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Abstract: In this work we describe metric-affine theories anew by making a change of field
variables. A series of equivalent frameworks is presented and identifications are worked out
in detail. The advantage of applying the new frameworks is that any MAG theory can be
handled as a Riemannian theory with additional fields. We study the Hilbert-Palatini action
using the new field variables and disclose interesting symmetries under SO transformations
in field space. Then, we use solvable and suitable Riemannian theories as seed models for
solvable MAG theories, restricting ourselves to three examples. We present a black hole
solution with torsion and non-metricity which under a certain tuning acquires a regular
core. A de Sitter universe with the expansion powered by 3-form torsion, is also reported.
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1 Introduction

The general theory of relativity is perhaps one of the most elegantly simple theories of
physics with such a strong impact. The ingenious statement that matter tells space-time
how to curve, and curved space-time tells matter how to move, crystallized into Einstein’s
equations,

Gµν =
8πG

c4
Tµν ,

along with the many experimental tests the theory has successfully passed since its birth,
have truly established it as the most widely accepted theory of gravitation.

Despite its successes, Einstein’s theory has its shortcomings. To mention but a few of
them, first, general relativity is not a perturbatively renormalizable quantum field theory
meaning that it gets striped of its predictive power at high energies with the Planck mass
constituting the cut-off scale. Second, the small measured value of the cosmological constant
leads to a perplexing discrepancy between theory and experiment, a naturalness problem
known as the cosmological constant problem (see [1] for an extensive review). Prominent
shortcomings are also the flatness and horizon problems [2–5] plaguing the standard model
of hot big bang cosmology, which are properly addressed in cosmic inflation [6].
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In view of the above, looking for alternative gravity theories is a justified course of
action.1 The search for these so-called modified theories of gravity is in essence a search
for healthy field equations that differ from those of Einstein. Owing to Lovelock and his
undisputed theorem [10, 11], there is a list of assumptions that we need to break (in one
or more ways) in order to find such a set of equations. In particular, one of the assump-
tions is that space-time is a smooth Lorentzian manifold equipped with a time orientation.
Therefore, we can dodge the stringent consequences of the theorem by permitting the affine
connection to be an independent field variable beyond the metric.

A general connection has both torsion and non-metricity, and a gravitational theory for
the metric and the affine connection is known as a Metric-Affine Gravity (MAG) theory [12].
MAG theories exhibit many attractive features. First, the presence of a new gravitational
potential, the independent affine connection, brings gravity conceptually closer to the other
interactions whose mediators are gauge connections.2 Second, an intriguing feature of
metric-affine theories of gravity is the emergence of a hypermomentum current [13–16] in
the presence of matter couplings to the gauge connection.

This differential form, obtained by varying the matter action with respect to the gauge
connection, can be decomposed into the irreducible spin, dilation and shear parts which
ought to excite the post-Riemannian structure. In the above sense, MAG theories bring
forth an astonishing interplay between matter with non-trivial microstructure and non-
Riemannian effects. Finally, note that an interesting discussion has been revived about the
status of MAG as a quantum theory though definitive conclusions are yet far from being
drawn (see [17–19] and references therein).3

As with Riemannian theories, one is particularly interested in MAG theories which are
solvable, ideally exactly solvable (at least for some symmetry ansatz). If the task of finding
exact solutions in Riemannian theories is in most cases a difficult one, then the trouble
gets double in MAG because we also have to determine the connection. In fact, perhaps
the most persistent obstruction to obtaining exact solutions with non-vanishing torsion and
non-metricity in metric-affine theories,4 is the computational complexity one is bound to
face when attempting to solve the field equations for the affine connection.

In the dominant part of the MAG literature, the strategy to make the connection
dynamical is, roughly put, to consider (at least) quadratic curvature invariants like R2,
RµνR

µν , RλρµνRλρµν , et cetera. This strategy is indeed well-motivated and fairly general,
but it can quickly turn any attempt at finding a solution into a nearly impossible task, even
for relatively simple (in form) Lagrangians of this sort. The reason behind this is that the
affine connection is a very compact package of a large number of degrees of freedom, the
dynamics of which are encoded in the components of a single tensor equation and presented
in an awfully coupled manner. In fact, among other techniques, one almost always tries to
split this master tensor equation into simpler, hopefully decoupled equations by acting on

1For a review of the zoo of modified-gravity theories see [7–9] and references therein.
2See the notion of affine gauge theory in [12].
3See also [20–34] for some recent advances in the field.
4See [35–39] and references therein for some examples of black hole solutions with torsion and/or non-

metricity.
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it with some symmetry projector, or taking traces. Therefore, it may not always be the
case that the affine connection is the optimal field variable, beyond the metric, to describe
a MAG theory, at least not for all intents and purposes.

In this work, we embrace this point of view and use it as a motivation for our proposal.
Our goal is to make a change of field variables that will allow us to trade the connection
field equations for an equivalent “decongested” system of simpler field equations obtained
by letting an action vary with respect to tensor and vector fields. These tensor and vector
fields, used to describe MAG theories anew, will be the irreducible pieces of torsion and
non-metricity under the Lorentz group. Ipso facto, they are identified with the fundamental
fields, the metric and the affine connection. We then work out a complete mapping between
the two frameworks which can be later used as a dictionary. The advantage of the new
framework is that we can now handle MAG theories as Riemannian theories with additional
fields, at least within the context of the variational problem. These additional fields are
part of the space-time geometry it self, and not some external entities.

With the new framework established, we proceed with giving examples of how to con-
struct MAG theories in vacuum which result in a selective and tractable self-excitation of
the connection. Although there is no universal prescription, a basic idea underlies all our
examples. We take Riemannian theories with additional fields (vectors and tensors), which
we exactly know how to solve, and we cast them, after some minor necessary modifications,
into MAG theories which effectively yield the same field equations. The role of the addi-
tional fields is now performed by the new field variables. Their propagation is tantamount
to the excitation of (part of) the post-Riemannian structure. Even though the form of the
metric solution in such MAG theories will, more or less, be already known in the gravity
literature, the full solution, including the connection, will be novel, for it will in general
feature non-zero torsion/non-metricity backgrounds.

Plan of this work. In section 2 we convey the bare minimum in metric-affine theories.
Then, in section 3 we present the alternative framework and a detailed mapping between
the latter and the ordinary Palatini approach. Using the new framework, we revisit the
Hilbert-Palatini action in section 4 hoping for fresh insight, and we introduce a useful
variant of the new framework when projective symmetry is at play. Finally, in section 5 we
showcase a series of examples where we apply the previously developed frameworks, and
we also report solutions therein, concluding in section 6.

2 Preliminaries

This section is devoted to a brief communication of the MAG preliminaries. In metric-affine
theories the affine connection is an independent field variable beyond the metric. We use
it to define a covariant derivative whose action on vector and co-vector fields is given by

∇µV ν = ∂µV
ν + ΓνλµV

λ, (2.1a)

∇µVν = ∂µVν − ΓλνµVλ, (2.1b)
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where Γλµν are the connection symbols. A general affine connection features both torsion
and non-metricity given by

T λµν = 2Γλ[νµ], (2.2a)

Qλµν = −∇λgµν , (2.2b)

respectively. The former introduces twisting; parallel transport along a closed path results
in a translation. The latter measures the failure of the metric to be covariantly constant;
parallel transport brings about a change in vector norms.

Out of torsion and non-metricity we can construct three vectors and one axial tensor.
Regarding torsion, we have the vector Tµ = T λµλ and the axial tensor

Sα1...αn−3 = − 1

6(n− 3)!
ε̃α1...αn−3λµνTλµν . (2.3)

Here, ε̃α1...αn =
√
−gεα1...αn with εα1...αn being the Levi-Civita symbol in n space-time di-

mensions. Our convention for the symbol is ε01...n−1 = 1 = −ε01...n−1. In n = 4 dimensions,
the above axial tensor is known as the torsion pseudo-vector,

Sα = −1

6
ε̃αλµνTλµν . (2.4)

Regarding non-metricity, we have the vector Qµ = Qµαβg
αβ , which is proportional to what

is often called the Weyl vector in MAG lore, and Q̌µ = Qαβµg
αβ .

Continuing, we define the curvature tensor of the general affine connection as

Rµναβ = ∂αΓµνβ + ΓµραΓρνβ − α↔ β. (2.5)

From the above we can form three independent contractions,

Rνβ = Rµνµβ , (2.6a)

R̂αβ = Rµµαβ = ∂[αQβ], (2.6b)

Řλα = Rλµανg
µν , (2.6c)

which go by the name Ricci tensor, homothetic-curvature tensor, and co-Ricci tensor, re-
spectively. Notice that only the last contraction requires a metric. Finally, contracting
indices once more with the metric, we form the Ricci scalar R = Rµνg

µν = Řµµ. As per
tradition, we will refer to the curvature tensor associated with the Levi-Civita connection as
the Riemann tensor. Its single (double) trace will bear the name Riemannian Ricci tensor
(scalar).

Furthermore, it is a well-established fact that every affine connection differs from an-
other affine connection by a tensor. Therefore, we can always write a general affine connec-
tion as

Γλµν = Γ̃λµν +Nλ
µν , (2.7)

where
Γ̃λµν =

1

2
gρλ (∂µgνρ + ∂νgµρ − ∂ρgµν) (2.8)
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are the Christoffel symbols, and

Nλ
µν =

1

2
gρλ (Qµνρ +Qνρµ −Qρµν − Tρµν − Tνµρ − Tµνρ) (2.9)

is the so-called distortion tensor encompassing the non-Riemannian DoF. Torsion and non-
metricity can always be traded for the distortion tensor via the relations T λµν = −2Nλ

[µν]

and Qλµν = 2N(µν)λ.
Note that eq. (2.7) suggests that we can split off any quantity into a Riemannian part

and non-Riemannian contributions; this is the reputed post-Riemannian expansion of a
quantity. For instance, the post-Riemannian expansion of the curvature tensor reads

Rµναβ = R̃µναβ + 2∇̃[αN
µ
|ν|β] + 2Nµ

λ[αN
λ
|ν|β], (2.10)

where ∇̃α is the Levi-Civita covariant derivative and R̃µναβ the Riemann tensor. Unless
otherwise stated, quantities with a tilde accent will always stand for objects associated with
the Levi-Civita connection.

