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waves, by Schutz[103] and Thorne & Blandford [125]. In its treatment of topics covered in these stan-
dard texts, the presentation here typically includes steps between equations that are skipped in Wald
or MTW. Treatments of gravitational waves, particle orbits in black-hole backgrounds, the Teukolsky
equation, and the initial value equations are motivated in part by the dramatic discoveries of gravitational
waves from the inspiral and coalescence of binary black holes and neutron stars, advances in numerical
relativity, and the expected launch of the LISA space-based observatory. Students are assumed to have
encountered special relativity, but these notes give a detailed presentation with a geometrical orienta-
tion, starting with with time dilation and length contraction and including relativistic particles, fluids,
electromagnetism, and curvilinear coordinates. Chapters 2-5 cover curvature, the Einstein equation, rel-
ativistic stars, and black holes. Chapter 6, on gravitational waves, includes a discussion of detection and
of noise in interferometric detectors. Chapter 7 is a brief introduction to cosmology, deriving the metrics
of homogeneous isotropic space, the equations governing a universe with matter, radiation and vacuum
energy, and their solutions. It includes sections on the cosmological redshift and on using gravitational
waves to measure the Hubble constant.

Chapter 8, on the initial value problem, has a section on the form of the equations used in numerical
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presentation here is taken in part from the text by Friedman and Stergioulas [52]. The notes also have a
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black-hole thermodynamics and a final chapter on the gravitational action and on conserved quantities
for asymptotically flat spacetimes, using Noether’s theorem. A detailed appendix on integration is
largely taken from Ref. [52].
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Notation and conventions

Signature −+++
Indices α, β, . . . spacetime abstract
Indices µ, ν spacetime concrete
Indices a, b, . . . space and n-dimensional abstract
Indices i, j, . . . space and n-dimensional concrete
Spacetime M
Metric on M gαβ
Spacelike hypersurface Σ
Unit normal to Σ nα

Projection ⊥ nα γβα
Riemann tensor [∇a,∇b]vc = Rabc

dvd
Ricci tensor Rab = Racb

c
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Chapter 1

Introduction: Physics in Flat Spacetime

Chapter 1. Introduction:
Physics in a Flat Spacetime

1.1 Concepts of Space and Time
The history of the way Western cultures have viewed space and time can – in retrospect – be described
by a sequence in which most of what seemed to be the obvious features were gradually discarded.
The following description is a retrospective caricature of the history, inaccurate in that, for example,
Galileo is said to think of spacetime as flat when he had no precise notion that could properly be called
“spacetime.”

Ear
th

ti
m
e

up

Future
Pre Greek

Earth flat
Preferred spatial direction (up)
Space absolute
Time absolute
Preferred time direction

(toward future)
Space flat

Space is absolute if it makes sense to say that events at two different times occur at the same place.
All observers agree on what it means to be at rest – to stay at the same point of space.
Time is absolute if it makes sense to say that events at two different places occurred at the same time.
All observers agree on what events are simultaneous, and synchronized watches at different places read
the same elapsed time between pairs of simultaneous events.

ti
m

e

up

up

up

up

Future

Earth

constant position    

constant  time  

Greek
Earth curved (Italics mark change)
Preferred set of spatial directions (up)
Space absolute
Time absolute
Preferred time direction
Space flat
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CHAPTER 1. INTRODUCTION: PHYSICS IN FLAT SPACETIME 8

The Copernican Revolution and Galilean relativity

The loss of absolute space begins with Copernicus. His model (and presumably that of Aristarchus,
1700 years earlier) rested on a spectacular coincidence: The retrograde motion of all five planets is si-
multaneously explained if one simply places the Sun, instead of the Earth, at the center of the universe,
regards the Earth as a planet, and places what were then six planets in nearly circular orbits around the
Sun. For each outer planet — Mars, say — the explanation is simply this: Because the period of the
Earth is shorter than the period of Mars, as the Earth orbits the Sun, it periodically passes Mars. When
it does so, Mars appears to go backward relative to the background stars.

The model explains an additional coincidence: When the outer planets – e.g., Jupiter and Saturn –
are in the same place in the sky, their retrograde motion occurs at nearly the same time. (A time lapse
video that illustrates this dance, showing Jupiter and Saturn moving by the Pleaides and Hyades, is here:
pas de deux)

Finally, the Copernican model gives a relation between the time a planet spends in its retrograde
loop and the angular size of the loop in the sky: First, the known periods of the planet and the Earth,
together with the time the planet spends moving retrograde, determine the radius of the planet’s orbit
in terms of the radius of the Earth’s orbit. Knowing this radius fixes the angular size of the retrograde
loop. So one gets five numerical retrodictions, one number for each known planet, that have to coincide
with observation for the model to hold.

That Copernicus found the distance to each of the planets in terms of the Earth’s distance from the
Sun would have been one final, breathtaking coincidence – and in this case a prediction, except that
it was hundreds of years before the distance from the Sun to the planets could finally be measured.
Textbooks emphasize the fact that Copernicus’ model of retrograde motion was not significantly more
accurate than Ptolemy’s Earth-centered model. Because he had to make corrections to circular orbits by
hand to account for what turned out to be elliptical orbits, the overall number of parameters Copernicus
used for the same accuracy in orbital prediction was no smaller than Ptolemy’s.

Once one understands that the Earth is not at rest and that it is one of the planets, our picture of
the universe changes dramatically. The other planets, no longer heavenly, are ordinary objects like the
Earth. They are presumed to be made of the same kind of matter that the Earth is made of and to obey
the same laws. There is no longer a natural rest frame, and Galileo’s conclusion is that we cannot tell
what is at rest and what is moving.

https://apod.nasa.gov/apod/image/0112/JuSa2000_tezel.gif


CHAPTER 1. INTRODUCTION: PHYSICS IN FLAT SPACETIME 9

Here are two quotes, one from Galileo and one from Sir James Jeans that may be useful to your
students for historical perspective if you are teaching physics or astronomy:

Excerpt from Galileo’s Dialogue Concerning the Two Chief World Systems, Ptolemaic and Coper-
nican, 1632 Dialogo.pdf

[SALVATI] Shut yourself up with some friend in the largest room below decks of some
large ship and there procure gnats, flies, and other such small winged creatures. Also
get a great tub full of water and within it put certain fishes; let also a certain bottle be
hung up, which drop by drop lets forth its water into another narrow-necked bottle placed
underneath. Then, the ship lying still, observe how those small winged animals fly with like
velocity towards all parts of the room; how the fish swim indifferently towards all sides;
and how the distilling drops all fall into the bottle placed underneath. And casting anything
toward your friend, you need not throw it with more force one way than another, provided
the distances be equal; and leaping with your legs together, you will reach as far one way
as another. Having observed all these particulars, though no man doubts that, so long as
the vessel stands still, they ought to take place in this manner, make the ship move with
what velocity you please, so long as the motion is uniform and not fluctuating this way and
that. You will not be able to discern the least alteration in all the forenamed effects, nor can
you gather by any of them whether the ship moves or stands still. ...in throwing something
to your friend you do not need to throw harder if he is towards the front of the ship from
you... the drops from the upper bottle still fall into the lower bottle even though the ship
may have moved many feet while the drop is in the air ... Of this correspondence of effects
the cause is that the ship’s motion is common to all the things contained in it and to the air
also; I mean if those things be shut up in the room; but in case those things were above the
deck in the open air, and not obliged to follow the course of the ship, differences would be
observed, ... smoke would stay behind... .
[SAGREDO] Though it did not occur to me to try any of this out when I was at sea, I am
sure you are right. I remember being in my cabin wondering a hundred times whether the
ship was moving or not, and sometimes I imagined it to be moving one way when in fact it
was moving the other way. I am therefore satisfied that no experiment that can be done in
a closed cabin can determine the speed or direction of motion of a ship in steady motion.

http://actascientiae.org/Galileo_Galilei_Dialogue_Concerning_the_Two_Chief_World_Systems.pdf
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A description of Galileo’s work, from Sir James Jeans, The Growth of Physical Science:

He set up a gently sloping plank, some 12 yards in length, and made polished steel balls
roll down a narrow groove cut into it. With this simple apparatus, he was able to verify
his conjecture that the speed of fall increased uniformly with time – the law of uniform
acceleration. It was one of the great moments in the history of science.
For now it became clear that the effect of force was not to produce motion, but to change
motion - to produce acceleration; a body on which no force acts moves at uniform speed.
Galileo’s rolling steel balls, moving in a horizontal plane, continued their motion with
undiminished speed until they were checked by friction and the resistance of the air. This
was not entirely new. Plutarch, in 100 AD, had written, “Everything is carried along by
the motion natural to it, if it is not deflected by something else.” But Galileo was the first
to establish the principle experimentally. Where others had conjectured, Galileo proved.

The idea that force is needed to produce motion is overturned by the realization that we cannot tell
what is at rest and what is moving. After the Copernican revolution (after Galileo), it is clear that a force
is needed to change the velocity of an object, not to make it move. The understanding is made precise
in Newton’s first two laws, the first due to Galileo.

1. With no force acting on it, an object moves at constant speed in a straight line.

2. F = ma.

A Galilean boost, changing each particle trajectory x(t) by the transformation

x(t) → x(t) + vt (1.1)

leaves Newton’s laws invariant: Because
d2

dt2
[x(t)] =

d2

dt2
[x(t)+vt], the history of a system of particles

for which each particle satisfies F = ma is mapped to a boosted history satisfying F = ma. The
trajectory of an observer who says her frame is at rest, with trajectory (t,x(t)) = (t,0) is mapped to the
trajectory (t,x(t)) = (t,vt) of an observer who says that his frame is at rest: (t′,x′(t′)) = (t,0). Time
is still absolute, the same t for both observers.

Galilean
Earth curved
No preferred spatial direction
No absolute space
Time absolute
Preferred set of time directions
Spacetime flat

https://rymanlabs.net/docs/the-growth-of-physical-science/
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Here’s the abstract of Einstein’s 1905 paper, introducing special relativity.
(Full text: https://www.fourmilab.ch/etexts/einstein/specrel/www/)

ON THE ELECTRODYNAMICS OF MOVING BODIES
It is known that Maxwell’s electrodynamics–as usually understood at the present time–
when applied to moving bodies, leads to asymmetries which do not appear to be inherent
in the phenomena. Take, for example, the reciprocal electrodynamic action of a magnet and
a conductor. The observable phenomenon here depends only on the relative motion of the
conductor and the magnet, whereas the customary view draws a sharp distinction between
the two cases in which either the one or the other of these bodies is in motion. . .
Examples of this sort, together with the unsuccessful attempts to discover any motion of
the Earth relatively to the “light medium,” suggest that the phenomena of electrodynamics
as well as of mechanics possess no properties corresponding to the idea of absolute rest.
They suggest rather that, as has already been shown to the first order of small quantities,
the same laws of electrodynamics and optics will be valid for all frames of reference for
which the equations of mechanics hold good. We will raise this conjecture (the purport of
which will hereafter be called the “Principle of Relativity”) to the status of a postulate, and
also introduce another postulate, which is only apparently irreconcilable with the former,
namely, that light is always propagated in empty space with a definite velocity c which is
independent of the state of motion of the emitting body. These two postulates suffice for
the attainment of a simple and consistent theory of the electrodynamics of moving bodies
based on Maxwell’s theory for stationary bodies.

Figure 1.1: From Gonick & Huffman’s Cartoon Guide to Physics[58]

Again a remarkable coincidence from the lack of absolute space underlies special relativity. Hidden
in Maxwell’s equations in their original form – and still in the form you first encounter – is a structure
that guarantees their invariance and that of the Lorentz force law: In a frame for which the wire is mov-
ing, the qv ×B force on the moving electrons produces the current. In the frame in which the magnet
moves, the equations conspire to give an electric field whose force qE produces the same current, as
measured by the ammeter in Fig. 1.1.

https://www.fourmilab.ch/etexts/einstein/specrel/www/
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.

.

.

.
Special Relativity

Earth curved
No preferred spatial direction
No absolute space
No absolute time
Preferred set of time directions
Spacetime flat

With the understanding that light is a wave, it appeared possible to regain absolute space: You are
at rest relative to space (or to the ether that fills it) if light travels at the same speed c in all directions.
But Maxwell’s equations and hence the speed of light are invariant under a boost of the dynamical
system to an identical system moving with a velocity v. In order that the speed of light be unchanged
by boosting the emitter or observer, however, one must discard not only absolute space but also absolute
time. Observers moving relative to one another must disagree on what events are simultaneous.

If you have taken special relativity, you encountered this historical logic, leading to time dilation,
length contraction, and, ultimately, the law that governs the geometry of flat space, the distance between
two events:

ds2 = −c2dt2 + dx2 + dy2 + dz2.

The special case of this Minkowski metric is the Pythagorean metric dx2 + dy2 + dz2 for the distance
between simultaneous events as defined by a particular observer. If you have not followed the historical
path to the Minkowski metric , the argument, inferring the Minkowski metric from the observer inde-
pendence of the speed of light, is given as an appendix 1.A at the end of this section, and it would make
sense to read that before going on to the next section. You may also want to read, for example, Chapter
4 of Hartle’s Gravity. Beginning with the next section, 1.2, we will follow the logic of the law itself,
inferrring the physics from the geometry of a flat spacetime.

Discarding the final assumption–that space is flat–begins with mathematicians in the 18th century,
in particular with Gauss and his student Riemann:

Therefore, either the reality on which our space is based must form a discrete manifold or else the
reason for the metric relationships must be sought for, externally, in the binding forces acting on it.
On the Hypotheses which lie at the Bases of Geometry., Bernhard Riemann, 1854
https://www.emis.de/classics/Riemann/WKCGeom.pdf

Riemann sought but failed to find a relation between the geometry of space and the forces of gravity and
electromagnetism. He tried this before Maxwell’s equations had shown that light was an electromagnetic
wave. Identifying space with an ether comprised of particles, he sought to relate forces to changes in
geometry, speaking of
1) the resistance with which a particle opposes a change of its volume, and 2) the resistance with which
a physical line element opposes a change of length. Gravity and electric attraction and repulsion are
founded on the first part, light, heat propagation, electrodynamic and magnetic attraction and repulsion
on the second part. [93] (Translation here from Bottazini-Tazzioli)

https://www.emis.de/classics/Riemann/WKCGeom.pdf
https://citeseerx.ist.psu.edu/viewdoc/ download?doi=10.1.1.544.1830&rep=rep1&type=pdf
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Why should gravity in particular be related to geometry? Here’s a version from Robert Geroch,
appropriate for general audiences and parties: To decide what a straight line is, you could stretch a rope
to find the shortest distance between two points. But gravity bends the rope. Stretching the rope more
tightly decreases the bending, but there is a fundamental limit to the stretching: As the tension increases,
the speed of waves in the string increases, and the speed of the waves cannot be greater than the speed
of light. You could extend a solid rod between the two points and measure the length of the rod with
a ruler, but gravity bends the rod and the ruler. Choosing increasingly rigid and incompressible rods
decreases the bending, but the more rigid the rod, the greater the speed of sound, and the speed of sound
must be less than the speed of light. Finally, you could use light itself, shining a laser between the two
points, its path defining a straight line in spacetime. But gravity bends the light. Anything you use to
decide what a straight line is– or, more generally, to determine the geometry of spacetime– is curved by
gravity. That fact suggests gravity is tied in a fundamental way to the geometry of spacetime. Einstein’s
motivation, based on the equivalence principle and perhaps already familiar to you, comes in the next
chapter.

Two obvious obstacles blocked Riemann and later mathematicians (Sylvester,
Clifford) from relating curvature to the curved trajectories of particles in a gravita-
tional field:

The geometers thought of the curvature of space, not spacetime.
Space (and spacetime) is very nearly flat in the solar system.

Euclidean geometry is accurate to better than one part in a billion at the Earth’s sur-
face, but the spatial path of a ball or planet is nothing like a straight line.
So why isn’t it nonsense to say that particles move on geodesics, on paths of shortest
length? The reason is that the spacetime paths are very nearly straight: If time is
measured in seconds, distance is measured in light-seconds. The Earth-Moon dis-
tance is about 1.3 light-seconds, and the period of the Moon’s orbit is 2.3 × 106 s,
so the spacetime trajectory of the Moon is a nearly straight spiral (see diagram on
right). Similarly, a ball that is tossed up and comes back down in 1 s reaches a
height of 4 × 10−9 light-seconds (1.2 m), so it travels along a nearly straight path
in spacetime, deviating from straight by a distance only 4 × 10−9 times the total
distance it moves in spacetime. The spacetime curvature of the path is comparable to the departure from
Euclidean of the spacetime (and spatial) geometry.. .
General Relativity

Earth curved
No preferred spatial direction
No absolute space
No absolute time
Preferred set of time directions

(if spacetime is time orientable)
Spacetime curved

. Light traveling from a quasar to Earth along two geodesics.
. Gravitational lensing produces two images of the object.
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Spacetime diagrams

Once there is no absolute time, histories can no longer be uniquely described by a set of snapshots.
Instead, the usual visualization is a spacetime diagram. Here are some examples.
a. The history of a string is a sheet.

time

history

spacelike slice

b. The history of a circle is a cylinder.

time

history

spacelike slice

c. The history of a circle that starts as a point, expands, then ends as a point is a sphere.

history
sequence of slices
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d. The history of a balloon that starts from a point, expands, contracts, and ends as a point is a 3-
dimensional sphere S3. (This is the set of points in R4 satisfying t2 + x2 + y2 + z2 = 1.)

history:1 dimension suppressed sequence of sliceshistory : 2 dimensions suppressed

a point

a bigger sphere

a sphere 

getting smaller

a sphere

a point

sequence of slices

S
2

S
2

S
2

S
2

S
2

e. Closed universe: The history is a sequence of S3’s starting from a point, expanding, then contracting
to a point.

history : 2 dimensions suppressed sequence of slices

a point

an S
3

S
3

a bigger S
3

an   

S
3

an   

   a point
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Spacetime diagrams will soon be used to explicate some typical paradoxes of special relativity. In the
meantime, it’s sometimes useful in understanding objects that can’t be embedded in three dimensions -
like Klein bottles - to construct them as histories, with time the extra dimension.

A torus as a spacetime history

history sequence of slices

Klein bottle. A Klein bottle can’t be embedded in three dimensions without self-intersection. It can,
however, be embedded in four dimensions and so is a smooth non-intersecting history in spacetime:
Click on torus-Klein bottle movie. If your browser doesn’t play it, download the mp4 file to view it.
As shown in this movie, to create a Klein bottle as a smooth submanifold of spacetime, take two circles
(modeled as two wire loops) that coincide at t = 0, separate them, rotate one by π, and then bring them
together at t = T .

Here is a somewhat different sequence of slices, similar now to the slices of the torus in the previous figureFinally, history : Klein bottle

Can’t draw

Sequence of slices

A

A

A

A

A

A

A

A, C

B C

C

C

C

C

C

B

B

B

B

B

B

https://drive.google.com/file/d/1v1OIhDsdpfyoMTg8QJzQ76qW-vD-YRuk/view?usp=sharing
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1.2 Minkowski space
The views of space and time which I wish to lay before you have sprung from the soil of experimental
physics, and therein lies their strength. They are radical. Henceforth, space by itself, and time by itself,
are doomed to fade away into mere shadows, and only a kind of union of the two will preserve an inde-
pendent reality. – Hermann Minkowski, 1908, translation above by Perrett and Jeffery.

1.2.1 Minkowski metric
The Euclidean geometry of flat 3-dimensional space is completely specified by its flat metric, given in
Cartesian coordinates by the Pythagorean relation

ds2 = dx2 + dy2 + dz2. (1.2)

Because the space is flat, the distance between finitely separated events is similarly given by

(∆s)2 = (∆x)2 + (∆y)2 + (∆z)2, (1.3)

and this is the distance ∆s between two events that are simultaneous for a given observer in terms of
that observer’s Cartesian coordinates.

Underlying the unification of space and time is the universe’s speed limit, the fact the speed of
information c is observer-independent. The Pythagorean relation is the 3-dimensional special case of the
distance between any two events in flat 4-dimensional space, given in terms of the Cartesian coordinates
of any inertial observer by

(∆s)2 = −c2(∆t)2 + (∆x)2 + (∆y)2 + (∆z)2, (1.4)

with ∆s2 negative when the separation between events is timelike. The proper time ∆τ on a clock
moving along a straight line between the events is then given by

(∆τ)2 = (∆t)2 − [(∆x)2 + (∆y)2 + (∆z)2]/c2. (1.5)

To complete the experimentally implied unification of space and time, we choose units with c = 1 and
write

(∆s)2 = −(∆t)2 + (∆x)2 + (∆y)2 + (∆z)2. (1.6)

Units with c = 1. If time and distance are measured in meters, 1 m in time is 1 m/c = 3.3336 ns;1

if both are measured in seconds, 1 second of spatial distance is one light-second;
and if both are measured in years, 1 year of spatial distance is one light-year (ly).

The Minkowski metric of spacetime is now

ds2 = −dt2 + dx2 + dy2 + dz2 = ηµνdx
µdxν , (1.7)

where

∥ηµν∥ =

∥∥∥∥∥∥∥∥
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∥∥∥∥∥∥∥∥ . (1.8)

The squared length of a vector vα is the number ηαβvαvβ .
1Mermin [80], noting that c ≈ 1 foot/nanosecond, defines a phoot to make this exact:1 phoot := c× 1 ns ≈ 0.984 ft.
Then c = 1 phoot/ns.

https://hedberg.ccnysites.cuny.edu/PHYS351/FALL-2021/docs/Minkowski-space-and-time-original.pdf
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.
If vαvα < 0, vα is timelike,

if vαvα = 0, vα is null, and

if vαvα > 0, vα is spacelike. .
.
.

The null vectors from a given point lie on a 3-dimensional double cone, the light cone. Timelike vectors
fill the interior of the cone, and spacelike vectors lie outside it. A choice of future and past picks out
future and past cones generated by future and past pointing null vectors, respectively.

The distance between two timelike separated events P and Q is the time read on a clock that moves
in a straight line (no acceleration) from one event to the other. This is called the proper time of the clock
or, for an observer with a clock, the observer’s proper time.

Figure 1.2: The proper time τ read by clocks moving along the dark and light blue trajectories from P
to Q and P to R is the spacetime distance between the respective events.

In the figure, with t and x in seconds, the proper time between events P and Q is ∆τ =
√
52 − 32 =

4 s; between P and R it is
√
52 − 1 =

√
24 ≈ 4.9 s. Notice that, although the path PQ looks longer in

the spatial Euclidean geometry of your monitor (or paper), the length of the path in the actual Lorentzian
geometry of spacetime is shorter.

If spacetime diagrams are not familiar to you, read Chapter 4 of Hartle’s Gravity. Here’s an excerpt
(continuing until the exercises before the Surfaces of Simultaneity section below):
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To describe four-dimensional spacetime we first introduce a tool, which is so simple it appears trivial,
but so powerful it is indispensable. This is the idea of a spacetime diagram. A spacetime diagram is a
plot of two of the coordinate axes of an inertial frame–two coordinate axes of spacetime. Since there
are four axes and only two dimensions on a piece of paper, two or at most three of these axes can be
drawn. Spacetime diagrams are slices or sections of spacetime in much the same way as an x-y plot is
a two-dimensional slice of 3-dimensional space. A typical example is shown in the figure above. It is
convenient to use ct rather than t as an axis, because then both have the same dimension. [Hartle will
set c = 1 later.]

A point P in spacetime can be called an event because an event occurs at a particular place at a
particular time, that is, at a point in spacetime. For example, a supernova explosion happened at the
event in spacetime that occurred in A. D. 1054 at the location of the Crab nebula. An event P can be
located in spacetime by giving its coordinates (tP , xP , yP , zP ) in an inertial frame. A particle describes
a curve in spacetime called a world line [In these notes, it will be called the particle’s trajectory]. It is
the curve of positions of the particle at different instants, i.e., x(t). The figure below shows a spacetime
diagram with two sample world lines.

Hartle Fig. 4.5. World lines in spacetime. A is the world line of a particle that sits at rest at x0 for all
time in the inertial frame (ct, x). World line B represents an observer who accelerates away from x0 at
time t = 0, decelerates, reverses direction, crosses x0 at t = t1, and heads off toward negative x.

The slope of the world line gives the ratio c/vx since d(ct)/dx = cdt/dx = c/vx . Zero velocity corre-
sponds to infinite slope. A velocity of c corresponds to a slope of unity. Light rays therefore move along
the 45◦ lines in a spacetime diagram.

[After introducing the Minkowski metric, Hartle continues with:]
Test your understanding of this by answering the following questions about the lengths between points
in the figures in the spacetime diagram in Figure 4.8 [copied below].
(a) Which of the sides of triangle ABC is the longest? Which is the shortest? What are the lengths in
the units of the grid?
(b) Which is the shorter path between points A and C–the straight-line path between A and C or the path
through the other sides of ABC?
Then for (c) and (d), answer the same questions for triangle A′B′C ′.
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Example: Spacetime Diagrams as Maps of Spacetime.
No one would think of confusing the relationships between lengths on a Mercator map of the world with
the relationships between true distances on the surface of the Earth. A Mercator map is a projection of
the geometry of the globe on a sheet of paper, There are analogies between the elements of plane
geometry and the geometry of a spacetime diagram. One is illustrated in Figure 4.8.

The analog of a circle of radius R centered on the origin is the locus of points a constant spacetime
distance from the origin. This consists of the hyperbolae x2 − (ct)2 = R2. The ratios of arcs along a
hyperbola to R define hyperbolic angles, as shown in the figure, with the relation

ct = R sinh θ, x = R cosh θ. (1.9)

It’s useful to be able to understand these analogies, but it does not prove useful in relativity to pursue
them too far. [We’ll see later that a hyperbola of this kind is the trajectory of a uniformly accelerating
particle.]

The following exercises have one- or two-line solutions.

Exercise 1. τ -Ceti, 12 ly away, hosts the closest potentially habitable planet. Draw a spacetime dia-
gram for a spacecraft traveling to τ -Ceti and back at speed 12

13
c, ignoring time spent accelerating.

Use the lengths of the diagram in its Minkowski geometry to find the proper time elapsed on a
spacecraft clock. (If you are tempted to convert to m, cm, or s, stop and think.)

Exercise 2. What is the proper time τ read by a clock that moves with trajectory (t, x(t), y(t)) from
t = t1 to t = t2. Use the Minkowski metric (1.7).

Exercise 3. What is τ(t) for a circular orbit with speed v?
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1.2.2 Surfaces of simultaneity
The Cartesian coordinates of the diagram in Fig. 1.2 above are those of an inertial observer who moves
along a vertical line; the horizontal t = constant lines are her surfaces of simultaneous events. We can
define surfaces of simultaneity in a democratic way, for any inertial observer as follows. To construct a
three dimensional space of events she calls simultaneous, she bounces light rays off events and calls the
time t of each event the average of the proper times measured on her clock when she sent and got back
the signal. Two events will be simultaneous if the times t she computes in this way are the same.

Figure 1.3: (a) (b)
Light rays are shown as dotted lines in each diagram.

The set of all simultaneous events is called the surface of simultaneity of the observer, and two
examples are shown in (a) and (b) above. Call observer (a) Alice and observer (b) Bob. In a natural
coordinate system of an inertial observer, the surfaces of simultaneity are the t = constant hyperplanes.

It is clear from the figure that Alice’s trajectory is orthogonal to her surfaces of simultaneity with
respect to the Minkowski metric. That is, a unit vector û tangent to Alice’s trajectory has components
(1, 0), while a vector x̂ tangent to her surface of simultaneity has components (0, 1), and their dot
product is ηµν ûµx̂ν = −(1)(0) + (0)(1) = 0. Because we don’t know who is moving and who is at rest,
it must be that Bob’s trajectory is orthogonal to his surface of simultaneity.

His trajectory is (t, vt) in Alice’s coordinates. Its tangent (1, v) is orthogonal to the line with coor-
dinates (t, t/v) and tangent (1, 1/v):

(1, v) · (1, 1/v) = −1 + 1 = 0.

In more familiar language, Bob’s 4-velocity is the unit tangent vector ũ with components (ũµ) = γ(1, v)
in Alice’s frame, and the orthogonal unit vector proportional to (1, 1/v) has components (x̃µ) = γ(v, 1).

Exercise 4. Check directly that Bob’s surfaces of simultaneity, constructed by bouncing light-rays off
events, as in Fig. 1.3(b), have the slope dx/dt = 1/v we have just found. The easiest way is to
use the fact that the light rays, at 45◦ angles, form a rectangle.
(Solution is Fig. 1.8 in the appendix to this Section.)
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1.2.3 Time dilation and length contraction from the Minkowski metric
Time dilation

Consider a slicing of spacetime by the surfaces of simultaneity of an inertial observer, together with
a clock that moves with constant speed relative to that observer. Time dilation gives the proper time
read by the clock as it moves from one of these t = constant surfaces another, in terms of the difference
∆t. For example, time dilation looks at the proper time of the clock carried by Bob as it passes a
set of synchronized clocks at rest relative to another inertial observer, Alice. Along Alice’s surface of
simultaneity, the synchronized clocks all read the same time t.

In figure 1.4, Alice and Bob, carrying clocks, move relative to one another at speed v. The same
spacetime with the spacetime trajectories of Alice and Bob is shown in (a) and (b). In (a) the spacetime
is sliced by Alice’s surfaces of simultaneity, in (b) by Bob’s.

(a) (b)

Figure 1.4: Bob moves from O to Q in proper time τOQ. Alice moves from O to P in proper time
τOP , where, as shown in (a), P lies on Alice’s surface of simultaneity through Q, with time coordinate
t = τOP , larger than τOQ. From triangle OPQ, τOQ = t

√
1− v2.

In (b), Bob’s surfaces of simultaneity are shown. When Alice reaches point P ′ in her proper time τOP ′ ,
she is already crossing Bob’s surface of simultaneity through Q, with τOP ′ = t′

√
1− v2.

Diagram (a) uses the Minkowski metric to compare Bob’s proper clock time τOQ to the larger change
in the coordinate t = τOP labeling Alice’s surface of simultaneity through P and Q: From △ OPQ,

τOQ = τOP
√
1− v2.

Diagram (b) shows the same clock trajectories, but with Bob’s surfaces of simultaneity. When Al-
ice reaches P ′ she is already crossing Bob’s surface of simultaneity through Q. Diagram (b) uses the
Minkowski metric to compare Alice’s proper clock time τOP ′ to the larger change in the coordinate
t′ = τOQ labeling Bob’s surface of simultaneity throughQ and P ′: From triangleOQP ′ (notice OQ⊥QP′)

τOP ′ = τOQ
√
1− v2.

The result, of course, is that you can’t tell whose clock is at rest and whose is moving. In each case
the proper time elapsed on a clock is smaller than the difference in coordinate time between the first and
last surface of simultaneity of an observer moving with speed v relative to the clock. And it is smaller
by the factor

√
1− v2.
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Length contraction

What is the length of a stick? In its own rest frame, it is the spacetime distance between two events,
the simultaneous positions of the two ends of the stick as defined by an observer, Alice, moving with
the stick.

Figure 1.5: Alice’s surface of simultaneity throughO intersects the stick’s history alongOA, with length
L, the proper length of the stick. Bob’s surface of simultaneity intersects the history along OB, with
length L̃.

In Fig. 1.5, the blue shaded region is the spacetime stick, the history of the stick in spacetime. Its
lengthL in its own frame is the length of the stick’s intersection with Alice’s surface of simultaneity. The
stick’s length in Bob’s frame is the length of the stick’s intersection with Bob’s surface of simultaneity,
namely the line (t, t/v) in Alice’s (and the stick’s) coordinates. It intersects the left end of the stick at
the origin and it intersects the right end of the stick when (t, t/v) = (t, L), implying t = Lv. The length
of the stick in Bob’s frame is then the length L̃ = OB, the distance between events O and B. From
triangle OAB,

L̃ =
√
−(Lv)2 + L2 = L

√
1− v2, (1.10)

shorter than the proper length by
√
1− v2.

Because a boost tilts the surface of simultaneity only in the plane of the boost, lengths orthogonal to
that plane are unchanged. For an object whose proper volume V is fixed, a slice boosted by a velocity v
then intersects the history of the object in a volume

Ṽ = V
√
1− v2. (1.11)

To make this obvious for an object of arbitrary shape, consider a boost in the t-x plane of the object (t
and x the coordinates of an observer at rest relative to the object). Divide the volume into small cubes
aligned with the coordinate axes. Then only the length of a cube in the x direction changes with the
change of slice, and the volume of each cube is smaller by

√
1− v2 in the boosted slice of its history.
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1.2.4 Paradoxes
The usual paradoxes of special relativity arise because the notion of simultaneity is observer dependent
in reality but observer independent in ordinary language and experience. We have already considered
the paradox of two relatively moving observers, each saying that the clock carried by the other is running
slow. One paradox will be treated here; another will be a problem. They can all be similarly resolved,
with the system described as a single consistent spacetime, sliced in different ways by the surfaces of
simultaneity of different observers.

Consider a box having length L in its rest frame and a rod of length ℓ > L in its (rod’s) rest frame.
When the rod moves (rapidly) toward the box, the box sees the rod’s length contracted to such an extent
that when it reaches the box it can fit comfortably inside. The rod, on the other hand, sees the box
contracted and thinks it can’t come close to making it inside. But the box can actually catch the rod
by lowering a flap when the right end of the rod arrives and raising it when the left end of the rod has
passed. Everyone must then agree that the closed box has a rod inside. How can this be consistent with
what the rod sees? (The flap of the box can be as small as desired, and the time needed to raise and
lower it negligible compared to any other times in the problem, so the details of the flap can be ignored).

We will draw a spacetime diagram to describe the history of the rod and box, and then look at the
slicings of that history by the rod’s and the box’s surfaces of simultaneity, showing that both rod and
box are correct and consistent.

Figure 1.6: Histories, like the history shown here, are observer-independent. What changes with differ-
ent observers is the way the history is sliced by the observers’ surfaces of simultaneity.
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In the slicing of history by the surfaces of simultaneity of an observer moving with the velocity of the
initial rod, the left side of the rod is still outside the box when its right end hits the wall of the box.

In the slicing of the history by the box’s surfaces of simultaneity, the entire rod is inside the box before
its right end hits the wall of the box.

The lack of rigidity of the rod is required to resolve the paradox, and the lack of rigidity is implied
by causality: The left end of the rod does not change its speed until information from the collision has
traveled from right to left across the rod.
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Exercise: (Lightman, Press, Price, Teukolsky # 1.24 [74])
Two giant frogs are captured, imprisoned in a large metal cylinder, and placed on an airplane. While

in flight, the storage door accidentally opens and the cylinder containing the frogs falls out. Sensing
something amiss, the frogs decide to try to break out. Centering themselves in the cylinder, they push
off from each other and slam simultaneously into the ends of the cylinder. They instantly push off from
the ends and shoot across the cylinder past each other into the opposite ends. This continues until the
cylinder hits the ground. Consider how this looks from some other inertial frame falling at another
speed. In this frame the frogs do not hit the ends of the cylinder simultaneously, so the cylinder jerks
back and forth about its mean speed v. The cylinder, however, was at rest in one inertial frame. Does
that mean that one inertial frame can jerk back and forth with respect to another?

We have derived the usual results of special relativity, time dilation and length contraction, from the
Minkowski metric. This is the reverse of the usual historical presentation, in which time dilation and
length contraction are inferred from observer independence of the speed of light and are then used to
obtain the metric. The next section, starting on the next page, is a supplement for readers who are not
familiar with these standard arguments. If the standard presentation is familiar to you, skip to Sect. 1.3
on tensors and vector spaces. Later results will not refer to this supplementary section.

1.A Supplement: Inferring the Minkowski metric from observer
independence of the speed of light.

In this section, we’ll go over the standard arguments giving time dilation and length contraction and
then show how they lead to the Minkowski metric,

∆s2 = −∆t2 +∆x2 +∆y2 +∆z2. (1.12)

When the right side of Eq. 1.12 is positive, it gives the squared distance between two spacelike-
related events, P and Q. That is, PQ is the distance read on a ruler carried by an observer for whom the
two events are simultaneous. When the right side is negative, we can write

∆τ 2 = ∆t2 −∆x2 −∆y2 −∆z2, (1.13)

with ∆τ the proper time elapsed on a clock that moves along an unaccelerated path from event P to
event Q (where P is the earlier event).

The argument will show that the spacetime version of the Pythagorean relation,

∆s2 = −∆t2 +∆x2 +∆y2 +∆z2,

is implied by its special case when ∆t = 0,

∆s2 = ∆x2 +∆y2 +∆z2,

together with the fact that c = 1 for all observers.
We begin with a quick review of the observer-dependence of simultaneity.
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Loss of absolute time.

The fact that the speed of light is the same to all observers– implied by the observer-independence of
Maxwell’s equations and shown by the Michelson-Morley experiment– requires us to abandon absolute
time: The argument that different observers must disagree on what events are simultaneous is simple.
It just uses the fact that Alice, on a moving train, and Bob, on the ground, watching the train pass him,
each see light moving at speed c in all directions regardless of the motion of the source: Alice sets off a
firecracker at the center of her train car and observes the light hit the two sides simultaneously. Bob on
the ground watches the train move to the right, so he sees the light hit the right side after it hits the left
side. See, for example, minute 8 onward in this Mechanical Universe video for a clear and entertaining
presentation. It goes on to show the tilted surfaces of simultaneity in spacetime that we now derive.

To make the section self-contained we again define the surfaces of simultaneity of an observer. To
be democratic, the spacetime diagram, Fig. 1.7, is drawn in Bob’s frame, with his trajectory vertical,
and Bob chooses his x-axis in the direction of Alice’s motion. Alice moves at speed v relative to Bob.
Alice and Bob each determine their surfaces of simultaneity by sending light rays in opposite directions
toward mirrors.

Figure 1.7: (b) (a)
Light rays are shown as dotted lines in each diagram. The diagram now has Bob’s trajectory vertical.

The spacetime eventsBL andBR at which Bob’s light rays bounce are simultaneous if the rays return
to him at the same time. He assigns the same time t to all events on his surface of simultaneity. Then

if τ is time read on Bob’s clock, the surface through BL and BR is a surface of constant tB =
τ1 + τ2

2
,

where τ1 is Bob’s clock time when the light rays leave and τ2 the clock time when they return. With this

definition, Alice’s trajectory satisfies x = x0 + vt, with slope
∆xB
∆tB

= v.

Because the light rays Alice sends to right and left are at 45◦ to vertical in the spacetime diagram,
the rays form a rectangle. Her trajectory and surface of simultaneity are along the two diagonals of the
rectangle. In the diagram, that means the angle between Alice’s surface of simultaneity and horizontal is
the same as the angle between her trajectory and vertical. The geometry is shown in the diagram below.

https://www.youtube.com/watch?v=feBT0Anpg4A
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Figure 1.8: Light rays form π/4 angles with vertical and horizontal. The two angles labeled ϕ are the
equal angles between the diagonals and the sides of the rectangle formed by the light rays. Then the
angle between the trajectory and vertical and that between the surface of simultaneity and horizontal are
each π/4− ϕ.

So, with respect to Bob’s coordinates, her surface of simultaneity satisfies

∆tB
∆xB

= v,
∆xB
∆tB

=
1

v
. (1.14)

Note that the angles shown in Fig. 1.8 are angles in the artificial Euclidean metric dt2 + dx2 of Bob’s
coordinates, which is also the metric of your screen or paper. They are not angles in the real Lorentzian
geometry. Using the Euclidean angles just makes it easy to find the coordinate ratio ∆xB/∆tB.

We do not yet need to relate Alice’s coordinates to Bob’s.

1.A.1 Time dilation and length contraction
Time dilation
For those of you who have not seen the derivations before, they may be clearer with c not set to 1, so c
will be kept until we go on to the derivation of the Minkowski metric.

The experiment compares a time interval ∆tB measured by Bob’s synchronized clocks to proper
time ∆τ = ∆tA measured by Alice’s single clock that moves past them at speed v. Bob’s clocks are at
rest relative to the ground. The experiment shows that the time measured on Bob’s clocks is longer than
the time measured on Alice’s clock by the factor γ = 1/

√
1− v2/c2.

In the experiment, Alice’s clock is on the floor of a train of height ℓ that moves relative to Bob at
speed v. A light signal from Alice’s clock bounces off the ceiling and returns to her clock, traveling
vertically as seen by Alice. Alice’s clock thus reads a roundtrip time 2∆τ = 2ℓ/c.2

2We are looking at the roundtrip path of the photon instead of just the path from floor to ceiling because the comparison
is between a single clock and a set of synchronized clocks, with the single clock moving relative to the synchronized clocks.
To directly measure the time for a photon to travel from floor to ceiling, Alice would need to synchronize a clock on the
ceiling with her ground clock.
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(a) (b)

Figure 1.9: (a) In Alice’s frame, a photon traverses a vertical path from floor to ceiling and back.
(b) In Bob’s frame the photon moves a horizontal distance 2vtB while it goes from floor to ceiling and
back. Three successive positions of the train are shown as three overlapping rectangles, one in black,
the others in gray.

Bob sees the light travel along diagonal paths, starting from his ground clock at tB, bouncing off the
ceiling, and meeting a synchronized clock when that clock reads time tB + 2∆tB. By the Pythagorean
theorem, the total distance traveled is 2

√
ℓ2 + v2∆t2B = 2

√
c2∆τ 2 + v2∆t2B. Because Bob must

measure a speed c, that distance is 2c∆tB:

2c∆tB = 2
√
c2∆τ 2 + v2∆t2B =⇒

∆tB =
∆τ√

1− v2/c2
. (1.15)

Length contraction

We next use use the time-dilation result of the last section to relate the the length of a ruler held by
Bob to its length measured by Alice, who sees the ruler move past her at speed v. The ruler’s proper
length ℓ is the length measured in its rest frame, the length measured by Bob. Because Bob sees Alice
moving at speed v, his synchronized clocks measure a time ∆tB = ℓ/v for Alice to move from one side
of the ruler to the other: ∆tB is the time interval measured on Bob’s synchronized clocks at each end of
the ruler, between event P when Alice is at the left end of the ruler and event Q when she is at the right
end.

But we have just seen that the time elapsed on Alice’s clock between two events on Bob’s clocks as
Alice’s clock passes them is ∆tA = ∆tB

√
1− v2/c2. Now Alice watches the ruler move past her with

speed v in time ∆tA, and she thereby measures a length v∆tA of the ruler:

ℓA = v∆tA = v∆tB
√
1− v2/c2 = ℓ

√
1− v2/c2.

That is, if Alice moves relative to a ruler at speed v along the line of the ruler, she will measure a
contracted length

ℓA = ℓ
√
1− v2/c2. (1.16)
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If two stars are at rest relative to one another, their proper distance ℓ is the distance measured by an
observer at rest relative to them. A spacecraft traveling from one star to another measures the smaller
distance ℓ

√
1− v2/c2 corresponding to a time elapsed on its clock that is smaller than ℓ/v by the factor√

1− v2/c2.

From now on, we return to units with c = 1.

1.A.2 Minkowski metric
We now relate time dilation and length contraction, Eqs. (1.15) and (1.16), to the geometry of flat space.
This relation between physics and geometry comes from a set of identifications:

1. The set of events is spacetime; the path of an unaccelerated particle is a straight line in spacetime.

2. The time ∆τ elapsed on an unaccelerated clock is the spacetime distance between two events:
That is, the distance PQ between event P , the spacetime point at which a clock reads τ , and event
Q at which the same clock reads τ +∆τ is PQ = ∆τ .

This is a physical interpretation of the distance between timelike separated events.

3. The distance between spacelike related events P and Q is the distance measured by an observer
for whom the events are simultaneous. It is the distance measured by a ruler for which event P
is the left end of the ruler at a time t and Q is the right end at the same time t, according to an
observer at rest relative to the ruler. That is, a ruler measures the distance between events that are
simultaneous in the rest frame of the ruler.

The usual Pythagorean relation, together with assumption (3) means that on any surface of simul-
taneity S, the distance between points is given by

∆s2 = ∆x2 +∆y2 +∆z2,

where the coordinates measure distances in orthogonal directions along the surface. We take, as the
fourth coordinate t, proper time measured by the inertial (unaccelerated) observers for whom S is a
surface of simultaneity. Then t, x, y, z will be coordinates for spacetime, with x, y, z constant and t
proper time along the trajectory of each of these observers.

We first derive the spacetime Pythagorean relation for timelike related events from the time dilation
equation. We take Bob to be an inertial observer, whose coordinates are t, x, y, z as described. As in
the time dilation experiment above, Alice’s clock will move at speed v past two of Bob’s synchronized
clocks. In the spacetime diagram below, the trajectory of Bob’s clocks is vertical, and the horizontal line
is one of Bob’s surfaces of simultaneity, a set of events for which Bob’s clocks all read the same time t.
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Figure 1.10: Bob’s clocks move along vertical trajectories, and Alice’s clock moves along the diagonal
(blue) trajectory. Alice’s clock meeting Bob’s first clock is event P ; Alice’s clock meeting Bob’s second
clock is event Q.

Bob’s first clock at P is synchronized with his second clock at R, each reading time t, with the two
clocks separated in Bob’s frame by a distance ∆x: Then PR = ∆x, because P and R lie in a surface
of simultaneity. Alice’s clock, which passes Bob’s clock at P , reaches Bob’s second clock at a point
Q, when that clock reads a time t + ∆t. The statement ”Bob measures a speed v for Alice” means
∆x = v∆t. That is, the proper time QR elapsed on Bob’s second clock is QR = ∆t = ∆x/v. Finally,
the third side PQ of triangle PQR is the proper time elapsed on Alice’s clock between events P and Q.
From the time dilation equation (1.15), the length PQ is ∆τ = ∆t

√
1− v2.

The lengths of the three sides of the triangle therefore satisfy the spacetime Pythagorean relation,

(PQ)2 = (QR)2 − (PR)2. (1.17)

Check:
(PQ)2 = ∆τ 2 = (1− v2)∆t2 = ∆t2 − (v∆t)2 = (QR)2 − (PR)2,

or
∆τ 2 = ∆t2 −∆x2. (1.18)

With a generic orientation of Bob’s x-axis in his surface of simultaneity, PR =
√

∆x2 +∆y2 +∆z2,
and we have

∆τ 2 = ∆t2 −∆x2 −∆y2 −∆z2, (1.19)

as claimed.
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Finally, we show that the spacetime Pythagorean relation holds for two spacelike related events.
We’ll use length-contraction, Eq. (1.16), to relate the proper length ∆x of a ruler carried by Bob to its
length measured by Alice. Let points P and Q be the two ends of the ruler in one of Alice’s surfaces of
simultaneity - the left and right ends of the ruler at the same time according to Alice. In the diagram,
the history of the ruler is the blue rectangle. Choose Bob’s coordinates so that P and Q are in his t-x
plane with ∆t and ∆x positive. If P and Q are spacelike related, then ∆t < ∆x in Bob’s coordinates.
From Eq. (1.14), the surface of simultaneity of an observer (Alice) moving with speed v along Bob’s x
direction has slope ∆t/∆x = v, with ∆t and ∆x labeled in the diagram below. (With c not set to 1,
v = c2∆t/∆x.)

Figure 1.11: The light blue region is the history of a ruler at rest in Bob’s frame. PQ and PR are,
respectively, intersections of the ruler with Alice’s and Bob’s surfaces of simultaneity. Because events
P and R are simultaneous in the rest frame of the ruler, the length PR = ∆x is the proper length of the
ruler and is its length as measured by Bob. The length PQ = ∆s is the ruler’s length as measured by
Alice.

The ruler at Bob’s time t is the line PR, the intersection of Bob’s surface of simultaneity with the
ruler history. The length of the ruler according to Alice is the line PQ, the intersection of her surface
of simultaneity with the ruler history. Because Alice sees the ruler move past her with speed v, she
measures the contracted length PQ = ∆s = ∆x

√
1− v2, implying the spacetime Pythagorean relation

for the triangle PQR:
(PQ)2 = −(QR)2 + (PR)2.

Check:

(PQ)2 = (∆x
√
1− v2)2 = ∆x2[1− (∆t/∆x)2] = ∆x2 −∆t2

= −(QR)2 + (PR)2, or
∆s2 = −∆t2 +∆x2.

With a general direction of Bob’s spatial axes, we then have

∆s2 = −∆t2 +∆x2 +∆y2 +∆z2, (1.20)

as claimed.
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If PQ is the trajectory of a photon, ∆t =
√
∆x2 +∆y2 +∆z2. Requiring the spacetime distance

between P and Q to be continuous as a function of P and Q then implies the spacetime distance ∆s
between lightlike related events is zero.

1.1.3 Lorentz transformations
Symmetries of flat space

The equations of Newtonian physics are invariant under rotations and translations. The active form
of the invariance is the statement that a constant rotation or translation takes an isolated system to a
physically indistinguishable isolated system. In its passive form, this is the invariance of the equations
under a rotation or translation of the coordinates. The invariance is tied to the invariance of flat space
under the Euclidean group, the group of transformations

x 7→ Rx+ a

with R a rotation or rotation-reflection.
The rotation group is the group of all linear transformations of flat space that preserve lengths and

angles, or, equivalently, dot products of two vectors

u · v = δiju
iuj = u1v1 + u2v2 + u3v3.

Let ū = Ru, v̄ = Rv. Preserving the dot product means ū · v̄ = u · v, or

δijR
i
ku

kRj
lv
l = δiju

ivj, all u,v =⇒ δijR
i
kR

j
l = δkl. (1.21)

That is, a rotation R preserves the metric δij of flat space. The Euclidean group is then the group of
length and angle preserving maps: These are isometries, maps that preserve the metric.

Newton’s laws are also invariant, as noted earlier, under Galilean transformations, boosts by an
arbitrary velocity v:

t 7→ t, x 7→ x+ vt,

mixing space and time, but preserving t = constant surfaces. These are not isometries of spacetime,
but we will see that they are the Newtonian limit of spacetime isometries, Lorentz boosts of Minkowski
space.
Definition. Minkowski space is R4 with the Minkowski metric. We will use the terms Minkowski space
and flat spacetime interchangeably.

Symmetries of flat spacetime
The 4-dimensional dot product of two vectors u, v is given by

u · v = ηµνu
µvν = uµv

µ = −u0v0 + u1v1 + u2v2 + u3v3,

and the Lorentz group is the group of linear transformations preserving dot products. Again, with
ū = Λu, v̄ = Λv, preserving dot products means ū · v̄ = u · v or

ηµνΛ
µ
σu

σΛντv
τ = ηµνu

µvν , all u, v =⇒ ηµνΛ
µ
σΛ

ν
τ = ηστ . (1.22)

That is, Λ preserves the metric: A Lorentz transformation is a linear map of Minkowski space to itself
that preserves the Minkowski metric.
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One typically describes the group by picking a timelike direction û and slicing the spacetime by
spacelike hypersurfaces orthogonal to û. These are the surfaces of simultaneity of an observer whose
velocity is û. The Lorentz group is generated by the rotations of these hypersurfaces and by boosts.

In an active description, a boost Λ maps a point P of Minkowski space to the point P̃ = Λ(P ). If P
has coordinates (t, x, y, z), the coordinates of P̃ , for a boost in the t-x plane are are given by

t̃ =
t+ vx√
1− v2

= γ(t+ vx)

x̃ =
x+ vt√
1− v2

= γ(x+ vt), ỹ = y, z̃ = z

or

Λ =


γ γv 0 0
γv γ 0 0
0 0 1 0
0 0 0 1

 , (1.23)

where v < 1.
A boost maps a 4-velocity û with components ûµ = (1, 0, 0, 0) to a velocity ũ with components

ũµ = Λµνu
ν , or (ũµ) = (γ, γv, 0, 0). The surface of simultaneity of Alice with velocity û is mapped

to the surface of simultaneity of Bob with velocity ũ. In particular, the unit vector with components
(x̂µ) = (0, 1, 0, 0) is mapped to

(x̃µ) = (Λµν x̂
ν) = (γv, γ, 0, 0),

orthogonal to ũµ. These unit vectors are, or course, the vectors tangent to the trajectories of Alice and
Bob and to their surfaces of simultaneity in Fig. 1.4.

The Poincaré group is the group of Lorentz transformations and translations,

P 7→ Λ(P ) + a, (1.24)

the group of length and angle preserving maps, isometries of the Minkowski metric.

We can write a boost in a form resembling a rotation, by setting cosh θ = 1√
1−v2 , sinh θ =

v√
1−v2 :

Λ =


cosh θ sinh θ 0 0
sinh θ cosh θ 0 0
0 0 1 0
0 0 0 1

 . (1.25)

The relation comes from the replacement t → τ = it that takes the Minkowski metric to the Euclidean
metric dτ 2 + dx2 + dy2 + dz2, analytically extended to real τ . The boost of the t-x plane becomes a
rotation by ϑ in the τ -x plane, 

cosϑ sinϑ 0 0
sinϑ cosϑ 0 0
0 0 1 0
0 0 0 1

 (1.26)

with θ = iϑ.
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You are more likely to have encountered the passive version of a boost in which the points of space-
time are fixed and the coordinates changed: Again Bob moves with speed v relative to Alice. Alice and
Bob assign to each point P of spacetime coordinates t(P ), x(P ), y(P ), z(P ) and t′(P ), x′(P ), y′(P ), z′(P ),
related by

t′ =
t− vx√
1− v2

= γ(t− vx)

x′ =
x− vt√
1− v2

= γ(x− vt)

y′ = y

z′ = z.

Alice’s and Bob’s surfaces of simultaneity are of course the t = constant and t′ = constant surfaces.
The origin is chosen with Alice’s trajectory given by the line x = y = z = 0, and Bob’s trajectory is
x′ = y′ = z′ = 0.

1.3 Tensors and Vector Spaces

1.3.1 Mathematical preliminaries
We start with some notation:
R is the real line, C the complex plane.
Rn is the set of n-tuples (ordered sets of n real numbers).
Then x = (x1, . . . , xn ) is in Rn if x1, . . . , xn are in R. We’ll of course use (x0, . . . , x3) for spacetime.

Summation is as usual implied over a repeated index.
Our conventions will be such that repeated indices will occur in pairs with one raised and one

lowered.
A group is a set G together with a binary operation · , satisfying

(1) a, b in G⇒ a · b in G

(2) a, b, c in G⇒ a · (b · c) = (a · b) · c.

(3) There is an identity element e in G such that a · e = e · a = a, all a in G.

(4) For every a in G there is an element a−1 in G with a · a−1 = a−1 · a = e.

An abelian group is a group in which the product · is commutative: a · b = b · a, all a, b in G.

Example 1: The integers are an abelian group under addition (the “product” is + and the identity is 0).
Example 2: The reals are an abelian group under addition.
Example 3: The complex numbers are an abelian group under addition.
Example 4: Rn is an abelian group under addition defined by

(x1, . . . , xn) + (y1, . . . , yn) = (x1 + y1, . . . , xn + yn).

Example 5: The group GL4 is the group of all linear maps a : R4 → R4 for which a(x) ̸= 0 unless
x = 0. The element a can be represented as an n× n matrix by writing x → x′ with x′i = aijx

j . Then
the condition that a(x) ̸= 0 for x ̸= 0 is equivalent to requiring that the matrixaij be nonsingular (that
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det ∥aij∥ ≠ 0), and also equivalent to the existence of an inverse map a−1 in GL4.

Example 6: The smooth invertible maps of R4 onto R4 form a group with composition the product. This
is the group of diffeomorphisms of R4. (Invertible here means having a smooth inverse.)

Exercise 5. Prove that GLn, defined as the set of all n × n matrices with nonzero determinant is a
group. In particular, show that each element ∥aij∥ has an inverse.

1.3.2 Vector Space
Writing laws of Newtonian physics in terms of vectors and tensors makes them manifestly invariant
under rotations. And numbers obtained by measurements can be written as dot products of tensors and
vectors and are thus manifestly independent of coordinates or a choice of basis. In relativity, the laws of
physics are again written in terms of vectors and tensors, now with spacetime indices, and are thereby
manifestly Lorentz invariant. Vectors v and w can be added, with v+w = w+v, and you can multiply
them by real numbers r, so a vector space is an abelian group under addition, together with an operation
of scalar multiplication:

Definition: A set V is a real vector space if V is an abelian group under an operation (addition) that
we denote by + and if there is a second operation (scalar multiplication) that associates with every r in
R and v in V an element rv in V and that satisfies

(1) r(u+ v) = ru+ rv (2) (r + s)v = rv + sv

(3) r(sv) = (rs)v (4) 1v = v, all r, s in R, u,v in V

A complex vector space is defined in exactly the same way, except that r and s are in C instead of R.

Because V is an abelian group, there is a zero vector 0 for which v + 0 = 0+ v = v, all v in V .

Example 1: Rn is a vector space with scalar multiplication defined by

r(x0, . . . , xn−1) = (rx0, . . . , rxn−1)

Exercise 6. Show that 0 · v = 0, all v in V .

Exercise 7. Show that Rn is a vector space with 0 = (0, . . . , 0), checking that it is an abelian group
under addition and that conditions (1)-(4) are satisfied

Example 2: The set of square integrable functions (
∫
f 2dx <∞) on the real line is a vector space:

Addition is addition and scalar multiplication is scalar multiplication.
Example 3: A Hilbert space is a complete complex vector space together with an inner product.

Definition: L : V → W is a linear map between two vector spaces V and W if

L(ru+ sv) = rL(u) + sL(v), all r, s ∈ R,u,v ∈ V.

Two vector spaces V and W are isomorphic if there is a one to one and onto linear map L : V → W .
Example: The group of isomorphisms from R4 to itself is GL4.
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A vector space V is finite dimensional if there is a finite set of vectors {e0, . . . , en−1} that span V ,
i.e., such that every vector v in V can be written in the form

v = viei, vi ∈ R.

The smallest number n of vectors that span V is called the dimension of V and a set of n vectors that
span V is a basis or frame of V . The numbers vi are the components of v in the frame {e0,. . . ,en−1}.
Note that the n basis vectors are linearly independent. That is, no one of them – say e0 – is a linear
combination of the rest. If it were, if e0, could be written in terms of the others,

e0 = r1e1 + · · ·+ rn−1en−1,

then any vector v would be a linear combination of the remaining basis vectors, e1, . . . , en−1,
v = v0e0 + v1e1 + · · ·+ vn−1en−1 = (v1 + r1v0)e1 + · · ·+ (vn−1 + rn−1v0)en−1.
The n− 1 vectors e1, . . . , en−1 would therefore span V , contradicting the assumption that the smallest
set spanning V has n vectors.
Example: Rn has the natural basis

E0 = (1, 0, . . . , 0)

...
En−1 = (0, . . . , 0, 1),

and the ith component of x = (x0, . . . , xn−1) is the number xi.

Every n-dimensional vector space is, in fact, isomorphic to Rn, and an isomorphism L is easy to
find: Let {e0, . . . , en−1} be a basis of V . Then any v in V is v = viei and the isomorphism is simply

L(v) = (v0, . . . , vn−1) = viEi. (1.27)

Exercise 8. Show that L is an isomorphism, that it’s linear, onto, and one to one. Show first that a
linear map L is one-to-one if and only if

L(v) = 0 =⇒ v = 0.

To have an isomorphism V → Rn means that if you give me a vector in V , I’ll give you n real num-
bers. And a frame of V provides just that: For each vector v, it gives you the n numbers (v0, . . . , vn−1),
the components of v along the frame.

Change of basis:
We’ll use MTW notation, in which one writes the components of a vector v in two different frames

as vi and vi′ , with the prime associated with the index. This reflects the fact that the vector itself does
not change under a change of basis.

If (e0, . . . , en−1) and (e0′ , . . . , en−1′) are any two bases of V , then each vector ei is a linear combi-
nation of the primed basis vectors ei′:

ei = ej′ a
j′
i. (1.28)

Analogously,
ei′ = ej a

j
i′ . (1.29)



CHAPTER 1. INTRODUCTION: PHYSICS IN FLAT SPACETIME 38

Because ∥aj i′∥ takes the unprimed frame to the primed frame, and ∥aj′ i∥ takes the primed frame back
to the unprimed frame, they must be inverses of one another.
Claim: The matrices ∥aj′ i∥ and ∥aj i′∥ are inverses:

aik′ a
k′
j = δij and ai

′
k a

k
j′ = δi

′

j′ . (1.30)

Proof: eiaik′ak
′
j = ek′a

k′
j = ej = δijei. Equating coefficients of each ei gives aik′ ak

′
j = δji .

To show the second equation, exchange primed and unprimed indices in the proof.
If a vector v has components vi with respect to ei, its components with respect to e′

i are

vi
′
= ai

′
j v

j . (1.31)

Similarly,
vi = aij′ v

j′ . (1.32)

Proof: We have v = viei = vi
′
ei′ and ei′ = eja

j
i′ . Then eiv

i = eja
j
i′v

i′ = eia
i
j′v

j′ .
Equating coefficients of ei gives (1.32).

Exercise 9. In the natural basis e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) for R3, a vector has
components v1 = 1 v2 = 2 v3 = 3.

(a) What are the components of v relative to the bases

e1′ = (1, 1, 0), e2′ = (0, 2, 0), e3′ = (1, 1, 1);
and

e1′′ = (2, 0, 0), e2′′ = (0, 2, 0), e3′′ = (0, 0, 2)?

(b) Find the matrices ai′j, aij′ , aij′′ , ai
′′
j, a

i′′
j′ .

1.3.3 Dual Space
In quantum mechanics, the wave function ψ of a single particle, say, can be regarded as a “ket” vector
|ψ⟩ in the Hilbert space H of square integrable functions on space (R3). It can also be regarded as a
“bra” vector ⟨ψ|, a linear map from H to C by

⟨ψ| : |ψ̃⟩ → ⟨ψ|ψ̃⟩ =
∫
ψ∗ψ̃d3x,

where ψ̃ is any other square integrable function (|ψ̃⟩ a vector in H).
The vector x = (x0, . . . , x3) in R4 can similarly be regarded as a linear map from R4 to R by

x : y 7→ −x0y0 + x1y1 + x2y2 + x3y3, where y is any vector in R4. If

xµ = ηµνx
ν ,

we can write x : y −→ xµy
µ.

The set of all linear maps from V to R also is called the dual space, V ∗. It is a vector space (Exercise
below), and, if V is finite-dimensional of dimension n, then V ∗ also has dimension n. If σ and τ are
two linear maps from V to R, their sum is

(σ + τ )(v) = σ(v) + τ (v)
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real number = real number + real number
Scalar multiplication is given by

(rσ)(v) = r(σ(v))

real number = real number r × real number σ(v)

The vectors σ in V ∗ are called covectors or 1-forms. Wald calls them dual vectors.

Exercise 10. Show that V ∗ is a vector space.

To see that V ∗ is n dimensional when V is n dimensional, we introduce a basis {ei} for V . Let σ
be any linear map, and v = viei a vector in V . Because σ is linear, σ(v) = viσ(ei). So if we define
the n real numbers σi by

σi = σ(ei), (1.33)

we have σ(v) = σiv
i. Now comes the key part: we are going to define a basis for V ∗ in which σi will

be the ith component of σ. If we let ωi be the linear map

ωi(v) = vi

Then σ is a linear combination of the ωi:

σ = σiω
i.

Check: σ(v) = σiv
i = σiω

i(v).
Thus {ωi} is a basis for V ∗, and the numbers σ1, . . . , σn are the components of σ in the basis {ei}.3 In
particular, V ∗ is n-dimensional. A basis {ωi} for V ∗ is called the basis dual to {ei} if

ωi(ej) = δij,

and the basis we have just introduced satisfies this relation.

Change of basis

If ei′ = ej a
j
i′ , and σ is a covector, then

σi′ = aji′σj. (1.34)

Proof. σi′ = σ(ei′) = σ(eja
j
i′) = aj i′σ(ej) = aji′σj .

The basis dual to {ei′} is {ωi′}, with

ωi′ = ai
′

j ω
j.

Check:
ωi′(v) = ai

′

j ω
j(v) = ai

′

j v
j = vi

′
. (1.35)

Finally, note that σ(v) is a number, and it never heard of a basis, so σivi must be independent of the
choice of basis. Check:

σi′v
i′ = (aji′σj)(a

i′

kv
k) = (aji′a

i′

k)σjv
k = δjkσjv

k = σjv
j.

3MTW and Schutz use this notation for the dual basis, following Cartan. Wald writes ei instead of ωi.



CHAPTER 1. INTRODUCTION: PHYSICS IN FLAT SPACETIME 40

Abstract index notation (invented by Roger Penrose):
Instead of using arrows or boldface, we will often write a vector in the manner va, and a covector

will be written σa . The symbol va will not mean the ath component of the vector – it will be the same
as writing v.

va ≡ v . (1.36)

Then σava and vaσa both mean σ(v). There is no reason to introduce a basis every time we want to talk
about a vector, but the boldface (or arrow) notation is clumsy for tensor algebra.
Index conventions: Latin indices will be used for any number of dimensions, Greek for spacetime only.
Latin and Greek indices at the beginning of the alphabet, a, b, c, . . . and α, β, γ, . . . will be abstract (a
for “abstract”); Latin and Greek indices from i (ι) onward, i, j, k, l,m, n, . . . and ι, κ, λ, µ, ν, . . . , will
be concrete.

1.3.4 Tensors
The definition of a connecting vector, as a directed line joining two points does not need a coordinate
system or a choice of basis. And the definition specifying magnitude and direction again does not
involve a basis. Tensors similarly arise in physics in a way that does not involve the introduction of a
basis or the components of the tensor. In particular, the tensor you are likely to have encountered first,
the moment of inertial tensor Iab, relates the angular velocity vector Ωa of a rigid body to the body’s
rotational kinetic energy and to its angular momentum.

E =
1

2
IabΩ

aΩb, La = IabΩ
b.

That is Iab can be regarded as the map Ωb → La from angular velocity to angular momentum; or as the
map (Ωa,Ωb) → 2E. The map Ωb → La is linear; and the map (Ωa,Ωb) → 2E is bilinear (separately
linear in each argument). Wald uses abstract indices, while MTW use only concrete indices and write
I(u,v) instead of Iabuaub.

We already introduced a covector as a linear map from vectors va to numbers; σa : va −→ σav
a. A

vector can similarly be regarded as a linear map from covectors σa to numbers;
va : σa −→ σav

a.
We define a covariant tensor Tab as a map from pairs of vectors to numbers (ua, vb) −→ Tabu

avb,
with Tab linear in ua and vb separately:

Tab(ru
a + swa)vb = rTabu

avb + sTabw
avb (1.37)

Tabu
a(rvb + swb) = rTabu

avb + sTabu
awb (1.38)

The components of Tab in a basis (ea0, e
a
1, e

a
2, e

a
3) are, for example,

T12 = Tabe
a
1e
b
2

Exercise 11. a) Show that in a different basis ei′ = eia
i
i′

Ti′j′ = aii′a
j
j′Tij . (1.39)

Tab is called a second rank covariant tensor. A (third rank, mixed) tensor Sabc is analogously a map that
takes two covectors and one vector to a number, (σa, τ ′, vc) → Sabcσaτ

′vc, with the map linear in each
argument.



CHAPTER 1. INTRODUCTION: PHYSICS IN FLAT SPACETIME 41

It is worth reiterating that each component of a tensor is a number. Each component of a tensor field
is then a scalar field.
Exercise 8 b). Prove that the components of Sabc transform under a charge of basis in the manner

Si
′j′
k′ = a i

′

i a
j′

j a
k
k′S

ij
k. (1.40)

In general then, a tensor T a···bc···d with r up indices and s down indices is a multilinear map from s
vectors and r covectors to R. Its components transform under a change of basis in the manner

T i
′···j′

k′···l′ = ai
′

i · · · a
j′

j a
k
k′ · · · all′T i···jk···l. (1.41)

The tensors with r up indices and s down indices form a vector space: Each linear combination of ten-
sors of the same type is again a linear map:
pSa···bc···d + qT a···bc···d maps (σa, . . . , τ

′, uc, . . . , vd) to

(pSa···bc···d + qT a···bc···d)σa . . . τ
′uc · · · .vd = pSa···bc···dσa · · · τ ′uc · · · vd + qT a···bc···dσa · · · τ ′uc · · · vd.

In the older mathematics texts, tensors are often defined by the transformation law, Eq. (1.41) –
and, in physics texts, by the equivalent law with the aj′ i ′s restricted to Lorentz transformations. The
transformation law (1.39) is equivalent to saying
the number Tijuivj depends only on the vectors ua and vb; it is independent of the choice of basis.
But this statement means that (ua, vb) → Tiju

ivj is a well defined map from vectors to numbers; in
other words, giving a tensor in the sense of a set of numbers Tij that transform by (1.39) is the same as
giving a bilinear map Tab from vectors to real numbers. The components of Tab are the numbers Tij .

Outer product
If Sab and T abc are tensors, so is SabT cde defined by SabT cdeuavbσcτdwe = (Sabu

avb)(T cdeσcτdw
e).

SabT
cd
e is the outer product of Sab and T abc, and its components in a basis are, of course, SijT klm.

Any tensor T ab, say, can be built up out of vectors (and covectors) by taking outer products. That is,
if (t̂α, x̂α, ŷα, ẑα) is a basis for V (think of t̂α as the unit vector along a t-axis in Minkowski space), any
vector can be written in the form

Aα = Att̂α + Axx̂α + Ayŷα + Az ẑα

(where At, Ax, Ay, and Az are just components of Aα in the basis (t̂α, x̂α, ŷα, ẑα), and any tensor Tαβ

can be written
Tαβ = T ttt̂αt̂β + T txt̂αx̂β + T xtx̂αt̂β + T ty t̂αŷβ + · · · (1.42)

For example, the Minkowski metric is

ηαβ = −t̂αt̂β + x̂αx̂β + ŷαŷβ + ẑαẑβ. (1.43)

The index-free notation for the outer product of tensors S and T is S ⊗ T .

Contraction
Given the tensor T abcde = uaσbv

cwdτe, we can obtain a new tensor of lower rank by contracting on
one lower and one upper index. That is, a tensor T̃ cdb ≡ T ab

cd
a, with one down and two up indices is

defined by
T ab

cd
a = uaσbv

cwdτa ≡ σbv
cwd (uaτa)︸ ︷︷ ︸

a number

(1.44)
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Since any tensor can be written as a sum of outer products of vectors,
Aabcde = uavbσcτdωe + waxbζcηdξe + · · · ,

one can define contraction between any up and any down index by

Aaecde = uaveσcτdωe + waxeζcηdξe + · · · . (1.45)

The meaning of contraction is easy to understand in terms of components:

Aimklm ≡
n∑

m=1

Aimklm . (1.46)

Exercise 12. Show the definition (1.45) implies (1.46) by looking first at tensors of the form uaσb, then
of the form ua · · · vbσc · · · τd, and finally of the general form: linear combinations of these.

Index Symmetries
A tensor T abcd is symmetric in the two upper indices a and c if T abcd = T cbad.

This means that the map, T abcd is symmetric under interchange of its first and third arguments:

T abcdσaτ
′ωcv

d = T cbadσaτ
′ωcv

d = T abcdωaτ
′σcv

d.

(The second equality here is a change in the names of the dummy indices.)
A tensor S b

a cde is similarly said to be symmetric in a pair of lower indices – in a and c, say – if
S b
a cde = S b

c ade .
A tensor T abc is antisymmetric under interchange of a and b if T abc = −T bac.
T a···b is totally antisymmetric (totally symmetric) if it is antisymmetric (symmetric) under interchange
of any pair of indices. If T ab is any tensor

T (ab) :=
1

2
(T ab + T ba) (1.47)

is a symmetric tensor. Similarly for r indices, T a1···ar :

T (a1···ar) :=
1

r!

∑
permutations π of r integers

T aπ(1)··· aπ(r) (1.48)

(For example, if r = 3, one permutation π is π(1) = 2, π(2) = 3, π(3) = 1; another is
π(1) = 3, π(2) = 2, π(3) = 1. )
Thus

T (abc) =
1

3!
(T abc + T bca + T cab + T acb + T bac + T cba) (1.49)

Analogously, given any T a1···ar , one constructs the totally antisymmetric tensor

T [a1···ar] =
1

r!

∑
π

(sign π)T aπ(1)···aπ(r) , (1.50)

where (sign π) is +1 when π is an even permutation, −1 when π is odd. Eq. (1.50) is commonly written

T [a1···ar] =
1

r!

∑
π

(−1)πT aπ(1)···aπ(r) . (1.51)
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For example,

T [ab] =
1

2
(T ab − T ba), (1.52)

and
T [abc] =

1

3!
(T abc + T bca + T cab − T acb − T bac − T cba). (1.53)

Then T a···b is totally symmetric if T a···b = T (a···b), totally antisymmetric if T a···b = T [a···b].

1.3.5 The tensors ηαβ, δ
α
β and ϵαβγδ

A Minkowski metric in a four dimensional vector space is a symmetric tensor ηαβ with signature
−+++. Because ∥ηµν∥ is a symmetric matrix, there is a basis in which it is diagonal, and to say
that its signature is − + ++ means that in such a basis it has one negative and three positive diagonal
elements (eigenvalues). For example:

∥ηµν∥ =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
−1

4

4
9

16

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

By redefining the basis e0′ = 2e0, e1′ =
1
2
e1, e2′ =

1
3
e2, e3′ =

1
4
e3, we have

η0′0′ = ηαβe0′
α e0′

β = ηαβ(2e0
α)(2e0

β) = 4η00 = −1 and η1′1′ = η2′2′ = η3′3′ = 1. That is,

∥ηµ′ν′∥ =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
−1

1
1

1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

The tensor δαβ is defined by δαβσαv
β = σαv

α, and it has components δµν in every basis. Moreover
δαβv

β = vα and δαβσα = σβ , all vα, σβ .

Given a Minkowski metric ηαβ , one defines a contravariant tensor ηαβ by
(1) ηαβ symmetric
(2) ηαγηβγ = δαβ .
Then ∥ηµν∥ is the matrix inverse of ∥ηµν∥. In an orthonormal basis, a basis in which

∥ηµν∥ =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
−1

1
1

1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣ , the inverse matrix is ∥ηµν∥ =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
−1

1
1

1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣ as well.

ηαβ can be regarded as a map from vectors to covectors: If ξα is a vector, the map is ξα → ηαβξ
β . So

given a metric ηαβ , we have a natural way to identify vectors and covectors, and the same letter ξ will
be used for the covector as for the identified vector:

ξα = ηαβξ
β. (1.54)

Then ηαβξβ = ηαβηβγξ
γ = δαγξ

γ = ξα. Similarly, if Tαβ is a contravariant tensor, we write

Tαβ = ηαγηβδT
γδ, (1.55)
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and it follows that
Tαβ = ηαγηβδTγδ. (1.56)

In a four dimensional vector space, there is – up to a constant – only one totally antisymmetric tensor
ϵαβγδ = ϵ[αβγδ]. This is easy to see in terms of components: ϵ0122 = −ϵ0122, interchanging 2 and 2,
whence ϵ0122 = 0 and ϵµνστ can have no nonvanishing components with repeated index. The only
nonzero components are ϵ0123, ϵ0132, ϵ1203, etc. and these are related by a permutation of {0, 1, 2, 3}.

ϵ0123 = −ϵ0132 = ϵ1032 = · · · .

Then ϵαβγδ can be fixed by setting ϵ0123 = 1 in a right handed orthonormal basis whose timelike basis
vector points to the future. With this normalization, we have

ϵαβγδϵ
αβγδ = −4! (1.57)

Exercise.

a. Show that (1.57) implies that ϵ0123 = ±1 in an orthonormal basis.

b. Suppose that, in a right-handed, future-pointing basis, ϵ0123 = 1. Show that if ϵ̂0123 = 1 in a left
handed future pointing basis, then ϵ̂αβγδ = −ϵαβγδ.
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1.3.6 Tensor Fields and ∇α

The arena of special relativity is Minkowski space, M , which we can now define as a four-dimensional
vector space together with a Minkowski metric ηαβ . This definition singles out an origin – the zero
vector 0, but physics doesn’t hand us a preferred event so we can equally well regard another point A as
the origin of a vector space, identifying any point B with the vector V α

AB = Bα − Aα.

In this way, we regard the connecting vectors V α
AB as vectors at A, and ηαβ may be regarded as a

metric for the vector space at each point A:

ηαβV
α
ABV

β
AC = ηαβ(B

α − Aα)(Cβ − Aβ). (1.58)

If we choose A as the origin of the vector space, then A = 0, and V α
AB = Bα.

The natural Cartesian coordinate systems with A as origin assign as coordinates of the point B the
components of Bα with respect to an orthonormal basis, t̂, x̂, ŷ, ẑ at A:

B = VAB = Btt̂+Bxx̂+Byŷ +Bzẑ
The t, x, y, z coordinates of the point B are then Bt = t, Bx = x,By = y,Bz = z.
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In curvilinear coordinates, the identification is gone: Suppose the point B has coordinates t, r, ϕ, z,
with x = r cosϕ, y = r sinϕ, and let r̂ and ϕ̂ be unit vectors in the r and ϕ directions. Because the vector
B from the origin to the point B is radial, Bϕ̂ = 0, not ϕ. (Formally, Bϕ̂ = −Bx sinϕ+By cosϕ = 0.)

We’ll call the Cartesian coordinates associated with an orthonormal frame and a choice of origin
natural coordinates for M . Any two natural coordinate sytems for M are related by a change of origin
(translation) together with a change of orthonormal frame (Lorentz transformation) – i.e., two natural
coordinate systems {xµ} and {x′µ} are related by a Poincaré transformation, x′µ = Λµνx

ν + aµ.

A scalar field on M is a map f : M → R assigning to each point P in M a number f(P ).

A vector field on M assigns to each point P a vector vα(P ) at P .

If vα is a vector at P , ηαβvβ = vα is a covector at P , and if uα is another vector at P, uαvβ is a tensor
at P . In this way one constructs all tensors at P . A tensor field Tαβγ on M assigns to each point P a
tensor Tαβγ(P ) at P .

In a curved space, one no longer has a natural way to define a connecting vector between an arbitrary
pair of points. But we will see that the tangent to a curve and the gradient of a function can naturally be
identified with vectors and covectors, respectively. Here is the flat-space description, written in a way
that will later let us use most of it in curved space.

A path through P is defined as a map c : R →M , whose image intersects P . Here we take c(0) = P .

Tangent vectors. In flat space, we can regard each point c(λ) as a vector at P (the connecting vector
from P to c(λ)) and so define the tangent to c at P as the vector

vα =
d

dλ
cα(λ)

∣∣∣∣
λ=0

. (1.59)

Two curves are tangent at P if they have the same tangent vector.
A vector vα at P maps functions on M to real numbers by taking their derivative in the direction of

vα. That is,

v(f) =
d

dλ
f(c(λ))

∣∣∣∣
λ=0

, (1.60)

where c(λ) is a curve through P with tangent vα. This will be used to define vectors in a curved space.
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Example: Let tα be the tangent to the path λ→ (t+ λ, x, y, z).
i.e. tα is a unit vector in the t direction at the point (t, x, y, z).

Then
t(f) =

d

dλ
f(t+ λ, x, y, z) =

∂f

∂t
(t, x, y, z). (1.61)

For this reason, the vector tα is sometimes written ∂t.

Gradients of functions are covectors.

A function f gives rise to a linear map from vectors at P to real numbers:

vα → d

dλ
f(c(λ))

∣∣∣∣
λ=0

, where c(λ) has tangent vα.

In a natural coordinate system at P

d

dλ
f(c(λ))

∣∣∣∣
λ=0

=
∂f

∂xµ
[c(λ)]

dcµ

dλ

∣∣∣∣
λ=0

=
∂f

∂xµ
(P ) vµ, (1.62)

and so the map is clearly linear:

r u+ s v → ∂f

∂xµ
(P )(r uµ + s vµ)

= r
∂f

∂xµ
(P )uµ + s

∂f

∂xµ
(P ) vµ.

In other words, the map is a covector, and one calls it ∇αf . Thus ∇αf : vα → vα∇αf has components

∇µf =
∂f

∂xµ
(1.63)

Given a function f , one thereby acquires a covector field ∇αf , the gradient of f .
.
To extend the action of ∇α to vectors, we need to compare

vectors at two different points. To do so, we use the natural paral-
lel transport that identifies a vector vαAB at A with the vector vαCD
at C when vαAB ≡ Bα − Aα = Dα − Cα ≡ vαCD. .

.
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.

. . . A vector field vα is said to be constant if, given its value vα(A) at any point A, one obtains the
vector vα(B) by parallel transport of vα(A) from A to B. Equivalently, the constant vector fields have
constant components in a natural coordinate system: We can write

vα = vtt̂α + vxx̂α + vyŷα + vz ẑα, (1.64)

where
t̂α is tangent to the curve (t+ λ, x, y, z) = c0(λ)
x̂α is tangent to the curve (t, x+ λ, y, z) = c1(λ),
. . ..
Then the vector field vα is a constant vector field when vt, vx, vy, and vz are constants. We set

∇αv
β = 0 (1.65)

when vα is a constant vector field and extend ∇α to arbitrary vector fields by the Leibnitz rule

∇α(fv
β) = (∇αf)v

β + f∇αv
β, (1.66)

vα now not constant. Since any vector can be written in terms of constant vector fields t̂α, x̂α, ŷα and ẑα

in the form (1.64), we have ∇αv
β = (∇αv

t)t̂β + (∇αv
x)x̂β + (∇αv

y)ŷβ + (∇αv
z)ẑβ . (vt, vx, vy and vz

are four scalar fields, the components of vα in the basis t̂α, x̂α, ŷα, ẑα). Thus in the basis t̂α, x̂α, ŷα, ẑα,
the components of ∇αv

β are

∇µv
ν =

∂vt

∂xµ
δνt +

∂vx

∂xµ
δνx +

∂vy

∂xµ
δνy +

∂vz

∂xµ
δνz

=
∂vν

∂xµ
(tν = δνt , x̂

ν = δνx, etc.) (1.67)

The operator is extended to covectors via

∇αξβ ≡ ηβγ∇αξ
γ (1.68)

and to arbitrary tensor fields by saying what tensor (multilinear map) is denoted by ∇αT
β···γ

δ···ϵ:

(∇αT
β···γ

δ···ϵ)w
ασβ · · · τγuδ · · · vϵ ≡ ∇α(T

β···γ
δ···ϵσβ · · · τγuδ · · · vϵ)wα

−T β···γδ···ϵ(∇ασβ) · · · τγuδ · · · vϵwα

− · · · − T β···γδ···ϵσβ · · · τγuδ · · · (∇αv
ϵ)wα (1.69)

Exercise 13. Prove that the components of ∇αT
β···γ

δ···ϵ in a natural coordinate system (i.e. in the basis
t̂α, x̂α, ŷα, ẑα of vector fields tangent to the curves (t+ λ, x, y, z), (t, x+ λ, y, z) etc. of a natural
coordinate system) are

∇λT
µ···ν

ι···κ =
∂

∂xλ
T µ···νι···κ. (1.70)

Note that in terms of the natural coordinate components, equation (1.69) is the Leibnitz rule

∂

∂xλ
(T µ···νι···κσµ · · · τνuι · · · vκ) = (

∂

∂xλ
T µ···νι···κ)σµ · · · τνuι · · · vκ

+T µ···νι···κ
∂σµ
∂xλ

· · · τνuι · · · vκ + · · · (1.71)

It follows immediately from (1.71) that

∇αδ
β
γ = 0, ∇αηβγ = 0, ∇αη

βγ = 0, ∇αϵβγδϵ = 0. (1.72)

(If all the components of a tensor vanish, the tensor itself vanishes.)
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1.4 Particles

1.4.1 Particle Trajectories
Our primary aim in the rather abstract treatment of tensors given in Sect. 1.3.4 was to develop a formal-
ism that could be easily generalized to curved spacetimes. However, most of the standard calculations
of special relativity are more easily performed in a coordinate-free framework - once one gets used to it
and no longer feels the need to translate back to a more familiar language. Sect. 1.4 is therefore designed
largely to restate concepts and calculations you already know in a somewhat different language.

