of General
Relativity with thermo-elastic sources, Class. Quantum Grav. 15 p. 3891 - 3916,
1998;

[4] A. Palatini, Deduzione invariantiva delle equazioni gravitazionali dal principio
di Hamilton, Rendiconti del Circolo Matematico di Palermo, 43, 203-212, 1919;

40



5]

6]

17l

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

17]

18]

F.J. Belinfante, On the spin angular momentum of mesons, Physica 6 (1939)
p-887,

F.J. Belinfante, On the current and the density of the electric charge, the en-
erqy, the linear momentum and the angular momentum of arbitrary fields,
Physica 7, (1940) p.449

Rosenfeld L.: A theorem on stress—energy tensors, Acad. Roy. Belg. 18 (1940)
p.l

W. Clifford, On the Space-Theory of Matter, Proceedings of the Cambridge
philosophical society 2, 1876;

A. Einstein Autobiographical Notes in: P. A. Schild (ed.) Albert Einstein:
Philosopher-Scientist, Northwestern University Press, Evanstone Illinois (1949)

J. Kijowski, On a new variational principle in general relativity and the energy
of gravitational field, Gen. Relat. Grav. Journal 9 (1978), p. 857 — 881.

J. Kijowski, W.M. Tulczyjew, A symplectic framework for field theories,
Springer Lecture Notes in Physics, vol. 107, 1979;

J. Kijowski, R. Werpachowski, Universality of affine formulation in General
Relativity, Rep. Math. Phys. 59 (2007) pp. 1 — 31

B.. Bak, Variational formulations of General Relativity, Acta Phys. Pol. B
Proc. Suppl. 15, 2022;

C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation, W.H. Freeman and
Company, San Francisco, 1973;

J. Kijowski, A simple Derivation of Canonical Structure and quasi-local Hamil-
tonians in General Relativity, Gen. Relat. Grav. Journal 29, p. 307-343, 1997,

P. T. Chrusciel, J. Jezierski and J. Kijowski, Hamiltonian Field Theory
in the Radiating Regime, monograph (174 pages), volume 70 of the series:
Springer Lecture Notes in Physics, Monographs (2001).

J. Kijowski, G. Moreno, Symplectic structures related with higher order vari-
ational problems, International Journal of Geometric Methods in Modern
Physics, 12, 2015;

V.A. Fock, The theory of Space, Time and Gravitation, Pergamon, 1964;

41



[19] J. Kijowski, K. Senger, Covariant jets of a connection and higher order curva-
ture tensors, Journal of Geometry and Physics 163 (2021) 104092

[20] J. Kijowski, Universality of the Finstein theory of gravitation, Int. J. of Geo-
metric Methods in Modern Physics, 13 (2016), p. 1640008

42



	1 Introduction
	2 The role of variational principles in hyperbolic field theories. Affine variational principle for gravitational field
	3 Mathematical structure of the Palatini variational principle. Emergence of the non-metricity
	3.1 Simplified version of the Palatini principle
	3.2 Generic case

	4 The universal affine formulation of General Relativity Theory 
	5 Transition to the universal Palatini picture
	5.1 Fast track from the metric picture to the Palatini picture

	6 From affine to metric picture
	7 Conclusions
	A Proof of Lemma 4.1
	B Proof of Lemma 4.2 
	C Different representations of the curvature and its decomposition into irreducible components
	D Proof of Theorem 6.1 
	E Relation between the metric and non-metric Ricci tensors
	F Non-metricity tensor N
	G Transition from metric to Palatini picture – example
	H Transition from Palatini to metric picture – example