3 The alternative framework

Observe that the presence of an affine connection as an independent field variable introduces
n3-many additional a priori DoF. Undeniably, the affine connection, being an essential
constituent of the metric-affine geometry, is a meaningful variable to work with; torsion
and non-metricity are after all properties of a connection. However, squashing that many
degrees into a single field is not always the most convenient option. In this section, we
instead distribute them among seven fields which correspond to the irreducible pieces of
torsion and non-metricity. This strange way of re-organizing the connection DoF will be
suitable for purposes presented during a later stage.

The new fields will of course be identified with the metric and the affine connection,
the fundamental field variables in metric-affine theories, thus allowing us — via this change
of field variables — to describe any MAG theory anew. We will show in full generality that
the field equations derived within this new framework imply and are implied by the field
equations obtained in the familiar context of the Fundamental (or Palatini) Framework (FF)
where the metric and the affine connection are the independent variables. The freedom to
switch between different formulations of the same theory will prove to be a great asset in
the next sections.

In what follows, åλµ... denotes the completely traceless part of a tensor aλµ..., whereas
āλµ... denotes the complement of åλµ... in aλµ..., viz., āλµ... = aλµ... − åλµ.... The irreducible
decomposition of the torsion tensor under the Lorentz group yields

Tλµν = Hλµν + t̊λµν + t̄λµν , (3.1)

where

Hλµν = T[λµν], (3.2a)

t̊λµν = Tλµν −Hλµν − t̄λµν , t̄λµν =
2

n− 1
gλ[νTµ]. (3.2b)
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Note that instead of the 3-form field Hλµν one may alternatively use the dual tensor
Sα1...αn−3 defined in (2.3).

Similarly, for non-metricity we have

Qλµν = π̊λµν + π̄λµν + q̊λµν + q̄λµν , (3.3)

where

π̊λµν = Q(λµν) − π̄λµν , π̄λµν =
1

n+ 2
g(λµρν), (3.4a)

q̊λµν = Qλµν − πλµν − q̄λµν , q̄λµν =
2

3(n− 1)

(
gλ(µuν) − gµνuλ

)
, (3.4b)

uµ = Q̌µ −Qµ, ρµ = 2Q̌µ +Qµ. (3.4c)

Using the defining eqs. (2.2), equations (3.2) and (3.4) tell us how to express the irre-
ducible pieces in terms of the metric and the affine connection. The other way around,
eqs. (3.1) and (3.3) tell us how to express the affine connection in terms of the metric and
the irreducible pieces using eqs. (2.7), (2.8), and (2.9).

Since we will work with many fields, we find it befitting to use multi-field notation. Let
us introduce two objects, O and A, with components ONλµν and AIµ, respectively. They are
given by

Oλµν = {Hλµν , tλµν , πλµν , qλµν} , (3.5a)

Aµ = {Tµ, ρµ, uµ} . (3.5b)

Einstein’s summation convention will also be adopted for indicesM,N, ..., which take values
in {1 , 2 , 3 , 4}, and for indices I, J, ..., which take values in the subset {2 , 3 , 4}.5 We can
lower/raise these indices with the reference metrics δMN and δIJ , respectively. As above,
whenever the capital indices are omitted, the objects should be understood as column
vectors in Euclidean space. Finally, the term Alternative Framework (AF) will be coined
for the formulation of a MAG theory in terms of the set {g, O̊N , AI} of field variables.

With all the necessary ingredients at our disposal, let us consider a general n-dimensional
MAG action in the FF, say

I[g,Γ] =

∫ √
−gdnxL, (3.6)

where g ≡ det g. We let it vary in order to get

δI =

∫ √
−gdnx

(
Eµνδg

µν + ∆λ
µνδΓλµν

)
+ s.t., (3.7)

where s.t. denotes the surface terms arising from integrating by parts. We have also
abbreviated the functional derivatives as

Eµν =
1√
−g

δI

δgµν
, ∆λ

µν =
1√
−g

δI

δΓλµν
(3.8)

5Note the use of slanted numerals for the value of an internal index as opposed to µ, ν, ... = 0, ..n− 1.
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The field equations read
Eµν = 0, ∆λ

µν = 0, (3.9)

with Eµν being a symmetric tensor.6

On the other hand, considering eqs. (2.7), (2.8), (3.1), and (3.3), we can write the
previous action in the AF, namely

I
[
g, O̊N , AI

]
=

∫ √
−gdnxL. (3.10)

Letting I vary we get

δI =

∫ √
−gdnx

(
Êµνδg

µν + O̊λµνN δO̊Nλµν +AµI δA
I
µ

)
(3.11)

plus surface terms where O̊N and O̊N belong to the same irreducible tensor subspace as
Lorentz tensors. The field equations read

Êµν = 0, O̊λµνN = 0, AµI = 0, (3.12)

where Êµν is a symmetric tensor. Observe that the traceless property of O̊Nλµν must be
preserved when the action is varied. This condition can be enforced with a Lagrange
multiplier. The result is equivalent to simply demanding that the functional derivative
with respect to O̊Nλµν , O̊

λµν
N , must be traceless.

With the above in hand, we turn our attention to finding the identities relating the
functional derivatives {Ê, O̊N ,AI} to {E,∆}. These identities will arise via identifications.
Expressing eq. (3.7) in terms of the AF variables, one finds that

O̊λµν1 = −1

2
∆[λµν], O̊λµν2 = D̊[µν]λ, (3.13a)

O̊λµν3 =
1

2
∆̊(λµν), O̊λµν4 = −D̊λ(µν), (3.13b)

Aµ2 =
1

n− 1

(
∆µλ

λ −∆λ
µλ
)
, (3.13c)

Aµ3 =
1

6(n+ 2)

(
∆λ

λµ + ∆λ
µλ + ∆µλ

λ

)
, (3.13d)

Aµ4 =
1

3(n− 1)

(
2∆µλ

λ −∆λ
λµ −∆λ

µλ
)
, (3.13e)

where D̊ and ∆̊ are given in eqs. (A.2) of the appendix. Finally, we also have

Êµν = Eµν −
∆α

(µν) − δα(µ∆ν)β
β

n− 1

[
n− 1

6(n+ 2)
ρα + Tα +

2

3
uα

]
+

2∆[αβ]
β

n− 1
t̊(µν)α −

−
2∆(αβ)

β + ∆β
β
α

2(n+ 2)
π̊µνα +

∆αβ
β −∆β

(αβ)

n− 1
q̊αµν −

−1

2
∆(µ

αβ
(
Hν)αβ − π̊ν)αβ + 2q̊ν)αβ + 2̊t|βα|ν)

)
+

+
1

2

(
∇̃α∆(µν)α + ∇̃α∆(µ|α|ν) − ∇̃α∆α(µν)

)
, (3.14)

6The delicate issue of surface-term handling is out of the scope of this paper. We rather assume that
one has by all means ensured that the variational problem is well-posed.
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where we used the identities

t̊[µν]λ = −1

2
t̊λµν , q̊(µν)λ = −1

2
q̊λµν . (3.15)

If we let the fields O̊N and AI on the right hand side of eq. (3.14) denote expressions
involving the metric and the connection symbols (see eqs. (3.2) and (3.4)), the above simply
gives us Ê in terms of the FF quantities.

At this stage, we find it useful to display the “inverted form” of eqs. (3.13) by expressing
∆ in terms of O̊N and AI . Using the identity

D̊[µν]λ = D̊[µ|λ|ν] − D̊λ[µν], (3.16)

we directly obtain

∆̊[λµν] = −2O̊λµν1 , ∆̊(λµν) = 2O̊λµν3 , (3.17a)

D̊λ[µν] = −2
(
O̊[µν]λ

4 + O̊λµν2

)
, D̊λ(µν) = −O̊λµν4 . (3.17b)

The last three equations in (3.13) form a separate matrix subsystem, invertible for n > 1,
whose inversion yields

∆λ
λµ = (n− 1)

(
Aµ2 − 2Aµ4

)
+ 2(n+ 2)Aµ3 , (3.18a)

∆λ
µλ = (n− 1)

(
Aµ4 −A

µ
2

)
+ 2(n+ 2)Aµ3 , (3.18b)

∆µλ
λ = (n− 1)Aµ4 + 2(n+ 2)Aµ3 . (3.18c)

Recalling that the irreducible decomposition of a general rank-3 tensor has the form (A.1),
it all boils down to the equation

∆λµν/2 = O̊λµν3 − O̊λµν1 + O̊νµλ4 − O̊λµν2 +

+3A(λ
3 g

µν) + gν(λAµ)
4 − g

µλAν4 + gλ[µAν]
2 . (3.19)

Finally, one may take the above result, plug it into eq. (3.14), and write the latter as

Eµν = Êµν + ..., (3.20)

which provides us with E in terms of AF quantities. Finally note that the vanishing of a
tensor implies that all its irreducible pieces vanish separately, and vice versa.

Let us now mold all these technical details into the main result we wish to convey.
When the field eqs. (3.12) hold true, we have that ∆λ

µν = 0 via eq. (3.19) and Eµν = 0

via eq. (3.20), ergo, the field eqs. (3.9) are implied. The other way around, when the field
eqs. (3.9) hold true, we have O̊λµνN = 0 and AµI = 0 via eqs. (3.13). From eq. (3.14), it
further follows that Êµν = 0, ergo, the field eqs. (3.12) are implied. Consequently, we
have shown an equivalence relation in detail, in particular, that the field equations in the
two formulations imply and are implied by each other. We also remark that, having the
field equations in one of the two frameworks, it is always possible to reconstruct the field
equations in the other.