The motion of a particle can be described as a path in spacetime – its trajectory or worldline – c(λ).

M

 C



The tangent vector to the path,

ξα =
dcα(λ)

dλ
,

is timelike: That’s what it means to say the particle travels slower than
the speed of light. .

.

.

.

.

.
The set of all points (spacetime events) that can be reached by a particle starting at a point P is the
interior of the future light cone at P , and it can be identified with the set of all future pointing timelike
vectors at P .

future pointing
timelike vector

future null cone

If the event P is an explosion so that an expanding spherical pulse of light is sent out from it, then the
light emerging from this event forms a cone (in spacetime) with vertex P . (A slicing of the light’s history
is a sequence of spheres expanding from a point.) Formally the cone is the set of all future-pointing null
vectors at P .

The velocity (four-velocity) of a particle is the unit vector tangent to its trajectory,

uα = ξα(−ξβξβ)−1/2, (1.73)

with
uαuα = ξα(−ξβξβ)−1/2ξα(−ξγξγ)−1/2 = ξαξα(−ξβξβ)−1 = −1. (1.74)

A zero rest mass particle has no velocity vector in this sense; the tangent to its trajectory is a null vector
kα, kαkα = 0.
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A free particle has a straight line trajectory - its tangent vector is
parallel propagated along itself

uβ∇βu
α = 0. (1.75)

A preferred observer in Minkowski space (an inertial observer)
will mean someone who moves along the trajectory of a free
particle and who measures components of tensors along a basis
(uα, x̂α, ŷα, ẑα) where uα is his velocity and x̂α, ŷα, ẑα are unit vec-
tors orthogonal to each other and to uα and parallel propagated along
uα. Such inertial frames are the preferred bases of constant vector
fields introduced in Sect. 1.3.6.

In general, of course, particles and observers need not travel in straight lines. One can, for example,
describe the measurements made by an accelerating, rotating, observer: At each point along a timelike
trajectory (the observer’s worldline) one chooses a basis whose timelike basis vector is the observer’s
uα. The spacelike vectors are then unit, orthogonal to uα, and have orientation fixed by the observer’s
rotation. Think of an observer as someone with three perpendicular rulers (thin rods) and a ticking
watch. The connecting vector between ticks is the timelike basis vector; and the intersection of the slice
orthogonal to uα with the history of each ruler is a spacelike basis vector.

History of an observer with watch and one ruler; the observer rotates by π and then stops rotating.

uα(4)

uα(0)

uα(2)

uα(3)

xα(0)

xα(1)

xα(2)

xα(3)

xα(4)

uα(1)
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The physical meaning of the metric ηαβ is that it provides the measured distance between events. In
particular, if a clock moves from A to B along a trajectory c(λ), c(0) = A, c(λ) = B, it will tick off a
time

τc(λ) =

∫ λ

0

[−ξα(λ)ξβ(λ)ηαβ]1/2dλ, where ξα(λ) =
dcα(λ)

dλ
. (1.76)

τc is called the proper time along the path c.

Furthermore, there is a preferred time between two (timelike related) events A and B, namely
τ = [−ηαβ(Bα − Aα)(Bα − Aβ)]1/2,

and τ is called the proper time between the events. We will see in a minute that τ is the time measured
by a freely moving clock whose trajectory is the straight line from A to B. But first note that if c is

parameterized by proper time τ , then ξα =
dcα(τ)

dτ
= uα, the unit vector tangent to c.

Proof: The proof is essentially immediate from the definition (1.76) of proper time. For any λ(τ),

Eq. (1.76) implies
dτ

dλ
= [−ξαξα]1/2. When τ = λ, we have dτ/dλ = 1 and ξα = dcα/dτ , implying

1 = [−ξαξα]1/2 , ξαξα =
dcα

dτ

dcα
dτ

= −1.

For a freely moving clock – the timepiece of an inertial observer – the trajectory will be

cα(τ) = τuα , (1.77)

parameterized by clock time, since
dcα

dτ
is the constant vector uα. If τA is the clock’s time at A and τ ′

its time at B,
cα(τA) = Aα , cα(τ ′) = Bα , and

(Aα −Bα)(Aα −Bα) = (τAu
α − τ ′uα)(τAuα − τ ′uα)

= −(τA − τ ′)2.

That is, the proper time between the events A and B is the proper time along the straight line trajectory
from A to B.

1.4.2 Boosts and “Addition of Velocity”
We will use “velocity” in this section to mean 4-velocity, and “speed” to mean the magnitude of the
3-velocity seen by an inertial observer. Suppose Alice and Cat are inertial observers with 4-velocities
uα and ũα, moving relative to one another with speed v. To say that the boost is along Alice’s x-axis
means that Alice chooses her basis vector x̂α to lie in the plane spanned by uα and ũα. Cat similarly
takes his basis vector x̃α to be in the same plane.

Cat’s speed v is related to the components of his velocity (along Alice’s frame) by

v :=
dx

dt
=
dx/dτ

dt/dτ
=
ux

ut
. (1.78)
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This, together with the fact that uα is a unit vector, uαuα = −1, implies

(ũµ) =

(
1√

1− v2
,

v√
1− v2

, 0, 0

)
≡ (γ, η, 0, 0). (1.79)

Equivalently,
ũα = γuα + ηx̂α, (1.80)

where η = γv. Notice that γ and v are defined in terms the dot-product of the 4-velocities uα and ũα:

γ := −uαũα , v :=
√
1− γ−2 . (1.81)

The vector x̃α is a unit vector orthogonal to ũα that lies in the uα-x̂α plane, implying

x̃α = ηuα + γx̂α

We can phrase this in a more democratic way, writing

ũα = γuα + ηx̂α , uα = γũα − ηx̃α ,

where x̃α = −ηuα + γx̂α. That is, the two sets of basis vectors, uα, x̂α and ũα, x̃α, are related by a
Lorentz transformation (a boost) and its inverse:

ũα = γuα + ηx̂α , uα = γũα − ηx̃α (1.82a)
x̃α = ηuα + γx̂α x̂α = −ηũα + γx̃α. (1.82b)

Addition of velocities.

Suppose now that three observers, Alice, Bob and Cat, move in straight lines in a plane in spacetime
with 4-velocities uα, ūα, and ũα.

Problem: If Bob moves at speed v1 relative to Alice and Cat moves at speed v2 relative to Bob, what is
the speed v of Cat relative to Alice?

The familiar derivations, in terms of of components along Alice’s frame are variants of the following:
In terms of Bob’s coordinates x, t, Cat’s speed relative to Bob is v2 = dx/dt; the corresponding γ’s are
uαuα = −γ1 and uαũα = −γ2. Alice’s coordinates t, x are then related to Bob’s by

t = γ1(t+ vx) x = γ1(vt+ x).

Cat’s speed relative to Alice is given by

v =
dx

dt
=
γ1(dx+ v1dt)

γ1(dt+ v1dx)
=

dx/dt+ v1
1 + v1dx/dt

=
v1 + v2
1 + v1v2

;

But it’s instructive to see how it goes in terms of the boosts.
Problem: If uαuα = −γ1 and uαũα = −γ2, find γ = −uαũα in terms of γ1 and γ2.
Solution: Bob is moving at speed v1 relative to Alice, so his basis vectors are given in terms of Alice’s
by

uα = γ1u
α + η1x̂

α, xα = η2u
α + γ2x̂

α. (1.83)
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We’re given the speed v2 of Cat relative to Bob, implying Cat’s basis is related to Bob’s by

ũα = γ2u
α + η2x

α, x̃α = η2u
α + γ2x

α. (1.84)

We already have Bob’s velocity in terms of Alice’s frame, Eq. (1.83). We want Cat’s ũα in terms of
Alice’s frame: Substitute (1.83) in (1.84):

ũα = γ2(γ1u
α + η1x̂

α) + η2(η1u
α + γ1x̂

α)

= (γ1γ2 + η1η2)u
α + (γ1η2 + γ2η1)x̂

α.

Thus
γ = γ1γ2 + η1η2 and η = γ1η2 + γ2η1. (1.85)

We can rewrite this solution in terms of v, v1, v2, using η = vγ, η1 = v1γ1, η2 = v2γ2 to recover the
usual form:

v =
η

γ
=

v1 + v2
1 + v1v2

. (1.86)

But an equally useful form is obtained by noting that, by (1.85),

γ + η = γ1γ2 + η1η2 + γ1η2 + η1γ2

= (γ1 + η1)(γ2 + η2).

In other words log(γ + η) is additive!

log(γ + η) = log(γ2 + η2) + log(γ1 + η1). (1.87)

Now

γ + η =
1 + v√
1− v2

=

√
1 + v

1− v
, so

log

(
1 + v

1− v

)
= log

(
1 + v1
1− v1

)
+ log

(
1 + v2
1− v2

)
. (1.88)

The combination ϑ = log

√
1 + v

1− v
is called the velocity parameter,4 and it’s easy to check that v = tanhϑ.

If you remember that the Doppler shift in the frequency of light is given by

ω̃ = ω

√
1 + ṽ

1− ṽ
= ωeϑ, (1.89)

then the additivity of ϑ is not really new: Eq. (1.89) implies that successive boosts by v1 and v2 change
the frequency (and a photon’s energy) by the product eϑ = eϑ̃+ϑ̂, implying ϑ = ϑ̃ + ϑ̂. (If you haven’t
derived the Doppler shift, see Exercise 27. )

Exercise 14. (From the problems to Feynman v. I) A cart rolls on a table with speed v. A smaller cart
rolls on the first in the same direction with speed v relative to the first cart, and so on up to n carts.
What is the speed vn of the nth cart relative to the table? What is limn→∞ vn?

4There is no standard notation. Schutz calls the velocity parameter u, and these notes use Hartle’s name for it.
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Exercise. If you didn’t do the last exercise using Eq. (1.88), do so now.

The next exercise is the calculation leading to (1.85), done as an explicit composition of boosts as
matrices.

Exercise 15. The frames {êµ} = {u, x̂, ŷ, ẑ}, {eµ} = {u,x,y, z}, and {ẽµ} = (ũ, x̃, ỹ, z̃), are
orthonormal and so are related by boosts

eµ = eνΛ
ν

µ , ẽµ = eνΛ̃
ν
µ, and ẽµ = eνΛ

ν
µ, where Λνµ = Λ

ν

σΛ̃
σ
µ.

Find Λ
ν

µ and Λ̃νµ , and compute Λνµ. In this way derive the addition-of-velocity law (1.85).

Exercise 16. Consider the curve c(λ) given in the natural coordinate system by

x(λ) =

∫ λ

r cos θ cosϕdλ, y(λ) =

∫ λ

r cos θ sinϕdλ

z(λ) =

∫ λ

r sin θdλ, t(λ) =

∫ λ

rdλ,

where r, θ, and ϕ are arbitrary functions of λ.
(a) Show that c(λ) is a null curve.
(b) Under what conditions on the functions r(λ), θ(λ) and ϕ(λ) will c(λ) be a straight line?
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1.4.3 Surfaces of simultaneity and the 3+1 decomposition of spacetime
An observer having velocity uα can separate pα into energy and three-momentum in a manner analo-
gous to the decomposition of uα in the last section into vectors along and orthogonal to the observer’s
velocity. The decomposition is frequently encountered and deserves some discussion. The surfaces of
simultaneity of an observer with velocity ûα are orthogonal to ûα, and so are spanned by three vectors
x̂α, ŷα, ẑα perpendicular to ûα. In a natural coordinate system of an inertial observer (points are labeled
by their components along the basis ûα, x̂α, ŷα, ẑα) the surfaces of simultaneity are, of course, the t =
constant hyperplanes.

If ũα is moving at speed v relative to ûα, there is an easy way to draw the surfaces of simultaneity
of ûα and ũα.

With tan θ = v, the 2-D drawing looks like the figure above.

Here the angles labeled θ are angles of the Euclidean geometry of the screen (or paper), not of the actual
Lorentzian geometry of spacetime.
Check that tan θ = v: In the Lorentzian geometry of spacetime, ûα is perpendicular to x̂α and ũα is
perpendicular to x̃α. By drawing the diagram with ûα vertical and with light-rays at 45◦, we have made
x̂α perpendicular to ûα in the Euclidean spatial geometry of the diagram. By (1.82a), ũα = γûα+ηx̂α, so
in that Euclidean geometry the angle between ũ and û is given by tan θ = η

γ
= v. Similarly, by (1.82b),

x̃α = ηûα + γx̂α, so the angle between x̂α and x̂α in the diagram is again given by tan θ = η
γ
= v.

Had we drawn the diagram with ũα vertical, x̃α would of course have been been perpendicular to ũα

in that diagram’s spatial Euclidean geometry.
In the diagram’s Euclidean metric ds2 = dt2+dx2, the dot product of x̃ and x̂ is cos θ with tan θ = v,

while in the actual Lorentzian metric ds2 = −dt2 + dx2, the dot product is x̃αx̂α = γ = coshϑ, with
tanhϑ = v.

Exercise 17. Check that γ = coshϑ, with ϑ defined by tanhϑ = v. Then check that the map t→ it that
takes the Lorentzian metric −dt2 + dx2 to the Euclidean metric dt2 + dx2 and takes v = dx/dt to
v/i = dx/(i dt) also takes ϑ to iθ; equivalently, if T = it, X = x, V = v/i, and θ = ϑ/i, then
V = tan θ.
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3+1 decomposition of tensors: Spacetime → space+time relative to an observer with velocity uα.
The tensor

γαβ = δαβ + uαuβ (1.90)

projects vectors into the surface orthogonal to uα. In other words, if ξα is any vector,

ξα⊥ := γαβξ
β (1.91)

is a vector orthogonal to uα:

γαβu
β = δαβu

β + uαuβu
β = uα − uα = 0; (1.92)

similarly, uαγαβ = 0, whence
uαξ

α
⊥ = uαγ

α
βξ

β = 0 .

If ξα is already orthogonal to uα, then
ξα⊥ = ξα.

Proof: ξα⊥ = γαβξ
β = δαβξ

β + uαuβξ
β = ξα, because uβξ

β = 0.
Any vector can be written as the sum of a vector along uα and one orthogonal to uα:

ξα = −(ξβuβ)u
α + ξα⊥ . (1.93)

Similarly any tensor can be decomposed in such a way that each index is either along uα or orthogonal
to it: e.g.

Tαβ = δαγδ
β
δT

γδ = (γαγ − uαuγ)(γ
β
δ − uβuδ)T

γδ

= Tαβ⊥ − uα γβδ uγT
γδ − uβ γαγ uδT

γδ + uαuβuγuδT
γδ; (1.94)

here Tαβ⊥ = γαγγ
β
δT

γδ is a tensor orthogonal to uα (that is, Tαβ⊥ uβ = 0 = Tαβ⊥ uα); uαγβδuγT γδ has
one index (α) along uα and one index (β) orthogonal to uα; and uαuβuγuδT γδ has both indices along
uα.

1.4.4 Energy, momentum and acceleration of a particle
A particle of rest mass m and velocity vα is described by a momentum vector pα = mvα. Its rest mass
is thus related to its momentum by pαpα = −m2.

The momentum pα of a particle can be decomposed by an observer uα in the manner

pα = Euα + pα⊥, (1.95)

whereE = −pαuα and pα⊥ = γαβp
β are the energy and 3-momentum of the particle. Then pαpα = −E2 + p2⊥ = −m2.

If the observer is at rest with respect to the particle, uα = vα so pα = mvα is already parallel to uα and
E = m, pα⊥ = 0. When the relative speed of particle and observer is v = (1−γ−2)1/2 with γ = −uαvα,

E = mγ p⊥ = mη . (1.96)

For tensors at the position of the observer, such 3+1 decompositions of tensors relative to observers
make sense even when the observer is accelerating. For tensor fields, however, they don’t make much
sense for non-inertial observers because “later” and “earlier” surfaces of simultaneity will intersect:
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Acceleration: If c(τ) is a timelike path parameterized by proper time, we found that uα =
dcα(τ)

dτ
. The

acceleration aα is defined by

aα =
duα(τ)

dτ
=

d2

dτ 2
cα(τ) . (1.97)

We can write this as aα = uβ∇βu
α if we regard uα as a vector field defined along the path c(τ):

d

dτ
uα(c(τ)) = ∇βu

α(c(τ))
dcβ

dτ
= uβ∇βu

α (1.98)

(Note that ∇βu
α alone is meaningless, however, because uα is not defined off of c(τ) – only uβ∇βu

α,
the derivative along c(τ), has meaning.) The acceleration aα is a vector orthogonal to uα:

uαa
α = uα

d

dτ
uα(τ) = uα

d

dτ
uα(τ) (because ηαβ is a constant tensor field).

⇒ uα
d

dτ
uα =

d

dτ
(uαu

α)
1

2
=

1

2

d

dτ
(−1) = 0.

That is, aα lies in the surface of simultaneity of an inertial observer at rest with respect to uα. For such
a comoving observer, the components of uα are (instantaneously)

(uµ) = (1, 0, 0, 0),
from Eq. (1.79). A short time later,

(uµ) = (1,v) +O(v2)
(use γ = (1− v2)−1/2 = 1 + 1

2
v2 + · · · ). Thus aα = duα/dt has components

(aµ) = (0,aN) +O(v2),

where aN is the Newtonian acceleration and t the observer’s proper time.
At this time, call it t = 0, when the particle is at rest relative to the observer, their trajectories are

tangent and so
dt

dτ
= 1, where τ is the particle’s proper time as above. Thus aµ =

duµ

dτ
= (0,aN) at

t = 0, when v = 0; since
duα

dτ
= aα, the vector aα is the Newtonian acceleration measured by an inertial

observer instantaneously at rest with respect to the particle. It can be measured either by using clocks
and rulers or by transporting an “accelerometer” – a box with orthogonal springs supporting a mass –
along the world line of the particle. Then aα will be proportional to a vector orthogonal to uα that joins
the center of the box to the (in general) displaced position of he mass.
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A particle is said to be uniformly acelerating if

aαaα = constant

and if aα always lies in a plane (in spacetime). In other words, the acceleration is always in the x-
direction of some inertial observer and its magnitude is constant as measured by an accelerometer or
by an observer moving with the particle. Such a particle will appear, for example, to come in along
the x-axis at nearly the speed of light, to slow down, stop, reverse direction and exit at a speed that
increases to 1 (c) again. The trajectory is most simply obtained using not an orthonormal frame, but two
null (lightlike) vectors along the ingoing and outgoing asymptotic null directions; these are constant
vector fields, commonly written as ℓα and nα. Because they are null,

ℓαℓα = 0, nαnα = 0. (1.99)

We will normalize by

ℓαnα = −1

2
. (1.100)

For example, if t̂α and x̂α are unit orthogonal vectors in the plane of ℓα, nα, one could take

ℓα =
t̂α + x̂α

2
, nα =

t̂α − x̂α

2
. (1.101)

Because uα is in the plane of ℓα, nα, we have uα = λℓα + µnα, uαuα = −1, implying λ =
1

µ
and

uα = λℓα + λ−1nα. (1.102)

Then

aα =
duα

dτ
= λ̇ℓα − λ̇

λ2
nα, where ( · ) :=

d

dτ
. (1.103)

We have used the fact that ℓα and nα are constant vector fields to infer
d

dτ
ℓα = 0 =

d

dτ
nα.

The relation aαaα = constant ≡ a2 has the form

a2 =

(
λ̇ℓα −

λ̇

λ2
nα

)(
λ̇ℓα − λ̇

λ2
nα

)
= −2

λ̇2

λ2
ℓαn

α (use (1.99))

=
λ̇2

λ2
(use (1.100)).
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Figure 1.12: As shown below, a particle with constant acceleration travels along a hyperbola, and it re-
mains at a fixed spacetime distance from an origin (the origin is the intersection of the null asymptotes).

Then
λ̇

λ
= ±a, implying λ = λ+ e

aτ + λ− e
−aτ ,

for some constants λ+, λ−. We want uα → kℓα as τ → ∞, uα → k′nα as τ → −∞, and so we pick
λ = λ+e

aτ , giving uα = λ+e
aτℓα+λ−1

+ e−aτnα. If, in addition, we fix the time τ at which uα = ℓα+nα

to be τ = 0, then λ+ = 1 and uα(τ) = eaτℓα + e−aτnα. After integrating and differentiating uα(τ)), we
have

cα(τ) =
1

a
(eaτℓα− e−aτnα), uα(τ) = eaτℓα+ e−aτnα , aα(τ) = a(eaτℓα− e−aτnα), (1.104)

as shown above. Notice that the acceleration vector aα at each point c(τ) of the trajectory is proportional
to the spacelike vector cα(τ) from the origin to that point.

In terms of the basis t̂α, x̂α with

ℓα =
t̂α + x̂α

2
, nα =

t̂α − x̂α

2
,

cα =
1

a
[sinh(aτ) t̂α + cosh(aτ)x̂α], uα = cosh(aτ) t̂α + sinh(aτ) x̂α, aα = a2 cα . (1.105)

The path c(τ) is a hyperbola, whose x and t coordinates satisfy

x2 − t2 =
1

a2
(cosh2 aτ − sinh2 aτ) =

1

a2
. (1.106)

That is, each point of the hyperbola in Fig. 1.12 is at the same spacetime distance s =
√
cαcα =

1

a
from the origin! The hyperbola is the Lorentzian analogue of a circle. And the Euclidean analytic con-
tinuation to imaginary time t = i t is a circle whose Euclidean distance from the origin is t2+x2 = 1/a.
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Exercise 18. Assuming that people can’t endure a rocket acceleration much greater than g for years
at a time, the distance a single generation of astronauts can travel is limited. If your (proper)
acceleration is g for half the trip, and you then decelerate at g for the second half, how far can you
go in 20 years (on your clock)? How long does it take to reach Andromeda (d = 2.2× 106 ly)?

Exercise 19. Prerequisite for the next section:
(a) Verify the identity

ϵijmϵklm = δikδjl − δilδjk

(b) Using (A×B)i = ϵijkAjBk = ϵjkiAjBk and the identity of (a), show that
(A×B) · (C×D) = A·C B·D−A·D B·C.

(c) Similarly show that A× (B×C) = B A·C−C A·B.
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1.5 Electromagnetism
To make the notation simpler, the unit vector t̂α will be written as tα in this section.

1.5.1 F αβ, jα, Eα, Bα, ρ

Conventions in this section agree with those of MTW and Wald. Jackson [68], however, uses a +−−−
signature, and his field tensor differs from ours by a sign: Fαβ = −Fαβ

Jackson.

An electromagnetic field in a flat spacetime is described by an antisymmetric tensor Fαβ . Maxwell’s
equations relate Fαβ to the charged matter fields that produce it: They are

∇[αFβγ] = 0 (1.107)

and
∇βF

αβ = 4πjα, (1.108)

where jα is the current density, a vector field that depends only on the charged matter. The motion of a
charged particle is described by a timelike trajectory that satisfies the equation of motion (Lorentz force
law)

uβ∇βp
α = q Fα

βu
β, (1.109)

where pα = muα, and q is the particle’s charge.
If an observer with velocity tα measures the components of Fαβ along vectors parallel or orthogonal

to tα (his natural basis vectors) he will be splitting Fαβ in the way described by Eq. (1.94). Because
Fαβ is antisymmetric, its diagonal components vanish: In particular, Fαβtαtβ = Ftt = 0. (That is,
Ftt = −Ftt =⇒ Ftt = 0.) 5

Furthermore, γαβtγFβγ = (δαβ + tαtβ)tγFβγ = Fαγt
γ (again using Fβγtβtγ = 0) and γαγtβFβγ =

−Fαγtγ , so the only independent parts of the decomposed Fαβ are

Fαβt
β and γα

γγβ
δFγδ =: F⊥

αβ. (1.110)

The spatial vector
Eα := Fαβt

β (1.111)

is called the electric field, and the antisymmetric spatial tensor F⊥
αβ corresponds to the magnetic field

Bα, also a spatial vector:

Bα :=
1

2
ϵδαβγtδF

⊥
βγ

=
1

2
ϵδαβγtδ(δ

ϵ
β + tβt

ϵ)(δζγ + tγt
ζ)Fϵζ

=
1

2
ϵδαβγtδFβγ, (1.112)

where we have again used the index antisymmetry, in this case of ϵαβγδ to infer ϵδαβγtδtβ = 0.

5More generally, if Sαβ is any symmetric tensor, andAαβ is antisymmetric,AαβS
αβ = 0. To see this, useAαβ = −Aβα

to write
AαβS

αβ = −AβαS
αβ = −AβαS

βα = −AαβS
αβ =⇒ AαβS

αβ = 0.
The same manipulation shows that, in general,Aαβγ···δ antisymmetric in α and β and Sαβγ···δ symmetric in α and β together
imply Aαβγ···δSαβ

ϵ···ζ = 0.
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Note that
ϵαβγ ≡ ϵδαβγt

δ (1.113)

is an antisymmetric spatial tensor (each index orthogonal to tα) and ϵαβγϵαβγ = 3!. In the orthonormal
basis tα, x̂α, ŷα, ẑα, ϵ123 = ϵ0123 = 1 so the spatial components of ϵαβγ are

ϵλµν =

{
1, λµν an even permutation of 123

−1, λµν an odd permutation of 123,

and ϵλµν = 0 if any index is repeated or has the value 0.
The equation defining Bα in terms of Fαβ is then

Bα =
1

2
ϵαβγFβγ.

With respect to an orthonormal frame with timelike vector tα, the field tensor has components

∥Fµν∥ =

∥∥∥∥∥∥∥∥
0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

∥∥∥∥∥∥∥∥ . (1.114)

This is MTW (3.7).
Some useful identities involving ϵαβγ and ϵαβγδ are

ϵαβγδϵϵζηθ = −4!0!δ
[α
ϵ δ

β
ζ δ

γ
ηδ

δ]
θ = −0!

∑
π∈P4

(−1)πδ
π(α)
ϵ . . . δ

π(δ)
γ

ϵαβγδϵϵζηδ = −3!1!δ
[α
ϵ δ

β
ζ δ

γ]
η = −1!

∑
π∈P3

(−1)πδ
π(α)
ϵ . . . δ

π(γ)
η

ϵαβγδϵϵζγδ = −2!2!δ
[α
ϵ δ

β]
ζ = −2!

∑
π∈P2

(−1)πδ
π(α)
ϵ δ

π(β)
ζ

ϵαβγδϵϵβγδ = −1!3!δαϵ = −3!δαϵ
ϵαβγδϵαβγδ = −0!4! = −4!

ϵαβγϵδϵζ = 3!0!γ
[α
δ γ

β
ϵ γ

γ]
ζ = 0!

∑
π

(−1)πγ
π(α)
δ γ

π(β)
ϵ γ

π(γ)
ζ

ϵαβγϵδϵγ = 2!1!γ
[α
δ γ

β]
ϵ = 1!

∑
π

(−1)πγ
π(α)
δ γ

π(β)
ϵ

ϵαβγϵδβγ = 1!2!γαδ = 2!γαδ
ϵαβγϵαβγ = 0!3! = 3!

(1.115)

where π ∈ P4 is a permutation of the four letters αβγδ, with π ∈ P3, π ∈ P2 defined analogously. (Here
Pn is the group of permutation of n objects.)

The relations (1.111) and (1.112) for Eα and Bα in terms of Fαβ can be inverted to give

Fαβ = tαEβ − tβEα + ϵαβγB
γ. (1.116)

To show this, first note that

Bα =
1

2
ϵαβγFβγ (1.117)

can be inverted:
F⊥
αβ = ϵαβγB

γ (1.118)
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Proof.

ϵαβγB
γ = ϵαβγ

(
1

2
ϵγδϵFδϵ

)
=

1

2
(γδαγ

ϵ
β − γϵαγ

δ
β)Fδϵ = γγαγ

δ
βFγδ,

where antisymmetry of Fαβ was used to obtain the last equality.
Thus

tαEβ − tβEα + ϵαβγB
γ = tαFβγt

γ − tβFαγt
γ + γα

γγβ
δFγδ

= tαFβγt
γ

/
− tβFαγt

γ

//
+ Fαβ + tαt

γFγβ
/

+ tβt
δFαδ
//

+ tαt
γtβt

δFγδ︸ ︷︷ ︸
0

= Fαβ.

The fact that Eα and Bα carry the same information as Fαβ could be expected at the outset by counting:

Eα a spatial vector 3 independent components
Bα a spatial vector 3 independent components

Fαβ an antisymmetric tensor 6 independent components

Finally, before writing Maxwell’s equations and the Lorentz force law in terms of Eα and Bα, we
decompose jα:

jα = ρet
α + jα⊥, (1.119)

where ρe is the charge density and jα⊥ the 3-current seen by the observer with velocity tα.
For example, the current jα associated with charges of density ρe in their own frame, whose velocity

is uα, is jα = ρeu
α. In terms of a frame with timelike unit vector t̃α, the 3+1 decomposition of uα is

uα = γt̃α + uα⊥, or
uα = γ(t̃α + ṽα), implying ρ̃e := −jαt̃α = γρe. (1.120)

1.5.2 Maxwell and Lorentz
Let us now regard tα as the constant timelike vector field obtained by parallel transporting the observer’s
velocity to all points of M , so that Eα and Bα have meaning everywhere.

The expression Fα
βu

β occurring in the Lorentz force law can now be written (using (1.116) and
(1.120) as

Fα
βu

β = [tαEβ − tβE
α + ϵαβγB

γ]γ(tβ + vβ)

= γ(Eα + ϵαβγv
βBγ + vβEβt

α)

Project (1.109) along tα, denoting the particle’s energy, −pαtα, by E to distinguish it from the
magnitude E of the electric field:

tαu
β∇βp

α = tαqF
α
βu

β

uβ∇β(−E) = −qγEβvβ, or

dE

dt
= qEβv

β, (1.121)

using u · ∇E =
dE

dτ
= γ

dE

dt
. Eq. (1.121) says that the particle’s energy E changes by the work v · E

done per unit time by the field. (In this last equation, t has replaced τ as the path parameter along the
particle’s trajectory).
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Project (1.109) orthogonal to tα:

γαγ u
β∇βp

γ = qγαγF
γ
βu

β = qγαγ γ(E
γ + ϵγβδv

βBδ)

Using γαγ constant, ∇βγ
α
γ = 0, we have

uβ∇βp
α
⊥ = qγ (Eα + ϵαβγv

βBγ);

using d/dτ = γd/dt then gives
d

dt
pα⊥ = q(Eα + ϵαβγv

βBγ); (1.122)

this is the usual Lorentz force law,

d

dt
p⊥ = q(E + v ×B). (1.123)

Maxwell’s equations in terms of Eα and Bα emerge in an analogous way. The projection of
∇βF

αβ = 4πjα along tα is
tα∇βF

αβ = 4πtαj
α, or, by (1.119)

∇βE
β = 4πρe (1.124)

i.e., ∇ ·E = 4πρe .

The projection orthogonal to tα is, using (1.116),

∇β[γ
α
γ(t

γEβ − tβEγ + ϵγβδBδ)] = 4πj⊥
α (1.125)

−tβ∇βE
α + ϵαβγ∇βBγ = 4πj⊥

α; (1.126)

i.e., − ∂E

∂t
+∇×B = 4πj.

Finally, the equation ∇[αFβγ] = 0 is equivalent to

ϵαβγδ∇βFγδ = 0. (1.127)

Projecting (1.127) along tα gives ∇ ·B = 0:

0 = ∇β[tαϵ
αβγδ(tγEδ − tδEγ + ϵγδϵB

ϵ)]

= ∇β(γ
β
ϵB

ϵ) (ϵβγδϵϵγδ = γβϵ)

= ∇βB
β. (1.128)

Projecting orthogonal to tα gives
∂B

∂t
+∇×E = 0:

0 = ϵζβγδ∇β[tγEδ − tδEγ + ϵγδϵB
ϵ]γαζ

= ϵαβδ∇βEδ + ϵαβγ∇βEγ − 2(δζηδ
β
ϵ − δζϵ δ

β
η )∇βB

ϵtηγαζ

= 2ϵαβγ∇βEγ + 2tβ∇βB
α

or
tβ∇βB

α + ϵαβγ∇βEγ = 0. (1.129)

Collecting the equations, we have

∇βE
β = 4πρe ∇βB

β = 0

−tβ∇βE
α + ϵαβγ∇βBγ = 4πj⊥

α tβ∇βB
α + ϵαβγ∇βEγ = 0.

(1.130)
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Exercise 20. Let ∗Fαβ = 1
2
ϵαβγδFγδ.

(a) Show that if Fαβ satisfies the sourcefree Maxwell equations, so does
F̂αβ = Fαβ cos η +

∗Fαβ sin η. (F → F̂ is called a duality rotation).

(b) If η = π
2
, show that (for any tα) B̂α = +Eα, Êα = −Bα.

(c) Show that, for any η,

B̂α = Bα cos η + Eα sin η Êα = Eα cos η −Bα sin η

The energy momentum tensor of an electromagnetic field is

Tαβ =
1

4π

[
FαγF β

γ −
1

4
ηαβF γδFγδ

]
(1.131)

Exercise 21. Write Tαβ in terms of Eα, Bα and tα.

Exercise 22. Prove that if Fαβ is a Maxwell field with source jα,

∇βT
αβ = −Fαβjβ.

Exercise. Show that Tαβ is invariant under duality rotations: T̂αβ = Tαβ . Hint:

(a) Write ∗Fαβ in terms of Eα, Bα, and tα.

(b) Show that ∗FαγF β
γ = ηαβEγB

γ .

(c) Infer that ∗FαγF β
γ +

∗F βγFα
γ − 1

2
ηαβ∗F γδFγδ = 0.

1.5.3 Conservation of Charge
Because the tensor Fαβ is antisymmetric,

∇α∇βF
αβ =

1

2
[∇α∇β −∇β∇α]F

αβ = 0

That is, in natural coordinates on M ,

∇µ∇νF
µν =

∂

∂xµ
∂

∂xν
F µν , and (∂µ∂ν − ∂ν∂µ)F

µν = 0,

for smooth F µν . But
∇α∇βF

αβ = ∇α(4πj
α), whence

∇αj
α = 0. (1.132)

The equation ∇αj
α = 0 is called conservation of charge. In terms of the charge ρe and current jα⊥ of an

observer with velocity tα, it can be written

∇α(ρeu
α + j⊥

α) = uα∇αρe +∇αj⊥
α = 0, (1.133)

or, more familiarly,
∂tρe +∇ · j⊥ = 0. (1.134)
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The corresponding integral conservation law is obtained by integrating (1.132) (≡ (1.134)) over a 4-
volume sandwiched between two t = constant surfaces:

0 =

∫ t2

t1

dt

∫
dxdydz (∂tρe +∇ · j⊥)

=

∫
t=t2

dxdydzρe −
∫
t=t1

dxdydzρe +

∫ t2

t1

dt

∫
spatial
infinity

j⊥ · dA .

Thus if j⊥ = 0 at spatial infinity (e.g., if the matter vanishes outside some finite region) the total charge
Q is conserved from one hypersurface t = t1 to another (t = t2):

Q =

∫
t=t2

ρedV =

∫
t=t1

ρedV.

1.6 Continuous Matter

1.6.1 The stress tensor and the stress-energy tensor
See Feynman, Lectures on Physics v. II, Chap. 31, 40.
https://www.feynmanlectures.caltech.edu/II_toc.html;
Schutz Chap. 4;
Blandford and Thorne, Modern Classical Physics[125] , Chap. 1
http://www.pmaweb.caltech.edu/Courses/ph136/yr2012/.

We start with the stress tensor. Here’s the introduction to it from Blandford-Thorne:

Press your hands together in the y-z plane and feel the force that one hand exerts on the
other across a tiny area A – say, one square millimeter of your hands’ palms [figure below].
That force, of course, is a vector F . It has a normal component (along the x direction). It
also has a tangential component: if you try to slide your hands past each other, you feel a
component of force along their surface, a “shear” force in the y and z directions. Not only
is the force F vectorial; so is the 2-surface across which it acts, Σ = Aex. (Here ex is
the unit vector orthogonal to the tiny area A, and we have chosen the negative side of the
surface to be the −x side and the positive side to be +x. With this choice, the force F is
that which the negative hand, on the −x side, exerts on the positive hand.)

https://www.feynmanlectures.caltech.edu/II_toc.html
http://www.pmaweb.caltech.edu/Courses/ph136/yr2012/
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Suppose that inside a continuous material (solid or fluid) one makes a small cut perpendicular to a
unit vector n. The cut separates the matter on one side of a small plane from the matter on the other
side.

n
a

.

.

.
Let F be the force needed to keep the matter on, say, the +n side

in the state it would have been in had there been no cut. The force F
is just the same force that had been exerted before the cut was made
by the matter on the opposite side. And the force on the −n side
is, of course, equal and opposite to the force on the +n side of the
plane. Let A = nA, where A is the area of the cut.

Because the cut is small, F is linear in A. That is, any smooth
function f(x) has, about x = 0, the Taylor expansion

f i(x) = f i(0) + ∂jf
i(0)xj +O(x2).

Here the net force F on A vanishes for A = 0, so for small A, F i(A) = SijA
j , where Sij :=

∂F i

∂Aj
(0).

But a linear map from vectors to vectors is a tensor: What we have shown is that that there is a tensor
Sab, the stress tensor, for which

F a = SabA
b. (1.135)

Equivalently,
Sabn

b is the force across a unit area orthogonal to na.

Since F = dp
dt

, one also says that

Sabn
b is the rate of flow of momentum across a unit area orthogonal to na.

Sign of the stress tensor: Let’s go back to the Blandford-Thorne description with two hands pressing
each other. The hand on the −x side exerts a force in the +x direction, so Sxx > 0. If your hands are
stuck together with glue and you are trying to pull them apart, tension instead of pressure, then Sxx < 0.
For shear, if the hand on the −x side is pulling up on the other hand, then Szx > 0: The force on the
hand on the +x side is in the +z direction.

In a gas, if you make a cut, you need to exert a force PA perpendicular to the cut, where P is the gas
pressure, to hold the gas in place. That is, the pressure exerts a force along na, with the same magnitude
PA for every orientation of the cut:

Sabn
b = Pna, all na.

Then Sab /P is the identity map δab , and we have

Sab = Pδab .

Note that in a gas, the molecules flowing in the positive n direction (vana > 0) across a unit area
orthogonal to na carry total momentum Pna across a unit area in unit time; so in this case the momentum
flux Sabnb is tangible.

In physics, the word fluid refers both to liquids and gases. More generally, what distinguishes a fluid
from a solid is that a fluid cannot maintain a shear stress: A fluid is continuous matter with stress tensor

Sab = Pδab . (1.136)

(An imperfect fluid, a fluid with viscosity, is intermediate between a perfect fluid and a solid. It has
nonzero shear stress proportional to the gradient of its velocity.)
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For continuous matter in general the stress tensor is symmetric:
Claim: Sab is a symmetric tensor: Sab = Sba .

Proof: We look at the torque on a small piece of the matter (called a fluid element in the case of a
fluid). The torque τz about the z-axis involves the x- and y-projections of the forces on four faces,
shown below for a small unit cube.

Figure 1.13: Figure adapted from Feynman Lectures, v. II, Fig. 31-9.

For a cube with sides ∆x, ∆y, ∆z, we have

τz = 2 (−Sxy∆x∆z) ∆y
2

+ 2 (Syx∆y∆z)
∆x

2
= (−Sxy + Syx)∆V where ∆V = ∆x∆y∆z.

With ρ,M, I , and α the density, mass, moment of inertia, and angular acceleration of the cube,

τ = Iα =
1

12
M(∆x2 +∆y2)α =

1

12
ρ∆V (∆x2 +∆y2)α

⇒ α =
12

ρ
(Syx − Sxy)

1

∆x2 +∆y2
,

and tiny cubes rotate with arbitrarily large angular acceleration α unless

Sxy = Syx.

The stress tensor is generalized to a four dimensional tensor Tαβ in the following way. An observer
t̂α sees as her stress tensor the spatial part of Tαβ

T⊥
αβ := γαγγ

β
δT

γδ = Sαβ,

where γαβ is, as usual, the projection onto the space orthogonal to t̂α.
Since the time component of momentum is energy, T tx ≡ −Tαβ t̂αx̂β = Tαβ∇αt x̂β is the rate of

flow of energy across a unit spatial area orthogonal to x̂α. And just as the 3-vector of flow (electric
current j, say) has as its time component the density (charge density ρe), here

T xt = density of x-momentum and
T tt = energy density
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In a frame moving with the material at a point P , T it = T ti = 0, i = 1-3, and T µν has the symmetric
form

∥T µν∥ =

∥∥∥∥∥∥∥∥
T tt 0 0 0
0
0 Sij

0

∥∥∥∥∥∥∥∥ .
Consequently Tαβ is symmetric in any frame.

Exercise 23. A rod has cross sectional area A and mass per unit length µ.

a. What is its stress-energy tensor when it is under a tension F? (assume F is uniformly dis-
tributed over the cross section)

b. What is its stress-energy tensor when it is compressed?

Exercise 24. Find the stress-energy tensor at a point of a stretched drumhead, assuming mass per unit
area σ and uniform stress. The thickness of the drumhead is h and the force per unit length
along the edge of the drum is F . Explain your choice of sign for components of the stress tensor.
(Solution below)

Exercise 25. A rope of mass per unit length µ has a static breaking strength F. What is the maximum F
can be without violating the “weak energy condition” Tαβ t̂αt̂β > 0, all timelike t̂α? How close is
a steel cable to this maximum strength?

Two of these exercises are problems 5.5 and 5.6 of Lightman, Press, Price and Teukolsky[74].

Solution to Exercise 24. Note that the drumhead is uniformly stretched: Increasing the radial distance
of points from the center increases the circumference of a circle about the center. Take x̂ and ŷ to be in
the plane of the drumhead. The force per unit area along the edge of the drum is F/h. To keep the head
in place on the +x side of a small cut perpendicular to x̂, you need to exert a force per unit area F/h
in the −x̂ direction. That means that Sxx = −F/h. Similarly Syy = −F/h. The density is ρ = σ/h,
implying

[T µν ] =


σ/h 0 0 0
0 −F/h 0 0
0 0 −F/h 0
0 0 0 0


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1.6.2 Perfect fluids in a Newtonian context
Continuous matter is a model for a large assembly of particles in which a continuous energy density
ρ can reasonably describe the macroscopic distribution of mass. The statement that the density varies
smoothly is the thermodynamic assumption that one can divide the dust into boxes large enough that
many particles are in each box (so that the density ρ = mN

V
can be regarded as a continuous function of

the number N of particles of mass m in a box of volume V ) and small enough that the change in ρ from
one box to an adjacent box is small: ρ can be regarded as a continuous function of position.

In fluids, one assumes that the microscopic particles are interacting and that they collide frequently
enough that the mean free path is small compared with the scale on which the density ρ changes. One
further assumes that a mean 3-velocity v can be defined in boxes small compared to the macroscopic
length scale but large compared to the mean free path and that it will be continuous over the matter. An
observer moving with this velocity v of the fluid, will see the collisions randomly distribute the nearby
particle velocities so that the particles will look locally isotropic and will exhibit a macroscopic pressure
P .

We’ll begin in the Newtonian approximation to make things intuitively clear. Formally, however, the
relativistic equations are simpler.

Euler equation: F = ma
The Euler equation is the Newtonian equation of motion, F = ma for a fluid element, a small piece of
fluid. Consider a fluid element with density ρ and velocity v.

∆x
∆y

∆z

x x+∆x

PP x
x
∂

+ ∆
∂P

The pressure on the left face is P (x); the pressure on the right face is P (x+∆x) = P (x) +
∂P

∂x
∆x.

With A = ∆y∆z the area of the left and right faces of the box, the net force in the x-direction is

Fx = P (x)A− P (x+∆x)A

= −∂P
∂x

V.

where V = ∆x∆y∆z is the volume of the fluid element. Replacing the index x by y and z, we have

F = −∇P V.

We want to write F = ma or
−∇P V = ρV a,

and we need to find a in terms of the velocity field v(t,x). The vector field v(t,x) has the meaning
that at time t the fluid element at x has velocity v(t,x). Thus at time t+∆t that same fluid element is
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at x + v(x, t)∆t and has velocity v(t + ∆t,x + v(x)∆t). The fluid element has changed its velocity
by

∆v = (t+∆t,x+ v(x, t)∆t)− v(t,x)

=

(
∂v

∂t
+ v · ∇v

)
∆t

in time ∆t, and its acceleration is therefore

a = (∂t + v · ∇)v. (1.137)

In this way we obtain Euler’s equation of motion (“Principes généraux du mouvement des fluides,”
Mémoires de l’Académie des Sciences de Berlin, 1757)

ρ (∂t + v ·∇)v = −∇P . (1.138)

In the presence of a gravitational field, with potential Φ satisfying ∇2Φ = 4πGρ, there is an addi-
tional force −ρV ∇Φ on each fluid element; and the Euler equation becomes

ρ (∂t + v ·∇)v = −∇P − ρ∇Φ. (1.139)

Conservation of mass: The continuity equation
As a fluid element moves its volume changes. Because its mass is conserved (in a relativistic context

use baryon mass) a fractional increase ∆V/V in its volume is equal to the fractional decrease ∆ρ/ρ in
its density.

ρV = constant =⇒ ∆ρ

ρ
= −∆V

V
or

dρ/dt

ρ
= −dV/dt

V
, (1.140)

where ρ = ρ(t,x(t)), V = V (t,x(t)).

We’ll begin with the change in the volume of the fluid element as it moves. It is helpful first to recall
or notice the geometrical meaning of the divergence of a vector field. If each point in a volume V moves
by a small amount ξ(x), from an initial position x to a final position x̄ = x+ ξ, the volume of the box
changes by ∆V = V − V = ∇ · ξ V : That is, ∇ · ξ is the fractional change in volume. This is really
Gauss’s theorem: As illustrated by the figure below, moving V to V moves each point of the surface S
of a volume V along ξ, changing the the volume of the box by

∆V =

∫
S

ξ · dS ,

to lowest order in ξ.
Gauss’s theorem now implies

∆V =

∫
V

∇ · ξ dV. (1.141)

For a small volume V the volume then changes by ∆V = V∇ · ξ, or

∆V

V
= ∇ · ξ, (1.142)

to lowest order in V and ξ. That is, as claimed, ∇ · ξ is the fractional change in volume.

https://scholarlycommons.pacific.edu/euler-works/226/
https://scholarlycommons.pacific.edu/euler-works/226/
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Go back now to a fluid with a velocity field v(x, t). In a time ∆t the fluid at x moves to x + ξ,
where ξ = v∆t. Then, writing ∇ · ξ = ∇ · (v∆t), we have

dV/dt

V
= ∇ · v. (1.143)

The change in density is given by

d

dt
ρ(t,x(t)) = ∂tρ+ ∂iρ

dxi
dt

= (∂t + v ·∇)ρ. (1.144)

Finally, with these expressions for dV/dt and dρ/dt, conservation of mass (1.140) is

1

ρ
(∂t + v ·∇)ρ = −∇ · v,

or
∂tρ+∇ · (ρv) = 0. (1.145)

This is commonly called the continuity equation.
To summarize: A fluid is characterized by its pressure P , density ρ and 3-velocity v. In the Newto-

nian approximation, its motion is governed by the equations

∇2Φ = 4πGρ, lim
r→∞

Φ = 0, (1.146a)

∂t ρ+∇ · (ρv) = 0, (1.146b)

ρ (∂t + v ·∇)v = −∇P − ρ∇Φ. (1.146c)

1.6.3 Relativistic equation of motion and conservation laws.
Mass conservation is the Newtonian limit of energy conservation, and the Newtonian equation of mo-
tion, F = ma, is conservation of momentum, when the field responsible for the force is included in
the energy-momentum tensor Tαβ . In terms of Tαβ , energy conservation and the equation of motion
(momentum conservation) are projections of the single equation,

∇βT
αβ = 0, (1.147)
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along and orthogonal to the velocity t̂α of an observer.
We begin by showing that Eq. (1.147), the statement that Tαβ is divergencefree, has the meaning of

energy-momentum conservation.
Consider a four-dimensional box Ω whose boundary ∂Ω consists of the top and bottom volumes St1
and St2 together with six timelike sides, Sx1 , . . . , Sz2 . (A timelike hypersurface is one that has timelike
vectors at each point. A spacelike hypersurface contains only spacelike vectors.) The total x-momentum
in the volume St1 (i.e. in the box at t = t1) is

p1
x =

∫
St1

(density of x-momentum) dxdydz =
∫
St1

Tαβx̂α∇βt dxdydz.

(Using ∇βt instead of t̂β avoids a minus sign.) Similarly, the total x-momentum in St2 is

p2
x =

∫
St2

Tαβx̂α∇βtdxdydz.

The total x-momentum that left through the timelike sides is

∆px =

∫
(rate of x-momentum flow per unit area) dAdt

=

∫
Sx1

Tαβx̂α(−∇βt)dydzdt+

∫
Sx2

Tαβx̂α∇βxdydzdt+ · · ·+
∫
Sz2

Tαβx̂α∇βzdxdydt

If we now denote by nα the unit outward normal at each point of the boundary ∂Ω, and by dS each
3-dimensional volume element of the surfaces (dxdydz, dtdxdy, etc.), conservation of x-momentum,

p1
x − p2

x +∆px = 0,

takes the form ∫
∂Ω

Tαβx̂αnβdS = 0. (1.148)

Integrating over each coordinate xµ establishes Gauss’ theorem for our
4-dimensional box: For any vector field jα∫

Ω

∇αj
αd4V =

∫
∂Ω

jαnαdS. (1.149)

(∂Ω means the boundary of Ω.) Thus if
∫
∂Ω

jαnαdS = 0 for arbitrarily small boxes Ω about a point P ,

(1.149) ⇒ ∇αj
α = 0 at P . And (1.148) means that for any constant vector field x̂α,

∇α(T
αβx̂β) = 0,
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(x-momentum is conserved), implying Eq. (1.147)

∇αT
αβ = 0.

In curved spacetime, this equation is unchanged, but there will in general be no constant vector
fields like x̂α, and, more generally, no vector fields vα for which ∇α(T

αβvβ) = 0. In flat space, x̂α is
along a translation symmetry of the geometry, and the current jα = Tαβx̂β is conserved because of that
symmetry.

1.6.4 Dust
By dust is meant a collection of a large number of very small, very light particles which do not interact
directly with each other, whose density varies smoothly, and whose velocity field (the unit tangent
vectors to the particle trajectories) is also smooth. Because of its simplicity, dust is often used as a
first, highly idealized, model for baryonic matter in the universe (the particles are galaxies); for stellar
collapse (historically, for early studies of spherical and slightly nonspherical collapse); for the disk of
spiral galaxies (the particles include the stars in the disk, as well as the interstellar medium of actual
dust particles and gas); and for thin accretion disks around black holes and neutron stars. In the last
example, a disk is thin if its pressure is small compared to the rotational energy of the disk; in general,
ignoring pressure in comparison with the kinetic energy of the macroscopic fluid motion is the dust
approximation.

Requiring the velocity field uα to be smooth means that nearby dust particles travel along nearly
parallel world lines.

In order to define density, one needs to know what surface of simultaneity is being used. The natural
choice is to take at each point a small volume orthogonal to the fluid velocity at that point. Then the
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rest-mass density ρ at a point x is the density measured at x by an observer moving with the dust at
x—an observer with velocity uα(x). Such an observer, for whom the dust appears to be locally at rest,
is called comoving.

If there are no forces acting on the dust (if, for example, one can neglect not only the two-particle
gravitational interactions, but also the interaction of each particle with the gravitational field of the dust
as a whole) then each particle will travel on a straight line:

uβ∇βu
α = 0.

We will see that the same equation holds in curved spacetime, with ∇ the covariant derivative associated
with a metric whose curvature encompasses gravity.

This equation, together with conservation of mass completely describes freely moving dust, and the
equation describing conservation of mass can be obtained in the following way. Consider a 4-volume
Ω with sides tangent to the trajectories and whose top and bottom faces are volumes V1 and V2: Think
of V1 and V2 as spacelike slices of the dust’s history. Conservation of particles is the statement that if
N particles “enter” (are in the volume) V1, N particles “leave” V2. If m is the mass of a particle (or the
average mass per particle, if there are several species), mass conservation has the form

mN1 = mN2. (1.150)

Our goal is to write this equation in terms of the density ρ. Because uα varies from point to point,
however, even if we take V1 and V2 to be slices of constant time t, they will not, in general, be orthogonal
to the velocity. The rest-mass of the particles entering a small comoving volume ∆V that is orthogonal
to uα is just M = ρ∆V . So we need to find the mass of a small slice ∆Ṽ of the dust that is not
orthogonal to uα. Boosting the small slice ∆V of the fluid by a velocity v gives a slice with volume

∆Ṽ = ∆V
√
1− v2 ≡ ∆V γ̃−1, (1.151)
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by Eq. (1.11) – just the fact that lengths orthogonal to the boost are unchanged and the length along the
boost is smaller than the proper length by the factor γ̃−1. We choose the slices to be small enough that
the difference in the density and velocity from ∆V to ∆Ṽ is negligible: ũα = uα. Because every dust
particle that passes through ∆V also passes through ∆Ṽ , the rest mass ∆M is the same in volume ∆V
and in ∆Ṽ ,

∆M = ρ∆V = ργ̃∆Ṽ .

Let nα = −uα be the normal to ∆V with sign chosen to make uαnα = 1, and let ñα be the corresponding
unit normal to ∆Ṽ . Then ñα is related to nα by a boost with velocity v, implying

uαñα = −nαñα = γ̃,

as in Eq. (1.81). We now have

∆M = ρuαnα∆V = ρũαñα∆Ṽ ,

and the mass of dust in an arbitrary spacelike volume V is

M =

∫
V

ρuαnαdV.

If, as in our previous integral conservation equations, we now take nα to be the outward normal to the
boundary of Ω, conservation of mass from V1 to V2 is

M2 −M1 =

∫
V2

ρuαnαdV −
∫
V1

ρuαnαdV = 0. (1.152)

For example, if V1 and V2 were t = constant surfaces nα would be ∇αt on V2 and −∇αt on V1. This is
the integral version of mass conservation. The corresponding differential equation again follows from
Gauss’ theorem, ∫

Ω

∇α(ρu
α)dΩ =

∫
V2

ρuαnαdV +

∫
V1

ρuαnαdV.

By our construction, because our spatial volume of dust moves with the dust, no particles leave it and
there is no contribution on the right side of the equation from the timelike part of the boundary of Ω.
Formally, because uα is tangent to the timelike sides of the boundary, uαnα = 0 there. Because we can
choose an arbitrarily small volume of the form Ω about any point, (1.152) implies that ∇α(ρu

α) = 0.
To summarize: Freely moving dust is described by a scalar field ρ and a unit timelike vector field uα

satisfying the equations
∇β(ρu

β) = 0, uβ∇βu
α = 0. (1.153)

Energy momentum tensor: A comoving observer sees the dust at rest and non-interacting, so there is no
stress and T ij = 0, i, j = 1− 3. Furthermore, there is no momentum density (since ui = 0), so T 0i = 0.
Finally, he sees an energy density ρ: T 00 = ρ.

∥T µν∥ =

∥∥∥∥∥∥∥∥
ρ

0
0

0

∥∥∥∥∥∥∥∥ .
Noting that for the comoving observer (uµ) = (1, 0, 0, 0), we have T µν = ρuµuν , and therefore

Tαβ = ρuαuβ. (1.154)
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One expects that ∇βT
αβ = 0 will provide the equations that characterize the dust, and this is true:

Projecting along uα gives conservation of mass:

0 = uα∇βT
αβ = uα

[
uα∇β(ρu

β) + (∇βu
α)ρuβ

]
= −∇β(ρu

β),

where we used uα∇βu
α = 1

2
∇β(u

αuα) =
1
2
∇β(−1) = 0 to eliminate the second term.

Projecting orthogonal to uα gives the equation of motion:

0 = qαγ∇βT
βγ = qαγ∇β(ρu

βuγ) = ρuβqαγ∇βu
γ = ρuβ∇βu

α,

again using uγ∇βu
γ = 0 to write qαγ∇βu

γ = (δαγ + uαuγ)∇βu
γ = ∇βu

α.

Charged dust: If the dust is charged, but the interparticle separation is large enough that we can ignore
the electromagnetic interaction between any two dust particles (so that Fαβ can be computed from an
average current density jα = ρeu

α, or from jα = ρeu
α+ external sources), then each dust particle will

travel on a trajectory
uβ∇βu

α =
q

m
Fαβuβ,

where q and m are the charge and mass of the dust particle. In the continuum limit, q → 0 and m → 0

but eN
V

and mN
V

remain finite and ρe = lim
q→0
N→∞

qN

V
, ρ = ρm = lim

m→0
N→∞

mN

V
are the scalar fields that

describe the dust. Thus the equation of motion is

ρuβ∇βu
α = ρeF

αβuβ. (1.155)

When the dust is the only source of Fαβ , so that

∇βF
αβ = 4πjα, (1.156)

the system of field plus dust has the divergence-free energy momentum tensor

Tαβ = Tαβdust + Tαβe-m

= ρuαuβ +
1

4π

[
FαγF β

γ −
1

4
ηαβF γδFγδ

]
:

uα∇βT
αβ = −∇β(ρu

β)− Fαγuαjγ

= −∇β(ρu
β)− ρeF

αγuαuγ︸ ︷︷ ︸
0

= −∇β(ρu
β) (1.157)

and
qαγ∇βT

βγ = ρuβ∇βu
α − Fαβjβ (using Ex. 16 and Eq. (1.157)):

that is, given Maxwell’s equations, the equation of motion for the dust together with conservation of
mass follows from ∇βT

αβ = 0:

uα∇βT
αβ = 0 ⇒ ∇β(ρu

β) = 0

qαγ∇βT
βγ = 0 ⇒ ρuβ∇βu

α = Fαβjβ. (1.158)
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1.6.5 Perfect Fluids
We will obtain the relativistic equations of motion and energy conservation for a fluid from Eq. (1.147),
∇βT

αβ = 0, and will then verify that they agree with the Newtonian equations in the limit v ≪ c, P ≪
ρc2. We again assume a fluid-element description, boxes large enough that pressure, density, and fluid
velocity are defined, and small enough to neglect their change across the box. Saying that the fluid is
shear-free is then equivalent to saying that a a comoving observer sees the fluid as isotropic: In a box
small enough to ignore changes in density and pressure there is no preferred spatial direction. That is,
the components of the fluid’s energy momentum tensor in the observer’s frame must have no preferred
direction: T µν must be invariant under rotations. We can see this as follows: The components T 0i

(i = 1− 3) transform as a 3-vector under rotations and so can be invariant only if

T 0i = 0 (1.159)

(for a comoving observer, the fluid element’s 3-momentum vanishes). The spatial part of the tensor can
be invariant under rotations only if it is a multiple of δij: Pick a frame in which the symmetric matrix
T ij is diagonal. Unless all three eigenvalues are the same, the largest or smallest eigenvalue picks out a
direction – along its eigenvector. It follows that the only nonzero components of T µν are the rotational
scalars T 00 and δijT kk/3: 6

∥T µν∥ =

∥∥∥∥∥∥∥∥
ρ

P
P

P

∥∥∥∥∥∥∥∥ , (1.160)

where we have defined ρ and P by

ρ = T 00

P =
1

3
T kk.

In the comoving frame, the fluid’s four velocity has component uµ = (1, 0, 0, 0), and the projection
orthogonal to uα,

qαβ = ηαβ + uαuβ, (1.161)

has components

∥qµν∥ =

∥∥∥∥∥∥∥∥
0

1
1

1

∥∥∥∥∥∥∥∥ . (1.162)

Then
T µν = ρuµuν + Pqµν ,

and we have
Tαβ = ρuαuβ + Pqαβ = (ρ+ P )uαuβ + Pηαβ. (1.163)

6Equivalently, we can decompose the spatial tensor T ab into its symmetric tracefree part, the shear tensor, Sab = T ab −
1
3δ

a
bT

c
c , and its trace: T ab = Sab + 1

3δ
a
bT

c
c . A symmetric tracefree tensor transforms as an irreducible j = 2 representation

of the rotation group and is therefore rotationally invariant only if it vanishes (as our quick eigenvalue argument shows).
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Conservation of energy. uα∇βT
αβ = 0

0 = uα∇βT
αβ = uα∇β[ρu

αuβ + Pqαβ]

= −∇β(ρu
β) + Puα∇β(η

αβ + uαuβ)

= −∇β(ρu
β)− P∇ · u

∇β(ρu
β) = −P∇ · u (1.164)

The equation means that the mass of a fluid element decreases by the work,

P dV = PV ∇ · u dτ, (1.165)

it does in proper time dτ . That is, in proper time dτ , the fluid element is displaced by ξα = uαdτ .
Eq. (1.142) implies, for a volume V orthogonal to uα, the quantity dV/V is the spatial divergence of ξα,
the divergence in the subspace orthogonal to uα:

dV

V
= qαβ∇αξβ = qαβ∇αuβdτ = ∇au

αdτ.

This is Eq. (1.165) .

Equation of motion. qαγ∇βT
βγ = 0

0 = qαγ∇β[ρu
βuγ + Pqβγ]

= qαγρu
β∇βu

γ + qαβ∇βP + qαγP∇β(u
βuγ)

= ρuβ∇βu
α + qαβ∇βP + Puβ∇βu

α

(ρ+ P )uβ∇βu
α = −qαβ∇βP. (1.166)

Newtonian limit: Let e be a small parameter of order v/c or vsound/c, whichever is larger.

uµ = (1, vi) +O(e2), P/ρ = O(e2)

ρ = rest mass density +O(e2).

Then Eq. (1.164) implies

∂t(ρu
t) + ∂i(ρu

i) = −P (∂tut + ∂iu
i)

∂tρ+ ∂i(ρv
i) = 0 +O(e2),

in agreement with the conservation of mass equation (1.146b). Similarly, Eq. (1.166) implies

ρuµ∇µu
i = −∇iP

ρ(∂t + vj∇j)vi = −∇iP,

in agreement with equations (1.146c).
Relativistic energy conservation, Eq. (1.164), also implies the Bernoulli equation, expressing energy

conservation in a Newtonian flow. We have only looked at its lowest-order form, obtaining conserva-
tion of mass at order e0; to extract Newtonian energy conservation, one must keep terms at the next
nonvanishing order, order e2.

To summarize what we have just shown:
The fact that a perfect fluid is locally isotropic implies the form of its stress-energy tensor. The fact that
the stress-energy tensor is divergencefree (true for any system) implies all of the equations governing a
perfect fluid – the equations that we first obtained by following in detail the motion of a fluid element.
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Exercise 26. Show that the entropy of a fluid element is conserved for a perfect fluid: The 2nd law of
thermodynamics can be stated in the form dE = TdS − PdV , where
dV = the change in a volume V ⊥ uα (i.e., V is a comoving volume)
dS = the change in entropy of the fluid element
dE = the change in energy of the fluid element as measured by a comoving observer.

a. Introduce a conserved baryon number density n:
Conservation of baryons is ∇α(nu

α) = 0. Show that if the number of baryons in a fluid
element is constant, its volume satisfies uα∇αV = V∇αu

α.

b. Show that uβ∇αT
αβ = 0 implies

u · ∇E = −Pu · ∇V.

c. Conclude from the 2nd law that the entropy of a fluid element is constant along its world
line:

u · ∇S ≡ dS

dτ
= 0.

Exercise 27. Doppler Shift. Photons move along null geodesics and have null four-momenta: pαpα = 0.
An observer with velocity tα decomposes pα into energy and 3-momentum in the usual way:
pα = Etα + pα⊥, where tαpα⊥ = 0. Because pα is null, the decomposition has the form

pα = E(tα + nα),

where nα is a unit vector along pα⊥. We can identify the spatial 4-vector pα⊥ with a 3-vector pa that
lies in the 3-space orthogonal to tα: In an orthonormal frame with timelike vector tα,

pµ = (E, pi) = E(1, ni) pµ⊥ = (0, pi) nµ = (0, ni).

Photon energy and 3-momentum are related to frequency by E = ℏω, pa = ℏka. If we define
a wave 4-vector kα by ℏkα = pα, then the observer uα sees frequency ω = −kαtα and wave
3-vector ℏkα⊥ = pα⊥, or ka = ωna.

Let uα be the velocity of a second observer, moving at 3-velocity v relative to the first. By
computing the dot product uαkα, show that this observer sees a frequency ω′ given by

ω′ = ωγ(1− v · n) = ω
1− v cosα√

1− v2,

with α the angle between the velocity of the second observer and the direction of the photon, as
seen by the first observer.

Exercise 28. (Similar to Hartle 5.17) Relativistic beaming. This is a challenging problem, and hints
follow this set of exercises. Hartle’s answer book gets part of it wrong.
A body emits radiation of frequency ω, with j photons per unit time emitted isotropically in the
source’s rest frame. An observer sees the body move toward her with speed v along her x′ axis.

a. Let α′ be the angle between a photon path and the source’s velocity, measured in the ob-
server’s frame, and let α be the corresponding angle (between the photon path and the
source’s x-axis), measured in the source frame. Using the 4-vector kα, show

µ′ =
µ+ v

1 + vµ
, where µ = cosα. (∗)
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b. Find the number flux of photons j′(α′) seen by the observer, at a fixed distance R from the
source (as measured by the observer). Note that, if α′ and α are related by (∗), the photons
emitted by the source at angles between α and α + dα are seen by the observer at angles
between α′ and α′ + dα′.

c. Find the intensity f ′(α′), the energy flux measured by the observer.

d. Discuss the beaming of number flux and energy flux as v → 1:
For γ >> 1, show that v = 1− 1

2γ2
+ O(γ−4). Using this and cosα′ = 1− 1

2
α′2 + O(α′4),

show that j′ =
8γ3

(1 + γ2α′2)3
j, ignoring terms of higher than quadratic order in α′, 1/γ.

For what angles is j′/j ≫ 1? For what angles is j′/j ≪ 1?

Exercise 29. GZK cutoff (Also adapted from Hartle). The highest energy cosmic rays have energies of
about 3 × 1020 eV. A celebrated argument by Greisen,[60] and by Zatsepin, and Kuz’min[136]
shows that they cannot have traveled farther than about 107 ly, not much farther than our Local
Group of about 30 galaxies (Our local group extends slightly past Andromeda). GZK note that
particles with high enough energy interact with photons of the cosmic microwave background
(CMB) to produce pions. A typical cosmic ray is a proton, and the dominant reactions are

p+ γ → n+ π+ p+ γ → p+ π0.

The reactions can proceed only if, in the center of mass frame, the energy is high enough to allow
the final particles to emerge with zero speed.

pαn = mnu
α
CM , pαπ = mπu

α
CM .

(At higher energy, they emerge with nonzero relative velocity.) Find this threshold energy as
follows:

a. Write conservation of 4-momentum and square both sides of the equation to deduce

2pα(γ) ppα −m2
p = −(mn +mπ)

2.

b. What fractional error does one make in mn +mπ if one replaces mn by mp?

c. Suppose that in a frame for which the CMB looks isotropic (e.g., the Earth’s rest frame, to
about 0.1% accuracy) the proton and photon are moving toward each other. Use the 3+1
decomposition of pα(γ) and pαp in this frame to show (with mp = mn and v = 1)

ECMB
p =

mpmπ

2ECMB
γ

(1 +
mπ

2mp

) ≈ 3× 1020eV.

d. The mean free photon path is ℓ =
1

nγσ
, with a cross section σ ∼ 2 × 10−28 cm2 and nγ

the number density of photons in 2.7◦ blackbody radiation, about 400/cm3. Check that ℓ is
the 107 ly mentioned above. Protons with lower energy, however, will also interact if they
encounter photons with higher energy in the thermal blackbody distribution. As a result, the
interaction will also cut off protons of lower energy that come from larger distances. Use
your knowledge of the energy distribution of particles (photons) at temperature T to estimate
the minimum energy that a proton must have to have mean free path ℓ less than the radius of
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the visible universe.

Hint: First find the number density of photons for which ℓ is the size of the visible universe;
next estimate the energy of photons with this number density, in a thermal distribution at
about 3◦K; finally, for a photon of this energy find the threshold energy of the proton, from
(c).

Hints for Exercise 28.

Hintsforrelativisticbeamingproblem.

a.Notethatthecomponentsofk
α

inthesourceframeare(k
µ
)=ω(1,cosα,sinα,0).

b.Lightemittedattimet=t′=0onthesource’sclockandasynchronizedclockintheobserver’sframe

reachestheobserverafterobservertimed′/c=d′,withd′thedistancetothesourceintheobserver’s

frame.Atalatertimedt′=γdt,thedistancebetweensourceandobserverisd′−vµ′dt′andaphoton

emittedatdt′reachestheobserverafteranobservertimed′−vµ′dt′.

ThenumberofphotonsemittedintosolidangledΩintimedtisjdΩ/(4π)dtandisthosephotonsare

observedinsolidangledΩ′intimedt′
o

c.f′(α′)=j′(α′)~ω′.Tosimplify,checkandusetheidentityγ(1−vµ′)=
1

γ(1+vµ)
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1.7 Curvilinear Coordinates
A coordinate system (chart, in the mathematics literature) on an n-dimensional space M is a smooth
map assigning to each point P of M n numbers (x1(P ), . . . , xn(P ) ), called the coordinates of P . That
is, a coordinate system is a map x : M → Rn with x smooth and invertible. The natural coordinates

Figure 1.14: A coordinate system x :M → R2 in two dimensions.

(t, x, y, z) on Minkowski space provide an obvious example. Another is spherical coordinates (t, r, θ, ϕ),
although strictly speaking these are coordinates on M with the points x = y = 0 (the history of the
symmetry axis) removed: P → (t(P ), r(P ), θ(P ), ϕ(P )) is neither smooth nor invertible on the
z-axis.

The two-dimensional figure below shows coordinate systems x : M → R2 and y : M → R2. The

change in coordinates (y1, y2) 7→ (x1, x2) is the map x ◦ y−1 : R2 → R2, smooth and invertible if and
only if the Jacobian matrix ∥∥∥∥∂xi∂yj

∥∥∥∥
of x◦y−1 is smooth and has nonzero determinant. In physicists’ notation, the coordinate transformation
is written x(y) instead of x◦ y−1. We will see that the Jacobian takes components of vectors and tensors
from one coordinate system to another.

1.7.1 Components of Vectors and Tensors
A coordinate system on M provides a basis at each point P for the vectors at P . The radial basis vector
e1 = r̂ at a point P in spherical coordinates, for example, is tangent to the path through P with constant
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θ and ϕ coordinates, the path c(λ) with coordinates (xi(λ) ) = (r+λ, θ, ϕ). In general, for a coordinate
system x, the path along which only x1 changes is the path with coordinates

λ→ (x1(P ) + λ, x2(P ), . . . , xn(P ) ) (1.167)

and can be regarded as the x1-axis through P . The tangent to this path is the first basis vector e1 at P .

Similarly, the tangent to the x2-axis through P , to the path with coordinates

λ→ ( x1(P ), x2(P ) + λ, x3(P ), . . . , xn(P ) ),

is the second basis vector e2.
If f is any function on M , the directional derivative of f in the direction e1 is the derivative of f

along the path (1.167) tangent to e1,

∂f

∂x1
(P ) =

d

dλ
f
(
x1(P ) + λ, x2(P ), . . . , xn(P )

)∣∣∣∣
λ=0

= e1 · ∇f.

In abstract index notation,

e1 · ∇f = e1
a∇af =

∂f

∂x1
. (1.168)

For this reason, as mentioned earlier, the vectors ei of a coordinate basis are often written ∂i. Regarded
in this way as a directional derivative, the vector ei is the map,

ei(f) = ei · ∇f = ∂if ,

of Eqs. (1.60) and (1.61).
Return now in notation from a generic dimension to 4-dimensional Minkowski space. The basis dual

to {eµ} is just the set of covectors

ω0 = ∇x0, ω1 = ∇x1, ω2 = ∇x2, ω3 = ∇x3, (1.169)

because
ωµ(eν) = ωµαeν

α = eν
α∇αx

µ =
∂xµ

∂xν
= δµν . (1.170)

use (1.168)
The components vµ of a vector v with respect to the coordinate basis {eµ} are called the components

of v in the coordinate system x. If x′ is another coordinate system, with {eµ′} the associated basis, eµ′
can be related to eµ in this way:
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eµ′(f) =
∂f

∂xµ′
=

∂f

∂xµ
∂xµ

∂xµ′
=
∂xµ

∂xµ′
eµ(f). (1.171)

That is,

eµ′ =
∂xµ

∂xµ′
eµ (1.172)

(where
∥∥∥∥ ∂xµ∂xµ′

∥∥∥∥ is the Jacobian matrix of the map x ◦ x′−1). Then

v = vµ
′
eµ′ = vµeµ = vµ

∂xµ
′

∂xµ
eµ′ ,

=⇒ vµ
′
=
∂xµ

′

∂xµ
vµ, (1.173)

where we used (1.172) with primed ↔ unprimed.
Similarly, the dual basis vectors ωµ′ are related to ωµ by

ωµ′ = ∇xµ
′
=
∂xµ

′

∂xµ
∇xµ =

∂xµ
′

∂xµ
ωµ, (1.174)

whence the components σµ of a covector transform in the manner

σµ′ω
µ′ = σµω

µ = σµ
∂xµ

∂xµ′
ωµ′

⇒ σµ′ =
∂xµ

∂xµ′
σµ . (1.175)

(This also follows from (1.174) together with σµvµ = σµ′ v
µ′ .)

For arbitrary tensors Tα···βγ···δ, we have

T µ
′···ν′

σ′···τ ′ =
∂xµ

′

∂xµ
· · · ∂x

ν′

∂xν
∂xσ

∂xσ′ · · ·
∂xτ

∂xτ ′
T µ···νσ···τ . (1.176)

This is just a special case of the transformation law (1.41), where, in the case of coordinate bases, the
aµ

′
µ and aµµ′ matrices are the Jacobian matrices of the transformations x′ ◦ x−1 and x ◦ x′−1:

aµ
′
µ =

∂xµ
′

∂xµ
, aµµ′ =

∂xµ

∂xµ′
. (1.177)

Because P has coordinates x′(P ) in the primed system and x(P ) in the unprimed system, Eq. (1.176)
is sometimes written with explicit arguments x′ and x:

T µ
′···

···τ ′(x
′) =

∂xµ
′

∂xµ
· · · ∂x

τ

∂xτ ′
T µ······τ (x). (1.178)
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1.7.2 Covariant Derivatives
We want to find the coordinate components of ∇αT

β···γ
δ···ϵ in terms of the partial derivatives

∂

∂xλ
T µ···νσ···τ .

In abstract-index notation, the covariant derivative of a vector vα is unambiguously written ∇αv
β . An

ambiguity in notation arises when we write the components of ∇αv
β in a basis: Because the νth compo-

nent vν ≡ ων(v) of a vector field vα is a scalar field, the µth component of its gradient is ∂µvν . Since we
write the gradient of a scalar in the form ∇αf , the µth component of vν could be written ∇µv

ν , but this
is not the way the symbol ∇µv

ν is used by physicists. Instead, it is natural to write the µ-νth component
of the tensor ∇αv

β as ∇µv
ν . When we use curvilinear coordinates (or a basis that is not a coordinate

basis, or when we work in a curved spacetime) the two possibilities are not equivalent, because the basis
vectors are not constant vector fields: The gradient of the scalar vν has as its µth component

∇µ (v
ν) = ∇µ(v

αωνα) = ∂µ(v
αωνα) = ∂µv

ν ;

while the µ-νth component of the tensor ∇αv
β is

(∇µ v
α)ωνα = ∇µ(v

αωνα)− vα∇µω
ν
α = ∂µv

ν − vα∇µω
ν
α. (1.179)

The second expression involves the covariant directional derivative of the basis vector ων in the direction
of eµ. For the gradient of the scalar vν (rarely needed), these notes will use the expression ∇α(v

ν), with
µth component

∇µ(v
ν) := ∂µv

ν ; (1.180)

the parentheses means that the component is found before the derivative is evaluated. We could similarly
write the µ-νth component of ∇αv

β in the form (∇µv)
ν to make clear that the component was computed

after the covariant derivative was evaluated, but we will follow the standard physics notation, omitting
the parentheses, and writing

∇µ v
ν := (∇µv)

ν = (∇µv
α)ωνα = (e βµ ∇βv

α)ωνα . (1.181)

The expression analogous to Eq. (1.179) for the covariant derivative of a covector σα is then

∇µσν = eµ
αeν

β∇ασβ

= ∇µ(eν
βσβ)− (∇µeν

β)σβ.

Again, for a coordinate basis, ∇µf = ∂µf , and we have

∇µσν = ∂µσν − (∇µeν
β)σβ. (1.182)

The vector ∇µeν is the covariant directional derivative of eν in the direction of eµ. Because it is a
vector, it can be written as a linear combination of basis vectors, namely

∇µeν = Γλνµeλ (1.183)

The coefficients Γλνµ are called Christoffel symbols (or, for an orthonormal basis, Ricci rotation coeffi-
cients). We have

Γλνµ = eµ
α∇α(eν

β) ωλβ . (1.184)
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Using the defining equation, (1.183), Eq. (1.182) for the components of ∇ασβ becomes

∇µσν = ∂µσν − Γλνµ e
β
λ σβ = ∂µσν − Γλνµ σλ. (1.185)

Observing that

∇µ(ω
ν
β)e

β
λ = ∇µ(ω

ν
βe

β
λ)− (∇µe

β
λ)ω

ν
β

= ∂µδ
ν
λ − Γνλµ

= −Γνλµ,

we obtain from (1.179) the components of ∇βv
α

∇µv
ν = ∂µv

ν + Γνλµv
λ. (1.186)

Equation (1.186) could also have been obtained from (1.185), using ∇µ(v
νσν) = ∂µ(v

νσν) and the
Leibnitz rule, ∇µ(v

νσν) = (∇µv
ν)σν + vν∇µσν .

With components of the covariant derivative of vectors and covectors computed, the components of
∇ϵT

α···β
γ···δ follow quickly. One acquires one Γ with a + sign for each up index and one Γ with a − sign

for each down index:

∇λT
µ···ν

σ···τ = ωµα · · ·ωνβeσγ · · · eτ δ∇λT
α···β

γ···δ

= ∇λ(T
α···β

γ···δω
µ
α · · ·ωνβeσγ · · · eτ δ)

−Tα···βγ···δ∇λ(ω
µ
α) · · ·ωνβeσγ · · · eτ δ − · · · − Tα···βγ···δω

µ
α · · · (∇λω

ν
β)eσ

γ · · · eτ δ

−Tα···βγ···δωµα · · ·ωνβ(∇λe
γ
σ ) · · · e δτ − · · · − Tα···βγ···δω

µ
α · · ·ωνβe γσ · · · (∇λe

δ
τ )

∇λT
µ···ν

σ···τ = ∂λT
µ···ν

σ···τ + ΓµιλT
ι···ν

σ···τ + · · ·+ ΓνιλT
µ···ι

σ···τ

− ΓισλT
µ···ν

ι···τ − · · · − ΓιτλT
µ···ν

σ···ι. (1.187)

Eq. (1.187) could also have been obtained from Eqs. (1.185) and (1.186), using the Leibnitz rule
and the fact that any Tα···βγ···δ is the sum of outer products of vectors and covectors. The derivation
above is a little more direct. In this derivation, the only place where we used a the fact that {eµ} is a
coordinate basis is in replacing the directional derivative ∇µf by ∂µf . In a general basis, Eq. (1.187)
has the form

∇λT
µ···ν

σ···τ = ∇λ(T
µ···ν

σ···τ ) + ΓµιλT
ι···ν

σ···τ + · · ·+ ΓνιλT
µ···ι

σ···τ

− ΓισλT
µ···ν

ι···τ − · · · − ΓισλT
µ···ν

σ···ι. (1.188)

We next evaluate Γλνµ when {eµ} is a coordinate basis.
First note that in a preferred coordinate system

∇µ∇νf =
∂2f

∂xµ∂xν
;

because partial derivatives commute for smooth scalars f ,

∇[µ∇ν]f = 0.

(In fact, because all components of ∇[α∇β]f vanish in some basis, they must vanish in any basis:
∇[α∇β]f = 0.)
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Now in a coordinate basis, we have ∇µf = ∂µf , and our equation for the covariant derivative of a
covector, (1.185), implies

∇µ∇νf = ∂µ∂νf − Γλνµ∂λf,

∇[µ∇ν]f = 0 = ∂[µ∂ν]f − Γλ[νµ]∂λf = −Γλ[νµ]∂λf

That is, for a coordinate basis, Γλ[µν] = 0: Γλµν is symmetric in µ and ν:

Γλµν = Γλνµ . (1.189)

Once the symmetry of Γλµν is established, its value can be found in terms of the components ηµν of the
metric. To do this one uses the equation

∇αηβγ = 0. (1.190)

The components of (1.190) are

∇µηνλ = ∂µηνλ − Γσνµησλ − Γσλµηνσ = 0.