– 8 –



Lastly, having set up the new framework, we find it useful to report an interesting
correspondence. There exist certain linear connection transformations in the FF which
amount to translations of only one irreducible piece at a time (preserving the rest) in the
AF. Before disclosing them, let us bring yet another pair of multi-fields to our aid, o and
a, with components oNλµν and aIµ, respectively. Note that o̊N and O̊N belong to the same
irreducible tensor subspace as Lorentz tensors. After some straightforward algebra we arrive
at a 1:1 correspondence between the translations

O̊′N = O̊N + o̊N , A′I = AI + aI , (3.21)

in the AF (space-time indices understood, thus omitted) and the linear connection trans-
formations Γ′λµν = Γλµν + (δΓ)λµν with

(δΓ)λµν = −1

2
o̊1λµν , (δΓ)λµν = −o̊2νµλ, (3.22a)

(δΓ)λµν =
1

2
o̊3λµν , (δΓ)λµν = −o̊4λµν , (3.22b)

(δΓ)λµν =
2

n− 1
gν[µa

2
λ], (δΓ)λµν =

1

2(n+ 2)
a3(λgµν), (3.22c)

(δΓ)λµν =
2

3(n− 1)

(
gµνa

4
λ − gλ(µa

4
ν)

)
, (3.22d)

in the FF.
We also report that under a local Weyl re-scaling of the metric, g′µν = e−2φ(x)gµν ,

the tensor fields O̊Nλµν must have conformal weight −2, and thus, transform as the metric,
whereas

T ′µ = Tµ, ρ′µ = ρµ + 2(n+ 2)∂µφ, u′µ = uµ − 2(n− 1)∂µφ. (3.23)

Clearly, the combination ρµ+ (n+ 2)uµ/(n−1) is itself a Weyl invariant. It corresponds to
3(nQ̌µ −Qµ)/(n− 1) in the FF. We shall now proceed with a highly pedagogical example.

4 Revisiting the Hilbert-Palatini action

4.1 FF vs. AF

The n-dimensional Hilbert-Palatini (HP) action reads

IHP =
1

2

∫ √
−gdnxR, (4.1)

in units ~ = c = MPl = 1 where MPl is the reduced Planck mass. This is the standard FF
action which is invariant under the so-called projective transformation

Γ′λµν = Γλµν +
1

n− 1
δλµξν , (4.2)

with ξµ being an arbitrary vector field.
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The field equations in the FF read

2Eµν ≡ R(µν) −
1

2
Rgµν = 0, (4.3a)

2∆λ
µν ≡ δνλN

µα
α −Nµν

λ −Nν
λ
µ +Nα

λαg
µν = 0. (4.3b)

We chose to express the connection field equations in terms of the distortion tensor in order
to achieve a more compact output. The invariance of eqs. (4.3) under (4.2) can be easily
seen from the fact that

R′µν = Rµν +
2

n− 1
∂[µξν], ∆λ

λµ ≡ 0, (4.4)

the right one holding true identically (off-shell).
It is a well-known fact that the solution to ∆λ

µν = 0 is the affine connection

Γλµν = Γ̃λµν + δλµVν , (4.5)

where Vµ is some undetermined vector field. Since

Γλµν = Γ̃λµν + δλµ

(
Vν +

1

n− 1
ξν

)
(4.6)

is also a solution, we conclude that the affine connection solving the connection field equa-
tions is just the Levi-Civita connection up to the choice of gauge. The effective form of the
metric field equations becomes

R̃µν =
1

2
R̃gµν , (4.7)

i.e., the HP action is effectively Einstein gravity.
On the other hand, in the AF, whenever we write R we just mean the expression

R̃+RT +RV + ∇̃µ (2Tµ + uµ) , (4.8)

where R̃ is the Riemannian Ricci scalar and

RT = −1

4
H2 − 1

4
π̊2 +

1

2
q̊λµν q̊

λµν +
1

2
t̊λµν t̊

λµν + q̊λνµt̊νµλ, (4.9a)

RV =
n− 1

36(n+ 2)
ρ2 − n− 2

n− 1
T 2 +

5− 2n

9(n− 1)
u2 +

1

18
ρµu

µ − n− 2

n− 1
Tµu

µ. (4.9b)

Therefore, up to surface terms, our AF action reads

IHP =
1

2

∫ √
−gdnx

(
R̃+RT +RV

)
. (4.10)

The analogue of a projective transformation in the AF is comprised of the simultaneous
translations

A′I = AI + aI−1, (4.11)

with
ξµ ≡ a1µ =

n− 1

2(n+ 2)
a2µ = −1

2
a3µ. (4.12)
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One can easily verify that the above transformations should only affect RV . Since it hap-
pens that RV is invariant, the transformations (4.11) constitute a symmetry of the full
action (4.10).

Now, there are two equivalent ways to proceed as we have shown in the previous section.
We can either use eqs. (4.3) to reconstruct the field equations in the AF, or we can directly
vary the integral (4.10) with respect to the AF field variables (quickest strategy). Both
methods lead to the same result, namely the field equations

O̊λµν1 ≡ −1

4
Hλµν = 0, O̊λµν2 ≡ 1

2

(̊
tλµν − q̊[µν]λ

)
= 0, (4.13a)

O̊λµν3 ≡ −1

4
π̊λµν = 0, O̊λµν4 ≡ O̊(µν)λ

2 +
1

8
q̊λµν = 0, (4.13b)

Aµ2 ≡ −
n− 2

n− 1

(
Tµ +

1

2
uµ
)

= 0, (4.13c)

Aµ3 ≡
n− 1

36(n+ 2)

(
ρµ +

n+ 2

n− 1
uµ
)

= 0, (4.13d)

Aµ4 ≡
1

2
Aµ2 +

n+ 2

n− 1
Aµ3 = 0, (4.13e)

and

2Êµν ≡ R̃µν −
1

2
gµν

(
R̃+RT +RV

)
− 3

4

(
HµαβHν

αβ + π̊µαβπ̊ν
αβ
)

+

+q̊αβµq̊
αβ

ν + t̊αβµt̊
αβ

ν +
1

2

(
q̊µαβ q̊ν

αβ + t̊µαβ t̊ν
αβ
)

+

+t̊αβ(µq̊ν)
αβ − q̊αβ(µt̊ν)αβ − t̊βα(µq̊

αβ
ν) −

−n− 2

n− 1
TµTν +

n− 1

36(n+ 2)
ρµρν +

5− 2n

9(n− 1)
uµuν −

−n− 2

n− 1
T(µuν) +

1

18
ρ(µuν) = 0. (4.14)

It is evident that the first two lines in (4.13) suggest that O̊Nλµν = 0. The remaining
two independent equations, Aµ2 = 0 = Aµ3 , do further imply that

uµ = −2Tµ = −n− 1

n+ 2
ρµ. (4.15)

Hence, the full solution to the system (4.13) is

O̊Nλµν = 0, Vµ ≡ uµ = −2Tµ = −n− 1

n+ 2
ρµ, (4.16)

where Vµ is an arbitrary vector field. Since

Tµ = −1

2
Vµ + ξµ, ρµ =

n+ 2

n− 1
(2ξµ − Vµ) , uµ = Vµ − 2ξµ (4.17)

is also a solution, we conclude that AIµ = 0 up to the choice of gauge. The effective form of
the metric field equations (4.14) becomes

R̃µν =
1

2
R̃gµν , (4.18)

i.e., the HP action in the AF is again, in effect, Einstein gravity.
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4.2 Projective symmetry and the AF◦

The careful reader would have already noticed that what is a projective symmetry in the
FF manifests itself as a true gauge symmetry in the AF. Indeed, eqs. (4.13) reveal that
there are only two independent equations for the triplet Aµ which rather signals that one
of these field variables is after all redundant. First, bear in mind that the combinations

Tµ +
1

2
uµ, ρµ +

n+ 2

n− 1
uµ, (4.19)

which are invariant under (4.11), correspond to the FF combinations

1

2

(
Q̌µ −Qµ

)
+ Tµ,

3

n− 1

(
nQ̌µ −Qµ

)
, (4.20)

respectively, which are invariant under (4.2).
Let us then discuss the idea that for n > 2, whenever the projective symmetry is at

play, one should favor a doublet

Bµ =

{
2

3

(
Tµ +

1

2
uµ

)
,

n− 1

9
√
n2 − 4

(
ρµ +

n+ 2

n− 1
uµ
)}

(4.21)

over the redundant triplet Aµ. Note that the above choice of BA, where indices A,B, ...
assume values in {1 , 2}, is not the most general one. Nevertheless, it is the most convenient
choice for our purposes here since it casts RV into the neat form

RV =
9(n− 2)

4(n− 1)
ηABB

A
µB

B
ν g

µν , (4.22)

where ηAB are the components of the two-dimensional Minkowski metric η(2) = diag(−1, 1).
The affected parts of (4.13) read

Aµ2 ≡ −
3(n− 2)

2(n− 1)
Bµ

1 = 0, Aµ3 ≡
1

4

√
n− 2

n+ 2
Bµ

2 = 0, (4.23)

whereas the metric field equations (4.14) are rendered into

2Êµν ≡ R̃µν −
1

2
gµν

(
R̃+RT +RV

)
− 3

4

(
HµαβHν

αβ + π̊µαβπ̊ν
αβ
)

+

+q̊αβµq̊
αβ

ν + t̊αβµt̊
αβ

ν +
1

2

(
q̊µαβ q̊ν

αβ + t̊µαβ t̊ν
αβ
)

+

+t̊αβ(µq̊ν)
αβ − q̊αβ(µt̊ν)αβ − t̊βα(µq̊

αβ
ν) +

9(n− 2)

4(n− 1)
ηABB

A
µB

B
ν = 0. (4.24)

Interestingly, when written in terms of the BA fields, the HP action and its field equations
exhibit an SO(1, 1) symmetry! Indeed, the field transformation B′µ = Λ(x)Bµ with

Λ =

(
cosh θ(x) sinh θ(x)

sinh θ(x) cosh θ(x)

)
, (4.25)

preserves both of them. We remark that the manifestation of this transformation as a group
action on the field variables is exclusive to the use of the BA’s to formulate the HP action.
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Since the use of these field re-combinations revealed something new, we find it worth to
take a step back and generalize the whole thing to another framework which we dub AF◦ or
“diminished alternative framework”. In the AF◦, we formulate our MAG theory in terms of
the reduced set {g, O̊N , BA} of field variables. The doublet Bµ should consist of two linear
combinations of AF vector fields which are invariant under (4.11). Equivalently, it should
be comprised of two linear combinations of Tµ, Qµ, Q̌µ which are invariant under (4.2), the
point being that in the AF◦ such transformations should constitute an identity operation
on our field variables. The most general combinations invariant under (4.11) are

B1
µ = αI−1A

I
µ, B2

µ = βI−1A
I
µ, (4.26)

with
α3 =

α1

2
+

(n+ 2)α2

n− 1
, (4.27)

and ditto for the coefficients βA.
Let

BµA =
1√
−g

δI

δBA
µ

, (4.28)

such that the field equations for the field BA are BµA = 0. We can directly make the
identifications

AµI = αI−1Bµ1 + βI−1Bµ2 , (4.29)

where one has to remember that the coefficients obey the relation (4.27). Clearly, whenever
BµA = 0, it follows that AµI = 0. However, whenever AµI = 0, it follows that BµA = 0 only
when

α1β2 − α2β1 6= 0. (4.30)

Therefore, the field equations in the AF◦ imply and are, under assumptions, implied by the
field equations in the AF or in the FF (if we follow the equivalence chain).

Lastly, let us see exactly how we ended up with (4.21). In terms of the fields BA, as
defined in eq. (4.26), we have that

RV =
[
f(β2

1 , β
2
2 )B1

µB
1
ν − 2f(α1β1 , α2β2 )B1

µB
2
ν + f(α2

1 , α
2
2 )B2

µB
2
ν

]
gµν , (4.31)

where

f(x, y) :=
(n− 1)2x− 36(n2 − 4)y

36(n2 + n− 2)(α2β1 − α1β2 )2
. (4.32)

Moreover, the total divergence in (4.8) assumes the form

2

α2β1 − α1β2
∇̃µ (α2B

µ
2 − β2B

µ
1 ) . (4.33)

To get the above, we expressed α3 in terms of α1 , α2 via eq. (4.27), and ditto for the
parameters βA. Different choices for the parameters αA, βA obviously amount to different
changes of field variables.

– 13 –



A convenient choice is one for which f(α1β1 , α2β2 ) = 0, namely

β2 =
(n− 1)2α1β1
36(n2 − 4)α2

, (4.34)

provided n > 2, which yields

RV =
(n− 2)(n− 1)

(n− 1)2α2
1 − 36(n2 − 4)α2

2

[
−B1

µB
1
ν +

36α2
2 (n2 − 4)

β2
1 (n− 1)2

B2
µB

2
ν

]
gµν . (4.35)

Further imposing that

β1 =
6|α2 |

√
n2 − 4

n− 1
, (4.36)

gives

RV =
(n− 2)(n− 1)

(n− 1)2α2
1 − 36(n2 − 4)α2

2

ηABB
A
µB

B
ν g

µν . (4.37)

Finally, we choose

α2 =
n− 1

18

√
9α2

1 − 4

n2 − 4
, (4.38)

for later convenience, which leads to

RV =
9(n− 2)

4(n− 1)
ηABB

A
µB

B
ν g

µν =: RV . (4.39)

Note that all of the above parameter choices are in agreement with (4.30) which becomes

2(n− 1)

27
√
n2 − 4

6= 0. (4.40)

In terms of the AF fields, our new field variables, BA, read

B1
µ = α1Tµ +

n− 1

18

√
9α2

1 − 4

n2 − 4
ρµ +

1

18

9α1 +

√
(9α2

1 − 4)(n+ 2)

n− 2

uµ, (4.41a)

B2
µ =

√
9α2

1 − 4

3
Tµ +

(n− 1)α1

6
√
n2 − 4

ρµ +
1

6

(√
n+ 2

n− 2
α1 +

√
9α2

1 − 4

)
uµ, (4.41b)

where we may further fix |α1 | = 2/3 so that B2 is purely a combination of traces of the
non-metricity tensor. This brings us to (4.21). Henceforth, the word AF◦ will always mean
that we use the specific doublet (4.21).

4.3 SO(1, 2) symmetry, torsion/non-metricity rotations, and the d-AF◦

Now, we restrict ourselves to n = 4 space-time dimensions where things get a bit more
interesting. Via the dualization (2.4), we have a pseudo-vector, and the term ∝ H2 can be
moved from RT to RV . In particular, let us introduce the objects

R̂T = −1

4
π̊2 +

1

2
q̊λµν q̊

λµν +
1

2
t̊λµν t̊

λµν + q̊λνµt̊νµλ, (4.42a)

R̂V =
3

2
ηABB

A
µ B
B
ν g

µν . (4.42b)
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where the calligraphic indices take values in {1 , 2 , 3}, ηAB are the components of the
three-dimensional Minkowski metric, η(3) = diag(−1, 1, 1), and we have formed a triplet

Bµ =
{
B1
µ , B

2
µ , Sµ

}
, (4.43)

with BA given by (4.21).
The affected parts of (4.13) read

Aµ2 ≡ −
3(n− 2)

2(n− 1)
Bµ

1 = 0, Aµ3 ≡
1

4

√
n− 2

n+ 2
Bµ

2 = 0, (4.44)

and
O̊λµν1 ≡ 1

4
ε̃λµναSα = 0, (4.45)

whereas the metric field equations (4.14) are rendered into

2Êµν ≡ R̃µν −
1

2
gµν

(
R̃+ R̂T + R̂V

)
− 3

4
π̊µαβπ̊ν

αβ +

+q̊αβµq̊
αβ

ν + t̊αβµt̊
αβ

ν +
1

2

(
q̊µαβ q̊ν

αβ + t̊µαβ t̊ν
αβ
)

+

+t̊αβ(µq̊ν)
αβ − q̊αβ(µt̊ν)αβ − t̊βα(µq̊

αβ
ν) +

3

2
ηABB

A
µ B
B
ν = 0. (4.46)

Remarkably, when written in terms of the triplet (4.43), the four-dimensional HP action
and its field equations exhibit a larger symmetry under an SO(1, 2) group action mixing
the components BAµ .

Of particular interest is the transformation B′µ = Λ(x)Bµ with

Λ =

1

cos θ(x) sin θ(x)

− sin θ(x) cos θ(x)

 , (4.47)

which represents an SO(2) rotation in the {B2
µ , Sµ} (field) subspace. Specifically, the

invariance of the action under the discrete transformation with Λ(θ = π/2), constitutes an
exceptional example of a symmetry under torsion/non-metricity rotations. Indeed, omitting
the space-time indices, we have B1

B2

S

→
 B1

S

−B2

 , (4.48)

where Sµ is pure torsion (pseudo-vector) and B2
µ is pure non-metricity (traces), as de-

fined in (2.4) and (4.21), respectively. Do further note that if we consider B2
µ and Sµ as,

respectively, the real and imaginary parts of a complex vector

τµ = B2
µ + iSµ, (4.49)

we have that
R̂V = −3

2

(
B1
µB

1
ν − τµτ∗ν

)
gµν , (4.50)
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where τ∗ is the complex conjugate of τ . The previous SO(2) symmetry now manifests itself
as a U(1) under τ ′µ = e−iθ(x)τµ.

As a closing remark, let us mention here that in what follows we will often use the tor-
sion pseudo-vector Sµ instead of Hλµν as a field variable in our four-dimensional projective-
invariant examples. In other words, we will be using the set {g, O̊I , BA} when invoking the
AF◦, and some clarifications are in order. Letting an action

I =

∫ √
−gd4xL[g, O̊I ,BA] (4.51)

vary, we get

δI =

∫ √
−gd4x

(
Ěµνδg

µν + O̊λµνI δO̊Iλµν + BµAδB
A
µ

)
+ s.t.. (4.52)

Therefore, the field equations read

Ěµν = 0, O̊λµνI = 0, BµA = 0, (4.53)

where Ěµν is a symmetric tensor. Following the preceded steps, one should be able to
directly make the identifications

Bµ1 =
3

2
Aµ2 , Bµ2 = 6

√
3Aµ3 , Bµ3 = O̊1

αβγ ε̃
µαβγ , (4.54a)

Aµ4 =
1

3

(
Bµ1 +

1√
3
Bµ2
)
, Ěµν = Êµν + B3(µSν) −

1

2
gµνSαBα3 , (4.54b)

which tell us how the functional derivatives in the two frameworks are related. These do
once again suffice to prove the equivalence between the field equations in the AF and in
this framework which, for the sake of clarity and in lack of a better name, we call d-AF◦,
with the d reminding us that we use the dual of Hλµν .

5 Exciting the connection: a series of examples

It has been standard practice in the MAG community to motivate actions from a geometric
perspective and with full generality in mind. Although this is in general good practice,
it often leads to an intractable set of field equations; in the end one will unavoidably
sacrifice generality to get results. In this section we propose an different motivation for
MAG models. Using the alternative frameworks we presented, we write meaningful field
theories propagating some of the new field variables. These are, in essence, MAG theories
propagating certain connection DoF in a tractable and controllable manner.

These MAG theories are inspired by Riemannian theories with additional fields. In
fact, they yield an effective7 set of field equations which is very much identical to the
corresponding system of equations in the Riemannian case, the crucial difference being
that instead of additional fields we use specific modes of the distortion tensor. The obvious

7The word “effective” is used to denote that one has eliminated auxiliary field variables, i.e., fields which
do not appear with time derivatives in the field equations.
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advantage is that for a given symmetry ansatz, we exactly know how to solve the differential
equations that arise. Hence, one should not expect metric solutions novel in form; the only
novelty is that these known metric backgrounds are now part of a larger solution with
torsion and non-metricity. In what follows, we will occasionally omit space-time indices (or
internal indices) when they are trivially understood.