Defining
Γλµν := Γσµνησλ,

we have
∂µηνλ = Γλνµ + Γνλµ.

To find Γλνµ one cyclically permutes λ, µ, ν:

∂νηλµ = Γµλν + Γλµν

∂ληµν = Γνµλ + Γµνλ

Add the first two equations and subtract the last:

∂µηνλ + ∂νηλµ − ∂ληµν = Γλνµ + Γνλµ
/

+ Γµλν
//

+ Γλµν − Γνµλ
/

− Γµνλ
//

∂µηνλ + ∂νηµλ − ∂ληµν = 2Γλµν .

(The symmetry of Γ was used to combine or cancel each pair of terms.) Then

Γλµν =
1

2
[∂µηνλ + ∂νηµλ − ∂ληµν ] (1.191)

and
Γλµν =

1

2
ηλι[∂µηνι + ∂νηµι − ∂ιηµν ]. (1.192)

As soon as we go to a curved spacetime, the same steps will give the same result in terms of an arbitrary
metric gαβ .
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1.7.3 Examples
Example 1: Consider Minkowski space with two spatial dimensions in the coordinate system t, r, ϕ:

x = r cosϕ, y = r sinϕ, ϕ = tan−1 y

x
, r = (x2 + y2)1/2 (1.193)

The covariant basis vectors are

ωtα = ∇αt, ω
ϕ
α = ∇αϕ and ωrα = ∇αr . (1.194)

with

∇αx =
∂x

∂ϕ
∇αϕ+

∂x

∂r
∇αr

= cosϕ ∇αr − r sinϕ ∇αϕ (1.195)

∇αy =
∂y

∂r
∇αr +

∂y

∂ϕ
∇αϕ

= sinϕ ∇αr + r cosϕ ∇αϕ. (1.196)

Then

ηαβ = −∇αt∇βt+∇αx∇βx+∇αy∇βy (1.197)
= −∇αt∇βt+ (cosϕ∇αr − r sinϕ∇αϕ)(cosϕ∇βr − r sinϕ∇βϕ)

+(sinϕ∇αr + r cosϕ∇αϕ)(sinϕ∇βr + r cosϕ∇βϕ)

= −∇αt∇βt+ (cos2 ϕ+ sin2 ϕ)∇αr∇βr + (−r sinϕ cosϕ+ sinϕr cosϕ)︸ ︷︷ ︸
0

∇αr∇βϕ

+r2(sin2 ϕ+ cos2 ϕ)∇αϕ∇βϕ+ (−r sinϕ cosϕ+ r sinϕ cosϕ)︸ ︷︷ ︸
0

∇αϕ∇βr, (1.198)

giving
ηαβ = −∇αt∇βt+∇αr∇βr + r2∇αϕ∇βϕ. (1.199)

Thus
ηtt = −1, ηrr = 1, ηϕϕ = r2, and ηµν = 0, µ ̸= ν.

One could also have found ηµν by, e.g.,

ηϕϕ =
∂t

∂ϕ

∂t

∂ϕ
ηtt +

∂t

∂ϕ

∂x

∂ϕ
ηtx + · · ·+ ∂y

∂ϕ

∂y

∂ϕ
ηyy

=

(
∂x

∂ϕ

)2

+

(
∂y

∂ϕ

)2

= r2 sin2 ϕ+ r2 cos2 ϕ = r2,

but the calculation from (1.197) to (1.198) is more efficient.
The following notation makes coordinate calculations look simpler and more natural: Write

Write dxµ for ∇αx
µ = ωµα. (1.200)

Then, writing ∂µ for eαµ, we have dxµ(∂ν) = δµν ; the metric tensor ηαβ = ηµν∇αx
µ∇βx

ν is ηµνdxµdxν

and is abbreviated ds2:
ds2 = ηµνdx

µdxν . (1.201)
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The change of basis resulting from xµ → xµ
′ is written

dxµ
′
=
∂xµ

′

∂xµ
dxµ ∂µ′ =

∂xµ

∂xµ′
∂µ,

and the change in metric components is then

ds2 = ηµ′ν′dx
µ′dxν

′
= ηµνdx

µdxν

=

(
ηµν

∂xµ

∂xµ′
∂xν

∂xν′

)
dxµ

′
dxν

′
.

Eq. (1.197) takes the form
ds2 = −dt2 + dx2 + dy2, (1.202)

Eqs. (1.195) and (1.196) become

dx = cosϕ dr − r sinϕ dϕ

dy = sinϕ dr + r cosϕ dϕ, (1.203)

and, by substituting (1.203) into (1.202), we obtain

ds2 = −dt2 + dr2 + r2dϕ2. (1.204)

Thus, by identifying the “infinitesimals” dxi that had no precise meaning (by themselves) with the coor-
dinate basis vectors ∇αx

i – the gradients of the scalar fields xi – the intuitively clear but mathematically
ill-defined equations (1.202)-(1.204) are given a precise meaning: they are the tensor equations (1.195)-
(1.199).
An occasionally encountered notation for the contravariant metric is

∂2s = −∂2t + ∂2r +
1

r2
∂2ϕ.

(This does not denote and is not the Laplacian in polar coordinates.)
Christoffel symbols: Because the only non-constant metric component in (1.204) is

ηϕϕ = r2, the only nonzero components Γλνµ are

Γrϕϕ = −1

2
∂rηϕϕ = −r ,

Γϕrϕ = Γϕϕr =
1

2
∂rηϕϕ = r, (1.205)

and the only nonzero Γλνµ’s are

Γrϕϕ = −r Γϕrϕ = Γϕϕr = ηϕϕΓϕrϕ =
1

r
. (1.206)

To see what (1.206) means, look at the basis vectors ∂r and ∂ϕ in an r-ϕ plane (a t = constant plane):

∂r is a unit vector:
√
η(∂r,∂r) =

√
ηrr = 1 (1.207)

∂ϕ has length r:
√
η(∂ϕ,∂ϕ) =

√
ηϕϕ = r (1.208)

That is, if ϕ̂ is a unit vector in the ∂ϕ direction, ϕ̂(f) = ϕ̂ · ∇f =
1

r
∂ϕf , whereas ∂ϕ(f) = ∂ϕf , so

∂ϕ = rϕ̂.
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Figure 1.15: The basis vectors ∂r and ∂ϕ

Along a curve of constant r and ϕ, when only t changes, ∂ϕ and ∂r don’t change, so
∇t∂ϕ = ∇t∂r = 0, implying Γλϕt = 0, Γλrt = 0.
The r-ϕ plane is more interesting: Along a curve of constant ϕ and t, ∂r is constant but ∂ϕ changes its
length: Since the length of ∂ϕ is r, and along a ϕ = constant curve the direction of ∂ϕ doesn’t change,

∂ϕ |r+∆r =
r +∆r

r
∂ϕ |r

∇r∂ϕ = lim
∆r→0

(∂ϕ |r+∆r − ∂ϕ |r)
1

∆r
=

1

r
∂ϕ .

Then
Γϕrϕ =

1

r
and Γrrϕ = Γtrϕ = 0.

We can similarly find ∇ϕ∂r and ∇ϕ∂ϕ: Along an r, t = constant curve, the lengths of ∂ϕ and ∂r are
constant but their directions change – see Fig. 1.15.

∂ϕ|ϕ+∆ϕ = cos∆ϕ ∂ϕ|ϕ − r sin∆ϕ ∂r|ϕ

∂r|ϕ+∆ϕ = cos∆ϕ ∂r|ϕ +
1

r
sin∆ϕ ∂ϕ|ϕ

∇ϕ∂ϕ = lim
∆ϕ→0

1

∆ϕ
[∂ϕ|ϕ+∆ϕ − ∂ϕ|ϕ] = −r ∂r

∇ϕ∂r = lim
∆ϕ→0

1

∆ϕ
[∂r|ϕ+∆ϕ − ∂r|ϕ] =

1

r
∂ϕ

⇒ Γrϕϕ = −r Γtϕϕ = Γϕϕϕ = 0

Γϕϕr =
1

r
Γtϕr = Γrrr = Γrϕr = 0.
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Example 2: A spherical null coordinate system for Minkowski space: The coordinates are u, r, θ, ϕ .

u = t− (x2 + y2 + z2)1/2 t = u+ r

r = (x2 + y2 + z2)1/2 x = r sin θ cosϕ

θ = tan−1

[
(x2 + y2)1/2

z

]
y = r sin θ sinϕ

ϕ = tan−1 y

x
z = r cos θ,

where, of course, t, x, y, z is a natural coordinate system.
Here’s a diagram of a θ = constant hypersurface with some constant-u light cones.

Notice that the u = constant surfaces are not orthogonal to the r = constant surfaces. This implies
that the basis vectors ∂u and ∂r are not orthogonal, because ∂u is tangent to a line of constant r, θ, ϕ and
∂r is a null vector tangent to a line of constant u, θ, ϕ.

Figure 1.16: The basis vectors ∂u and ∂r

On the other hand, ∂θ and ∂ϕ are still orthogonal, because the θ = constant and ϕ = constant surfaces
are orthogonal.

Figure 1.17: The basis vectors ∂θ and ∂ϕ
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Because ∂u and ∂r are not orthogonal, the tr component of the metric is nonzero:

ds2 = −dt2 + dx2 + dy2 + dz2

= −(du+ dr)2 + (dr sin θ cosϕ+ r cos θ cosϕdθ − r sin θ sinϕdϕ)2

+ (dr sin θ sinϕ+ r cos θ sinϕdθ + r sin θ cosϕdϕ)2 + (dr cos θ − r sin θdθ)2;

collecting terms and using cos2+sin2 = 1 a few times gives

ds2 = −du2 − 2dudr + r2dθ2 + r2 sin2 θdϕ2, (1.209)

or

∥ηµν∥ =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
−1 −1
−1 0

r2

r2 sin2 θ

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣ . (1.210)

Note that the off-diagonal components ηur and ηru are −1, not −2: Eq. (1.209) is a shorthand for

ηαβ = −∇αu∇βu+∇αu∇βr +∇αr∇βu+ r2∇αθ∇βθ + r2 sin2 θ∇αϕ∇βϕ; (1.211)

that is, dudr means the symmetric tensor 1
2
(∇αu∇βr+∇αr∇βu). The contravariant metric components

are

∥ηµν∥ =

∥∥∥∥∥∥∥∥
0 −1
−1 1

r−2

r−2 sin−2 θ

∥∥∥∥∥∥∥∥ . (1.212)

The basis vectors ∂u,∂r,∂θ and ∂ϕ have lengths |∂u|2 = |η(∂u,∂u)| = |ηuu| = 1 or

|∂u| =
√
|ηuu| = 1,

|∂r| =
√

|ηrr| = 0,

|∂θ| =
√
|ηθθ| = r,

|∂ϕ| =
√

|ηϕϕ| = r sin θ.

The covariant basis vectors have lengths

|du| =
√

|η(du, du)| =
√

|ηαβ∇αu∇βu| =
√
|ηuu| = 0

|dr| =
√
ηrr = 1

|dθ| =
√
ηθθ =

1

r

|dϕ| =
√
ηϕϕ =

1

r sin θ
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Gradients of functions, of which covariant basis vectors are an example, can be visualized in either of
two ways: The first is the way countour lines show the changing height of a hill or valley.

1. To picture dxµ, draw a set of xµ = constant surfaces a given coordinate distance ∆xµ apart. When
dxµ is large, the surfaces will be close together, and when dxµ is small, far apart. If vα is a vector
tangent to some curve c(λ), then vµ = vα∇αx

µ = d
dλ
xµ(c(λ)) is the rate at which a coordinate

distance xµ is crossed in parameter length λ along c. So if you draw vα as an arrow with length
proportional to the components vµ, then its length will be proportional to the number of surfaces
the arrow crosses.

The natural way to visualize the gradient df = ∇f of a function is then as a set of planes tangent
to f = constant surfaces, and it is presented that way in Schutz pp.61-2 and in MTW 2.5 and 2.6.

2. You can raise the index of the naturally covariant vector ∇αx
µ and then draw the resulting con-

travariant vector ∇αxµ as an arrow. With an orthogonal basis and Euclidean metric, the result is
an arrow that looks perpendicular to the surface in a diagram. Here, without some practice, the
contravariant vector often looks peculiar, dramatizing the fact that, for any function f , ∇αf is
naturally a covariant vector.

Figure 1.18: The vectors ∇αt and ∇αu acquired by raising the naturally covariant vectors ∇αt and ∇αu.
In the first example, despite the fact that t increases to the future, ∇αt is a past-pointing vector. This is
due to the −+++ signature of the Minkowski metric: The t, x, y, z components of ∇αt are
(∇µt) = (−1, 0, 0, 0).

In the second example, ∇αu is null: ηαβ∇αu∇βu = 0, and we can see as follows that the raised
normal to a null surface, ∇αu is a vector that lies in the surface! Start with the fact that, for any scalar
f , if v is a vector orthogonal to ∇f (i.e., vα∇αf = 0), then f is constant along v: That is, vα lies in
a surface of constant f . Here, with f = u and vα = ∇αu, the relation ∇αu∇αu = 0 implies ∇αu is a
vector lying in the u = constant surface.
Check:

∇µu = ηµν∇νu = ηµu = −δµr ,
where we have used Eq. (1.212) for the contravariant components ηµν in u, r, θ, ϕ coordinates.
So, in these coordinates, ∇αu is −∂r.
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Exercise 30. Consider 2-dimensional Minkowski space, with natural coordinates t and x. A family of
uniformly accelerated observers follow the trajectories

t(T ) = X sinhT, x(T ) = X coshT,

with X fixed for a given observer.

a. Show that, at each point, the curve with T fixed and X changing is orthogonal to the accel-
erated trajectory, the curve with X fixed and T changing.

b. Show that the coordinates T,X cover only half of 2-dimensional Minkowski space. Show
that the coordinates are not defined on the lines x = ±t, so they really cover two disjoint
quadrants. The right-hand quadrant in these coordinates is call Rindler space. Show that the
metric in these coordinates, is ds2 = −X2dT 2 + dX2.

c. The boundary line x = t is analogous to a black hole horizon for uniformly accelerated
observers: Show that signals from the far side of that line never cross it and therefore never
reach observers who remain in Rindler space. (Observers at rest relative to a Schwarzschild
black hole must uniformly accelerate to remain at rest; they are in this way analogous to our
Rindler observers. The analogy is part of an equivalence-principle relation between Rindler
space and a black hole spacetime.)

Exercise 31. a. Show that ϵijkAiBjCi = A×B ·C =

∣∣∣∣∣∣
A1 A2 A3

B1 B2 B3

C1 C2 C3

∣∣∣∣∣∣.
b. Using part (a), write the determinant of a 3× 3 matrix aij in terms of ϵijk.

c. Show for any covector Aa that ∇aAb −∇bAa has components ∂iAj − ∂jAi in any chart.

d. Similarly show, for any antisymmetric tensor Aa...b, that the components of ∇[aAb...c] are
simply ∂[iAj...k].

Exercise 32. Let gab be the metric of flat 3-space, ds2 = dx2+dy2+dz2. Let {ei′} be any basis, and write
the relation between {ei′} and the natural coordinate basis {ei} in the usual way, ei′ = eia

i
i′ .

a. Show that the determinant g of the metric has the value g = [det(a)]2 in the primed basis.

b. Show that ϵi′j′k′ = det(a)ϵijk, and conclude that ϵi′j′k′ =
√
g. In other words, dropping the

primes, in an arbitrary basis {ei}, ϵ123 =
√
g.

c. What is ϵijk in an arbitrary basis, in terms of g ?

Exercise 33. The metric of 3-dimensional Euclidean space in Cartesian coordinates is ∥gij∥ = ∥δij∥ or
ds2 = dx2 + dy2 + dz2.

a. Find the metric in spherical coordinates r, θ, ϕ.

b. Find the components of the contravariant metric gab in spherical coordinates.

c. What is the value of ϵrθϕ? Of ϵrθϕ?

d. Find all nonzero Christoffel symbols Γijk
e. Find the volume of a sphere by writing V =

∫ √
g drdθdϕ



CHAPTER 1. INTRODUCTION: PHYSICS IN FLAT SPACETIME 96

Exercise 34. Divergence and Laplacian (still in 3-d).

a. Show that the divergence ∇aA
a of a vector can be written in the form

1

2
ϵabc∇a(ϵbcdA

d).

b. Using the fact that this expression involves the derivative ∇[aTbc] of the antisymmetric tensor
Tbc = ϵbcdA

d, show that the divergence can be written in any chart in the form

1
√
g
∂i(

√
g Ai).

c. Conclude that the Laplacian ∇α∇αf can be written in any chart in the form

1
√
g
∂i(

√
g gij∂jf).

d. Write the Laplacian in spherical and cylindrical coordinates. Cylindrical coordinates are
often written ϖ, z, ϕ in astrophysics. “ϖ” is script π, used instead of ρ to avoid confusion
with density. The relation to Cartesian coordinates is x = ϖ cosϕ, y = ϖ sinϕ.

Exercise 35. Short answer questions:

a. What are the components of a flat 3-dimensional metric in the orthonormal frame
er ≡ r̂, eθ ≡ θ̂, eϕ ≡ ϕ̂.

b. What are the components ϵîĵk̂ in that frame?

c. Show that the redshift from a source of light moving away from you at speed v has the

nonrelativistic limit z ≡ ∆λ

λ
= v.

d. Show that the sourcefree Maxwell equation ∇[αFβγ] is equivalent to

∇αFβγ +∇βFγα +∇γFαβ = 0.



Chapter 2

Curved spacetime

2.1 Manifolds, Smooth Functions (Scalar Fields), Tensor Fields
A smooth n-dimensional manifold can be thought of as a smooth n-dimensional subset of some Rm,
m ≥ n. For example a curve in Rm is a 1-dimensional manifold; any Sn is a smooth n-dimensional
subset of Rn+1; on the other hand, a self intersecting surface is not a manifold, and a curve with a cusp
is a manifold, but not a smooth manifold. The embedding space Rm, however, plays no real role here,
and n-dimensional manifolds are defined intrinsically by piecing together open blocks of Rn.

For example, a closed strip can be made from two pieces of R2, each one the piece
0 < x < 4
0 < y < 1

, by

gluing the squares of the same color with two different identifications:

Figure 2.1: Two different gluings of the two pieces of R2 give an orientable strip and a Möbius strip.

For the ordinary (orientable) strip, glue the point (x, y) to the point (x′, y′) where

(x′, y′) = (1− x, y), 0 < x < 1, 0 < y < 1
(x′, y′) = (7− x, y), 3 < x < 4, 0 < y < 1 .

97
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Similarly, a Möbius strip is made by the overlap maps (gluing instructions)

(x′, y′) = (1− x,−y), 0 < x < 1, 0 < y < 1
(x′, y′) = (7− x, y), 3 < x < 4, 0 < y < 1 .

More formally, one defines a manifold M by requiring that each point P of M be in the domain U
of some coordinate patch x : U → Rn whose range x(U) is an open set of Rn, and that in the regions
of Rn corresponding to the intersection U ∩ V of two coordinate patches x : U → Rn, y : V → Rn, the
maps x ◦ y−1 and y ◦ x−1 are differentiable inverses of each other. A smooth function (scalar field) on

M is a map from M → R smooth in each coordinate system. That is, f : M → R is smooth at P if
f ◦ x−1 : Rn → R is smooth at x(P ).

Mathematicians use the word “chart” instead of “coordinate system” because it has one instead of
six syllables and because of the ordinary language/technical language statement that a chart is a map.
“Chart” will be used in the notes because it’s shorter.

Vectors
.

In Minkowski space a vector vα at a point P could sim-
ply be identified with the directed line from P to the point
Q with Qα − Pα = vα. In a curved space, if one em-
beds the manifold in Rm (see picture at right), the tangent
to a curve in M , regarded as a curve in Rm, is an arrow
that sits not in M , but in the (hyper)plane tangent to M at
P .

The figure shows a sphere embedded in R3. The tangent vec-
tors va1 and va2 to the curves c1 and c2 (regarded as curves in R3)
lie in the tangent plane TPS to S at P .
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If we wanted to carry the embedding space along, we could identify the tangent vector with this arrow
in Rm; but the macroscopic universe in which we live is 4-dimensional, so we are handed M , not the
embedding, and keeping Rm needlessly encumbers the mathematics.

Instead, as in Eq. (1.60), one identifies the tangent to a curve c(λ) at P with the linear map from
{smooth functions on M} to R given by

v : f 7→ v(f) = va∇af =
d

dλ
f [c(λ)]

∣∣∣∣
λ=0

. (2.1)

As in flat space, the components of va in a chart {xi}, are just vi(P ) =
d

dλ
xi(λ)

∣∣∣∣
λ=0

.

Then va∇af = vi∂if , and the ith component of va is

vi = v(xi), because v(xi) = vj∂jx
i = vjδij = vi. (2.2)

A vector is a linear map from functions to R, but the definition has one more piece to it, because if
f and g are two scalar fields we have the Leibnitz rule

va∇a(fg) = va∇afg(P ) + f(P )va∇ag. (2.3)

With that included, we can define the space of vectors at a point of a smooth manifold M .
Definition. A vector V at a point P in M is a linear map from {smooth functions on M} to R satisfying

V (fg) = V (f)g(P ) + f(P )V (g) (the Leibnitz rule).

We had now better check that, with this definition, every vector can be written as the tangent to a
curve.
Theorem. If V is any linear map from {smooth functions on M} to R satisfying V (fg) = V (f)g(P ) +
f(P )V (g) (the Leibnitz rule), then there is a curve c(λ) through P whose tangent va is the map V .

Proof. First note that V (k) = 0 for any constant k (regarded as a constant function on M ). This is
quick: Given any f ,

V (kf) = kV (f) by linearity and
V (kf) = kV (f) + f(P )V (k) by Leibnitz

⇒ f(P )V (k) = 0, all f ⇒ V (k) = 0.

Next, let xi be a chart about P with xi(P ) = 0. Define n numbers vi by

vi = V (xi). (2.4)

We need first to write V (f) = vi ∂f
∂xi

∣∣
P

, and then to show that the vi are components of the tangent
to some curve c. For the first part, we expand f in a Taylor series about P :

f = f(P ) +
∂f

∂xi

∣∣∣∣
P

xi +O(|x|2), (2.5)

where O(|x|2) means some function for which |O(|x|2)| ≤ K|x|2, some constant K. (This is the formal
way of stating the intuitive idea that O(|x|2) goes to zero as fast as |x|2.) Because f is smooth, we can
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write O(|x|2) as fijxixj , with each fij(x) a smooth function. Now the value f(P ) of f at the given point
P is a constant, so

V (f) =
∂f

∂xi

∣∣∣∣
P

V (xi) + V (O(|x|2)). (2.6)

The first term on the right is the term we want, because V (xi) = vi. We need to show that the other
term vanishes at P , where xi = 0. We have

V (O(|x|2)) = V [fijxixj] = V (fij)xi(P )xj(P )+fij(P )V (xi)xj(P )+fij(P )xi(P )V (xj) = 0 , because xi(P ) = 0.

Thus (2.6) becomes

V (f) =
∂f

∂xi

∣∣∣∣
P

vi.

Finally, we need a curve c whose tangent va has components vi, and this is easy: Let c be the path with
coordinates

xi(λ) = λvi. (2.7)

Then
d

dλ
f(c(λ))|λ=0 =

∂f

∂xi

∣∣∣∣
P

dxi

dλ

∣∣∣∣
λ=0

=
∂f

∂xi

∣∣∣∣
P

vi, (2.8)

and we have proved that the tangent va to the path c is the map va∇af = V (f).

Technical Note
As is endemic to physicists, we have sluffed over the distinction between the function f : M → R
and “f(x)”, the function f ◦ x−1 : R4 → R. To be more precise one should have said that f ◦ x−1

– call it f̄ – can be Taylor expanded about 0 in Rn. Denoting a point in Rn by ri, we could write
f̄(r) = f̄(0) + ∂if̄ |0ri +O(|r|2) .

Then f = f̄ ◦ x so if Q is a point in M near P ,

f(Q) = f̄ [xi(Q)] + ∂if̄ |0xi(Q) +O(|x(Q)|2).

But f̄ [xi(Q)] = f(Q) and ∂if̄ |0 is eia∇af |P , where ei
a is tangent to the curve with coordinates

λ → (x1(P ), . . . , xi(P ) + λ, . . . , xn(P )). So denoting eia∇af |P by the shorthand ∂if |P we recover
d
dλ
f ◦ c(λ)|λ=0 = vi∂if |P . In the same formal spirit, note that xi(λ) = xi ◦ c(λ) and vi = d

dλ
xi(λ) is

the tangent in Rn to the curve xi(λ) in Rn, as shown in the figure above. (Normally, we will use the
convenient abuses of notation.)
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We have shown that the set of tangent vectors to curves through a point P can be identified with
the set of all linear maps at P satisfying Leibnitz. This space of tangent vectors at P with addition and
scalar multiplication defined by

(u+ v)(f) = u(f) + v(f), (ku)(f) = ku(f)

is the tangent space to M at P . The tangent space is a vector space: We need only show closure under
addition and scalar multiplication:

(u+ v)(fg) = u(fg) + v(fg)

= u(f)g(P ) + u(g)f(P ) + v(f)g(P ) + v(g)f(P )

= (u+ v)(f)g(P ) + (u+ v)(g)f(P )

(kv)(fg) = k(v(fg)) = k(v(f)g(P ) + v(g)f(P )) = (kv)(f)g(P ) + (kv)(g)f(P ).

As in Minkowski space, a chart x : U → Rn provides a natural basis for the tangent space at each
point P of U , namely the tangent vectors eia to the curves λ→ (x1, . . . , xi + λ, . . . , xn); again

ei
a∇αf =

d

dλ
f(x1, . . . , xi + λ, . . . , xn) = ∂if |P , (2.9)

and a coordinate basis vector ei is again written ∂i.
The introduction of covectors and tensors at P and of tensor fields on M now proceeds in a manner

identical to that used in Minkowski space. Covectors at P are linear maps from vectors at P to numbers:
σa : v

a → σav
a. Tensors are multilinear maps from covectors and vectors to numbers

T a···bc···d : (σa, . . . , τ
′, uc, . . . , vd) → T a···bc···dσa · · · τ ′uc · · · vd. (2.10)

A tensor field assigns to each point P of M a tensor T a···bc···d(P ) at P .
δab is now the tensor field that takes

(σa, u
b) to δabσau

b = σau
a, (2.11)

again, it has components δij in any basis for the tangent space at any point P . A basis at each P of M (a
field of bases) will be called a basis on M .

Just as the tangent to a curve is naturally a contravariant vector, the gradient of a scalar is naturally a
covariant vector. Just as any vector va at a point P can be written as the tangent vector to some curve with
c(0) = P , any covector σa at P is the gradient of some function f defined near P : σa(P ) = ∇af(P ).

Then vaσa =
d

dλ
f [c(λ)]

∣∣∣∣
λ=0

.

Smooth
A vector field is smooth (C∞) if va∇af is smooth for all smooth f . A tensor field is smooth

if T a···bc···dσa · · · τ ′uc · · · vd is smooth for all smooth σa, . . . , τ ′, uc, . . . , vd, where, in particular, σa is
smooth if σava (i.e. the map P → σa(P )v

a(P )) is smooth for all smooth va.
As we noted, a function f provides a covector field ∇af given by

∇af |P v
a(P ) =

d

dλ
f(c(λ))|λ=0

= va∇af |P where c(λ) has tangent va at P . (2.12)
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A chart x again provides the basis
ωia = ∇ax

i

dual to the coordinate basis ei = ∂i, of (2.9), and the discussion of coordinate components given for
Minkowski space in Sect. 1.7.1 goes through as written.

Finally, there is an equivalent and sometimes more useful way to describe a tensor field:
A tensor field T a···bc···d is a map from vector fields and covector fields to functions

T a···bc···d : (σa, · · · , τ ′, uc, · · · , vd) 7→ T a···bc···dσa · · · τ ′uc · · · vd

that is linear in each argument under addition and under multiplication by scalar fields. That is, if
T a···bc···d is a tensor field, obviously

T a···bc···d(fσa + gσ̂a) · · · τ ′uc · · · vd = fT a···bc···dσa · · · τ ′uc · · · vd + gT a···bc···dσ̂a · · · τ ′uc · · · vd. (2.13)

And if T is any multilinear map (in this strong sense of scalar field multiplication), then T is a tensor
field: e.g. let T be a map from vector fields to functions with T (fu+ gv) = fT (u) + gT (v). Then the
covector field Ta to be identified with T has the value Ta(P ) at P given by Ta(P )va(P ) = T (v)(P ).
The subtlety is to show that Ta(P ) is well defined: if va and v̂a are any vector fields which agree at P ,
va(P ) = v̂a(P ), then Ta(P )va(P ) = Ta(P )v̂

a(P ). Thus the definition will work only if T (v)(P ) =
T (v̂)(P ) whenever va(P ) = v̂a(P ). And this follows from the strong linearity: write va − v̂a in terms
of a basis

v − v̂ = (vi − v̂i)︸ ︷︷ ︸
scalar field

ei.

Then

T (v − v̂)(P ) = [(vi − v̂i)T (ei)](P ), by strong linearity,
= [vi(P )− v̂i(P )]T (ei

a)(P )

= 0,

and since T (v − v̂) = T (v)− T (v̂), T (v)(P ) = T (v̂)(P ).

An example of a linear T that is not a tensor is T (v)(P ) =
∫
M

σav
adτ , where σ is a covector field

on M . Here the value T (v) is a constant scalar field that depends on what v looks like everywhere.
Consequently T (fv) ̸= fT (v) unless f is constant, and T cannot be represented by a tensor field.

Commutators (Lie brackets)
If ua and va are vector fields, one can define the linear map f → ua∇a[v

b∇bf ]: that is, vb∇bf is a
function on M when f is a function, so we can take its directional derivative along ua, ua∇a(v

b∇bf).
But there is no vector wa for which wa∇af = ua∇a(v

b∇bf) because f 7→ ua∇a(v
b∇bf) does not

satisfy the Leibnitz rule:

fg 7→ ua∇a[v
b∇b(fg)] = ua∇a[(v

b∇bf)g + fvb∇bg]

= ua∇a(v
b∇bf)g + vb∇bfu

a∇ag + ua∇a(v
b∇bg)f + ub∇bfv

b∇bg

̸= ua∇a(v
b∇bf)g + ua∇a(v

b∇bg)f ;

the cross terms v · ∇f u · ∇g + v · ∇g u · ∇f are not zero.
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If, however, one takes the antisymmetric combination of u and v,

[u, v]f := u · ∇(v · ∇f)− v · ∇(u · ∇f) (2.14)

the symmetric cross terms will drop out:

u · ∇[v · ∇(fg)]− v · ∇[u · ∇(fg)] =[u · ∇(v · ∇f)− v · ∇(u · ∇f)]g
+ [u · ∇(v · ∇g)− v · ∇(u · ∇g)]f

=([u, v]f)g + ([u, v]g)f. (2.15)

Thus the map f 7→ [u, v]f is linear and satisfies Leibnitz, and so there is a vector field [u, v]a with

∇af ≡ [u, v]a∇af = [u, v]f.

In a chart, [u, v]a has components [u, v]i given by

[u, v]i∂if = uj∂j(v
i∂if)− vj∂j(u

i∂if)

= (uj∂jv
i)∂if − (vj∂ju

i)∂if + ujvi (∂i∂jf − ∂j∂if)︸ ︷︷ ︸
0

= (uj∂jv
i − vj∂ju

i)∂if,

whence [u, v]i = uj∂jv
i − vj∂ju

i . (2.16)

Notice that if ua and va are coordinate basis vectors, ∂1 and ∂2, say, then [u, v] = 0:

[u, v]a∇af = ∂1∂2f − ∂2∂1f = 0. (2.17)

Or note that the components are constants, ui = δi1, vi = δi2, so [u, v] = 0 by Eq. (2.16).
The converse is that, if two nonvanishing vector fields commute, then one can choose a coordinate

system for which the two vector fields are coordinate basis vectors ∂1 and ∂2; that is, the vector fields
are tangent to a family of surfaces on which only x and y change. This is true as long as u and v are
linearly independent. A cleaner, statement is that, if u and v are linearly independent and [u, v] = 0,
then the vector fields are surface forming, tangent to families of 2-surfaces.

We’ll return later to the commutator as the Lie derivative of v along u (or of u along v after a sign
change), giving it a geometric meaning and extending it to the Lie derivative of tensors.

2.2 Metric and Covariant Derivative
A metric on a manifold M is a symmetric covariant tensor gab. gab is nondegenerate (we may never look
at any other kind) if gabub = 0 ⇒ ua = 0. If nondegenerate, a metric defines an isomorphism from
contravariant to covariant vectors ua → gabu

b = ua; the inverse isomorphism is gabub = ua, where gab

is the contravariant metric given by

gabgbc = δac, gab symmetric. (2.18)

A metric gab is positive definite if gabuaub > 0, all ua ̸= 0. gab is a Lorentz metric on a 4-dimensional
manifold M if the matrix ∥gij∥ of the components of gab in a basis has 1 negative and 3 positive eigen-
values at each point of M . Then gab(P ) is a Minkowski metric for the tangent space at P .
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A spacetime is a 4-dimensional manifold with a Lorentz metric.

Example 0. Minkowski space
Example 1. Take a slice of Minkowski space between t = 0 and t = 1 (t a natural time coordinate) and
identify all points on the t = 0 surface with corresponding points on t = 1: (0, x, y, z) ↔ (1, x, y, z)

The resulting 4-dimensional cylinder S1×R3 is a smooth (flat!) spacetime with same the flat Minkowski
metric of the space before identifying points. It has closed timelike curves—e.g. the blue x, y, z = con-
stant curve running between the identified points at t = 0 and t = 1.

Given a metric, one wants to define a covariant derivative ∇a. In Minkowski space, we used the
natural constant vector fields and required that ∇av

b = 0 for any constant vector field vb. ∇a was then
extended to arbitrary tensors by ∇a(f) = ∇af on functions f and by Leibnitz

∇·(S
···
···T

···
···) = (∇·S

···
···)T

···
··· + S···

···∇·T
···
··· (2.19)

and linearity. We can still require ∇a(f) = ∇af , the gradient of a scalar f , and also linearity and
Leibnitz, but in curved manifolds there are no natural parallel vector fields; and, as we shall see, in a
curved space one can’t define (in general) vector fields for which ∇av

b = 0 everywhere. The idea is that
a vector va can be parallel transported around a curve, but the result of parallel transport from a point A
to a point B depends on the curve.

Example.
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It is intuitively clear how to parallel transport a vector v around each of the great quarter circles AC,
CB and AB of the sphere shown here. The resulting vector at B depends on whether the path is ACB
or AB. So given a vector v at A, there can be no vector field on S everywhere parallel to v. It would
have to be both vertical and horizontal at B.

∇a is to be defined so that if ua is tangent to the curve c(λ), then a vector va will be parallel
transported along c when ub∇bv

a = 0. Parallel transport should preserve length and angles, so if va and
wa are parallel transported along c, the dot products vava, vawa and wawa should be constant along c:
that is, if

ub∇bv
a = 0 and ub∇bw

a = 0 , (2.20)

then
ua∇a(gbcv

bwc) = 0.

By Leibnitz

ua∇a(gbcv
bwc) = ua(∇agbc)v

bwc + gbc(u
a∇av

b)wc + gbcv
bua∇aw

c

= ua(∇agbc)v
bwc

by (2.20). So ∇agbc u
avbwc = 0 for all ua, va, wa satisfying (2.20), and it follows1 that

∇agbc = 0. (2.21)

We can now define our covariant derivative ∇a by requiring, for all smooth functions f and tensor
fields S, T ,

(i) ∇a linear

(ii) ∇·(S
···
···T

···
···) = S···

···∇·T
···
··· + (∇·S

···
···)T

···
··· (Leibnitz)

(iii) Commutes with contraction ∇a(T
b
b) = ∇aT

b
b

(iv) ∇af on scalars is the gradient

(v) ∇[a∇b]f = 0

(vi) ∇agbc = 0 .

Note that (ii) is the Leibnitz rule for the outer product of two tensors: No index of S is contracted with
an index of T .

We saw that condition (v) holds in Minkowski space because, in a natural coordinate system,

∇[µ∇ν]f =
1

2

(
∂2f

∂xµ∂xν
− ∂2f

∂xν∂xµ

)
= 0. (2.22)

Here we must put it in by hand. In the context of spacetime, the condition will turn out to be equivalent
to demanding that the spacetime be locally Minkowskian, that there be inertial coordinates in the neigh-
borhood of any point P , coordinates in which the equations of nongravitational fields take the same
form at P they have in special relativity, with ∇µv

ν(P ) = ∂µv
ν(P ). This requirement, that there be

coordinates in which all metric derivatives vanish at a point, is the way Schutz and Hartle impose this
condition.

1It follows because you can pick ua, va, wa arbitrarily at a point P and then parallel transport v and w along c (with
tangent ua) to get u, v and w satisfying (2.20). Then ∇agbcu

avbwc
∣∣
P
= 0 all vectors u, v, w at P , implying ∇agbc(P ) = 0.



CHAPTER 2. CURVED SPACETIME 106

We will show that (i)–(vi) uniquely determine ∇a, by explicitly constructing the components of
∇aT

b···c
d···e in an arbitrary basis eia. One could do this more elegantly, but we’ll need the components

in any event. We’ll begin by looking at the components of the covariant derivative of a covector σa. As
in flat space, we define Γijk by

∇kej = ek · ∇ ej = Γijk ei. (2.23)

Terminology: For a coordinate basis, the coefficients Γijk are historically called Christoffel symbols; for
an orthonormal basis, they are called Ricci rotation coefficients, because an orthonormal basis parallel-
transported from point P to point Q differs from the value of the original orthonormal basis at Q by a
rotation (or, for a Lorentzian signature metric, by a Lorentz transformation). In general, MTW calls the
Γ’s connection coefficients.

Then Γijk will be expressed in terms of the partial derivatives of the metric components,
e ai ∇a(gjk)︸ ︷︷ ︸,

gradient of the scalar field gjk
and of the commutators cijk defined by

[ej, ek] = cijkei. (2.24)

Note the antisymmetry cijk = ci[jk]. For a coordinate basis, [ej, ek] = [∂j,∂k] = 0.
We have been through nearly the same calculation in Minkowski space. The components of ∇aσb

are

∇iσj := ei
aej

b∇aσb = ei
a∇a(ej

bσb)− ei
a(∇aej

b)σb by (iii)
∇iσj = ei ·∂ σj − Γkjiσk by (2.23) (2.25)

To find Γkji we’ll write the components of ∇agbc = 0, as we did in flat space. This time, however,
we’ll do the computation for an arbitrary basis, not restricting ourselves to a coordinate basis. We could
have done the same thing for flat space, but there the object was to give a simpler computation for our
first encounter with Christoffel symbols. Using the notation eif ≡ ei(f) = eai∇af , we’ll denote the
directional derivative of the scalars gjk in the direction ei by eigjk. Then

0 = ∇igjk = ei
aej

bek
c∇agbc by (iv)

= ei[ej
bek

cgbc]− (∇iej
b)gbcek

c − (∇iek
c)ej

bgbc by (iii)

= eigjk − Γljiglk − Γlkigjl by (2.23)

Defining
Γkji = gklΓ

l
ji, (2.26)

we have
0 = eigjk − Γkji − Γjki. (2.27)

For a coordinate basis, Γijk is symmetric in j and k, but orthonormal bases are often more useful, and
for a general basis Γ has no index symmetry. Instead, we’ll write Γijk as a sum of its symmetric and
antisymmetric parts, Γijk = Γi(jk) + Γi[jk]. The antisymmetric part is present when the basis vectors do
not commute and is related to their commutator in a simple way:

Γi[jk] = −1

2
cijk ≡ −1

2
gilc

l
jk. (2.28)
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To see (2.28), one notes that [u, v]a = ub∇bv
a − vb∇bu

a :

[u, v]a∇af = ub∇b(v
a∇af)− vb∇b(u

a∇af)

= (ub∇bv
a)∇af − (vb∇bu

a)∇af + ubva∇b∇af − vbua∇b∇af︸ ︷︷ ︸
0= (ub∇bv

a − vb∇bu
a)∇af =⇒

[u, v]a = ub∇bv
a − vb∇bu

a, (2.29)

where we used (∇b∇a −∇a∇b)f = 0 in the second line. In particular,

[ej, ek] = ej · ∇ek − ek · ∇ej

cijkei = Γikjei − Γijkei

cijk = Γikj − Γijk,

identical to (2.28). Finally we’ll write (2.27) three times and add:

−eigjk = −Γk(ji) − Γj(ki)
/

− Γk[ji] − Γj[ki] (2.30)

i

k j

ejgki = Γi(kj) + Γk(ij) + Γi[kj]
//

+ Γk[ij] (2.31)

i

k j

ekgij = Γj(ik)
/

+ Γi(jk) + Γj[ik] + Γi[jk]
//

(2.32)

ejgki + ekgij − eigjk = 2Γi(jk) + 2Γj[ik] + 2Γk[ij]

= 2Γijk − 2Γi[jk] + 2Γj[ik] + 2Γk[ij]

2Γijk = ejgik + ekgij − eigjk + 2Γi[jk] − 2Γj[ik] − 2Γk[ij]

Γijk =
1

2
[ejgik + ekgij − eigjk + ckij − cjki − cijk] (2.33)

The covariant derivative of any tensor then follows from Leibnitz (iii), exactly as in Eq. (1.152).
We’ll keep the eiT

j
k notation instead of ∇i(T

j
k ), but they mean the same thing:

∇iT
j···k

m···n = eiT
j···k

m···n + Γj liT
l···k

m···n + · · ·+ ΓkliT
j···l

m···n − ΓlmiT
j···k

l···n − · · · − ΓlniT
j···k

m···l

Two special cases of Eq. (2.33) are all that one ordinarily encounters. With a coordinate basis,

[ei, ej] = [∂i, ∂j] = 0,

implying ckij = 0, and one recovers the usual Christoffel symbols; in greater detail,

ei =
∂

∂xi
and [ei, ej]f =

∂2f

∂xi∂xj
− ∂2f

∂xj∂xi
= 0. (2.34)
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Then
Γijk =

1

2
( ∂kgij + ∂jgik − ∂igjk ) (2.35)

With an orthonormal basis, the metric components are constant, with values 1,−1 or 0, so eigjk = 0,
and only the commutators contribute to Γ: For example, for a spacetime,

∥gµν∥ =
∥∥eµαeνβgαβ∥∥ =

∥∥∥∥∥∥∥∥
−1

1
1

1

∥∥∥∥∥∥∥∥ . (2.36)

Thus, for an orthonormal basis or any basis with respect to which the metric has constant components,

Γijk =
1

2
( ckij − cjki − cijk ). (2.37)

Cartan calculus (Appendix A.3), an efficient way to compute the Riemann tensor, and the Newman-
Penrose formalism (Chap. 9) each use bases of this kind.

The n-form ϵa1...an and its covariant derivative.
In Sect. 1.3.5, we introduced the totally antisymmetric tensor ϵαβγδ whose one independent com-

ponent was ϵ0123 = 1 in an orthonormal frame. In flat space, it is covariantly constant, ∇ϵϵαβγδ = 0,
because it has constant components in a natural chart. In curved space, we can again define ϵαβγδ as
the unique totally antisymmetric tensor (4-form) whose one independent component in an orthonormal
frame is ϵ0123 = 1. Again its covariant derivative vanishes: Start with the relation, ϵαβγδϵαβγδ = −4!;
this follows from the 4! permutations of 4 indices and the value ϵ0123 = −1 in an orthonormal frame at
a point. Take the covariant derivative of this relation,

0 = ∇ϵ(ϵαβγδϵ
αβγδ) = ∇ϵ(ϵαβγδϵϵζηθ)g

αϵgβζgγηgδθ = 2ϵαβγδ∇ϵϵαβγδ .

The µth component of the last equality is 0 = 4!ϵ0123∇µϵ0123, so ∇µϵ0123 = 0. Total antisymmetry of
ϵαβγδ implies ∇ϵϵαβγδ = 0.
We can similarly define the unique totally antisymmetric tensor ϵa1···an on an n-dimensional space with
metric gab, and the same argument shows that ∇cϵa···b = 0.

Local flatness: Locally inertial or “normal” coordinates at a point P

Spacetime near any point looks like flat Minkowski space to linear order in the distance from a point.
In particular, one can always choose a chart about P in which the metric is the Minkowski metric at P
and the first derivatives of the metric all vanish. In such a “locally inertial” chart,

∥gµν(P )∥ = ∥ηµν∥ ≡

∥∥∥∥∥∥∥∥
−1

1
1

1

∥∥∥∥∥∥∥∥ , and Γλµν(P ) = 0 .

Exercise 36. Show that Γλµν(P ) = 0 implies that all first derivatives of the metric components vanish,
∂λgµν(P ) = 0. (Hint: Add Eq. (2.35) to Eq. (2.35) with i↔ j).
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More generally, in an n-dimensional space with a Lorentzian (signature − + · · ·+) or Riemannian
(signature ++ · · ·+) metric, one can always choose a chart for which the coordinate basis at a point P
is orthonormal and for which all the derivatives of the metric components vanish at P . We’ll explicitly
construct a chart of this form at the end of the next section.
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2.2.1 Geodesics
Geodesic Equation:

Geodesics are paths of extremal length. Consider a curve c(λ) with c(λ1) = P and c(λ2) = Q. We
show that the demand that the curve be of extremal length — that

s :=

λ2∫
λ1

∣∣gabvavb∣∣1/2 dλ,
where va is tangent to c(λ), be an extremum among all nearby curves from P to Q — is equivalent to
demanding that the unit tangent vector ua be parallel transported along c:

ua∇au
b = 0 ⇔ δ

∫
ds ≡ δ

∫ ∣∣gabvavb∣∣1/2 dλ = 0. (2.38)

Consider another curve c̄(λ) with the same endpoints P and Q as c. We again follow Wald in
writing the coordinates of the curves c and c̄ in a chart as xi(λ) := xi ◦ c(λ), x̄i(λ) = xi ◦ c̄(λ). Then
x̄i(λ) = xi(λ) + δxi(λ) where δxi(λ0) = δxi(λ1) = 0.

s =

∫
ds =

∫ λ2

λ1

∣∣gij[x(λ)] ẋi(λ)ẋj(λ)∣∣1/2 dλ,where ( ˙ ) means
d

dλ
.

δ

∫
ds =

∫ λ2

λ1

{∣∣gij(x+ δx)(ẋi + δẋi)(ẋj + δẋj)
∣∣1/2 − ∣∣gij(x)ẋiẋj∣∣1/2} dλ

Now gij(x+ δx) = gij(x) + ∂kgij(x)δx
k +O(δx)2. Then, to O(δx),

δ

∫
ds =

∫ λ2

λ1

1

2

∣∣gijẋiẋj∣∣−1/2 [
∂kgij(x(λ))δx

kẋiẋj + 2gijẋ
iδẋj

]
dλ

The last half of the calculation is easier if we take λ to be proper distance along the unperturbed curve c
— so that the tangent vector va is the unit tangent ua. We then have ẋi = ui, |gijẋiẋj| = 1, and

δ

∫
ds =

∫ λ2

λ1

1

2
[∂kgiju

iujδxk + 2giju
iδẋj]dλ.

Last term:∫ λ2

λ1

gij(x(λ))u
i(x(λ))

d

dλ
δxj(λ)dλ = −

∫ λ2

λ1

d

dλ

[
gij(x(λ))u

i(x(λ))
]
δxjdλ

= −
∫ λ2

λ1

[giju̇
i + ∂kgijẋ

kui] δxjdλ = −
∫ λ2

λ1

[giku̇
i + ∂jgiku

iuj] δxkdλ

= −
∫ λ2

λ1

[giku̇
i +

1

2
∂jgiku

iuj +
1

2
∂igjku

iuj] δxkdλ.

Thus

δ

∫
ds =

∫ λ2

λ1

[−giku̇i −
1

2
∂jgiku

iuj − 1

2
∂igjku

iuj +
1

2
∂kgiju

iuj] δxk

= −
∫ λ2

λ1

gkl(u̇
k + Γkiju

iuj) δxl .
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Then δ
∫
ds = 0 for all δc ⇒

u̇k + Γkiju
iuj = 0, or (2.39a)

d2xk

dτ 2
+ Γkij

dxi

dτ

dxj

dτ
= 0 or (2.39b)

ub · ∇bu
a = 0. (2.39c)

For spacelike separated points, the shortest path between them is a geodesic, but there can be more
than one geodesic joining two points; for example, an infinite set of longitude lines join the north and
south poles of a sphere. Each spacelike geodesic is a local minimum of length. Geodesics between
timelike separated points, however, are local maxima of length (of proper time). As you have long
known, time dilation means that clocks moving along accelerated paths run slow, registering shorter
proper times, as in the figure on p. 20 ; the twin traveling on a roundtrip to a star returns home younger
than the twin left behind.

Finally, light travels along geodesics c(λ) whose tangent vector ka is everywhere null, kaka = 0, but
one can choose the parameter λ so that the geodesic equation again has the form

kb∇bk
a = 0, (2.40)

or
d2xk

dλ2
+ Γkij

dxi

dλ

dxj

dλ
= 0. (2.41)

The parameter λ is now not distance, but is called an affine parameter. It is not unique: If we replace
λ by λ̄ = Cλ the geodesic equation keeps the same form. For timelike or spacelike geodesics, proper
time τ and spatial distance s are affine parameters, because the geodesic equation has the form (2.39c),
but so are Cs and Cτ . We’ll use an affine parameter in the next section, as part of a construction of
coordinates that exhibit the local flatness of spacetime.

The geodesic equation in the form (2.39b) is a coupled set of ordinary differential equations (ODEs)
for the functions xi(τ). The equations are second-order (involving only first and second derivatives),
and second order ODEs have unique solutions for any given initial values xi(0) and ẋi(0). That is, given
an initial starting point c(0) = P and an initial tangent vector T a at P , there is a unique geodesic c(λ)
through P . (This is the fundamental existence theorem for solutions of ODEs. For a proof, see, for
example, Coddington & Levinson, Theory of Ordinary Differential Equations[34]. The statement of the
theorem is in Wikipedia’s ODE article.)
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Exercise 37. Because a geodesic is a path of extremal length between two points, one can obtain the
geodesic equation by requiring

0 = δ

∫ τ2

τ1

dτ = δ

∫ τ2

τ1

L(ẋ, x)dτ, where L =
√
−gµν(x)ẋµẋν

and where τ is proper time along the geodesic xi(τ) (but not along the perturbed path xµ(τ) +
δxµ(τ)).

a. By using L = 1 for a geodesic, show that the geodesic equation also follows for

0 = δ

∫ τ2

τ1

F [L(ẋ, x)]dτ,

if dF/dL ̸= 0 at the geodesic, where F (L) is some smooth function of L. You will only
need the fact that L = 1 along the geodesic (implying F ′(L) = F ′(1)), so use an arbitrary
function L(ẋ, x) rather than replacing L by its explicit form in terms of g.

b. Derive the geodesic equation as the Euler-Lagrange equations of the Lagrangian
L̃(ẋ, x) = −L2(ẋ, x) = gµν(x)ẋ

µẋν .

Exercise 38. a. Find the four components of the geodesic equations for flat space with polar coordi-
nates as the Euler-Lagrange equations for the Lagrangian −ṫ2 + ṙ2 + r2θ̇2 + r2 sin2 θϕ̇2.

b. This is an efficient way to compute the Christoffel symbols. Using your result for the last
part, and the geodesic equation in the form ẍµ + Γµνλẋ

ν ẋλ,
find the nonzero Christoffel symbols of the Minkowski metric in polar coordinates.

Exercise 39.

a. Write the components of the equation v · ∇v = 0 for a geodesic in Euclidean 3-space in

polar coordinates, where vi = ẋi, with (.) :=
d

ds
. Replace vj∂jvi by v̇i or ẍi. (Use the

coordinate basis, as in the previous problem, not an orthonormal frame.)

b. Specialize now to the θ = π/2 plane, and use ds2 = dr2 + r2dϕ2 to deduce 1 = ṙ2 + r2ϕ̇2.
Check that the derivative of this equation, with respect to s yields the r-component of the
geodesic equation.

c. Check that the ϕ-component of the geodesic equation has the first integral r2ϕ̇ = l, l =
constant.

d. What equation for central force motion corresponds to the equation r2ϕ̇ = l? Why does this
agree for motion in a straight line, when t for central-force motion is replaced here by s?

The exponential map and geodesic coordinate systems

As mentioned above, spacetime (and, in general, a manifold with a smooth metric) is locally flat. If
you are a small bug on a surface with radius of curvature much larger than the bug, the surface will look
flat to you. Our goal here is to find a coordinate system in which the metric components are as close as
possible to ηµν , coordinates that are as close as possible to Cartesian.

In Minkowski space, the set of all geodesics–straight lines–through any point P exactly fills the
entire space. Regarding a vector Xα as a connecting vector from P gives a one-one map from Xα to
a point Q: Xα 7→ Qα = Pα +Xα. The components Xµ are then the coordinates of Q in a chart with
origin at P . We now restate this construction in a way that can be carried over to a curved spacetime.
The idea is again to identify each tangent vector Xa at P with the point Q a distance |X| from P along
the geodesic from P to Q with tangent Xa, but with a description that also works for light-like vectors.
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Given a vector Xα, there is a unique geodesic through P with tangent Xα. The coordinates xµ(λ)
of the geodesic satisfy (still in Minkowski space)

dxµ

dλ
= Xµ,

d2xµ

dλ2
= 0. (2.42)

That is, the geodesic has the form
xµ(λ) = λXµ, (2.43)

and xµ = Xµ at λ = 1.
For spacelike or timelike geodesics parametrized by proper distance or proper time, the tangent

vectors are unit vectors, but here the tangent vector has length equal to the distance to Q. The parameter
λ is s/|X| or τ/|X|, differing from proper distance (or proper time) by the constant factor 1/|X|. By
definition, it is an affine parameter, and the map is defined for null vectors Xα where the proper distance
vanishes. Like the original connecting-vector description, our construction of the map Xα 7→ Q doesn’t
mention |X| and doesn’t care whether Xα is spacelike, timelike or null.

The map from vectors at a point P to points near P is called the exponential map. We can now say
nearly the same words to define the exponential map in a curved space M . Let’s start with a sphere and
consider the tangent space at a point P , which we can call the north pole, as in Fig. 2.2. Given a vector

Figure 2.2: The exponential map takes a vector Xa at P to the point Q a parameter distance λ =
s/|X| = 1 from P along the geodesic through P with tangent Xa.

Xa at P , there is a unique geodesic (longitude line) through P with tangent Xa. We map Xa to the
point Q of the sphere at parameter distance λ = 1 along the geodesic (longitude line) through P . This
gives a 1-1 map as long as the distance |X| is less than half the circumference of the sphere. At the
south pole, of course, all geodesics through P meet.

Here is the statement for spacetime (or any smooth manifold with a metric): In some finite neigh-
borhood of a point P , geodesics from P do not cross each other. Let VP be the space of vectors at P .
The exponential map is the map VP → M that takes each vector Xa at P to the point Q a parameter
distance λ = 1 along the geodesic through P with tangent Xa.
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Riemann normal coordinates.
We can now use the exponential map for a curved space M to construct a chart with with origin at P
in M , analogous to the chart {xi} of Rn with origin at a point P of Rn. Let {ei} be an orthonormal
basis at P ∈M . Any vector xa at P is a sum of the basis vectors, x = xiei. The components xi are the
coordinates of the point Q associated with xa. That is:
Each point Q in a neighborhood of P is joined to P by a unique geodesic c(λ), and the coordinates of
Q are (x1, . . . , xn), where x = xiei is the tangent to c at P .

We now show that, in this chart for spacetime, the metric has components gµν(P ) = ηµν and that
its first derivatives vanish at P : ∂λgµν = 0. To do this, we show that (1) the coordinates of geodesics
starting from P with tangentXµ have the exact flat space form (2.2), xµ(λ) = λXµ; and (2) the geodesic
equation (2.41) implies Γλµν(P ) = 0 in this chart.
(1) Suppose R = c(λR) is any point on the geodesic from P to Q with tangent Xα. R is the same
direction as Q but is at λ = λR instead of at λ = 1. The geodesic that meets R at λ = 1 is then c̄(λ) :=
c(λR λ) with coordinates x̄µ(λ) = xµ(λR λ). The tangent vector to that geodesic is X̄α = λRX

α: That
is, by the chain rule,

dx̄µ(λ)

dλ

∣∣∣∣
λ=0

= λR
dxµ(λ)

dλ

∣∣∣∣
λ=0

= λRX
µ. (2.44)

By our definition of the coordinates, R has coordinates xµ = λRX
µ. Since this is true for each point R

on the geodesic, xµ(λ) = λXµ as claimed.
(2) For xµ(λ) = λXµ, we have ẍµ = 0, where (·) := d/dλ. The geodesic equation (2.41) then implies
Γλµν ẋ

µẋν = ΓλµνX
µXν = 0. But this is true for all geodesics through P , implying that, at P it is true for

all vectors Xα. Then Γλµν(P ) = 0 as claimed, implying ∂λgµν(P ) = 0.
Finally, because the basis is orthonormal, the metric at P has components gµν = eµ · eν = ηµν . □

2.2.2 Curvature Tensor
In a flat spacetime, covariant derivatives commute. In curved spacetime, however,

∇[a∇b]vc ̸= 0

and as we will see, the fact is closely related to the statement that parallel transport fromA toB depends
on the path from A to B. Write

1

2
Rabc(v) ≡ ∇[a∇b]vc;

so far, this just gives a new name to the tensor ∇[a∇b]vc. As a function of v, Rabc is linear under addition
and multiplication by scalar fields:

∇[a∇b](fvc) = ∇[a(∇b]fvc + f∇b]vc)

= ∇[a∇b]f︸ ︷︷ ︸
0

vc +∇[bf∇a]
/
vc +∇[af∇b]

/
vc + f∇[a∇b]vc

= f∇[a∇b]vc

Therefore Rabc(v) = Rabc
dvd. The tensor Rabc

d is called the Riemann tensor or the curvature tensor.

∇[a∇b]vc =
1

2
Rabc

dvd , (2.45)
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or
[∇a,∇b]vc = Rabc

dvd . (2.46)

It has the symmetries

Rabcd = −Rbacd from its definition (2.46))

Rabcd = −Rabdc

Rabcd = Rcdab

and Ra[bcd] = 0 = Rabcd +Radbc +Racdb ;

 (2.47)

these are not difficult to show, and are part of the problems at the end of Sec.2.2.3.
Acting on a vector va, the commutator of two covariant derivatives is again given in terms of the

curvature tensor: Using ∇ag
bc = 0, we have

[∇a,∇b]v
c = Rab

c
dv
d;

and if T a···bc···d is any tensor,

[∇e,∇f ]T
a···b

c···d = Ref
a
gT

g···b + · · ·+Ref
b
gT

a···g
c···d

+Refc
gT a···bg···d +Refd

gT a···bc···g, (2.48)

which follows by Leibnitz, writing T a···bc···d as a linear combination of outer products of vector and
covector fields:

e.g. ∇[a∇b](σcτd) = (∇[a∇b]σc)τd +∇[aσ|c|∇b]τd
/

+∇[bσ|c|∇a]τd
/

+ σc∇[a∇b]τd

=
1

2
Rabc

eσeτd +
1

2
Rabd

eσcτe.

We will write the coordinate components of Rabcd in terms of the Christoffel symbols Γijk and show
that in a locally inertial chart about P , Rijkl has a simple form in which the symmetries (2.47) are
manifest. First the components in an arbitrary chart:

Rijk
lvl = ∇i∇jvk −∇j∇ivk

= ∂i∇jvk − Γlji∇lvk
/
− Γlki∇jvl

−∂j∇ivk + Γlij∇lvk
/
+ Γlkj∇ivl,

where the symmetry Γlji = Γlij for a coordinate basis was used in the cancellation of the second and
fifth terms.

Then

Rijk
lvl = ∂i(∂jvk − Γlkjvl)− Γlki(∂jvl − Γmljvm)

−∂j(∂ivk − Γlkivl) + Γlkj(∂ivl − Γmlivm)

= −∂iΓlkjvl − Γlkj∂ivl
/
− Γlki∂jvl

//
+ ΓlkiΓ

m
ljvm

+∂jΓ
l
kivl + Γlki∂jvl

//
+ Γlkj∂ivl

/
− ΓlkjΓ

m
livm

Rijk
l = ∂jΓ

l
ki − ∂iΓ

l
kj + ΓmkiΓ

l
mj − ΓmkjΓ

l
mi
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Using the index symmetries to interchange k and l and exchange the pairs i, j and k, l, we can order the
indices in a way that allows comparison with, e.g., MTW’s inside cover:

Rk
lij = ∂iΓ

k
lj − ∂jΓ

k
li + ΓkmiΓ

m
lj − ΓkmjΓ

m
li. (2.49)

Components of the Riemann tensor in a general basis are given in Eq. (A.52) of the Appendix, where
they are used for the efficient Cartan-calculus calculation of Riemann tensor components in an orthonor-
mal basis.

In a locally inertial chart about a point P

Γijk|P = 0, ∂igjk|P = 0.

Then, at P , only derivatives of Γ and second derivatives of gij survive, and we have

Rijk
l
∣∣
P
= ∂jΓ

l
ki

∣∣
P
− ∂iΓ

l
kj

∣∣
P
, Rijkl|P = ∂jΓlki|P − ∂iΓlkj|P ; (2.50)

∂jΓ
l
ki|P =

1

2
∂j[g

lm(∂kgmi + ∂igmk − ∂mgik)]|P =
1

2
glm (∂j∂kgim + ∂i∂jgkm − ∂m∂jgik) |P ,

∂jΓlki|P =
1

2
(∂j∂kgil + ∂i∂jgkl − ∂l∂jgik) |P . (2.51)

Substituting this last expression and its (i↔j) counterpart into (2.50), we obtain (only at the single point
P )

Rijkl(P ) =
1

2
[∂j∂kgil + ∂i∂lgjk − ∂i∂kgjl − ∂j∂lgik]|P , (2.52)

from which Rijkl = R[ij][kl] = Rklij is evident, and Rijkl + Rkijl + Rjkil = 0 follows as soon as it’s
written. If all the components of a tensor—e.g., the tensor Rabcd − R[ab][cd] —vanish in any basis, the
tensor vanishes. Whence

Rabcd = R[ab][cd] = Rcdab

and
R[abc]d = 0.

From the Riemann tensor Racb
d one constructs the Ricci tensor by contracting:

Rab := Racb
c = Rb

c
ac = Rbca

c = Rba (2.53)

[the other contractions give the same tensor (Rcd = Rac
a
d) or zero (Ra

a
cd = 0)]. A further contraction

produces the Ricci scalar:
R = Ra

a = Rab
ab (2.54)

2.2.3 Bianchi Identities
From the coordinate components (2.49) of Rabc

d, it is easy to show the Bianchi identity

∇[aRbc]de = 0, (2.55)

and (2.55) may also be proven directly—without reference to components (Exercise below). In geodesic
coordinates at P , the covariant derivative ∇aRbcd

e has components

∇iRjkl
m|P = ∂iRjkl

m|P
= ∂i∂kΓ

m
jl

∣∣
P
− ∂i∂jΓ

m
kl|P ,
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where we have used
∂i(Γ

·
··Γ

·
··)|P = (∂iΓ

·
··|P ) Γ

·
··|P︸︷︷︸
0

+ Γ·
··|P︸︷︷︸
0

∂iΓ
·
··|P . (2.56)

Thus, at P ,

∇iRjkl
m +∇jRkil

m +∇kRijl
m = ∂i∂kΓ

m
jl − ∂i∂jΓ

m
kl
/

+∂j∂iΓ
m
kl
/
− ∂j∂kΓ

m
il
//

+ ∂k∂jΓ
m
il
//
− ∂k∂iΓ

m
jl

= 0

By contracting ∇aRbcde +∇bRcade +∇cRbade = 0 on c and e we obtain

∇aRbd −∇bRad +∇cRabd
c = 0

Contracting on a different pair of indices produces either the same equation (e.g. a and e) or 0 = 0 (e.g.,
a and b).
Contracting on a further pair of indices b and d gives

0 = ∇aR−∇bRa
b −∇cRa

c

= ∇aR− 2∇bRa
b. (2.57)

Then, defining the Einstein tensor Gab by

Gab = Rab −
1

2
gabR, (2.58)

one can write this last contracted Bianchi identity in the form

∇bG
ab = 0. (2.59)

The contracted identity (2.59) plays a major role in relativity—the field equation is Gαβ = 8πGTαβ and
so the equation of motion ∇βT

αβ = 0 is a consequence of the field equation and the Bianchi identity
(2.59).

Exercise 40. Use the definition of the curvature tensor,

∇[a∇b]σc =
1

2
Rabc

dσd,

the relation
∇agbc = 0,

and the Leibnitz rule to show that for any tensor T abc ,

∇[a∇b]T
cd
e =

1

2
Rab

c
fT

fd
e +

1

2
Rab

d
fT

cf
e +

1

2
Rabe

fT cdf

Exercise 41. By writing ∇[a∇b]gcd = 0, show that Rab(cd) = 0. Show that R[abc]d = 0, by looking at
∇[a∇b∇c]f .
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Exercise 42. Show that the symmetries Rabcd = R[ab][cd] and Ra[bcd] = 0 imply Rabcd = Rcdab.

Exercise 43. Prove the Bianchi identity ∇[aRbc]de = 0 this way: The two equations,

∇a∇b∇cvd −∇a∇c∇bvd = ∇aRbcd
eve +Rbcd

e∇ave

∇a∇b∇cvd −∇b∇a∇cvd = Rabc
e∇evd +Rabd

e∇cve,

allow you to write ∇[a∇b∇c]vd in two ways. Do so, and equate the resulting expressions to obtain
∇[aRbc]de = 0.

Exercise 44. a. Eq. (2.29), [u, v]a = ub∇bv
a − vb∇bu

a, is proved by applying [u, v]a to an arbitrary
scalar f . Prove this relation in a different (shorter) way, by showing that the components of
ub∇bv

a − vb∇bu
a in a coordinate basis agree with Eq.(2.16), [u, v]i = uj∂jv

i − vj∂ju
i.

b. Fill in the missing steps in the equations leading from Eqs. (2.50) to (2.52) in the notes, to
obtain the components of the Riemann tensor in locally inertial coordinates.

Exercise 45. a. Calculate the Riemann tensor for a cylindrical surface, using cylindrical coordinates.
You should find that it vanishes. In constructing a cylinder from a flat sheet, you don’t
stretch the sheet: All angles and intrinsic lengths (measured along the cylinder, not in the
3-dimensional space in which it’s embedded) are unchanged.

b. Change to coordinates for which the metric has components δij .

2.2.4 Meaning of Ra
bcd

We now carry through two calculations that show the geometrical and physical meaning of the Riemann
curvature tensor Ra

bcd. The first relates the Riemann tensor to the path dependence of parallel transport:
When the curvature is nonzero, a vector va parallel transported around a closed path returns not to its
original value, but to a new value va + δva related to va by a Lorentz transformation. For small loops,
δva is proportional to the Riemann tensor and to the area of the loop. The second calculation shows that
the relative acceleration of nearby free particles (geodesics) is proportional to Ra

bcd, which can thus be
regarded as the gravitational force that can’t be transformed away by making measurements in a freely
falling frame.

First calculation.
We look at a loop in a two-dimensional surface. Following Wald’s notation, we choose coordinates
t, s (you could just as well call them x, y or t, x) and look at a loop with sides ∆t and ∆s as shown in
Fig. 2.3. We denote by T a and Sa the coordinate basis vectors ∂t and ∂s, so that T a∇af(t, s) = ∂tf(t, s)
for a function f on the surface. We are expecting to get a commutator [T ·∇,S ·∇] of derivatives along
S and T from going around the path, so look for antisymmetry under S ↔ T as s and t first increase
and then decrease along the path.

We start with a vector va at any point P and take the origin of the coordinates to be at P . The goal is
to parallel-transport va counterclockwise around the loop, from (0, 0) to (∆t, 0) to (∆t,∆s) to (0,∆s)
and back to the origin. We could find the equation for the components vi = vaωia along a basis covector
but will follow Wald’s more concise treatment, picking an arbitrary covector field wa and computing
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Figure 2.3: The red vector at P pointing rightward is parallel transported counterclockwise around the
loop, coming back to P as the vector pointing leftward. Gray lines of constant coordinates t and s are
shown with their coordinate basis vectors T a and Sa (∂t and ∂s).

vawa. For the first leg of the loop, s = 0, and t changes from 0 to ∆t. We have2

(vawa)(∆t, 0) = vawa(P ) + ∂t(v
awa)|(0, 0)∆t+

1

2
∂2t (v

awa)
∣∣
(0, 0)

(∆t)2 +O(∆t3). (2.60)

Now
∂t(v

awa) = T b∇b(v
awa) = vaT b∇bwa

where the last equality is the requirement that va be parallel translated: T b∇bv
a = 0. The change δ1 in

vawa along the first part of the loop is then

δ1 = va T b∇bwa
∣∣
(0, 0)

∆t+
1

2
∂2t (v

awa)
∣∣
(0, 0)

(∆t)2 +O((∆t)3).

Along the second leg, t = ∆t, and s changes from 0 to ∆s. The change in vawa is then

δ2 = va Sb∇bwa
∣∣
(∆t, 0)

∆s+
1

2
∂2s (v

awa)
∣∣
(∆t, 0)

(∆s)2 +O((∆s)3).

Similarly along the third leg, where s = ∆s and t decreases from ∆t to 0, we expand around the final
point of that leg at (0,∆s) (go backwards from t = 0 to t = ∆t and change sign):

δ3 = −va T b∇bwa
∣∣
(0,∆s)

∆t− 1

2
∂2t (v

awa)
∣∣
(0,∆s)

(∆t)2 +O((∆t)3).

Along the fourth leg, where t = 0 and s decreases from ∆s to 0, we expand about the final point at
(0, 0):

δ4 = −va Sb∇bwa
∣∣
(0, 0)

∆s− 1

2
∂2s (v

awa)
∣∣
(0, 0)

(∆s)2 +O((∆s)3).

In the sum δ1 + δ3, the O(∆t2) terms cancel at second order (their sum is order ∆t2∆s). The order ∆t
terms give, to quadratic order,

δ1 + δ3 = −
[
va T b∇bwa

∣∣
(0,∆s)

− va T b∇bwa
∣∣
(0, 0)

]
∆t = −vaSc∇c

(
T b∇bwa

)∣∣
(0, 0)

∆t∆s,

2Wald evaluates the first derivative on the right side of (2.60) at (∆t/2, 0) to get rid of the order (∆t)2 term. This is
clever, but he pays for it later by having to imagine a second construction, parallel transporting va along another segment at
∆t/2.
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where we have used Sc∇cv
a = 0 along the segment from (0, 0) to (0,∆s). Similarly,

δ2 + δ4 =
[
va Sb∇bwa

∣∣
(∆t, 0)

− va Sb∇bwa
∣∣
(0, 0)

]
∆s = vaT c∇c

(
Sb∇bwa

)∣∣
(0, 0)

∆t∆s.

Adding the last two results, gives us a total change that is antisymmetric under S ↔ T :

δ(vawa) ≡ δ1 + δ2 + δ3 + δ4 = va
[
T c∇c

(
Sb∇bwa

)
− Sc∇c

(
T b∇bwa

)]
∆t∆s. (2.61)

Because T a and Sa are the coordinate basis vectors, they commute: T c∇cS
b − Sc∇cT

b = 0– this is
Eq. (2.17). Then

δ(vawa) = vaT cSb(∇c∇b −∇b∇c)wa∆t∆s,

and we have obtained the desired commutator of two covariant derivatives that defines the Riemann
tensor in Eq. (2.46):

δ(vawa) = vaT cSbRcba
dwd∆t∆s.

Changing the names of dummy indices on the right and using on the left the fact that δwa = 0 (because
wa is continuous), we can write this equation as waδva = wav

dT cSbRcbd
a∆t∆s. Finally, because this

holds for all wa, we have
δva = vdT cSbRcbd

a∆t∆s. (2.62)

The area of the parallelogram spanned by two vectors A and B is the magnitude of their cross
product or, equivalently, the magnitude of the antisymmetric combination AaBb−AbBa. Here, because
S and T occur in this antisymmetric combination, Rbcd

a(∆tT b)(∆sSc) is proportional to the area of
the parallelogram spanned by ∆tT and ∆sS – proportional to the area of the loop, at this order, as
claimed.

Because parallel transport preserves lengths and angles, the change in va after parallel transport
around a loop is a rotation for a positive-definite metric and a Lorentz transformation for a Lorentzian
metric. Then δva is the change in va under an infinitesimal rotation or Lorentz transformation, δΛad.

δva = δΛadv
d, where δΛad = Rbcd

a(∆tT b)(∆sSc). (2.63)

But δΛad (lowered by the metric) is an infinitesimal rotation or Lorentz transformation if and only if it
is antisymmetric. That’s why the second pair of indices of the Riemann tensor is antisymmetric.
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Second Calculation.
In flat space free particles separate with constant speed. Because you can’t tell the difference be-

tween flat space and a spacetime with a uniform gravitational field (constant gravitational acceleration g
in a Newtonian context), the relative acceleration of free particles depends not on g but on the derivative
of g – on the tidal force. In GR that means the relative acceleration of nearby geodesics is a measure of
the curvature, proportional to the Riemann tensor.

Formally, let Tα be the unit tangent to a first geodesic. In flat space, let Sα(t) be a family of
connecting vectors perpendicular to this first geodesic at proper time t, and meeting a second geodesic.
The length of the connecting vector is its magnitude, s = |S|, and its acceleration vanishes

S̈α :=
d2

dt2
Sα = T γ∇γ(T

β∇βS
α) = 0. (2.64)

In curved space nearby geodesics accelerate.

Figure 2.4: At left, geodesics in flat space have no relative acceleration: A connecting vector joining
them increases its length at a constant rate. At right, on the surface of a sphere, the relative acceleration
between geodesics is nonzero.

We want to define and calculate a relative acceleration between neighboring free particles in a curved
spacetime. As in the first calculation, we’ll use a two-dimensional surface with coordinates t, s. This
time the curves t → c(t, s) for fixed s will be timelike geodesics. To construct the surface, start with
a smooth spacelike curve s → c(0, s) and at each point of that curve, choose a future directed timelike
geodesic perpendicular to the curve, each geodesic, t→ c(t, s), parameterized by proper time.

Then, regarding each geodesic as the trajectory of a free particle, the set of particles at proper time
t comprise the curve s → c(t, s). The vector Sα tangent to s → c(t, s) is called a connecting vector
between neighboring particles.3 Nearby particles a parameter distance ∆s apart remain at the same
parameter distance, and their proper distance is then |S|∆s at linear order in ∆s. We will see that S
remains orthogonal to T , so |S|∆s is the proper distance between nearby particles measured orthogonal
to either trajectory (to O(∆s) it doesn’t matter which).

3Wald changes his notation here and calls the connecting vector X instead of S. These notes keep S for consistency.
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As in Eq. (2.17), because the vectors S and T are the coordinate basis vectors ∂s and ∂t, they
commute

T β∇βS
α = Sβ∇βT

α, (2.65)

and now Tα is the velocity uα of the particles. Were we to choose spacelike geodesics, Tα would be a
unit spacelike vector.

From (2.65), the statement that Sα remains orthogonal to Tα along the particle trajectories follows
immediately from the geodesic equation for Tα and the fact that it is a unit vector:

T β∇β(T
αSα) = T β∇βT

α︸ ︷︷ ︸
0

Sα + T βTα∇βSα

= TαSβ∇βTα by (2.65)
= 0 , because Tα is a unit vector.

The separation vector Sα changes at the rate Ṡα with Ṡα = T β∇βS
α, and the relative acceleration of

neighboring geodesics is then S̈α∆s. We have

S̈α = T β∇β(T
γ∇γS

α)

= T β∇β(S
γ∇γT

α) by (2.65)

= (T β∇βS
γ)∇γT

α + T βSγ∇β∇γT
α

= (Sβ∇βT
γ)∇γT

α + T βSγ(∇γ∇βT
α + [∇β,∇γ]T

α)

= (Sγ∇γT
β)∇βT

α + T βSγ∇γ∇βT
α + T βSγRβγ

α
δT

δ

= Sγ∇γ (T
β∇βT

α)︸ ︷︷ ︸
0

+T βSγRβγ
α
δT

δ

S̈α = Rα
βγδT

βT γSδ (2.66)

This is the equation of geodesic deviation, first obtained in 1926 by Levi-Civita [73] and by Synge.[118]
An observer moving along a geodesic (a freely falling observer) does not detect a uniform gravita-

tional field — e.g. a man in a freely falling elevator in the Earth’s field sees objects behaving almost
as if there were no gravity. But because the Earth’s field is not really uniform, he will see their relative
acceleration, the relative acceleration of two particles falling toward the center of the Earth.

Newtonian approximation: For two nearby particles with sep-
aration vector S (here, for brevity, S is written instead of ∆sS),

S̈i = ẍi + S̈i − ẍi

= −∇iϕ(x+ S) +∇iϕ(x)

= −∇i∇jϕ(x)S
j. (2.67)

The magnitude of this relative acceleration is of order |S|
R
∇ϕ,

smaller than the “gravitational acceleration” ∇ϕ by the ratio of
the particle-particle distance to the radius of the Earth. It is this
tidal force that alone reveals the presence of a gravitational field
to a local observer.

https://www.jstor.org/stable/1968486?seq=2#metadata_info_tab_contents
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In III these remarks will be made again in the context of a discussion of the equivalence principle and
will motivate the form of the field equations via the correspondence between equations (2.66) and (2.67).

A note on interpretation: The calculation required only that the curves s → c(t, s) be smooth and
spacelike. To interpret s as a distance between nearby particles, s should be proper distance along
each curve, and each of these curves should be a spacelike geodesic orthogonal to the particle trajectory
t→ c(t, 0). We can always choose s to be proper distance along the curve s→ (t, s), and we can choose
the initial curve s → (0, s) to be a spacelike geodesic. But once we choose a set of timelike geodesics
through each point of c(0, s), the remaining curves s → c(t, s) are fixed: They are the position of the
particles at proper time t; equivalently, they are the result of Lie dragging the initial curve s→ c(0, s) a
parameter distance t along Tα. It is only at zeroth order in s that these remaining curves are geodesics
and only at zeroth order are they orthogonal to a particle trajectory.

A final comment on the Riemann tensor: If one chooses Riemann normal coordinates in a neighbor-
hood of a point P , the components of the metric near P can be written in terms of the Riemann tensor
and its derivatives at P . That is, the Taylor series of gµν(x) about P has the form

gµν(x) = ηµν −
1

3
Rµσντx

σxτ +O(|x|3), (2.68)

where the higher order terms involve derivatives of Rµσντ . (See, for example, MTW Sect. 11.6, or
Leo Brewin’s notes brewin96.) The expansion is used in quantum field theory on curved spacetimes
and in work on extreme mass-ratio inspiral (EMRI). In EMRI work, one uses point-particles moving in
a background spacetime to approximate stellar size black holes spiraling into the vastly more massive
black holes at the centers of galaxies.

https://users.monash.edu.au/~leo/research/papers/files/lcb96-01.pdf
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Exercise 46. Wald’s way of defining Christoffel symbols. The Christoffel symbols Γijk associated with
a chart {xi} are not naturally the components of a tensor, and neither are the quantities ∂ivj . One
can, however, simply define a tensor ∂avb to be the tensor whose components in the chart {xi},
are ∂ivj . Then, in another chart x′, the components will not be ∂i′vj

′ . Check that defining ∂avb

in this way is equivalent to defining ∂a to be the covariant derivative of the artificial flat metric
(dx1)2 + · · ·+ (dxn)2 or −(dx0)2 + · · ·+ (dx3)2. (This should be a one- or two-line argument.)

Exercise 47. Show that the difference ∇a−∂a between the two derivative operators acts as a tensor, that
it is linear under multiplication by scalar fields: (∇a−∂a)(fv

b) = f (∇a−∂a)v
b, for any smooth

scalar field f . Then the action of ∇a − ∂a has the form

(∇a − ∂a)v
b = Γbacv

c,

where Γbac is a tensor field.

Exercise 48. Show that the components of Γbac in the coordinates {xi} are the usual Christoffel symbols
Γj ik. (This should be quick. You do not have to compute the form of Γ in terms of metric
derivatives.)

Exercise 49. The notation has a problem if one wants to write components of ∂avb in in a new chart
x′. In polar coordinates θ, ϕ for the unit sphere, let ∂a be the covariant derivative associated with
the flat metric dθ2 + dϕ2. Show that the components of ∂avb in a chart x, z, where z = a cos θ,
x = a sin θ cosϕ are not the partial derivatives: To avoid confusion, write T ab ≡ ∂av

b. Find T xx

and T xz, and compare to
∂vx

∂x
,
∂vx

∂z
.

Exercise 50. The next two problems are simple Riemann tensor examples. If you have already done
similar calculations, you would learn more by finding components in an orthonormal frame: See
the starred version of the problems below.

a. Find the independent components of the curvature tensor for a sphere of radius a, with metric
ds2 = a2(dθ2+sin2 θdϕ2). No need to recompute Christoffel symbols that you already know.

b. Find all components of the Ricci tensor and Ricci scalar.

Exercise 51. (Essentially Problem 7 of Wald, Chap. 3). An arbitrary Lorentzian metric on a 2-manifold
can always be written locally in the form ds2 = Ω2(−dt2 + dx2). Find the Riemann tensor of this
metric.

Exercise 52. Show that the Riemann tensor in n dimensions has
n2(n2 − 1)

12
independent components.

First show that the symmetry Rabcd = Rcdab is implied by the other index symmetries. Because of
that, it is not used in the counting.

Variants of Exercise 50. and Exercise 51.:

Do Exercise 50. using the orthonormal frame e1 =
1

a
∂θ, e2 =

1

a sin θ
∂ϕ or the dual basis

ω1 = adθ, ω2 = a sin θdϕ. You can either use commutators or Cartan calculus to find the
Christoffel symbols.

Do Exercise 51. using the orthonormal frame e0 =
1

Ω
∂t, e1 =

1

Ω
∂x or the dual basis

ω0 = Ωdt, ω1 = Ωdx.
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2.3 Lie Derivatives
This section and the sections on forms and integration that follow are largely taken from an appendix of
the book Rotating Relativistic Stars, by JF and Nikolaos Stergioulas.[52]

Lie derivatives arise naturally in the context of fluid flow. They are needed to understand sym-
metries of spacetime and of matter in curved spacetimes, and they simplify calculations and aid one’s
understanding of relativistic fluids.

We have just seen that the connecting vector S between nearby particles with velocity T satisfies
[T ,S] = 0, and this will be the statement that the Lie derivative of S by the vector field T vanishes.
We begin, for simplicity, in a Newtonian context, with a stationary fluid flow with 3-velocity v(r). A
function f is said to be dragged along by the fluid flow, or Lie-derived by the vector field v that generates
the flow, if the value of f is constant on a fluid element, that is, constant along a fluid trajectory r(t):

d

dt
f [r(t)] = v · ∇f = 0. (2.69)

The Lie derivative of a function f , defined by

Lvf = v · ∇f, (2.70)

is the directional derivative of f along v, the rate of change of f measured by a comoving observer. If
f is density or temperature, say, f is dragged along by the flow if the density or temperature of a fluid
element remains constant as the fluid element moves with the flow.

For a vector, imagine an arrow painted on a river of sliding jello, the arrow dragged along as the jello
moves and oscillates. That is, consider a vector that joins two nearby fluid elements, two points r(t)
and r̄(t) that move with the fluid: Call the connecting vector λw, so that for small λ the fluid elements
are nearby: λw = r̄(t) − r(t). Then λw is said to be dragged along by the fluid flow, as shown in
Fig. (2.5). In the figure, the endpoints of r(ti) and r̄(ti) are labeled ri and r̄i.

Figure 2.5: Two nearby fluid elements move along the flow lines, their successive positions labeled ri
and r̄i. A vector field sw is said to be dragged along by the flow when, as shown here, it connects
successive positions of two nearby fluid elements.

A vector field w is Lie-derived by v if, for small s, sw is dragged along by the fluid flow. To make
this precise, we are requiring that the equation

r(t) + sw(r(t)) = r̄(t) (2.71)
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be satisfied to O(s). Taking the derivative of both sides of the equation with respect to t at t = 0, we
have

v(r) + sv · ∇w(r) = v(r̄) = v[r + sw(r)]

= v(r) + sw · ∇v(r) +O(s2), (2.72)

which holds if and only if
[v,w] ≡ v · ∇w −w · ∇v = 0. (2.73)

The commutator [v,w] is the Lie derivative of w with respect to v, written

Lvw = [v,w]. (2.74)

Then w is Lie-derived by v when Lvw = 0. The Lie derivative Lvw compares the change in the
vector field w in the direction of v to the change that would occur if w were dragged along by the flow
generated by v.

In a curved spacetime the Lie derivative of a function f is again its directional derivative,

Luf = uα∇αf. (2.75)

If uα is the velocity of a fluid, generating the fluid trajectories in spacetime, Luf is commonly termed
the convective derivative of f . The Newtonian limit of uα is the 4-vector ∂t + v, and Luf has as its
limit the Newtonian convective derivative (∂t + v · ∇)f , again the rate of change of f measured by a
comoving observer. (Now the flow is arbitrary, not the stationary flow of our earlier discussion.)

A connecting vector is naturally a contravariant vector, the tangent to a curve joining nearby points
in a flow; and in a curved spacetime, the Lie derivative of a contravariant vector field is again defined
by Eq. (2.74),

Luw
α = uβ∇βw

α − wβ∇βu
α. (2.76)

We have used a fluid flow generated by a velocity uα to motivate a definition of Lie derivative; the
definition, of course, is the same in any dimension and for any vector fields:

Lvw
a = vb∇bw

a − wb∇bv
a. (2.77)

Although the covariant derivative operator ∇ appears in the above expression, we have already seen
that the commutator is in fact independent of the choice of derivative operator. This was implied by
our definition of the commutator (which did not involve covariant derivatives); it also follows from the
symmetry Γijk = Γi(jk), which implies that the components have in any chart the form

Lvw
i = vj∂jw

i − wj∂jv
i. (2.78)

We now extend the definition of Lie derivative to arbitrary tensors. This just involves using the
definitions for vectors and scalars and the Leibnitz rule. For any covector σa and vector wa, we have

Lv(σaw
a) = (Lvσa)w

a + σaLvw
a (2.79)

vb∇bσaw
a + σav

b∇bw
a

/
= (Lvσa)w

a + σav
b∇bw

a

/
− σaw

b∇bv
a =⇒

waLvσa = wa(vb∇bσa + σb∇av
b).

Because this holds for all wa, we have

Lvσa = vb∇bσa + σb∇av
b. (2.80)
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Again the definition (2.80) is independent of the choice of derivative operator, because the Lie deriva-
tives of the scalar σava and the vector va in Eq. (2.79) do not depend on ∇. The components in any
chart are given by

Lvσi = vj∂jσi + σj∂iv
j. (2.81)

Finally, the Lie derivative of an arbitrary tensor T a···bc···d again follows from the Leibnitz rule (writing a
tensor as a sum of products ua · · · vbσa · · · τd as usual). You can quickly see from Eqs. (2.77) and (2.80)
that the result is

LvT
b···c

d···e = va∇aT
b···c

d···e

−T a···bc···d∇av
b − · · · − T b···ad···e∇av

c

+T b···ca···e∇dv
a + · · ·+ T b···cd···a∇ev

a, (2.82)

independent of the derivative operator, and with components in a chart given by

LvT
j···k

m···n = vk∂kT
j···k

m···n

−T k···km···n∂kv
j − · · · − T j···km···n∂ku

k

+T j···kk···n∂mv
k + · · ·+ T j···km···k∂nv

k. (2.83)

Action of diffeos: A smooth 1-1- map of a manifold onto itself or onto another manifold is called a
diffeo (or diffeomorphism) if its inverse is also smooth.
We began by using the flow generated by a velocity field v to motivate the definition (2.74) of Lie
derivative of a vector field w. It is useful to see formally the way in which any vector field generates a
flow and to use that flow to give a geometrical definition of Lie derivative. Note first that the trajectory
of a fluid element is an integral curve of the vector field uα, where:
Definition. An integral curve c(λ) of a vector field va is a curve whose tangent vector at each point
P = c(λ) is va(P ).

In a chart {xi}, the tangent vi to an curve c(λ) has components
d

dλ
xi(λ); and the statement that c(λ) is

an integral curve has the form
d

dλ
xi(λ) = vi[c(λ)].

Proposition. Any smooth vector field va in an n-dimensional manifold M has a family of integral
curves, one through each point of M . 4

Example 1: As noted, the velocity field uα of a fluid has as its integral curves the fluid trajectories
parameterized by proper time. The 3-dimensional vector field v of a stationary Newtonian flow has as
its integral curves the flow lines, parameterized by Newtonian time.

Example 2: The vector field ∂ϕ = x∂y − y∂x has as integral curves the lines of constant t, r, θ,

λ→ (t, r, θ, ϕ+ λ)

Note that when a vector field vanishes at P (e.g., ∂ϕ vanishes on the symmetry axis x = y = 0), the
integral curve simply stays at P : c(λ) = P .

4This result is equivalent to the existence theorem for solutions to ordinary differential equations, proved, for example,
in Coddington and Levinson, Theory of Ordinary Differential Equations, McGraw-Hill, 1995.
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We can view the 4-dimensional flow of a fluid as a family of smooth maps of the fluid to itself in
the following way: In a given proper time τ each point P in the fluid moves along the fluid trajectory
through P from c(0) = P to the point c(τ). As in the case of the 4-velocity, we can use the integral
curves of any vector field to define a family ψλ of diffeos of a manifold to itself (for a star, the fluid has
a boundary, and the map ψτ is from the support of the fluid to itself):
For each point P , let c(λ) be the integral curve of va for which P = c(0). For a fixed value λ, define the
map ψλ by

ψλ(P ) = c(λ). (2.84)

That is, ψλ maps each point P to the point a parameter distance λ from P along the integral curve
through P . The vector field va is said to generate the family ψλ of diffeos. In a chart {xi}, we have

vi(x) =
d

dλ
ψiλ(x)

∣∣∣∣
λ=0

. (2.85)

Example: The vector field ϕ := ∂ϕ generates the family of diffeos
(t, r, θ, ϕ) → (t, r, θ, ϕ+ λ),

rotations by λ in the x-y plane about the axis where ∂ϕ vanishes. A spacetime is axisymmetric if its
metric is invariant under rotations, if Lϕgαβ = 0 or, equivalently, ψ∗

λgαβ = 0.
We can now repeat for manifolds the relation with which we began this section, between the flow -

the diffeos - generated by a vector field and the Lie derivative. We need the action of a smooth map ψ
on a tensor, beginning with its action on a curve and on a function, and from that finding its action on a
vector as a tangent to the curve, and on a covector as the gradient of the function. For Lie derivatives, we
could look only at diffeos from a manifold to itself, but the action of ψ on vectors and covectors needs
only a smooth map, and you’ll use the more general description when you encounter the 3+1 formalism
and the initial value problem in the GR literature or later in the notes.

Let ψ : M → N be a smooth map from one manifold to another. A curve on M is mapped by ψ to
a curve on N . One says that the curve c : R → M is dragged or carried along or pushed forward by ψ
to the curve ψ ◦ c : R → N .

Figure 2.6

A function f : N → R on N is pulled back to the function f ◦ ψ :M → R on M .
Then the tangent v to the curve c at a point P = c(0) is dragged (or carried along) to the tangent

ψ∗v to the curve ψ ◦ c at the point ψ(P ). And the gradient ∇f at a point ψ(P ) in N is pulled back to
the gradient ψ∗∇f := ∇(f ◦ ψ) of f ◦ ψ at P . 5

5In general, ψ need not be 1-1, and this pullback gives a gradient at all points whose image is ψ(P ).
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Figure 2.7

Because ψ∗v is tangent to ψ ◦ c, the vector ψ∗v is the map {f} → R given by

ψ∗v(f) =
d

dλ
f ◦ ψ ◦ c(λ)]|λ=0. (2.86)

Because ψ∗∇f is the gradient of f ◦ ψ, the right side of Eq. (2.86) is also ψ∗∇f (v). That is, the action
of the covector ψ∗∇f on v is

ψ∗∇f (v) = ψ∗v(f) =
d

dλ
f ◦ ψ ◦ c(λ)]|λ=0. (2.87)

In charts x and y on M and N , the curve c has coordinates xi(λ), the dragged curve ψ ◦ c has
coordinates yµ[x(λ)], and we have

(ψ∗v)µ =
d

dλ
yµ[x(λ)] =

∂yµ

∂xi
dxi

dλ
=
∂yµ

∂xi
vi,

or
(ψ∗v)µ|ψ(P ) =

∂yµ

∂xi
vi|P . (2.88)

The different indices here are used because M and N need not have the same dimension.
Similarly, the pulled-back gradient ψ∗∇f = ∇(f ◦ ψ) has components given by

∇i(f ◦ ψ) = ∂

∂xi
f [y(x)] =

∂f

∂yµ
∂yµ

∂xi
= ∇µf

∂yµ

∂xi
. (2.89)

Because any covector σ at a point ψ(P ) of N can be represented by a gradient on N , its components are

(ψ∗σ)i = σµ
∂yµ

∂xi
. (2.90)

The action of ψ∗σ on the vector v is then

ψ∗σ(v) = σ(ψ∗v), (2.91)

implied by Eq. (2.87) or by multiplying both sides of Eq. (2.88) by σµ. (Wald takes (2.91) as the
definition of ψ∗.)

Summary:
A map ψ : M → N drags a curve c and its tangent vector v on M to the curve ψ ◦ c with tangent ψ∗v
on N .
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It pulls back a function f and its gradient ∇f on N to a function f ◦ ψ and its gradient ψ∗∇f on M .
Hence
ψ pulls back a covector σ on N to a covector ψ∗σ on M .

Any contravariant tensor T a···b is dragged by ψ from M to (ψ∗T )α···β on N because T a···b can be
written as a sum of products ua · · · vb, each of which is dragged by ψ. Similarly, any covariant tensor
Tα···β is pulled back by ψ from N to (ψ∗T )a···b on M because Tα···β can be written as a sum of products
σα · · · τβ , each of which is pulled back by ψ. Equivalently, acting on a covariant tensor Tα···β ,

ψ∗T (u, . . . , v) = T (ψ∗u, . . . , ψ∗v), (2.92)

and on a contravariant tensor T a···b,

ψ∗T (σ, . . . , τ) = T (ψ∗σ, . . . , ψ∗τ). (2.93)

Notation. We have followed Wald in writing ψ∗v for the dragged vector, and ψ∗σ for the pulled back
covector. This is opposite to the convention in most of the mathematics and mathematical physics liter-
ature.

Exercise. Find the components (ψ∗T )i···j and (ψ∗T )µ···ν .

But ψ does not know how to drag a covector or pull back a vector. To talk about the action of a map
on a general tensor, the map ψ must have in inverse – it must be a diffeo, and we now consider only
diffeos. By using ψ−1 : N → M to to drag a covector from N to M , we can extend ψ∗ to arbitrary
tensors. Given a tensor T a···bc···d on M , we define the dragged tensor ψ∗T a···bc...d on N by

ψ∗T (σ, . . . , τ, u, . . . , v) = T (ψ−1
∗ σ, . . . , ψ−1

∗ τ, ψ∗u, . . . , ψ∗v). (2.94)

Dragging a tensor from M to N by ψ∗ is then equivalent to pulling it back from M to N by ψ−1
∗ .

Exercise. Take M = N . Because there is only one coordinate system, denote by ψi(P ) the coordinates
of ψ(P ) and write ψi(x) for ψ regarded as a function of the coordinates: ψi maps (x1, . . . , xn) to
(ψ1(x), . . . , ψn(x)). Show for a tensor T ab that the components of ψ∗T are

(ψ∗T )
i
j =

∂ψi

∂xk
∂ψ−1 l

∂xj
T kl . (2.95)

Lie derivatives from a geometric standpoint.

The geometric definition of the Lie derivative Lu of functions and vectors just restates the way we
introduced Lie derivatives for a fluid flow. For a fluid with velocity uα, the Lie derivative Luf of a
function on the fluid is the directional derivative of f along uα,

Luf =
d

dτ
f ◦ ψτ (P )|τ=0 = uα∇αf. (2.96)

Now f ◦ ψτ is the pullback of f by ψτ or, equivalently. the result of dragging f by ψ−1
τ = ψ−τ . The Lie

derivative subtracts the the value of f at P from its value at ψτ (P ), and we have stated this difference
in a way that makes sense for vectors in curved space, where one knows only how to add and subtract
vectors at the same point: That is, to define the Lie derivative Luwα of a vector, we again subtract the
value of wα at P from the result of dragging wα from ψτ (P ) back to P by ψ−τ :

Luw
α =

d

dτ
ψ∗
−τw

α. (2.97)
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And in general, for any for any smooth scalar f and two smooth vector fields va and wa on a manifold,

Lvf =
d

dλ
f ◦ ψλ(P )|λ=0, (2.98)

Lvw
a =

d

dλ
ψ∗
−λw

a, (2.99)

where ψλ is the family of diffeos generated by va.
A vector field wa is Lie-derived by a vector field va if the family of diffeos ψλ generated by va leave

wa unchanged, if ψλwa = wa.
To check that our geometric definition (2.99) of the Lie derivative of a vector agrees with the com-

mutator [v, w], we compute the right side of Eq. (2.99), writing

ψ∗
−λw

i =
∂ψi−λ
∂xj

wj ◦ ψλ(P ). (2.100)

When we take the derivative
d

dλ
of this expression, we get two terms, with the derivative hitting each

ψλ while the other ψλ is evaluated at λ = 0 where it is the identity:

d

dλ

[
∂ψi−λ
∂xj

wj ◦ ψλ(P )
]
λ=0

=
d

dλ

(
∂ψi−λ
∂xj

)
wj(P ) +

∂ψi−λ
∂xj

∣∣∣∣
λ=0

d

dλ
wj (ψλ(P )) (2.101)

Now
d

dλ
wj ◦ ψλ(P )

∣∣∣∣
λ=0

is just the Lie derivative (2.98) of the scalar wj:

d

dλ
wj ◦ ψλ(P )

∣∣∣∣
λ=0

= vk∂kw
j;

the first term is what distinguishes the Lie derivative of a vector from that of a scalar:

d

dλ

[
∂ψi−λ
∂xj

]
λ=0

=
∂

∂xj

(
dψi−λ
dλ

)
λ=0

= −∂jvi.

So we have

d

dλ
ψ∗
−λw

i =
d

dλ

(
∂ψi−λ
∂xj

)
wj(P ) +

∂ψi−λ
∂xj

∣∣∣∣
λ=0

d

dλ
wj (ψλ(P ))

= −∂jviwj + vk∂kw
i,

where we have used ψi0(x) = xi to write
∂ψi−λ
∂xj

∣∣∣∣
λ=0

=
∂xi

∂xj
= δij (the Jacobian of the identity map is the

identity map). We have shown
d

dλ
ψ∗
−λw = [v, w],

as claimed.
A nearly identical calculation checks the components of the Lie derivative Lvσa of a covector field:

Suppressing “λ = 0,” we have

d

dλ
ψ∗
−λσi =

d

dλ
ψλ∗σi =

d

dλ

(
∂ψjλ
∂xi

)
σj(P ) +

∂ψiλ
∂xj

d

dλ
wj (ψλ(P ))

= ∂iv
jwj + vj∂jw

i,
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in agreement with Eq. (2.81).
Finally, the Lie derivative of any tensor is given by

LvT
a···b

c···d =
d

dλ
ψ∗
−λT

a···b
c···d, (2.102)

and a calculation essentially identical to those we have just done for vectors and covectors verifies that
the definition yields Eq. (2.83).

Killing Vectors
A common use of Lie derivatives in relativity arises from vector fields that generate symmetries of

the spacetime. That is, a spacetime is symmetric under the diffeo ψ if ψ∗ gαβ = gαβ . If a vector field
ξα generates the diffeos ψλ,

ψ∗
λgαβ = gαβ ⇒ Lξgαβ = 0

By (2.82),

Lξgαβ = ξγ∇γgαβ + gαγ∇βξ
γ ++gγβ∇αξ

γ.

= ∇αξβ +∇βξα

Definition: ξα is a Killing vector field if
Lξgαβ = 0, (2.103)

or
∇(αξβ) = 0. (2.104)

If ξα is a Killing vector, one can choose coordinates in the following way:
Take a hypersurface S cutting the integral curves of ξα. Let x0 be a scalar field with x0 = 0 on S and
x0(P ) the parameter distance from S to P along the integral curve through P . x1, x2 and x3 are picked
arbitrarily on S and extended to M by requiring them to be constant along the integral curves.

Then Lξx0 =
dx0(λ)

dλ
=
dλ

dλ
= 1

Lξx1 = Lξx2 = Lξx3 = 0

and
(Lξg)µν = ξλ∂λgµν + gλν∂µξ

λ + gµλ∂νξ
λ

But
ξµ = ξ(xµ) = Lξxµ = δµ0

=⇒ (Lξg)µν = ∂0gµν .

We have chosen coordinates for which ξ = ∂0: ξµ is just the tangent to λ → (x0 + λ, x1, x2, x3),
the symmetry (Lξg)µν = 0 implies that ∂0gµν = 0, that the components gµν are independent of the
coordinate x0. Conversely, if there is a chart in which the components gµν of the metric are independent
of a coordinate x0, then the vector with components ξµ = δµ0 in that chart is a Killing vector of the
spacetime:

(Lξg)µν = ξλ∂λgµν + gλν∂µξ
λ + gµλ∂νξ

λ = ∂0gµν = 0

⇒ (Lξg)µν = 0.
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Example 1: Minkowski space has 10 independent Killing vector fields,

∂t, ∂x, ∂y, ∂z 4 translational
x∂y − y∂x, z∂x − x∂z, y∂z − z∂y 3 rotational
x∂t + t∂x, y∂t + t∂y, z∂t + t∂z 3 boosts ,

and they generate 10 one-parameter groups of diffeos that leave ηµν invariant: 4 translations, 3 rotations,
3 boosts, which together close under composition to form the Poincaré group. Here’s the check that ηαβ
is invariant under boosts:

ξµ = (x, t, 0, 0) = x1δµ0 + x0δµ1
(Lξη)µν = ξλ∂ληµν︸ ︷︷ ︸

0

+∂µξ
ληλν + ∂νξ

ληµλ

= ∂µ
(
x1δλ0 + x0δλ1

)
ηλν + ∂ν

(
x1δλ0 + x0δλ1

)
ηµλ

= δ1µη0ν + δ0µη1ν
/
+ δ1νηµ0

/
+ δ0νηµ1

= 0.

That ηαβ is invariant under translations is immediate: ∂tηµν = 0.
That ηαβ is invariant under rotations is immediate in spherical coordinates with the axis of rotation taken
to be the symmetry axis:

x∂y − y∂x = ∂ϕ, ξ
µ = δµϕ , (Lξη)µν = ∂ϕηµν = 0.

Example 2: A rotating black hole has the (Kerr) metric

ds2 = −∆

ρ2
(dt− a sin2 θ dϕ)2 +

sin2 θ

ρ2
[(r2 + a2)dϕ− adt]2 +

ρ2

∆
dr2 + ρ2dθ2,

where
∆ = r2 − 2Mr + a2 ρ2 = r2 + a2 cos2 θ,

with a := angular momentum/mass. Since ∥gµν∥ is independent of the coordinates t and ϕ, ∂t and ∂ϕ
are Killing vectors and the spacetime is invariant under time translations and rotations about the θ = 0
axis.

2.4 Introduction to integration on manifolds
In flat space, the area of a parallelogram spanned by the vectors A,B is |A×B| = |ϵabAaBb|; and the
volume spanned the vectors A,B,C is
|A×B ·C| = |ϵabcAaBbCc|. Similarly, in Minkowski space, requiring that the volume spanned by four
orthonormal vectors tα, xα, yα, zα be 1 implies that a parallelepiped Ω spanned by any four vectors Aα,
Bα, Cα, Dα is

|Ω| = |ϵαβγδAαBβCγDδ|.
The set of four vectors is positively oriented if ϵαβγδAαBβCγDδ > 0.

The volume of an arbitrary region Ω is obtained by adding volumes of infinitesimal parallelepipeds
spanned by vectors along the coordinate axes, eα0 , eα1 , eα2 , eα3 with lengths ∆x0, ∆x1, ∆x2, ∆x3

∆4V = ϵ0123∆x
0∆x1∆x2∆x3

=
1

4!
ϵµνστ∆x

µ∆xν∆xσ∆xτ (−1)π,
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where (−1)π = 1 when µ, ν σ, τ is an even permutation π of 0, 1, 2, 3 and (−1)π = −1 for an odd
permutation. Because ϵαβγδAαBβCγDδ is a scalar, the volume of a region of flat space is given in any
oriented chart by

|Ω| =
∫
Ω

ϵ0123 dx
0dx1dx2dx3 ≡

∫
Ω

d4V.

The Jacobian,
∣∣ ∂x
∂x′

∣∣, that relates the volume element in two different coordinate systems arises from the
coordinate transformation of the totally antisymmetric tensor ϵαβγδ:

ϵ0′1′2′3′ =
∂xµ

∂x′0
∂xν

∂x′1
∂xσ

∂x′2
∂xτ

∂x′3
ϵµνστ =

∣∣∣∣ ∂x∂x′
∣∣∣∣ ϵ0123. In the mathematics literature the volume integral is

written as ∫
Ω

ϵ. (2.105)

A curved space is locally flat in the sense that, in a locally inertial coordinate system, the metric
components are flat up to quadratic order in the coordinates. By demanding that the volumes of small
regions, to first order in the length of a side, are those measured by a locally inertial observer using her
local Minkowski metric, one uniquely picks out the volume element

d4V = ϵ0123 dx
0dx1dx2dx3. (2.106)

Because the totally antisymmetric tensor ϵ0123 has the value
√

|g|, the volume element can be written in
the equivalent form

d4V =
√
|g| dx0dx1dx2dx3, (2.107)

and in n-dimensions
dnV = ϵ1···ndx

1 · · · dxn =
√

|g| dx1 · · · dxn. (2.108)

In index notation, one writes
d4V = ϵa···bdS

a···b,

and thinks of dSa···b having components

“ dSµνστ = ± 1

4!
dxµdxνdxσdxτ ”.

The integral, ∫
Ω

fdnV =

∫
Ω

f ϵ1···n dx
1 · · · dxn =

∫
Ω

f
√

|g| dx1 · · · dxn, (2.109)

over a region Ω is well-defined (that is, its value is independent of the choice of coordinates), because,
under a change of coordinates, the integrand on the right side is multiplied by the Jacobian

∣∣ ∂x
∂x′

∣∣.
2.4.1 Gauss’s theorem
We’ll need Gauss’s theorem, whose form and proof for curved spacetime is nearly the same as that for
flat space. The subsequent sections on forms, densities and Stokes’s theorem are optional, useful but not
needed for this first-semester GR course.

Gauss’s theorem relates the volume integral of a divergence of a vector to the surface integral of
its normal component. We have already seen in a flat-space context its meaning as a conservation law,
relating the change in charge or mass in a volume to the flux leaving the volume.
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In Rn, in Cartesian coordinates, the integral of a divergence over an n-cube can be expressed as a
surface integral after an integration by parts:∫
V

∂iA
idnx =

∫
V

∂1A
1dx1dx2 · · · dxn + · · ·+

∫
V

∂nA
ndxndx1 · · · dxn−1

=

∫
∂1+V

A1dx2 · · · dxn −
∫
∂1−V

A1dx2 · · · dxn + · · ·+
∫
∂n+V

Andx1 · · · dxn−1 −
∫
∂n−V

Andx1 · · · dxn−1

=

∫
∂V

AidSi (∂V means the boundary of V )

where dSi = ±ϵij···kdxj · · · dxk
1

(n− 1)!
,with

dS1 = +dx2 · · · dxn for x1 increasing outward,
dS1 = −dx2 · · · dxn , for x1 increasing inward.

More generally the integral over any volume V in Rn of a divergence is related to a surface integral
by ∫

V

∂iA
i dnV =

∫
∂V

AidSi =

∫
∂V

AinidS

where ni is the unit outward normal to S and dS the area element of S.

In curved space the analogous result is easily obtained:∫
Ω

∇aA
adnV =

∫
Ω

1√
|g|
∂i

(√
|g|Ai

)√
|g|d4x

=

∫
Ω

∂i

(√
|g|Ai

)
dnx

When Ω is a coordinate box,∫
Ω

∂i

(
Ai
√

|g|
)
dnx =

∫
∂1+V

A1
√

|g|dx2 · · · dxn −
∫
∂1−V

A1
√

|g|dx2 · · · dxn

+ · · ·+
∫
∂n+V

An
√

|g|dx1 · · · dxn−1 −
∫
∂n−V

An
√
|g|dx1 · · · dxn−1

=

∫
∂V

AidSi,

where again each term on the right side has the form ϵij···kdx
j · · · dxk 1

(n− 1)!
. We can then write

∫
Ω

∇aA
adnV =

∫
∂Ω

AadSa (2.110)

where dSi = ±ϵij···kdxj · · · dxk
1

(n− 1)!
.

Equivalently, the integrand of each term on the right has the form ±Ak∇kx
i
√
|g| for the part of the

boundary that is a surface of constant xi. To get the sign right, we need to choose the outward normal.
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For example consider a 4-dimensional slab Ω whose boundary consists of two t=constant slices, t = t1
and t = t2, and a part of the boundary at spatial infinity where Aα vanishes. On the future boundary,∫

t=t2

AαdSα =

∫
t=t2

At
√

|g|d3x =

∫
t=t2

Aµ∇µt
√

|g|d3x, t increasing outward,

so dSµ = ∇µt
√

|g|d3x. On the past boundary,∫
t=t2

AαdSα = −
∫
t=t2

At
√

|g|d3x =

∫
t=t2

Aµ∇µ(−t)
√
|g|d3x, −t increasing outward.

In general, choose a scalar f that increases outward and is constant on a part of the surface. Then take
f to be a coordinate f = x1 and add coordinates on the surface, with x1 ≡ f, x2, . . . , xn a right handed
chart, so that ϵ12···n =

√
|g|. We then have

dSa = ∇af
√

|g|dx2dx3 · · · dxn. (2.111)

If, as usual, we decompose the volume of integration into a set of cubes and take the limit as the size
of each cube shrinks to zero, we find ∫

Ω

∇aA
adnV =

∫
∂Ω

AadSa. (2.112)

As usual, surface terms from cubes that share a surface cancel, because the outward normal to one cube
is the inward normal to the adjacent cube.

This form is correct for any (smooth, orientable) volume in a space with a metric, independent of
the signature of the metric. When ∂Ω has a unit normal (when it is not a null surface), one can write
dSα in a more familiar form. With outward unit normal na (along the gradient of a scalar that increases
outward) dSa = nadS, with dS the n− 1 dimensional volume element, given by

dS =
√

|(n−1)g| dn−1x, (2.113)

where (n−1)gab is the metric on the n − 1-dimensional surface. We’ll pick n = 4 and look at a t =
constant surface. You can always change t to f and 4 to another dimension. The unit normal (for t
increasing outward) is related to ∇αt by

nα = ∇αt
1√

|∇βt∇βt|
= ∇αt

1√
|gtt|

. (2.114)

Now we need the metric 3gab on a t =constant surface. First, a simple-minded version using compo-
nents. At the end, we’ll circle back and define 3gab as the pullback of gαβ to S. If vα is any vector lying
in a t =constant surface, vt = vα∇αt = 0. The metric in the surface is, by definition, the map from a
pair of vectors vα and wα in the surface to R, and that is already given by the original metric on M ,

gαβv
αwβ = gijv

iwj. (2.115)

So the components of the 3-metric are the spatial components of the 4-metric.

3gij = gij.
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We can relate the determinant 3g to g and the unit normal nα as follows: The inverse metric has compo-
nent gtt given by gtt = |minor of gtt|/g, and the minor of gtt is the determinant of the spatial components
gij =

3gij of the metric:

gtt =
3g

g
.

Then

dSµ = ∇µt
√

|g| dxdydz =
√

|gtt|nµ
√
|g| dxdydz = nµ

√
3g dxdydz

= nµdS,

with dS =
√

3g d3x in agreement with Eq. (2.113).

Finally, we show that 3gab is the pullback of gαβ from the spacetime M to the submanifold S: That
is, 3gab = (ψ∗g)ab where ψ : S → M takes each point in S to itself, the identity diffeo, but with its

image regarded as a point of M . Then (ψµ(x)) = (0, xi), and
∂ψµ

∂xi
= δµi , giving

3gij =
∂ψµ

∂xi
∂ψν

∂xj
gµν = δµi δ

ν
j gµν = gij. (2.116)

Example: The integral form of mass conservation ∇α(ρu
α) = 0 for dust is

0 =

∫
Ω

∇α(ρu
α)d4V =

∫
V2

ρuαdSα −
∫
V1

ρuαdSα

or
∫
V

ρuαdSα = constant

Similarly, the number of baryons in a fluid is

N =

∫
V

nuαdSα =

∫
V

nuαnαdS

(and N =
∫
V
ndS only if uα ⊥ V so that uαnαThe = 1—i.e. if the fluid is at rest relative to V .)

Note that in a chart with V a t = constant surface,∫
V

AαdSα =

∫
V

At
√
−g d3x,

so there is no need to introduce nα and
√

3g to evaluate the integral. This fact is essential if one is
evaluating an integral

∫
jαdSα over a null surface, where there is no unit normal. The flux of energy

or of baryons across the horizon, for example, can be computed in coordinates that are regular on the
horizon: Consider coordinates v, r, θ, ϕ with the surface of constant r a null surface (think of r = 2M
in Schwarzschild). Then ∫

jαdSα =

∫
jr
√
−g dvdθdϕ.

There is no unit normal, but the flux across the surface doesn’t care.
A more extensive treatment of forms, densities and integration is given in the Appendix.A



Chapter 3

Gαβ = 8πTαβ

3.1 “Derivation” of the Equation
To conform to the state of knowledge in 1910, a theory of gravity should satisfy:
I. With no gravity, special relativity is valid.

II. Principle of equivalence: “Locally” one can’t distinguish uniform acceleration from a uniform
gravitational field – or free fall from no gravitational field.

III. Newtonian gravity is valid in the Newtonian regime, i.e. when the sources are nonrelativistic in
character.

The observed solar-system departure from Newtonian gravity was the anomalous 43′′ precession of
Mercury’s orbit each century, a correction of about one part in 107. (Mercury’s year is 88 days, so
100/88 orbits per century for a total of about (100/88)3600× 360 ≈ 5× 108 arcseconds.)

I and II partly cease to make sense once the theory is accepted because there will be no gravitational
“field” – just curved spacetime – and no distinction between a uniform field observed by a stationary
observer and no field observed by a uniformly accelerated observer. In place of I and II will be the
statement that free particles move on geodesics of the spacetime. One can, however, continue to test
the equivalence principle prediction that the gravitational acceleration of small objects in a time in-
dependent gravitational field is independent of the objects’ internal structure and composition (Eötvös
experiments), and that local Lorentz invariance holds.

Prior to writing the theory, I and II together are taken to imply that a freely falling, non-rotating
observer, measuring components of tensors along her orthonormal frame finds that matter with energy
momentum tensor T µν obeys ∂νT µν = 0 + terms of order ℓ2 | ∂i∂jΦ |, with Φ the gravitational potential,
ℓ a length characteristic of the size of his laboratory. She will similarly find that electromagnetic fields
satisfy

∂νF
µν = 4πjµ + terms smaller by a factor ∼ ℓ2 | ∂i∂jΦ |

∂[µFνσ] + terms smaller by ℓ2 | ∂i∂jΦ |= 0 .

138
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Finally, III means that when source velocities are small compared to the speed of light, when

v ≪ 1
v

c
≪ 1

pressure P ≪ ρ P ≪ ρc2

and Φ ∼ M

R
≪ 1,

Φ

c2
∼ GM

Rc2
≪ 1

then ∇2Φ = 4πGρ, and g = −∇Φ is the acceleration due to gravity.
These are the constraints on the theory.

Why does gravity involve a metric? We have already mentioned Geroch’s argument: Anything you
use to decide what a straight line is— or, more generally to determine the geometry of spacetime—is
curved by gravity. so it is perhaps not surprising that gravity is tied to geometry.

The more specific, equivalence-principle argument arises from the following experiment, an experi-
ment that uses the first two assumptions above. Consider the following two situations. In the first, two
identical clocks A and B are placed on the wall of a rocket that accelerates uniformly with acceleration
g. In the second situation, the clocks are at rest, one above the other in the nearly uniform field of the
Earth.

B

A

g

Situation I

A

B

Earth

Situation II

Technically, if each clock in situation I feels a uniform acceleration g, the spatial distance between
them will not remain constant: two particles satisfying (I.66) have a time dependent separation defined
as the length of a connecting line orthogonal to one of their trajectories. But the difference will be of

order
v2

c2
∼ (gτ)2

c2
and will be neglected: In this calculation we will work to O

(v
c

)
.

In situation I, let h be the initial distance between clocks measured orthogonal to their trajectories.
Situation II will then be “equivalent” if h is the distance measured by a meter stick at rest with respect
to the clocks and if each clock feels constant acceleration g. For example, a pair of clocks at rest relative
to the Earth are equivalent to a pair of uniformly accelerating clocks at fixed distance from each other.
We will show that light signals sent a proper time ∆τA apart from A to B are received at a different
interval ∆τB measured on B’s clock. In the “equivalent” situation, where the clocks are at rest on Earth,
the implication is that again ∆τA ̸= ∆τB - that the clocks move at different rates.

Exercise 53. Use the Newtonian trajectories of two uniformly accelerated clocks separated by a distance
h and each at rest at t = 0. Show that photons emitted by clock A at t = 0 and at t = ∆tA reach
B at times differing by ∆tB = ∆tA(1+gh), neglecting terms of order g(∆t)2 and order ∆t(gh)2.
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Here is the same result using the relativistic trajectories and proper time measured by A and B.

B
tD

( )t
B

C( )t
A

C

A
tD

In units with c = 1, the time for light to go from A to B is roughly h. In that time, A and B
gain velocity v of order gh (i.e. v ∼ gh/c), and we assume that this speed v is small: gh ≪ 1 (i.e.
gh/c2 ≪ 1).

The trajectory of clock B is

cαB(τ) =
1

g
[sinh(gτ) tα + cosh(gτ)xα] +

(
h− 1

g

)
xα

= τ tα +

(
h+

1

2
gτ 2
)
xα +O[(gτ)2τ ] (3.1)

1st photon has path λ(tα + xα) hitting cB(τ) at the time τ1 on clock B for which

λ(tα + xα) = cαB(τ1) =⇒ λ = τ1 and λ = h+
1

2
gτ 21 +O[(gτ)2τ ],

τ1 = h+
1

2
gτ 21 +O[(gτ1)

2τ1]

= h+
1

2
gh2 +O[(gh)2h] . (3.2)

2nd photon has path λ(tα + xα) + ∆τA t
α hitting cB(τ) at

τ2 = ∆τA + h+
1

2
gτ 22 +O[(gh)2h], O[(∆τ)2]

= ∆τA + τ1 +
1

2
g(τ 22 − τ 21 )

= ∆τA + τ1 +
1

2
g(τ2 − τ1)(2τ1)

= ∆τA + τ1 + gτ1 (τ2 − τ1) (3.3)

∆τB = τ2 − τ1 = ∆τA + gτ1∆τB

= ∆τA(1 + gh) +O[(gh)2∆τA]. (3.4)

Then, for clocks on Earth, the equivalence principle implies

∆τ(h) =

(
1 +

Φ

c2

)
∆τ(h = 0) , (3.5)
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where Φ = gh is the gravitational potential.

From this result one infers that the metric of spacetime depends on Φ, because the proper time read
on a clock is proportional to

√
gtt. Here is the argument. Assume that the spacetime geometry of the two

clocks and the Earth is time independent. Then there is a scalar t for which the metric components gµν
are independent of t in a coordinate system {t, xi} for which the spatial coordinates of the clocks and
the Earth are independent of t. By saying “there is a metric,” one means, in particular, that the proper
time elapsed on a clock with trajectory c(λ) is τ =

∫ λ | gαβξαξβ |1/2 dλ (and, in general, the spacetime
distance between two events P and Q is the geodesic distance with respect to gαβ).

Consider now two photons sent from clock A at two times a coordinate interval ∆t apart. Because
the geometry is independent of t, the trajectory of the second photon is identical to that of the first
photon, translated in time by ∆t:

xµ2(λ) = xµ1(λ) + δµt ∆t. (3.6)

Therefore signals sent a coordinate time ∆t apart are received at B a coordinate time ∆t apart.
But ∆τA = | gtt(A) |1/2 ∆t, ∆τB = | gtt(B) |1/2 ∆t.

If the equivalence principle is to hold, these two time intervals must be related as they are in the uni-
formly accelerating spacecraft: They must satisfy Eq. (3.5). Thus

| gtt(h) |1/2=
(
1 +

Φ

c2

)
| gtt(0) |1/2 .

Normalizing t to make ∆τ(h = 0) = ∆t gives

gtt = −
(
1 +

2Φ

c2

)
. (3.7)

In the more sophisticated language of the last section, one assumes that the metric has a timelike
Killing vector, tα, and that the Earth and clocks are simply time translated by its family of diffeos.
Then, assuming each photon trajectory is similarly time translated, the parameter intervals ∆t between
transmitted photons are equal to the parameter intervals ∆t between received photons, and (3.5) implies

gαβt
αtβ(h) =

(
1 +

2Φ

c2

)
gαβt

αtβ(0) . (3.8)

The equivalence principle argument has led us to a metric having in the Newtonian limit a component
gtt of the form (3.7),

gtt = −
(
1 +

2Φ

c2

)
,

where Φ is the Newtonian potential
∇2Φ = 4πGρ. (3.9)

Now comes the kind of spectacular coincidence that happens when one is on the right track: If we
suppose that

1

c
∂tgµν ∼

v

c
∂igµν ≪ ∂igµν , i = 1− 3, (3.10)

as befits a field produced by slowly moving sources, then the geodesic equation

uν∇νu
µ = 0 , for uµ = (1, vi) +O(v2),
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is
dvi

dt
+ Γiµνu

µuν = 0

(
dvi

dτ
=
dvi

dt
+O(v2)

)
,

dvi

dt
+

1

2
(−∂igtt + 2∂tgti) = 0

or
dvi

dt
= −∂iΦ, (3.11)

the Newtonian equation of free particle motion! More generally, the relativistic equation of motion

0 = ∇νT
iν = ∂νT

iν + ΓiσνT
σν + ΓνσνT

iσ

has Newtonian limit
∂νT

iν + ΓittT
tt,

using T it, T ij ≪ T tt for nearly Newtonian matter. Then

∂νT
iν = −ρ∂iΦ , (T tt ≃ ρ) (3.12)

so a gtt component of the metric of the form (3.7), −(1 + 2Φ/c2), gives rise to the gravitational force,
in the Newtonian regime.

Consequently, if one assumes that spacetime has a Lorentz metric gαβ , that matter with energy
momentum tensor Tαβ satisfies ∇βT

αβ = 0, and that gαβ is related to Tαβ by an equation whose
Newtonian limit is

gtt = −
(
1 +

2Φ

c2

)
,

with
∇2Φ = 4πGρ, (3.13)

then virtually all relevant experimental knowledge (I-III) will be accounted for.
What remains is to find the relation between gαβ and Tαβ . One way to get it is to say one wants a

scalar Lagrangian whose variation gives equations with no higher than 2nd derivatives of gαβ – because
∇2Φ = ∇2gtt has 2nd derivatives of gαβ . The only scalar that doesn’t involve higher derivatives is R
(really R+ constant, written as R− 2Λ, where Λ is the cosmological constant). We’ll discuss this in VI
– it’s Hilbert’s method. A different approach is as follows (due to Geroch).

From our discussion of the equivalence principle, it is clear that the form of gtt obtained for a uniform
gravitational field is the same gtt that would be quoted by a system of uniformly accelerating observers
(with no gravitational field) – that was how we found the “gravitational” gtt. A real gravitational field,
however, is nonuniform, and only by its nonuniformity can it be recognized. Thus to seek a relation
between gαβ and matter, it is natural to look at the relative acceleration of free particles because it
is that which depends on the fact that ∇Φ is not constant – i.e. relative acceleration is given in the
Newtonian regime by Eq. (2.67),

S̈i = −∇i∇jΦS
j , (3.14)

relating the separation vector S̈i to the tidal forces, the second derivatives of Φ. Because St = 0 and
1

c
∂tΦ ≪ ∂iΦ, this can be written

S̈α = −∇α∇βΦS
β . (3.15)
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In relativity the same experiment is described by the deviation of neighboring geodesics (2.66),

S̈α = Rα
βγδu

βuγSδ (3.16)

so that
Rα

γδβu
γuδ must correspond in the Newtonian approximation to −∇α∇βΦ .

Because Φ satisfies ∇2Φ = 4πGρ, the curvature tensor must satisfy, in the Newtonian approximation,

Rγ
αγβu

αuβ = Rαβu
αuβ = 4πGρ. (3.17)

There is, however some ambiguity in what to choose as the scalar that becomes ρ: From Tαβ and uα one
can construct two scalars

Tαβu
αuβ and − T ≡ −Tαα, (3.18)

each of which has the mass density ρ as its Newtonian limit. Thus one could generalize (3.13) to any
equation of the form

Rαβu
αuβ = 4πG[rTαβ + (1− r)T gαβ]u

αuβ , (3.19)

and in order that it hold for any timelike uα, one has

Rαβ = 4πG[rTαβ + (1− r)T gαβ] (3.20)

or
4πGrTαβ = Rαβ −

r − 1

3r − 4
gαβ R , (3.21)

where (3.20) was contracted to give R = 4πG(4− 3r)T . But (3.21) must be consistent with

∇βT
αβ = 0 .

Recalling that the contracted Bianchi identity is

∇βG
αβ ≡ ∇β(R

αβ − 1

2
gαβR) = 0

one has a unique choice of r which makes these equations consequences of each other, namely r = 2.
Thus we are led to Einstein’s equation

Gαβ ≡ Rαβ − 1

2
gαβR = 8πGTαβ . (3.22)

Gravitational units. Beginning now, units are chosen to make c = G = 1. These are called gravitational
units or geometrized units. With c = 1, length and time have the same dimension; if time is measured
in seconds, length is measured in light-seconds, where 1 light-second = 3 × 1010 cm, the distance
light travels in 1 second. MTW gives distance in cm, and the unit of time is then 1/(3 × 1010) s.
With G = 1, mass, length and time all have the same dimension, which MTW takes to be length
with unit 1 cm. Then the unit of mass is (1 cm)×c2/G = 1.3468 × 1028 g. Here is the MTW table:
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Denoting by M,L, T dimensions of mass, length and time and denoting by [Q] the dimension of a
quantity Q, we have [G] = M−1L3/T 2, [c] = L/T . In units with c = 1, L = T ; in gravitational units
M also has the same dimension: G = 1 implies M = L3/T 2 = L = T .

In particular, the gravitational potential Φ has conventional units of energy/mass because, by its
definition, the gravitational potential energy of a small mass m is mΦ. Then [Φ]conventional = L2/T 2.
With c = 1, length and time have the same dimension, and Φ is dimensionless. To convert back to
conventional units, one must multiply by the factors of G and c that restore the conventional dimension,
so in this case [Φ]conventional = c2[Φ]gravitational. The gravitational potential outside a spherical object of
mass M is Φ = −GM/R in conventional units and Φ = −M/R in gravitational units. In conventional

units, the dimensionless quantity equal to M/R is
GM

Rc2
.

Exercise 54. Converting from conventional to gravitational to units.
Consider a quantity Q with conventional dimension MmLℓT t and hence dimension Lm+ℓ+t in
gravitational units. Show that there is a unique product Gicj for which [Gicj]MmLℓT t = Lm+ℓ+t

and find i and j in terms of m, ℓ and t. (Using M or T as the single dimension for gravita-
tional units, one could similarly find the associated unique powers of G and c that convert from
conventional units to these gravitational units.)
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3.2 Newtonian Regime
The way we arrived at Gαβ = 8πGTαβ does not imply that this differential equation for gαβ will really
lead in the Newtonian regime to a metric with gtt = −(1 + 2Φ). That it does is the final part of the
miracle.
Newtonian limit. In a system for which the Newtonian approximation is valid, there is a frame in which
the system’s constituents move at speeds v slow compared to the speed of light. We define a small
parameter e to be of order v (i.e., e ∼ v/c, in conventional units). If the system’s gravity does not
produce larger speeds, the escape velocity from parts of the system must be of order e, implying the
potential energy mΦ of particles of mass m must be of order mv2, or Φ ∼ e2. In gravitational units, the

potential outside a spherical mass M is Φ =M/r, so
M

r
∼ e2 (i.e. GM/(rc2) ∼ e2).

gravitational units conventional units

v ∼ e≪ 1
v

c
∼ e≪ 1

Φ∼ e2
Φ

c2
∼ e2

ρ ∼ nmmolecule, P ∼ 1
2
nmmoleculev

2 ⇒ P

ρ
∼ e2

P

ρc2
∼ v2

c2
∼ e2

If Q is a quantity that depends on the matter,

∂tQ

∂xQ
∼ e

1
c
∂tQ

∂xQ
∼ 1

c

Q
t
Q
x

∼ v

c
∼ e

The departure of gαβ from ηαβ will be of O(Φ), that is O(e2), so Γ = O(e2) and Γ2 = O(e4).

The dominant contribution to T µν is T tt = ρ. The field equation Rαβ − 1
2
gαβR = 8πTαβ is equivalent

to
Rαβ = 8π(Tαβ − 1

2
gαβT ).

We will see that the Rtt equation is, to lowest order in e, an equation for gtt. First evaluate the
leading contribution to the right side, using

P ∼ ρe2 ⇒ T = ρuαuα(1 +O(e2)) = −ρ (1 +O(e2)).

Rtt = 8π(Ttt −
1

2
gttT )

= 8π(ρ− 1

2
(−1)(−ρ))

= 4πρ. (3.23)

Next evaluate the left side, Rtt = Rit
i
t:

Ritj
t = ∂tΓ

t
ij − ∂iΓ

t
jt +O(Γ2)

= ∂iΓtjt +O(e3) (∂tΓ ∼ v∂xΓ ∼ e3)

= ∂i[
1

2
(∂jgtt + ∂tgjt − ∂tgtj)]

=
1

2
∂i∂jgtt +O(e3). (3.24)
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Thus
Rtt = −1

2
∇2gtt, (3.25)

and the field equation becomes
∇2gtt = −8πρ. (3.26)

Then gtt
r→∞−−−→ −1 implies the final requirement for the theory to agree with special relativity and with

Newtonian gravity in the Newtonian limit,

gtt = −1− 2Φ.

Our derivation implies that, with this gtt, the equation of geodesic deviation has the right Newtonian
form: That was our starting point. But here’s a direct check:

S̈i = Ri
ttj S

j using uµ = δµt +O(e)

=
1

2
∂i∂jgtt S

j from (3.24)

= −∂i∂jΦ Sj. (3.27)

3.3 Pound-Rebka Experiment
A discussion of experimental verification of the theory beyond that discussed here will be deferred to
discussions of precession in Sect. 4.4, of frame dragging in Sect. 5.5, and of gravitational radiation
from binary inspiral in Sect. 6.3. Meanwhile, we can get cheaply the prediction that light traveling in
a time-independent gravitational field has different frequencies as seen by observers “at rest” (moving
along the Killing vector) at different spatial positions. This is essentially equivalent to our calculation
of the time between two photons sent from A to B, with that time interval replaced by the time between
two crests. In the new version, the result will come in the guise of a conservation law– energy conser-
vation – associated with time-translation invariance.

Let tα be the timelike Killing vector. Observers A and B are “at rest” if they move in spacetime
along the timelike Killing vector. Their velocities are then

uαA = Ctα uαB = C ′tα, (3.28)

and uαuα = −1 ⇒ C = (−gαβtαtβ)−1/2. Then

uαA = (−gβγtβtγ)−1/2(A) tα uαB = (−gβγtβtγ)−1/2(B) tα. (3.29)

A light ray sent from A to B has frequency

ωA = −kαuαA seen by A, and
ωB = −kαuαB seen by B.

kα, the photon’s wavevector, satisfies the geodesic equation

kβ∇βk
α = 0.
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Because tα is a Killing vector, it satisfies Eq. (2.104), ∇(αtβ) = 0, and we have

(kβ∇βk
α)tα = kβ∇β(k

αtα)− kβkα∇βtα︸ ︷︷ ︸
0

(3.30)

= kβ∇β(k
αtα) (3.31)

Thus kβ∇β(kαt
α) = 0 and kαtα is conserved along the trajectory. At ∞, tα is the velocity of an inertial

observer (tαtα = −1), so we write
−kαtα = ω∞, (3.32)

the frequency of the photon seen by an observer at ∞. Because kαtα is constant, the frequency seen by
a stationary observer at a point A is, by Eq. (3.29),

ωA = (−tβtβ)−1/2(A)ω∞ = |gtt(A)|−1/2 ω∞. (3.33)

Then
ωA − ωB = ω∞[ |gtt(A)|−1/2 − |gtt(B)|−1/2 ]. (3.34)

Nearly Newtonian: gαβtαtβ = gtt = −1− 2Φ

| gtt |−1/2 (A)− | gtt |−1/2 (B) = ΦB − ΦA =| ΦA | − | ΦB | (3.35)

∆ω

ω
= ∆Φ (3.36)

or
∆ω

ω
= −gh on Earth. Reinstating c, we have

∆ω

ω
= −gh

c2
.

A photon sent from A up to B a height h above A loses energy in climbing up and is redshifted by
|∆ω|/ω = gh. Because a photon’s energy is ℏω, conservation of ℏkαtα is called energy conservation,
with

E := −ℏkαtα = ℏω∞

the conserved energy. Conservation of E gives the energy −ℏkαuα measured by a local observer with
velocity uα.

The redshift was first experimentally measured by Pound and Rebka https://journals.aps.
org/prl/abstract/10.1103/PhysRevLett.3.439[90]. To repeat: The experiment really
tests only the equivalence principle. Two crests sent a proper time ∆τA apart at A are received with

proper time interval ∆τB, where
∆τB −∆τA

∆τ
= gh.

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.3.439
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.3.439


Chapter 4

Spherical Relativistic Stars

4.1 Spherically symmetric spacetimes
A spacetime is spherically symmetric if the rotation group acts on it as a group of smooth maps from M
to itself that preserve the metric: for each rotation R in O3 there is a diffeo ψ(R): M → M that leaves
the metric invariant,

ψ(R)gαβ = gαβ, (4.1)

such that R → ψ(R) is an action of O3:
ψ(id) = id (4.2)

ψ(R1R2) = ψ(R1)ψ(R2), (4.3)

and such that almost every point of M sweeps out a sphere under the action of O3 on R3. This last
requirement eliminates the trivial action ψ(R) =id, all R. Picture a symmetric spacelike surface of M
this way:

The circles represent symmetry spheres of M , orbits of points of M under the action of O3.
One acquires coordinates θ and ϕ on a symmetric sphere S in M this way: Denote by R(ψn) the

rotation of R3 by angle ψ about the axis n. Acting on a symmetry sphere of M , the rotation R(ψk)
leaves two points fixed. One can call one of the fixed points θ = 0 and give coordinates (θ, 0) to the
image of θ = 0 under R(θj), just as one would do if the sphere were in flat space. Finally, the image of
(θ, 0) under R(ϕk) has coordinates (θ, ϕ).

Let t and r be coordinates that label the symmetry spheres - i.e., t and r are scalars constant on each
sphere. Then under a rotation, θ and ϕ change as they would in R3

θ → θ′(θ, ϕ) ϕ→ ϕ′(θ, ϕ) (4.4)

or θ = θ(θ′, ϕ′) ϕ = ϕ(θ′, ϕ′),

148
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but t and r are constant t′ = t, r′ = r.
Thus

gt′t′ =
∂xµ

∂t′
∂xν

∂t′
gµν = δµt δ

ν
t gµν = gtt,

gt′r′ = gtr

gr′r′ = grr. (4.5)

In other words, gtt, gtr and grr are rotational scalars, while gtθ and gtϕ transform as the θ and ϕ com-
ponents of a vector in R3 under rotations, and (grθ, grϕ) are again components of a rotational vector.
Finally, the metric components ∣∣∣∣∣∣∣∣ gθθ gθϕ

gϕθ gθθ

∣∣∣∣∣∣∣∣
transform under rotation as the θθ, θϕ, and ϕϕ components of a symmetric tensor on R3.

Because the only scalars on R3 invariant under rotations are functions independent of θ and ϕ, we
have

gtr = gtr(t, r) gtt = gtt(t, r) grr = grr(t, r). (4.6)

Because the only vector field on R3 independent of rotations is a radial vector field (whose r-component
is independent of θ and ϕ ) only the r-components of gti and gri are nonzero:

gtθ = gtϕ = 0, and grθ = grϕ = 0. (4.7)

Finally any symmetric tensor
∣∣∣∣∣∣∣∣ gθθ gθϕ
gϕθ gϕϕ

∣∣∣∣∣∣∣∣ invariant under rotations is proportional to the metric on

the 2-sphere:

f

∣∣∣∣∣∣∣∣ 1 sin2 θ

∣∣∣∣∣∣∣∣ , (4.8)

where f is independent of θ and ϕ. 1

Thus

||gµν || =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
gtt(t, r) gtr
gtr(t, r) grr

f(t, r)
f(t, r) sin2 θ

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣.

Now pick a new radial coordinate r′ =
√
f . Calling the new radial coordinate r again, we have for

||gµν || the form ∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
gtt gtr
gtr grr

r2

r2 sin2 θ

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

.

1Here’s a proof: Let fab be a symmetric tensor on the 2-sphere. Because it is symmetric, it has two distinct eigenvectors,
where an eigenvector va satisfies fabvb = λvb. (Equivalently, there is an orthonormal frame in which fij is diagonal.) The
two eigenvalues must be the same - otherwise we could distinguish a direction, an eigenvector with smallest eigenvalue,
violating spherical symmetry. But any vector on the sphere is a linear combination of the two eigenvectors, implying
fabv

b = λvb, for all vectors vb. Thus fab = λ 2gab, with 2gab the metric on the 2-sphere.
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(Here gtt, gtr, and grr are the new components that result from transformation to the new radial coordi-
nate.) With this new radial coordinate, 4πr2 is the area of a symmetry sphere.

Next, by a coordinate transformation t→ T (r, t) we can make gTr = 0 (and so gTr = 0). This can
be seen as follows. We seek a function T for which

0 = gTr =
∂T

∂t
gtr +

∂T

∂r
grr.

Equivalently,
ξ · ∇T = 0, where (ξµ) = (gtr, grr, 0, 0).

Let c(λ) be the integral curve of the vector field ξ through a point (t0, r0, θ0, ϕ0). If we set T = constant
along c(λ), then ξ · ∇T = 0 along c(λ). Extend this T = constant curve to the 3-surface of revolution
consisting of the rotated images of c(λ) that pass through the points (t0, r0, θ, ϕ), all values of θ, ϕ. Then
ξ · ∇T = 0 on this surface, implying gTr = 0, as claimed.

Hence, changing the name “T ” back to “t”, ∥gµν∥ can always be cast in the form

||gµν || =

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
gtt

grr
r2

r2 sin2 θ

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

.
We will write gtt ≡ −e2Φ, grr ≡ e2λ, and dΩ2 ≡ dθ2 + sin2 θdϕ2 :

ds2 = −e2Φdt2 + e2λdr2 + r2dΩ2. (4.9)

For a collapsing star, Φ and λ depend on time, but we will be concerned with static equilibria.

Static, spherically symmetric spacetimes

A static spacetime has a timelike Killing vector tα that is orthogonal to a family of spacelike hyper-
surfaces. There is then a natural time coordinate t that can be defined as follows. Let S be one of the
hypersurfaces orthogonal to tα. Set t = 0 on S, and define t elsewhere by tα∇αt = 1. Then t is the pa-
rameter distance from t = 0 along the integral curves of tα. For example, the t = 1 surface is the result
of dragging the t = 0 surface a parameter length 1 along the Killing vector. Any two constant t surfaces
St are identical– they have the same geometry. Because tα is perpendicular to S, it is perpendicular to
St. If we extend t to a chart t, {xi}, then orthogonality is equivalent to the vanishing of the time-space
components of the metric:

gti = 0,

in a chart with gµν independent of t.
Note that a rotating star has a timelike Killing vector tα, but tα is not hypersurface orthogonal.

In particular, natural spacelike hypersurfaces are axisymmetric, with the rotational Killing vector ϕα

tangent to each hypersurface; but tα is not perpendicular to ϕα: gtϕ = tαϕα ̸= 0.
Our next objective is to write and solve the Einstein field equation for a static spacetime with the

metric (4.9). First we need to compute Rµν . We’ll sketch the derivation in a coordinate basis here,
leaving as an exercise the somewhat quicker computation using Cartan calculus of the components
along an orthonormal basis (see Appendix A.3).
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We first find the nonzero components Γµνλ, reading off Γµ’s from the Euler-Lagrange equation

d

ds

(
∂L

∂ẋµ

)
− ∂L

∂xµ
= 0,

with L = 1
2
gαβẋ

αẋβ.
For example, writing Φ′ := ∂rΦ, we have

∂L

∂ṫ
= −e2Φṫ d

ds

∂L

∂ṫ
= −e2Φẗ− 2e2ΦΦ′ṫṙ

∂L

∂t
= 0

ẗ+ 2Φ′ ṫṙ = 0.

Then
Γttr = Φ′. Here are the remaining nonzero Γ’s:

Γrtt = Φ′e2Φ−2λ Γrrr = λ′ Γrθθ = −re−2λ Γrϕϕ = −r sin2 θe−2λ

Γθrθ =
1

r
Γθϕϕ = − sin θ cos θ

Γϕrϕ =
1

r
Γϕθϕ = cot θ. (4.10)

Next, the Ricci tensor components Rµν are computed in terms of the Γ’s using the simplification

Γσµσ =
1

2
gστ∂µgστ = ∂µ log

√
−g, (4.11)

This relation is implied by Exercise 34., but here’s an alternative derivation that starts by showing that
the derivative of the determinant g has the form

∂g

∂gµν
= ggµν . (4.12)

To obtain Eq. (4.12), write the determinant as the sum of the matrix elements gµλ in the µth row times
their minors ∆µλ:

g =
∑
λ

gµλ∆
µλ ( no sum over µ).

Because none of these minors involve gµν , we have

∂g

∂gµν
= ∆µν .

Finally, the inverse of a matrix is given in terms of its minors by

gµν =
∆νµ

g
,

whence, for the symmetric matrix gµν , ∆νµ = ggµν □.
Using Eq. (4.12), we have

∂µ log
√
−g = 1

2
g−1∂µg =

1

2
g−1 ∂g

∂gστ
∂µgστ =

1

2
gστ∂µgστ = Γσµσ.
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From Eq. (2.49),

Rµν = ∂λΓ
λ
µν − ∂µΓ

λ
λν + ΓλµνΓ

σ
λσ − ΓλσνΓ

σ
λµ (4.13a)

= ∂λΓ
λ
µν − ∂µ∂ν log

√
−g + Γλµν∂λ log

√
−g − ΓλσνΓ

σ
λµ. (4.13b)

Exercise: Find Gµν for the static, spherically symmetric metric (4.9); start by computing the Γλµν of
Eq. (4.10) with λ = r, θ, ϕ.
The computation gives

Gt
t = e−2λ

(
1

r2
− 2

r
λ′
)
− 1

r2
(4.14a)

= − 1

r2
d

dr

[
r(1− e−2λ)

]
Gr

r = e−2λ

(
1

r2
+

2

r
Φ′
)
− 1

r2
(4.14b)

Gθ
θ = Gϕ

ϕ = e−2λ

[
Φ′′ + (Φ′)2 +

1

r
(Φ′ − λ′)− Φ′λ′

]
. (4.14c)

All other Gµν’s except Gtr vanish (by the argument showing that off-diagonal gµν’s are zero). For a
static spacetime, symmetry under time reversal implies Gtr = 0:
For the coordinate transformation t′ = −t,

Gt′r(t
′, r, θ, ϕ) =

∂t

∂t′
Gtr(t, r, θ, ϕ) = −Gtr(t, r, θ, ϕ)

Independent of t =⇒ Gt′r(r, θ, ϕ) = −Gtr(r, θ, ϕ).

Invariant under the transformation =⇒

Gt′r(r, θ, ϕ) = Gtr(r, θ, ϕ) =⇒ Gtr = 0.

For a time-dependent, spherically symmetric spacetime, one can choose coordinates t and r to make
Gtr = 0.

4.1.1 Schwarzschild solution
The Schwarzschild solution is the geometry outside a spherically symmetric star and the geometry of a
black hole: It is the geometry of any asymptotically flat spherically symmetric vacuum spacetime.

In a vacuum, the field equations are
Gµ

ν = 0.

The Gt
t-equation (4.14b),

Gt
t = − 1

r2
d

dr
[r(1− e−2λ)] = 0,

has the first integral
r(1− e−2λ) = 2M, for some constant M, (4.15)

implying

e2λ =

(
1− 2M

r

)−1

. (4.16)
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From the combination,

Gr
r −Gt

t =
2

r
e−2λ(Φ′ + λ′) = 0, (4.17)

we have
Φ′ = −λ′ (4.18)

or

Φ = −λ+ k e2Φ = k

(
1− 2M

r

)
.

Reparametrizing the time by writing t̃ = 1√
k
t, and changing the name of t̃ back to t, gives

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2, (4.19)

the exterior Schwarzschild metric. The geometry is asymptotically flat: For large r, the metric is the
Minkowski metric:

ds2 = −dt2 + dr2 + r2dΩ2. (4.20)

For r = 2M the components gµν are singular, so the form (4.19) provides a metric for a spacetime with
a hole in it: ∞ > r > 2M, −∞ < t < ∞. When we discuss black holes, we’ll see that this is a
coordinate singularity, like the poles in spherical coordinates. Changing to coordinates that are smooth
at r = 2M reveals what you know: The surface r = 2M is an event horizon. For large r, the metric
(4.19) takes the post-Newtonian form

ds2 = −
(
1− 2M

r

)
dt2 +

(
1 +

2M

r

)
dr2 + r2dΩ2. (4.21)

For nearly Newtonian stars, gtt determines the effect of the gravitational field on matter, and −M
r

is the
Newtonian potential Φ. Because the trajectories of particles at large r are those of Newtonian particles
about a mass M , one calls M the mass of the spacetime.

The Bianchi identity 2.59 implies that the remaining equations, Gθ
θ = 0, Gϕ

ϕ = 0, are automati-
cally satisfied once Gt

t = 0 and Gr
r = 0 (not in general, just in this spherically symmetric case).

There is a different choice r of radial coordinate for which the exterior Schwarzschild metric has the
form

ds2 = −
(
1− M

2r

)2(
1 + M

2r

)2dt2 + (1 + M

2r

)4

(dr2 + r2dΩ2). (4.22)

The coordinates t, ,θ, ϕ (with t, θ, ϕ unchanged) are called isotropic coordinates. The next problem asks
you to find the coordinate transformation that gives this form. A metric of the form gab = F 2 fab, with
fab flat and F ̸= 0 is said to be conformally flat, and F 2 is called the conformal factor. That the spatial
part of the Schwarzschild metric can be written in isotropic form means that it is conformally flat, here

with conformal factor
(
1 +

M

2r

)4

.
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Exercise 55. (This is problem 1 of Wald, Chapter 6).

a. Show that any spherically symmetric Riemannian 3-metric can be written in the form

ds2 = [F (r̄)]2(dr̄2 + r̄2dΩ2).

From our earlier discussion, we already know that a metric of this kind can be written as the
spatial part of (4.9), namely ds2 = e2λdr2 + r2dΩ2. So the problem is to find functions r̄(r)
and F (r) for which [F (r̄)]2(dr̄2 + r̄2dΩ2) = e2λ(r)dr2 + r2dΩ2.

b. Specialize to the exterior Schwarzschild solution to recover Eq. (4.22) with r ≡ r̄.

Stellar Interior
Equilibrium configurations of stars are accurately modeled as perfect fluids. For static, spherical

stars, ρ and P depend only on r, while the velocity uα is along the Killing vector tα :

uα = ktα.

But tαtα = gtt = −e+2Φ, so uαuα = −1 implies

uα = e−Φtα.

Then, from Eq. (1.163),
Tαβ = ρuαuβ + Pqαβ,

we have
T tt = −ρ T rr = P.

The field equation components are
Gt

t = 8πT tt:

1

r2
d

dr
[r(1− e−2λ)] = 8πρ

r(1− e−2λ) = 2

∫ r

0

4πρr2dr =: 2m(r) (4.23)

e2λ =

(
1− 2m(r)

r

)−1

. (4.24)

Here m(r) is a kind of mass within a radius r. For r ≥ R, m(r) =M , the mass measured at infinity.
Gr

r = 8πT rr :

e−2λ

(
2Φ′

r
+

1

r2

)
− 1

r2
= 8πP

(1− 2m

r
)(
2Φ′

r
+

1

r2
) = 8πP +

1

r2
=

8πPr2 + 1

r2

2Φ′

r
+

1

r2
=

8πPr2 + 1

r(r − 2m)

2Φ′ =
8πPr2 + 1

r − 2m
− 1

r
=

8πPr3 + 2m

r(r − 2m)

Φ′ =
m+ 4πPr3

r(r − 2m)
(4.25)
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Note that the Newtonian limit (P ≪ ρ, r ≪ m) of (4.25) is

Φ′ =
m

r2
,

so that Φ is again the Newtonian potential.
The remaining field equation components, Gθ

θ = 8πT θθ, G
ϕ
ϕ = 8πT ϕϕ, are identical to one

another and are implied by (4.24), (4.25) and the equation of hydrostatic equilibrium qαγ∇βT
γβ , which

we now obtain: Recall that qαγ∇βT
γβ = 0 has the form

uβ∇βuα = − 1

ρ+ P
qβα∇βP. (4.26)

On the RHS, qβα∇βP = (δα
β + uαu

β)∇βP . The second term vanishes because ∂tP = 0. Then

qα
β∇βP = ∇αP.

Next, we have

uβ∇β uα = e−Φtβ∇β(e
−Φtα)

= e−2Φtβ∇βtα (using tβ∇βΦ = 0)

= −e−2Φtβ∇αtβ (∇αtβ +∇βtα = 0 − Killing vector eq.)

= −1

2
e−2Φ∇α(t

βtβ)

=
1

2
e−2Φ∇α(e

2Φ)

= ∇αΦ

∇αΦ = − 1

ρ+ P
∇αP

or
Φ′ = − 1

ρ+ P
P ′ . (4.27)

Eqs. (4.25) and (4.27) imply the equation of hydrostatic equilibrium - the TOV (Tolman-Oppenheimer-
Volkoff) equation:

P ′ = −(ρ+ P )
m+ 4πr3P

r(r − 2m)
. (4.28)

A spherical relativistic star is a solution to equations (4.24), (4.25), and (4.28) together with an
equation of state; the numerical models that have been constructed usually involve an equation of state
of the simplest form

P = P (ρ), (4.29)

accurate for neutron stars . A general equation of state has the form P = P (ρ, s, z1, . . . , zn), with s the
entropy per baryon and zi the concentration of the ith particle species. Neutron stars and white dwarfs
are cold enough (KT ≪ Fermi energy) that they are nearly isentropic (s = constant), and their nuclear
reactions have proceeded to completion, so each zi is itself a function of ρ. That’s why P = P (ρ) is a
good approximation. At absolute zero of course, s is constant.

One obtains a star by integrating Eqs. (4.28) and (4.29) together with the defining equation 4.24 for
m. That is, one integrates the system

m(r) =

∫ r

0

ρ 4πr2dr,
dP

dr
= −(ρ+ P )

m+ 4πr3P

r(r − 2m)
, P = P (ρ) . (4.30)
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One begins with a central density ρc and integrates up to the radius R at which P drops to zero (P is a
decreasing function of r). This is the boundary of the star. The metric inside the star is then given by

e2λ =

(
1− 2m

r

)−1

, (4.31)

Φ = Φ(R) +

∫ R

r

m+ 4πPr3

r(r − 2m)
, (4.32)

and outside by

e2Φ = e−2λ =

(
1− 2M

r

)
. (4.33)

To restore G and c to these equations, one can multiply by the (unique) factors of G and c that
allow each quantity to have the desired conventional units. For example, in Eq. (4.31), both sides are
dimensionless, and the unique factor built from G and c that makes m/r dimensionless is G/c2. That

is,
G

c2
m

r
is dimensionless, so the right side of (4.31) becomes

(
1− 2Gm

c2r

)−1

.

The Newtonian limit of the structure equations (4.28) of a spherical star are of course the Newtonian
equations

m =

∫ r

0

ρ4πr2dr,
dP

dr
= −Gmρ

r2
, P = P (ρ) . (4.34)

The Newtonian potential Φ satisfies

∇2Φ = 4πρ, lim
r→∞

Φ = 0. (4.35)

Gauss’s law then implies Φ′ = m/r2, for a spherical star.
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4.1.2 Stellar models
The simplest stellar model is a uniform-density Newtonian star.

Exercise 56. Find the solutions P (r) and Φ(r) to the Newtonian equations governing hydrostatic equi-
librium for a uniform-density star, (4.34) and Φ′ = m/r2, and show that they can be written in the
form (4.36) below.

A star of radius R and constant density ρ has m(r), P (r) and Φ(r) given by

m(r) =
4

3
πr3ρ =M

r3

R3
, (4.36a)

P (r) = Pc

(
1− r2

R2

)
, where Pc =

ρM

R
, (4.36b)

Φ(r) =
1

2

m

r
− 3

2

M

R
. (4.36c)

Here Pc is the pressure at the center of the star. Outside the star,

Φ = −M
r
. (4.37)

Inside the star, Φ′ has the simple form
m

r2
given by Gauss’s law, and a common error is to think

of Gauss’s theorem as meaning Φ itself is given by −m
r

. But Φ involves the integral
∫ ∞

r

Φ′dr.

Inside a uniform density spherical shell, for example, Φ is constant, like the electric potential
inside a charged spherical shell.

Exercise 57. Relativistic uniform-density star. Find the pressure P inside and the metric potentials Φ
and λ inside a relativistic star with uniform energy density ρ. Use Eq. (4.23) to find m(r), the
TOV equation (4.28) to find P (r), and Eq. (4.27) to find Φ. Then show that they can be written in
the form (4.38) below.

We have already found the solution 4.33 outside the star. Inside the star, it is given by

m(r) =
4

3
πr3ρ, (4.38a)

P (r) = ρ

√
1− 2m/r −

√
1− 2M/R

3
√

1− 2M/R−
√

1− 2m/r
, (4.38b)

eΦ(r) =
3

2

√
1− 2M/R− 1

2

√
1− 2m/r, (4.38c)

eλ(r) =
1√

1− 2m/r
. (4.38d)

If you get stuck, a hint is given after Exercise 60.

Exercise 58. Write the TOV equation (4.28) and the solution 4.38 for a relativistic star in conventional
units, restoring G and c to the expressions.
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Exercise 59. Show that the Newtonian limit of the relativistic solution is the Newtonian solution for P
and Φ. Either use the form in gravitational units, noting that m/r ≲ 1,M/R ≲ 1, and discarding
terms of quadratic order in these quantities; or use the form with G and c restored, discarding
terms with c2 in the denominator. If you use conventional units, what is the small dimensionless
quantity whose quadratic and higher orders you are discarding.

Exercise 60. The smallest possible value of
2M

R
at the surface of a static (spherical) star is attained

when the star is perfectly incompressible – when it is one of the uniform density models. (This is
Buchdahl’s Theorem[22], with details given in Sect. 4.3 below.

a. Show for this sequence of stars that the central density becomes infinite when
2M

R
=

8

9
.

b. Deduce from (a) the maximum redshift z,

1 + z :=
λ∞
λstar

=
ωstar

ω∞
,

from the surface of a spherical star. (Recall the redshift relation (3.33).)

Hint for Exercise 57.: From the TOV equation, show
dP

dr
=

4

3
π
(ρ+ P )(ρ+ 3P )

1− 8
3
πρr2

, divide by (ρ+ P )(ρ+ 3P ),

and integrate from P to 0 on the left side, and r to R on the right to obtain P (r). Then show
Φ′ = [ln(ρ + P )]′ and integrate to find Φ(r), using the value of Φ(R) from the form (4.37) of Φ
outside the star.

4.2 White dwarfs and neutron stars

4.2.1 Estimates
At the endpoint of stellar evolution, when nuclear reactions cease, stars with mass less than about 10
M⊙ die as white dwarfs. 2 In white dwarfs the major pressure supporting the star arises from the Fermi
degeneracy pressure – the Pauli exclusion principle requiring the fermions to have nonzero momentum.
Here is first an intuitive, then a more careful discussion of the inability of a degenerate Fermi gas to
support more than about 1.4 M⊙ against its own gravity. (It starts with rocks for practice.)
Rocks

Intuitive: For small cold masses (rocks), gravity is unimportant and the Fermi pressure balances the
electrostatic attraction of electrons to nuclei: We use this as follows to obtain a rough estimate of the
ground-state size of atoms and hence of the density of rock. Let n be the number of electrons per unit

volume, me the mass of an electron. Pauli exclusion restricts each fermion to its own volume v =
1

n
and the uncertainty principle then implies a momentum,

p ∼ ℏ
v1/3

= ℏn1/3, (4.39)

and a corresponding pressure (momentum crossing unit area/unit time)

P ∼ pvn. (4.40)
2The critical mass of the main-sequence progenitor star, above which it ends its life in a core-collapse supernova, depends

on the initial metallicity of the star – the fraction of elements heavier than helium (see, e.g., Ibeling and Heger 2023).

https://arxiv.org/pdf/1301.5783.pdf
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For the nonrelativistic electrons of rock, v = p/me and the pressure is

P ∼ p2

me

n ∼ ℏ2n5/3

me

. (4.41)

This must balance the electrostatic energy density:

e2

v1/3
n = e2n4/3, (4.42)

or
ℏ2n5/3

me

∼ e2n4/3.

The corresponding number density of electrons is then

n ∼ m3
ee

6

ℏ6

With mn the mass of a nucleon, we have

ρ ∼ mnn ∼ e6m3
emn

ℏ6
∼ 10 g/cm3 . (4.43)

Gravity is dominant in objects massive enough that the gravitational binding energy density is greater
than the electrostatic energy density. Writing M ∼ ρR3, the gravitational energy density is

GM

R
ρ ∼ Gρ4/3M2/3.

Substituting ρ = mnn in this expression, and equating it to the RHS of Eq. (4.42) for the electrostatic
energy density, we have

e2n4/3 ∼ n4/3m4/3
n GM2/3,

when the electrostatic and gravitational energy densities are equal. Solving this equation for M , we find
the mass

M ∼ e3

G3/2m2
n

∼ 2× 1030g ∼MJupiter. (4.44)

The critical size above which an asteroid or moon must be spherical is much smaller than this,
because the molecular bonds that keep rock rigid have much lower energy than the binding energy
(ionization energy) of their atoms. The next problem estimates that critical size, using the melting
energy of quartz. This is an upper limit, ignoring weakness from, for example, grain boundaries and
faults.

Exercise 61. The maximum height of mountains can be estimated by requiring that the energy needed
to melt the rock in a layer of thickness h below the mountain is equal to the gravitational energy
lost when the mountain sinks by the distance h.

a. Using an energy of about 0.1 eV/molecule to melt quartz, estimate the maximum height of
a mountain on the Earth and on Mars.

b. Asteroids and rocky moons with large enough radius are spherical (if nonrotating). Estimate
the radius above which a rocky moon is spherical (i.e., with bumps smaller than the moon’s
radius).
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4.2.2 White Dwarfs
The cores of objects of mass greater than MJupiter are compressed beyond planetary densities and for
masses > 50MJupiter balls of hydrogen begin nuclear reactions and are – by definition – stars. As noted
above, a white dwarf is the final state of a star whose initial mass is less than about 10M⊙. By the end of
its evolution, the star has ejected its outer envelope of hydrogen, and the core that remains contracts and
eventually cools to a dead ball of He, C and O, most commonly dominated by a C-O interior. (Although
most stars have masses too small to burn He to C and O, the evolution time of stars with masses below
about 0.8 M⊙ is longer than the age of the universe; and He will fuse in cores of stars with initial masses
above about 0.5 M⊙.) The most massive stars that end as white dwarfs include heavier elements: Ne
and Mg.

Structure: Mass-Radius Relation

Because its nuclear reactions have turned off, a dead star is held apart by its degeneracy pressure. The
size of such a star turns out to decrease as its mass increases: adding baryons increases the gravitational
attraction enough that more baryons are packed in a smaller total volume. This relation between mass
and radius can be found from our equations of hydrostatic equilibrium and the equation of state of a
degenerate gas. Here we’ll again obtain an estimate based on the averaged form of the equation of
hydrostatic equilibrium with dP/dr approximated by −P/R and m(r) by ρr3, with M the total mass.

Then the Newtonian equation of hydrostatic equilibrium,
dP

dr
= − Gm(r)ρ

r2
, is roughly approximated

by
P

R
∼ GMρ

R2
(4.45)

Similarly dropping numerical factors, we have ρ ∼ M

R3
, giving

P ∼ GM2

R4
. (4.46)

Using the degeneracy pressure P ≈ ℏ2

me

n5/3 of (4.41) and

ρ = mpn ∼ M

R3
⇒ n ∼ M

mpR3

gives

GM2

R4
∼ P ∼ ℏ2

me

(
M

mpR3

)5/3

∼ ℏ2

me

M5/3

m
5/3
p R5

R ∼ ℏ2

Gmem
5/3
p

· 1

M1/3
. (4.47)

With the right numerical factors for a Helium dwarf,

R = 1.4
ℏ2

Gmem
5/3
p

M−1/3
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or,
R

R⊙
= 0.014

(
M⊙

M

)1/3

.

(When M = M⊙, we have R = .014R⊙). So we obtain the relation R ∝ M−1/3, valid when the star is
dense and cold enough for degeneracy and not so massive that it collapses.

Upper mass limit

The speed limit set by causality– the speed of light– also sets an upper limit on the mass of white dwarfs,
on the dead iron cores of massive stars, and on the mass of neutron stars (this one takes more work).

The star has to go on radiating and radiating and contracting and contracting until,
I suppose, it gets down to a few km. radius, when gravity becomes strong enough to
hold in the radiation, and the star can at last find peace. Dr. Chandrasekhar had got
this result before, but he has rubbed it in in his latest paper; and, when discussing it
with him, I felt driven to the conclusion that this was almost a reductio ad absurdum
of the relativistic degeneracy formula. A. S. Eddington (1935), published version of
comments that followed a talk by Chandra on the upper mass limit. [30]

Notice that Chandrasekhar and Eddington recognized the possibility of collapse to a black hole
resulting from the upper limit on a mass supported by degeneracy pressure, but they failed to make
the connection between collapse and supernovae. Baade and Zwicky[11] had proposed in the previous
year that a supernova was the result of collapse to a neutron star, but didn’t relate collapse to the upper
mass limit. The connection between the limiting mass of a degenerate stellar core (or a white dwarf)
and the collapse to a neutron star did not appear in print until 1939 articles by Gamow[53] and by
Chandrasekhar[28].

Initially the gas will be nonrelativistic, but as the mass increases and the radius decreases, the den-
sity rises quadratically in M : Writing hydrostatic equilibrium in the form (4.46) with R replaced by(
M

ρ

)1/3

=

(
M

mnn

)1/3

gives

P ∼ GM2/3(mnn)
4/3, (4.48)

implying

M ∼ ℏ3

G3/2

n1/2

m2
nm

3/2
e

(nonrelativistic). (4.49)

As the density rises, the Fermi momentum becomes relativistic when p = ℏn1/3 is of ordermec. Because
v is limited by c, it no longer grows as n1/3, and that limit on v means the pressure is given by

P ∼ pvn < ℏn1/3cn (v ∼ c now, or)

P < ℏcn4/3.