5.1 The MAGswell theory

The action for a Maxwell field Aµ coupled to four-dimensional gravity with a cosmological
constant is

ĨEM =
1

2

∫ √
−gd4x

(
R̃− 2Λ− 1

2
F 2

)
, (5.1)

where Fµν = 2∂[µAν] is the field-strength tensor. The above integral is invariant under
shifts A′ = A + dθ, where θ(x) is some scalar potential. Variation with respect to the
metric yields the metric field equations

G̃µν + Λgµν = Fµ
αFνα −

1

4
F 2gµν , (5.2)

where G̃µν = R̃µν − 1
2R̃gµν is the Einstein tensor. The Maxwell equations and the Bianchi

identity can be written as

∂ν
(√
−gF νµ

)
= 0, ∂ν

(√
−g ∗ F νµ

)
= 0, (5.3)

respectively, where ∗Fµν = 1
2 ε̃
µνρλFρλ is the Hodge dual of the field-strength tensor.

Here, we wish to write down a more or less similar theory for a massless vector in
MAG, the homophonous MAGswell field, Cµ, as we may playfully dub it. We will do so
by considering the Ricci scalar as our cornerstone and adding proper terms to it. Since the
HP action is invariant under projective transformations we would like to retain this feature
in the complete action. This will also allow us to work in the AF◦. We emphasize that the
MAGswell field should be understood as part of the geometry of space-time, i.e., it is not
the familiar gauge connection.

Without further ado, let us consider a fairly general projective-invariant candidate for
the four-dimensional MAGswell action which in the d-AF◦ assumes the form

IC =

∫ √
−gd4xLC ≡

∫ √
−gd4x (LHP + Lct + Lkin) , (5.4)

with

LHP =
1

2
(R− 2Λ) , (5.5a)

Lct = −3

4
gµνBA

µB
B
ν ηAB, (5.5b)

Lkin = −1

4
F 2

(C). (5.5c)

Here, F (C)
µν = 2∂[µCν] with Cµ ≡ αAB

A
µ being the composite MAGswell field and αA

dimensionless constants, i.e., real non-zero numbers. The curvature scalar R stands for

R̃+ R̂T + R̂V + 3∇̃µBµ
1 (5.6)
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with the constituents given in (4.42). The form of the action in the AF, or the FF, can be
easily obtained by remembering that

B1
µ =

1

3
(2Tµ + uµ) =

1

3

(
Q̌µ −Qµ + 2Tµ

)
, (5.7a)

B2
µ =

1

6
√

3
(ρµ + 2uµ) =

1

6
√

3

(
4Q̌µ −Qµ

)
. (5.7b)

For example, in the FF we have

Lct = − 1

36
Q̌µQ̌

µ − 1

9
Q̌µQµ +

11

144
QµQ

µ +
1

3

(
Q̌µTµ −QµTµ + TµT

µ
)
, (5.8)

and Lkin is a linear combination of F 2
(T ), F

2
(Q), F

2
(Q̌)

, F (T )
µν F

µν
(Q), F

(T )
µν F

µν

(Q̌)
and F

(Q)
µν F

µν

(Q̌)
,

where
F (T )
µν = 2∂[µTν], F (Q)

µν = 2∂[µQν], F (Q̌)
µν = 2∂[µQ̌ν]. (5.9)

We remind the reader that we work in natural units with the reduced Planck mass further
set to unity. A quick inspection of the action indicates that the role of Lct is that of a
counter-term Lagrangian introduced to eradicate the mass terms for the BA

µ ’s, entering via
the Ricci scalar, in order for Cµ to appear massless.

Symmetries in the AF◦ (or d-AF◦). The action (5.4) is invariant under the simulta-
neous shifts

B′A = BA + bA (5.10)

with

b2µ =
∂µθ − α1 b

1
µ

α2
, (5.11)

where θ(x) is some real scalar potential. The number of free gauge parameters to be fixed
is thus two.

Symmetries in the AF. The action (5.4) in the AF is invariant under the simultaneous
shifts

A′I = AI + bI−1 (5.12)

with

b3µ = −
12α1 b

1
µ + α2

√
3b2µ − 18∂µθ

6α1 + 2
√

3α2

(5.13)

The number of free gauge parameters to be fixed is three.

Symmetries in the FF. The action (5.4) in the FF is invariant under the connection
transformation

Γ′λµν = Γλµν + aλgµν + δλν bµ + δλµcν , (5.14)

with

bµ =
(α1 + α2

√
3)aµ − ∂µθ

α1 − α2

√
3

. (5.15)

The number of free gauge parameters to be fixed is three.
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Indeed, if #fgp(−) outputs the number of free gauge parameters in a certain framework,
then #fgp(FF) = #fgp(AF) in all cases. The fact that #fgp(AF◦) = #fgp(AF)− 1 has to do
with the projective-symmetry “charge” being initially absorbed into the field variables of
the AF◦. Having discussed the symmetries in the different frameworks, we now turn our
attention to the field equations.

In the d-AF◦, they read

O̊λµν2 ≡ 1

2

(̊
tλµν − q̊[µν]λ

)
= 0, O̊λµν3 ≡ −1

4
π̊λµν = 0,

O̊λµν4 ≡ O̊(µν)λ
2 +

1

8
q̊λµν = 0, (5.16a)

Bµ1 ≡
α1

α2
Bµ2 ≡ α1 ∇̃νF νµ(C) = 0, Bµ3 ≡

3

2
Sµ = 0, (5.16b)

2Ěµν ≡ G̃µν −
1

2
gµν

(
R̂T − 2Λ +

3

2
S2 − 1

2
F 2

(C)

)
− 3

4
π̊µαβπ̊ν

αβ +

+q̊αβµq̊
αβ

ν + t̊αβµt̊
αβ

ν +
1

2

(
q̊µαβ q̊ν

αβ + t̊µαβ t̊ν
αβ
)

+

+t̊αβ(µq̊ν)
αβ − q̊αβ(µt̊ν)αβ − t̊βα(µq̊

αβ
ν) +

3

2
SµSν − F (C)

µ
αF (C)

να . (5.16c)

The first three of them imply O̊Iλµν = 0. Then, equation Bµ3 = 0 suggests that Sµ = 0

which yields Hλµν = 0 via (2.4). Substituting these results back into (5.16), we obtain the
effective set

∂ν

(√
−gF νµ(C)

)
= 0 = ∂ν

(√
−g ∗ F νµ(C)

)
, (5.17a)

G̃µν + Λgµν = F (C)
µ

αF (C)
να −

1

4
F 2

(C)gµν , (5.17b)

where we took the liberty to also include the Bianchi identity for F (C)
µν with

∗ Fµν(C) =
1

2
ε̃µνρλF

(C)
ρλ . (5.18)

As differential equations, these exactly correspond to the Einstein-Maxwell system. Let us
now study the solution in the different frameworks.

Solution in the d-AF◦. As already mentioned, we have O̊Iλµν = 0 = Sµ and eq. (5.17a),
which only determines the combination Cµ. If 〈Cµ〉 + ∂µφ is the value of Cµ ≡ αAB

A
µ

satisfying (5.17a), then BA acquires the value 〈BA〉 with

〈B2
µ 〉 =

〈Cµ〉+ ∂µφ− α1 〈B1
µ 〉

α2
. (5.19)

Clearly, the values 〈BA〉+ bA, where the bA’s obey eq. (5.11), are also acceptable. A good
strategy to capture the solution in all possible gauges is to set

b1 = −〈B1 〉+ α̃〈C〉, θ = −φ, (5.20)
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where α̃ is a real number, obtaining

B1 = α̃〈C〉, B2 =
1− α̃α1

α2
〈C〉. (5.21)

Therefore,

{B1 , B2} =


{0, 〈C〉/α2} α̃ = 0

{〈C〉/α1 , 0} α̃ = 1/α1

{α̃〈C〉, (1− α̃α1 )〈C〉/α2} α̃ 6= 0, 1/α1 .

(5.22)

Solution in the AF. The next step is to translate the solution into the language of the
AF. The field equations tell us that O̊Nλµν = 0, and that eq. (5.17a) must hold true. Again,
if 〈Cµ〉+ ∂µφ is the value of

Cµ ≡
α2

6
√

3
ρµ +

2α1

3
Tµ +

3α1 +
√

3α2

9
uµ (5.23)

satisfying (5.17a), then AI acquires the value 〈AI〉 with

〈uµ〉 =
18 (〈Cµ〉+ ∂µφ)−

√
3α2 〈ρµ〉 − 12α1 〈Tµ〉

2(3α1 + α2

√
3)

. (5.24)

Clearly, the values 〈AI〉+ bI−1, where the bI−1’s obey eq. (5.13), are as good. Setting

b1 = α〈C〉 − 〈T 〉, b2 = β〈C〉 − 〈ρ〉, θ = −φ, (5.25)

where α, β are real numbers, we get

T = α〈C〉, ρ = β〈C〉, u =
18− 12αα1 − βα2

√
3

2(3α1 + α2

√
3)

〈C〉. (5.26)

We can further identify

α̃ =
18 +

√
3(4α− β)α2

6(3α1 + α2

√
3)

, (5.27)

and we collect the various cases in table 1.