With P growing no faster than n4/3 instead of its nonrelativistic n5/3 behavior, hydrostatic equilibrium
in the form (4.48) now implies

GM2/3m4/3
n n4/3 ∼ P < ℏcn4/3 ;

the n4/3 cancels (!) and one finds a maximum mass

M ≲

(
ℏc
G

)3/2
1

m2
n

= 1.8M⊙ (3.7× 1033g). (4.50)
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For typical dwarfs (e.g., helium or helium-carbon dwarfs) the actual calculation gives

Mmax = 0.76

(
ℏc
G

)3/2
1

m2
n

= 1.4M⊙. (4.51)

This is the Chandrasekhar limit – matter supported by the pressure of degenerate electrons and with
masses greater than this must collapse.

To summarize: As long as the gas is nonrelativistic, P ∝ n5/3, and as a star contracts, its pressure
therefore rises faster than its gravitational energy density GMρ

R
, which is proportional to n4/3. There will

then always be a density, n, high enough that the pressure gradient, P
R

, balances the gravitational force,
GMρ
R2 . At that density the star will cease to contract. If, however, the gas becomes relativistic before

equilibrium is reached, then the pressure will be bounded by kn4/3 because v is bounded by c; and it
will never catch up to gravity if the coefficient of n4/3 in the pressure is smaller than the coefficient of
n4/3 in the gravitational energy density – if

M >

(
ℏc
G

)3/2
1

m2
n

.

Some additional history: In 1931 shortly before Chadwick’s discovery of the neutron and shortly
after the first paper by Chandrasekhar [27] (following approximate computations by Anderson [4] and
Stoner [116]) on an upper mass limit of white dwarfs, Landau [71] submitted a paper that independently
argued that there was an upper limit on the mass of a collection of degenerate fermions and speculated
on the existence of stars with cores of nuclear density now called Thorne-Żytkow objects [124]. Léon
Rosenfeld [97] gives a widely repeated but false description: “when the news on the neutron’s discovery
reached Copenhagen, we had a lively discussion on the same evening about the prospects opened by
this discovery. In the course of it Landau improvised the conception of neutron stars – “unheimliche
Sterne,” weird stars, which would be invisible and unknown to us unless by colliding with visible stars
they would originate explosions, which might be supernovae.” A careful historical study by Yakovlev
et al. [134], however, finds that Landau was in Copenhagen in 1931 before Chadwick’s experiments –
and just after Landau had submitted his paper on nuclear-density cores.

Exercise 62. Estimate the radius of a neutron star, assuming the degeneracy pressure of free nonrela-
tivistic neutrons supplies the pressure that supports it.

Exercise 63. Suppose that a species of neutrino has mass mν = 10 eV.

a. Find the upper mass limit on a degenerate neutrino star.

b. Consider a neutrino star with mass of 1/10 this upper limit. Estimate the radius of the star,
as in the previous problem for for neutron stars.

c. Use this radius to estimate the temperature above which the neutrinos in the neutrino star in
part (b) would cease being degenerate.

4.2.3 Neutron Stars
A very short introduction is given here. Standard references are Shapiro-Teukolsky[105] and Camenzind[24].

The only stars in whose structure general relativity plays a major role are neutron stars. The first
observations were made in two ways: First, in 1962, a team led by Giacconi, using an Aerobee rocket
with an X-ray detector, found the first X-ray source outside the Solar System, Sco X-1 (the label means
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the brightest X-ray source in the direction of the constellation Scorpius). Shklovsky [109] suggested
that Sco X-1 might be a neutron star and that synchrotron radiation from relativistic electrons might
power the Crab nebula [108]). The “binary hypothesis” emerged from a discussion at the Noordwijk
Symposium in August 1966 that included G. and M. Burbidge, Ginzburg, Shklovsky, Savedoff, Woltjer,
Prendergast, and Herbig. After Rossi presented observations suggesting that Sco X-1 was a binary, Bur-
bidge writes, “several of us then realized that . . . the very powerful x-ray source might naturally arise
through mass exchange between the secondary and primary . . . ” Articles with accretion from a com-
panion to a neutron star, beginning with Shklovsky[110], quickly followed. Here’s what is happening:
Old neutron stars in binary systems can accrete mass from their companion after the companion evolves
off the main sequence to become a red giant. (The star vastly expands because of greatly increased
energy from a contracting core that gets hotter as it contracts and from the reactions in a shell around
the core. The reaction rate is much faster than for the main-sequence star because the core is hotter.)
Matter falling onto the neutron star is moving fast enough to emit X-rays.

The second observation came within two years of Shklovsky’s first paper. In 1967, Jocelyn Bell,
using as a radio telescope a field of wires designed by her advisor, Anthony Hewish, discovered[65]
pulsing light signals (radio frequency) arriving ∼ every second, with fantastic regularity .
The first one seen had period P = 1.3373011 s, another P = .253065s. The regularity

1

P

dP

dτ
≈ 1

2000 years

is much to great to be an oscillating star.
A rotating star would fly apart unless its density were great enough that

(rotational kinetic energy) < 1
2

(gravitational binding energy).
A rough estimate is enough to rule out rotating white dwarfs:

1

2
IΩ2 <

1

2
binding energy

MR2Ω2 <
M2

R
(ignoring numerical factors)

Ω2 < ρ (Ω2 < Gρ)

Ω = 60π s−1 =⇒ ρ > 1011g/cm3

Because ρdwarf < 108g/cm3, only neutron stars are dense enough.
Nuclear density is

ρ = mpn = 2.8× 1014g cm−3, (4.52)

corresponding to a separation between nucleons of about ℓ = 1.8 × 10−13cm. The average density of
neutron stars is a few times greater than this, and their corresponding maximum spin is larger than 1000
Hz. As of 2023 the spin rate of the fastest observed pulsar is 716 Hz.

Additional strong evidence that pulsars are neutron stars was not long in coming. Just before the
pulsar discovery, Pacini [84] proposed the magnetic field of a rotating neutron star as the energy source
of the Crab and other supernova remnants; and, of course, searches for pulsars in the Crab and some
of the other remnants were successful. The pulses can be reasonably ascribed to synchrotron radiation
from particles spiraling in the magnetic field near the poles, with a contribution from radiation produced
by a spinning magnetic field. The beam sweeps past you each rotation, and often one observes double
pulses, as one would expect for a beam from each pole, if they are not close to the spin axis.

Pulsars spin down slowly; Ṗ /P ∼ 1
2000 yrs for Crab, and the

loss of rotational energy = observed luminosity of the Crab nebula,

https://articles.adsabs.harvard.edu/pdf/1967ApJ...148L...1S
https://articles.adsabs.harvard.edu/full/1967ApJ...148L...1S
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if one assumes that the Crab pulsar is a rotating neutron star, with

dE/dt ∼MR2ωω̇.

This check, due to Tommy Gold[57]), together with the pulsar’s location in a supernova remnant was
the most compelling evidence that pulsars are neutron stars.

Exercise 64. Do Gold’s calculation: Estimate the moment of inertia of a neutron star and the rotational
energy of the Crab pulsar. Data:ATNF Catalogue: P = 33 ms, Ṗ = 4.2×10−13 Hz/s. You should
roughly find the observed luminosity of the Crab Nebula, namelyL ∼ 75, 000L⊙ = 3× 1038 erg/sWikipedia.

Here’s a check that the gravitational field of a neutron star is strong enough to accelerate infalling
electrons to X-ray energies, about me/100.

meM

R
> me/100 ⇒ M

R
> 1/100.

(
M

R

)
neutron star

≈ 1.4M⊙/10 km =
1.4× 1.5 km

12 km
= 0.18,

whereas (
M

R

)
dwarf

∼ M⊙

104km
∼ 10−4.

So matter in an accretion disk around a neutron star can emit an intense beam of X-rays from radii up to
more than 10 times the radius of the star, while the X-ray intensity from accreting white dwarfs is low.

Energy of a supernova
As mentioned above, Baade and Zwicky, armed with Landau’s suggestion and with the observations

of the previous ten years showing that observed supernova occurred in other galaxies, wrote in 1934
“With all reserve we advance the view that a super-nova represents the transition of an ordinary star
into a neutron star, consisting mainly of neutrons.” Their suggestion was due in part to the following
computation of the energy that would be produced in such a collapse, although they were unaware
that Chandrasekhar’s upper limit on white dwarfs would imply that a collapse of this kind was in fact
possible.

Supernovae are explosions that can outshine the entire galaxy in which they occur, with brightness
as great as 1043 erg/s (> 109L⊙) and total energy emitted as large as 1053 erg. (Energy in light is
1051 − 1052 erg, in neutrinos about 1053 erg). If one could convert the entire mass of the Sun to light,
the energy emitted would be M⊙c

2 = (2× 1033g)(3× 1010cm s−1)2 = 2× 1054 erg, so the total energy
emitted by a supernova is nearly 1

10
M⊙c

2.
The implicit calculation underlying the Baade-Zwicky paper is simple: What is the gravitational

energy released in the collapse of a star of mass M⊙ to the size of a neutron star, 10 km?

∆E = Einitial − Efinal = −
GM2

⊙

Rinitial

−
(
−
GM2

⊙

10 km

)
(4.53)

=
GM2

⊙

10 km
. (4.54)

The first term is negligible compared to the second here, because the initial radius Rinitial, is 1000 times
the final 10 km radius for stellar core (at white dwarf size) or a white dwarf collapsing to a neutron star.

https://www.atnf.csiro.au/people/pulsar/psrcat/
https://en.wikipedia.org/wiki/Crab_Nebula
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Let’s write ∆E as a fraction of M⊙c
2:

∆E =
GM⊙

10 km c2
M⊙c

2 (4.55)

GM⊙

10 km c2
=

(6.7× 10−8g−1cm3s−2)(2× 1033g)

(106cm)(3× 1010cm s−1)2
= 0.1 =⇒ (4.56)

∆E =
1

10
M⊙c

2. (4.57)

Thus the collapse of an ordinary star (really a white-dwarf-like stellar core of iron) to a neutron star
produces total energy equal to that observed in supernovae (most of the energy carried off by neutrinos).

Iron cores collapse to neutron stars instead of simply fusing to make heavier elements because iron
is the stablest element - the element with the greatest binding energy per nucleon. White dwarfs, on
the other hand, are the endpoints of evolution of stars too light to have formed iron. If they accrete
enough matter from a companion to reach their upper mass limit (or if two degenerate stellar cores of
elements lighter than iron merge) their initial collapse can lead to explosive nucleosynthesis, carbon
fusion, well before neutron-star density is reached. As a result, much less energy is emitted: The total
energy is about 1051 erg. Instead of collapsing to a neutron star, the star blows itself apart, and the
event is identified with a type Ia supernova. Heavier C-O and O-Ne-Mg dwarfs, however, may again
collapse to neutron stars (see, e.g., Nomoto and Kondo 1991 and citations to this paper for studies of
initial conditions leading to accretion-induced collapse).

Maximum mass
The upper limit on the mass of neutron stars depends on an equation of state that is imperfectly

understood. By ignoring nuclear interactions and treating the neutrons in a neutron star as gas of free
fermions, Oppenheimer and Volkoff, in 1939, found an upper limit of 0.7M⊙ on the mass of a neutron
star. Remarkably, they also considered the possibility of repulsive interactions at high density, but they
restricted a stiffer EOS to ρ > 1015 g/cm3 and thereby enforced an unrealistically low maximum mass
of order M⊙, below the Chandrasekhar limit on white dwarfs.

It is easy to show (Hartle and Sabbadini[61]) that for any equation of state there is a maximum mass
for a spherical star of average density ≥ nuclear density, ρn = 2.7 × 1014g/cm3. Here is the quick
calculation:

With no horizon, R < 2M . Using Eq. (4.30) for m(r), we have

ρ > ρn =⇒ M >

∫ R

0

ρn4πr
2dr >

4

3
πr3ρn >

4

3
πρn(2M)3

=⇒ M <

(
3

32πρn

)1/2

≈ 8M⊙.

Matching to a known equation of state below a density ρmatch and imposing causality in the form
(speed of sound) < c, Rhoades and Ruffini and, in the form given here, Hartle and Chitre find

M < 4.1

(
ρn

ρmatch

)1/2

. (4.58)

Candidate equations of state have maximum masses below 3 M⊙.
The four largest accurately measured neutron star masses have values near and slightly above 2.0M⊙.3

The first observed inspiral and merger of a binary neutron star system, GW1701817 ended in a collapse
3The stars, J1614-2230[42], J0348+0432[5], J0740+6620[38], and J09520607[96] have, respectively, measured masses

1.97± 0.04M⊙, 2.01± 0.04, 2.14± 0.1M⊙, and 2.35± 0.17M⊙ .

https://articles.adsabs.harvard.edu/pdf/1991ApJ...367L..19N
https://journals.aps.org/pr/abstract/10.1103/PhysRev.55.374
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to a black hole of matter with mass not larger than about 2.7 M⊙. Because the matter was hot and
supported by differential rotation, the corresponding upper mass limit on cold nonrotating neutron stars
is significantly smaller than this, with several authors giving estimates below 2.3M⊙.[78, 92, 106, 98, 2,
79].

4.3 Buchdahl’s theorem
The upper mass limit on neutron stars is larger than that of white dwarfs because of repulsive nuclear
interactions when nucleons are compressed above nuclear density. The equation of state that gives the
most massive star with density above nuclear density is that of a completely incompressible star, with
ρ = constant, and Exercise 67. asks you to find Mmax for that configuration. The incompressible model
is also maximally compact: Compactness is defined as the ratio M/R, and for this model, you show
in this exercise that incompressible models can have M/R as large as 4/9 and find the corresponding
maximum redshift.

Buchdahl’s theorem[22] states that any other equation of state gives a less compact star. Note that
The speed of sound in a fluid is vsound =

√
dP/dρ (true in both a Newtonian context and still true in

relativity, with ρ the energy density). For ρ = constant, dρ/dP = 0, implying an infinite speed of sound,
so the equation of state is unphysically stiff. Causality, vsound < 1, is enough force R to be at least twice
as large as the Buchdahl limit for the same mass, giving a limiting compactness about twice the value
from Buchdahl’s theorem.

Proof of the theorem. The proof relies on the fact that the density ρ of a spherical star is maximum at the
center, decreasing outward. This implies that the average density inside a radius r decreases outward,

with minimum value at r = R. Because m(r) =
∫
dr4πr2ρ, the average density is

m(r)
4
3
πr3

, implying

m(r)

r3
≥ M

R3
> 0. (4.59)

We use the Gθ
θ and Gr

r equations, (4.14c) and (4.14b). Because each have source 8πP ,

e2λGθ
θ = e2λGr

r =⇒ Φ′′ − 1

r
(λ′ − Φ′) + Φ′(Φ′ − λ′) =

2

r
Φ′ − e2λ

1

r2
(
1− e−2λ

)
.

Grouping all terms involving Φ on the left, we have

Φ′′ + Φ′
(
−1

r
+ Φ′ − λ′

)
=

1

r
λ′ − e2λ

1

r2
(
1− e−2λ

)
or

reλ−Φ

(
1

r
Φ′eΦ−λ

)′

=
r

2
e2λ
[
1

r2
(1− e−2λ)

]′
.

On the right side,
1

r2
(1 − e−2λ) =

2m

r3
, proportional to the average density inside radius r. Because

the average density decreases outward, the right side is negative (or zero in the limiting case of uniform
density). Then (

1

r
Φ′eΦ−λ

)′

≤ 0.

https://journals.aps.org/pr/abstract/10.1103/PhysRev.116.1027
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Integrate from r to R: ∫ R

r

(
1

r
Φ′eΦ−λ

)′

dr =
1

R
Φ′eΦ−λ∣∣

R
− 1

r
Φ′eΦ−λ ≤ 0.

At the surface Φ and Φ′ are continuous as long as the density and pressure are continuous, so we can
evaluate Φ′(R) by taking the derivative outside the star and using its value r = R. Outside, because

λ = −Φ, we have Φ′eΦ−λ =
1

2
(e2Φ)′ =

1

2
(1− 2M/r)′ =

M

r2
. Our inequality now becomes

M

R3
≤ 1

r
Φ′eΦ−λ or Φ′eΦ ≥ reλ

M

R3
.

Using eλ = (1− 2m(r)/r)−1/2, we have

(eΦ)′ ≥ M

R3
r(1− 2m/r)−1/2.

We again use the fact that the average density decreases outward, this time in the form (4.59): Then
m/r ≥Mr2/R3, so

(eΦ)′ ≥ M

R3
r(1− 2Mr2/R3)−1/2.

We integrate once more, using∫ R

0

r(1− 2Mr2/R3)−1/2 = − R3

2M
[(1− 2M/R)1/2 − 1]

to get

eΦ(R) − eΦ|0 ≥ −1

2

[(
1− 2M

R

)1/2

− 1

]
.

Finally, eΦ(R) = (1− 2M/R)1/2 and eΦ(0) ≥ 0, giving√
1− 2M/R ≥ 1

3
,

M

R
≤ 4

9
,

as claimed.

4.4 Particle and photon orbits
As in the Newtonian central force problem, one reduces the geodesic equation to a first-order ordinary
differential equation for r(τ) by using conservation of energy and conservation of momentum, and by
picking coordinates for which the orbit is in the θ = π/2 plane. The Newtonian equationEnewt = T+V
comes from the relativistic equation pαpα = −m2, or, equivalently, uαuα = −1.

Writing (·) for
d

dτ
, we have uα = ṫtα+ ϕ̇ϕα+ ṙrα, or uµ = ẋµ. Associated with the timelike Killing

vector tα is the conserved energy −pαtα; we’ll use energy per unit rest-mass,

E := −uαtα = −ut =
(
1− 2M

r

)
ṫ. (4.60)
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Associated with the rotational Killing vector ϕα is the conserved angular momentum pαϕ
α; again we’ll

use angular momentum/rest-mass
L := uαϕ

α = uϕ = r2ϕ̇. (4.61)

(sin θ = 1, for an orbit in the θ = π/2 plane). As in the Newtonian description of central force motion,
conservation of angular momentum implies a planar orbit.

The Newtonian equation E = 1
2
mv2 + V (r) = 1

2
mṙ2 + Veff(r) is the Newtonian limit of the rela-

tivistic equation pαpα = −m2 or E2
relativistic = p2⊥ +m2. We again eliminate the rest mass, dividing by

m2 and using the equation in the form uαu
α = −1, for a timelike geodesic.

−1 = gαβu
αuβ = gαβuαuβ = gtt(ut)

2 + gϕϕ(uϕ)
2 + grr(u

r)2

= −
(
1− 2M

r

)−1

E2 +
L2

r2
+

(
1− 2M

r

)−1

ṙ2

1

2
ṙ2 =

1

2
(E2 − 1)− Veff (4.62)

where ṙ = dr/dτ and

Veff = −M
r

+
L2

2r2
− ML2

r3
. (4.63)

That is, the orbit is described as motion in an effective potential.
For r >> 2M , Veff is a Newtonian effective potential, the sum of a 1/r attractive potential and an

L2/r2 centrifugal barrier. (The term ML2/r3 is of order M/r × L2/r2 ∼ Mv2/r, smaller than M/r
by order v2 = v2/c2.) At small r, however, relativistic gravity overcomes the centrifugal barrier. By
r = 2M , Veff has fallen to zero, and for r < 2M it becomes increasingly negative. As a result, in
addition to bound orbits and the analog of hyperbolic unbound orbits, the Schwarzschild geometry has
a class of orbits with no Newtonian analog.

Write eN := 1
2
(E2 − 1); asymptotically,

E =
dt

dτ
= γ∞ =

√
1

1− v2∞
=⇒ eN =

1

2
v2∞

1

1− v2∞
,

agreeing with the Newtonian kinetic energy/mass for small v. A particle moving in the effective potential
Veff is allowed to be in the region eN > Veff , so three types of orbits are possible from the figure below.

For eN < 0, the orbits are bound – the particle moves between an inner and outer radius. For eN ≥ 0
but eN < Vmax, the particle is unbound and moves from ∞ to a minimum radius and out again. These
orbits are similar to the Newtonian hyperbolic orbits. But for eN > Vmax, the particle never turns around,
and we will see that it reaches r = 2M in finite proper time. In an extended geometry that includes the
black hole interior (see Sect.5.2 below) , the particle falls to r = 0, where it hits an infinite curvature
singularity. By making eN larger for fixed L, you increase ṙ and thus aim the particle more directly
inward: You decrease the impact parameter, which we now define.
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In flat space, for a particle moving in a central potential, the impact parameter b is defined in terms
of the straight line tangent to the particle’s asymptotic trajectory. That is, b is the minimum distance
between that free-particle trajectory and the center of the potential. A particle with asymptotic mo-
mentum p = mγv has angular momentum L = bp and energy E = mγ, so its impact parameter is
b = L/E = L/E. Using

b :=
L

E
(4.64)

as the definition of b is appropriate because the spacetime is asymptotically flat, and L and E are the
energy and angular momentum per unit mass measured by a stationary observer at infinity.

Here’s the effective potential for different values of b:

Figure 4.1: Figure adapted from Hartle, with each curve labeled by its impact parameter b.

For L2 < 12M2, Veff has no maxima or minima and all orbits eventually hit r = 0. For each value
of L/M >

√
12, there is a stable circular orbit whose energy eN is the minimum of the potential. It is

clear from the figure that these orbits have a minimum radius. Called the radius of the innermost stable
circular orbit (ISCO), it is at r = 6M .

Circular orbits
For a circular orbit, ṙ = 0 implies eN ≡ 1

2
(E2 − 1) = Veff , and r̈ = 0 implies V ′

eff = 0. With r the
radius of the circular orbit, the second condition is

M

r2
− L2

r3
+ 3

ML2

r4
= 0 =⇒

L2 =
Mr2

r − 3M
. (4.65)

Then Eq. (4.63), eN = Veff implies

E2 =
(r − 2M)2

r(r − 3M)
, (4.66)
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and the Kepler relation between Ω and r is

Ω =
ϕ̇

ṫ
= gϕϕL

1

−gttE
=

1

r2

√
Mr2

r − 3M
(1− 2M/r)

√
r(r − 3M)

r − 2M

=

√
M

r3
, (4.67)

identical, with this choice of radial coordinate, to the Newtonian relation. For later reference, we will
use ωϕ := ϕ̇, the orbital frequency measured in terms of the proper time τ of an observer in circular
orbit:

ωϕ =
1

r2
L =

√
M

r2(r − 3M)
. (4.68)

Eqs. (4.65) and (4.66) allow circular orbits for every r > 3M . For r < 6M , however, the orbits are
unstable: V ′′

eff < 0. They correspond to the maxima of the potentials in Fig. 4.1. Using V ′
eff = 0 for a

circular orbit, we have

r4V ′′
eff =

d

dr

(
r4
dVeff
dr

)
=

d

dr

(
Mr2 − L2r + 3ML2

)
= 2Mr − L2 = 2Mr − Mr2

r − 3M

=
Mr(r − 6M)

r − 3M
, (4.69)

positive for circular orbits only for r > 6M . As claimed, the innermost stable circular orbit is at

rISCO = 6M. (4.70)

For a 1.4 M⊙ neutron star, this is at r = 6(1.4)(1.477 km) = 12.4 km, either just outside or just inside
the surface of the star: We haven’t yet measured neutron star radii accurately enough to know.

Particles do not move along the unstable orbits with r < 6M ; they plunge into the black hole. For-
mally, however, along the family of unstable orbits, as the orbital radius decreases, the orbital speed
increases, and the smallest circular orbit, at r = 3M , corresponds to the largest speed: As we will see,
it is the unstable circular orbit of a photon. From Eq. (4.69), the unstable orbits are then in the range
3M ≤ r ≤ 6M .

A key goal of the future space-based gravitational-wave observatory LISA is to observe gravitational
waves from stellar-size black holes (< 100M⊙) spiraling in to supermassive black holes in the centers
of galaxies, as the binary systems lose energy to gravitational waves. An extreme mass-ratio inspiral
(EMRI) is accurately modeled as a point particle orbiting the large black hole. For an eccentric orbit
about a spherical black hole, more gravitational radiation radiation is emitted when the particle is closest
to the black hole, and that leads to a nearly circular orbit long before the particle reaches r = 6M . When
it reaches r = 6M , it plunges into the black hole. As a result, a good approximation to the total energy
emitted in gravitational waves during the inspiral is the decrease in the energy of a circular orbit between
E = 1 at infinity and E at r = 6M . This is the binding energy EB of the orbit at 6M : From Eq.(4.66),

EB = 1− E = 1− r − 2M

r(r − 3M)
= 1− r − 2M√

r(r − 3M)
= 1− 4M√

6M(6M − 3M)

= 1−
√

8

9
≈ 0.06. (4.71)
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That is, about 6% of the particle’s rest mass is radiated in gravitational waves.

General bound orbits

At large radii, it’s clear from the effective potential for radial motion that a particle in bound orbit
moves periodically between a minimum radius (periastron) and maximum radius (apastron) in its orbit
about a star or black hole. (For orbits about the Sun, the more familiar terms perihelion and aphelion
are from Helios, god of the Sun). At large distances from neutron stars or black holes, the orbits are
nearly the Keplerian elliptical orbits, differing only by a slow precession, with ϕ increasing by an angle
∆ϕ slightly larger than 2π between each periastron.

Zoom-whirl orbits
The unstable circular orbits at the maximum of the effective potential turn out to have an important
implication for future observations of LISA and perhaps of ground-based observatories. The figure on
the left below shows the effective potential with a value of E corresponding to an unstable orbit at
rc ≈ 5M . From the figure you can see that another orbit has this critical energy: A particle with energy
E can move from a maximum value of r near 15M to a minimum value at rc. Like any ball with exactly
the energy needed to reach the top of a hill, the particle takes an infinite amount of time to reach rc. But,
as r → rc, Ω = dϕ

dt
→
√
M/r3c , a constant, finite value. So the particle spirals around the black hole an

infinite number of times as it approaches rc.
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FIG. 1: The 3PN effective potential. Top: LIBCO ∼ 4.4.
The straight line corresponds to the orbit ra = 30. Bottom:
L ∼ 4.1, for which the orbit with ra = 30M is the separatrix.

to rational q. However, any generic orbit can be approx-
imated by a nearby periodic, just as any irrational num-
ber can be approximated by a nearby rational number.
Kepler’s ellipse corresponds to q = 0 since it does not
precess at all. Mercury’s precessing orbit corresponds to
q ∼ 10−7 since it precesses very little. Technically, zoom-
whirl behavior corresponds to q > 1, so there is at least
one whirl, although we will generally be interested in any
substantial precession, say q > 1/4.
If angular momentum is fixed, q decreases monotoni-

cally with decreasing energy. However angular momen-
tum decreases, along with energy, as gravitational radia-
tion is emitted and the evolution of q will not necessarily
be monotonic. In the case of comparable mass black hole
pairs, q will change quickly due to the rapid losses to
gravitational waves as evident in the simulations.
The range of zoom-whirl behavior is most easily tar-

geted with an effective potential picture. In Ref. [9, 15]
an effective potential method was used to describe the
center-of-mass motion of black hole binaries in the con-
servative 3PN Hamiltonian description with spin-orbit
coupling included. There it was shown that at the turn-
ing points of the orbital motion, the Hamiltonian itself is
an effective potential and the motion can be read off as
easily as interpreting a ball rolling along hills.
Consider the effective potential on the top left of Fig.

1 from the conservative 3PN Hamiltonian [9, 15, 16, 17].
There is clearly a minimum of that potential which de-
fines a stable circular orbit. An orbit energetically above
the stable circle will execute elliptical precessions as
shown on the top right. Note these precessions are much
more extreme than Mercury’s with q > 1

3
. It looks like

a precession around a three leaf clover. The aperiodic
orbit will eventually fill out an annulus.
Also evident is a maximum of the potential, an un-

stable circular orbit. For this angular momentum the
unstable circular orbit is marginally, energetically bound

since Veff just skims zero there, and has been called an
innermost bound circular orbit (IBCO). An orbit at rest
at infinity would asymptotically approach this circular
orbit. And though initially of eccentricity one, e = 1,
this orbit whirls an infinite number of times as it climbs
the potential toward the unstable circle at the top. This
separatrix is the infinite whirl orbit, q = ∞, and is also
known as a homoclinic orbit of eccentricity one.

For angular momenta below this critical value, the un-
stable circular orbit marches down in energy. For each
unstable circle, there is a corresponding separatrix of de-
creasing eccentricity. As an example, on the bottom of
Fig. 1, the separatrix between bound motion and plunge
has apastron ra = 30M and asymptotically approaches
the unstable circular orbit in the infinite whirl limit. So
this is the q = ∞ orbit for L ∼ 4.1, where through-
out we measure angular momentum in units of µM and
M = m1+m2 while µ = m1m2/M . The homoclinic sep-
aratrix is plotted alongside the corresponding effective
potential on the bottom right of Fig. 1.

We expect to see zoom-whirl behavior until the unsta-
ble circular orbit and the stable circular orbit merge at
the ISCO (innermost stable circular orbit), the separa-
trix with e = 0. Quasi-circular inspiral plunges at the
ISCO and so this inflection point in the effective poten-
tial has received preferential attention. However, orbits
that maintain an eccentricity during inspiral will merge
by rolling over the top of the potential, through a homo-
clinic separatrix, behavior we observe in our simulations.

Roughly then, for given external parameters
(m2/m1,S1,S2), zoom-whirl behavior should be
sought in the range LISCO < L < LIBCO. One more
initial condition needs to be specified to define an orbit
and that could be either the energy or the apastron.
We’ll choose to fix the apastron. We’ll fill in the details
for a fiducial example and then flush out more general
trends we have observed.

The procedure is the following: (1) choose external pa-
rameters namely mass ratio and spins (m2/m1,S1,S2),
(2) render the effective potential for the 3PN Hamilto-
nian with spin-orbit couping, (3) glean the range of L
for which there will be zoom-whirl behavior and (4) run
simulations for this range of initial conditions.

For our fiducial example we take mass ratio m2/m1 =
1/3 and spin magnitudes S1/m

2
1 = S2/m

2
2 = 0.3 with

spins antialigned with the orbital angular momentum.
Antialigned spins, like aligned spins, will retain the or-
bital motion in the equatorial plane making it easier to
distinguish whirl precession. Other than the choice to re-
tain equatorial motion for transparency, there is nothing
special about the fiducial configuration. We consider a
set of orbits all of which begin at apastron ra = 30M .
Since the simulations are so costly, we tighten the range
to the more realistic values of angular momenta below
LIBCO and above the value of the angular momentum
at which r = ra is the apastron of a homoclinic orbit.
Specifically, we look between the values represented by
the top and bottom of Fig. 1; 4.1 < L < 4.4.

Figure 4.2: From Healy et al.[64]

More generally, for noncircular orbits, when eN is near the peak of the potential, ṙ is near zero for
r near rmin, while ϕ̇ has its largest value (because r has its smallest value for the orbit). So the particle
again circles the black hole several times before going back out. The figure below shows the resulting
zoom-whirl orbit for a single whirl between each zoom.
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Figure 4.3: Source of figure not known to JF

Zoom-whirl orbits, then, are particle orbits that graze the black hole, orbits with an impact param-
eter just large enough to avoid being swallowed. Typical comets in the solar system are the result of
chance encounters of ice balls (in the Kuiper belt and Oort cloud) with passing stars that nudge them
in a direction that removes enough of their orbital energy that they fall toward the Sun. Because orbital
speed at that distance is already small, they start their infall in nearly parabolic orbits with the small
impact parameter associated with their small initial speed. Zoom-whirl orbits are most likely to arise
from a similar scenario: Stars initially not too near a galactic black hole that are nudged into a trajectory
that grazes the black hole have the best chance of being in the zoom-whirl parameter range.

Precession Angle

We now look at the precession angle ∆ϕP = ∆ϕ− 2π for nearly circular orbits, with ∆ϕ the angle
through which the particle moves between successive periastrons. The radial component of the geodesic
equation has the form

r̈ = −V ′
eff . (4.72)

If this is not obvious, note that, as in the Newtonian case, differentiating the expression for the conserved
energy, Eq. (4.62), gives the equation of motion:

ṙr̈ =
d

dτ
(
1

2
ṙ2) = − d

dτ
Veff(r(τ)) = −V ′

eff ṙ =⇒ r̈ = −V ′
eff .

The radial period is the coordinate time t = T between periastrons; recall that t is Killing time and
is the time measured by an observer at infinity whose velocity coincides with tα. Let r be the radius of a
circular orbit and r+δr(τ) the radius of a particle in a nearby orbit with the same angular momentum L.
For a Newtonian system, r+δr(t) is the radial coordinate of a nearby elliptical orbit. Using V ′

eff(r) = 0,
we have

δr̈ = −V ′
eff(r + δr) = −V ′′

eff(r)δr +O(δr2),

or δr̈ + ω2
r δr = 0,
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with

ωr :=
√
V ′′
eff(r) =

√
M(r − 6M)

r3(r − 3M)
. (4.73)

Then δr oscillates with frequency ωr defined in terms of proper time τ along the circular geodesic. The
corresponding frequency Ωr in terms of Killing time is Ωr = ωr/ṫ and the radial period is T = 2π/Ωr.
In one radial period, the change in angle is

∆ϕ = ΩT = 2π
Ω

Ωr

= 2π
ωϕ
ωr

= 2π

√
M

r2(r − 3M)

r3(r − 3M)

M(r − 6M)

= 2π
1√

1− 6M/r

where we have used (4.68) and (4.73) for ωϕ and ωr. The angle of precession is then

∆ϕP = 2π

(
1− 1√

1− 6M/r

)
. (4.74)

For M/r small, it becomes

∆ϕP = 6π
M

r
. (4.75)

In particular, Mercury’s orbit is nearly circular with r = 5.55× 107 km. The mass in the formula is
that of the Sun, M =M⊙ = 1.477 km, giving

∆ϕP = 6π
1.477 km

5.55× 107 km
= 4.99× 10−7radians/orbit,

∆ϕP =
4.99× 10−7

.24yr
×
(
180

π
× 3600′′

)
= 0.43′′/yr = 43′′/century. (4.76)

At the other extreme, for r near 6M , the precession angle is large, and the particle follows a zoom-
whirl orbit, circling the black hole many times in each radial period. In this case there’s not much of a
zoom, because of our δr ≪ r assumption.
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Lightlike Orbits: Null Geodesics

The effective potential for null geodesics is simpler: Writing (·) for d/dλ with λ an affine parameter,
we have

0 = kαkα = − 1

1− 2M

r

E2 +
L2

r2
+

1

1− 2M

r

ṙ2

1

2
ṙ2 =

1

2
E2 − Veff , with Veff =

(
1− 2M

r

)
L2

2r2
. (4.77)

The Photon Sphere
Like massive particles, photons moving inward with large E are trapped by the black hole, even if they
have nonzero angular momentum. And there is a surprise: The potential has a maximum at r = 3M ,
implying an unstable circular orbit for photons at this radius.
Check:

0 =
1

L2

d

dr
Veff =

d

dr

(
1

2r2
− M

r3

)
= − 1

r3
+

3M

r4
=⇒ r = 3M . (4.78)

One calls r = 3M the photon sphere.
Photons coming in from infinity hit the black hole when ṙ > 0 at the maximum of Veff , and miss it

when ṙ = 0 before they reach the top of the potential. At its r = 3M peak,

Veff,max =
L2

54M2
,

and photons miss the black hole if and only if

Veff,max >
1

2
E2 ⇐⇒ L2

54M2
>

1

2
E2 ⇐⇒ b :=

L

E
> 3

√
3M. (4.79)

That is, the critical impact parameter for which photons just reach the top of the potential – spiraling
an infinite number of times about the r = 3M circular orbit – is b = 3

√
3 M . The corresponding

absorption cross section is then σ = πb2 = 27πM2.

The quantity b = L/E is the natural generalization of the impact parameter b of a photon in flat
space. In general, to define b for a particle moving in a central potential, one looks at the straight-line
tangent to the particle’s asymptotic trajectory. The impact parameter is the minimum distance b between
that free-particle trajectory and the center of the potential. A photon with asymptotic momentum p has
angular momentum L = bp and energy E = p, so its impact parameter is b = L/E. Using this as the
definition of b is appropriate because the spacetime is asymptotically flat, and L and E are the energy
and angular momentum measured by a stationary observer at infinity.
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In the images of black holes recently obtained by the EHT (Event Horizon Telescope) most of the
light passes the black hole near the photon sphere.

Figure 4.4: EHT image of the black hole at the center of the giant elliptical galaxy M87

Deflection of Light

Null geodesics that do not hit the black hole or star follow a symmetric trajectory that looks similar
to a hyperbolic orbit, with the angle between the ingoing and outgoing asymptotes called the deflection
angle ∆ϕ. In the figure, the path is rotated by half the deflection angle to make the diagram symmetric

Figure 4.5: Flat-space trajectory in blue, actual trajectory in purple.

about the point of closest approach.
Mathematical Prerequisite

y′′ + y = sin2 x has solution y =
1

3
(2− sin2 x).

Spatial Path
The spatial path, r = r(ϕ) can, as usual be found by writing

r′ ≡ dr

dϕ
=
ṙ

ϕ̇
=
ṙr2

L
⇒ ṙ =

L

r2
r′.

It is convenient to use

u =
1

r
, u′ = − r′

r2
= − ṙ

L
.

https://eventhorizontelescope.org/
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In terms of u, the geodesic equation (4.77) is

u′2 =
E2

L2
− u2 + 2Mu3 (4.80)

Differentiate:

2u′u′′ = −2u′u+ 2u′3Mu2

u′′ + u = 3Mu2

We’ll solve this to order M/b, with b = L/E the impact parameter. We first find the zeroth-order
(flat space) solution:

At zeroth order, with M = 0, we are in flat space, and we choose as the geodesic a straight line at
constant y = r sinϕ :

u′′ + u = 0

has a solution
u =

1

b
sinϕ, or y = r sinϕ = b,

with r ranging from ∞ to −∞ as ϕ runs from 0 to π, with minimum value b as claimed. Far from the
star, space is flat, and we have just checked that the flat-space trajectory with b = L/E has b as the
distance of closest approach.

Perturb: Order M/b correction.
Let u+ δu be the perturbed solution, with δu of order M/b. Then to linear order in M/b we have

δu′′ + δu =
3M

b2
sin2 ϕ

δu =
M

b2
(2− sin2 ϕ) from the prerequisite above

u+ δu =
1

b
sinϕ+

2M

b2
− M

b2
sin2 ϕ .

The perturbed orbit starts ϕ = −∆ϕ/2 with the particle at r + δr = ∞, u + δu = 0. As the photon
moves from right to left, ϕ increases to π/2 at maximum u+ δu and then increases from π/2 to π+∆ϕ
as the photon flies out to infinity and u+ δu symmetrically decreases to 0. To find ∆ϕ we just write

0 = u+ δu =
1

b
sin(−∆ϕ/2) +

M

b2
[
2− sin2(−∆ϕ/2

]
= −∆ϕ

2b
+

2M

b2
+O((∆ϕ)2)

=⇒ ∆ϕ = 4
M

b
. (4.81)

For light grazing the Sun, M =M⊙ = 1.477 km, b = R⊙ = 6.96× 105 km, implying

∆ϕ = 4
1.477

6.96× 105

(
180

π
× 3600

)
= 1.75′′.

This, of course, is the value first measured by the 1919 eclipse expedition led by Frank Dyson and
Arthur Eddington. An interesting detailed history by José Lemos et al.: arXiv:1912.08354.

https://arxiv.org/pdf/1912.08354.pdf
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It is not too hard to find the exact deflection as an integral. Following Wald, we solve Eq. (4.80) for
u′ to write

∆ϕ = 2

∫ 1/R0

0

du√
b−2 − u2 + 2Mu3

, (4.82)

where R0 is the minimum value of r along the exact trajectory, where u′ = 0. To find R0, we have to
solve the cubic equation 2Mu3 − u2 + b−2 = 0 or r3 − b2r + 2Mb2 = 0 to obtain

R0 =
2b√
3
cos

[
1

3
cos−1

(
−33/2M

b

)]
. (4.83)

If you have never solved a cubic, or never seen the solution in this form, here is how to do it: First
change variables to get rid of any quadratic term – in our case it’s already gone. The next step isn’t
necessary, but it gives a canonical form with a solution that’s easy to understand: Rescale r to make the
coefficient of the linear term -3: y =

√
3
r

b
, giving

y3 − 3y + q = 0, with q =
33/2M

b
.

Now, the key step: Write y = a+ b, y3 = 3ab(a+ b) + a3 + b3. Our cubic then becomes
3ab y + a3 + b3 − 3 y + 2q = 0, satisfied when ab = 1, a3 + b3 + 2q = 0. Then b = 1/a, and a3 + b3 +
2q = 0 becomes (a3)2 + 2qa3 + 1 = 0, a simple quadratic equation for a3: Here q < 1, and the roots
are a3 = −q ± i

√
1− q2, with |q ± i

√
1− q2| = 1. Because the roots have unit norm, we can write

a = eiψ, b = e−iψ. Then a3 + b3 + 2q = 0 =⇒ 2 cos 3ψ + 2q = 0, and we have

y = a+ b = 2 cosψ = 2 cos

[
1

3
cos−1(−q)

]
, giving the claimed expression for R0.

By the end of the last century, light deflection in the guise of gravitational lensing began to play
an important role in astronomy, in particular for measurements of the mass of dark matter halos that
dominate the mass of galaxies and clusters of galaxies. DES (the Dark Energy Survey) uses lensing in
a survey of 26 million galaxies to improve the precision of cosmological parameters (see, for example,
DES, DES papers).

Shapiro time delay
Many quasars are seen as more than one image, their light bent around intervening galaxies or

clusters of galaxies. In the images, light from a quasar arrives at different times, depending on the path.
Quasar intensity changes in less than a day, implying an emitting region less than a light-day across;
that made accretion onto a black hole the leading candidate for the engine. The same bright flares can
be identified in different images, arriving months or years apart: For example the same flare has been
identified in 3 of the 6 images of SDSSJ1029+2623 (SDSS for a Sloan Digital Sky Survey object), with
a 48-day and a 722-day delay between the brightest and two of the dimmer images.Dahle et al. 15

First computed and measured by Irwin Shapiro PRL[104], the delay has provided an accurate test
of GR, first in the solar system and more recently in double pulsars. It is also used in measurements of
neutron star masses. The presentation here uses isotropic coordinates for Schwarzschild. It just involves
changing to a new radial coordinate (still written here as r) for which the metric has the form

ds2 = −
(
1−M/2r

1 +M/2r

)2

dt2 + (1 +M/2r)4(dx2 + dy2 + dz2), (4.84)

with r2 = x2 + y2 + z2. To get to this form starting from the standard radial coordinate rS , write

(1− 2M/rS)
−1 dr2S + r2SdΩ

2 = F 2(dr2 + r2dΩ2);

https://room.eu.com/news/most-accurate-measurement-of-universes-dark-matter-revealed-by-des-survey
https://www.darkenergysurvey.org/des-year-3-cosmology-results-papers/
https://arxiv.org/pdf/1505.06187.pdf
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.13.789


CHAPTER 4. SPHERICAL RELATIVISTIC STARS 178

Figure 4.6: Each photo in the figure shows multiple Hubble images of a single quasar.

then equate the coefficients of dΩ2 and require (1− 2M/r)−1 dr2S = F 2dr2. (Filling in the steps is
Exercise 65. below.)

We again look at the same geodesic with impact parameter b and calculate the correction to the travel
time between the emitter (which could be a pulsar or a planet) at initial large radius rp and the Earth
at large radius re. The fractional correction to the travel time will be of order M/(re + rp) and can be
found from the flat-space path: The curved path deviates from the flat trajectory by an angle of order
O(b/M), its spatial length changing by O ((re + rp)b

2/M2): Think of the length of the hypotenuse of a
right triangle of rp and angle M/b. The corrected time delay from the change in path length is then of
order (M/b)2(re + rp), and can be ignored.

We take as the spatial trajectory the path y = b, with x running from x = −rp to x = re, with x = 0
the point of closest approach. The null path has ds = 0, with

0 = ds2 = −
(
1−M/2r

1 +M/2r

)2

dt2 + (1 +M/2r)4dx2. (4.85)

Integrating to find the time from the source to the point of closest approach and the time from closest
approach to Earth and adding them gives

t = rp + re + 2M log

(
rp +

√
r2p + b2

) (
re +

√
r2e + b2

)
b2

. (4.86)

For b << rp, re, the Shapiro delay (correction to rp + re) is then

∆t = 2M log
4rerp
b2

. (4.87)

There is also a b-independent delay from the redshift of a photon leaving a pulsar and its binary system
and a blueshift as it arrives at Earth, but only the b-dependent part is measured.

A final photon orbit, that of a radially infalling photon, begins the black-hole section.

https://hubblesite.org/contents/media/images/2020/04/4606-Image
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Figure 4.7: The measured delay of light traveling from Earth to Venus to Earth: Radar bounced off
Venus as Venus passes the Sun. From Jacob Schaf, Journal of Modern Physics, 2017[101]

Exercise 65. (Schwarzschild in isotropic coordinates). Complete the calculation above to obtain the
form (4.84) of the Schwarzschild metric in isotropic coordinates.

Exercise 66. Complete the computation of Eqs. (4.86) and (4.87) to show that the Shapiro time delay of
a photon traveling from a pulsar to the earth and passing another star of mass M along the way
has the form

∆t = 2M log
4rerp
b2

+ terms smaller by factors
b

re
,
b

rp
,
b

M
.

Ignore the effect of the pulsar’s and the Earth’s gravity. M is the mass of the intervening star, and
rp and re are the distances from the pulsar to that star and from the Earth to that star.
An optional variant: Wald Chapter 6 Problem 5, finding the exact form of ∆t.

Exercise 67. The smallest possible value of 2M/R at the surface of a spherical star is attained when the
star is perfectly incompressible – when it is one of the uniform density models you constructed.

a. Show for this sequence of stars that the central density becomes infinite when
2M

R
=

8

9
.

b. Deduce from (a) the maximum redshift z from the surface of a spherical star.

1 + z :=
λ∞
λstar

=
ωstar

ω∞
.

Exercise 68. For spherical (i.e. nonrotating) stars, there is an exact solution to the Newtonian equations
of hydrostatic equilibrium

∇P = −ρ∇Φ, ∇2Φ = 4πρ,

https://www.scirp.org/pdf/JMP_2017022715463111.pdf
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with the equation of state P = Kρ2. Show that ρ = ρc
sin(αr)

αr
and the corresponding Φ satisfy

the system of equations, find α, and find the radius of the star for K = 150 km.

Hint: Write ∇2Φ in the form
1

r

d2

dr2
(rΦ) = 4πρ, and solve for rΦ, with Φ = 0 at infinity.

Exercise 69. Numerical model. A model of a neutron star more realistic than the uniform-density model
is an equation of state of the form P = Kρ20, where ρ0 is the baryon mass density, called a
polytropic equation of state. To make things simpler, use P = Kρ2 as in the last problem,
but this time for a general relativistic model. In gravitational units with km the only unit, take
K = 150 km2.

a. A typical central density of a neutron star is about 10−3km−2. What is that in g/cm3?

b. Starting with this central density, integrate the TOV equation from the center of the star to
the surface, determined by the requirement that P vanish. Find the radius of the star and plot
P and ρ as functions of r. The equation of hydrostatic equilibrium looks like 0 = 0/0 at
r = 0, so start near r = 0 and integrate outward, with ρ = ρc, P = P (ρc) and m = 4

3
πr30ρc

as initial values. What is M/M⊙?
Because P ∝ ρ2, it never becomes negative. If you replace dP/dr by dρ/dr and integrate
to compute ρ(r), you can find the surface more easily: ρ becomes negative when r is larger
than the radius of the star.

Exercise 70. Upper limit on the mass of a star with ρ > ρn, where ρn is nuclear density, about 2.7×1014

g/cm3 (Hartle-Sabbadini). Use the inequality ρ > ρn and the equation for the mass of a relativistic
star in terms of ρ to show that M > KρnR

3, and find K. Combine this inequality with the
requirement that the star is not inside a black hole, R > 2M to find an upper limit on M in terms
of ρn. Evaluate Mmax/M⊙ for ρn = 2.7× 1014 g/cm3.



Chapter 5

Black Holes

5.1 Schwarzschild Black Holes
The Schwarzschild metric (4.19),

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dt2 + r2dΩ2, (5.1)

provides a smooth spacetime in the region
I: −∞ < t <∞ 2M < r <∞
and another (disconnected) spacetime corresponding to the coordinate values
II: −∞ < t <∞ 0 < r < 2M .

In region I, tα = ∂t is a timelike Killing vector, but in region II, gtt = tαtα > 0, so that tα, although
still a Killing vector, is no longer timelike. Similarly, ∂r is spacelike in I and timelike in II. In obtaining
the form (5.1), we assumed the existence of a timelike Killing vector orthogonal to a family of spacelike
(t = constant) hypersurfaces, but in the region r < 2M the field is so strong tht even light is constrained
to move inward – no matter can remain at rest (i.e. at constant r), and everything follows trajectories
that end at r = 0.

Remaining at rest means moving along tα, so the fact that tα is spacelike is exactly the statement
that physical particles (which must move along timelike trajectories) cannot remain at rest. One might
hope to join regions I and II by relaxing the condition that there be coordinates {t, xi}, with ∂t a Killing
vector and t = constant a spacelike surface. Before trying this, it is helpful to learn about the geometry
outside r = 2M , and one way to do it is to look at the geodesics (another way is to embed the geometry
in some Rn - we’ll do that later).

Radial photons
We now show that radially ingoing light rays reach r = 2M in finite affine parameter length, al-

though the coordinate t becomes infinite along their trajectories. Similarly, radially ingoing massive
particles reach r = 2M , in finite proper time. When L = 0, Eq. (4.77) implies dr = Edλ, so r is itself

an affine parameter. Thus photons travel from 8M to 2M in parameter length ∆r = 8M , or ∆λ =
8M

E
.

The coordinate t, however, becomes infinite as r → 2M :(
1− 2M

r

)
dt2 =

(
1− 2M

r

)−1

dr2.

181
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dt = − dr

1− 2M

r

(5.2)

t = v0 − r − 2M log
∣∣∣ r
2M

− 1
∣∣∣ , (5.3)

with v0 the constant of integration. It is useful to introduce a coordinate r∗ (called the “tortoise” coordi-
nate), writing

t = v0 − r∗, (5.4)

r∗ :=

∫ r dr

1− 2M
r

= r + 2M ln
∣∣∣ r
2M

− 1
∣∣∣ . (5.5)

As r → 2M , r∗ → −∞, whence t→ ∞.

The same calculation shows that light emitted from r = 2M(1 + ϵ) reaches a distant observer after
a time ∆t that blows up like | log ϵ| as ϵ→ 0. From (5.4) with a + sign for outgoing photons,

∆t = r∗(8M)− r∗[2M(1 + ϵ)]

= (8M + 2M log 3)− [2M(1 + ϵ) + 2M log ϵ]

= 6M − 2M log(ϵ/3) +O(Mϵ). (5.6)

Thus an observer who remains a finite distance outside r = 2M never sees an infalling particle reach
r = 2M . Moreover, the observed redshift becomes infinite: A photon’s frequency as measured by an
observer moving along tα (an observer at fixed r, θ, ϕ) is −kαuα, with

uα =
tα√
−gtt

=
tα√

1− 2M/r
.

ω =
E√

1− 2M/r
=

ω∞√
1− 2M/r

(5.7)

Thus
ω(r = 2M(1 + ϵ))

ω(r = R)
=

[
(1 + ϵ)(1− 2M

R
)

ϵ

]1/2
→ ∞ as ϵ → 0. (5.8)

Although the formal expression shows light from the infalling star reaching an outside observer at
all future times, the light comes from less than a Planck length (10−33 cm) of the horizon after about a
millisecond for a star of about 10 M⊙ (see Exercise 74.).

5.2 Eddington-Finkelstein Coordinates
The fact that ingoing photons reach r = 2M in finite value of their affine parameter and that ingoing
finite rest mass particles reach r = 2M in finite proper time suggests that one might be able smoothly
to join regions I (r > 2M) and II (r < 2M) with coordinates tied to infalling particles. This is easier to
do with photons, because they have simpler trajectories. Because the method leads to null coordinates,
we’ll first revisit null coordinates in Minkowski space, to better understand their meaning.
Null coordinates in flat space:

Future null cones are u = constant surfaces, where u = t− r
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Past null cones are v = constant surfaces, with v = t+ r

Then
t =

u+ v

2
, r =

v − u

2
Outgoing null coodinates: u, r, θ, ϕ

ds2 = −dt2 + dr2 + r2dΩ2 = −(du+ dr)2 + dr2 + r2dΩ2

= −du2 − 2dudr + r2dΩ2 (5.9)

Ingoing null coordinates: v, r, θ, ϕ

ds2 = −dv2 + 2dvdr + r2dΩ2. (5.10)

Double null coordinates: u, v, θ, ϕ

ds2 = −[
1

2
(du+ dv)]2 + [

1

2
(dv − du)]2 + r2(u, v)dΩ2

ds2 = −dudv + r2dΩ2. (5.11)

In this chart, r is a function of u and v: r2 = 1
4
(u− v)2.

In the ingoing null chart v, r, θ, ϕ, the path v, θ, ϕ = constant is the trajectory of a radially ingoing
photon, and r is an affine parameter along the path.

Ingoing and outgoing null coordinates in Schwarzschild
To mimic this in the Schwarzschild geometry, one must take

v = t+ r∗, (5.12)

because by (5.4) the trajectory of an ingoing photon is

t+ r∗ = constant, θ, ϕ constant.

Again, r is an affine parameter along the geodesic so we try a (v, r, θ, ϕ) chart:

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2

= −
(
1− 2M

r

)
(dv − dr∗

dr
dr)2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2

= −
(
1− 2M

r

)[
dv −

(
1− 2M

r

)−1

dr

]2
+

(
1− 2M

r

)−1

dr2 + r2dΩ2 ,
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where we used Eq. (5.5) to write
dr∗
dr

=

(
1− 2M

r

)−1

. The form of the metric is surprisingly simple:

ds2 = −
(
1− 2M

r

)
dv2 + 2dvdr + r2dΩ2. (5.13)

The metric components are well behaved for 0 < r < ∞. For r ≫ 2M , (5.13) looks like the flat space
form (5.10) for a single null coordinate. For r = 2M it is

ds2 = 2dvdr + r2dΩ2, (5.14)

equivalent after a rescaling to the form (5.11) for two null coordinates; and for r < 2M , the coefficient
of dv2 is positive.

The sign change in gvv shows that that the “timelike” Killing vector, tα = ∂v, becomes null at
r = 2M and spacelike for r < 2M . Note that, at r = 2M , the completely null form (gvv = grr = 0)
reflects the fact that both ∂v and ∂r are null there.

How do regions I and II in the old (t, r, θ, ϕ) charts fit into the new extended geometry in the
(v, r, θ, ϕ) chart? It’s easier to visualize the v, r, θ, ϕ description with v drawn so that the v = constant
(θ = π

2
, ϕ = 0) null geodesics are 45◦ lines (representing ingoing photons).

The images of some t = constant lines are shown in the v, r diagram as dotted lines.
Note that the r = 2M line in t, r, θ, ϕ coordinates has been pushed to v = −∞.

Light cones:

Figure 5.1: Light cones in an Eddington-Finkelstein diagram, with T = v − r.
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Ingoing radial photons move along v = constant lines. Outgoing photons move along u = t −
r∗ =constant lines. Then u = v − 2r∗ = constant, and along the u = constant lines (i.e., along the
outward radial null geodesics) dv = 2dr∗ = 2(1 − 2M/r)−1 dr. Or, with T = v − r, ingoing rays are
given by dT = −dr, outgoing rays by

dT =
r + 2M

r − 2M
dr.

Stellar collapse can be described using Eddington-Finkelstein coordinates: Inside the star the ge-
ometry is regular initially, and outside the geometry is vacuum Schwarzschild. The surface of the star
follows a timelike trajectory and so once inside r = 2M , it is constrained to go to r = 0 in finite proper
time.

Finkelstein, after reinventing Eddington’s coordinates, realized the the r = 2M surface was an event
horizon. Observers outside it are unable to receive signals from within. A spacelike slice of the region
inside an event horizon is a black hole.

In a general asymptotically flat spacetime, event horizons and black holes are characterized this way:
The set of all future directed null geodesics that make it out to infinity (that eventually leave any compact
region) is called the past of future null infinity (in Schwarzschild this in the region outside r = 2M ).
The boundary of this region, the boundary of the past of future null infinity, is called the event horizon;
and a spacelike section of the spacetime inside the event horizon is called a black hole.
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Trapped Surfaces:
From the light cone diagram, Fig. 5.1, it is apparent that any photon emitted within r = 2M eventually
hits r = 0. Because the radial coordinate r has the meaning that 4πr2 is the area of a v, r = constant
surface, the following peculiar phenomenon occurs. Consider the set of all outgoing photons emitted
from an r = constant sphere.

For large r, the emitted photons comprise a sphere of increasing area – they are diverging. For
r < 2M however, even the “outgoing” photons are moving to smaller values of r, so the sphere of
outgoing photons is shrinking in area – the photons are converging, trapped.

Note, however, that an outgoing photon, emitted by a flashlight pointing radially outward, moves
away from the flashlight in the direction that it is emitted at the speed of light, according to an observer
at rest relative to the flashlight. This is consistent, because the flashlight itself is falling inward faster
that the emitted photons. In general, a trapped surface S is one whose outward directed null geodesics
(⊥ to S) are all converging. Thus in Schwarzschild, all r, v constant surfaces with r < 2M are trapped.

It used to be thought likely that the singularity at r = 0 in Schwarzschild represented the end of
spherical collapse only – that nonspherical collapsing stars would never encounter singularities. In
1965, however, Penrose proved that if energy dominates pressure in the sense that

(Tαβ −
1

2
gαβT )u

αuβ ≥ 0 (5.15)

all timelike uα, and if there is a trapped surface, then the spacetime is singular. For a fluid this is satisfied
unless P < −1

3
ρ (attractive pressure exceeding the relativistic limit); for an electromagnetic field it’s

always true; for a massive scalar field the condition can fail in regions on the order of the Compton
wavelength, ∼ 10−16 cm for the Higgs boson. Eq. (5.15) is called the strong energy condition. The
singularity may not be as violent as the r = 0 singularity of Schwarzschild where Rαβγδ becomes
singular (RαβγδR

αβγδ, for example, blows up). The theorem only says that at least one null geodesic
is incomplete - the geodesic leaves the spacetime in finite affine parameter length. The coordinate
singularity at r = 2M had that character, but that was the result of picking coordinates that cover only a
piece of the spacetime – in effect, by choosing Schwarzschild coordinates, one is cutting a hole out of the
spacetime at r = 2M . In that case, one can smoothly extend the truncated geometry. Penrose’s theorem
guarantees that there is no way to avoid the singularity by, in particular, extending the spacetime. As we
have already seen, null geodesics hit r = 0 in finite parameter length, and this is the singularity implied
by Penrose’s theorem. Penrose’s theorem is proved in Chapter 9 of Wald, where it is Theorem 9.5.3; a
somewhat stronger version due to Hawking and Penrose is 9.5.4.

The theorems only guarantee geodesic incompleteness. Timelike geodesics within the horizon of
the analytically extended Kerr geometry do not generically encounter infinite curvature; whether they
do so in the actual geometries of rotating black holes is not yet known.
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5.3 Embedding Diagrams
If you are handed the components of a metric in some coordinates, it is often difficult to understand
what the metric means physically or geometrically. Commonly one draws light cones and constructs the
geodesics, as we have done for the Schwarzschild geometry. Another, more powerful, technique, when
it can be used, is to construct an embedding diagram. The idea is to regard a section of the spacetime
(e.g., a t = constant surface) as a curved surface in flat space (some Rn). For example, a sphere can be
characterized intrinsically by the metric

ds2 = r2(dθ2 + sin2 θdϕ2)

or pictured as an r = constant subset of R3. In other words, one looks for a submanifold of Rn whose
metric is that of the surface you want to understand.

Let us first embed a t = constant surface of a spherical star

ds2 =

(
1− 2m(r)

r

)−1

dr2 + r2dΩ2 . (5.16)

To visualize, we can’t look at more than a 2-dimensional surface embedded in R3, so we’ll take a θ = π
2

plane:

ds2 = (1− 2m

r
)−1dr2 + r2dϕ2. (5.17)

The object is to find a surface z = z(r, ϕ) in R3 with this metric. The flat metric of R3 has z, r, ϕ
components

ds2 = dz2 + dr2 + r2dϕ2 (5.18)

The metric of a z = z(r, ϕ) surface is thus

ds2 =

(
∂z

∂r
dr +

∂z

∂ϕ
dϕ

)2

+ dr2 + r2dϕ2. (5.19)

Axisymmetry ⇒ z = z(r),
ds2 = (z′ 2 + 1)dr2 + r2dϕ2.

To agree with (5.17) we need

z′ 2 + 1 =

(
1− 2m

r

)−1

.

z =

∫ r

0

dr[
r

2m(r)
− 1

]1/2 , when there is no black hole – when 2m(r) is everywhere greater than r.

(5.20)
Near the center of the star

m =
4

3
π ρc r

3 +O(r4) =⇒

z =

∫ r

0

(
8πρc
3

)1/2

r dr +O(r3)

=

(
2πρc
3

)1/2

r2 +O(r3) . (5.21)
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Outside the star
z = z0 + [8M(r − 2M)]1/2 or (r − 2M) =

1

8M
(z − z0)

2 . (5.22)

Check:
dz

dr
= (8M)1/2

1

2
(r − 2M)−1/2 =

1( r

2M
− 1
)1/2 .

Note that the surface is coordinate independent – specified by demanding that its metric inherited from

the flat metric on R3 be the same as the metric of an equatorial plane in the Schwarzschild geometry.

After the star collapses one can embed a T = constant surface: From (5.13), with dv = dr (dT = 0),

ds2 =

[
−(1− 2M

r
) + 2

]
dr2 + r2dΩ2 =

(
1 +

2M

r

)
dr2 + r2dΩ2

Embed:

(z′)2 + 1 = 1 +
2M

r

z′ =

√
2M

r

z = (8Mr)1/2 or r =
1

8M
z2. (5.23)
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After the collapse the surface is no longer smooth at r = 0; there is a cusp, implying infinite curvature.
(Old figure has T̃ instead of T .)

Although Eddington-Finkelstein ingoing coordinates are fine for describing collapse, and provide a
completion for the future-directed null and timelike geodesics that are cut off in the {t, r, θ, ϕ} chart,
the {v, r, θ, ϕ} coordinates are not good for describing past-directed geodesics that move inward (equiv-
alently, the past of future-directed outward geodesics). These run off the manifold in finite length as
before. When the past was a star, the problem disappears, but if one wants to look formally at the vac-
uum Schwarzschild geometry a further completion is needed. One way to see what to expect is to look
at the embedding of a t = constant surface of vacuum Schwarzschild. From (5.22), the embedding looks
like r− 2M = 1

8M
(z − z0)

2, and it ends abruptly at r = 2M, z = 0 (where, without loss of generality,
we have taken z0 = 0).

But the bottom half of the paraboloid is identical to the top half and is also described by the metric

ds2 =

(
1− 2M

r

)−1

dr2 + r2dΩ2 (5.24)

of a t = constant surface.
Thus the full paraboloid is a smooth extension of the t = constant surface, and it has the spatial
Schwarzschild metric (5.24) everywhere.
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This suggests that one can extend the spacetime in such a way as to get two identical asymptotically
flat regions. One way is to patch together different charts. But it turns out to be possible to find a single
chart that covers the complete extension of the geometry.

5.4 Kruskal-Szekeres Coordinates
The papers: Kruskal[70], Szekeres[119, 120].

Part of the problem with Eddington-Finkelstein is that, by choosing ingoing coordinates, one im-
poses a preferred time direction (future) on a geometry that doesn’t know future from past. As in
flat space, one could have picked outgoing null coordinates u = t − r∗, r, θ, ϕ and found a metric

ds2 = −
(
1− 2M

r

)
du2 − 2dudr + r2dΩ2 for a spacetime with complete past directed geodesics, but

incomplete future geodesics.
So to regain past-future symmetry one could try null coordinates u, v, θ, ϕ. Then, using

t =
u+ v

2
, r∗ =

v − u

2
, and

dr

dr∗
=

(
1− 2M

r

)
, (5.25)

we have

ds2 = −
(
1− 2M

r

)
1

4
(du+ dv)2 +

(
1− 2M

r

)−1
1

4
(dv − du)2

(
1− 2M

r

)2

+ r2dΩ2

= −
(
1− 2M

r

)
dudv + r2dΩ2 (5.26)

Unfortunately, at r = 2M the 4-dimensional metric is degenerate (not invertible): ds2 = r2dΩ2, imply-
ing

√
−g = 0. This, however, is the only remaining obstacle, and it is easily overcome by a change of

scale:
U = −e−u/4M V = ev/4M (5.27)

dU =
1

4M
e−u/4Mdu dV =

1

4M
ev/4Mdv

du dv = 16M2e(−v+u)/4MdUdV = 16M2 e−r∗/2MdUdV

= 16M2 exp
[
− r

2M
− log

∣∣∣ r
2M

− 1
∣∣∣] dUdV

= 16M2e−r/2M
1

r

2M
− 1

dUdV, r > 2M. (5.28)

Finally,

ds2 = −16M2 e−r/2M
2M

r
dUdV + r2(U, V )dΩ2,

ds2 = −32M3

r
e−r/2M dUdV + r2dΩ2. (5.29)

This looks good for r > 0, but we still need to find out when r(U, V ) is well behaved. From (5.5), (5.25)
and (5.27), r is given implicitly for r > 2M by( r

2M
− 1
)
er/2M = −UV ≡ f(r), (5.30)

https://journals.aps.org/pr/abstract/10.1103/PhysRev.119.1743
https://link.springer.com/article/10.1023/A:1020744914721
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and we define r(U, V ) by this relation for all r > 0. f(r) is invertible to r > 0 when −UV is in the
range of f :

UV < 1. (5.31)

One commonly introduces the spacelike and timelike coordinates

X =
1

2
(V − U) T =

1

2
(V + U). (5.32)

Then f(r) = X2 − T 2 (5.33)

and the metric has components

ds2 =
32M3

r
e−

r
2M (−dT 2 + dX2) + r2dΩ2.

Eq. (5.33) is invertible to a unique r > 0 when −X2 + T 2 < 1, or T 2 < 1 +X2, a region between two
hyperbolae; it has four parts, I, II, III, IV.

In I, one obtains a t, r patch with r > 2M by setting

I (r > 2M) : X =
( r

2M
− 1
)1/2

er/4M cosh
t

4M

T =
( r

2M
− 1
)1/2

er/4M sinh
t

4M
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Region II provides a t, r patch with r < 2M

II (r < 2M) : X =
(
1− r

2M

)1/2
er/4M sinh

t

4M

T =
(
1− r

2M

)1/2
er/4M cosh

t

4M

Similarly regions III and IV give t, r patches isometric to I and II, respectively, with

III (r > 2M) : X = −
( r

2M
− 1
)1/2

er/4M cosh
t

4M

T = −
( r

2M
− 1
)1/2

er/4M sinh
t

4M

IV (r < 2M) : X = −
(
1− r

2M

)1/2
er/4M sinh

t

4M

T = −
(
1− r

2M

)1/2
er/4M cosh

t

4M

As we assumed to begin with in (5.30) and (5.33), r is given everywhere byX2 − T 2 =
( r

2M
− 1
)
er/2M ,

and the r = constant curves are then hyperbolae:
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The t = constant curves ares straight lines:

In regions I and III, tanh
t

4M
=
T

X
. In regions II and IV, tanh

t

4M
=
X

T
.

Features of the complete Schwarzschild geometry in Kruskal coordinates: All values of t for r = 2M
are mapped to a single point, the center point of the figure above. With the angular dimensions included,
this is a sphere of radius r = 2M in spacetime. This problem with the coordinate t is analogous to the
coordinate singularity in polar coordinates where all values of ϕ at θ = 0 are mapped to a single point
(a line, the z-axis, when one includes r).

In a Kruskal diagram, the radial null geodesics from any point are 45◦ lines.
They are the radial lines

T = ±X + constant;

equivalently, they are the the lines U, θ, ϕ = constant and the lines V, θ, ϕ = constant. This means
that the 2-dimensional light cones in a Kruskal diagram look like the light cones of 2-dimensional
Minkowkski space.

There are two asymptotically flat regions. Spacelike surfaces, for example the t = constant surfaces
of regions I and III, extend from one asymptotic region to another, via a wormhole (initially called an
Einstein-Rosen bridge). It is immediately clear from the Kruskal diagram that no particle can go through
through the wormhole and reach the other asymptotically flat region: Only spacelike curves do that –
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future directed timelike curves all hit the r = 0 singularity and don’t make make it through from I to III
or III to I.

This is a generic property of asymptotically flat spacetimes with non-Euclidean topology (there are a
countably infinite number of such topologies). No null geodesic that starts and ends at infinity can thread
a topological structure: Positive energy implies that any topological structure collapses too quickly
for observers to find out that it’s there (JF, Schleich, Witt) topological censorship[51]. A corollary
is a strengthened version of a theorem by Hawking that any spacelike slice of the event horizon of a
stationary black hole has spherical topology (Chrusciel, Wald)[32].

It is also apparent from the diagram that no particle in II, in the black-hole interior, can escape from
the black hole to regions I or III.

Figure 5.2: A collapsing star in a Kruskal diagram looks like this figure. The left half of the Kruskal
spacetime doesn’t exist here. Because the Eddington-Finkelstein ingoing chart is mapped to regions
I and II, an Eddington-Finkelstein chart also covers the full collapse spacetime, if one continues the
coordinates v, r to the star’s interior, as null and radial coordinates inside the star.

https://arxiv.org/abs/gr-qc/9305017
https://arxiv.org/pdf/gr-qc/9410004.pdf
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The Schwarzschild geometry is time dependent: the Killing vector that is timelike outside r = 2M
becomes spacelike inside. Here are two ways to slice the history (the spacetime) given à la MTW as
sequences of embedding diagrams.

Figure 5.3: First slicing

In figuring out what the embedding of each slice should
look like qualitatively, the key point is that distances on
the embedded surface are proper distances in the space-
time. In particular, a circle with radial coordinate r has
proper circumference 2πr and thus is always at a dis-
tance r from the z-axis in the embedding diagram. A
curve in the embedding diagram corresponding to a ra-
dial curve in spacetime ((t, θ, ϕ constant)) is perpendic-
ular to the circles of constant r and has proper distance
along the curve equal to the proper spacetime distance.

Slice 4: r begins on the right at ∞, then goes to r = 2M (the central point in the diagram), and then out
to ∞ again:

Slice 5: r begins at ∞, goes to r = 1.5, then out to ∞:

Slice 6: r begins at ∞, goes to r = 0; a disconnected piece starts at r = 0 and goes to ∞:
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So the slicing 1-6 of the history looks like this.

The crosses mark the trajectory of an ingoing particle that fails to make it through the wormhole
before the asymptotic regions pinch off.
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Exercise 71. Embedding diagram.

a. Sketch a surface in flat R3 whose metric is the wormhole metric ds2 = dx2 + (x2 + a2)dϕ2,
−∞ < x <∞, 0 ≤ ϕ < 2π. The surface should have two asymptotically flat regions.

b. With z,ϖ, ϕ polar coordinates for R3 (ϖ the distance from the z-axis) find the embedded
surface z = z(ϖ) whose metric is the wormhole metric.

Exercise 72. Calculate the cross section for capture of particles by a Schwarzschild black hole for
v ≪ 1. Hint: First show that Veff ≪ 1 at the largest impact parameter for which the particle
can avoid capture.

Exercise 73. (Hartle 12-12) Working in Eddington-Finkelstein coordinates, check that the normal vector
to the horizon 3-surface of a Schwarzschild black hole is a null vector.

Exercise 74. The time for light to reach an observer outside a black hole horizon from radius r = 2M(1 + ϵ)
becomes infinite as ϵ→ 0, but the divergence is only logarithmic in ϵ.

a. Consider a point P at proper distance d = 2Mδ to the horizon along a t = constant surface.
Find δ to lowest nontrivial order in in terms of ϵ.

b. Find the time for light from P to reach an observer at r = 8M along a radial geodesic.

c. Find that time for d the Planck length and M = 10M⊙. (You should find a time of order a
millisecond). What is the contribution to that time from the term involving ϵ?

Exercise 75. Recall that conservation of baryons has the form ∇αj
α = 0, where jα = nuα, with

n = baryon density of a fluid with velocity uα.

a. Using ingoing Eddington-Finkelstein coordinates, find the number of baryons per unit time
entering a Schwarzschild black hole. That is, find dN/dv, with dN the number of baryons
that cross the horizon between successive slices at v = constant and v + dv = constant.

b. The Killing energy flux of a scalar field into the Schwarzschild horizon is positive: Show
that ∫

jαdSα ≥ 0,

where
jα = −Tαβtβ, Tαβ = ∇αΦ∇βΦ− 1

2
gαβ∇γΦ∇γΦ.

Note that the Killing vector tα is ∂v in this chart. See p. A.2.1 for both parts of the problem.

Exercise 76. An observer falls radially into a spherical black hole of mass M . She starts from rest
relative to a stationary observer at r = 8M . What time does her watch read just before she
reaches the singularity at r = 0?

Exercise 77. Og is at rest outside a spherical neutron star, at radius r = 8M .

a. Exhibiting strength characteristic of neutron-star denizens, Og throws a particle radially up-
ward with speed v as measured in Og’s orthonormal frame, large enough to reach infinity
with zero speed: That is, v = vescape. What is v?

b. Og throws a second particle horizontally (tangent to the r = 8M sphere), with speed
v = vescape. What is the maximum value of r that the particle reaches?
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Exercise 78. (Adapted from Hartle) An observer falls feet first into a Schwarzschild black hole looking
down at her feet. Is there a radius at which she cannot see her feet? In particular,

a. When her eyes are at the horizon, can she see her feet? If so, at what radius does she see
them?

b. Does she see her feet hit the singularity, assuming she remains sentient until her head hits
the singularity?

c. Is it dark inside a black hole? An observer outside sees a star become dark as it collapses to
a black hole. But would it be dark inside a black hole, assuming a collapsing star continues
to radiate at a steady rate, measured by an observer on its surface?

d. Finally, if the observer looks up from within a black hole in the disk of the Milky Way, would
she see stars above her?

This exercise is most naturally done in Kruskal coordinates, using a Kruskal diagram.
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5.5 Kerr Black Holes
Rotating stars and black holes

The metric of a rotating star or a black hole has a timelike Killing vector tα and a rotational Killing
vector ϕα. We have seen that a system with stress-energy tensor Tαβ has a conserved current associated
with each Killing vector. In the case of a rotational Killing vector, the current jα = Tαβ ϕ

β is associated
with angular momentum: jt = T tϕ is the angular momentum density, and the integral J =

∫
jαdSα is

the total angular momentum of the spacetime. In a nearly Newtonian star, this has the form
J =

∫
ρviϕ

idV =
∫
ρ(xvy − yvx).

For uniform rotation, v = Ωϕ, with

ϕ = ẑ × r = xŷ − yx̂, and J =

∫
ρviϕ

i =

∫
ρ(x2 + y2)ΩdV. (5.34)

The Coulomb potential of a ball of charge of electric charge density ρe is, up to a constant, identical
in form to the Newtonian potential Φ of a mass with density ρ, each satisfying ∇2Φ = Cρ for some
constant C. Similarly the magnetic field of a stationary current density je = ρev is identical up to a
constant to components of the metric associated with the mass current j = ρv of a nearly Newtonian
fluid.

Let’s start with the magnetic field. In a Lorenz gauge, a time-independent vector potential satisfies
∇ ·A = 0, and the magnetic field of a stationary current is given by

∇×B = 4πje, B = ∇×A, =⇒ ∇2Ai = −4πje i,

with solution for the Cartesian components

Ai =

∫
ρevi

|r − r′|
dV ′. (5.35)

Now consider the stress tensor of nearly Newtonian fluid with velocity field v. It has the form

(T µν) =

(
ρ ρv
ρv 0

)
+O(e2),

with e as before a small parameter of order the largest of v and vsound. (Recall that P = O(ρv2sound.)
For a nearly Newtonian source, the metric has the form gαβ = ηαβ + hαβ , and we can ignore terms
quadratic in the small correction hαβ to the flat metric. The Ricci and Einstein tensors are then linear
in hαβ; because the ΓΓ terms in the Riemann tensor are quadratic in hαβ , we can use Eq. (2.52), valid
when terms quadratic in Γ are discarded. Then, using ∂σgµν = ∂σhµν , we have

Rµνστ (P ) =
1

2
[∂ν∂σhµτ + ∂µ∂τhνσ − ∂µ∂σhντ − ∂ν∂τhµσ]. (5.36)

In the nearly-Newtonian regime, the diagonal components of hµν are given by the diagonal compo-
nents of T µν , as in Eq. (3.24), and we can quickly see that the off-diagonal components of the Einstein
equation are satisfied when hti satisfies

∇2hti = 16πρvi (5.37)
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with conservation of mass, ∂i(ρvi), implying ∂ihti = 0: For µ ̸= ν,Gµν = Rµν+O(γ
2), and contracting

(5.36) on ν and τ gives

Rti =
1

2
[∂ν∂ihtν + ∂t∂

νhνi − ∂t∂ih
ν
ν − ∂ν∂νhti].

Because the star is stationary, the time derivatives vanish; where we used ∂thµν = 0, ∂ihµi = 0.

Rti = −1

2
∇2hti = 8πTti,

implying (5.37) – notice the sign: Tti = −ρvi. The off-diagonal spatial components Rij = 8πTij = 0,
are automatically satisfied by hij = 0, i ̸= j. Then

hti = −4

∫
ρvi(x

′)

|r − r′|
dV ′ (5.38)

For a rotating star, v = Ωϕ, and the asymptotic form of hti is proportional to the total angular
momentum J . This follows from the expansion

1

|r − r′|
=

1

|r2 − 2r · r′ + r′2|1/2
=

1

r
+

r · r′

r3
+O(r−3). (5.39)

Because the total linear momentum vanishes,
∫
ρvidV = 0, and the leading asymptotic term is the

dipole contribution,

hti = −4
1

r3
r ·
∫

r′ρvidV
′ +O(r−3). (5.40)

Now gti = hti +O(h2). For a rotating star, vi = Ωϕi, and Eq. (5.40) implies

gti = hti = 2ϵijk
xjJk

r3
+O(r−3). (5.41)

Exercise 79. Asymptotic behavior of a rotating star.

a. Show Eq. (5.40) implies (5.41).

b. The equations assume Cartesian coordinates. Convert (5.41) to spherical coordinates, show-
ing that the asymptotic gti has the single nonzero component

gtϕ = −2J

r
sin2 θ.

The Kerr spacetime
Had anyone taken seriously the idea that stars might really collapse to within their Schwarzschild

radius, the Kerr solution might have been found in the 1920s by asking what would happen if a rotating
star collapsed. Instead, Roy Kerr found it forty years later by looking for exact vacuum solutions whose
Riemann tensor had a particularly simple form.1

1Ezra Newman nearly found it – he, Unti and Tambourino used the Newman-Penrose formalism to classify all solutions of
that kind but made a error that Kerr caught; Newman was not happy that Kerr didn’t share credit with him. In Kerr’s version
of the history, he and Alan Thompson had written an equivalent set of equations and that allowed Kerr to immediately spot the
error https://arxiv.org/abs/0706.1109. Newman and Janis found a simple way to find the Kerr metric https:
//aip.scitation.org/doi/10.1063/1.1704350 from a complex coordinate transformation of Schwarzschild,
and Newman generalized that to obtain the charged, rotating black hole solutions that generalize the charged Schwarzchild
solutions of Riessner and Nordstrom.

https://arxiv.org/abs/0706.1109
https://aip.scitation.org/doi/10.1063/1.1704350
https://aip.scitation.org/doi/10.1063/1.1704350
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Kerr black holes are the unique stationary asymptotically flat vacuum spacetimes with event hori-
zons. For each mass M, there is a 1-parameter family of Kerr black holes with that mass; the parameter is
the angular momentum J about the symmetry axis, and at J = 0 the family begins with Schwarzschild.
There is a maximum angular momentum for each mass M : No star can contract past the point where
its rotational speed exceeds the speed of light. This limits the angular momentum of a black hole that
can be physically generated. The physical limitation is mirrored in the solution set: For J > M2 (think
of Jmax = MvmaxR = McM = M2), Kerr vacuum metrics exist, but they have no horizons. Instead a
naked singularity deprives these spacetimes of physical meaning.

Several features of a rotating black hole could have been predicted at the outset: Its two Killing
vectors ϕα and tα and its asymptotic form (5.41). Note that the t-ϕ part of the metric just involves the
Killing vectors:

gtϕ = gαβt
αϕβ = tαϕα, gtt = tαtα, gϕϕ = ϕαϕα.

Furthermore, the geometry should be symmetric under a simultaneous reversal of time and the direction
of rotation, under

t→ − t, ϕ→ − ϕ . (5.42)

This condition eliminates the tr, tθ, ϕr, and ϕθ components of gαβ and Gαβ; and one can choose
coordinates to eliminate grθ.

The Kerr metric, in a chart that becomes the (t, r, θ, ϕ) chart of Schwarzschild when J = 0, is

ds2 = −∆− a2 sin2 θ

ρ2
dt2 − 2

2Mar sin2 θ

ρ2
dt dϕ+

(r2 + a2)2 − a2∆sin2 θ

ρ2
sin2 θdϕ2+

ρ2

∆
dr2 + ρ2dθ2 ,

(5.43)
where

a = J/M, ρ2 = r2 + a2 cos2 θ = ΣWald, ∆ = r2 − 2Mr + a2 . (5.44)

Notation: The notes follow MTW and Chandrasekhar’s Mathematical Theory of Black Holes[29] in
using ρ2, while Wald and Shapiro-Teukolsky [105] use Σ.