Solution in the FF. The final step is to translate the solution into the language of the
familiar Palatini formalism, i.e., to present an affine connection which solves the connection
field equations. This reads

Γλµν = Γ̃λµν + 〈V λ〉gµν − δλν
〈Cµ〉+ ∂µφ−

(
α1 + α2

√
3
)
〈Vµ〉

α1 − α2

√
3

+ δλµ〈Uν〉, (5.28)

where 〈Cµ〉+ ∂µφ is the value of

Cµ ≡
3α1 + 2

√
3α2

9
Q̌µ −

6α1 +
√

3α2

18
Qµ +

2α1

3
Tµ (5.29)
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α β α̃ Tµ ρµ uµ

0 0 3
3α1+α2

√
3

0 0 X

0 6
√

3
α2

0 0 X 0
3

2α1
0 1

α1
X 0 0

6= 0, 3
2α1

2
√

3(3−2αα1 )
α2

2α
3 X X 0

6= 0, 3
2α1

0 9+2
√

3αα2

9α1+3α2

√
3

X 0 X

0 6= 0, 6
√

3
α2

18−
√

3βα2

6(3α1+α2

√
3)

0 X X

6= 0 6= 0, 2
√

3(3−2αα1 )
α2

18+
√

3(4α−β)α2

6(3α1+α2

√
3)

X X X

Table 1. Values of α̃ and the AF field variables AI for different numbers α, β. A checkmark X
indicates that the ticked field is proportional to 〈Cµ〉.

satisfying (5.17a). Again, due to the freedom to shift our connection as in (5.14), and
setting

a =
24− (4α− β)(α1 − α2

√
3)

12(3α1 + α2

√
3)

〈C〉 − 〈V 〉, θ = −φ, (5.30a)

c =
(8α+ β)α2

1 − 4α1 (3 + 2αα2

√
3)− 3α2 (βα2 − 4

√
3)

12(3α2
1 − 2α1α2

√
3− 3α2

2 )
〈C〉 − 〈U〉, (5.30b)

we reach a connection with torsion and non-metricity

T λµν =
2α

3
δλ[ν〈Cµ]〉, (5.31a)

Qλµν =
β

6
g(λµ〈Cν)〉+

18− 12αα1 − βα2

√
3

9(3α1 + α2

√
3)

(
gλ(µ〈Cν)〉 − gµν〈Cλ〉

)
. (5.31b)

One can immediately verify that if we decompose the latter under the Lorentz group, we
will exactly find (5.26) as the only excited irreducible modes. Therefore, one can again refer
to table 1 for the various cases.

An interesting remark is in order. The Lagrangian does undeniably propagate the
massless combination Cµ, a spin-1 geometric “boson”. This means that part of the post-
Riemannian structure gets (self-)excited but it turns out to be impossible to make a gauge-
independent statement about specifically which part that is. For example, what appears
to be an excitation of only torsional DoF in one gauge, shows up as an excitation of only
non-metricity DoF in another. Hence, propagation of the MAGswell field is tantamount
to a self-excitation of the connection background with different parts of the latter being
excited in the different gauges.

Do also note that the action (5.4) can be thought of as the massless limit of a massive
theory which has an action like (5.4), but with Lct replaced by

Lmass = −1

2

[
(µ2α2

1 − 3)B1
µB

1
ν + 2µ2α1α2B

1
µB

2
ν + (µ2α2

2 + 3)B2
µB

2
ν

]
gµν , (5.32)
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such that, up to surface terms,

IC =
1

2

∫ √
−gd4x

(
R̃− 2Λ + R̂T + 3S2 − µ2C2 − 1

2
F 2

(C)

)
, (5.33)

always in the d-AF◦. Obviously, Lct = Lmass(µ = 0). The last two terms in (5.33) imply
that the combination Cµ behaves as a Proca field with mass µ. Since the HP action already
introduces a mass scale proportional to the Planck mass,8 naturalness criteria suggest that
we take µ to be of the same order (the composite field Cµ is part of the space-time geometry,
not some external field). The field equations in the d-AF◦ are (5.16) except that ∇̃νF νµ(C) = 0

is replaced by the Proca equation

∇̃νF νµ(C) − µ
2Cµ = 0. (5.34)

Observe that the massive action and the field equations following from it, do still possess
a symmetry under (5.10) if θA = 0. This means that the propagated combination Cµ is a
massive vector-boson, and the geometric interpretation of this propagation again falls into
the previous scheme, viz, it is subject to the choice of gauge.

Finally, we remark that the MAGswell field is of course by itself not a solid and unique
concept. Nevertheless, let us justify why we think that Cµ is indeed the most general
candidate to describe it. First of all, playing the devil’s advocate, one could argue that
there are more general projective-invariant combinations to take as our BA fields; we have
already shown this in section 4. Indeed, there is simply no physical argument favoring (4.21)
over (4.26). Sure, the diagonal form of the mass-squared matrix and the emergence of SO
symmetries under transformations in field space are nice features, but they are far from
being necessary restrictions. Actually, these features are completely absent here because (i)
we have removed the mass terms, and (ii) there are no SO transformations being a symmetry
of (5.4). However, the real question is if we would gain more insight by considering a
more complicated change of field variables. The answer is no, for Cµ would again be a
linear combination of the AI ’s but with different coefficients. Assuming that we would also
properly modify Lct as to remove algebraic instances of the new BA’s, it is evident that we
would not get qualitatively different results.

Second, one could argue that projective invariance of the action is definitely not manda-
tory. One could instead add a kinetic term for any of the vector variables in the AF and
remove all algebraic instances of this field from the action by introducing a proper counter-
term Lagrangian. This theory, which would no longer be invariant under (4.11) (the AF
analogue of what is a projective transformation in the FF), would then propagate the gravi-
ton and the specific mode. Fortunately, one can easily prove that the solutions in all these
different cases would correspond to the one and only solution in the theory with action (5.4)
in different gauges.

5.2 Non-linear interacting MAG theory, black holes and solitons

To showcase the usefulness of this new approach to MAG for obtaining exact solutions
with torsion and non-metricity, let us propose a four-dimensional interacting action with

8Remember that we have set the reduced Planck mass to unity.
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non-linear dynamics for the MAGswell field Cµ and the pseudo-vector Sµ, namely

INL =

∫ √
−gd4x

[
1

2
(R− 2Λ− R̂V )− γ1F

2
(C) − γ2F

2
(S) − γLint

]
, (5.35)

where
Lint = δµ1...µ4ν1...ν4 F

(C)
µ1µ2F

(S)
µ3µ4F

ν1ν2
(C) F

ν3ν4
(S) , (5.36)

γ is a positive coupling constant of mass-dimension −4, and γ1, γ2 are positive coupling
constants of mass-dimension 0. This is the form of the action in the d-AF◦. The field
strengths can be customarily written using only the partial derivative, i.e., F(C) as previously
defined and F

(S)
µν = ∂[µSν] with Sµ given in eq. (2.4). The term R stands for R̃ + R̂T +

R̂V + t.d., with the constituents defined in eqs. (4.42). One can always express the action
in the FF (or the AF) by recalling eqs. (5.7). This interacting Lagrangian was proposed
in [40] for two distinct potentials in a Riemannian setup. Here, we endow these potentials
with a special geometric origin and cast the whole thing as a MAG theory.

In the d-AF◦, the field equations read

O̊λµν2 ≡ 1

2

(̊
tλµν − q̊[µν]λ

)
= 0, O̊λµν3 ≡ −1

4
π̊λµν = 0,

O̊λµν4 ≡ O̊(µν)λ
2 +

1

8
q̊λµν = 0, (5.37a)

Bµ1
4α1

≡ B
µ
2

4α2
≡ γ1∇̃νF νµ(C) − γδ

µνρσ
αβγδF

(S)
ρσ ∇̃ν

(
Fαβ(C)F

γδ
(S)

)
= 0, (5.37b)

Bµ3
4
≡ γ2∇̃νF νµ(S) + γδνρσµαβγδF

(C)
νρ ∇̃σ

(
Fαβ(C)F

γδ
(S)

)
= 0, (5.37c)

2Ěµν ≡ G̃µν −
1

2
gµν

[
R̂T − 2Λ− 2γ1F

2
(C) − 2γ2F

2
(S) + 2γLint

]
+

+q̊αβµq̊
αβ

ν + t̊αβµt̊
αβ

ν +
1

2

(
q̊µαβ q̊ν

αβ + t̊µαβ t̊ν
αβ
)

+

+t̊αβ(µq̊ν)
αβ − q̊αβ(µt̊ν)αβ − t̊βα(µq̊

αβ
ν) −

3

4
π̊µαβπ̊ν

αβ −

−4γ1F
(C)
µ

αF (C)
να − 4γ2F

(S)
µ

αF (S)
να = 0. (5.37d)

To get the above expressions, we also used the Bianchi identities dF(C) = 0 = dF(S) and
the dimension-dependent identity

δµ1...µ4ν1...ν4 F
(C)
[µ1µ2

F (S)
µ3µ4F

ν1ν2
(C) F

ν3ν4
(S) gµ]ν = 0. (5.38)

The action and the field equations are invariant under the transformation (5.10) with
the bA’s constrained via (5.11). They are also invariant under a shift of Sµ by a locally
exact co-vector, i.e., S′µ = Sµ + ∂µφ, which in the AF amounts to

H ′λµν = Hλµν − ε̃λµνα∂αφ, (5.39)

whereas it corresponds to the connection transformation

Γ′λµν = Γλµν +
1

2
ε̃λµνα∂

αφ, (5.40)
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in the FF. Following the steps laid down in the previous section, we expect a connection
solution with torsion and non-metricity

T λµν =
2α

3
δλ[ν〈Cµ]〉+ 〈Sα〉ε̃αλµν , (5.41a)

Qλµν =
β

6
g(λµ〈Cν)〉+

18− 12αα1 − βα2

√
3

9(3α1 + α2

√
3)

(
gλ(µ〈Cν)〉 − gµν〈Cλ〉

)
, (5.41b)

respectively, where 〈C〉 and 〈S〉 satisfy the non-linear differential equations (5.37b) and (5.37c).
We remind the reader that our gauge freedom is fully exhausted once we fix values for α, β
(see table 1).

Now, let us consider the static spherically-symmetric metric ansatz

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΣ2

2, (5.42)

where dΣ2
2 = dχ2 + sin2 χdy2 gives the line element of a two-dimensional spherical section

with χ, y compact. We also make the following ansätze,

Cµ = c(r)δ0
µ, Sµ = p cosχδ3

µ, (5.43)

which result in
F (C)
µν = c′δ10

µν , F (S)
µν = p sinχδ32

µν . (5.44)

A prime denotes differentiation with respect to r.
Given the above, eq. (5.37c) is identically satisfied, while eq. (5.37b) gives

r(8γp2 + γ1r
4)c′′ + 2(γ1r

4 − 8γp2)c′ = 0. (5.45)

This yields the first integral

c′ = − qr2

γ1r4 + 8γp2
, (5.46)

where q is an integration constant. Integrating once more, we get

c = c0 +
q

γ1r
2F1

[
1

4
, 1,

5

4
;−8γp2

γ1r4

]
, (5.47)

where 2F1 is the Gaussian hypergeometric function [41], and c0 is another constant of
integration. Therefore our connection solution is such that its torsion and non-metricity
read

T λµν = −α
3
δλ0
µνc+ p cosχε̃3λµν , (5.48a)

Qλµν = c

[
β

6
g(λµδ

0
ν) +

18− 12αα1 − βα2

√
3

9(3α1 + α2

√
3)

(
gλ(µδ

0
ν) − gµνδ

0
λ

)]
, (5.48b)

with c given in (5.47).
Plugging this into (5.37d), we find that

−2r

f
Ě00 = f ′ +

f

r
− k

r
+ Λr +

2γ2p
2

r3
+

2q2r

γ1r4 + 8γp2
= 0. (5.49)
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Since
Ě11 = −f−2Ě00, Ě33 = sin2 χĚ22, (5.50)

and

Ě22 =
r2

2f
Ě00 −

(
r3

2f
Ě00

)′
, (5.51)

we only have to find the solution to eq. (5.49), which reads

f = 1− 2M

r
− Λr2

3
+

2γ2p
2

r2
+

2q2

γ1r2 2F1

[
1

4
, 1,

5

4
;−8γp2

γ1r4

]
. (5.52)

The symbol M stands for yet another integration constant, this time associated with the
mass. The very interesting metric background (5.52) has been extensively studied in [40, 42],
and there is no need to discuss it here in depth. In our case, nevertheless, the corrections to
the Schwarzschild-(A)dS metric is due to a richer space-time geometry and not due to the
introduction of additional fields (like a Maxwell field). In this sense, this is a novel result.

Some comments are in order. Observe that by setting p = 0, the background (5.52)
assumes the form

f = 1− 2M

r
+

8q2

r2
− Λr2

3
, (5.53)

and, up to choice of the integration constant q, it is indeed the metric solution in the
MAGswell theory with action (5.4) if we make the ansatz (5.43) for Cµ. Moreover, the
torsion and non-metricity of the connection solution, eqs. (5.48), acquire the form (5.31),
ergo, we recover the full solution in the MAGswell model, as a special case. Another
interesting setup is to consider the action (5.35) with Λ = 0 = γ1. In this case, the
connection solution will have torsion and non-metricity (5.48) with

c = c0 + qr3, (5.54)

whereas the metric function f will be

f = 1− 2M

r
+

2γ2p
2

r2
−

Λeffr
2

3
, (5.55)

where Λeff > 0 stands for the effective cosmological constant

Λeff = 16γp2q2. (5.56)

Finally, non-singular solutions were reported in [40] for a specific choice of the mass
parameter M in a strongly-coupled regime. The need to go to such a regime will not be
necessary here; we will just set γ2 = 0 and choose our mass parameter as

M = M∗ :=
πq2

4(2γp2γ3
1)1/4

. (5.57)

Then, eq. (5.52) assumes the expression

f = 1− 2M∗
r
− Λr2

3
+

2q2

γ1r2 2F1

[
1

4
, 1,

5

4
;−8γp2

γ1r4

]
, (5.58)
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and admits the near-origin expansion

f =
r→0

1−
(

q2

12γp2
+

Λ

3

)
r2 +O(r3). (5.59)

If Λ ≥ 0 or −q2/(4γp2) < Λ < 0, the presence of a de Sitter core with radius

ldS =
2p
√

3γ√
q2 + 4γp2Λ

, (5.60)

is manifest, ensuring regularity of Riemann-curvature invariants at the origin and com-
pleteness in the geodesic sense [43]. A further study of the causal structure of the solution
reveals [40] that, for certain values (or ranges thereof) of the coupling/integration constants,
eq. (5.58) describes either a gravitational soliton (horizon-free solution with regular origin),
or just a standard black hole solution with an extremal limit. To the best of our knowledge,
regular black hole solutions with torsion and non-metricity have not been yet reported in
the MAG literature.

Since the actual novelty in the full solution is the existence of a non-trivial connection
background, we find it worth to include a few lines about the behavior of the latter in
various limits. First, let us write torsion and non-metricity in a coordinate-free manner by
introducing a vierbein field eµa , with indices a, b, ... = (0), ..., (3) and inverse eaµ satisfying
the orthonormality relation gµν = ηabe

a
µe
b
ν . In particular, let us choose it to be diagonal,

viz.,

eaµ = diag

(√
f,

1√
f
, r, r sinχ

)
. (5.61)

Then, the only non-vanishing components of T abc = eaλe
µ
b e
ν
cT

λ
µν are

T (0)
(1)(2) = T (1)

(0)(2) = −T (2)
(0)(1) =

p cotχ

r
, T (i)

(0)(i) =
αc

3
√
f
, (5.62)

where i, j, ... take values in {1, 2, 3}. It seems that the (i)(0)(i) components will be singular
at the horizon radius r = r+. Fortunately, this can be remedied by fixing the integration
constants c0 in (5.47) as

c0 = − q

γ1r+
2F1

[
1

4
, 1,

5

4
;−8γp2

γ1r4
+

]
, (5.63)

so that c ∼ (r − r+) near the horizon surface. Moreover, all components of the torsion
tensor exhibit a r−1 fall-off at asymptotic infinity. Next, we have a single pole at the
origin r = 0 due to the axial part. This pole persists even in the case of the regular metric
solution (5.58). If we assume that a probe particle with micro-structure follows the auto-
parallels, then it is a good question to ask whether this particle is going to “feel” the torsion
singularity at the origin. Thankfully, the axial part of torsion drops out of the auto-parallel
equation [20], and thus, this singular behavior should not really be a cause for concern!
Finally, all components of Qabc = eλae

µ
b e
ν
cQλµν are proportional to c/

√
f . For f as in (5.52),

this ratio vanishes at all previously discussed radii. On the other hand, in the case of the
regular metric (5.58), it acquires a finite value at the origin. In the regular extremal case,
it further is finite also at r = r+.
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5.3 Cosmological constant powered by torsion

It is an old fact that the minimal coupling of a 3-form field to Einstein gravity without
a cosmological constant leads to Einstein’s field equations with a cosmological constant
purely derived from a gauge principle [44]. Here, we shall disclose a MAG model with no
cosmological constant which also leads to pure gravity with a cosmological constant, the
latter now powered by axial torsion.

Let us consider the projective-invariant action

IH =
1

2

∫ √
−gd4x

(
R+

1

4
H2 − 1

24
F 2

(H)

)
, (5.64)

where F (H)
λµνρ = 4∂[λHµνρ]. The purpose of the second term in the above integral is to cancel

out the mass term for Hλµν present in the AF expression of the Ricci scalar. This ensures
that the action (5.64) is invariant under the translation

H ′λµν = Hλµν + ∂[λBµν] (5.65)

which corresponds to the transformation

Γ′λµν = Γλµν −
1

2
gλρ∂[ρBµν] (5.66)

of the affine connection in the FF, with Bµν being an arbitrary 2-form field.
In the convenient AF◦, the field equations read

O̊λµν1 =
1

6
∇̃αFαλµν(H) = 0, (5.67a)

O̊λµν2 ≡ 1

2

(̊
tλµν − q̊[µν]λ

)
= 0, O̊λµν3 ≡ −1

4
π̊λµν = 0,

O̊λµν4 ≡ O̊(µν)λ
2 +

1

8
q̊λµν = 0, (5.67b)

Bµ1 ≡ −
3

2
Bµ

1 = 0, Bµ2 ≡
3

2
Bµ

2 = 0, (5.67c)

2Êµν = G̃µν −
1

2
gµν

(
RT +RV +

1

4
H2 − 1

24
F 2

(H)

)
− 3

4
π̊µαβπ̊ν

αβ +

+q̊αβµq̊
αβ

ν +
1

2
q̊µαβ q̊ν

αβ + t̊αβµt̊
αβ

ν +
1

2
t̊µαβ t̊ν

αβ + t̊αβ(µq̊ν)
αβ −

−q̊αβ(µt̊ν)αβ − t̊βα(µq̊
αβ

ν) +
3

2
BA
µB

B
ν ηAB −

1

6
F (H)
µ

αβγF
(H)
ναβγ = 0 (5.67d)

where the expressions of the BA
µ ’s in terms of the AF (or FF) variables are to be found in

eqs. (5.7), RT in (4.9) (first one), and RV in (4.22). From the above, it is quite easy to
conclude that O̊I = 0 = BA. Therefore, the field equations assume the effective form

∇̃αFαλµν(H) = 0, (5.68a)

G̃µν =
1

48

(
8F (H)

µ
αβγF

(H)
ναβγ − gµνF

2
(H)

)
. (5.68b)

To proceed, one must now recall that

F
(H)
λρµν = χ(x)ε̃λρµν , (5.69)
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since F(H) is a top-form in four dimensions. Clearly, equation (5.68a) implies that χ is an
integration constant, say equal to χ0. Consequently, we are left with

G̃µν +
1

2
χ2

0gµν = 0, (5.70)

which will determine the metric, and we directly find that

R̃µν =
χ2

0

2
gµν , (5.71)

which is the familiar Riemannian Ricci-curvature condition for Einstein manifolds with
positive constant curvature.

As promised, we found a connection solution which features only axial torsion Hλµν .
Again, we stress out that this type of torsion has no effect on the auto-parallels, i.e., the
latter continue to coincide with the geodesics. We also saw that our field equations do ef-
fectively become Einstein’s field equations with a positive (effective) cosmological constant,
Λeff = χ2

0/2, once we integrate out the connection. The cosmological solution in the ab-
sence of matter sources would then be a de Sitter universe with Hubble constant H ∝ |χ0|
where the expansion is now driven by an actual integration constant, powered by torsion,
instead of an a priori fixed value.