Here (t, r, θ, ϕ) are called Boyer-Lindquist coordinates, after their discoverers. The metric (5.43)
can also be written in the factored form

ds2 = −∆

ρ2
(dt− a sin2 θdϕ)2 +

sin2 θ

ρ2
[(r2 + a2)dϕ− adt]2 +

ρ2

∆
dr2 + ρ2dθ2 (5.45)

Its determinant is √
−g = ρ2 sin θ, (5.46)

and the determinant of the t-ϕ part of the metric is

2g = t · t ϕ · ϕ− (t · ϕ)2 = gttgϕϕ − (gtϕ)
2 = ∆sin2 θ. (5.47)

The inverse metric is then

(gµν) =



−(r2 + a2)2 − a2∆sin2 θ

ρ2∆
0 0 −2

aMr

ρ2∆

0
ρ2

∆
0 0

0 0 ρ2 0

−2
aMr

ρ2∆
0

∆− a2 sin2 θ

ρ2∆sin2 θ


(5.48)
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When a = 0 and M ̸= 0, ρ2 = r2, ∆ = r2(1− 2M
r
), and the metric is

ds2 = −
(
1− 2M

r

)
dt2 + r2 sin2 θdϕ2 +

(
1− 2M

r

)−1

dr2 + r2dθ2,

the Schwarzschild metric in Schwarzschild coordinates.
The most important difference between the geometry of a rotating star or black hole and the geometry

of a stationary object is the dragging of inertial frames (or just frame dragging), a nonzero t-ϕ metric
component, whose meaning is that time-translation is not orthogonal to rotation, tαϕα ̸= 0. The angular
velocity

ω := − tαϕα
ϕβϕβ

, (5.49)

measures the frame dragging in the sense that particles with zero angular momentum move along tra-
jectories whose angular velocity relative to infinity is dϕ/dt = ω. To see this, note that the angular
momentum of a particle is pαϕα = pϕ = muϕ; we’ll again use the angular momentum per unit rest
mass, L = uαϕ

α. For a freely falling particle (and hence for an inertial observer), L is conserved. But
the angular velocity of an observer, measured from infinity is Ω = dϕ/dt = uϕ/ut. Now

L = uϕ = gϕtu
t + gϕϕu

ϕ+ = utϕ · t+ uϕϕ · ϕ, (5.50)

so a particle with zero angular momentum has angular velocity

Ω ≡ uϕ

ut
= − t · ϕ

ϕ · ϕ = ω. (5.51)

A zero-angular momentum observer (ZAMO) at constant radius r has velocity uα normal to a t = constant
surface: That is, the vectors ∂ϕ = ϕ, ∂r and ∂θ span the subspace of vectors tangent to a constant t
surface; uα is proportional to tα + ωϕα, which is obviously orthogonal to the vectors in the r and θ
directions, and it is orthogonal to ϕα because

(tα + ωϕα)ϕα = tαϕα − tαϕα = 0. (5.52)

For Kerr, from its definition and the form (5.43) of the metric, ω is

ω =
2Mar

(r2 + a2)2 − a2∆sin2 θ
. (5.53)

Frame dragging was measured to about 20% accuracy by gravity probe B. https://ui.adsabs.
harvard.edu/abs/2011PhRvL.106v1101E/abstract More on frame dragging when we
get to particle orbits.

The horizon
Because the spacetime is stationary and axisymmetric, rotations and time-translations map the horizon
to itself. This implies that tα and ϕα are tangent to the horizon H . (This is because ϕα is tangent to the
circular trajectories of rotated points, and tα is tangent to the trajectories of time-translated points.) We
now show that the horizon of the Kerr geometry is the set of points where ∆ = 0. We begin with an
outline and then fill in the argument for each step.

Here’s the outline:

https://ui.adsabs.harvard.edu/abs/2011PhRvL.106v1101E/abstract
https://ui.adsabs.harvard.edu/abs/2011PhRvL.106v1101E/abstract
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1. The event horizon is a null surface; that is, it is a hypersurface whose tangent space includes one null
vector and no timelike vectors.
2. The null vector field of the Kerr horizon (and of any stationary axisymmetric horizon) is a linear
combination, tα + fϕα, of the two Killing vectors.
3. The metric on a null surface has vanishing determinant.
4. Because the space of vectors spanned by tα and ϕα is a plane and that plane is null on the horizon,
the determinant 2g = ∆sin2 θ = 0 on the horizon.

Here are the details:
1. The fact that the horizon H is a null surface follows from its definition as boundary of the set of
points from which timelike curves can reach null infinity. From H and from points inside H , no null
or timelike curves reach null infinity. From each point outside H , outwardly directed null rays do reach
null infinity. Outwardly directed null rays beginning at points of the horizon, however, remain on the
horizon. Thus a null geodesic passes through each point of H . Because one can regard H as formed by
these rays, the horizon is said to be generated by its null geodesics or by the null vector field ℓα tangent
to them. A horizon then is a null hypersurface, a hypersurface whose tangent space includes one null
direction and no timelike vectors.

Why can H have no timelike vectors? If uα is a timelike vector on H and vα a spacelike vector
pointing out from H , then for small enough λ, uα + λvα is still timelike, and it points out of H . Then a
timelike curve tangent to uα + λvα reaches a point outside H . Because all points outside H are joined
by timelike curves to null infinity, H itself would be joined by a timelike curve to null infinity, contra-
dicting its definition.

2. We next show that the generators ℓα of the horizon are linear combinations of tα and ϕα. Because
tα + kϕα is a Killing vector for every constant k, it must be tangent to the horizon. (Combinations
of rotations and time translations map the horizon to itself.) Because H is a null surface, tα + kϕα

is either spacelike or null. Suppose that the null generator at a point of H has a part along θ or r:
ℓα = (tα+ fϕα)+ vα, with vα orthogonal to the t-ϕ plane. Because the r and θ directions are spacelike,
vαv

α ≥ 0, vanishing only if vα = 0. But

0 = ℓαℓ
α = (tα + fϕα)(t

α + fϕα) + vαv
α.

Because each term on the right is non-negative, vα = 0 and ℓα = tα + fϕα as claimed.

3. Consider an element of area in a null plane with one segment along the null direction, and one in a
perpendicular direction (call them the 1 and 2 directions). Because the null segment has proper length
dℓ1 = 0, the area is dA = dℓ1dℓ2 = 0. Thus a null plane has 2g = 0.

4. At each point of the horizon of Kerr, the t-ϕ plane is null, whence Eq. (5.47) implies ∆ = 0. □

The argument holds for distorted black holes, black holes with stationary, axisymmetric matter (e.g.,
an accretion disk) outside the horizon: H is again composed of t-ϕ surfaces for which

2g = t · t ϕ · ϕ− (t · ϕ)2 = 0.

For a Schwarzschild black hole, the asymptotically timelike Killing vector tα becomes null on the
horizon and is therefore its null generator. For Kerr, the vector field tα + ωϕα is null on the horizon,
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because

(tα + ωϕα)(tα + ωϕα) = tαtα + 2ωtαϕα + ω2ϕαϕα

= (ϕβϕβ)
−1[(tαtα)(ϕβϕβ)− 2(tαϕα)

2 + (tαϕα)
2]

= (ϕβϕβ)
−1[(tαtα)(ϕ

βϕβ)− (tαϕα)
2]

= 0 at ∆ = 0. (5.54)

We have shown that the horizon is at the radius r where ∆ = 0 and that it is generated by the null
vector field tα + ωHϕ

α, where ωH is the value of the frame-dragging angular velocity ω on H . Now
∆ ≡ r2 − 2Mr + a2 = 0 has the roots

r± =M ± (M2 − a2)1/2. (5.55)

The solution r = r+ is the horizon.2 At the horizon, we then have

ωH = − gtϕ
gϕϕ

∣∣∣∣
r+

=
a

2Mr+
. (5.56)

Because the generators of the horizon rotate relative to infinity with angular velocity ωH , one regards
the horizon itself as an object rotating with the angular velocity ωH , constant on H .

Within the horizon (for r < r+), there are no nonspacelike constant r paths, and grr < 0 ⇒
∂r is a timelike vector; future directed timelike curves are then constrained to have ur < 0. (One
can analytically extend Kerr across ∆ = 0, as in the Kruskal or Eddington-Finkelstein extensions of
Schwarzschild.)

Asymptotically, the metric (5.43) has the form

ds2 = −
(
1− 2M

r

)
dt2 − 4Ma

r
sin2 θdtdϕ+

(
1 +

2M

r

)
dr2 + r2(dθ2 + sin2 θdϕ2).

This is also the asymptotic form of the metric of a rotating star. In the case of a rotating star, the
star’s angular momentum is J = Ma, and that is defined to be the angular momentum of a black hole
as well.3 Note however, that the rest of the geometry of Kerr – the quadrupole and higher multipole
moments of the metric – does not agree with the geometry of any rotating star. And rotating stars with
different equations of state have different shapes and different gravitational fields (in both GR and in the
Newtonian approximation).

The asymptotically timelike Killing vector becomes null on a surface that lies outside the horizon
(except at θ = 0, π where it touches the horizon). tα is spacelike (tαtα > 0) inside the surface tαtα = 0:

0 = tαtα = gtt =
∆− a2 sin2 θ

ρ2
=⇒ r2 − 2Mr + a2 − a2 sin2 θ = 0

r2 − 2Mr + a2 cos2 θ = 0. (5.57)

This region, where tα is spacelike, is called the ergosphere and is discussed in some detail below.
The rotational Killing vector is spacelike everywhere (at least for r > 0):

ϕαϕα = gϕϕ =
(r2 + a2)2 − a2∆sin2 θ

ρ2
sin2 θ.

2The second solution r = r− is also a null surface, lying inside the horizon and is called the inner horizon. It is not part
of the spacetime of a collapsing star.

3One can also define a symmetry group of rotations and translations at spatial infinity and use the symmetries to define
the associated asymptotic conserved quantities.
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Then
ρ2 > 0, r2 + a2 > a2, r2 + a2 > r2 − 2Mr + a2 = ∆ and 1 > sin2 θ

⇒
(r2 + a2)2

ρ2
>
a2∆sin2 θ

ρ2
⇒ ϕαϕα > 0 .

[If ϕαϕα < 0 as happens if we allow r < 0, there are closed timelike curves – namely the curves of
constant t, r, θ, the circular trajectories along the vector field ϕα.]

When a > M, (M2 − a2)1/2 is imaginary and thus ∆ is nowhere zero. The components of the Kerr
metric (5.43) are singular at r = 0, and this singularity cannot be avoided by extending Kerr via a coor-
dinate change: The scalar RαβγδRαβγδ, for example, blows up as r → 0, (θ = π/2). In this case, unlike
Schwarzschild, or Kerr with a < M , null geodesics from all points outside r = 0 escape to infinity,
so the singularity is not shrouded by a horizon and is said to be naked. As mentioned above, however,
it appears that naked singularities cannot, in fact, form from nonsingular initial data of physical fields,
and, in particular, attempts to find processes that take a black hole with a < M and add enough angu-
lar momentum to make e > M have failed (see e.g. Wald, Annals of Physics, 82, 548 (1974)). One
reason they fail is this: A typical attempt is to drop a gyroscope with agyro ≡ Jgyro

Mgyro
≫ Mgyro into the

a < M black hole. But there is a spin-spin repulsion, and in order to push the gyroscope into the black
hole, you have to do so much work that (W +Mgyro +M)2 > Jgyro + J , so the new mass of the hole,
W+M+Mgyro exceeds its new angular momentum per unit mass. The statement that naked singularities
cannot evolve from nonsingular initial data of physical fields is called the cosmic censorship hypothe-
sis and its proof is a fundamental unsolved problem of classical relativity. We henceforth assume a < m.

Particle trajectories: General features
The appearance of accreting black holes depends in part on the trajectories of photons and orbits

of massive particles. We’ll restrict ourselves here to orbits in the equatorial plane. If, at ∞, uϕ = 0,
then L = uϕ = 0 as well, because the metric is asymptotically Minkowski; but, as we have seen, zero
angular momentum particles have nonzero angular velocity

Ω = ω. (5.58)

Because ω ∼ r−3 as r → ∞ this dragging is hard to measure unless one observes objects near a dense,
rapidly rotating object – in this case, a Kerr black hole.

Consider an arbitrary timelike or null trajectory:

uα = ut(tα + Ωϕα + vα)

where vα ⊥ tα, ϕα. In Minkowski space, a particle can have a timelike or null trajectory only if
r sin θΩ < 1, implying −1/r < Ω < 1/r. Here the angular velocity Ω is limited to a range of values
that is not symmetric as seen by an observer at infinity. (The range is symmetric as seen locally by a
observer with zero angular momentum). From uαuα = −1 < 0, we have

tαtα + 2Ωtαϕα + Ω2ϕαϕα ≤ 0.

Then grr > 0, gθθ > 0 =⇒ vαvα > 0, ⇒ Ω− ≤ Ω ≤ Ω+, where

Ω± = −
t · ϕ
ϕ · ϕ

±

[(
t · ϕ
ϕ · ϕ

)2

−
t · t
ϕ · ϕ

]1/2
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or

Ω± = ω ±
(
ω2 −

t · t
ϕ · ϕ

)1/2

. (5.59)

These extrema are reached when vα = 0, that is, for motion in the equatorial plane at constant r.

For large r,

ω ∼ 2J

r3
tαtα = gtt ∼ −1 ϕαϕα = gϕϕ ∼ r2,

and Ω± ≈ ±1

r
, as in Minkowski space. As long as tαtα < 0,Ω− < 0 and Ω+ > 0 and particles can

rotate with or opposite to the black hole rotation. But when tαtα > 0, both Ω+ and Ω− are greater than
zero: All timelike or null trajectories rotate with the geometry – no physical particle can remain at rest
as seen by an observer at infinity. In other words, when tα is spacelike, no physical particle can move
along this Killing vector. In contrast to the Schwarzschild case, however, particles within the region
where tα is spacelike can escape to infinity because for Ω− < Ω < Ω+, u

r can be positive.

The region in which tα is spacelike is called the ergosphere (The term is similar to atmosphere; the
ergosphere of a dense, rapidly rotating stellar model is a solid torus, not a topological sphere.) The
boundary, where tαtα = 0 is called the static limit by MTW (stationary limit by most other people).
Observers inside the static limit can remain at constant distance from the black hole (constant r) as long
as they rotate in the positive direction with angular velocity Ω in the range Ω− < Ω < Ω+. But as
∆ → 0, Ω− → Ω+:

Ω+ − Ω− =

(
ω2 − tαtα

ϕβϕβ

)1/2

= (ϕαϕα)
−1
[
(tβϕβ)

2 − (tβtβ)(ϕ
γϕγ)

]1/2
. (5.60)

From eq. (5.47), namely (tβϕβ)
2 − (tβϕβ)(ϕ

γϕγ) = ∆ sin2 θ,

Ω+ − Ω− → 0 as ∆ → 0 .

So the allowed range of rotation shrinks to zero as ∆ → 0, and for ∆ = 0 the only nonspacelike constant
r path is the null trajectory along the generator of the horizon, with Ω = Ω+ = Ω− = ωH .

5.6 Ergospheres: The Penrose process, superradiant scattering,
and ergosphere instabilities

Ergospheres are regions in which an asymptotically timelike Killing vector tα becomes spacelike. They
are present not only in rotating black holes, but also in models of dense, rapidly rotating stars (perfect
fluids) which have been constructed numerically by Ipser & Butterworth[23] (earlier, for dust disks, by
Bardeen & Wagoner[15]). If a star is compact enough, and it spins fast enough, its rotation of a star
can force all physical particles within a region to rotate with respect to a distant observer. For later
references, see Tsokaros et al. [127], who look at the rotation laws and equations of state that give rise
to these ergostars.

https://articles.adsabs.harvard.edu/full/1975ApJ...200L.103B
https://journals.aps.org/prd/pdf/10.1103/PhysRevD.101.064069
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Figure 5.4: A t = const, θ = π
2

plane showing the horizon, static limit, and ergosphere. Light cones are
represented by dots for their vertices and circles for the cone - a circle represents the position of flash of
light a short time after it was emitted from the dot. Picture the light cone by imagining time out of the
paper, so the circles sit just above the paper.

It is possible to extract rotational energy from a geometry with an ergosphere in the following way.
A particle (1) sent from infinity to the ergosphere can decay into particles (2) and (3), leaving (2) in the
ergosphere and sending (3) back out to ∞ with greater energy than (1) had to begin with. Let particle
(1) begin with momentum p1

α. Along its trajectory, −p1αtα = E1 is constant; E1 is its energy measured
by an observer at infinity who sends the particle in (at infinity, tα is a unit timelike vector and can be
chosen as the velocity of our observer).

Figure 5.5: Particle 1 falls into the ergosphere, where tα is spacelike. It decays into particles 2 and 3.
Particle 2 hasE = −pt > 0, and particle 3 emerges with energy greater than the initial energy of particle
1. The diagram shows trajectories relative to zero-angular-momentum observers (ZAMOs); a ZAMO
trajectory here is a straight line directed inward. Were they drawn as seen from infinity, all trajectories
inside the ergosphere would proceed in a positive ϕ direction.

Inside the ergosphere, tα is spacelike, so −p1αtα is not the energy measured by any observer. In par-
ticular, consider a ZAMO, an observer with velocity uα = ut(tα + ωϕα). Let (1) decay into (2) + (3).
The observer uα must see uαp2α < 0 and uαp3α < 0 because the locally measured energy is positive:
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0 > uαp2α = ut(tαp2α + ωϕαp2α) = ut(tαp2α + ωL),
L the angular momentum of (2).

Since tα is spacelike, tαp2α can be positive. If we choose L < 0, the momentum tαp2α need only
satisfy tαp2α < |ωL|; because all decays that satisfy conservation of 4-momentum can occur, we can
choose a decay for which tαp2α > 0.
Momentum conservation in the decay is

p1α = p2α + p3α.

Its component along tα,
p1αt

α = p2αt
α + p3αt

α,

implies
E3 = −p3αtα = −p1αtα + p2αt

α > E1,

and particle (3) reaches infinity with energy greater than that particle (1) had. The energy comes from the
rotational energy of the black hole: Particle 3 carries off some of the black hole’s angular momentum.

Note that particle (2) cannot escape to infinity, or even to a region where tα is timelike, because then
the physical energy of (2) measured by an observer with velocity along tα would be negative. In the case
of an ergosphere about a Kerr black hole, particle (2) would spiral into the black hole. When a geometry
has an ergosphere and no horizon, however, a particle with L < 0 (or a field in the ergosphere with
negative “energy”) will radiate and its “energy,” −pαtα, will grow increasingly negative until ultimately
enough angular momentum is radiated to ∞ that no ergosphere remains. This growth of a particle’s
negative energy, defined as −pαtα, is a simple example of the instability of an ergostar, described below.

There is no similar mechanism to extract energy from a nonrotating black hole. In his celebrated
1971 paper,[62] Hawking proved that the area of a black hole cannot decrease (the proof is given in
Sect. 10 below). Because the area of a Schwarzschild black hole is 4π(2M)2 = 16πM2, its mass can
only increase. A rotating black hole, however, has area A = 8πMr+ = 8πM(M +

√
M2 − a2), so A

can increase in a process that carries away both energy and angular momentum.

Superradiant scattering and ergosphere instabilities.
The counterpart of the Penrose process for a classical field is called superradiant scattering. A scalar,

electromagnetic or linearized gravitational field can radiate negative energy across the horizon, here
meaning that the current Jα = −Tαβtβ has negative flux across the horizon, that

∫
H
JαdSα < 0. For

a massless scalar field, an electromagnetic field or a gravitational wave, this implies that the outgoing
field carries more energy to future null infinity than the energy of the initial incoming field.

In the case of an ergostar (with no horizon), the conserved energy of radiation fields on a background
with negative values in the ergosphere leads to instability Friedman ’78[50]: Because the negative en-
ergy part of the field is again trapped within the ergosphere, and because a time-dependent, nonaxisym-
metric field radiates positive energy to infinity, fields of this kind are unstable in spacetimes with an
ergosphere and no horizon. As linear fields on a background spacetime, they grow without bound; in
the full theory, they radiate away the angular momentum of the ergostar until no ergosphere remains.
The associated growth time, however, is comparable to the age of the universe [36].

There is a related instability of rotating black holes, associated in this case with a massive scalar
field (or any massive boson field) outside the ergosphere. Because a massive scalar field falls off expo-
nentially at spatial and null infinity, scalar radiation flows only into the horizon, not to infinity. If the
field is superradiant, radiating negative energy across the horizon, the field outside the horizon again
grows without bound on a fixed background spacetime (Damour ’76)[39],Zouros & Eardley 79[138],
Detweiler ’80[43].

https://projecteuclid.org/journals/communications-in-mathematical-physics/volume-63/issue-3/Ergosphere-instability/cmp/1103904565.full
http://users.physics.uoc.gr/~tzouros/References/Zouros_AoP118_139_1979.pdf
https://journals.aps.org/prd/pdf/10.1103/PhysRevD.22.2323
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With spacetime dynamics included, the black hole spins down and is surrounded by a condensate of
the massive boson field. For very small scalar masses, whose Compton wavelength is larger than the
black hole’s radius, the growth time is small compared to the age of the universe. As pointed out by
Arvanitaki and Dubovsky[9], this means that any observation of the mass and spin of a black hole can
set an upper bound on the mass of light bosons. Because ultralight bosons (axions, for example) are a
candidate for dark matter, a ballooning literature has followed the Arvanitaki-Dubuvsky paper.

Exercise 80. An observer is stationed at fixed values of r and ϕ in the equatorial plane of a rotating
black hole of mass M and angular momentum Ma. A proton is moving in the ϕ-direction as it
traverses the laboratory of the observer, who measures its energy E and momentum p⊥.

a. What is the relation between E and p⊥?

b. What are the components of the proton’s 4-momentum in the Kerr coordinate basis in terms
of E and p⊥?

c. What is the proton’s speed v as measured by the observer? (Give v in terms of E, p⊥, and
rest mass m?

d. What are the components of the proton’s 4-velocity along an orthonormal frame aligned with
the coordinate directions in terms of v?

e. What are the values of the two conserved quantities E = −uαtα and L = uαϕ
α?

https://journals.aps.org/prd/pdf/10.1103/PhysRevD.83.044026
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5.7 Orbits of Kerr black holes
This section partly follows corresponding discussions in Chandrasekhar [29] and in Shapiro-Teukolsky[105]
12.7.

5.7.1 Photon orbits
We will look at orbits in the equatorial plane. Massive particles have an orbit through any point for each
value of the particle’s velocity. Photon orbits have only one speed and so only one orbit for a given
spatial direction. Where massive particles can adjust their speed to have circular orbits for all radii
greater than some minimum value, photons have only a single circular orbit outside the horizon.

As in Schwarzschild, we write kαkα = 0 in terms of ṙ and the conserved energy/ℏ and angular
momentum/ℏ,

E = −kαtα = −kt, L = kαϕ
α = kϕ. (5.61)

At r = ∞, a stationary observer has velocity tα, so −ℏkt and ℏkϕ are the energy and angular momentum
of a photon, if the affine parameter is chosen to equal t at infinity. The orbit of a photon moving in the
equatorial plane is determined by its impact parameter4

b :=
L

E
.

The equatorial plane is the θ = π/2 surface, with

sin θ = 1, ρ2 = r2.

We have

0 = gttE2 − 2gtϕEL+ gϕϕL2 + grrṙ
2

= −(r2 + a2)2 − a2∆

r2∆
E2 + 4

aM

∆r
EL+

∆− a2

r2∆
L2 +

r2ṙ2

∆

r2ṙ2 =

(
r2 + a2 +

2M

r
a2
)
E2 − 4

aM

r
EL−

(
1− 2M

r

)
L2. (5.62)

Dividing by r2 and grouping terms with the same power of r gives

ṙ2 = E2 +
2M

r3
(L− aE)2 − L2 − a2E2

r2
, (5.63)

the equation of a particle moving in an effective potential U = −2M

r3
(L− aE)2 +

L2 − a2E2

r2
.

4As in the case of a massive particle, the definition is natural because the energy and angular momentum measured by a
stationary observer at infinity are L = ℏL and E = ℏE, L/E = L/E is the impact parameter in flat space, and the spacetime
is asymptotically flat. Note that changing E and L to kE and kL in (5.62) changes ṙ = dr/dλ to kṙ: This corresponds to
a change λ → λ/k in the affine parameter, and it leaves dr/dt = ṙ/ṫ unchanged. Adopting our convention that ṫ = 1 at
infinity fixes ṙ.
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Ingoing and outgoing photons: Principal null geodesics

Eq. (5.63) has its simplest form when L = aE:

ṙ ≡ dr

dλ
= ±E. (5.64)

This means r is an affine parameter, as it was for Schwarzschild. Without loss of generality, we can take
λ = ±r, E = 1.

To complete the solution, we need ϕ̇ = kϕ and ṫ = kt as functions of r:

ϕ̇ = kϕ = gϕϕkϕ + gϕtkt =
∆− a2 sin2 θ

ρ2∆sin2 θ
L+ 2

aMr

ρ2∆
sin2 θE

=
1

∆

[(
1− 2M

r

)
L+ a

2M

r
E

]
, at θ = π/2, (5.65)

ṫ = kt =
1

∆

[(
r2 + a2 + 2

a2M

r

)
E − a

2M

r
L

]
, (5.66)

Here, with L = aE = a, the relations are simply

ϕ̇ =
a

∆
, ṫ =

r2 + a2

∆
. (5.67)

Eqs. (5.67) now give the coordinates t and ϕ of outgoing and ingoing geodesics as functions of r:
Up to a choice of initial values, we have

ϕ = ±
∫

a

∆
dr = ± a

r+ − r−
ln

∣∣∣∣r − r+
r − r−

∣∣∣∣ (5.68a)

t = ±
∫
r2 + a2

∆
dr = ±r∗, with r∗ = r +

Mr+
r+ − r−

ln

∣∣∣∣r − r+
r+

∣∣∣∣− Mr−
r+ − r−

ln

∣∣∣∣r − r−
r−

∣∣∣∣ . (5.68b)

The corresponding null vectors tangent to the outgoing and ingoing geodesics then have t, r, θ, ϕ com-
ponents

(ℓµ) =

(
r2 + a2

∆
, 1,

a

∆
, 0

)
, (5.69a)

(nµ) =

(
r2 + a2

∆
, −1,

a

∆
, 0

)
. (5.69b)

These vectors will reappear in Sect. 9.2.3 (with n rescaled to make ℓ ·n = 1) as two of the Newman-
Penrose tetrad vectors for the Kerr geometry; and the ingoing null geodesics will, as in Schwarzschild,
be used in Sect. 5.8 to construct a chart regular on the future horizon.

Although we have found these geodesics by assuming θ = π/2, the equations hold for any value of
θ: The ingoing and outgoing solutions describe null geodesics with θ̇ = 0.
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Circular orbits

For a circular orbit, ṙ = 0, implying E2 = U , and dU/dr = 0:

E2 +
2M

r3
(L− aE)2 − L2 − a2E2

r2
= 0, (5.70)

−6M

r4
(L− aE)2 + 2

L2 − a2E2

r3
= 0. (5.71)

These are two equations relating r, E and L; notice, however, that they are homogeneous in (E,L), that
every term is proportional to E2, L2 or EL. Dividing each equation by L2 then gives two equations for
the two variables r and b = L/E and so determines the values of each, giving r and the angular velocity
of the orbit. The second equation immediately gives

r = 3M
L− aE

L+ aE
= 3M

b− a

b+ a
. (5.72)

Substituting this value of r in the first equation (5.70) yields for b the cubic equation

1 = U/E2 =
1

27M2

(b+ a)3

b− a
(5.73)

To solve, we simplify as usual by appropriately picking dimensionless variables

y :=
b+ a

3M
, χ =

a

M
. (5.74)

Then
b− a

M
= 3y − 2χ, and the equation is surprisingly simple:

y3 − 3y + 2χ = 0, (5.75)

with a real solution that depends on whether the orbit is corotating or counter-rotating with the black
hole. (See the discussion of the solution to a cubic after Eq. (4.83)). Assuming χ = a/M > 0, the
corotating orbit is the solution given by

y = 2 cos

[
1

3
cos−1(−χ)

]
=: 2 cosψ.

and, from (5.74) and (5.72), respectively,

b = 6M cosψ − a, r = 3M(1− 2χ/y) =M

(
3− χ

cosψ

)
. (5.76)

As χ increases from 0 to 1 (as a increases from 0 to M ), ψ increases from from π/6 to π/3 and
r decreases from

r = 3M at χ = 0, to r =M at χ = 1. (5.77)

(When χ = 1, the horizon itself has shrunk to r =M .)
Counter-rotating orbits have Ω and a with opposite signs. We can just switch the sign of a (of χ) to

write

r =M

(
3 +

|χ|
cosψ

)
, cos 3ψ = |χ| (counter-rotating), (5.78)

with r increasing from 3M to 4M as |χ| increases from 0 to 1.
Eqs. (5.65) and (5.66) again give Ω in terms of b and r,

Ω =
(1− 2M/r) b+ 2aM/r

(r2 + a2 + 2a2M/r)− (2aM/r)b
. (5.79)
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5.7.2 Particle orbits
Finding the circular orbits in the equatorial plane is done in essentially the same way as for photons, and
the basic equations are easy to write down, just changing kαkα = 0 to uαuα = −1: Again multiplying
by ∆/r2 gives Eq. (5.63) with the additional term −∆/r2 on the right side:

ṙ2 = E2 − U, U = −2M

r3
(L− aE)2 +

L2 − a2E2

r2
+

∆

r2
. (5.80)

The conditions for a circular orbit are again ṙ = 0, r̈ = 0, or E2 − U = 0, dU/dr = 0. Again
grouping powers of r, we write the first relation as

E2 − 1 +
2M

r3
(L− aE)2 − L2 − a2(E2 − 1)

r2
+

2M

r
= 0. (5.81)

Because E2 − U = 0, we can write the second relation, U ′ = 0, in the form
1

2r
[r2(E2 − U)]′ = 0:

E2 − 1− M

r3
(L− aE)2 +

M

r
= 0. (5.82)

Our goal is to use the two equations to find the generalized Kepler relation Ω(r) and to find the innermost
stable circular orbit.

We have two equations for the three variables r, E and L. The strategy is to solve them for E and L
in terms of r, to write Ω in terms of E and L, and so to obtain Ω(r). First the surprisingly simple result,

then the calculation. The Newtonian Keplerian angular velocity is ΩN =

√
M

r3
, and we have seen the

form of Ω is identical for Schwarzschild. For Kerr it has the form

Ω =
ΩN

1 + aΩN

, corotating,

Ω = − ΩN

1− aΩN

, counter-rotating. (5.83)

At order a, the change is due to frame dragging because the order a change in the metric is the nonzero
value of gtϕ. From Eq. (5.53), ω = 2aΩ2

N +O(a2), implying Ω = ±(ΩN ∓ ω/2) +O(a2). 5

The calculation:
This time use the variable6 x = L−aE and write the equations in terms of x,E and r, usingL2−a2E2 =
x2 + 2aEx in the first equation. The equations are now

E2 = −2M

r3
x2 +

x2 + 2aEx

r2
+

∆

r2

E2 =
Mx2

r3
− M

r
+ 1. (5.84)

5The term linear in a in the effective potential raises its height for a corotating orbit. In heuristic language, a larger value
of L is then needed for the centrifugal barrier to balance the gravitationalM/r potential. There is an opposite effect from the
relation between L and Ω, the relation L = r2(Ω − ω)ṫ requiring a larger Ω for the same L, but the change in the effective
potential wins.

6If you’re going to try the calculation, you might want to set M = 1 or divide variables by M to make everything
dimensionless. On the other hand, keeping M has the advantage that you can spot errors by checking that every term has the
right dimension as a power of L = [M ].
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We now eliminate E to get an equation for x and r alone and then solve for x in terms of r. First get rid
of E2 by subtracting the first equation from the second. This lets us find E in terms of x and r without
having to solve a quadratic equation:

2axE = −
(
1− 3M

r

)
x2 +Mr − a2 (5.85)

We now have independent expressions (5.85) for E and (5.84) for E2. So we get an equation for x and
r alone by
[right side of (5.85)]2 = [right side of (5.84)]×(2ax)2: Notice that, although it’s quartic in x, it’s
quadratic in x2! So we’re almost done. The equation has the form

αx4 − 2βx2 + γ = 0, (5.86)

with

α =

(
1− 3M

r

)2

− 4a2
M

r3
= (1− 3M/r − 2aΩN)(1− 3M/r + 2aΩN),

β =

(
1− 3M

r

)(
Mr − a2

)
+ 2a2

(
1− M

r

)
,

γ = (Mr − a2)2, (5.87)

and the next happy fact is that, although α and β are somewhat long, the discriminant is short

β2 − αγ = 4a2∆2M/r3 = (2a∆ΩN)
2 . (5.88)

(This is one line in Mathematica, using Factor[]. By hand it took a page.) The solution is then 7

x =
r2ΩN − a√

1− 3M/r + 2aΩN

. (5.89)

Everything has this same denominator, and it just gets carried along, so we’ll call it Q:

Q =
√

1− 3M/r + 2aΩN . (5.90)

Eq. (5.84) gives

E =
1− 2M/r + aΩN

Q
, (5.91)

and we have

L = x+ aE =
(r2 + a2)ΩN − 2aM/r

Q
. (5.92)

Finally, we find Ω(r) from Eq. (5.65) and (5.66) for ϕ̇ and ṫ. This is quick:

ϕ̇ =
ΩN

Q
,

ṫ =
1 + aΩN

Q
, (5.93)

7Intermediate steps are x2 = (β − 2a∆ΩN )/α, β − 2a∆ΩN = (1− 3M/r − 2aΩN )(r2ΩN − a)2.
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whence
Ω =

ΩN

1 + aΩN

, (5.94)

as claimed. This is the solution for a corotating orbit, with a > 0. For a counter-rotating (retrograde)
orbit, change a to −a with the convention that Ω > 0, or replace a by −a and change the sign of Ω for
the standard convention that a > 0 and Ω < 0 for counter-rotating orbits, Ω = −ΩN/(1− aΩN) < 0.

The condition for stability of the circular orbit, U ′′ > 0 can be written as [r3(E2−U)]′′ = 0, because
E2−U = 0 and (E2−U)′ = −U ′ = 0. From Eq. (5.80), we have at the ISCO (innermost stable circular
orbit),

E2 = 1− 2

3

M

r
. (5.95)

The radius of the ISCO decreases from 6M to M as a increases from 0 to M for corotating orbits, and
it increases from 3M to 9M for counter-rotating orbits. Its explicit form is given by Bardeen, Press and
Teukolsky 1972:[14]

rISCO =M
{
3 + Z2 ∓ [(3− Z1)(3 + Z1 + 2Z2)]

1/2
}
,

Z1 = 1 +

(
1− a2

M2

)1/2 [(
1 +

a

M

)1/3
+
(
1− a

M

)1/3]
,

Z2 =

(
3
a2

M2
+ Z2

1

)1/2

.

5.8 Kerr coordinates: Coordinates regular on the future (or past)
horizon

Kerr coordinates are the analog for rotating black holes of the Eddington-Finkelstein coordinates for
spherical black holes (Sect. 5.2). As in Eq. (5.12), we introduce a null coordinate v for which the
v = constant surfaces are null surfaces generated by ingoing null geodesics. From Eqs. (5.69b), we see

that along the principal ingoing null geodesics of Kerr, dϕ +
a

∆
dr = 0 and dt +

r2 + a2

∆
dr = 0. Then,

if we define v and a new angular coordinate ϕ̃ by

dϕ̃ = dϕ+
a

∆
dr, (5.96a)

dv = dt+ dr∗ = dt+
r2 + a2

∆
dr, (5.96b)

ϕ̃ and v will be constant along the geodesics. Replacing dϕ and dt in the factored form (5.45) of the

metric by dϕ̃− a

∆
dr and dv − r2 + a2

∆
dr gives

ds2 = −∆

ρ2
[(dv − ρ2

∆
dr − a sin2 θdϕ̃]2 +

sin2 θ

ρ2
[(r2 + a2)dϕ̃− adv]2 +

ρ2

∆
dr2 + ρ2dθ2

= −∆

ρ2
(dv − a sin2 θdϕ̃)2 + 2dv dr +

sin2 θ

ρ2
[(r2 + a2)dϕ̃− adv]2 − 2a sin2 θdrdϕ̃+ ρ2dθ2,

(5.97)

https://articles.adsabs.harvard.edu/pdf/1972ApJ...178..347B
https://articles.adsabs.harvard.edu/pdf/1972ApJ...178..347B
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smooth at the horizon where ∆ = 0. With a set to zero, the metric in Kerr coordinates is the Eddington-
Finkelstein form (5.13). By construction, the surfaces of constant v are null, and v and ϕ̃ are constant
along the ingoing null geodesics. In the (v, r, ϕ̃) chart, the ingoing null vector nα is then simply

n = −∂r. (5.98)

Direct check:
For the change of coordinates (v, r, ϕ̃) → (t, r, ϕ)

∂t

∂r
= −r

2 + a2

∆
,
∂r

∂r
= 1,

∂ϕ

∂r
= − a

∆
,

implying

−∂r(with v, ϕ̃ fixed) =
r2 + a2

∆
∂t − ∂r(with t, ϕ fixed) +

a

∆
∂ϕ . (5.99)

For treatments of the analytically extended Kerr solution, analogous to but more complex than
the full Schwarzschild solution in a Kruskal-Szekeres chart, see, for example, Hawking and Ellis[63],
Wald[129], or Poisson [88].



Chapter 6

Linearized gravity and gravitational waves

Some recent treatments of gravitational waves:
Jolien Creighton & Warren Anderson, Gravitational-Wave Physics and Astronomy,[37]
Michele Maggiore, Gravitational Waves [77]
Thorne&Blandford [125]Chap. 27[125]
Schutz [103], Chap. 9

6.1 Linearized field equations

6.1.1 Preview
Before doing any calculation, we can quickly estimate the maximum amplitude of a gravitational wave
from the inspiral of two black holes: When black holes of mass M are about to merge, the fractional
change in length near the black holes is of order 1: That is, at a distance of order M from the black
holes, a length of order M changes by order M . Because the amplitude of a gravitational wave is
proportional to 1/d, with d the distance to the source, and that amplitude is the magnitude of the metric
perturbation, the maximum fractional change in length at the observer is of orderM/d. UsingM⊙ = 1.5
km, d = 100 Mpc = 3× 1021 km, we have

M

d
≈ 1

2
× 10−21 M

M⊙

100 Mpc
d

. (6.1)

Black hole masses in detected inspirals (LIGO graveyard) are larger than this and the distances to them
have been greater than 100 Mpc. A detailed estimate of the amplitude of gravitational waves from
GW170817, the closest observed NS-NS event as of 2022, at 30 Mpc, is Exercise 86..

With the exception of spacetime in or near black holes and neutron stars, the geometry of the universe
is nearly flat. We can write the metric in the form

gαβ = ηαβ + hαβ (6.2)

where the components hµν are small compared to 1 in a chart for which (ηµν) is diag( -1,1,1,1). It is
the magnitude of this metric perturbation at the observer that we just estimated in Eq. (6.1) and thus
the magnitude of the corresponding change in distance between the test masses of a gravitational-wave
detector (see Eq. (6.67)).

Terms quadratic in hαβ can be neglected compared to linear terms, and we similarly assume that
terms quadratic in ∂λhµν are small compared to ∂σ∂τhµν . In the Einstein equation, we will then ignore

218

http://www.pmaweb.caltech.edu/Courses/ph136/yr2012/1227.1.K.pdf
https://media.ligo.northwestern.edu/gallery/mass-plot
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terms of quadratic and higher orders in hαβ and its derivatives. The inverse metric to linear order in hαβ
is

gαβ = ηαβ − hαβ (6.3)

where indices are raised using ηαβ . We will denote by ∂α the flat covariant derivative operator, the
covariant derivative associated with ηαβ , and we denote by R(1)

αβγδ the Riemann tensor at linear order in
hαβ .

The linearized Riemann tensor R(1)
αβγδ has the form we found in Eq. (5.36) by discarding terms

quadratic in derivatives of hαβ ,

R
(1)
αγβδ =

1

2
(∂β∂γhαδ + ∂α∂δhβγ − ∂α∂βhγδ − ∂γ∂δhαβ), (6.4)

The corresponding linearized Ricci tensor is then

R
(1)
αβ = R

(1)
αγβ

γ =
1

2
(−∂γ∂γhαβ + ∂β∂

γhαγ + ∂α∂
γhβγ − ∂α∂βh), where h := hα

α, (6.5)

and the resulting G(1)
αβ looks complicated. It can be greatly simplified by a choice of gauge. Preview:

An infinitesimal diffeo (or an infinitesimal coordinate transformation) gives a physically equivalent hαβ
satisfying an analogue of the Lorenz gauge for electromagnetism: Outside the matter, we can choose
∂γhαγ = 0, h = 0. Then R(1) = 0, and we immediately get the wave equation,

G
(1)
αβ = R

(1)
αβ = −1

2□hαβ. (6.6)

Now a diffeo has only four components ψµ, and when matter is present, we can only satisfy four of the
five conditions ∂νhµν = 0, h = 0. Inside the matter, one instead imposes the 4-component condition
∂βh̄αβ = 0 with h̄αβ = hαβ − 1

2
ηαβh. Again one obtains a wave equation, this time for h̄αβ:

□h̄αβ = −16πTαβ.

Here are the details.

6.1.2 Gauge transformations
A less abstract treatment using coordinate transformations is given on p. 240.

We describe the universe and its inhabitants by a set of tensors (and spinors, which we’ll ignore).
The geometry and physics do not depend on the choice of coordinates we choose, and this statement
is equivalent to saying that the geometry and physics are unchanged by a diffeomorphism ψ that acts
on all the tensors. Let’s start more familiarly with rotations of ordinary 3-space, with each point P a
vector from the origin: Rotating the space by a rotation R and simultaneously rotating the coordinates
leaves the components of the vector unchanged. That is, if R : M → M is a rotation and x : M → R3

is a coordinate system, the coordinates x(P ) are the same as the coordinates x̄ of the point R(P ) if
x̄[R(P )] = x(P ) or x̄ = x ◦R−1.

Here is a more formal way of saying the same thing using our notation for dragging a vector by
a map, in this case by the coordinate map x : M → R3. The components of a vector v are just
x∗v = (v1, v2, v3). The rotated vector is R∗v and its components in the chart x̄ are x̄∗(R∗v) = (x ◦
R−1)∗R∗v = (x ◦R−1 ◦R)∗v = x∗v.

Written in this way, the statement can be immediately generalized to any tensor field and any diffeo
ψ: The coordinates x(P ) of a point P are the same as the coordinates x̄ of the point ψ(P ) if x̄ = x◦ψ−1.
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Then the components of a tensor field T in the chart x : M → Rn are the same as the components of
the dragged along tensor ψ∗T in the dragged along chart x ◦ ψ−1:

x̄∗(ψ∗T ) = (x ◦ ψ−1)∗ψ∗T = (x ◦ ψ−1 ◦ ψ)∗T = x∗T (6.7)

What does this mean for a perturbed metric? Write a small perturbation of a metric as gαβ + λhαβ
with λ small. That is, we look at a family of metrics

gαβ(λ) = gαβ + λhαβ, (6.8)

with

hαβ =
d

dλ
gαβ(λ)

∣∣∣∣
λ=0

. (6.9)

When no other fields are present, the metric gαβ is physically equivalent to ψ∗gαβ . A gauge transforma-
tion is defined by considering a smooth family of diffeos ψλ, with ψ0 the identity. Now to linear order
in the vector field ξa generating a family of diffeos, the change in a tensor T is its Lie derivative: Let ψλ
be generated by ξa. From the geometric definition Eq. (2.102), of Lie derivative, we have

ψ∗
λT

···
··· = ψ0T

···
··· + λ

d

dλ
ψ∗
λT

···
··· |λ=0 +O(λ2) = T ···

··· − λLξT
···
··· +O(λ2). (6.10)

Let’s change notation from λξa to −ξa; then ξa itself is small, and we get a plus sign for the Lie
derivative. The family of metrics gαβ(λ) is then physically equivalent to the family ψ∗

λgαβ(λ), and the
metric perturbation hαβ is physically equivalent to the gauge-related metric perturbation

d

dλ
ψ∗
λgαβ(λ)

∣∣∣∣
λ=0

=
d

dλ
gαβ(λ)

∣∣∣∣
λ=0

+
d

dλ
ψ∗
λgαβ(0)

∣∣∣∣
λ=0

= hαβ + Lξgαβ. (6.11)

And if (hαβ , T (1)
αβ ) is a solution to the linearized field equations

G
(1)
αβ = 8πT

(1)
αβ ,

then a physically equivalent solution is

hαβ + Lξgαβ T
(1)
αβ + LξTαβ, (6.12)

where ξα is any vector field. In our case, the unperturbed metric is a flat vacuum spacetime. Because
the background (i.e., unperturbed) Tαβ is zero for us, T (1)

αβ is gauge invariant. Similarly, because the
background Riemann tensor vanishes, R(1)

αβγδ is gauge invariant.
This ends our formal discussion of gauge transformations, and we return to our earlier notation,

replacing λhαβ by hαβ and writing the perturbed metric as gαβ + hαβ .

We can now choose a gauge to simplify the field equation. It will be analogous to the Lorenz gauge
for electromagnetism, ∂βAβ = 0. Define

hαβ := hαβ −
1

2
gαβh.

Claim: One can always pick a gauge in which

∂βh
αβ

= 0. (6.13)
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This is called the deDonder (or transverse or harmonic or Lorenz) gauge.
Proof: Under a gauge transformation generated by ξα,

hαβ = hαβ −
1

2
gαβh → hαβ + ∂αξβ + ∂βξα −

1

2
gαβ2∂γξ

γ

= hαβ + ∂αξβ + ∂βξα − gαβ∂γξ
γ (6.14)

∂βhα
β → ∂βhα

β + ∂α∂βξ
β + ∂β∂

βξ − ∂α∂γξ
γ

= ∂βhα
β + ∂β∂

βξα (6.15)

Thus by choosing as ξα a solution to the wave equation with source −∂βhαβ ,

□ ξα ≡ ∂β∂
βξα = −∂βhαβ, (6.16)

one obtains a new gauge in which
∂βhα

β = 0.

In this deDonder gauge, G(1)
αβ is simple: From Eq. (6.5), with ∂γhαγ = 1

2
∂αh, we have

R
(1)
αβ = −1

2
∂γ∂

γhαβ (6.17a)

R(1) = −1

2
∂γ∂

γh, (6.17b)

G
(1)
αβ = −1

2
∂γ∂

γh̄αβ. (6.17c)

As claimed, the linearized field equation is then

□hαβ = −16πTαβ, (6.18)

and the Cartesian components of h̄αβ are

hµν(x) = 4

∫
Tµν |ret
|r − r′|

dV ′ = 4

∫
Tµν(t− |r − r′|, r′)

|r − r′|
dV ′, (6.19)

In observing gravitational waves, one sees only the 1/r term in the asymptotic expansion. We will
call the size of the source R, taking T µν(t, r′) to be nonzero only when r′ < R. Then

hµν(x) = 4

∫
Tµν |ret
|r − r′|

dV ′ = 4

∫
Tµν(t− |r − r′|, r′)

r
dV ′ [1 +O(R/r)]. (6.20)

This 1/r term also includes the time-independent M/r part of the asymptotic metric, which always
agrees with Schwarzschild at this order.

We now turn to a slow-motion approximation, in which successively higher multipoles (values of
ℓ) are smaller by factors of ωR. A scalar field has all multipoles, starting with monopole radiation,
ℓ = 0, corresponding to loss of scalar charge. For an electromagnetic field, charge is conserved, and
the radiation starts with a dipole (ℓ = 1) field. For gravity, there is again no monopole radiation and
now there is no dipole radiation (this is exact, not just for slow motion). The first nonzero multipole is
quadrupole, ℓ = 2. We will see that this follows from asymptotic conservation of momentum as well
as mass at linear order in hαβ . In a Newtonian context, the center of charge of a rotating dipole has the
acceleration of the circular motion of its opposite charges, with d̈ = d2

dt2

∫
ρex dV ̸= 0; but in a binary

system, the masses have the same sign, and the center of mass does not accelerate, d2

dt2

∫
ρx dV = 0.
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6.1.3 Slow-motion source
A source with an oscillation frequency or an orbital frequency ω has velocity of order v = Rω. When
the source moves slowly, v/c = Rω ≪ 1. Then

R ∂tTµν ≪ Tµν .

The multipole expansion of the radiation field involves an expansion of Tµν(t − |r − r′|, r′) in powers
of Rω, i.e., in powers of the post-Newtonian small parameter e ∼ v/c. We start with

|r − r′| = [r2 − 2r · r′ + r′2]1/2 = r − r̂ · r′ +O(
R
r
). (6.21)

Then

Tµν(t− |r − r′|, r′) = Tµν(t− r, r′)− r̂ · r′∂tTµν − 1

2
(r̂ · r′)2∂2t Tµν − · · · (6.22)

= Tµν(t− r, r′)[1− O(Rω) − O( (Rω)2 ) − · · · ].

Now for a nearly Newtonian source, T 00 = ρ, T 0i = ρvi, T ij = ρvivj , so T ij is already smaller than
T 00 by order v2. But the leading terms from T 00 and T 0i are just the components of the 4-momentum,
and the equation of motion

∂0T
0µ = −∂jT jµ,

implies that they are conserved:

∂0

∫
T 0µ(t− r, r′)dV ′ = −

∫
∂

∂x′j
T jµdV ′ = 0. (6.23)

The next-order (dipole) term in T 00 from Eq. (6.22) is again time independent, because the center of

mass
∫
ρr′dV ′ is fixed: ∫ [

−r̂ · r′∂tT
00
]
dV ′ = −r̂ · ∂t

∫
ρr′dV ′.

Ordinarily, one picks a frame in which the center of mass is at the origin. It stays there because of
conservation of momentum.

With the monopole and dipole parts of T 00 time-independent, we are left for its radiative part with
the quadrupole contribution∫ [

1

2
(r̂ · r′)2∂2t T

00

]
dV ′ = −1

2
x̂ix̂j Ïij(t− r), where Iij(t) :=

∫
T 00xixjdV . (6.24)

Now the leading term T ij is already quadrupole and as we now show, its value is related to the radiative
part of T 00. (We’ll soon see that the trace I ii does not contribute to the radiation field, and the quadrupole
contribution is the tracefree part of Iij , namely Iij − 1

3
δijI

k
k .)

Again using the equation of motion ∂νT µν = 0, we have

∂0

∫
(T i0xj + T j0xi)dV = −

∫
(xj∂kT

ik + xi∂kT
jk)dV = 2

∫
T ijdV after integration by parts,

∂0

∫
T 00xixjdV = −

∫
xixj∂kT

0kdV =

∫
(xiT 0j + xjT 0i)dV after integration by parts,

whence ∫
T ij(t− r, r′)dV ′ =

1

2
∂20

∫
T 00(t− r, r′)x′ix′jdV ′ =:

1

2
Ï ij(t− r).
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Then at leading order in 1/r,

h̄ij =
4

r

(
1

2
Ïij

)
=

2

r
Ïij(t− r). (6.25)

This derivation is fine for a spinning rod, where we can ignore the Newtonian gravitational field, but
for a Newtonian star, ∂βTαβ ̸= 0, We need to include Newtonian gravity in an effective stress tensor
tαβ . In Newtonian physics, the gravitational stress tensor is

tab =
1

4π

(
∇aΦ∇bΦ− 1

2
gab∇cΦ∇cΦ

)
. (6.26)

with ∇2Φ = 4πρ, and the Newtonian stress tensor including gravity is T ab + tab = ρvavb + Pgab + tab.
There is no Newtonian correction to the time components of Tαβ: At Newtonian order, ttµ = 0.
Then ∂ν(T µν + tµν) = 0 reproduces the Newtonian equations:

T tt = ρ T ti = ρvi

∂µT
tµ = ∂tρ+ ∂j(ρv

j) = 0

∂µ(T
µ
i + tµi) = ∂t(ρvi) + ∂j(ρviv

j) + ∂iP + ρ∂iΦ = 0

=⇒ ρ(∂t + vj∂j)vi = −∂iP − ρ∂iΦ.

Claim: For a self-gravitating system in the Newtonian approximation, one can just replace Tαβ by
Tαβ + tαβ as the source for hαβ , writing

□ h̄αβ = −16π(Tαβ + tαβ).

Here’s why. Write the exact metric as gαβ = ηαβ + hαβ , and divide hαβ into its Newtonian part and
the rest, which we’ll call h rad

αβ for the radiative part – the non-Coulomb part:

gαβ = ηαβ + hαβ

= ηαβ + hradαβ + hNewt
αβ ,

∇2h̄Newt
αβ = −16πρ∇αt∇βt

h̄Newt
αβ = −4Φ∇αt∇βt,

where we require ∂βh̄αβ = 0, ∂βh̄Newt
αβ = 0. Note that ∂tΦ/|∇Φ| = O(e).

Then
Gαβ =− 1

2
□
(
h̄radαβ + h̄Newt

αβ

)
+Gnonlinear

αβ (6.27a)

□
(
h̄radαβ + h̄Newt

αβ

)
=− 2(8πTαβ −Gnonlinear

αβ ) =: −16π(Tαβ + tαβ), (6.27b)

where

tαβ :=− 1

8π
Gnonlinear
αβ ,

Gnonlinear
αβ = terms in Gαβ quadratic in Φ + terms in Gαβ involving Φh.. and h..h..

+ higher order terms

At Newtonian order, h̄radαβ = 0, and
(terms quadratic in Φ) = 8π(Newtonian gravitational stress tensor)

terms quadratic in Φ in Gab = −8π
1

4π

(
∇aΦ∇bΦ− 1

2
gab∇cΦ∇cΦ

)
.
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The relation (6.25), h̄ij = 2
r
Ïij(t − r), is now correct as written, for a nearly Newtonian self-

gravitating system, with Tαβ replaced by Tαβ + tαβ . The result is that, in computing the radiation field,
one only uses Iij =

∫
ρxixjdV , at lowest post-Newtonian order. Because ∇iΦ∇jΦ ∼ r−4, its contribu-

tion to the effective stress tensor is important only near the source: in the near zone.

Because the derivative ∂α appearing in Gnonlinear
αβ is the covariant derivative operator of the the flat

background metric, Gnonlinear
αβ and tαβ are tensors. Without this definition of ∂α, one simply writes the

components tµν as expressions involving partial derivatives of hµν ; then as in MTW, the set of compo-
nents tµν is called the “stress-energy pseudotensor for the gravitational field.” (p. 996, Sect. 36.9). With
∂λhµν the partial derivative, the components do not transform as tensor. With our convention, ∂γhαβ is
a tensor, but its definition depends on the choice of a flat background metric.

We now show that a choice of gauge reduces the asymptotic form of the radiation field hµν to two
free functions.

6.1.4 Transverse tracefree gauge
Requiring that the gauge vector satisfy Eq. (6.16) does not completely specify it: We can add to ξα any
vector ζα satisfying □ζα = 0. Outside the source, this allows us to further restrict the gauge to make
hαβ tracefree and to require htµ = 0.

We follow a simple standard derivation using plane waves, waves of the form hαβ = Aαβe
ikµxµ .

Because any solution to □Φ = 0 is a superposition of planes waves, it follows that any vacuum hαβ can
be written in TT gauge. Wald avoids using plane waves in favor of an initial value argument; for readers
following Wald, his argument, with details filled in, is given below.226

In the transverse gauge (6.13), hµν is given by the retarded solution to the wave equation. To obtain
that gauge, we required the gauge vector ξα to satisfy the wave equation (6.16), and the new gauge
will satisfy both that condition and the additional conditions Then, in the new gauge, h

NEW

µν = hNEWµν .
The new hµν is is denoted by hTTµν , “TT” abbreviating “transverse tracefree.” For a wave of the form
hµν ∝ eikµx

µ , with kµ along the null direction t̂µ + ẑµ, the transverse condition is

0 = kµhµν =⇒ 0 = htµ + hzµ = hzµ.

The nonzero components of hTTµν are then

h+ := hTTxx = −hTTyy , h× := hTTxy . (6.28)

The gauge conditions have thus reduced the wave to the two degrees of freedom, h+ and h×.

In spherical coordinates t, r, θ, ϕ, the nonzero components of hTTµν are

hTT
θ̂θ̂

= −hTT
ϕ̂ϕ̂
, hTT

θ̂ϕ̂
, (6.29)

with kα along r̂α. The wave looks to a distant observer at r0, θ0, ϕ0 like a plane wave of the form (6.28)
with x̂, ŷ and ẑ taken along θ̂, ϕ̂, and r̂ at the observer.
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Constructing the gauge:

Let ζα be the gauge vector from our transverse hαβ to hNEWαβ = hTTαβ :

hTTµν = hµν + ∂µζν + ∂νζµ. (6.30)

We are to find ζα = Bαeikµx
µ to make

hTT = 0, hTTtµ = 0.

Impose 4 conditions to get the 4 components ζµ:

(1) 0 = hTT = h+ 2∂µζ
µ ⇒ ikµB

µ = −1

2
Aµµ.

(2− 4) 0 = hTTti = hti + ∂tζi + ∂iζt ⇒
iωζx = htx,

iωζy = hty

iωζz − iωζt = htz

Then kνhTTµν = 0 implies hTTtt = 0.
In our TT gauge, the only nonvanishing components of the perturbed metric are hTTxx , h

TT
xy , and hTTyy .

That is, hTTtµ = 0 and ∂νhµν = 0 imply 0 = −∂thTTtµ +∂zh
TT
zµ = ∂zh

TT
zµ → hzµ = 0. These nonvanishing

components are just the tracefree parts of our original transverse gauge:
With the gauge vector in hand, we can quickly write the two independent components h+ and h−

of (6.28) of hTTµν in terms of h̄µν , the retarded solution (6.19) to the wave equation. Because hTTµν =
hµν + ∂µζν + ∂νζµ and ζµ = ζµ(t− z), we have

hTTxx = hxx = h̄xx −
1

2
h. (6.31)

Then

h+ =
1

2
(hTTxx − hTTyy ) =

1

2
(hxx − hyy) =

1

2
(hxx − hyy), (6.32a)

h× = hTTxy = hxy. (6.32b)

Finally, returning the names of components along x and y back to θ̂ and ϕ̂,

hTT
θ̂θ̂

= −hTT
ϕ̂ϕ̂

= h+, hTT
θ̂ϕ̂

= h×. (6.33)

In particular, in the slow-motion approximation, the gravitational waves described by hTTµν have as
their source the quadrupole tensor, the tracefree part of the tensor Iij ,

I-ij = Iij −
1

3
δijI

k
k . (6.34)

From Eq.(6.25), at leading order in 1/r,

h+ =
1

r
(Ï-θ̂θ̂ − Ï-ϕ̂ϕ̂), h× =

2

r
Ï-θ̂ϕ̂. (6.35)
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Far from a periodic source, the wave looks like a plane wave. That is, our wave has the asymptotic
behavior hµν = 1

r0
Aµν(t − r0 − z) + O(r−2) = hµν(t − z) + O(r−2), and ∂rhµν = ∂zhµν + O(r−2).

Treating the wave as a plane wave hµν(t − z) is then equivalent to ignoring terms of order r−2, terms
smaller than hµν itself by a factor of order R/r . This is a spectacularly good approximation: For a
source of size 103 km at a distance of 30 Mpc ∼ 1015 km, the error is one part in 1012.

The waveform of an inspiraling binary, however, has a time-dependent frequency; in late inspiral
and merger, it is far from periodic. To avoid introducing plane waves and making the argument than any
vacuum solution can be written as a superposition,1 Wald avoids plane waves in favor of an initial-value
argument. If you are not following Wald, you can go ahead to the next section, 6.2.

Wald’s derivation

Given the values of a scalar Φ and its time derivative ∂tΦ on an initial surface, say at t = 0, the wave
equation □Φ = 0 uniquely determines Φ(t, x) everywhere. Our job is to find a gauge vector for which
hTTµν = ∂th

TT
µν = 0 and hTT0µ = ∂th

TT
0µ = 0, at t = 0. The wave equation, □hTTµν = 0, will then force

each component to be zero at all times.
To obtain a transverse gauge, we required the gauge vector ξα to satisfy the wave equation (6.16).

This does not quite exhaust our gauge freedom, because we can choose initial conditions – the values
of ξα and ∂tξα on an initial spacelike surface– at, say, t = 0. This allows us to make hαβ tracefree,
h = hα

α = 0, and to choose h0µ = 0 at t = 0. Inside the source, the evolution of h is given by the wave
equation with source −16πTα

α, so h does not remain tracefree, nor does h0µ remain zero. Outside the
source, however, because hαβ satisfies the homogeneous wave equation,

□hαβ = 0,

they remain zero.
Because the old hαβ is already transverse, ζα keeps it transverse when ζµ satisfies □ ζα = 0. The

tracefree condition means h
TT

αβ = hTTαβ , so the gauge will have ∂βhTTαβ = 0. Our gauge conditions are
then

0 =□ ζµ transverse, (6.36a)

0 = hTT µµ = h+ 2∂µζ
µ, tracefree (6.36b)

0 = hTTtµ = htµ + ∂tζµ + ∂µζt no t component. (6.36c)

Any gauge vector of the form ζµ = ζµ(t− z) satisfies the first condition, □ ζµ = (−∂2t + ∂2z )ζ
µ = 0.

The tracefree condition gives

0 = h+ 2(∂tζ
t + ∂zζ

z) =⇒ ζ̇t − ζ̇z = −1

2
h.

1The superposition argument has a subtlety because the spacetime is not everywhere vacuum. Outside any finite neigh-
borhood of the source, one can duplicate the actual solution for a finite time by a sourcefree solution that includes incoming
waves from past null infinity. To obtain the sourcefree solution, one uses initial data between slices of future null infinity
and evolves the data backwards in time. The incoming and outgoing waves overlap only in the neighborhood of what was
the source. The simplicity of the plane-wave derivation justifies ignoring the subtlety.
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The spatial components of the last condition determine ∂tζ i and ζ̇t

−htz = ∂tζz + ∂zζt = ζ̇z + ζ̇t =⇒

ζ̇t = −1

2
htz −

1

4
h, ζ̇z = −1

2
htz +

1

4
h. (6.37)

The tx and ty components of the no-t-component condition are immediate:

ζ̇x = −htx, ζ̇y = −hty. (6.38)

The tt component gives no additional condition on ζ̇t, because ∂µhtµ = 0 implies
∂t(htt +

1
2
h+ htz) = 0 = −∂z(htt + 1

2
h+ htz), whence

htt +
1

2
h+ htz = 0.

The hTTtt = 0 condition is then automatically satisfied:

1

2
htt − 2ζ̇t = htt +

1

2
h+ htz = 0.

The gauge conditions (6.37) and (6.38) are now satisfied, and we have completely determined ζ̇µ|t=0.
We now need to use our freedom to choose ζµ itself at t = 0 to enforce ḣTT = 0 and ḣTT0µ = 0. To write
these conditions, replace ζµ by ζ̇µ and hµν by ḣµν in Eqs. (6.37) and (6.38):

ζ̈t = −1

2
ḣtz −

1

4
ḣ, ζ̈z = −1

2
ḣtz +

1

4
ḣ, ζ̈x = −ḣtx, ζ̈y = −ḣty (6.39)

But these are conditions on ζ̈ at t = 0, not on ζ itself. What are we to do? We use the wave equation for
ζµ, and simply replace ζ̈µ|t=0 by ∇2ζµ, writing

∇2ζt = −1

2
ḣtz −

1

4
ḣ, ∇2ζz = −1

2
ḣtz +

1

4
ḣ, ∇2ζx = −ḣtx, ∇2ζy = −ḣty. (6.40)

Each Poisson equation has a unique solution (vanishing at spatial infinity) for ζµ, and with this initial
data, the wave equation, ζ̈µ = ∇2ζµ, for ζµ enforces the initial conditions (6.39) for ḣTTµν .

6.2 The quadrupole formula and gravitational-wave energy
Effective stress-energy tensor for gravitational waves

The Coulomb and radiative parts of hαβ play opposite roles near and far from the source.

Near zone: We have already written, in Eq. (6.26), the Newtonian limit of the effective gravitational
stress-energy tensor tαβ . Close to a nearly Newtonian source, hradαβ is negligible compared to Φ, because
the Coulomb part Φ of the field is of is of order M/r, while the radiative part of the field is of order

h.. ∼
Ï..
r

∼ MR2ω2

r
∼ Φv2.
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Far zone: The situation is reversed at large r. Because ∂iΦ∂jΦ falls off as r−4, the contribution of the
Coulomb field to tαβ is negligible at large r. With ∂thradij and ∂rhradij of order r−1, hradαβ dominates the
effective stress-energy tensor tαβ . The resulting 1

r2
behavior of the energy flux gives a finite power radi-

ated at ∞.

We now calculate this power radiated by a gravitational wave. Like the stress-energy tensor of the
electromagnetic field, which is quadratic in first derivatives of the vector potential Aα, the effective
stress-energy of gravitational waves is quadratic in first derivatives of hαβ . The asymptotic radiated
flux of the electromagnetic field in a Lorenz gauge is proportional to Ȧ2, involving only components
orthogonal to the direction of propagation. Similarly, in our analogous TT gauge for hαβ , the radiated
energy is quadratic in ḣij , involving only components orthogonal to the direction of propagation.

Given a stress-energy Tαβ + tαβ tensor satisfying ∂β(Tαβ + tαβ) = 0 on a flat background, we have
the conservation law

dEGW
dt

= ∂t

∫
V

(T tt + ttt)d3x = −
∫
V

∂i(T
ti + tti)d3x = −

∫
r=constant

ttrr2dΩ, (6.41)

where V is bounded by an r = constant sphere outside the source (so Tαβ vanishes on the sphere).
Now tαβ is defined in Eq. (6.27a) as the nonlinear part of Gαβ . We could directly compute this to

quadratic order in hαβ; but it is easier and perhaps more instructive to use the fact that the field equation
Gαβ = 8πTαβ can be obtained by varying an action I = IG + IM , where IG is the gravitational action
and IM the action for the matter fields. In fact, as we will see in Sect.11.1, the gravitational action is
given by

IG = (16π)−1

∫
R
√
−gd4x,

or, in a form involving only first derivatives of the metric, by Eq. (11.21). But everything follows just
from the existence of an action, from the fact that varying an action with respect to the metric gαβ gives

δI = δIG + δIM = C

∫ (
1

8π
Gαβ − Tαβ

)
δgαβ

√
−gd4x. (6.42)

Here IG depends only on gαβ , while IM is a function of both the matter fields and the metric, and

Eq. (6.42) implies Tαβ = − 1

C

δIM
δgαβ

. The form of tαβ will follow from this equation; all that is missing

is the factor C = −1/2, and this follows from the explicit form of any matter action. Let’s use a free
particle (the sign of the action is determined by the sign of the Newtonian kinetic energy, mv2/2))

IM = −
∫
dλ m

√
−gµν ẋµẋν ,

δIM
δgµν

=
1

2
m uµuν =

1

2
T µν =⇒ C = −1

2
. (6.43)

With C known, we have for any matter action,

Tαβ = 2
δIM
δgαβ

. (6.44)

Then from Eq.6.42,

δIG = −
∫

1

16π
Gαβδgαβ

√
−gd4x. (6.45)
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Now Gαβ vanishes for the background spacetime. We have seen that, in a transverse gauge, it has the
form G

(1)
αβ = − 1

16π
h̄αβ at first order in hαβ . We can then immediately write the action for the perturbed

field equations as:

I
(2)
G = −

∫
1

16π
(−1

2
∂γ∂

γhαβ)hαβ
√
−gd4x =

1

32π

∫
∂γh̄αβ∂

γhαβ
√
−gd4x. (6.46)

We need to find the part of Gnonlinear
αβ = tαβ that is quadratic in hαβ , and this is easy: Write the action

(6.46) as

I
(2)
G (h, g) =

1

32π

∫
∂γh̄αβ ∂δhϵζ g

γδgαϵgβζ
√
−gd4x, (6.47)

with gαβ = ηαβ + hαβ . If one ignores the dependence of gαβ on hαβ , the variation of ∂γhαβ∂γhαβ

immediately yields the vacuum field equation □hαβ = 0 for the first-order perturbation in a TT gauge.
Including the variation of the factor gγδgαϵgβζ

√
−g gives the correction to the field equation quadratic

in hαβ .2

We need this quadratic correction, the effective stress-energy tensor tαβ = 2δI(2)/δgαβ , only at large
r, where it is simplest to evaluate. We once again use the relation ∂thTTµν = −∂rhTTµν + O(1/r2) for
the components in a Cartesian chart: Dropping the TT and using dots to represent arbitrary indices, we
have

∂γh..∂
γh.. = −∂th..∂th.. + ∂rh..∂rh.. = O(1/r3). (6.48)

Now unless
δ

δgαβ
hits gκλ on the right side of (6.47), the resulting term in the stress-energy tensor will

be proportional to ∂γh..∂γh.. and so will not contribute to the radiated energy. The only surviving term
is then

tαβ = 2
δI(2)

δgβγ
=

1

16π
∂αhTTγδ ∂

βhTT γδ. (6.49)

The radiated energy flux is ttr and the asymptotic form of the radiated energy is

dE

dtdΩ
= r2ttr = − r2

16π

[
(ḣTT

θ̂θ̂
)2 + (ḣTT

ϕ̂ϕ̂
)2 + 2(ḣTT

θ̂ϕ̂
)2
]
+O

(
1

r

)
=

r2

16π
(ḣ2+ + ḣ2×) (6.50a)

=
1

4π

[( ...
I 22 −

...
I 33

2

)2

+ (
...
I 23)

2

]
, (6.50b)

where, for ease of notation in the next part, we write the indices as θ̂ = 2 and ϕ̂ = 3. We can write either
Iij or I-ij here because I22 − I33 and I23 involve only the tracefree part of Iij .

Then (6.50b) implies
dE

dtdΩ
=

1

4π

[( ...
I- 22 −

...
I- 33

2

)2

+ (
...
I- 23)

2

]
2It is helpful to think of the action I(2)G as a function of independent variables gαβ and hαβ , as it would be if hαβ were a

matter field. Because gαβ = hαβ + ηαβ , with ηαβ independent of hαβ , we can write δ/δhαβ = δ/δgαβ . The total variation

of IG(h) with respect to h is then a sum
δI(h, g)

δhαβ
+
δI(h, g)

δgαβ
= −1

2
□h̄αβ − 8πtαβ ,

giving the first- and second-order equations, □h(1)αβ = 0, □h̄(2) αβ = −16πtαβ .
Note that the exact action is given by Eq. (11.21). It is only in the far zone that the action has the form (6.47), and only if

the perturbed metric hαβ = gαβ − ηαβ is transverse up to second order in the sense ηβγ∂γhαβ = 0.
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Denote by Pij the projection operator orthogonal to the direction of r̂: Pij = δij − r̂ir̂j . Then

4π
dE

dtdΩ
=

1

2
(

...
I- 22

...
I- 22 + 2

...
I- 23

...
I- 23 +

...
I- 33

...
I- 33)−

1

4
(

...
I- 22 +

...
I- 33)

2

=
1

2
P iℓP jm

...
I- ij

...

I- ℓm −1

4
(P ij

...
I- ij)2

=
1

2
[
...
I- ij

...
I- ij − 2r̂j

...
I- ij

...
I- ikr̂k +

1

2
(r̂i

...

I- ij r̂j)2] (6.51)

To find the total power radiated we need to evaluate∫
r̂ir̂jdΩ and

∫
r̂ir̂j r̂kr̂ℓdΩ.

Because the integral over angles sums over all directions of r, ⟨r̂ir̂j⟩ :=
1

4π

∫
r̂ir̂jdΩ is a symmetric

tensor that knows no direction. So it must be constructed from δij:

⟨r̂ir̂j⟩ = kδij

Take its trace:
δij⟨r̂ir̂j⟩ = ⟨1⟩ = 1 = 3k =⇒ k =

1

3
,

⟨r̂ir̂j⟩ =
1

3
δij. (6.52)

Similarly
⟨r̂ir̂j r̂kr̂ℓ⟩ = k′ δ(ijδkℓ) = k′′(δijδkℓ + δikδjℓ + δiℓδjk)

δijδkℓ⟨r̂ir̂j r̂kr̂ℓ⟩ = 1 = k′′(9 + 3 + 3)

k′′ =
1

15

⟨r̂ir̂j r̂kr̂ℓ⟩ =
1

15
(δijδkℓ + δikδjℓ + δiℓδjk). (6.53)

Finally Eqs. (6.51)-(6.53) =⇒

dE

dt
=

1

2

[ ...
I- ij

...
I- ij − 2(

1

3
δkℓ)

...
I- ik

...
I- iℓ +

1

2
(
1

15
)(δijδkℓ + δikδjℓ + δiℓδjk)

...
I- ij

...
I- kℓ

]
,

giving
dE

dt
=

1

5

...
I- ij

...
I- ij. (6.54)

Restore G and c to the right side to recover the conventional dimension [E/T ] = ML2T−3: Because...
I ij

...
I
ij has conventional dimension M2L4T−6, we multiply by the combination of c and G that has

dimension M−1L−2T 3, namely [G/c5]:

dE

dt
=
G

c5
1

5

...
I- ij

...
I- ij. (6.55)
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6.3 Binary Inspiral
Consider now a binary system with masses mA and mB, in circular orbits about their center of mass,
and with separation a between the masses. The distance from each mass to the center of mass is
rA = amB/M, rB = amA/M . For an orbit in the x-y plane, we have

xA = rA cosΩt, xB = −rB cosΩt,

yA = rA sinΩt, yB = −rB sinΩt,

Ixx = mAx
2
A +mBx

2
B =

1

2
µa2 cos 2Ωt+ constant, (6.56a)

Iyy = −1

2
µa2 cos 2Ωt+ constant, (6.56b)

Ixy =
1

2
µa2 sin 2Ωt, (6.56c)

implying that the wave has frequency ω = 2Ω.
From Eq. (6.35), the gauge-invariant parts of the perturbed asymptotic metric are given by

h+ = −1

r
µa2ω2 cosωt, h× = −1

r
µa2ω2 sinωt. (6.57)

We can now use Eq. (6.54) to find the radiated power. In this simple case, we could also find the
power directly from Eq. (6.50a) for Ė in terms of ḣ+ and ḣ× – the angle-average machinery leading to
(6.54) is not needed.

Because Ixx + Iyy = constant, we have Iij = I-ij+ constant, and 3

...
I- ij

...
I- ij =

...
I

2

xx +
...
I

2

yy + 2
...
I

2

xy = 32(µa2Ω3)2. (6.58)

The energy of the binary is

E = −T = −1

2
µa2Ω2, or E =

1

2
UG = −µM

2a
. (6.59)

From Eq. (6.54)
dE

dt
= −32

5
µ2a4Ω6. (6.60)

Because the frequency of the wave is directly measurable, while the binary separation is not, it is
helpful to use Kepler’s law, Ω2 =M/a3 to replace a by M1/3Ω−2/3:

dE

dt
= −32

5
(MΩ)10/3, M ≡ chirp mass := µ3/5M2/5, (6.61)

or, with G and c restored,
dE

dt
= −32

5

G7/3

c5
(MΩ)10/3.

3For a general periodic source, one would take a time average over one cycle. In our case, however, the expression...
I- ij

...
I- ij is already time independent.
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To find an equation for the change in the orbital radius as the binary loses energy to gravitational
waves, use the second version of E in (6.59) to write

Ė

E
= − ȧ

a
.

Then replace Ω2 by M/a3 in dE/dt of (6.60):

dE

dt
= −32

5

µ2M3

a5
,

giving

ȧ

a
= −64

5

µM2

a4
=⇒ a3ȧ = −64

5
µM2

a4 = a40 −
256

5
µM2t, (6.62)

with a = a0 at t = 0. Alternatively, with t = 0 at coalescence,

a ∝ |t|1/4, |t| the time until coalescence, (6.63)

and, from Kepler’s law, Ω ∝ |t|−3/8.

Exercise 81. a. Find the number of gravitons emitted per unit time by a spinning rod of length ℓ and
negligible mass joining two point masses, each of massm. Assume each graviton has energy
ℏω, with ω the frequency of classical gravitational waves.

b. Estimate this rate of emission for m = 1 kg, ℓ = 1 m, and rotational frequency 500 rad/s.
What is the probability that the system will radiate at all if it spins for a time t = 1/ω?
Weirdly, you should find Einstein’s spinning rod rarely radiates gravitational waves!

Exercise 82. Estimate the number of gravitons emitted per second by two equal-mass neutron stars, each
of mass m = 1.4M⊙, when the distance between their centers of mass is 20 m.

Exercise 83. a. In a principal-axis frame where Iij is diagonal, relate the eigenvalues of I-ij to those
of Iij

b. Using the relations

r2Y2±2 =

√
15

32π
(x± iy)2, r2Y21 = ∓

√
15

8π
z(x+ iy), r2Y20 =

√
5

16π
(3z2 − r2),

relate the components of I-ij along the complex basis {ê± = 1√
2
(x̂± iŷ), ẑ} to the quantities

I-2m =

∫
ρYℓmdV.

c. Write h+ and h× in terms of Y2m, with the z-axis along the direction from source to observer.
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6.4 Strain and detection of gravitational waves
Because of the difficulty in defining energy in a curved spacetime, parts of the physics community
were uncertain whether gravitational waves carried energy from a system. Pirani and days later (but
apparently independently) Feynman gave equivalent arguments at the same 1957 Chapel Hill conference
to resolve the issue. Pirani had just published a paper using the equation of geodesic deviation (2.66),

S̈α = Rα
βγδT

βT γSδ,

to describe the relative acceleration of free particles as a gravitational wave passes. 4

Here is Pirani’s argument, with the idea of energy absorption put in by Bondi. Feynman’s is at the
end of the same volume:

Felix Pirani, Measurement of Classical Gravitational Fields, in Report from the 1957 Chapel Hill Con-
ference[44], Chap. 14.

PIRANI: Because of the principle of equivalence, one cannot ascribe a direct physical
interpretation to the gravitational field insofar as it is characterized by Christoffel symbols
Γµνρ. One can, however, give an invariant interpretation to the variation of the gravitational
field. These variations are described by the Riemann tensor; therefore, measurements of
the relative acceleration of neighboring free particles, which yield information about the
variation of the field, will also yield information about the Riemann tensor.
Now the relative motion of free particles is given by the equation of geodesic deviation

∂2ηµ

∂τ 2
+Rµ

νρσv
νηρvσ = 0 . . .

BONDI: Can one construct in this way an absorber for gravitational energy by inserting a
dη/dτ term to learn what part of the Riemann tensor would be the energy producing one,
because it is that part that we want to isolate to study gravitational waves?

PIRANI: I have not put in an absorption term, but I have put in a “spring.” You can invent
a system with such a term quite easily.

We will look at such a system, a damped oscillator driven by gravitational waves, in Eq. (6.70)
below.

4The question also led to a study of asymptotic flatness, with an isolated system modeled as an asymptotically flat
spacetime. The total mass of the spacetime can then be defined, and that mass decreases by the energy radiated to null infinity.
That is, along a sequence of asymptotically null slices (like the u = constant slices of Schwarzschild), the mass between
successive slices decreases by the energy radiated to null infinity between the two slices. On asymptotically spacelike slices
of the spacetime, the mass of the spacetime has a fixed, constant value. The radiation is simply at successively larger
distances from the source along a sequence of spacelike slices. See references on p. 343

http://www.edition-open-sources.org/media/sources/5/Sources5.pdf
http://www.edition-open-sources.org/media/sources/5/Sources5.pdf
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First, let’s use the equation of geodesic deviation to get the standard picture of a circle of free
particles stretched and compressed in orthogonal directions to become an oscillating ellipse. We look
at the Riemann tensor of a plane wave with wave vector kα orthogonal to the plane of the circle of
particles.

Here’s the Thorne-Blandford figure:

17

eration field that it produces in the central particle’s local Lorentz frame:

d2

dt2
δx =

1

2
ḧ+(xex − yey) , (27.27)

where ḧ+ ≡ ∂2h+/∂t
2. Notice that this acceleration field is divergence free. Because it

is divergence-free, it can be represented by lines of force, analogous to electric field lines,
which point along the field and have a density of lines proportional to the magnitude of
the field; and when this is done, the field lines will never end. Figure 27.1c,d shows this
acceleration field at the phases of oscillation when ḧ+ is positive and when it is negative.
Notice that the field is quadrupolar in shape, with a field strength (density of lines) that
increases linearly with distance from the origin of the local Lorentz frame. The elliptical
deformations of the spherical cloud of test particles shown in Fig. 27.1a,b are the responses
of that cloud to this quadrupolar acceleration field. The polarization state which produces
these accelerations and deformations is called the + state because of the orientation of the
axes of the quadrupolar acceleration field (Fig. 27.1c,d).

Turn, next, to the × polarization state. In this state the deformations of the initially
circular ring are described by

δx =
1

2
h×y , δy =

1

2
h×x , δz = 0 . (27.28)

These deformations, like those for the + state, are purely transverse; they are depicted in
Fig. 27.2a,b. The acceleration field that produces these deformations is

d2

dt2
δx =

1

2
ḧ×(yex + xey) . (27.29)

This acceleration field, like the one for the + polarization state, is divergence free and
quadrupolar; the field lines describing it are depicted in Fig. 27.2c,d. The name “× po-
larization state” comes from the orientation of the axes of this quadrupolar acceleration
field.

(b) (d)(a) (c)

y

x

y

x

y y

x x

Fig. 27.1: Physical manifestations, in a particle’s local Lorentz frame, of h+ gravitational waves.
(a) Transverse deformation of an initially spherical cloud of test particles at a phase of the wave when
h+ > 0. (b) Deformation of the cloud when h+ < 0. (c) Field lines representing the acceleration
field which produces the cloud’s deformation, at a phase when ḧ+ > 0. (d) Acceleration field lines
when ḧ+ < 0.

Figure 6.1: Physical manifestations, in a particle’s local Lorentz frame, of gravitational waves with
polarization in the x-y plane. (a) Transverse deformation of an initially spherical cloud of test particles
in a transverse plane at a phase of the wave when h+ > 0. (b) Deformation of the cloud when h+ < 0.
(c)-(d) Field lines representing the acceleration field δẍ when ḧ+ > 0 and ḧ+ < 0, respectively.