6 Summary and future prospects

We started from the observation that the affine connection is a single field encoding n3-many
off-shell DoF, arguing that, for certain purposes, it might be more efficient to distribute
these degrees among more than one fields. We then proceeded with a convenient change of
field variables {g,Γ} → {g, O̊N , AI} going to a framework which we dubbed AF. Besides
the metric, the new field variables are the irreducible pieces of the torsion and non-metricity
tensors under the Lorentz group. They are thus automatically identified with the funda-
mental fields {g,Γ} in the FF.

We worked out in detail the relations between the functional derivatives in the two
frameworks and concluded that, not surprisingly, the field equations in the AF imply and
are implied by the field equations in the FF. Hence, the field equations in the AF constitute
an equivalent system, and we have the freedom, at any stage, to switch between the different
frameworks. To complete the mapping, we further disclosed a correspondence between linear
connection transformations in the FF and translations in the AF while we also determined
how the O̊N ’s and the AI ’s should transform under a local Weyl re-scaling of the metric.

We then applied the AF to the Hilbert-Palatini action and showed its well-known equiv-
alence to Einstein gravity (up to choice of a gauge) also in the new framework. Observing
that a projective transformation of the connection corresponds to simultaneous translations
of the AI ’s in the AF, we further argued that the projective symmetry manifests itself as a
true gauge symmetry in the new framework, i.e., one of the components of the vector triplet
Aµ is redundant. In particular, this means that any projective-invariant action admits a
description in terms of a reduced set of variables {g, O̊N , BA} where the BA’s are in general
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identified with linear combinations of the AI ’s. This led us to develop a useful variant of
the AF, which we dubbed diminished AF or AF◦ for short.

We saw that there exists a particular choice of combinations BA which reveals an
SO(1, 1) symmetry of the n-dimensional HP action under a group action on the components
of the doublet Bµ. In n = 4, the field variables in the AF◦ can be re-organized. Using the
fact that the dual of the 3-form torsion is a pseudo-vector, the quadruplet O̊λµν is reduced
to a triplet by handing its first component to the doublet Bµ which becomes a triplet. This
is just a special four-dimensional variant of the AF◦, obtained via the change of variables
{g, O̊N , BA} → {g, O̊I , BA}, which we called d-AF◦ for the sake of clarity. As it turns
out, the HP action proves to be an SO(1, 2)-symmetric action in the d-AF◦ where the
group action mixes the BA’s. Actions of the SO(2) subgroup rotate the elements of a
two-dimensional subspace with the discrete version for θ = π/2 interpreted as a rotation of
axial torsion to non-metricity, and vice versa.

Observing that any MAG theory in these alternative frameworks can be handled as a
Riemannian theory with additional fields, we argued that it is an efficient strategy to use
solvable (and suitable) Riemannian theories as “seeds” for solvable MAG theories which
propagate the connection in vacuum. As our first example, we drew inspiration from the
elegant Einstein-Maxwell theory. We proposed a theory for what we called the MAGswell
field, a composite field labeling a projective-invariant linear combination of torsion and
non-metricity traces. The naive action should follow from the Maxwell action by replacing
R̃ with R and the gauge field with the MAGswell field, the latter having nothing to do with
a gauge connection. Doing so, one of course notices that what was a U(1) of the second
kind in the Riemannian case does not translate into a symmetry of the MAG theory under
locally exact shifts of the MAGswell field. The reason is that the presence of the Ricci scalar
makes the field massive. Thus, a counter-term Lagrangian was also included with the sole
purpose of removing the mass terms for the constituents of the composite MAGswell field.

We then discussed the symmetries of the MAGswell action in all frameworks. Exactly
because the MAGswell field is a composite object, we showed that the action is symmetric
under a 2-parameter transformation of the vector variables in the AF◦ (or the d-AF◦),
which combines a transformation preserving the MAGswell field and one translating it by
an exact vector. In the other frameworks, this symmetry shows up as a symmetry under a
3-parameter transformation, a fact attributed to the absorption of the projective-symmetry
charge in the diminished AF. We derived the field equations in the d-AF◦ and presented the
solution in all frameworks, finding a proper expression that captures its form in all gauges.
Actually, the reader was provided with table 1 which displays all cases possible, and which
proves that the propagation of the MAGswell field, a gauge-independent fact, cannot be
tied to a self-excitation of a uniquely determined part of the post-Riemannian structure in
a gauge-independent fashion, i.e., different parts of the connection background get excited
for different choices of gauge.

After this instructive example, we proceeded with a more complicated theory, this time
inspired by quasi-topological electromagnetism [40]. We proposed a Lagrangian with non-
linear dynamics for the MAGswell field and the torsion pseudo-vector letting them interact
with each other. After briefly discussing the symmetries and deriving the field equations,
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we adopted a static and spherically-symmetric metric ansatz, together with compatible
ansätze for torsion and non-metricity, in an attempt to recover the black hole solution
reported in [40, 42]. The full solution describes a black hole with a non-zero connection
background sourcing the post-Schwarzschild contributions to the metric solution. Under a
certain tuning of the integration constants, we also showed that this black hole exhibits a
regular core and is thus complete in the geodesic sense.

However, assuming that particles with micro-structure follow auto-parallels, we also
had to analyze the behavior of the torsion and non-metricity of the solution at all radii
of interest. Doing so, we had to fix yet another integration constant to avoid a singular
behavior at the horizon radius, but we concluded that there is no remedy for a single pole at
the origin due to axial torsion. This pole is inevitable even in the case of the regular black
hole. Nevertheless, as we pointed out, the axial piece of torsion drops out from the auto-
parallel equation meaning that the probe particle would never be affected by this torsion
singularity.

Finally, as our last example, and inspired by the derivation of a cosmological constant
from a gauge principle [44], we put forth a simple MAG action for the 3-form torsion. After
deriving the field equations we presented a connection solution featuring only axial torsion
which powers a positive effective cosmological constant. The cosmological solution in this
MAG theory — in the absence of matter sources — would be a de Sitter universe with the
expansion driven by torsion. We remarked that the effective cosmological constant is an
integration constant as opposed to a fixed-value Λ introduced by hand in the action.

The main goal of this work was to communicate the idea that a smart change of field
variables can be a really useful strategy when trying to find solvable MAG theories. Indeed,
our proposal proves to be a fruitful one, for although we restricted ourselves to showing
only three examples, these are suggestive of many more. Writing down simple field theories
for the new field variables compared to considering combinations of curvature invariants to
make the connection dynamical, is of course a far less general method, albeit a much more
targeted and result-oriented one. In the future, we plan to give more examples and solutions
which are not necessarily inspired by Riemannian theories. We find it interesting to study
kinetic theories for the various tensor modes and also investigate if (and how) Riemannian
theories with scalar fields can fit as an inspiration into this description of MAG.

A Irreducible decomposition of a rank-3 tensor

The irreducible decomposition of a general rank-3 tensor ∆λµν under the Lorentz group
reads

∆λµν = ∆[λµν] + ∆̊(λµν) + D̊λ[µν] + D̊λ(µν) + ∆̄(λµν) + D̄λ[µν] + D̄λ(µν), (A.1)
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where

D̊λµν = ∆λµν −∆(λµν) −∆[λµν] −
1

n− 1
gλ[µ

(
∆α
|α|ν] −∆α

ν]α

)
−

− 1

3(n− 1)
gλ(µ

(
∆α
|α|ν) + ∆α

ν)α − 2∆ν)α
α
)

+

+
1

3(n− 1)
gµν (∆α

αλ + ∆α
λα − 2∆λα

α) , (A.2a)

∆̊(λµν) = ∆(λµν) −
1

D + 2
g(µν

(
∆λ)α

α + ∆α
λ)α + ∆α

|α|λ)

)
, (A.2b)

∆̄(λµν) =
1

n+ 2
g(µν

(
∆λ)α

α + ∆α
λ)α + ∆α

|α|λ)

)
= ∆(λµν) − ∆̊(λµν), (A.2c)

D̄λµν =
1

n− 1
gλ[µ

(
∆α
|α|ν] −∆α

ν]α

)
− 1

3(n− 1)
gµν (∆α

αλ + ∆α
λα − 2∆λα

α) +

+
1

3(n− 1)
gλ(µ

(
∆α
|α|ν) + ∆α

ν)α − 2∆ν)α
α
)

= Dλµν − D̊λµν . (A.2d)

B Glossary

Indices Values
µ, ν, ... 0,1,...,n− 1

i, j, ... 1,2,...,n− 1

a, b, ... (0),(1),...,(n− 1)
M,N, ... 1 , 2 , 3 , 4

I, J, ... 2 , 3 , 4

A,B, ... 1 , 2

A,B, ... 1 , 2 , 3

Table 2. Indices used in this work and their values.

Acronym Full name
MAG Metric-affine gravity
DoF Degrees of freedom
FF Fundamental framework, {g,Γ}
AF Alternative framework, {g, O̊N , AI}
AF◦ Diminished alternative framework, {g, O̊N , BA}
d-AF◦ -, {g, O̊I , BA}

Table 3. Acronyms used in this work and their full name.
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Symbol Definition
O̊λµν {Hλµν , t̊λµν , π̊λµν , q̊λµν}
Aµ {Tµ, ρµ, uµ}
Bµ in the AF◦ (4.21)
Bµ in the d-AF◦ (4.43)
g det(gµν)

O̊λµνN

√
−g−1δI/δO̊Nλµν

AµI
√
−g−1δI/δAIµ

BµA/A
√
−g−1δI/δB

A/A
µ

∆λ
µν √

−g−1δI/δΓλµν
Eµν

√
−g−1δI/δgµν in the FF

Êµν
√
−g−1δI/δgµν in the AF

Ěµν
√
−g−1δI/δgµν in the d-AF◦

RT , RV (4.9)
RV (4.22)
R̂T , R̂V (4.42)

Table 4. Some symbols used in this work and their definition.
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