A plane wave with wavevector kα = ω(t̂α + ẑa) and + polarization in the x-y plane has the form

hαβ = (x̂αx̂β − ŷαŷβ)A cos[ω(t− z)] = (x̂αx̂β − ŷαŷβ)h+, (6.64)

following the notation of Eq.(6.28). The linearized Riemann tensor (6.4) is then given by

R
(1)
αγβδ =

1

2
(−kβkγhαδ − kαkδhβγ + kαkβhγδ + kγkδhαβ). (6.65)

In the geodesic deviation equation, we take Tα = t̂α, the velocity of a particle prior to the arrival of the
wave, and consider particles lying in the z = 0 plane. First consider two particles with separation vector
Sα of the form

Sα = ℓ x̂α + ξα,

where ξα = 0 before the wave arrives. The geodesic deviation equation then has the form

ξ̈α = Rα
βγδt

βtγx̂δℓ+O(Aξ) = x̂αRxttxℓ+O(Aξ) = −x̂αk2t h+ℓ+O(Aξ)

= −x̂α1
2
ω2ℓA cosωt+O(Aξ). (6.66)

At linear order in the amplitude of the wave, the solution is

ξα =
1

2
ℓh+x̂

α =
1

2
Aℓ cosωtx̂α, (6.67)

where we have chosen t = 0 as a time of maximum displacement. For particles with displacement
ℓŷα instead of ℓx̂α prior to arrival of the wave, it is easy to see that the corresponding solution is
ξα = −1

2
ℓh+ŷ

α. Then for a displacement of particles initially along a line at arbitrary angle ϕ from
the x-axis, we have

ξα(ϕ) = (cosϕx̂α − sinϕŷα)
1

2
ℓh+, (6.68)
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and
Sα(ϕ) = (cosϕx̂α + sinϕŷα)ℓ+ ξα(ϕ).

Particles initially in a circle in the z = 0 plane then comprise an oscillating ellipse, with particle separa-
tion Sα(ϕ), as shown in Fig.6.1(a)-(b). Their relative acceleration ξ̈α agrees with the quadrupole pattern
of Fig.6.1(c)-(d).

We can now return to Pirani’s argument, with two particles joined by a spring of natural length
ℓ, frequency ω0, and damping coefficient γ. In flat space, with no gravitational waves, the relative
acceleration of the particles with connecting vector Sα = ℓx̂α + ξα is given by

ξ̈α = −ω2
0ξ
α − 2γξ̇α. (6.69)

Intuitively, then, in the equation of geodesic deviation, one should add to the relative acceleration of the
particles the forcing terms, giving (at linear order in the gravitational wave amplitude)

ξ̈α = Rα
βγδt

βtγxδℓ− ω2
0ξ
α − 2γξ̇α. (6.70)

To obtain a formal derivation, notice that, in our derivation of geodesic deviation before Eq. (2.66),
only the last line uses the geodesic equation T β∇βT

α = 0. We again consider a family of timelike
trajectories, parameterized by proper time, but this time with an external force acting. Each particle’s
velocity Tα then satisfies T β∇βT

α = Fα/m ≡ aα. Using this in the last line of the derivation gives the
relative acceleration as a function of particle position,

S̈α = Rα
βγδT

βT γSδ + Sβ∇βa
α. (6.71)

For the Pirani-Bondi-Feynman example of a damped spring consider two small masses joined by a
massless rod, initially along the x-axis, again taking the rod to have natural length ℓ, spring constant
mω2

0 , and damping coefficient γ. The masses at the left and right ends of the rod have trajectories given
by T β∇βT

α = ±1
2
(ω2

0ξ
α− 2γξ̇α). Now choose a coordinate x for which |x| is proper distance from the

center of the rod. The acceleration of a particle of the rod at coordinate x is then proportional to x:

aα = −x
ℓ
(ω2

0ξ
α − 2γξ̇α),

and Eq. (6.71) implies (6.70) at linear order in ξα because Sα = ℓx̂α at zeroth order in ξα.

Exercise 84. a. Check that the separation vector Sα, with ξα given by the solution (6.68), gives the
stretching and contracting ellipse of Fig.6.1.

b. Check that the acceleration vector conforms to parts (c)-(d) of the Figure.

c. Find the form of ξα for the polarization h× and sketch the corresponding figures.

Exercise 85. Energy transferred by a gravitational wave to an oscillator.

a. For two particles connected by a spring, Eq. (6.66) is changed by the additional terms of
Eq. (6.70). Find the corresponding steady-state solution to this equation for a driven oscilla-
tor.

b. Find the rate at which the oscillator absorbs energy from the gravitational wave. What is the
time-average of this rate?

Hint: The rate at which the oscillator absorbs energy is the rate at which its energy would
decrease if there were no gravitational wave.
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Interferometric detectors (See, for example, the Creighton-Anderson text [37] on which this section
is based. )

If, when you think of optics, the first thing that comes to mind is the angular resolution λ/d, it
seems impossible that an interferometer using light with wavelength of roughly 10−4 cm can detect a
gravitational wave that changes the distance between mirrors by less than 10−15 cm. Obtaining angular
resolution better than λ/d means measuring a difference in intensity corresponding to a fraction of the
distance between dark fringes. In an interferometer, one is again trying to measure the difference in
intensity corresponding to a fraction of a fringe, but it turns out to be possible to find that difference to
very high accuracy. How small a difference in intensity can be measured by a photodiode? We begin
with the usual diagram of a simple interferometer and then look at a limit on the accuracy with which it
can measure a change in length.

Figure 6.2: Diagram from a LIGO webpage

Photons from the laser can traverse two alternative paths to the detector. Along the first path, light
reflects upward from the beam splitter, then reflects off the top mirror, and finally passes through the
beam splitter to the detector. Along the second, light passes through the beam splitter, reflects off the
mirror on the right, and then reflects off the beam splitter to the detector. The number of photons
reaching the detector depends on the phase difference between the two paths; by changing the arm
lengths (the distances between mirrors and beam splitter), a gravitational wave changes the number of
detected photons.

Detector accuracy is limited by noise. At frequencies above about 200 Hz (in the present 4 km
detectors), the limit is set by shot noise, random fluctuations in the flux of photons. Roughly stated, a
gravitational wave is detectable if the change δNGW in the number of photons reaching the detector is
larger than the random fluctuation δNrandom. Let N be the average number of photons that reach the
detector in time T in the absence of a gravitational wave. Random fluctuations in photon number change
that by5

δNrandom ≈
√
N. (6.72)

5The random-walk relation δNrandom =
√
N holds for macroscopic incandescent and florescent light sources because a

https://www.ligo.caltech.edu/page/what-is-interferometer
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From Eq. (6.68), a wave of amplitude h changes the distance ℓ between mirrors by a length δℓ ∼ hℓ,
implying a change of phase

δϕ ∼ h
ℓ

λlaser
, (6.73)

λlaser the wavelength of the light. Now the amplitude of interfering beams with phase difference ϕ is
proportional to

sin(ωlasert+ ϕ) + sin(ωlasert) = 2 sin(ωlasert+ ϕ/2) cos(ϕ/2). (6.74)

The time-averaged power P reaching the detector is then proportional to cos2 ϕ
2
. Because the number of

photons reaching the detector is proportional to P ,

N ∝ cos2
ϕ

2
, implying δNGW ∝ δϕ

d

dϕ
cos2

ϕ

2
= δϕ sinϕ, (6.75)

taking its maximum value at ϕ = π/2, sinϕ = 1. Then, for a detector operating with unperturbed phase
difference π/2, we have N(ϕ) = 2N cos2 ϕ

2
, and

δNGW = Nδϕ ∼ Nh
ℓ

λlaser
. (6.76)

From Eqs.(6.72) and (6.76), the detector can hear a wave when

1 ≲
δNGW

δNrandom

∼
√
N h

ℓ

λlaser
,

or
h ≳

1√
N

λlaser
ℓ

. (6.77)

For a laser of power P ,

N =
PT

ℏωlaser

. (6.78)

The laser power and wavelength of the LIGO laser and interferometer arm length are
P = 20 W, λlaser = 1.064× 10−4cm (ωlaser = 1.8× 1015s−1), ℓ = 4 km.

The binary black hole systems with individual masses ≳ 30M⊙ that have dominated the LIGO/VIRGO
observations have frequencies above 200 Hz for less than 10 cycles, implying an observation time
T ≲ 10/f . The number of photons in this time is, by Eq. (6.78),

N ≈ (20× 107erg/s)(10/200 s−1)

ℏ(1.8× 1015 s−1)
= 5× 1018. (6.79)

large number of independent contributing degrees of freedom yield a Poisson distribution of photons. For a laser, it holds
because the quantum state of the light is a coherent state (or a sum of coherent states of different phases), having the form
exp(αa†)| 0⟩, with a† the creation operator associated with a particular polarization and frequency and α a complex number.
For a state of this form, the probability of n photons is the Poisson distribution

P (n) = e−⟨n⟩ ⟨n⟩n

n!
,

where n = a†a is the number operator and ⟨n⟩ = |α|2 is its expectation value. Finally, for a Poisson distribution with large
⟨n⟩, the rms deviation is

√
⟨(n− ⟨n⟩)2⟩ =

√
⟨n⟩.

https://www.ligo.caltech.edu/page/laser
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If nothing further were done, the amplitude of an observable 300 Hz wave (λGW = 108cm) would, by
Eq. (6.77), be

h ≳
1√

5× 1018
10−4cm

4× 105cm
≈ 10−19, (6.80)

a few orders of magnitude larger than any observed source.
Two of the improvements that dramatically enhance the sensitivity are

1. The effective length of each arm is greatly increased by adding an extra mirror along the arm.
After entering the instrument via the beam splitter, the light in each arm bounces between its two
mirrors about 300 times before leaving from the beam splitter and merging with the light from
the other arm. The result is an average photon path of about 1200 km and a decrease by a factor
of 300 in the smallest observable h. 6 (Each pair of mirrors with light bouncing between them
constitutes a Fabry-Perot cavity.)

Figure 6.3: Diagram from the same LIGO webpage as that of Fig. 6.2

2. A power recycling mirror, with high reflectivity, is placed between the laser and the interferometer.
The light that would reflect off the beam splitter in the direction of the laser is thus recycled, and
the net power entering the intereferometer is enhanced by a factor of about 35.

Our estimate for the minimum observable amplitude then decreases by a factor of 300 from (1) and a
factor of

√
35 from (2), giving

h ≳ 6× 10−23. (6.81)

This value is now smaller than h for the first observed source, GW150917.
Below about 200 Hz, other sources of noise are larger than shot noise. Sensitivity below about 100

Hz is limited by fluctuations in radiation pressure on the mirrors; like shot noise this is due to random

6This effective optical path length is deliberately kept below the wavelength corresponding to detectable frequencies. A
greater path length decreases sensitivity because the distance between mirrors changes in the time a photon traverses the
path.

https://www.ligo.caltech.edu/page/what-is-interferometer
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fluctuations in the number of photons, this time in the number of photons hitting each mirror. Below
about 10 Hz, seismic noise is dominant, and between about 100 Hz and 200 Hz, thermal noise in the
mirror coatings is important. Shot noise and radiation-pressure noise are together called quantum noise
because they both due to the Poisson distribution of photon number that describes the quantum state of
laser light (see footnote 5).

Exercise 86. a. Find the maximum value of h+ or h× for a binary neutron star system, with stars
of mass 1.4M⊙, at a distance 100 Mpc. You can use Eq.(6.56) or the preceding equations
for Iij; assume that the maximum amplitude is reached just before the stars merge, with a
distance of about 30 km between their centers.

b. Check that the maximum amplitude for a distance of 30 Mpc agrees with that reported by
LIGO/Virgo for GW170817.
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Gauge transformations as infinitesimal coordinate transformations

In Sect. 6.1.2, we defined a gauge transformation using an active transformation, an infinitesimal
diffeo that drags along all tensor fields to give an physically equivalent system. One can equivalently
keep the tensor fields fixed and make an infinitesimal coordinate transformation. This is the more
common approach, and it is given here for reference.

We consider a coordinate transformation from x to x̄(x). The equations in this section will be more
transparent if the bar is on g instead of on its indices. We will write the barred components of the tensor
gαβ as

ḡµν(x̄) =
∂xσ

∂x̄µ
∂xτ

∂x̄ν
gστ (x). (6.82)

Now write xµ(x̄) = x̄µ + ξµ with ξ small. To first order in ξ, we have

ḡµν(x̄) = ḡµν(x− ξ) = ḡµν(x)− ξσ∂σgµν(x). (6.83)

On the right side of (6.82), we have

∂xσ

∂x̄µ
=
∂x̄σ

∂x̄µ
+
∂ξσ

∂x̄µ
= δσµ +

∂ξσ

∂xµ
+O(ξ2),

giving
∂xσ

∂x̄µ
∂xτ

∂x̄ν
gστ (x) = gµν(x) + ∂µξ

σgσν + ∂νξ
σgµσ. (6.84)

Then, replacing the left and right sides of Eq. (6.82) by the expressions in Eq. (6.83) and (6.84),
respectively, we obtain

ḡµν(x) = gµν(x) + (ξσ∂σgµν + ∂µξ
σgσν + ∂νξ

σgµσ)

= gµν(x) + Lξgµν(x). (6.85)

That is, to linear order in ξ a change of coordinates changes the metric components by the components
of its Lie derivative Lξgαβ .

Equivalently, given a family of coordinate transformations x̄(λ, x) with

x̄µ(0, x) = xµ,
d

dλ
x̄µ(λ, x)|λ=0 = −ξµ, (6.86)

i.e., xµ = x̄µ + λξµ +O(λ2), we have

d

dλ
ḡµν(λ)|λ=0 = Lξgµν . (6.87)

The family ḡµν(λ) differs only by a coordinate transformation from gµν(λ), and at linear order in λ,

δḡµν =
d

dλ
ḡµν(λ)|λ=0 = hµν + Lξgµν , (6.88)

where
hµν =

d

dλ
gµν(λ)|λ=0 . (6.89)

More generally, if Sµ···νσ···τ are the components of any tensor, then its components in the chart x̄(λ)
differ from the original components by LξS at linear order in λ:

d

dλ
S̄µ···νσ···τ

∣∣
λ=0

= LξSµ···νσ···τ (6.90)
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and a family of tensors, e.g., gαβ(λ, x), Tαβ(λ, x), has components in the family of charts x̄(λ, x) given
at linear order in λ by

h̄µν = hµν + Lξgµν , δ̄Tµν = δTµν + LξTµν . (6.91)

In particular, for a flat background, the perturbation hαβ is physically equivalent to
hαβ + Lξηαβ = hαβ +∇αξβ +∇βξα, where ∇α is the flat covariant derivative, with components ∂µ in
Cartesian coordinates.



Chapter 7

Cosmology from A to B

And more than a little arrogance is required for creatures that evolved from quantum
fluctuations and quark soup, that only exist for a short time and are stuck on a small
backwater outpost to think that they might be able to understand the whole shebang.
Michael Turner [128]

This chapter is written as a supplement to a much more extensive course in cosmology at UWM that uses
the standard cosmological solutions but does not derive them. The chapter starts by showing that the
set of homogeneous, isotropic spatial geometries comprise the geometry of the 3-sphere, flat space, and
the 3-dimensional hyperboloid. The standard solutions to the field equations are derived, corresponding
to radiation-dominated, matter-dominated, and vacuum-energy-dominated (Λ-dominated) stages in the
universe’s evolution; and the present composition of the universe – vacuum energy, dark matter, baryonic
matter, neutrinos and the cosmic microwave background (CMB) – is used to find the times of transition
between these stages. The cosmological metrics have a conformal Killing vector, and that is used to
obtain the cosmological redshift. The chapter ends by showing how one uses gravitational-waves from
binary inspiral to measure the Hubble constant.

For a summary of the standard ΛCDM (cosmological-constant-cold-dark-matter) cosmological model
and the evidence for the present composition of the universe see, for example, Chaps. 17-19 of Har-
tle, Ryden’s 2017 Introduction to Cosmology[99], or Mike Turner’s recent Road to Precision Cosmol-
ogy.[128] Hartle and Ryden show how the numbers are derived. Turner gives a detailed description of
the current state of cosmology, with a history of advances over the last century, and his summary also
serves as an extensive guide to the literature.

For most of universe’s 13.8 billion year life, its density was dominated by the matter (ordinary
and dark) that comprise its clusters of galaxies. These structures track the expansion of the universe,
following timelike geodesics and so behaving like dust – a pressureless fluid. Because the interior of a
uniform collapsing ball of dust is identical to a matter-dominated, homogeneous isotropic universe, we
begin with that.

7.1 Collapsing dust
Consider a spherically symmetric ball of dust, falling from outer radius R.
Each dust particle follows a radial geodesic, with dust at the outer edge of the ball following a geodesic
of the vacuum Schwarzschild geometry. From Eq. (4.62), the effective potential for a particle with zero
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angular momentum is

Veff = −M
r

+
L2

2r2
− ML2

r3
= −M

r
.

Then
1

2
ṙ2 = eN +

M

r
=⇒ 0 = eN +

M

R
,

ṙ2 =
2M

r
− 2M

R

Fall from R = ∞ at τ = −∞, reaching r = 0 at τ = τ0:

r(τ) =

(
9

2
M

)1/3

(τ0 − τ)2/3 (7.1)

For a particle falling from at finite R, the solution (checked below) has the parametric form

r =
R

2
(1 + cos η) (7.2a)

τ =
R

2

√
R

2M
(η + sin η) (7.2b)

The path r(τ) is half a cycloid, shown in the MTW figure below.

25. PARTICLE MOTION IN SCHWARZSCHILD GEOMETRY664

t
r

I

-Time_...
....

..~.~'"

Figure 25.3.
A cycloid gives the relation between proper time and Schwarschild r coordinate for a test particle falling
straight in toward center of gravitational attraction of negligible dimensions. The angle of turn of the
wheel as it rolls on the base line and generates the cycloid is denoted by 11. In terms of this parameter,
one has

(Schwarzschild r-coordinate)R
r = 2" (I + cos 11)

R ( R )112
T = - - (11 + sin 11)

2 2M
(proper time)

(note difference in scale factors in expressions for r and for T). The total lapse of proper time to fall
from r = R to r = 0 is T = ('1T/2)(R3/2M)1I2. The same cycloid relation and the same expression for
time to fall holds in Newton's nonrelativistic theory of gravitation, except that there the symbol T is
to be replaced by the symbol t (ordinary time). Were one dealing in Newtonian theory with the same
attracting mass M spread uniformly over a sphere of radius R, with a pipe thrust through it to make
a channel for the motion of the test particle, then that particle would execute simple harmonic oscillations
(dotted curve above). The angular frequency w of these vibrations would be identical with the angular
frequency of revolution of the test particle in a circle just grazing the surface of the planet, a frequency
given by Kepler's law M = w2R3. In this case, the time to fall to the center would be ('1T/2)(R3/M)1I2,
longer by a factor 2112 than for a concentrated center of attraction (concentrated mass: stronger accelera­
tion and higher velocity in the later phases of the fall). The expression for the Schwarzschild-coordinate
time t required to reach any point r in the fall under the influence of a concentrated center of attraction
is complicated and is not shown here (see equation 25.37 and Figure 25.5).

The same cycloidal relation that connects r with time for free fall of a particle also connects the radius
of the "Friedmann dust-filled universe" with time (see Box 27.1), except that there the cycloid diagram
applies directly, without any difference in scale between the two key variables:

(
radius oJ a a
3 h

= -2 (I - cos 11) "" -11 2 (for small 11),
-sp ere 4

(

coordinate time )
identical with

proper time as = f (11 - sin 11) "" ~ 113 (for small 11).
measured on dust
particle

The starting point of 11 is renormalized to time of start of expansion; see Lindquist and Wheeler (1957)
for more on correlation between fall of particle and expansion of universe.

Here the effective potential is the same effective potential that one dealt with before,

(25.33)

Moreover, the E on the righthand side is the same E that appeared in the ear~er

equation for (dr/dr)2. Therefore the turning points and the qualitative description
of the motion are both the same as before. "A turning point is a turning point is

Figure 7.1: Figure 25.3 of MTW

Check of Eqs. (7.2): (′) = d
dη

r =
R

2
(1 + cos η) =⇒ r′ = −R

2
sin η

τ =
R

2

√
R

2M
(η + sin η) =⇒ τ ′ =

R

2

√
R

2M
(1 + cos η)

ṙ2 =

(
r′

τ ′

)2

=
2M

R

sin2 η

(1 + cos η)2
=

2M

R

1− cos η

1 + cos η
.

2M

r
− 2M

R
=

2M
R
2
(1 + cos η)

− 2M

R
=

2M

R

1− cos η

1 + cos η
. □

We’ll see that the interior of homogeneous collapsing dust is a homogeneous cosmology and that
the interior particles obey the same geodesic equation, acting as if they see only the mass within their
radius.
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7.2 Spatially homogeneous, isotropic cosmology
Measurement of the cosmic background radiation (CMB) from the the COBE[111], WMAP[19], and
Planck[87] satellites (as well as more recent observations) show an early universe that was isotropic to
about one part in 105, with temperature fluctuations in the CMB of about 80 µK about the 2.73 K av-
erage. That anisotropy was also the anisotropy of the matter at the time light decoupled from baryonic
matter, about 300,000 years after the initial Big Bang. Gravitational instability turned the small ini-
tial anisotropy of dark and baryonic matter into the large structures of the late universe – superclusters
comprising millions of galaxies, the filaments that are their walls, and the emptier voids between the
clusters. The present universe looks like a web of these structures, inhomogeneous on scales of 109 ly.
At the 1010 ly scale of the visible universe itself, however, the distribution of matter and the geometry
of space retain their homogeneous, isotropic character.

A 3-dimensional homogeneous, isotropic geometry looks identical at every point. The obvious ex-
ample is flat space, whose group of isometries is the 6-dimensional Euclidean group of translations and
rotations. We will see that there are only two other cases: The 3-spheres, the subspaces of Euclidean
4-dimensional space with T 2 + x2 + y2 + z2 = a2; and 3-dimensional hyperboloids, the subspaces of
Minkowski space with −t2 + x2 + y2 + z2 = a2.

Definitions:
A space is homogeneous if, for any two points P and Q, there is an isometry that maps P to Q. In flat
space, the isometry is a translation.
A space is isotropic if it has no preferred direction at any point: For any two unit vectors ua and va at
a point P there is an isometry that keeps P fixed and maps ua to va. In flat space, the isometry is a
rotation fixing P .

In our discussion of homogeneous, isotropic 3-dimensional spaces, we will write the Riemann ten-
sor, Ricci tensor and Ricci scalar as 3Ra

bcd, 3Rab, and 3R. In a homogeneous space, any scalar constructed
from the metric must have the same value at all points, so the Ricci scalar 3R is constant, and we will
show below that the homogeneous, isotropic spaces are determined by the value of 3R:
For 3R > 0, the space is a 3-sphere
For 3R = 0, the space is flat;
For 3R < 0, the space is a hyperboloid.

First we’ll find the metrics on the unit 3-sphere and the unit hyperboloid. The 3-sphere of radius a
is the subspace of R4 given by

a2 = T 2 + x2 + y2 + z2 = T 2 + r2.

On the unit 3-sphere, define an angle χ from the T axis to each point P (analogous to the angle θ from
the z-axis). The 2-sphere at angle χ has radius a sinχ:

T = cosχ, r = sinχ;

with the usual polar coordinates (x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ), we have

ds2 = dT 2 + dx2 + dy2 + dz2 = dT 2 + dr2 + r2dΩ2,

= dχ2 + sin2 χdΩ2, (7.3)

https://articles.adsabs.harvard.edu/pdf/1992ApJ...396L...1S
https://iopscience.iop.org/article/10.1088/0067-0049/208/2/20/meta
https://arxiv.org/abs/1807.06205
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where dΩ2 is the metric on the unit 2-sphere,

dΩ2 = dθ2 + sin2 θdϕ2.

Figure 7.2: The angle χ extends from the vertical T axis. Each χ = constant surface is a 2-sphere of
radius a sinχ.

Replacing T by it and taking t to be real gives the corresponding hyperboloid:

Exercise 87. The unit spacelike hyperboloid in 4-dimensional Minkowski space, is the set of points at
unit distance from the origin:

ηµνx
µxν = −t2 + x2 + y2 + z2 = −1, t > 0. (7.4)

a. Suppress a dimension (take z=0), and sketch the 2-D hyperboloid as a submanifold of R3.

b. Show that the 3-D hyperboloid is homogenous, that (1) any Lorentz transformation maps the
hyperboloid to itself; and (2) for any points P and Q of the hyperboloid, there is a Lorentz
transformation that takes P to Q.

c. Show that the metric on the hyperboloid is given by

ds2 = dχ2 + sinh2 χdΩ2,

where

x = sinhχ sin θ cosϕ y = sinhχ sin θ sinϕ

z = sinhχ cos θ t = coshχ

Start with polar coordinates t, r, θ, ϕ in Minkowski space, checking first that −t2+r2 = −1,
with r2 = x2 + y2 + z2 and t, x, y and z in the form given above.
No need to rederive the metric on the unit two-sphere S2.
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Claim: The only homogeneous, isotropic, 3-dimensional spaces have the metrics of a sphere of radius
a, the corresponding hyperboloid (the set of points in Minkowski space at a distance a from the origin),

and flat space. For the sphere and hyperboloid, the curvature scalar has the values ± 6

a2
.

ds2 =


a2
[
dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)

]
, 3R = 6

a2
> 0,

dx2 + dy2 + dz2, 3R = 0,

a2
[
dχ2 + sinh2 χ(dθ2 + sin2 θdϕ2)

]
, 3R = − 6

a2
< 0.

(7.5)

Notice that we have said nothing about a spacetime metric or the field equations: This is simply a
description of all homogeneous isotropic 3-dimensional geometries.

We need only show the result for the unit sphere and hyperboloid (and for 3R = 0) because multi-
plying gab by a2 just multiplies the scalar curvature by a−2. This follows from dimensional analysis: All
lengths change by the factor a and 3R has dimension L−2. (Alternatively, because gab → a−2gab, there
is no change in Γijk, so 3Ra

bcd and 3Rab are unchanged, and 3R = 3Rabg
ab → 3R/a2.)

Because the space is isotropic, it is spherically symmetric about any point, and we already know
from Sect. 4.1 that a spherically symmetric space has a metric of the form

ds2 = f 2dr2 + g2dΩ2,

with f and g functions of r only. Now define χ(r) by dχ = fdr. Then

ds2 = dχ2 + h2(χ)dΩ2. (7.6)

Isotropy implies that the component 3Rabu
aub of Rab along a unit vector ua is independent of the direc-

tion of ua. Then, for the unit vectors χ̂a , θ̂α, ϕ̂a,
3Rχ̂χ̂ = 3Rθ̂θ̂ =

3Rϕ̂ϕ̂ =⇒ 3Rχ
χ = 3Rθ

θ =
3Rϕ

ϕ. (7.7)

To compute Ricci tensor components we will use the form (4.13b), valid in any dimension:

Rij = ∂kΓ
k
ij − ∂i∂j log

√
−g + Γkij∂k log

√
−g − ΓkℓjΓ

ℓ
ki .

For a metric of the form (7.6), the only nonzero Γ’s are (up to index symmetry)

Γϕθϕ = cot θ Γθϕϕ = − sin θ cos θ (7.8a)

Γθχθ = Γϕχϕ =
h′

h
, Γχθθ = −hh′ , Γχϕϕ = −hh′ sin2 θ. (7.8b)

Using
√

3g = h2 sin θ, we have

3Rχχ = −∂2χ log
√

3g −
(
Γθχθ

)2 − (Γϕχϕ)2 = −2
h′′

h
−2

(
h′

h

)2

+ 2

(
h′

h

)2

= −2
h′′

h

3R = 3Rχ
χ +

3Rθ
θ +

3Rϕ
ϕ = 3 3Rχ

χ = −6
h′′

h
. (7.9)

We now pick the value of the Ricci scalar that will give the metric on the sphere of radius a = 1,
namely 3R = 6. As noted above, we can do this because we already know that the corresponding
solution for any other positive Ricci scalar, 3R = 6/a2, is that metric multiplied by a2.

−6
h′′

h
= 6 =⇒ h′′ + h = 0, h = A sin(χ+ η), (7.10)
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for some constants A and η. A choice of origin for χ sets η to 0, and we recover the metric of the unit
sphere when A = 1. When A ̸= 1, the metric is not isotropic; h does not satisfy 3Rθ

θ =
3Rχ

χ = 2:

3Rθθ = ∂χΓ
χ
θθ − ∂2θ log

√
3g + Γχθθ∂χ log

√
3g − 2ΓχθθΓ

θ
χθ −

(
Γϕϕθ

)2
= −hh′′ − h′2 + 1.

3Rθ
θ = −h

′′

h
−
(
h′

h

)2

+
1

h2
(7.11)

For h = A sinχ, we have 3Rθ
θ = 1− cot2 χ+

1

A2
csc2 χ, whence

3Rθ
θ = 2 =⇒ A = 1. (7.12)

To summarize: The unique homogeneous, isotropic 3-metrics with 3R > 0 are the metrics of 3-spheres
of radius a,

ds2 = a2
(
dχ2 + sin2 χdΩ2

)
, (7.13)

with
3Ra

b =
2

a2
δab

3R =
6

a2
. (7.14)

(Unique means unique up to a diffeo or, in passive language, a change of coordinates.)

Exercise 88. Check that the same steps imply for the homogeneous, isotropic 3-metrics with 3R < 0 the
form

ds2 = a2
(
dχ2 + sinh2 χdΩ2

)
, (7.15)

with
3Ra

b = − 2

a2
δab

3R = − 6

a2
. (7.16)

On R3, the flat metric dx2 + dy2 + dz2 is equivalent to the metric

ds2 = a2(dx2 + dy2 + dz2), (7.17)

for any nonzero constant a. That is, the metrics are related by a diffeo mapping (x, y, z) to (ax, ay, az)
(or, passively, by the corresponding coordinate transformation). In spacetime, however, with a a func-
tion of time, the 4-dimensional metric is not flat, and a time-dependent scale factor a describes an
expanding or contracting universe.

Now that we know the form of the spatial metric, it is not difficult to write the general form of the
spacetime metric. We first extend to spacetime our definitions of spatial homogeneity and isotropy.
Definition: A spacetime is homogeneous and isotropic if

1. the spacetime is the union of a family of disjoint spacelike slices (3-dimensional surfaces);

2. for any two points P and Q on the same slice Σ, there is an isometry that maps P to Q;

3. for any two unit vectors uα and vα tangent to Σ at a point P there is an isometry that keeps P
fixed and maps uα to vα.
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Corresponding to the three classes of homogeneous spaces with R > 0, R = 0, and R < 0 are the
three 6-dimensional isometry groups: the group O(3) of rotations of the 3-sphere, the Euclidean group
of rotations and translations of R3, and the Lorentz group (acting on the 3-dimensional hyperboloid).

We can use the vector field nα of unit normals to these surfaces to define a natural chart on the
spacetime. The integral curves of na are a family of timelike trajectories parameterized by proper time
τ . This preferred family of trajectories is called the Hubble flow.

Let Σ0 be one of the homogeneous isotropic slices, and set τ = 0 on Σ0. Spatial homogeneity means
that the 4-metric gαβ does not distinguish one point of Σ0 from another. In particular, if one moves a
proper time τ along the trajectories through any two points P and Q of Σ0, one reaches a slice with
the same value a(τ) of the scale factor: Each homogeneous isotropic slice is the set of points at a fixed
proper time τ from Σ0. Then, with τ as our time coordinate, the scale factor is a function a(τ), and we
can choose spacetime coordinates τ, χ, θ, ϕ for which the spacetime metric is given by

ds2 = −dτ 2 +


a2(τ)

(
dχ2 + sin2 χdΩ2

)
,

a2(τ) (dχ2 + χ2dΩ2) = a2(τ) (dx2 + dy2 + dz2) ,

a2(τ)
(
dχ2 + sinh2 χdΩ2

)
.

(7.18)

We do this using the 6-dimensional group of spacetime isometries. First choose natural coordinates on
Σ0. Next, use the trajectory through the origin on Σ0 to define the origin (τ, 0, 0, 0) on each slice Στ

(on each τ = constant surface). Finally use the isometry ψ that maps (0, 0, 0) to (0, χ, θ, ϕ) to assign
coordinates (τ, χ, θ, ϕ) to the point ψ(τ, 0, 0, 0). The spatial metric on each Στ then has the form in
(7.18). Finally, because an isometry maps a trajectory orthogonal to Σ to a trajectory orthogonal to Σ,
the lines of constant χ, θ, ϕ are the trajectories normal to the slices. Their tangent vector ∂τ is therefore
normal to Σ, implying gτi = 0.

Metrics of the form (7.18) are variously called Friedmann, Robertson-Walker, FRW, or FLRW met-
rics (the L for Lemaı̂tre). They were first found by Alexandr Friedmann in 1921 for the spherical case
and 1924 for the hyperbolic [48, 49] (translations). Lemaı̂tre first pointed out that an expanding universe
implies Hubble’s law (1931 translation of 1927 article)[72]. 1

Another way to write the family of homogeneous isotropic metrics is at least as common in the
literature as Eq. (7.18): Introducing a radial coordinate r by

r =


sinχ, 3R > 0,

χ =
√
x2 + y2 + z2, 3R = 0,

sinhχ, 3R < 0,

immediately gives the metric in all three cases in the form

ds2 = −dτ 2 + a2
[

dr2

1− kr2
+ r2dΩ2

]
. (7.19)

Exercise. Do the two-line calculation, replacing r in Eq.(7.19) by sinχ and sinhχ, to check this.

1After being ordained as a Catholic priest, Lemaı̂tre was allowed to study at MIT, where he got his PhD. He apparently
didn’t know Friedmann’s work, independently obtained the positive-curvature metric, and found Eq. (7.66) below for arbi-
trary amounts of pressure-free matter and radiation. He made the connection to Hubble’s law after visiting Hubble at Caltech
and Slipher at Arizona. Slipher had preceded Hubble and Humason in discovering the redshifts of galaxies, but not the
redshift-distance relation. Robertson [95] looked at solutions with general k,Λ, P and ρ.

https://cosmology.education/documents/friedmann_1922.pdf
https://articles.adsabs.harvard.edu/pdf/1931MNRAS..91..483L
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Finite or infinite?

It is evident that from this point of view many assertions concerning space made by
previous writers are no longer correct (e.g. that infinity of space is a consequence of
zero curvature) . . .

Felix Klein, 1893 Researches in Non-Euclidean Geometry p. 93.

The fact that flat R3 and the 3-dimensional hyperboloid are spatially infinite, while the 3-sphere
is finite misleads people into thinking that non-positive spatial curvature implies an infinite universe.
Although Eq. (7.18) gives all the homogeneous isotropic metrics, the metric does not determine the
large-scale topology.
Ten finite 3-manifolds allow flat metrics; a countably infinite collection of finite 3-dimensional man-
ifolds allow the hyperboloidal metrics of Eq. (7.18); and a countably infinite collection of finite 3-
dimensional manifolds have the spherical metrics of Eq. (7.18).
The more precise language that replaces finite manifold is compact manifold without boundary.

The simplest example is the flat torus. In 2-dimensions, identifying the opposite edges of a flat
rectangle gives a flat two-dimensional torus. This is the finite flat space of the video games Ms. PacMan
and Asteroids, in which the animations identify the left and right edges and the top and bottom edges of
the screen.

Figure 7.3: A flat torus is constructed by identifying opposite edges of a flat sheet. Identifying one pair
of edges gives a flat cylinder, shown here embedded in flat R3. Identifying the front and back circles of
the cylinder then gives a flat torus. There is no similar embedding of the flat torus in R3.

One similarly constructs a flat 3-torus by identifying opposite faces of a cube.

Figure 7.4: A flat 3-torus is a cube with opposite faces identified by translation. Figure from
https://sites.nova.edu/mjl/graphics/spaced-out/3-tori/

https://babel.hathitrust.org/cgi/pt?id=wu.89041215435&seq=107
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You can regard the cube as the unit cell of a group of translations by a fixed distance d in the x, y, and
z directions, the symmetry group of a simple crystal. All finite 3-manifolds with locally homogeneous
isotropic metrics are obtained in a similar way: A discrete subgroup of the isometry group of S3, R3

or H3 (the hyperboloid) maps a cell into a set of copies of itself that tile the space. And points of the
cell boundary related by an isometry in the subgroup are identified. This is Klein’s construction. (The
subgroup has to act freely for the construction to work: That is, no isometry in the subgroup except the
identity can fix a point of space.) 2

Several groups have studied the intriguing possibility that our universe might be much smaller than
that the visible universe, with the same galaxies seen repeatedly, as their light loops around the universe
(already suggested by Friedmann in 1924). The key observations, by the WMAP satellite, looked for
pairs of identical circles in different directions in the CMB data. The results were negative. See Luminet
2016[75] for a summary of the circle method and references.

For non-technical descriptions of finite hyperbolic spaces and spherical spaces, see Jeffery Weeks’
Curved Spaces, Thurston and Weeks 1984,[131] and Ellis and Williams [45] Sect. 7.7.

7.3 The field equations and their solutions
For metrics of the form (7.18), the Ricci tensor splits into a sum of two terms: The first, computed
only from spatial derivatives, is the Ricci tensor of the spatial metric, already given by Eqs. (7.14) and
(7.16) for the 3-dimensional sphere and hyperboloid. The second part, involves the time derivative of
the 3-metric along the unit normal ∇ατ to the τ = constant surfaces, the extrinsic curvature. If we write
the metrics (7.18) in the form

gαβ = −∇ατ∇βτ + γαβ,

then we can regard γαβ as the spatial metric: Its τ components vanish, γαβ∇βτ = 0, and its spatial
components are those of the spatial metric, γij = gij . The extrinsic curvature Kαβ is defined by

Kαβ =
1

2
L∇τγαβ, (7.20)

whose nonzero components are

Kij = −1

2
∂τγij = − ȧ

a
γij, (7.21)

where (·) := d
dτ

.
The initial-value formalism detailed in Chap. 8, takes the 3-metric and its time derivative – the

extrinsic curvature– as initial data for the vacuum field equations. The quick calculations here do not
need that more elaborate study, but it is worth pointing out that the split of the curvature tensor holds for
a generic spacetime and underlies the initial-value formalism.

2More technically, each compact 3-manifold with locally homogeneous isotropic metric is a quotient space M/G where
M is S3, R3 or H3 and G is a finite subgroup of the isometry group, with G acting freely on M .

https://arxiv.org/abs/1601.03884
https://arxiv.org/abs/1601.03884
https://www.geometrygames.org/CurvedSpaces/index.html
https://www.geometrygames.org/CurvedSpaces/index.html
https://static.scientificamerican.com/sciam/cache/file/DE663036-FFFB-4E81-B2F068C08A2BBBDA.pdf
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Figure 7.5: Two embeddings of a flat surface in R3, with unit normals shown. The extrinsic curvature
measures the rate of change of the unit normal na in directions tangent to the surface. Dragging the
surface along the normal by a distance ds gives a new surface whose fractional increase in volume,
induced by the flat metric of R3, is given by ∇an

a ds.

7.3.1 Spatially flat
We begin with the simplest case, a spatially flat metric. A nearly flat spatial metric is is also favored by
current observations. For the spatially flat cosmology, with metric

ds2 = −dτ 2 + a2(τ)(dx2 + dy2 + dz2),

the intrinsic curvature vanishes, and the curvature tensor involves only the extrinsic curvature Kαβ , and
its time derivative, i.e., only a, ȧ and ä. The nonzero metric derivatives and Γ’s are

ġxx = ġyy = ġzz = 2aȧ,

Γτ xx = Γτ yy = Γτ zz = aȧ Γxxτ = Γyyτ = Γzzτ =
ȧ

a
. (7.22)

Quick exercise. Use the definition (7.20) of Kαβ to check Eq. (7.21) and the relation

Γτ ij = −Kij.

Again using Eq. (4.13b) for components of Rαβ and writing log
√
−g = 3 log a, we have

Rττ = −∂2τ log
√
−g − 3(Γxxτ )

2 = −3
ä

a
, (7.23a)

Rτ
τ = 3

ä

a
, Rx

x =
ä

a
+ 2

ȧ2

a2
, R = Rτ

τ + 3Rx
x = 6

(
ä

a
+
ȧ2

a2

)
. (7.23b)

Clusters of galaxies (including dark matter) move with the Hubble flow: with velocity u = ∂τ
orthogonal to the flat slices. We approximate the large-scale average of the stress-energy tensor as a
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perfect fluid. Then (uµ) = (1, 0, 0, 0), and the two independent field equations are

Gττ = 8πTττ : 3
ȧ2

a2
= 8πρ (7.24a)

Rτ
τ = 8π(T τ τ −

1

2
T ) : 3

ä

a
= −4π(ρ+ 3P ). (7.24b)

At times when dark energy is negligible and matter dominates, we can model the matter as dust:

P = 0

3
ȧ2

a2
= 8πρ (7.25a)

3
ä

a
= −4πρ. (7.25b)

Conservation of mass for dust, uα∇βT
αβ = −∇β(ρu

β) = 0 implies

ρa3 = constant. (7.26)

Because of the contracted Bianchi identity, these three equations are redundant: Eq. (7.26) together with
a τ derivative of (a3× (7.25a)) implies (7.25b).

Write the conserved mass inside a ball of radius a as

M̃ :=
4

3
πρa3. (7.27)

Eq. (7.25a) then has the form

ȧ2 =
2M̃

a
,

with the expanding solution

a(τ) =

(
9M̃

2

)1/3

τ 2/3. (7.28)

The corresponding contracting solution is equivalent to the interior of a collapsing ball of dust with
E = 1 (eN = 0): The geometries and the dust trajectories are the same. For the ball of dust, we found

r(τ) =

(
9

2
M

)1/3

(τ0 − τ)2/3.

To make the identification, first change collapsing to expanding (−τ → τ ) and take τ0 = 0.
Next choose spheres of the same area about r = 0 and about x = y = z = 0 to relate r to a,

[ r(τ) ]2 = [ a(τ) ]2(x2 + y2 + z2).

Finally, pick some value of x2+y2+z2 –we’ll arbitrarily pick x2+y2+z2 = 1, to identify M̃ =
4

3
πa3ρ

with M =
4

3
πr3ρ. The interior of a uniform ball of collapsing dust is thus identical in its geometry and

dust trajectories to the interior of a sphere of the same area in the cosmological solution.
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7.3.2 Nonzero spatial curvature

Positive spatial curvature

We have already computed the intrinsic and extrinsic contributions to the Ricci tensor Rαβ of the
metric

ds2 = −dτ 2 + a2(τ)(dχ2 + sin2 χdΩ2).

The intrinsic Ricci tensor is the Ricci tensor (7.14) of the 3-sphere of radius a. The contribution to Rαβ

from the extrinsic curvature is unchanged from the spatially flat case: It is just the Ricci tensor (7.23b)
of the spatially flat cosmology.

To see that the Ricci tensor splits in this way, first note the split of log
√
−g into a term involving

spatial coordinates and a term involving τ :

log
√
−g = log(sin2 χ sin θ) + 3 log a.

Next, a quick check shows that the only nonzero Γ’s are the 3-sphere Γijk, from spatial derivatives of
the metric, and the Γτ ij,Γ

i
jτ of the spatially flat cosmology, given by Eq. (7.22). Then, in Eq. (4.13b)

for Rµν , the terms coming from the intrinsic curvature (spatial derivatives of the 3-metric) and from the
extrinsic curvature (derivatives of a(τ)) separate, as claimed, and we have

Rµν = Ricci tensor (7.14) + Ricci tensor (7.23b)
Rχχ = aä+ 2ȧ2 + 2

Rχ
χ =

ä

a
+ 2

ȧ2

a2
+

2

a2
= R θ

θ = Rϕ
ϕ

Rτ
τ = 3

ä

a
R = 6

ä

a
+ 6

ȧ2

a2
+

6

a2
(7.29)

Gττ = Rττ +
1

2
R = 3

ȧ2

a2
+

3

a2
(7.30)

The field equations are now

Rτ
τ = 8π(T τ τ −

1

2
T ) : 3

ä

a
= −4π(ρ+ 3P ) (7.31a)

Gττ = 8πTττ : 3
ȧ2

a2
+

3

a2
= 8πρ. (7.31b)

They give the cycloidal behavior of the surface of a collapsing ball of dust with E < 1 (eN < 0).

P = 0
ȧ2

a2
+

1

a2
=

8π

3
ρ =

2M̃

a3
, M̃ :=

4

3
πa3ρ

a(η) = M̃(1− cos η)

τ(η) = M̃(η − sin η)

Again identify the solution with that of collapsing dust by reversing time, η → π − η, and identifying
spheres of of the same area.
Negative spatial curvature.
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We have looked at the negative curvature analog of the unit 3-sphere in Exercise 87.. The analog
of the 3-sphere of radius a is the hyperboloid at proper time a from the origin of Minkowski space, the
spacelike 3-surface given by

−t2 + x2 + y2 + z2 = −a2 .
The Minkowski metric induces on the hyperboloid the positive-definite homogeneous, isotropic metric

ds2 = a2[ dχ2 + sinh2 χdΩ2 ],

where x = a sinhχ sin θ cosϕ y = a sinhχ sin θ sinϕ

z = a sinhχ cos θ t = a coshχ .

The only difference in Rαβ from that of the 3-sphere comes from changing sinχ to sinhχ in the metric,
which gives a sign change in the spatial Ricci tensor:

3Rχχ = −∂2χ log sinh2 χ− 2 coth2 χ = −2

3Ra
b = − 2

a2
δab

3R = − 6

a2
.

For the Ricci tensor of the corresponding spacetime metric, only the sign of intrinsic curvature
changes. The extrinsic curvature is that of the flat and positively curved cases, and the field equations
are (with the sign change in red)

Rτ
τ = 8π(T τ τ −

1

2
T ) : 3

ä

a
= −4π(ρ+ 3P ) (7.32a)

Gττ = 8πTττ : 3
ȧ2

a2
− 3

a2
= 8πρ . (7.32b)

P = 0
ȧ2

a2
− 1

a2
=

8π

3
ρ =

2M̃

a3

a(η) = M̃(cosh η − 1)

τ(η) = M̃(sinh η − η)

These equations describe a universe that expands forever. For the corresponding ball of dust, the
velocity of each dust particle is greater than its escape velocity.

Summary

Write
k := 0,±1, for flat space, positive curvature, and negative curvature, respectively. (7.33)

The field equations for a homogeneous isotropic cosmology then have the form

ä

a
= −4

3
π(ρ+ 3P ) (7.34a)

ȧ2

a2
+
k

a2
=

8π

3
ρ, (7.34b)

P = 0, matter dominated cosmology. M̃ :=
4

3
πa3ρ:
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To have a common set of spherical coordinates for all values of k, we will write the flat spatial metric
as dx2 + dy2 + dz2 = dχ2 + χ2dΩ2, where χ2 = x2 + y2 + z2.
Spatially flat, k = 0:

ds2 = −dτ 2 + a2(τ)(dχ2 + χ2dΩ2)

a(τ) =

(
9M̃

2

)1/3

τ 2/3 . (7.35)

Positive curvature, k = 1:
ds2 = −dτ 2 + a2[dχ2 + sin2 χ(dθ2 + sin2θ dϕ2) ]

a(η) = M̃(1− cos η) τ(η) = M̃(η − sin η) . (7.36)

Negative curvature, k = −1:
ds2 = −dτ 2 + a2[dχ2 + sinh2 χ(dθ2 + sin2 θdϕ2) ]

a(η) = M̃(cosh η − 1) τ(η) = M̃(sinh η − η) . (7.37)

Because the present universe is nearly spatially flat, Eq. (7.35) is a good approximation for the matter
dominated epoch; it is the small-η approximation of a(τ) in Eqs.(7.36) and (7.37).

For a spatially flat cosmology, multiplying the scale factor by a constant, C, gives the same metric
components as changing the coordinates from (x, y, z) to (x̄, ȳ, z̄) with x = Cx̄, y = Cȳ, z = Cz̄. By
arbitrarily choosing a present value a0 of the scale factor, say a0 = 1 Mpc, one is assigning a 1 Mpc
proper distance to a coordinate distance ∆x = 1. The value of a(τ) at any other time is then the
distance in Mpc associated with unit coordinate distance. With this assignment of a0, two objects that
are at present 1 Mpc apart and follow the Hubble flow are separated by a distance a(τ) in Mpc at any
other time τ .

When the spatial curvature is nonzero, a0 is not arbitrary because a is related to the scalar curvature
by 3R = 6k/a2. But the present universe is too close to flat to measure 3R or know its sign (given
current uncertainty in the average density), so in practice one can set k = 0, pick a unit of length, and
take a0 = 1. Equivalently, one simply uses the variable ã : a/a0.

The matter-dominated solutions with positive curvature recontract, the corresponding finite ball of
dust expanding with less than the escape velocity. Solutions with negative curvature expand forever, and
the corresponding dust ball expands faster than its escape velocity.

7.3.3 Solutions with radiation and a cosmological constant
Radiation: photons, gravitons, and highly relativistic massive particles

The pressure of gas of photons or highly relativistic particles satisfies P = 1
3
ρ. This follows from

the general expression for the pressure of an ideal gas of particles with number density n, momentum p
and speed v, 3

P =
1

3
npv, (7.38)

3The force needed to keep the matter on one side of a cut of area A is the force on an area A of a box that holds the gas.
Particles with vx > 0 hit the right wall of the box in a time t if they are within distance vxt of the wall, hence within a volume
Avxt. When they bounce off the wall, they transfer momentum 2pxvx. Because half the particles in the volume have vx > 0,
the total momentum transferred is nAt⟨vxpx⟩. Using ⟨vxpx⟩ = 1

3 ⟨vxpx + vypy + vzpz⟩ = 1
3 ⟨pv⟩ gives P = 1

3n⟨pv⟩.



CHAPTER 7. COSMOLOGY FROM A TO B 256

using v = 1, E = p, ρ = nE. (Alternatively, use the relation Tαα = −ρ + 3P , together with the fact
that the stress-energy tensor (1.131) of the electromagnetic field is tracefree.)

The CMB is a gas of photons filling the universe, its extreme homogeneity and isotropy defining
the preferred spacelike slices and the corresponding normal trajectories of observers moving with the
Hubble flow. To these observers, the gas of photons is at rest. So, like the clusters of galaxies but with
much greater accuracy, it is a fluid that moves with the Hubble flow,

As the universe expands, the number of photons in a comoving volume V stays constant, once the
universe is sparse enough that the photons don’t interact with matter. The energy density ρr of radiation
is given by

ρr =
N

V
ℏ ⟨ω⟩ (7.39)

with ⟨ω⟩ the average photon frequency and N the number of photons in the volume V . We show in
Sect. 7.4 below that light traveling across the universe is redshifted, its wavelength increasing from λ to
λ̂ in tandem with the the size of the universe:

λ̂ = r λ, where r is the ratio r =
â

a
. (7.40)

A comoving volume changes from V to V̂ = r3V , while the frequency of each photon changes from ω
to ω̂ = ω/r. Eq. (7.39), with N̂ = N , then implies that the density of radiation is proportional to a−4:

ρra
4 = constant . (7.41)

One additional comment before we use this relation to find solutions to the field equations for radi-
ation: The initial blackbody spectrum of the CMB is the result of thermal equilibrium of the radiation
and matter prior to the decoupling of photons from baryonic matter as the universe expands and cools.
Implicit in many discussions of the CMB is that it retains a blackbody spectrum, with its temperature
proportional to 1/a. To see that this is true, recall that the blackbody spectrum has the following form
for the energy dE of photons in the frequency range dω and in a box of volume V (see, e.g., Feynman
v. I, Chap. 41[47])

dE(ω) = V
ℏω3dω

π2c3
1

eℏω/kT − 1
, (7.42)

with corresponding number dN of photons in this frequency range given by

dN =
dE

ℏω
= V

ω2dω

π2c3
1

eℏω/kT − 1
. (7.43)

At a later time, the same number of photons occupy a box of size V̂ . Using V = V̂ /r3, ω = rω̂, we
have

dN̂ = dN = V
ω2dω

π2c3
1

eℏω/kT − 1

=
V̂

r3
r3ω̂2dω̂

π2c3
1

erℏω̂/kT − 1
, (7.44)

a blackbody distribution at temperature

T̂ =
T

r
= T

a

â
. (7.45)

https://www.feynmanlectures.caltech.edu/I_41.html
https://www.feynmanlectures.caltech.edu/I_41.html
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Radiation dominated solutions

Starting from
ȧ2

a2
+
k

a2
=

8π

3
ρ, we easily obtain a(τ) for a radiation dominated universe with k = ±1.

With C :=
8π

3
ρa4,

a =
√
C

[
1−

(
1− τ√

C

)2
]1/2

, k = 1 (7.46a)

a = (4C)1/4τ 1/2 , k = 0 (7.46b)

a =
√
C

[(
1 +

τ√
C

)2

− 1

]1/2
, k = −1 (7.46c)

Check of solutions (7.46) for k = 1 and k = 0.

k = 1: ȧ2

a2
+
k

a2
=

8π

3
ρ =

C

a4
.

Writing u = a2 gives

u̇2 + 4u = 4C∫ u

0

du√
C − u

= 2τ =⇒ −2
√
C − u+ 2

√
C = 2τ

a2 = u = C − (
√
C − τ)2

a =
√
C

[
1−

(
1− τ√

C

)2
]1/2

.

k = 0: ȧ2

a2
=
C

a4
=⇒ aȧ =

√
C

1

2
a2 =

√
C τ =⇒ a = (4C)1/4

√
τ .

Note: All of the radiative solutions (7.46) have the same small-τ behavior

a = (4C)1/4τ 1/2, all k,with τ ≪
√
C. (7.47)

This is the relevant solution during the radiation-dominated epoch of the early universe.

Λ dominated solutions

In the standard ΛCDM cosmology, a period of rapid inflation, mimicking a cosmological constant
Λ > 0, precedes the radiation-dominated epoch. It’s easier to discuss the way this model accounts for
successive epochs of our universe after we have the solution with nonzero Λ in hand, so that discussion
is relegated to Sect. 7.3.4.

The great surprise in cosmology of the last quarter century was the discovery that a nonzero Λ is
not confined to the very early universe: The expansion of the universe is accelerating Riess et al.’98,

https://arxiv.org/pdf/astro-ph/9805201.pdf
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Perlmutter et al.99. [94, 86] The acceleration, apparent over the last 4 billion years, matches that of a
cosmological constant, Λ, with

Gαβ = 8πTαβ − Λgαβ. (7.48)

Now this is exactly the field equation that would result from a stress energy tensor Tαβ + TΛαβ , where

TΛαβ = − 1

8π
Λgαβ.

From the relation,
−Λgαβ = Λuαuβ − Λqαβ,

we have
TΛαβ = ρΛuαuβ + Pqαβ, where ρΛ =

1

8π
Λ, PΛ = − 1

8π
Λ. (7.49)

Then a cosmological constant is equivalent to a homogeneous, isotropic fluid with stress-energy tensor,
density and and pressure given by Eq.(7.49).

ρΛ is called dark energy or vacuum energy. The latter term reflects the fact that a scalar field Φ in
its ground state has a stress-energy tensor of exactly this form: That is, if Φ has a nonzero value for
the ground state of a potential V (Φ), the vacuum expectation value of its stress-energy tensor mimics
the contribution to the field equation of a cosmological constant. The discovery of a Higgs particle
confirmed the existence of at least one fundamental scalar field. In the the standard model of particle
physics, couplings to the stationary vacuum expectation values of these fields give mass to the other
particles.

In ΛCDM cosmology, ρΛ is about 70% of the total density of the present universe, from observations
of the universe’s acceleration using type IA supernovae as standard candles, together with observations
of the cosmic microwave background. In the very early universe, its assumed value was much larger,
leading to a deSitter geometry, a homogeneous, isotropic solution to Gαβ = −Λgαβ .

The pure Λ solutions satisfy

ȧ2

a2
+
k

a2
=

1

3
Λ, k = 0,±1 . (7.50)

deSitter space: Λ > 0.
The solutions are easy to find.

k = 0

ȧ2

a2
=

Λ

3
=⇒ d

dτ
(log a) =

√
Λ

3

a(τ) = α e
√

Λ
3
τ , α an arbitrary constant (7.51)

ds2 = −dτ 2 + α2e
√

4
3
Λ τ (dx2 + dy2 + dz2).

k = 1 (DeSitter[40] found this first.)

ȧ2

a2
+

1

a2
=

1

3
Λ

a(τ) =

√
3

Λ
cosh

(√
Λ

3
τ

)
(7.52)

ds2 = −dτ 2 + a2
[
dχ2 + sin2 χdΩ2

]
.

https://arxiv.org/pdf/astro-ph/9812133.pdf
https://dwc.knaw.nl/DL/publications/PU00012455.pdf
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Notice that the scale factor a has a minimum value in this solution.

Check: For a =
√

3
Λ
cosh

(√
Λ
3
τ
)

,

ȧ

a
=

√
Λ

3
tanh

√
Λ

3
τ

ȧ2

a2
+

1

a2
=

Λ

3

(
tanh2

√
Λ

3
τ + sech2

√
Λ

3
τ

)
=

Λ

3
□

k = −1

ȧ2

a2
− 1

a2
=

1

3
Λ

a(τ) =

√
3

Λ
sinh

(√
Λ

3
τ

)
(7.53)

ds2 = −dτ 2 + a2
(
dχ2 + sinh2 χdΩ2

)
For completeness:
Λ < 0 anti-deSitter (also found by deSitter,[41] and published the next year).

This is a spatially infinite universe that recontracts.
ρ = ρΛ < 0. The field equation (7.50) then implies k = −1.

a =

√
3

|Λ|
sin

(√
|Λ|
3
τ

)
ds2 = −dτ 2 + a2

(
dχ2 + sinh2 χdΩ2

)
.

The way we have written the deSitter solutions uses a slicing in which the universe is expanding or
contracting. It hides a key feature:

The entire 4-dimensional deSitter spacetime is invariant under the 5-dimensional Lorentz group.
The geometry at each point of the spacetime is identical to the geometry at every other point! This
maximal symmetry is implied by the Lorentz invariance of Eq. (7.54) below.

Exercise 89. Consider the unit timelike hyperboloid in 5-dimensional Minkowski space:
ηαβX

αXβ = −T 2 +W 2 +X2 + Y 2 + Z2 = 1. (7.54)

Show that the metric on the hyperboloid is given by
ds2 = −dτ 2 + α2 cosh2(τ/α)

(
dχ2 + sin2 χdΩ2

)
,

agreeing with the deSitter metric for α2 = 3/Λ. where
T = α sinh(τ/α) W = α cosh(τ/α) cosχ

X = α cosh(τ/α) sinχ sin θ cosϕ Y = α cosh(τ/α) sinχ sin θ sinϕ

Z = α cosh(τ/α) sinχ cos θ.

https://dwc.knaw.nl/DL/publications/PU00012216.pdf
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Figure 7.6: The deSitter spacetime as a submanifold of Minkowski space, shown here with one dimen-
sion suppressed. Boosting the horizontal blue circle gives the tilted blue circle with the same radius,
each corresponding to a 2-sphere of minimal radius. An isometry (boost composed with rotation) maps
any point of deSitter space to any other point.

7.3.4 H , Ω, recollapse or exponential expansion
In the matter dominated solutions of Eqs. (7.35)-(7.37), we found that the criterion for recollapse was
equivalent to requiring that the velocity of particles in the corresponding finite ball of dust was less than
the escape velocity,

ȧ2 <
2M̃

a
=

8π

3
ρa2. (7.55)

The Hubble parameter (or “Hubble constant”) H is the fractional rate of expansion,

H :=
ȧ

a
.

Written in terms of H , the criterion (7.55) is

H2 <
8π

3
ρ. (7.56)

For the P = 0 models, the inequality is satisfied when the spatial scalar curvature is positive, 3R > 0.
For a universe with nonzero P and Λ, we will see that the inequality (7.56) again governs the sign of
the scalar curvature (as is the case in the radiation-dominated and Λ-dominated solutions above). But
for nonzero Λ, the link to collapse is gone: A positive constant value of Λ prevents recollapse.

The Gττ = 8πTττ equation has the form

ȧ2

a2
+
k

a2
=

8π

3
ρ, (7.57)

independent of P , where the density ρ is a sum

ρ = ρm + ρr + ρΛ (7.58)

of contributions ρm from pressure-free matter, ρr from radiation (including relativistic particles) and
from Λ. A density parameter Ω is defined as the ratio

Ω :=
8π

3

ρ

H2
, (7.59)
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Critical values of ρ and Ω: Ωc = 1, ρc =
3

8π
H2. Dividing Eq. (7.57) by H2 gives

Ω− 1 =
k

H2a2
. (7.60)

Then

Ω > 1 =⇒ k = 1 positive spatial curvature
Ω = 1 =⇒ k = 0 zero spatial curvature
Ω < 1 =⇒ k = −1 negative spatial curvature.

The present value H0 of H (uncertainties are discussed in Sect. 7.5) is

H0 ≈ 70 km/s/Mpc = 2.3× 10−18s−1, (7.61)

implying for the critical density a value

ρc =
3

8πG
H2

0 = 9× 10−30g/cm3. (7.62)

The matter density ρm of galaxies and clusters and the density ρr of radiation decrease as a increases,
with ρa2 → 0 as a→ ∞. If ρ behaves in this way, then Eq. (7.57) in the form,

ȧ2 = −k + 8π

3
ρa2,

again links the sign of the curvature to recollapse: For k = 1, ȧ goes through zero at some value amax

of the scale factor, and the universe recollapses; for k = 0 and k = −1, ȧ is never zero and the universe
expands forever.

For a constant Λ > 0, however, ρa2 increases with increasing a, once the matter and radiation contri-
butions to ρ are small. In this Λ-dominated epoch Λ not only prevents recollapse, it forces the expansion
of the universe to accelerate, independent of the sign of the scalar curvature or the present value of Ω.

The ΛCDM model, with parameters set by observation is also called the Benchmark Model or Stan-
dard Model of cosmology; in this model, the present universe is flat (Ω = 1), and parameters have the
values4

Ωm = 0.31 cold dark matter and baryonic matter (7.63a)
Ωr = 9.0× 10−5 photons and neutrinos (7.63b)
ΩΛ = 0.69 (7.63c)

(See, e.g., Ryden’s 2017 Introduction to Cosmology[99] or Ryden’s 2006 version, or Turner’s Road to
Precision Cosmology.[128]) Gravitational waves also contribute to ρr, but at a density small compared

4The value of each Ω depends on the present value of the Hubble parameter. Table 6 of the Planck collaboration’s 2020
summary gives Ωm = Ωm,baryon +Ωm,dark, with

Ωm,baryonh
2 = 0.02242± 0.00014

Ωm,darkh
2 = 0.11933± 0.00091,

where h := H/(100 km/s/Mpc). The observed spatial flatness implies ΩΛ = 1− Ωm with uncertainty of about 1%.

http://carina.fcaglp.unlp.edu.ar/extragalactica/Bibliografia/Ryden_IntroCosmo.pdf
https://arxiv.org/pdf/2201.04741.pdf
https://arxiv.org/pdf/2201.04741.pdf
https://www.aanda.org/articles/aa/pdf/2020/09/aa33880-18.pdf
https://www.aanda.org/articles/aa/pdf/2020/09/aa33880-18.pdf
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to that of photons and neutrinos in the Benchmark Model. The present value of Ω = Ωm + Ωr + ΩΛ is
then surprisingly close to its critical value:

|Ω− 1| < 0.01, (7.64)

implying a universe whose large-scale spatial curvature is nearly zero.
The evolution of the universe for a mix of pressure-free matter, radiation, and vacuum energy is

governed by Eq. (7.57) with ρ = ρm + ρr + ρΛ. Using ρm ∝ a−3, ρr ∝ a−4, ρΛ = constant, we have

8π

3
ρ = Ωm

(a0
a

)3
+ Ωr

(a0
a

)4
+ ΩΛ,

where Ωm,Ωr and ΩΛ denote present values. Setting ã :=
a

a0
, τ̃ = H0τ , we write the field equation in

the form (
dã

dτ̃

)2

=
Ωm

ã
+

Ωr

ã2
+ ΩΛã

2, (7.65)

an energy-conservation equation with a negative effective potential that blows up as −1/a2 for small a
in the radiation-dominated epoch and and blows up as −a2 for large a in the late Λ-dominated epoch.

Eq. (7.65) immediately gives τ̃ = τ̃(ã) as the integral

τ̃ =

∫ ã

0

dã√
Ωmã−1 + Ωrã−2 + ΩΛã2

. (7.66)

Without doing the integral, we can easily estimate the time at which the universe changed from matter-
dominated to Λ-dominated and find the redshift before which it was radiation-dominated.

Exercise 90.

a. Estimate ã = a/a0 at the time the universe changed from matter-dominated to Λ-dominated;
from ã, estimate how long ago that was.

b. Estimate ã = a/a0 at the time the universe changed from radiation-dominated to to matter-
dominated. Find the corresponding redshift, z = a0/a− 1.

Solution. From Eq. (7.61),
H−1

0 = 4.4× 1017s = 1.4× 1010yr. (7.67)

a. Because Ωr is negligible compared to Ωm and ΩΛ, the change from matter- to Λ-dominated occurred
when

Ωm

ã
= ΩΛã

2 =⇒ ãm-Λ =

(
Ωm

ΩΛ

)1/3

= 0.77. (7.68)

d

dτ
ln(ã) = H ≈ H0 =⇒ ln

a0
a

≈ H0∆τ

∆τ ≈ 0.27

H0

= 3.8× 109yr. (7.69)

b. When radiation and matter had comparable densities, ρΛ was negligible. Then

Ωm

ã
=

Ωr

ã2
=⇒ ãr-m =

Ωr

Ωm

= 2.9× 10−4. (7.70)

z =
a0
a

− 1 = 3.4× 103.
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The actual value is close: z = 3.6× 103.

The value (7.67) of H−1
0 estimates the age of the universe by mechanically running a back from its

present value a0 to 0, using the constant value H0 for ȧ/a: τ0 ≈ a0/ȧ0 = H−1
0 = 14 billion years,

remarkably close to the 13.8 billion years of the Benchmark Model.

A universe dominated at late times by a positive Λ expands forever, but the real fate of the universe
is unclear for many reasons. Here are a few:
If the value of Λ is the vacuum energy density of a Higgs field, the potential governing the field may
change, giving rise to a new value of Λ that could be zero or possibly negative.[91]
In the causal-set approach to quantum gravity, Λ emerges as a fundamental quantity that fluctuates and
can again have any sign; that approach predicted a value of |Λ| of order the actual value decades before
it was observed.[114, 115, 1]
The universe may be vastly larger than the visible universe (as is the case in the Benchmark Model of
cosmology with rapid early inflation), and a universe much larger than the part that has inflated could
look entirely different from the part of the universe we observe, leading to collapse on a timescale that
is much longer than 1/H0 and that is not related to the local value of Λ.

7.4 Conformal time η, conformal Killing vector, and redshift
We have written the the spatially homogeneous isotropic metrics (7.18) in terms of the proper time τ of
observers moving with the Hubble flow,

ds2 = −dτ 2 + a2dℓ2. (7.71)

Because the scale factor is a function only of τ , one can define a conformal time η by

dη

dτ
=

1

a
, η =

∫ τ dτ ′

a(τ ′)
.

With η replacing τ and the unit 3-metrics denoted by dℓ2, the spacetime metrics take the form

ds2 = a2(η)(−dη2 + dℓ2), (7.72)

where the spatial metric dℓ2 is the the metric of the unit sphere, unit hyperboloid, or flat space.
The time coordinate η here is the same η that appeared in our matter-dominated solutions with

k = ±1:

ds2 = −dτ 2 + a2[dχ2 + sin2 χ(dθ2 + sin2θ dϕ2) ]

a(η) = M̃(1− cos η)

τ(η) = M̃(η − sin η)

and

ds2 = −dτ 2 + a2[dχ2 + sinh2 χ(dθ2 + sin2 θdϕ2) ]

a(η) = M̃(cosh η − 1)

τ(η) = M̃(sinh η − η),
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In these solutions, η already satisfies

dτ = adη

ds2 = a2(−dη2 + dℓ2).

Definition: Two metrics gαβ and ḡαβ are conformal to each other if there is a nonzero scalar field a for
which gαβ = a2ḡαβ . The quantity a2 is called a conformal factor.

Conformal Killing vector

If ξα is a Killing vector of ḡαβ , then

Lξgαβ = Lξ(a2)ḡαβ =

(
2

a
Lξa

)
gαβ.

A vector field for which Lξgαβ = f gαβ is a conformal Killing vector.

Claim: If ξα is a conformal Killing vector, kαξα is conserved along null geodesics.

Proof:

kβ∇β(k
αξα) = kαkβ∇(βξα) =

1

2
kαkβf gαβ

= 0.

Cosmological redshift

For the metrics
ds2 = a2(η)(−dη2 + dℓ2),

ηα = ∂η is a conformal Killing vector because the only dependence on η is in the conformal factor a2.

Then kη = kαη
α is conserved. An observer moving with the Hubble flow has velocity uα = ∂τ =

1

a
ηα.

For light traveling from A to B, the frequency measured by these observers is then

ωA = −kαuα(A) = − 1

aA
kαη

α

ωB = − 1

aB
kαη

α

ωB
ωA

=
aA
aB
.

For galaxies moving with the Hubble flow, this had better agree with the usual Doppler shift if the
distance d between galaxies is short enough that we can work in a local inertial frame and ignore the
spacetime curvature. In particular, assume that during the light travel time τB − τA, the change in d is
small compared to d – that the relative velocity is nonrelativistic.

To recover the nonrelativistic Doppler shift in this approximation, we first show the following exact
relation.
Claim: For galaxies whose relative motion tracks the expansion,

v = Hd, (7.73)



CHAPTER 7. COSMOLOGY FROM A TO B 265

where d is the proper distance between the galaxies and v is their relative velocity, the rate of change of
their proper distance; here d, v and H are all evaluated at the same time τ .

Proof. Given two galaxies, we can orient the coordinates so they have the same values of θ and ϕ and
differ only in χ, and we can take one galaxy to be at the origin. At fixed τ ,

ds = a dχ,

for the 3-sphere, flat space, or the 3-hyperboloid. Galaxies following the Hubble flow stay at the same
value of the spatial coordinates χ, θ, ϕ, so the proper distance between the galaxies is just

d = aχ.

The relative velocity, the rate of change of proper distance, is

v :=
da

dτ
χ =

ȧ

a
aχ = Hd,

as claimed. □
For nearby galaxies, the times τA and τB at which a light ray passes galaxies A and B are related by

d ≈ τB − τA. Within this short-distance approximation, we have

aB = aA + ȧ (τB − τA) = aA + ȧd

1 + z =
aB
aA

= 1 +
ȧ

a
d

z = Hd = v. (7.74)

The Hubble parameter H has dimension 1/T , and 1/H is approximately the age of the universe. So
the condition that Hubble’s law (7.74) hold is that the light-travel time between galaxies be short com-
pared to the age of the universe or, equivalently, that the distance between galaxies be short compared
to the size of the visible universe. For distances of order 1/H , there is no obvious way to identify the
cosmological redshift with a relativistic Doppler shift.5

Conformal invariance of the light cones

Conformally related metrics ḡαβ and gαβ have the same light-cone structure: Whether a vector is
null, spacelike, or timelike is unchanged when gαβ is multiplied by a positive scalar a2:

gαβv
avb


> 0

= 0

< 0

⇐⇒ a2gαβv
avb


> 0

= 0

< 0

.

A much stronger statement is also true:
When there is no source (when jα = 0), Maxwell’s equations are conformally invariant. That is, if a
covariant tensor Fαβ satisfies Maxwell’s equations for gαβ , it satisfies them for a conformally related
metric ḡαβ . The short proof is given before Exercise 91..

5As Bunn and Hogg point out, you can think of light traveling past a set of observers that move with the Hubble flow,
with the distance between successive observers small compared to 1/H . Then the cosmological redshift between successive
observers can be naturally viewed as a Doppler shift, so the long-distance cosmological redshift can in this way be regarded
as a succession of local Doppler shifts.

https://blog.richmond.edu/physicsbunn/files/2009/03/doppler.pdf
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The horizon problem and arguments for early inflation

Conformal invariance means that the light cones of the cosmological metrics are the same as the
light cones of the static metrics −dη2 + dℓ2. In a spacetime diagram with coordinates η, χ, the light
cones are at 45◦, as in a Kruskal diagram. The diagram shows the following difficulty with the observed
homogeneity and isotropy of the universe, called the horizon problem: CMB light reaching an observer
from two opposite directions last interacted with matter at points P and Q whose past light cones are
disjoint. No information from the initial conditions near a = 0 that determine the geometry and matter
distribution at P can reach Q. So why is it that these unrelated regions have the same temperature?

Here’s a more formal treatment. The past light cones of P and Q will be disjoint if the coordinate
distance 2χ2 between P and Q is larger than the maximum coordinate diameter 2χ1 of their light cones,
the diameter at a = 0.

Figure 7.7: CMB photons reaching an observer O from opposite directions come from parts of the
universe that were never in causal contact if the early universe was radiation dominated. The diagram
shows the past light cones of the observer and of points P and Q at the time of decoupling, points at
which the photons last interacted with matter before reaching O.

Claim: If the early universe is radiation dominated,
χ1

χ2

≪ 1.

Check. We look at null rays with dχ = dη. The distance PQ is the diameter of the past light cone
extending from an observer at time τ0 to points P and Q at the time τd of decoupling of light from
matter. To make the calculation easy, we underestimate the radius χ2 by restricting the expansion to
the time of matter domination, starting from the transition from radiation to matter dominance (slightly
after decoupling) and ending at the scale factor am-Λ of the matter-Λ transition. We’ll use Eqs. (7.68)
and (7.70) for the dimensionless scale factors ãr-m and ãm-Λ at the two transition times.

To find the coordinate radius χ2 of the past light cone from a point O at the matter-Λ transition time,
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use Eq. (7.66) for the matter-dominated epoch prior to the transition:

dχ = dη =
dτ

a
=

1

a0H0

dτ̃

ã
=

1

H0a0

dã√
Ωmã

χ2 =

∫
dχ =

1

H0a0
√
Ωm

∫ ãm-Λ

ãr-m

dã√
ã
=

2

H0a0
√
Ωm

(
√
ãm-Λ −

√
ãr-m)

>
2

H0a0

√
ãm-Λ
Ωm

.

The maximum coordinate radius χ1 of the past light cone of a point P at decoupling is smaller than
the maximum coordinate radius of the past light cone from a point at the the radiation-matter transition
time: For radiation-dominance, Eq. (7.66) implies

dχ =
1

H0a0

dτ̃

ã
=

1

H0a0
√
Ωr

dã

χ1 <
1

H0a0
√
Ωr

∫ ãr-m

0

dã =
ãr-m

H0a0
√
Ωr

.

χ1

χ2

<
1

2

√
Ωm

Ωr

ãr-m√
ãm-Λ

=
1

2
Ω

1/6
Λ Ω1/2

r Ω−2/3
m = 0.01 □

Because the past light cones of P andQ are disjoint if the very early universe is radiation-dominated,
there is no reason why light reaching an observer from P and Q should have the same temperature. The
reader may object to a calculation that extrapolates the the universe back to a = 0 when the density
is infinite and classical general relativity is no longer valid. The same problem is present, however, if
we look at initial conditions near the Planck time, when fluctuations in the metric should be large and
uncorrelated in the past light cones of P and Q.

Early inflation offers one solution to the mystery. For a Λ-dominated early universe, the scale factor
increases exponentially. Regions that are now far apart were close and in causal contact in the early
universe. In particular, for an early universe that begins to be Λ-dominated when ã = ãΛ, Eq. (7.65),
with ΩΛ replaced by its early-universe value ΩΛE

, gives

dχ =
1

H0a0

dτ̃

ã
=

1

H0a0
√
ΩΛE

dã

ã2

χ1 ≈
1

H0a0
√
ΩΛE

1

ãΛ
, (7.75)

where we have assumed that the value of ã at the end of inflation is large compared to its starting value
ãΛ. Then χ1 is proportional to 1/ãΛ and is much larger than χ2.

A second argument for inflation is called the flatness problem. We have seen in Eq. (7.64) that,
measured by the difference |1−Ω|, the average density, ρ = ρm+ ρr+ ρΛ, is nearly equal to the critical
density ρc. That means that the present universe is nearly spatially flat, with a radius of spatial curvature
much larger than the visible universe. This coincidence has a more extreme form in the early universe:
As the universe expands, the departure from critical density increases. Unless ρwas excruciatingly close
to critical density at early times, either Ω would now be much smaller than its observed value near 1 or
the universe would have quickly collapsed, never surviving to its present time.



CHAPTER 7. COSMOLOGY FROM A TO B 268

To see why |1 − Ω| is much smaller in the early universe, it is helpful to understand its meaning as
a ratio of spatial (intrinsic) curvature, involving spatial derivatives of the metric, to extrinsic curvature,
involving the time derivative ȧ/a. The radius of spatial curvature is of order a, while the radius of
extrinsic curvature is of order a/ȧ ∼ τ , for the power law behavior a ∝ τ 2/3 and a ∝ τ 1/2 of the
the matter-dominated and radiation dominated epochs (Eqs.(7.35) and (7.47)). Because the ratio τ/a
increases as the universe expands, the ratio of spatial curvature to extrinsic curvature increases during
the radiation- and matter-dominated epochs.

Here’s a more formal version: From Eqs. (7.31b), (7.32b), and (7.21), the ratio of contributions of
spatial curvature and extrinsic curvature to Gττ is

1

2

3R

KαβKαβ
=

k/a2

(ȧ/a)2
=

k

ȧ2
= Ω− 1. (7.76)

Then
Ω− 1 ∝ a, matter-dominated, Ω− 1 ∝ a2, radiation-dominated.

At the radiation-matter transition, ãr-m = 2.9× 10−4, implying Ω− 1 ≲ 3× 10−6, with a vastly smaller
value at earlier, radiation-dominated times.

Early inflation gives an explanation for the extraordinary early-time flatness:
For a ∝ e

√
Λτ ,

Ω− 1 =
k

ȧ2
∝ e−2

√
Λτ ,

decreasing exponentially. This behavior would, for example, allow spatial and temporal derivatives of
the metric to be of the same order at Planck time, with a radius of curvature of order 1/ℓ2Planck, consistent
with quantum fluctuations of order unity on scales of order ℓPlanck.

7.5 Using gravitational waves to measure H0

Late-universe measurements of H0 conflict with early-universe measurements from the cosmic mi-
crowave background at z ≈ 1100. The early-universe measurements of the cosmic microwave back-
ground by the WMAP, and Planck satellites give

H0 = 69.32± 0.80 km/s/Mpc and H0 = 67.66± 0.42km/s/Mpc, (7.77)

respectively.[19, 87] Here H0 is not directly measured; its value relies on the ΛCDM model, whose six
parameters fit with high precision the cosmological data.

In contrast, on the astrophysical side, the SH0ES collaboration uses the brightness of type Ia super-
novae (SNe Ia) as standard candles and finds the larger value

H0 = 74.03± 1.42 km/s/Mpc.

This measurement rests on the Leavitt relation between period and luminosity of Cepheid variables, now
found directly by parallax and by geometrical determination of distance to the Large Magellanic Cloud.
Independent ways to determine H0 include water maser lines in imaged thin disks about galactic black
holes, which give a value 73.9± 3.0 km/s/Mpc; and measurements of time delays of different images
from the same multiply-imaged quasar giving 73.3+1.7

−1.8. The Hubble tension, the discrepancy between
the early- and late-universe values, is now above 4σ. 6

6However, a recent late-universe measurement by the Carnegie-Chicago Hubble Project calibrates Type Ia Sne by the
brightness and luminosity of the tip of the red-giant sequence, finding H0 = 69.8 ± 0.8(statistical) ± 1.7(systematic)
km/s/Mpc.

https://iopscience.iop.org/article/10.1088/0067-0049/208/2/20/meta
https://arxiv.org/abs/1807.06205
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The key question is whether the discrepancy indicates new physics beyond the ΛCDM model or is
due to unknown systematic errors. In 1986, Schutz[102] pointed out that the binary-inspiral waveform
could be used to give an independent measure of H0 if one could identify a host galaxy with measured
redshift. Remarkably, the first observed inspiral waveform of a binary neutron star system gave exactly
that measurement.

The relation is derived as follows. The distance D to the binary is given in terms of three waveform
observables, the frequency ω, its first time derivative, ω̇ and its amplitude h. At lowest post-Newtonian
order, three equations relate these quantities to D:

I. The radiation is quadrupole, and the frequency of quadrupole radiation is related to the frequency
Ω of the orbit by

ω = 2Ω. (7.78)

II. For a circular orbit, the quadrupole form (6.57) of h+ and h× gives h̄ =
√
⟨h2⟩ ∝ 1

D
µa2Ω2, for

the rms amplitude h̄ of the wave, which we can write as

h̄ ∝ E

D
. (7.79)

where E is the Newtonian energy of the binary.

III. Finally, the rate Ė at which the system loses energy to gravitational waves is the energy flux at
the distance D; from Eq. (6.50a),

Ė ∝ ⟨ḣ2⟩D2 = ω2h̄2D2. (7.80)

In each case, the constant of proportionality depends only on G and c: It is purely numerical in
gravitational units. Then, with k a constant of this form,

ω̇

ω
=

3

2

Ė

E
=

1

k

ω2h̄2D2

h̄D
, (7.81)

where Eqs. (7.79) and (7.80) were used in the last equality to write E and Ė, respectively, in terms of h
and D. Thus

D = k
ω̇

ω3h̄
. (7.82)

The simplicity of this relation comes from that fact that Ė/E is independent of the two masses. With
the constants included and ω = 2πf , the relation has the form

D = 780
ḟ100

f 3
100h̄23

Mpc, (7.83)

where f100 = f/(100Hz), h̄23 = 1023h̄, and ḟ/f is given in s−1.

Cosmological correction

For a binary system 50 Mpc away, the relative velocity is about

v = 70 km/s/Mpc × 50 Mpc = 3500 km/s
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implying a redshift

z ≈ 3500

3× 105
= 0.01,

too small to significantly alter the value current detectors assign to H0.
For systems far enough away that the redshift is important, we need to clarify the distance D of

Eq. (7.82) that is measured here. The equations came from an asymptotically flat context, with 4πD2

the area of a distant sphere. In a cosmological context, the amplitude h̄ of the wave is still proportional
to D−1 if we define D by demanding that 4πD2 be the area of a sphere. Spheres of coordinate radius χ
have area

A = 4πD2 = 4πa2


sin2 χ, k = 1

χ2, k = 0

sinh2 χ, k = −1,

(7.84)

and this relation defines D.
Use subscripts e and o to denote quantities measured in the emitting system’s host galaxy and by

gravitational wave observatories here. An observer here sees a gravitational wave with redshifted fre-
quency

ωo =
ωe

1 + z
,

and the corresponding redshifted time interval, dτo = (1 + z)dτe, gives

ω̇o ≡
dωo
dτo

= (1 + z)−2ω̇e ≡ (1 + z)−2dωe
dτe

.

Eq. (7.82), correct in the emitter’s galaxy, is

h̄eDe = k
ω̇e
ω3
e

.

The relation h̄oDo = h̄eDe then implies

h̄oDo =
1

1 + z
k
ω̇o
ω3
o

.

Dropping the subscript o, we have

D =
1

1 + z
k
ω̇

ω3h̄
. (7.85)

The luminosity distance DL is defined in terms of the observed energy flux
Lo

4πD2
o

by
Le

4πD2
L

:=
Lo

4πD2
o

, (7.86)

with Le = Ėe, the absolute luminosity of the source. Using Le = kω2
e h̄

2
eD

2
e , Lo = kω2

o h̄
2
oD

2
o (same k)

gives
Lo =

ω2
0

ω2
e

Le =
1

(1 + z)2
Le .

Then
DL = (1 + z)Do,

so
DL = k

ω̇

ω3h̄
,
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and this is what one measures by observing the waveform.

For the first observed binary neutron star inspiral and coalescence, GW170817, the distance D,
when found solely from the gravitational-wave observation, has the value D = 43.8+2.9

−6.9 Mpc . The
redshift, adjusted to account for the galaxy’s peculiar velocity (its deviation from the Hubble flow), is
z = (1.01± 0.06)× 10−2, corresponding to a Hubble-flow velocity v = 3.02± 17 km/s, and giving

H0 = 70+12
−8 km/s/Mpc. (7.87)

The central value is consistent with the current electromagnetic measurements, but we need to observe
of order 40 systems with this accuracy to reduce the statistical error to a level that could discriminate be-
tween the values from the cosmic background and from local electromagnetic distance determinations.

Although binary black hole inspirals are far more common than neutron star inspirals, for them there
has been no electromagnetic counterpart and so no redshift measurement. Their mass distribution, how-
ever, has characteristic features that can be used to disentangle H0, z, and D from observations of a
large number of events. In particular, there is a gap between the maximum-mass of neutron stars and
the lightest black holes, with very few objects seen in the gap. (These gap objects may be small black
holes formed by NS-NS coalescence.) And a expected rough cutoff in black-hole mass above about 50
M⊙ is seen in the observed inspirals. That expectation comes from an instability of high-mass stars tied
to electron-positron pair production in their cores.7 See Woosley et al. 2002, Woosley 2019[133] and
references therein. Using the known behavior of the waveforms with luminosity distance, one finds a
best fit of H0 and parameters characterizing the unkown true mass distribution. See Ezquiaga & Holz
2022,[46] Hernandez and Ray[46, 76] and references therein. One can also (or simultaneously) fit, as
Schutz initially suggested, to the known spatial distribution of galaxies.

Messenger and Read [81] noticed that, in NS-NS inspiral, the tidal terms add to the waveform an
additional measurable parameter. This, in principle, allows one to measure both luminosity distance and
redshift, thereby determining the Hubble constant from the waveform alone. Although well beyond the
scope of the current detectors, it may be within reach of the next generation.

7Stars with adiabatic index γ < 4/3 are unstable to radial perturbations. Pair production reduces the radiation pressure
in the hot core, and the collapse of the unstable core ends with a supernova that, in numerical simulations, entirely distrupts
the star: The pair-instabilty supernova (PISN) leaves no black-hole remnant. Above about 135 M⊙, however, the supernova
energy is not enough to blow the star apart, and pair instability leads to complete collapse to a black hole.

https://journals.aps.org/rmp/abstract/10.1103/RevModPhys.74.1015
https://iopscience.iop.org/article/10.3847/1538-4357/ab1b41/pdf
https://arxiv.org/pdf/2202.08240.pdf
https://arxiv.org/pdf/2202.08240.pdf
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Exercise 91. Here is a first proof of the assertion:
If a covariant tensor Fαβ satisfies Maxwell’s equations for gαβ , it satisfies them for a conformally
related metric ḡαβ .
1) dF = 0 never heard of a metric.
2) The second Maxwell equation is ∇βF̄

αβ := 0, where F̄αβ := ḡαγ ḡβδFγδ. Then

Fαβ = gαγgβδFγδ = a−4F̄αβ

∇νF
µν =

1√
−g

∂ν(
√
−gF µν) =

1

a4
√
−ḡ

∂ν(a
4a−4

√
−ḡF̄ µν)

=
1

a4
∇νF̄

µν = 0. □

Write the second part of the proof as d ∗F = d∗F = 0, where ∗Fαβ := 1
2
ϵαβ

γδFγδ, using
ϵ̄0123 =

√
−ḡ to check that ϵ̄αβγδ = ϵαβ

γδ.

Exercise 92. Because null geodesics are a geometric-optics limit of Maxwell’s equations they must also
be conformally invariant. In particular, if the covariant vector kα satisfies

kβ∇βkα = 0, then kβ∇βkα = 0. (7.88)

Check this equation, using the fact that the difference between two derivative operators is a tensor
Γαβγ , as in Exercise 47.

(∇β −∇β)kα = −Γγαβkγ, Γγαβ =
1

2
ḡγδ(∇αḡβδ +∇β ḡαδ −∇δḡαβ).

Show that this is the form of Γγαβ for the derivative operators of any metrics gαβ and ḡαβ , and
infer for the conformally related metrics the relation

Γγαβ = δγα∇β log a+ δγβ∇α log a− gαβ∇γ log a.

Finally, verify Eq. (7.88).

More generally, an equation for a tensor field T ···
··· is said to be conformally invariant if there is a

power of a, called the conformal weight s, for which the equation is satisfied when gαβ is replaced by
a2gαβ and T ···

··· is replaced by asT ···
··· . In the examples here, Maxwell’s equations and the null-geodesic

equation are conformally invariant when Fαβ and kα are assigned conformal weight s = 0. Using ḡαβ

to raise indices then gives the contravariant tensors Fαβ and kα the conformal weights −4 and −2,
respectively. (The contravariant vector field kα is tangent to a null geodesic of ḡαβ , but it is a−2kα that
is affinely parametrized with respect to ḡαβ .)



Chapter 8

3+1 Split and Initial Value Equations

8.1 Notation
A detailed table is given here in case of confusion from differences between notation in the notes, in the
text by Baumgarte & Shapiro[18] and in the text by Wald[129].

Item These notes Baumgarte & Shapiro Wald
Signature −+++ −+++ −+++
Indices α, β, . . . spacetime abstract not used spacetime concrete
Indices µ, ν spacetime concrete not used spacetime concrete
Indices a, b, . . . space and n-dimensional abstract spacetime spacetime abstract
Indices i, j, . . . space and n-dimensional concrete space not used
Spacetime M not named M
Spacelike hypersurface Σt not named Σt

3-dimensional surface Σ not named Σ
Future pointing normal nα na na

Projection ⊥ n γβα γba hba
Spatial metric on M γαβ γab hab
Pullback from M to Σ γαa γai not used
Extrinsic curvature Kαβ = −1

2
Lnγαβ Kab = −1

2
Lnγab Kab =

1
2
Lnhab

Riemann tensor on M Rαβγδ
(4)Rabcd Rabcd

Spatial Riemann on M 3Rαβγδ Rijkl
(3)Rabcd

Lapse α α N
Shift βα βa Na

∂t tα ta ta

Energy density Tαβuαuβ ρ not used ρ
Energy density Taβnαnβ ρE ρ not used

8.2 Introduction
Like the equations of ordinary mechanics, the equations governing classical fields – scalar, electromag-
netic, and gravitational – allow one to predict the future (or retrodict the past) from initial data at a given
time. For a system of particles, one specifies their initial positions qi and momenta pi (or velocities q̇i)

273
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and finds their time evolution from equations for q̇i and ṗi in terms of qi and pi:

q̇i =
∂H

∂pi
, ṗi =

∂H

∂qi
, (8.1)

whereH(p, q) depends on q and p, not on their time derivatives. For example, withH = 1
2
gijpipj+V (q),

where gij is constant,

q̇i = pi, ṗi =
∂V

∂qi
. (8.2)

Here pi := gijpj . Notice that, with q̇i regarded as a vector, the momentum pi is naturally a dual vector
(covariant vector).

Exercise 93. What is (gij) for a two particle system with masses m and M?
Assume Cartesian coordinates.

Exercise 94. What is (gij) for one particle of mass m in spherical coordinates? Find the equations of
motion that generalize Eqs. (8.2).

Scalar field

We consider first a scalar field in flat space, a field satisfying the scalar wave equation

□Φ := ∇α∇αΦ = 0. (8.3)

We begin with a coordinate-based description of the initial value problem and then rephrase it in a way
that can be can be carried over to curved spacetime. The coordinate description uses natural coordinates
{t, xi} on Minkowski space. As in the case of a system of particles, one freely specifies the initial values
of the field Φ and its conjugate momentum p = Φ̇ = ∂tΦ at a fixed time t0, now at each point (t0, xi).
The time evolution of the field is given by

Φ̇ = p, ṗ = ∇2Φ = ∂i∂
iΦ. (8.4)

Exercise 95. With Hamiltonian H =
1

2

∫
d3r[p2 + (∇Φ)2], show that

δH

δp(r)
= p(r),

δH

δΦ(r)
= −∇2Φ(r), (8.5)

for δΦ vanishing as r → ∞. That is, Eqs. (8.4) are Hamilton’s equations for the scalar field.

Here’s the rephrasing, without introducing spatial coordinates. A choice t of Minkowski time slices
spacetime into a set of t = constant surfaces, which we call Σt. The future pointing unit normal to the
surface is nα = −∇αt. Using t and the flat metric, we can decompose spacetime into a product R× Σ
of time R and space Σ = R3, with Σt = {t} × Σ; here, if r is a point of Σ, the lines of fixed r are
orthogonal to Σt, with tangent nα = −∇αt.

We can similarly decompose the 4-dimensional gradient ∇αΦ into the time derivative Φ̇ = nα∇αt
and spatial gradient ∇Φ. The spatial gradient ∇Φ is the gradient of Φ regarded as a function on the
hypersurface Σ.

One freely specifies the initial values of the field Φ and its conjugate momentum p = nα∇αΦ at a
fixed time t0 at each point r of Σ. The time evolution of the field is given by

Φ̇ = p, ṗ = ∇2Φ. (8.6)
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We can then regard the time evolution as giving successive values of Φ(r), p(r) on the fixed space Σ.
Equivalently, one can maintain a spacetime view, in which Φ and p are functions on spacetime and

the spatial gradient of Φ is the spatial projection of the 4-dimensional gradient: One subtracts from the
gradient ∇αf of a function the part of the gradient along ∇αt. That is, we define the spatial gradient Dα

of a function f on spacetime by

Dαf = ∇αf −∇αt nβ∇βf = (δβα −∇αt n
β)∇βf. (8.7)

(We will from now on use D instead of ∇ for the spatial gradient, to distinguish it from the spacetime
gradient.) We will repeatedly use this spatial projection. Using nα = −∇αt, we write

γβα := δβα + nα n
β, Dαf = γβα∇βf. (8.8)

One says that γβα projects vectors and covectors tangent to Σt and orthogonal to its normal nα. In
this spacetime description, one is specifying Φ and Φ̇ on a given Σt and finding Φ everywhere else in
spacetime from the scalar wave equation, □Φ = 0.

Notice that the nonzero part of γαβ is the spatial part of the Minkowski metric, the Euclidean metric
on each Σt. In the chart {t, xi}, it has components

[γij] =

[
0 0
0 δij

]
(Minkowski space). (8.9)

In Wald’s textbook, the projection operator is denoted by hβα instead of γβα. These days, however,
you are most likely to encounter the initial value equations in numerical relativity papers. In this part of
the recent literature, the spatial metric on t = constant surfaces is generally written as γab, with γβα the
projection operator.



CHAPTER 8. 3+1 SPLIT AND INITIAL VALUE EQUATIONS 276

Electromagnetism

For electromagnetism and gravity, an additional feature arises: The equations are now analogous
to those governing a system of particles with a constraint that is preserved by the time evolution– for
example, a set of particles constrained to move on a fixed surface.

We follow the treatment of electromagnetism in Sect. 1.5, with jα = 0. In that section, the future
pointing unit normal tα ≡ ∂t was denoted by tα instead of nα. Here we will stick with nα for the future
pointing normal, because in curved space, the normal nα to a t = constant surface will not in general be
along ∂t.

The 3+1 split of spacetime is extended to a 3+1 split of each index of the electromagnetic tensor Fαβ
and of the Maxwell equations

∇βF
αβ = 0, ∇[αFβγ] = 0. (8.10)

We can decompose each index of a tensor into temporal and spatial parts, parts along and orthogonal to
nα, by writing

δβα = γβα − nαn
β; (8.11)

for example, for a two-index tensor,

Tαβ = δδα δ
ϵ
βTδϵ = (γδα − nαn

δ)(γϵβ − nβn
ϵ)Tδϵ

= γδα γ
ϵ
βTδϵ − nαn

δγϵβTδϵ − γδα nβn
ϵTδϵ + nαn

δnβn
ϵTδϵ (8.12)

Because of the antisymmetry of Fαβ , the time projection of both indices vanishes:

Fαβn
αnβ = 0. (8.13)

Projecting one index along nα gives a 4-vector that is already spatial:

Eα := Fα
βn

β, (8.14)

with
Eαn

α = 0 =⇒ Eα = γδαEδ = γδαn
βFδβ. (8.15)

We can regard Eα as the electric field seen by an observer whose velocity is nα: In the chart {t, xi}, Eα

has components (Eµ) = (0, Ei). Eα is the unique 4-vector Eα orthogonal to nα whose spatial part is
the usual 3-vector electric field of an observer with velocity nα.

The magnetic field is the spatial part of Fαβ; its natural form is a 2-index antisymmetric tensor,

Bαβ = γδαγ
ϵ
βFδϵ. (8.16)

To define the corresponding vector, one needs to use ϵαβγδ,

Bα =
1

2
ϵβαγδnβBγδ. (8.17)

Exercise 96. Using Eq. (8.17) and the antisymmetry of ϵαβγδ, show that

Bα = nβ
∗F βα, where ∗Fαβ :=

1

2
ϵαβγδFγδ. (8.18)
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It is because ϵαβγδ changes sign under reflection that Bα behaves as a pseudovector – that its image
under reflection is opposite to that of a vector like Eα. In terms of Eα and Bα, the 3+1 split (8.12) of
Fαβ has the form

Fαβ = nαEβ − nβEα + ϵαβγB
γ. (8.19)

where ϵαβγ = ϵαβγδn
δ.

In the 3+1 split of the Maxwell equations, write the second equation in (8.10) in the form
0 = ∇β∗Fαβ = 1

2
ϵαβγδ∇βFγδ. The projections along nα of the expressions in Maxwell’s equations are

nα∇βFαβ = ∇βE
β, nα∇β ∗Fαβ = ∇βBβ, (8.20)

giving the two equations
∇βE

β = 0, ∇βBβ = 0.

These equations involve only spatial derivatives. In Minkowski space, they can be written

DβE
β = 0, DβB

β = 0, (8.21)

with 3-dimensional forms on the 3-surface Σ

∇ ·E = 0, ∇ ·B = 0. (8.22)

They are constraint equations, constraints on the initial values of Eα and Bα that can be specified on Σ.
The spatial projections of the two Maxwell equations are the dynamical equations, giving the time

evolution of the initial data:

γαδ∇βF δβ = −nβ∇βEα + ϵαβγDβBγ = 0, (8.23a)

γαδ∇β∗F δβ = nβ∇βBα + ϵαβγDβEγ = 0. (8.23b)

or, in 3-dimensional form on Σ,

Ė = ∇×B, (8.24a)

Ḃ = −∇×E. (8.24b)

We have been using the one-one correspondence between vectors va on Σ and vectors vα at each
point of a given Σt that are orthogonal to nα. The right way to describe the correspondence uses the
definitions of pullback and push forward (drag); see, e.g., p. 128. The map ψ : Σ → Σt ⊂ M takes
each point r of Σ to the point ψ(r) = (t, r) of M = R × Σ. Then ψ drags a vector va at the point
r to a vector ψ∗v = vα at (t, r) of M . Because t is constant on Σt, vα∇αt = 0. There is similarly a
one-one correspondence between tensors T a...b on Σ and tensors Tα...β at each point of a given Σt that
are orthogonal in each index to nα,

Tα...βnα = 0, . . . , Tα...βnβ = 0. (8.25)

And the map ψ pulls back covariant vectors and tensors on M to tensors on Σ. We will revisit this
correspondence after introducing the 3+1 split in curved spacetimes.
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8.3 GR: The 3+1 Split
The initial value problem in general relativity is associated with a slicing of spacetime by a family of
spacelike hypersurfaces. For detailed accounts on the historical development of the subject, see for,
example, [3, 20, 16, 59]. The formalism we and much of the literature uses was introduced about sixty
years ago by Arnowitt, Deser and Misner[6] (out of print and republished as [8]).

The Einstein equation (and the associated conservation of energy and momentum), conservation of
baryons, and the equation of state of the fluid, determine the evolution of the geometry and the fluid
variables from one hypersurface to another. We will see that the 3+1 decomposition of the spacetime is
mirrored in a 3+1 decomposition of the equations and of the tensors whose time-evolution they describe.

Figure 8.1: Three of the hypersurfaces that slice a spacetime

A choice of time coordinate t again gives a slicing by t = constant surfaces Σt whose normal ∇αt
is everywhere timelike. The spacetimes we consider have the form R× Σ, with each hypersurface Σt a
copy {t} × Σ of Σ. 1 We call the future direction the direction in which t increases: That is, a timelike
path is future directed if t increases along the path. The −+++ metric signature implies that the future
pointing contravariant unit vector normal to each slice Σt is

nα = − ∇αt√
−∇βt∇βt

= −α∇αt, (8.26)

where
α := (−∇βt∇βt)−1/2 = |gtt|−1/2, (8.27)

in a chart of the form {t, xi}. The components of ∇αt and nα are then

∇µt = δtµ, nµ = −αδtµ. (8.28)

The scalar α is called the lapse, because α dt is the proper time elapsed in a normal direction between
coordinate times t and t+dt. It is the proper time, measured normal to the hypersurfaces between slices
Σt and Σt+dt.

1The mathematical literature calls a decomposition of an n-dimensional manifold M into a set R × Σ of (n − 1)-
dimensional manifolds a foliation, with each copy of Σ a leaf; following the physics literature, we use the word slicing, and
each copy Σt of Σ is a slice.
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Exercise 97. Check that α dt is the proper time between slices by showing that, if the chart {t, xi} is

chosen to have lines of constant xi perpendicular to Σt, then gti = 0 and gtt =
1

gtt
. Conclude that

proper time elapsed normal to Σt is dτ = αdt.

We now extend the 3+1 decomposition R×Σ of spacetime into space and time to a decomposition of
vectors and tensors. Call a vector vα a spatial vector if it is tangent to a path c(λ) that lies in a spacelike
slice Σt; equivalently vαnα = 0. We say such a vector vα is tangent to Σt. If vα is tangent to Σt, then
vt = 0 in a chart {t, xi}. That is, if {t, xi} are the coordinates of c(0), then the coordinates of the path c
are (xµ(λ)) = (t, xi(λ)), and the components of vα are

vµ =
d

dλ
xµ(λ)

∣∣∣∣
λ=0

,

implying
(vµ) = (0, vi). (8.29)

We again introduce the projection operator

γαβ := δαβ + nαnβ. (8.30)

onto each Σt: γαβ kills vectors vα = vnα normal to Σt, and it leaves invariant vectors vα tangent to Σt:

γαβn
β = 0, γαβv

β = vα for vαnα = 0. (8.31)

Any vector vα (or any tensor index) can be decomposed into a spatial vector (one that is tangent to
Σt) and a vector orthogonal to Σt:

vα = δαβv
β = (γαβ − nanβ)v

β = γαβv
β − nβv

βnα. (8.32)

The corresponding decomposition of the field equation Eαβ := Gαβ − 8πTαβ = 0, is

Eαβ = γαγγ
β
δE

γδ − 2nδE
γδγγ

(αnβ) + nγnδE
γδnαnβ. (8.33)

We will see that the projection γαγγβδEγδ of Eαβ = 0 onto the hypersurface Σt is a dynamical equation
for the metric (involving its second time derivative), while the remaining parts, Gαβn

β = 8πTαβn
β , of

the field equation serve as constraints (equations involving only the values of the metric and its first time
derivative on Σt).

The 3+1 decomposition of the metric is just

gαβ = γαβ − nαnβ, (8.34)

the result of lowering the index α in Eq. (8.31). In particular, g∥⊥α = gστγ
σ
αn

τ = γατn
τ = 0.

The tensor γαβ can be regarded as the 3-metric on Σt, written with spacetime indices: Acting on
vectors tangent to Σt, it gives their dot product, and it kills vectors orthogonal to Σt. More formally, at
each time t, the spacetime metric gαβ induces a metric γab, on Σ. The map ψ : Σ → Σt pulls back gαβ
to γab = (ψ∗g)ab. In a chart of the form {t, xi}, the components of γab and the spatial components of
γαβ and gαβ coincide:

γij = gij. (8.35)

We use the same symbol γ for the tensor γab on Σ and γαβ on Σt: γαβ is the unique spacetime tensor
orthogonal to nα whose pullback is γab.
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It will simplify covariant derivations of the initial value equations to stick with spacetime indices,
instead of using both tensors on Σ and tensors on M . We do this as follows:
Definition. A tensor Tα···βγ···δ spatial if it orthogonal in all its indices to nα:

Tα···βγ···δnα = 0, . . . , Tα···βγ···δn
δ = 0. (8.36)

We then note:
There is a one-one correspondence between spatial tensors Tα···βγ···δ at a point (t, x) in M and tensors
T a···bc···d at x in Σ.
This is easy to show. We’ll again use a chart {t, xi} on M with corresponding chart {xi} on Σ. We’ve
already seen that a vector on Σ with components vi is dragged to a vector on M with components
(vµ) = (0, vi), or

vµ =
∂xµ

∂xi
vi = δµi v

i, (8.37)

A contravariant tensor on Σ with components T i···j is then dragged to the spatial tensor with vanishing
t components and with spatial components T i···j .

T µ···ν = δµi · · · δνj T i···j. (8.38)

Conversely, any contravariant spatial tensor Tα···β has vanishing t components and corresponds to the
unique tensor T a···b on Σ with components T i···j .

While spatial vectors are naturally defined as tangents to curves that lie in Σt or vectors for which
vα∇αt = 0, a spatial covector σα uses the metric on M for its definition. That is, one needs the met-
ric to define the dot product σα∇αt = gαβσβ∇αt = 0. To define the tensor Tα···βγ···δ corresponding
to T a···bc···b, one raises the indices of each tensor and requires Tα···βγ···δ to be the unique spatial tensor
corresponding to T a···bc···d. Then the spatial components of corresponding tensors–contravariant or co-
variant – agree. But be careful: Covariant t components need not vanish.

σα spatial does not imply σt = 0.

Exercise 98. Let σa be a covector at a point x ∈ Σ. Show that the corresponding vector σα at (t, x) has
spatial components σi, but that σt is nonzero if gti is nonzero. To avoid confusion in this exercise,
write σa for the 3-vector on Σ, σ̃α for the 4-vector on M .

Finally, note that the pullback of a tensor Tα···β onM at {t, xi} is a tensor Ta···b at {xi} with the same
spatial components Ti···j: The pullback of Tα···β has components

Ti···j =
∂xµ

∂xi
· · · ∂x

ν

∂xj
Tµν = δµi · · · δνj Tµ···ν . (8.39)

That means the pullback of a spatial covariant tensor on M is the corresponding tensor on Σ. Because
γµi = δµi + nµni, and ni = 0 in a chart (t, xi), we have

γµi = δµi , (Ψ∗T )i···j = γµi · · · γνj Tµ···ν ,

where Ψ : Σ → Σt ⊂M .
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We need two final definitions to cast the field equation in the standard initial-value form, the covari-
ant derivative of γab and the extrinsic curvature of a hypersurface Σt.
Covariant derivative, Da, Dα

Denote by Da the covariant derivative operator on Σ associated at a time t with the metric γab(t). If vα

is the spatial vector corresponding to the vector va on Σ, we will see that its spatial covariant derivative
is

Dβv
α := γσβγ

α
τ∇σvτ . (8.40)

That is, with this definition, Dαv
β is the unique spatial tensor corresponding to Dav

b on Σ. On a general
spatial tensor Tα···βγ···δ ,

DϵT
α···β
γ···δ := γλϵ γ

α
µ · · · γβν γσγ · · · γτδ∇λT µ···νσ···τ . (8.41)

It is easy to see that Dα is a derivative operator, satisfying the conditions following Eq. 2.21 (linear,
Leibnitz rule, torsion free). The covariant derivative Da on Σ is the unique derivative operator for which
Ddγab = 0; that Dα corresponds to Da on Σ follows from the fact that Dδγαβ = 0:

Dδγαβ = γλδ γ
σ
αγ

τ
β∇λ(gστ + nσnτ ) = γλδ γ

σ
αγ

τ
β(0 + nσ∇λnτ + nτ∇λnσ) = 0,

where we used γβαnβ = 0. We will generally adopt spacetime indices.

Extrinsic curvature
Although one ordinarily chooses coordinates for which tα is not normal to Σt, it is the time deriva-
tive normal to the surface that naturally enters the projections of the field equation, (8.48,8.46,8.45)
below. This time derivative of the 3-metric is (up to a factor -1/2) the extrinsic curvature Kαβ of the
hypersurface Σt:2

Kαβ := −1

2
Lnγαβ. (8.42)

Kαβ is spatial, orthogonal to nα on each index. This is immediate from Lnn
α = 0 and γαβnβ = 0:

Kαβn
β = −1

2
nβLnγαβ = −1

2

[
Ln(n

βγαβ)− (Lnn
β)γαβ

]
= 0.

We denote by K its contraction
K := Kα

α = γαβKαβ. (8.43)

The extrinsic curvature is thus the time derivative of the 3-metric for an observer with velocity nα; it
describes the change in the geometry of Σt as one moves a small proper distance orthogonal to the
hypersurface.

The intrinsic curvature, the Riemann tensor of the a surface, depends only on the metric γab on that
surface. It does not care how the surface is embedded in a higher dimensional manifold. The extrinsic
curvature looks at the embedding. We’ll see below in Eq. (8.60) that Kαβ measures the rate at which the
normal to the surface changes as one moves along the surface. First an example.
Example. Consider the flat cylinder obtained by gluing two opposite edges of a sheet of paper. Because
the paper is not stretched or sheared, its intrinsic geometry is still flat. (Think of the universe of Ms. Pac
Man or Asteroids with the top and bottom edges of the screen identified. The screen is still flat after the
identification.) But the extrinsic curvature is not zero: The flat Euclidean 3-metric is

ds2 = dz2 + dr2 + r2dϕ2.

2There is no consistent convention in the literature for the sign of the extrinsic curvature of a spacelike hypersurface. Our
convention agrees with that of MTW [82] and has sign opposite to Wald’s [129].
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A cylinder of radius r = a has the flat 2-metric

dσ2 = dz2 + a2dϕ2 = dz2 + dx2, with x := aϕ.

(ϕ = 0 is identified with ϕ = 2π and x = 0 with x = 2πa.) The unit normal to the cylinder is na = ∇ar,
with components ni = δir. Then, because ∂kni = 0, we have Lngij = nk∂kgij = 2r∇iϕ∇jϕ, where, in
our cylindrical coordinates, ∇iϕ = δϕi . The extrinsic curvature of the r = a cylinder is then

Kab = ∓a∇aϕ∇bϕ, (8.44)

the sign depending on which unit normal is chosen.
The 3-metric and extrinsic curvature on an initial hypersurface Σt will constitute our initial data.

They are constrained by the projections Eαβnαnβ = 0 and Eδβγαδnβ = 0 of the Einstein equation,
called, respectively, the Hamiltonian constraint and the momentum constraint: The terminology is re-
lated to the fact that

ρE := Tαβnαnβ and jα := −T δβγαδnβ
are, respectively, the densities of energy and momentum for an observer with velocity nα. We will show
that the constraint equations are
Momentum constraint:

Dβ(K
αβ − γαβK) = 8πjα; (8.45)

Hamiltonian constraint:
3R−KαβKαβ +K2 = 16πρE. (8.46)

The time evolution of the initial data is a pair of equations for Lnγαβ and LnKαβ . The evolution
equation for γαβ , analogous to q̇ = p, is simply Eq. (8.42),

Lnγαβ = −2Kαβ. (8.47)

The time evolution of the extrinsic curvature is given by the remaining, spatial, part of the Einstein
equation, written using the Ricci tensor, namely

γα
σγβ

τ [Rστ − 8π(Tστ −
1

2
gστT )] = 0, with T = Tγ

γ.

It has the form

LnKαβ = − 1

α
DαDβα− 2KαγKβ

γ +KKαβ +
3Rαβ − 8π(γδαγ

ϵ
βTδϵ −

1

2
γαβT ). (8.48)

Here 3Rαβ is the spatial Ricci tensor of the spatial metric γαβ , and we will denote by

3R = γαβ 3Rαβ (8.49)

the corresponding 3-dimensional Ricci scalar.
Our main job in this section is to derive these equations: the momentum and Hamiltonian constraints

and the evolution equation for Kαβ . We begin by showing that the projections nαGαβnβ and γαδGδβnβ
of the Einstein tensor are given in terms of the 3-metric and extrinsic curvature by

nαG
αβnβ = 3R +K2 −KαβK

αβ, (8.50)
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and
−γαδGδβnβ = Dβ(K

αβ − γαβK). (8.51)

Because γαβn
β = 0, this last equation involves only the Ricci tensor:

−γαδRδβnβ = Dβ(K
αβ − γαβK). (8.52)

It is one of two Gauss-Codazzi equations.
The second Gauss-Codazzi equation relates the Riemann tensor of the 3-metric γαβ to the Riemann

tensor of the 4-metric, and its contraction has the form

3Rαβ = γα
σγβ

τγδϵRσδτϵ +KKαβ −KαγK
γ
β. (8.53)

We now derive the Gauss-Codazzi relations for a hypersurface Σt. We want to relate its 3-dimensional
Riemann tensor to the to 4-dimensional Riemann tensor of spacetime and the extrinsic curvature Kαβ

that describes the way Σt is embedded in M . Here are two derivations; the first uses an appropriate
choice of chart, while the second is covariant and uses the projection operator γαβ .

Derivation by a choice of chart

The quickest derivation uses the fact that an equation involving tensors holds if holds in one chart.
We choose a chart (x0, xi) for which x0 is proper time from Σt along curves normal to Σt and xi is
constant along the curves, so that ni = nα∇αx

i = 0. Then

g00 = −1, g0i = 0, nµ = δµ0 , nµ = −δ0µ, (8.54)

(g0i = 0 because ∂i lies in an x0 = constant surface and is therefore orthogonal to ∂0 = nα), implying

γij = gij (true for any {xi} on Σ), γij = gij (true because ni = 0), g0i = 0. (8.55)

Eqs. 8.55 imply that the 3-dimensional Christoffel symbols are the spatial parts of the 4-dimensional
Christoffel symbols

3Γijk = Γijk,

and the 3-dimensional Riemann tensor on Σt therefore has components

3Ri
jkl = ∂kΓ

i
jl − ∂lΓ

i
jk + ΓimkΓ

m
jl − ΓimlΓ

m
jk . (8.56)

Because nµ = δµ0 , the components of Kab are

Kij = −1

2
Lngij = −1

2
∂0gij.

Then

Γ0
ij = −Kij, Γi0j = −Ki

j.

The spatial components of the 4-dimensional Riemann tensor at P are now

Ri
jkl = ∂kΓ

i
jl − ∂lΓ

i
jk + ΓiµkΓ

µ
jl − ΓiµlΓ

µ
jk

= 3Ri
jkl + Γi0kΓ

0
jl − Γi0lΓ

0
jk

= 3Ri
jkl +Ki

kKjl −Ki
lKjk
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and these are the nonzero components of the second Gauss-Codazzi relation (Gauss’s Theorema Egregium)

3Rα
βγδ = γαϵ γ

ζ
βγ

σ
γ γ

τ
δR

ϵ
ζστ −Kα

γKβδ +Kα
δKβγ

Equivalently, denoting by Rabcd the pullback of Rαβγδ to Σt, we have

3Rabcd = Rabcd −KacKbd +KadKbc. (8.57)

Exercise 99. Prove the first Gauss-Codazzi relation,

nδR
δ
cab = DaKbc −DbKac,

where nδRδ
cab is the pullback of nδRδ

γαβ to Σt. It is simplest to note that one can pick the chart
{xi} on Σt to make Γijk = 0 at a point P ; then show that the relation holds at P . Because P is
arbitrary, it holds everywhere.

Covariant derivations

We turn now to covariant proofs of the relations, with no coordinates introduced. In the coordinate-
based derivation, because nα was the timelike basis vector, the Christoffel symbol Γ0

ij had the meaning
of the spatial part of ∇αnβ , so that is the form we will find for Kαβ . The derivations end with the
paragraph containing Eq. (8.68).

The Gauss-Codacci equations are true in any dimension; our convention is to use Latin indices for
arbitrary dimensions, and that may make the derivations easier to read and follow. The derivations work
in the following way. The Riemann tensor in any dimension n is defined by the commutator of two
covariant derivatives (2.46):

Rabc
dξd = [∇a,∇b]ξc. (8.58)

Then the Riemann tensor on an (n− 1)-dimensional submanifold is given by

(n−1)Rabc
dξd = [Da, Db]ξc (8.59)

where ξc is tangent to the submanifold (ξcnc = 0). As in the earlier covariant sections, we work with
n-dimensional tensors, instead of introducing additional indices for tensors on an (n − 1)-dimensional
submanifold, and this is useful in the covariant derivations. And, as before, Daξb := γcaγ

d
b∇cξd. In

the derivations, we multiply covariant derivatives ∇b by projection operators γba. We then bring the
projection operators inside ∇, using

∇aγ
c
b = ∇a(δ

c
b + nbn

c) = ∇a(nbn
c).

All that remains is to compute the spatial projection of ∇an
b. It is given by

Kab = −γac∇cnb. (8.60)

To show this, use the definition (8.42) and the relation Lngab = ∇anb + ∇bna (see, e.g., p. 132). We
have

Lnγab = Ln(gab + nanb) = 2∇(anb) + nbLnna + naLnnb ⇒

Kab = −1

2
γcaγ

d
bLnγcd = γcaγ

d
b∇(cnd), where we used γbanb = 0.
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Now use na = −α∇at to show that γcaγ
d
b∇cnd is already a symmetric tensor:

γcaγ
d
b∇[cnd] = −γcaγdb∇[c(α∇d]t) = −γcaγdbα∇[c∇d]t = 0.

Then Kab = −γcaγdb∇cnd. Finally, the second index of ∇anb is already orthogonal to nb (nb∇anb = 0),
so the second projection γdb is not needed, implying Eq. (8.60). □

First Gauss-Codazzi equation: γabR
bcnc = −Db(K

ab − γabK). (This is Wald’s problem 10.4.)
We start with the definition of the Riemann tensor, writing [∇b,∇a]nc = Rbac

ene. We hit all indices
with γ’s, contracting the indices b and c with γbc:

γadγbc[∇b,∇d]nc = γadγbcRbdc
ene = γadRd

ene, where we used Rbdc
encne = 0. (8.61)

LHS = (γadγbc − γabγcd)∇b∇dnc = γaeγ
b
fγ

c
g(γ

edγfg − γefγgd)∇b∇dnc

= γaeγ
b
fγ

c
g∇b[(γ

edγfg − γefγgd)∇dnc]− γaeγ
b
fγ

c
g∇b(γ

edγfg − γefγgd)∇dnc. (8.62)

The first term is what we want, and the second term vanishes: Use the form (8.60) for Kab and then the
definition of Da to write the first term as

γaeγ
b
fγ

c
g∇b[(γ

edγfg − γefγgd)∇dnc] = γaeγ
b
fγ

c
g∇b(−Ke

cγ
fg +Kg

cγ
ef )

= −(DbK
ab −DaK). (8.63)

To get the last equality, we used Dfγ
fg = 0, Dfγ

ef = 0.
To show that the second term in (8.62) vanishes, we again use Eq. (8.60) as well as the relations

nb∇anb = 0, γabn
b = 0, ∇aγbc = ∇a(nbnc). (8.64)

We have

−γaeγbfγcg∇b(γ
edγfg − γefγgd)∇dnc = −γaeγbfγcg[∇b(n

end)γfg + γed∇b(n
fng)−∇b(n

enf )γgd − γef∇b(n
gnd)]∇dnc

= −γaeγbfγcg[∇b(n
e)ndγfg − γef∇b(n

g)nd]∇dnc

= Kcand∇dnc −Kac+ = nd∇dnc = 0,

Then the right side of (8.61) is equal to the expression (8.63), giving the first Gauss-Codazzi relation
(in its contracted form), Eq. (8.52). □

The second Gauss-Codazzi relation relates the Riemann tensor Rabcd on an n-dimensional manifold
with metric gab to the Riemann tensor (n−1)Rabcd on an (n− 1)-dimensional hypersurface:

(n−1)Rabc
d = γlaγ

m
b γ

n
c γ

d
pRlmn

p +Ka
dKbc −KacKb

d. (8.65)

To prove this, we again write the Riemann tensor in terms of the commutator,

(n−1)Rabc
dξd = [Da, Db]ξc (8.66)

this time with ξc a vector tangent to the submanifold (ξcnc = 0). We have

DaDbξc = γlaγ
m
b γ

n
c∇l(Dmξn) = γlaγ

m
b γ

n
c∇l(γrmγsn∇rξs) .

In the derivation, we once again use Eqs. (8.60) and (8.64). In particular, each time ∇. hits n. we get
K.. . We also need nb∇aξb = −ξb∇anb +∇a(ξbnb) = −ξb∇anb.



CHAPTER 8. 3+1 SPLIT AND INITIAL VALUE EQUATIONS 286

We have

DaDbξc = γlaγ
m
b γ

n
c [∇l(nmnr)γsn∇rξs + γrm∇l(nnns)∇rξs + γrmγ

s
n∇l∇rξs]

= −Kabn
rγsc∇rξs − γrbKacn

s∇rξs + γlaγ
m
b γ

n
c∇l∇mξn .

Because the first term is symmetric in a and b, its contribution to [Da, Db]ξc vanishes. The second term
is

γrbKacξs∇rns = −KacKb
dξd.

Finally, antisymmetrizing on a and b gives the n-dimensional Riemann tensor in the last term:

[Da, Db]ξc = (−KacKb
d +KbcKa

d)ξd + γlaγ
m
b γ

n
c γ

d
pRlmn

pξd, (8.67)

where we have used ξa = γbaξb to get the fourth γ in the last term. Because this equation holds for all
spatial ξd, we recover the second Gauss-Codazzi relation (8.65).

Contracting Eq. (8.65) on b and d and then changing the index c back to b, gives us the contracted
identity,

(n−1)Rab = γcaγ
d
b γ

efRcedf +Ka
cKbc −KabK, (8.68)

where K := Kc
c. □

We now return to four dimensions and the Einstein equation. From the first Gauss-Codazzi equa-
tion (8.52) we can immediately write the momentum constraint in terms of γαβ and Kαβ , recovering
Eq. (8.45):

Dβ(K
αβ − γαβK) = −8πγαβT

βγnγ.

To obtain the Hamiltonian constraint, we need another contraction of the second Gauss-Codazzi
equation (8.68), namely

3R = γαβ 3Rαβ = γαβγγδRαγβδ +KαβKαβ −K2 (8.69)

The first term on the right is

(gαβ + nαnβ)(gγδ + nγnδ)Rαγβδ = R + 2nαnβRαβ = 2Gαβn
αnβ (8.70)

whence
2Gαβn

αnβ = 3R−KαβKαβ +K2,

and the Hamiltonian constraint, Eq. (8.46), is

3R−KαβKαβ +K2 = 16πTαβnαnβ,

as claimed.
The derivation of the evolution equation (8.47) for Kαβ again involves Gauss-Codazzi and needs

only one additional relation, the derivative of nα along itself:

nβ∇βnα = Dα lnα. (8.71)

To see this, use nα = −α∇αt to write

nβ∇β nα = −nβ∇β α∇αt− αnβ∇β∇αt. (8.72)

From the definition (8.27) of α, we have

∇αα = α3 ∇βt∇β∇αt = −α2nβ ∇β∇αt.
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Using this in the second term of Eq. (8.72) and replacing −∇αt by α−1nα in the first term gives

nβ∇βnα = α−1(nαn
β∇βα +∇αα) = α−1γβα∇β α,

implying Eq. (8.71).
We can now compute LnKαβ , noting first that it is spatial:

nβLnKαβ = Ln(n
βKαβ)− (Lnn

β)Kαβ = 0− 0 = 0.
Then

LnKαβ = −γσαγτβLn(γ
δ
σ∇δnτ ) = −γσαγτβLn(γ

δ
σ)∇δnτ−γσαγτβγδσLn∇δnτ

In the red term on the right, because Lnn
δ = 0,

Ln(γ
δ
σ) = Ln(nσ)n

δ = (nγ∇γnσ + nγ∇σn
γ)nδ = nγ(∇γnσ)n

δ = Dσ lnαn
δ,

and the red term becomes
−γσαγτβLn(γ

δ
σ)∇δnτ = −Dα lnαDβ lnα.

The blue term is

−γσαγτβLn∇σnτ = −γσαγτβ (nγ∇γ∇σnτ +∇γnτ∇σnγ +∇σnγ∇τnγ)
= −γσαγτβnγ∇γ∇σnτ −KγβKα

γ −KαγKβ
γ

1st term = −γσαγτβnγ ([∇γ,∇σ]nτ +∇σ∇γnτ )
= −γσαγτβ

[
nγRγστ

δnδ +∇σ(nγ∇γnτ )−∇σnγ∇γnτ
]

= Rαγβδn
γnδ −DαDβ lnα +Kα

γKβγ (8.73)

Then
−γσαγτβLn∇σnτ = Rαγβδn

γnδ −DαDβ lnα−Kα
γKβγ

Combining red and blue terms, we have

LnKαβ = Rαγβδn
γnδ − 1

α
DαDβα−Kα

γKβγ. (8.74)

Finally, we use the contracted Gauss-Codazzi equation (8.68) and the remaining part of the Einstein
equation to write the Riemann-tensor term as follows:

Rαγβδn
γnδ = γσαγ

τ
βn

γnδRγσδτ = γσαγ
τ
β(γ

γδ − gγδ)Rγσδτ

γσαγ
τ
βγ

γδRγσδτ =
3Rαβ −KαγKβ

γ +KKαβ, by (8.68);

−γσαγτβgγδRγσδτ = −γσαγτβRστ = −8πγσαγ
τ
β(Tστ −

1

2
gστT ) = −8π(γσαγ

τ
βTστ −

1

2
γαβT )

=⇒ Rαγβδn
γnδ = 3Rαβ −KαγKβ

γ +KKαβ − 8π(γδαγ
ϵ
βTδϵ −

1

2
γαβT ).

Using this equation to replace Rαγβδn
γnδ in Eq. (8.74), we obtain the second evolution equation

(8.48). □
This completes our derivations of the initial value equations. To make contact with the numerical

relativity literature, two additional pieces are needed. Because derivatives are computed in a general
timelike direction tα that is not along nα, we need to express Ln in terms of Lt. And we need explicit
forms of the projections of the stress-energy tensor for a fluid.
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8.4 Initial value equations in the NR literature.
Because of the dragging of frames, the timelike Killing vector tα of a rotating star or a rotating black
hole is not in general orthogonal to the surfaces Σt. Not surprisingly, in the more general spacetimes
that describe oscillating stars and binary systems, convenient choices of coordinates {t, xi} again have
a time direction tα ≡ ∂t that is not along the normal. That is, a chart {t, xi} picks out the direction of
time ∂t along which the coordinates xi are fixed and only t changes. We write tα for ∂t. Then, in the
chart {t, xi},

tµ = δµt , (8.75a)

∇µt = δtµ. (8.75b)

The vector field tα is the sum of orthogonal components, αnα along the unit normal nα and a vector
βα tangent to the slices:

tα = αnα + βα, where βαnα = 0. (8.76)

Figure 8.2: The decomposition of tα into lapse and shift.

As before, the component α of tα along the unit normal is called the lapse, because α dt is the proper
time elapsed in a normal direction between coordinate times t and t+ dt. The spatial vector βα is called
the shift, because βα dt is the spatial shift in the position from a path along the normal nα to the actual
path along tα.

One regards the choice of the vector tα as the direction in which the time-evolution proceeds, noting
that the time derivative of a function f , defined by

ḟ := Ltf = tα∇αf, (8.77)

is the partial derivative ḟ = ∂tf in the chart {t, xi}. For any covariant spatial tensor Sα···β ,

LtSα···β = (αLn + Lβ)Sα···β. (8.78)

Exercise 100. Use the fact that Sα···β is spatial to check this relation. Show that it is not true for a
contravariant tensor by checking that it does not hold for a contravariant spatial vector vα, and
show

Ltv
β = (αLn + Lβ)v

β + nβvγ∇γα.
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Because tα = ∂t has components δµt in the chart {t, xi}. the Lie derivative of any tensor Tα···βγ···δ, has,
in this chart, components

LtT
µ···ν

κ···λ = ∂tT
µ···ν

κ···λ. (8.79)

More generally, for any nonzero vector field ξa on a manifold, if one chooses the parameter distance
along its integral curves as a coordinate, say x1, then in a chart x1, x2, · · · , xn, we have ξµ = δµ1 ,
implying

LξT i···jk···l = ∂1T
i···j

k···l.

In particular, the derivatives Ltγαβ and LtKαβ have spatial components

Ltγij = ∂tγij, LtKij = ∂tKij, (8.80)

implying the pullbacks of γαβ by the family of maps Σ → Σt is the time-dependent tensor gab(t) on Σ,
and the family of pullbacks of Ltγαβ is ∂tgab(t).

The spacetime metric at a time t can be written in terms of the lapse, the shift, and γαβ . A small
coordinate displacement (∆t,∆xi) gives a change in proper time α∆t perpendicular to Σt and a net
spatial coordinate change ∆xi + βi∆t tangent to Σt. The proper length of the displacement is then
given by

∆s2 = −α2∆t2 + γij(∆x
i + βi∆t)(∆xj + βj∆t)

implying
ds2 = −α2dt2 + γij(dx

i + βidt)(dxj + βjdt). (8.81)

More formally, in the coordinates {t, xi}, the 3+1 decomposition of the 4-metric, gαβ = γαβ − nαnβ ,
has, from Eq. (8.76) and the relations βt = 0 and ni = 0, components

gtt = tαt
α = −α2 + βiβ

i, gij = γij, gti = gµit
µ = αni + βi = βi, (8.82)

or

[gµν ] =

[
−α2 + βiβ

i βi
βi γij

]
.

The corresponding decomposition of the volume element is given by√
|g| = α

√
γ, (8.83)

where γ = det(γij). This follows from the fact that the determinant γ is the minor of gtt in the matrix
gµν , so gtt =

γ

g
. Because gtt = −α−2, we have

g = −α2γ,
√
|g| = α

√
γ. (8.84)

The inverse metric has components

gtt = − 1

α2
, gti =

βi

α2
, gij = γij − βiβj

α2
, (8.85)

or

[gµν ] =

[
−α−2 βiα−2

βiα−2 γij − βiβjα−2

]
. (8.86)
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Equivalently,3

gµν∂µ∂ν = − 1

α2
(∂t − βi∂i)

2 + γij∂i∂j. (8.87)

The next two exercises give a quick way to invert the metric gαβ , showing why a metric written in
the form (8.81) has an inverse of the form (8.87).

Exercise 101. Let ωµ and eµ be dual bases, i.e., ωµ(eν) = δµν . Show that a metric gµνωµων has inverse
gµνeµeν , where, as usual, [gµν ] is the matrix inverse of [gµν ].

Exercise 102. Invert the metric (8.81) to obtain (8.87) by showing that the basis ω0 = dt, ωi = dxi+βidt
has dual e0 = ∂t − βi∂i, ei = ∂i and using the previous exercise.

Finally, for those of you familiar with wedge products:

Exercise 103. Show that a metric of the form gµνdx
µdxν = ḡµνω

µων has determinant satisfying√
g dx0 ∧ dx1 ∧ dx1 ∧ dx3 =

√
ḡ ω0 ∧ ω1 ∧ ω2 ∧ ω3. Compute the expression on the right for the

metric (8.81), with the basis ωµ of the last problem to show
√
g = α

√
γ.

Using Eq. (8.78), we can write the dynamical equations (8.47) and (8.48) for γαβ and Kαβ in the
forms

γ̇αβ = −2αKαβ + Lβγαβ, (8.88)

K̇αβ = α
(
3Rαβ − 2KαγKβ

γ +KKαβ

)
− DαDβα− 8πα(γδαγ

ϵ
βTδϵ −

1

2
γαβT ) + LβKαβ. (8.89)

The system (8.88), (8.89) describes the evolution of the spatial tensors γαβ and Kαβ . Because the
equations do not contain time derivatives of the lapse function α or of the shift vector βα, these metric
functions are not dynamical variables. One can regard the four degrees of gauge freedom associated
with the choice of coordinates (t, xi) as the freedom to choose α and βα. From this point of view, once
α and βα are prescribed, initial data for the geometry consist of initial values γαβ(0) and Kαβ(0) of the
metric and extrinsic curvature satisfying the constraint equations 8.45), (8.46.

For black hole spacetimes, there is no matter, and the 3+1 decomposition of the Einstein equation,
the set 8.45)-(8.48) (or (8.45),(8.46,(8.88), (8.89)), determines the spacetime metric given initial data
and a choice of gauge. For spacetimes with matter, one must add equations determining the evolution
of the matter.

3This is a shorthand for gµν∂µ ⊗ ∂ν = − 1
α2 (∂t − βi∂i)⊗ (∂t − βi∂i) + γij∂i ⊗ ∂j .
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Matter
One can accurately model stationary neutron stars, oscillating neutron stars and neutron stars in

binary inspiral as perfect fluids, with stress-energy tensor

Tαβ = (ρ+ P )uαuβ + Pgαβ (8.90)

and an equation of state of the form P = P (ρ).
Here ρ = Tαβu

αub is the energy density seen by a family of comoving observers, observers with
velocity uα. The projection operator orthogonal to uα is qβα := δβα + uαu

β , and we can decompose the
stress-energy tensor in the manner

Tαβ = ρuαuβ + Pqαβ. (8.91)

A comoving observer sees stress tensor Pqαβ .
The evolution of the matter variables uα, ρ, P is given by the energy-momentum conservation law,

∇βT
αβ = 0. (8.92)

For analytic problems, the equation is ordinarily decomposed into parts along and orthogonal to the
velocity uα, giving respectively equations expressing conservation of energy,

∇β(ρu
β) = −P∇βu

β, (8.93)

and momentum (the relativistic Euler equation)

(ρ+ P )uβ∇βu
α = −qαβ∇βP. (8.94)

Exercise 104. Derive these equations, starting from uα∇βT
αβ = 0 and qαγ∇βT

γβ = 0. If you get stuck,
the derivations are identical to those given in Eqs. (1.164) and before (1.166) for Minkowski space,
with ηαβ replaced by gαβ .

The first equation gives the time derivative uα∇αρ of the energy density; the second gives the time
derivative of the velocity, and the equation of state completes the system.

For numerical work, one generally uses the 3+1 decomposition along and orthogonal to nα. The
energy and momentum densities and spatial stress tensor seen by an observer with velocity nα are

ρE = Tαβn
αnβ, jα = −γαδ nβT δβ, Sαβ = γαδ γ

β
ϵ T

δϵ, (8.95a)

with corresponding decomposition

Tαβ = ρEn
αnβ + jαnβ + nαjβ + Sαβ. (8.96)

Before writing the decomposition of ∇βT
αβ = 0, it is helpful to look at the simpler conservation law

∇αJ
α = 0, where Jα is a conserved current: Examples are the currents associated with conservation of

baryons and conservation of charge. Decompose the baryon current Jα into baryon density and spatial
current jα,

Jα = ρ0n
α + jα, with ρ0 = −Jαnα, jα = γαβJ

β, (8.97)

(Note that ρ0 here is the baryon density seen by an observer with velocity nα, not that of a comoving
observer.) Next, the contraction of Eq. (8.60) gives

K = −γαβ∇αnβ = −∇βn
β. (8.98)
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Then

∇βJ
β = ∇β(ρ0n

β + jβ) = nβ∇βρ0 + ρ0∇βn
β + (γαβ − nαnβ)∇αjβ

= nβ∇βρ0 −Kρ0 +Dβj
β + jβDβ lnα,

where we use nβ∇αjβ = −jβ∇αn
β and nα∇αnβ = ∇β lnα to get the last term. Equivalently,

Ltρ0 = Lβρ0 + αKρ0 −Dβ(αj
β). (8.99)

We can now follow essentially the same pattern in writing the projections of ∇βT
αβ = 0 along and

orthogonal to nα. These equations for the evolution of energy density and momentum density are

LtρE = LβρE + αKρE − 1

α
Dβ(α

2jβ) + αKαβS
αβ, (8.100a)

Ltjα = Lβjα + αKjα −Dβ(αSα
β)− ρEDαα. (8.100b)

Exercise 105. Derive Eq. (8.100a).

Here’s the derivation of Eq. (8.100b):
The time derivative of jα comes from the blue term below where nβ hits ∇β .

γδα∇βT
β
δ = γδα∇β(ρEn

βnδ + jβnδ + jδn
β + Sβδ)

= ρEn
β∇βnα + jβγδα∇βnδ + jα∇βn

β + γδαn
β∇βjδ + γδα∇βS

β
δ

= ρEDα lnα−Kα
βjβ
/

−Kjα + γδα(Lnjδ − jβ∇δn
β

/
) + γδα(γ

βϵ − nβnϵ)∇βSδϵ

= ρEDα lnα−Kjα + γδαLnjδ +DβSα
β + γδαn

β∇βn
ϵSδϵ

= ρEDα lnα−Kjα + γβαLnjβ +DβSα
β + Sα

β∇β lnα.

The equation of state and local thermodynamics of the fluid involve the pressure and comoving
energy density ρ, so one needs the relations between ρE, jα and ρ, uα. These involve the 3+1 decompo-
sition of uα,

uα = Υ(nα + vα), where Υ = −uαnα, vα = Υ−1γαβu
β. (8.101)

Then vα is the 3-velocity of an observer with 4-velocity uα, and uαuα = −1 implies

Υ =
1√

1− v2
.

We easily find

ρE =
ρ+ Pv2

1− v2
, jα = (ρ+ P )

vα

1− v2
, (8.102a)

Sαβ = jαvβ − Pγαβ. (8.102b)

In numerical evolutions that use variables jα and ρE , one must numerically invert Eqs. (8.102a), using
the equation of state P = P (ρ), to obtain the primitive fluid variables ρ, P and uα.
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3-dimensional form of the equations
By sticking to 4-dimensional indices we simplified the covariant derivation of the 3+1 form of the

field equation. To write the four equations, (8.45), (8.46), (8.88), (8.89), using 3-dimensional indices
is simple. Because every spatial tensor Tα···βγ···δ at a time t (at a point of Σt ⊂ M ) corresponds to a
unique tensor T a···bc···d on Σ, we can write the constraint equations as

Db(K
ab − γabK) = 8πja, (8.103)

3R−KabKab +K2 = 16πρE. (8.104)

The components of the momentum constraint in a chart {xi} on Σ are the same as its nonzero compo-
nents in the chart {t, xi} on M ,

Dj(K
ij − γijK) = 8πji.

Similarly, using Eq. (8.78) to replace Lt on M by ∂t on Σ, we obtain the dynamical equations on Σ
corresponding to (8.88) and (8.89) on M :

∂tγab = −2αKab + Lβγab, (8.105a)

∂tKab = α
(
3Rab − 2KacKb

c +KKab

)
− DaDbα− 8πα(Tab −

1

2
γabT ) + LβKab. (8.105b)

We have already seen that a spatial tensor Kαβ is a tensor Kab whose components in a chart {t, xi}
are the spatial components Kij of Kαβ . The components of the 3+1 Einstein equations on Σ in the chart
xi are then just the spatial components of the corresponding equations on M in the chart t, xi.

Harmonic gauge (A.K.A. Lorenz gauge, DeDonder gauge, Fock gauge)

Electromagnetism

The equations of electromagnetism more closely resemble those of gravity when the tensor Fαβ is
written in terms of a vector potential,

Fαβ = ∇αAβ −∇βAα. (8.106)

Then the first Maxwell equation ∇[αFβγ] = 0 is automatically satisfied,

∇[α∇βAγ] = 0,

because partial derivatives commute and the antisymmetry gets rid of Christoffel symbols
(or, use ddω = 0 for any form ω, here with ω = A).

The remaining equation, ∇βF
αβ = 4πjα, takes the form of the wave equation for the vector potential

if we use the Lorenz gauge condition:
∇αA

α = 0. (8.107)

(This was introduced by Hedvig Lorenz, not the famous Hendrik Lorentz.) Then

∇β∇αAβ −∇β∇βAα = 4πjα.

Writing
∇β∇αAβ = [∇β,∇α]Aβ +∇α∇βA

β︸ ︷︷ ︸
0

= RαβA
β, (8.108)



CHAPTER 8. 3+1 SPLIT AND INITIAL VALUE EQUATIONS 294

we obtain a wave equation for Aα on a curved background spacetime:

∇β∇βAα −Rα
βA

β = −4πjα. (8.109)

Once a vector potential is introduced, the constraint ∇αB
α = 0 is automatically satisfied. In its

place is the gauge condition, here a relation between Ȧ0 and Ai that again must be satisfied by the initial
data, now the values of Aα and Ȧα on Σt.

It is the 2nd derivatives that determine the character of the dynamical equation (8.109): As in flat
space, they have the form of a wave equation, a hyperbolic equation that gives a unique solution for
initial data satisfying the gauge condition.

Gravity

The harmonic coordinate condition for gravity is a nonlinear analog of the Lorenz gauge. It has the
form

∂ν(
√
−ggµν) = 0, (8.110)

and is equivalent to requiring that each coordinate xµ satisfy the scalar wave equation:

∇α∇α(xµ) = 0. (8.111)

Note that each xµ is a scalar. This condition was first used by Fock and deDonder. Fock called
it harmonic, presumably because in the mathematics literature a harmonic function is a solution to
∇a∇af = 0 for a Riemannian metric (signature + · · ·+).
The condition is also equivalent to

gµνΓλµν = 0, (8.112)

and this relation lets us write Rµν = 0 as a nonlinear wave equation, an equation of the form

∂λ∂
λgµν + F (g, ∂g) = 0, (8.113)

where F involves only the metric and its first derivatives.
To show all of this, we begin by checking the equivalence of our three forms of the harmonic condi-

tion. From Exercise 34. or Eq. (4.11), the divergence of a vector field vα can be written as

∇νv
ν =

1√
−g

∂ν(
√
−g vν). (8.114)

For each µ, ∇αxµ is a vector, and we have

∇ν∇ν(xµ) =
1√
−g

∂ν(
√
−g ∂νxµ) = 1√

−g
∂ν(

√
−g gνλ∂λxµ)

=
1√
−g

∂ν(
√
−g gµν).

For the third form, write

gµνΓλµν =
1

2
gµνgλσ(∂µgνσ + ∂νgµσ − ∂σgµν) = gµνgλσ∂µgνσ −

1

2
gµνgλσ∂σgµν

= −∂µgµλ −
1√
−g

1

2
∂λ

√
−g = − 1√

−g
∂µ(g

µλ
√
−g).
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In the last line we used, for a matrix M (here (gµν)), ∂µM−1 = −M−1(∂µM)M−1.
Check: Write 0 = ∂µ(M

−1M) = ∂µ(M
−1)M +M−1∂µM , and multiply on the right by M−1.

From the usual coordinate expression for the Riemann tensor,

Rµ
σντ = ∂νΓ

µ
στ − ∂τΓ

µ
σν + ΓµλνΓ

λ
στ − ΓµλτΓ

λ
σν

= ∂νΓ
µ
στ − ∂τΓ

µ
σν + F (g, ∂g), (8.115)

where F (g, ∂g) here and in later equations will mean some function of gµν and ∂λgµν , but not the same
function each time the symbol is used. Contracting on σ and τ and using our gauge condition in the
form Γµστg

στ = 0, we have
Rµ

ν = −∂σΓµσν + F (g, ∂g).

Now lowering the index µ and noting that gµλ∂σΓλσν = ∂σΓµσν + F (g, ∂g), we have

Rµν = −∂σΓµσν + F (g, ∂g). (8.116)

Because Rµν is a symmetric tensor, we can write this as

Rµν = −1

2
∂σ(Γµσν + Γνσµ) + F (g, ∂g). (8.117)

Finally, in the sum of the two Γ’s, the derivatives with respect to µ and ν cancel, leaving

Γµσν + Γνσµ = ∂σgµν ,

whence
Rµν = −1

2
∂σ∂σgµν + F (g, ∂g), (8.118)

as claimed.

Exercise 106. a. Use our expressions for ∂igjk and ∂i
√
−g to show

Gµν =
1

2
∂σ∂σ(g

µν
√
−g) + F (g, ∂g). (8.119)

b. Now write gαβ = ηαβ +hαβ and show that, to O(h..), gαβ = ηαβ−hαβ ,
√
−g = 1+ 1

2
h, and

gαβ
√
−g = −(hαβ − 1

2
ηαβh),

where hαβ = ηαγηβδhγδ and h := hα
α. Show that the linearized harmonic condition is then

∇β(h
αβ − 1

2
ηαβh) = 0, (8.120)

with ∇α the flat space derivative operator.

This gauge condition on a metric perturbation hαβ , introduced earlier in Eq. (6.13), was first used
by Hilbert and then Einstein. It is referred to in the literature by at least seven different names: the
Hilbert, Einstein, Fock, deDonder, Lorenz, Lorentz (mistakenly), and harmonic gauge. Now F (g, ∂g)
is quadratic in ∂g (this follows from the fact that every term has two derivatives and they can’t both hit
the same g..), so at linear order in h.., F (g, ∂g) vanishes and Eq. (8.119) has the form

δGαβ = −1

2
∇γ∇γh̄αβ, where h̄αβ := hαβ −

1

2
ηαβh. (8.121)
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The field equation linearized about flat space is then

∇γ∇γh̄αβ = −16πδTαβ. (8.122)

Derivative of a determinant

We want the derivative dg/dλ of a determinant g when the matrix elements gij are functions of λ.
(λ could, for example, be a coordinate with gij the components of a metric). We have

dg

dλ
=

∂g

∂gij

dgij
dλ

.

Eq. (4.12) gives ∂g
∂gij

= ggij , whence

dg

dλ
= ggab

dgab
dλ

,
d

dλ

√
−g = 1

2

√
−g gabdgab

dλ
. (8.123)



Chapter 9

Newman-Penrose (NP) formalism and the
Teukolsky equation

9.1 NP formalism
The Newman-Penrose paper[83] uses a signature + − −− , and this convention is followed by the
papers by Teukolsky[121, 122], and by Chandrasekhar’s detailed derivation of the Teukolsky equation
in Mathematical Theory of Black Holes[29]. Because of that we will switch (in this chapter only) to
the −2 signature. The definition of the Riemann tensor Ra

bcd is unchanged, and the conventions for the
Ricci tensor and scalar are still Rab = Rc

acb, R = Ra
a.

Item These notes Teukolsky Chandrasekhar NP
Signature +−−− +−−− +−−− +−−−
Coordinate indices µ, ν, . . . µ, ν, . . . i, j, . . . µ, ν, . . .
Tetrad indices m,n, p, . . . not used (a), (b), . . . m,n,p, . . .
Numbered tetrad vectors em

α not used e(a)
i zm

µ

r2 + a2 cos2 θ ρ2 Σ ρ2 not used
r2 − 2Mr + a2 ∆ ∆ ∆ not used
nµ∂µ ∆\ ∆ ∆\ ∆
Christoffel symbol Γmnp not used γ(a)(b)(c) −γmnp

Γ314 = mβ∇βℓαm
α ϱ ρ ρ̄ ρ

297
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A radiation field far from its source and the Kerr family of geometries have something in common: a
preferred null direction. In the case of radiation, the direction is a radial null vector ℓα whose asymptotic
form is ℓα = ∇αu = ∇α(t − r). An outgoing radiation field has asymptotic form proportional to
f(ℓµx

µ)

r
=
f(u)

r
. The corresponding contravariant vector, ℓα is along t̂α + r̂α. The polarization of the

field is perpendicular to the null direction, so an electromagnetic field in a Lorenz gauge has

Aα = ϵα
f(u)

r
+O(r−2), Fαβ = (ℓαϵβ − ℓβϵα)

f ′(u)

r
+O(r−2),

with ϵα in the θ̂-ϕ̂ plane. A weak gravitational wave is described by a metric perturbation

hαβ = ϵαβ
f(u)

r
+O(r−2)

with corresponding Riemann tensor given by Eq. (5.36).

Rαγβδ =
1

2
(∂β∂γhαδ + ∂α∂δhβγ − ∂α∂βhγδ − ∂γ∂δhαβ)

=
1

2

f ′′

r
(ℓβℓγϵαδ + ℓαℓδϵβγ − ℓαℓβϵγδ − ℓγℓδϵαβ) +O(r−2) (9.1)

The null vector ℓα is called a principal null direction of the geometry. The NP formalism is designed
to exploit symmetries of the geometry tied to principal null directions. Although their 1962 paper
emphasized the asymptotic behavior of gravitational radiation, Newman and Penrose knew the vacuum
Schwarzschild geometry has two principal null directions, tangent to ingoing and outgoing radial null
geodesics nα and ℓα, with each term in the Riemann tensor proportional to ℓα and nα.

The NP formalism completes the basis (tetrad) by using complex combinations m and m of unit
vectors orthogonal to the null vectors nα and ℓα. Like the combinations x± iy that you’ve encountered
in spherical harmonics, m and m change by a phase under rotations about the z-axis. For null vectors

ℓα =
1√
2
(t̂α + ẑα), nα =

1√
2
(t̂α − ẑα),

a corresponding choice of m and m is

mα =
1√
2
(x̂α + iŷα), mα =

1√
2
(x̂α − iŷα),

Then mα and mα are complex null vectors, and the tetrad satisfies

ℓαn
α = 1, mαm

α = −1, all other dot products vanishing. (9.2)

An NP tetrad is then a null tetrad {em} = {emα}, m = 1− 4,

e1
α = ℓα, e2

α = nα, e3
α = mα, e4

α = mα, (9.3)

for which the spacetime metric has components gmn = em
αenα given by

[gmn] = [ηmn] =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 (9.4)
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Then gαβ has the same components

[ηmn] =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 (9.5)

and
gαβ = ηmnemαenβ = ℓαnβ + ℓβnα −mαmβ −mβmα. (9.6)

Examples:
For the Schwarzschild geometry, with

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2dθ2 − r2 sin2 θdϕ2 (9.7a)

=
∆

r2
dt2 − r2

∆
dr2 − r2dθ2 − r2 sin2 θdϕ2, ∆ := r2 − 2Mr, (9.7b)

an orthonormal frame is

t̂α =
1√

1− 2M
r

∂t, r̂α =

√
1− 2M

r
∂r, θ̂α =

1

r
∂θ, ϕ̂α =

1

r sin θ
∂ϕ. (9.8)

We could take

ℓα =
1√
2
(t̂α + r̂α), nα =

1√
2
(t̂α − r̂α), mα =

1√
2
(θ̂α + iϕ̂a). (9.9)

with contravariant components

ℓµ =
1√
2

(
r√
∆
,

√
∆

r
, 0, 0

)
, nµ =

1√
2

(
r√
∆
,−

√
∆

r
, 0, 0

)
, mµ =

1√
2 r

(
0, 0, 1,

i

sin θ

)
(9.10)

Notice that multiplying ℓα by any function f and dividing nα by f gives another null tetrad with the same
null directions and the same metric components ηmn. Kinnersley, one of Kip Thorne’s first students,
used this freedom to get rid of the square roots in ℓ and n, making the commutators and the Christoffel
symbols (Ricci rotation coefficients) simpler, at the cost of breaking the symmetry associated with time
reversal. The Kinnersley tetrad is

(ℓµ) = (r2/∆, 1, 0, 0), (nµ) =
1

2
(1,−∆/r2, 0, 0), (mµ) =

1√
2 r

(0, 0, 1,
i

sin θ
) (9.11)

The Kerr metric has the factored form

ds2 =
∆

ρ2
(dt− a sin2 θdϕ)2 − sin2 θ

ρ2
[(r2 + a2)dϕ− adt]2 − ρ2

∆
dr2 − ρ2dθ2, (9.12)

where
∆ = r2 − 2Mr + a2, ρ2 = r2 + a2 cos2 θ. (9.13)
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An orthonormal covariant (dual) frame is

Ω0 =

√
∆

ρ
(dt−a sin2 θdϕ), Ω1 =

ρ√
∆
dr, Ω2 = ρdθ, Ω3 =

sin θ

ρ
[(r2+a2)dϕ−adt],

and the corresponding contravariant frame to which it is dual is

E0 =
1

ρ
√
∆
((r2 + a2)∂t + a∂ϕ], E3 =

1

ρ sin θ
(∂ϕ + a sin2 θ∂t), E1 =

√
∆

ρ
∂r, E2 =

1

ρ
∂θ.

(9.14)
The associated Kinnersley tetrad is

e1 = ℓ =
ρ√
∆
(E0 +E1)

e2 = n =
1

2

√
∆

ρ
(E0 −E1)

e3 = m =
ρ√
2 ρ̃

(E2 + iE3)

e4 = m =
ρ√
2 ρ̃∗

(E2 − iE3)

where
ρ̃ := r + ia cos θ (9.15)

is a kind of complex square root of ρ2: ρ̃ρ̃∗ = ρ2. Introducing it gets rid of the square root, ρ =
√
r2 + a2 cos2 θ,

while keeping mαmα = −1:

(e1
µ) = (ℓµ) =

(
r2 + a2

∆
, 1, 0,

a

∆

)
, (9.16a)

(e2
µ) = (nµ) =

1

2

(
r2 + a2

ρ2
,−∆

ρ2
, 0,

a

ρ2

)
, (9.16b)

(e3
µ) = (mµ) =

1√
2 ρ̃

(
ia sin θ, 0, 1,

i

sin θ

)
. (9.16c)

When a = 0, we recover the Kinnersley tetrad for Schwarzschild (9.10).

Weyl tensor
The tracefree part of the Riemann tensor is called the Weyl tensor and written Cabcd. In a vacuum

spacetime the two coincide. In general the decomposition of the Riemann tensor into its tracefree part
and parts involving the Ricci tensor and Ricci scalar is

Rabcd = Cabcd +
1

2
(gacRbd + gbdRac − gadRbc − gbcRad)−

1

6
(gacgbd − gadgbc)R. (9.17)

Up to the constant factor 1/2, the Ricci tensor part is the only combination of gab and Rab with Riemann
tensor index symmetries (and linear in Rab); and the Ricci scalar part is the only combination of R and
gab with those symmetries (linear in R). All that remains is to take the trace of both sides to get the
factors 1/2 and 1/6. We will be working with vacuum spacetimes, and for those Rabcd = Cabcd.
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Exercise 107. Show that, for an n-dimensional spacetime, the decomposition of the Riemann tensor is
given by

Rabcd = Cabcd+
1

n− 2
(gacRbd+ gbdRac− gadRbc− gbcRad)−

1

(n− 1)(n− 2)
(gacgbd− gadgbc)R.

The Teukolsky equation is an equation for a single tetrad component of the Weyl tensor. The NP
formalism gives names to each independent Christoffel symbol (Ricci rotation coefficient) and to each
independent tetrad component of the Weyl tensor. We begin by noting that the Weyl tensor has 10
independent real components and that these correspond to 5 independent complex components along
the NP tetrad.

First: The Riemann tensor in n dimensions has
n2(n2 − 1)

12
independent components.

This is Prob. 3b of Wald, and if you are already familiar with it, skip to the end of this paragraph. The
index symmetries of Rijkl are

Rijkl = R[ij][kl], Ri[jkl] = 0, Rijkl = Rklij.

The last of these is implied by the others, so we do not include it in our counting. Because the index pair
ij is antisymmetric, the independent pairs have i < j, and there are n(n − 1)/2 such pairs. There are
similarly n(n− 1)/2 pairs kl with k < l. The number of pairs (ij)(kl) is then n2(n− 1)2/4. These are
not all independent because we have the relations Ri[jkl] = 0. Here we can choose i in n different ways;

and for [jkl] we have n objects taken 3 at a time or
(
n
3

)
=
n(n− 1)(n− 2)

6
. The number of relations

is then n2(n − 1)(n − 2)/6, and each relation reduces the number of independent components by one,
leaving

n2(n− 1)2

4
− n2(n− 1)(n− 2)

6
=
n2(n2 − 1)

12
independent components of the Riemann tensor in n dimensions.

To find the number of independent components of Cabcd, we subtract the number of independent
components of Rab. Here the only symmetry is Rab = Rba, so there are n(n + 1)/2 independent pairs
(ab). Then the Weyl tensor has

n2(n2 − 1)

12
− n(n+ 1)

2
=

(n− 3)n(n+ 1)(n+ 2)

12
(9.18)

independent components, 10 in four dimensions. In fewer than four dimensions, the Weyl tensor
vanishes.

Spin weight
A rotation of the tetrad in the plane spanned by m and m has the form

m → eiηm, m → e−iηm (9.19)

Exercise 108. Two-line problem: Write m = x̂+ iŷ and check that a clockwise rotation of the frame by
η in the x̂-ŷ plane gives the above equation.

Then a component of a tensor with p indices along m and q indices along m (and remaining indices
along n and ℓ) changes under a tetrad rotation by the factor ei(p−q)η, and is said to have spin weight
p − q. This is, of course, analogous to an eigenvalue of Lz in quantum mechanics: A wavefunction ψ
with eigenvalue mℏ changes under a rotation by η about the z-axis by the factor eimη.
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In particular, NP order the five independent complex components of the Weyl tensor by their spin
weight, from 2 to −2:

Ψ0 = −C1313 = −Cαβγδℓαmβℓγmδ (9.20a)

Ψ1 = −C1213 = −Cαβγδℓαnβℓγmδ (9.20b)

Ψ2 = −C1342 = −Cαβγδℓαmβmγnδ (9.20c)

Ψ3 = −C1242 = −Cαβγδℓαnβmγnδ (9.20d)

Ψ4 = −C2424 = −Cαβγδnαmβnγmδ . (9.20e)

It would have made more sense to write these as Ψ2,Ψ1, · · · ,Ψ−2, and Press and Teukolsky tried that,
but there were too many other papers with the NP convention, and the change didn’t stick.

For Schwarzschild and Kerr the only nonzero component of the Weyl tensor is Ψ2, the spin-weight
zero part. Geometries with this character are Petrov type D. They have the two principal null directions
ℓα and nα.

Exercise 109. NP components of Fαβ .

a. How many independent components does the electromagnetic tensor Fαβ have?

b. In analogy with the components of the Weyl tensor above, write these components of Fαβ
as complex components with definite spin weight, taking as the spin-weight 0 component
Fαβ(ℓ

αnβ +mαmβ).

c. Using the flat space tetrad

ℓ =
1√
2
(t̂+ ẑ), n =

1√
2
(t̂− ẑ), m =

1√
2
(x̂+ iŷ), m =

1√
2
(x̂− iŷ),

write each of these complex components in terms of the t, x, y, z components of E and B.

We have already seen in Eq. (9.1) that outgoing waves have, at leading order in 1/r, a Weyl tensor
that is quadratic in ℓα and is constructed from ℓα and a polarization tensor in the m-m plane. From
ℓαℓ

α = ℓαm
α = 0, it immediately follows that the only nonvanishing Ψi is Ψ4. Similarly, purely ingoing

radiation has Ψ0 as its leading asymptotic term. And it is Ψ0 and Ψ4 that appear in the decoupled wave
equations that describe perturbations of Schwarzschild and Kerr spacetimes.

Exercise 110. Writing the asymptotic form of m as 1√
2
(x̂+iŷ) (corresponding to a chart near an observer

with z in the direction of propagation of the wave), show that the two polarizations of the wave are
given by the real and imaginary parts of Ψ4. (+ and × polarizations are proportional to hxx− hyy
and hxy, respectively, for a given choice of x and y.) Use Eq. (9.1).

Christoffel symbols (Ricci rotation coefficients)
We looked in Section 2.2 at the Christoffel symbols (2.37) and Riemann tensor components for a

frame field {en} in which the components gmn are constant. As we saw, the quantity Γmnαv
α is the

derivative of the family of rotations or Lorentz transformations that relate a frame parallel transported
along vα to the original frame field. That’s why Γmnp is called a rotation coefficient and why Γmnp,
defined by Eq. (2.23), is antisymmetric in m and n. Chandrasekhar’s convention is

γmnp = Γmnp,
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while NP take the opposite sign for γmnp. Chandra also uses (a), (b), · · · for concrete tetrad indices,
instead of the m,n,p,q of NP.

The NP naming of independent symbols is

κ = Γ311 ϱ = Γ314 ϵ =
1

2
(Γ211 + Γ341)

σ = Γ313 µ = Γ243 γ =
1

2
(Γ212 + Γ342)

λ = Γ244 τ = Γ312 α =
1

2
(Γ214 + Γ344)

ν = Γ242 π = Γ241 β =
1

2
(Γ213 + Γ343)

Γ211 = ϵ+ ϵ̄ Γ341 = ϵ− ϵ̄ Γ212 = γ + γ̄ Γ342 = γ − γ̄ Γ214 = α + β̄ Γ344 = α− β̄. (9.21)

Each of these has a fixed spin weight. The quantities Γ21α and Γ34α are respectively real and imagi-
nary, and the third column lists the four tetrad components of the complex vector Γ21α + Γ34α.
Quick question: Why is Γ34α a purely imaginary covector?

The signs are the same for Chandra and NP if one writes the NP symbols directly as derivatives of
tetrad vectors: That is,

κ = e3α∇1e1
α = mαℓ

β∇βℓ
α, π = e2α∇1e4

α = nαℓ
β∇βm

α = −mαℓβ∇βnα.

for everyone.

Symbols for derivatives
A final set of individual symbols introduced by NP are the names of the basis vectors regarded as

derivatives (as we have defined vectors):

ℓµ∂µ = D, nµ∂µ = ∆\ , mµ∂µ = δ, mµ∂µ = δ̄. (9.22)

9.2 Bardeen-Press and Teukolsky equations
The presentation here illustrates how you might find your way to the Teukolsky equation starting
from the wave equation for the perturbed Weyl tensor on a flat background and then moving on to
Schwarzschild (the Bardeen-Press equation) and finally to Kerr. For a concise derivation of the Teukol-
sky equation using the NP formalism, you can skip to the section 9.2.3 on Kerr. Everything uses the
equations in the NP paper that express the Weyl tensor components, the commutators of basis vectors,
and the Bianchi identities in terms of Christoffel symbols (spin coefficients).

9.2.1 Flat space
This second section of the notes will eventually follow NP equations for commutators and for the Weyl
tensor in terms of the NP symbols of the last section. For now, to see where we’re going, it will be
helpful to look at the wave equation in its simplest context – flat space with basis constructed from a
t, x, y, z chart (instead of spherical coordinates).
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We start with the scalar wave equation with partial derivatives along the null basis vectors,

e1 = ℓ = t̂+ ẑ

e2 = n =
1

2
(t̂− ẑ)

e3 = m =
1√
2
(x̂+ iŷ)

e4 = m =
1√
2
(x̂− iŷ) .

Then
∇α∇αΦ = ηmn∂m∂nΦ = (∂1∂2 + ∂2∂1 − ∂3∂4 − ∂4∂3)Φ = 2(∂1∂2 − ∂3∂4)Φ,

and the scalar wave equation is
(∂1∂2 − ∂3∂4)Φ = 0. (9.23)

In NP notation, this is
(D∆\ − δδ)Φ = 0. (9.24)

Exercise 111. a. Two-line exercise: Replace the null basis vectors by their expressions in terms of the
Cartesian basis to recover the usual form of the scalar wave equation.

b. Another two-line exercise in flat space. Show that Maxwell’s equations, ∇[αFβγ] = 0 and
∇βF

αβ = 0, imply ∇γ∇γFαβ = 0. (Hint: Take the divergence of the first Maxwell equation
and then use the second.)

The wave equations satisfied by Ψ0 and Ψ4 are easily derived as a perturbation of flat space. In
curved space, nonzero Christoffel symbols mix together Weyl tensor parts with different spin weights
and leave only these extreme spin components with their own decoupled equations. We’ll find the
equation for Ψ0 = −C1313. Begin with the Bianchi identity,

∇[αCβγ]δϵ = 0, (9.25)

writing the two nontrivial components that involve C1313 = −Ψ0. These are

∇[4C13]13 = 0 and ∇[2C13]13 = 0. (9.26)

Next, we’ll use the Riemann-tensor symmetries and the fact that C.... is tracefree to show

C4113 = 0, C3213 = 0, C3413 = −C1213 = Ψ1. (9.27)

Proof: The Riemann-tensor symmetries imply C4113 = C3114, and C1112 = 0 = C2111. Then

C4113 =
1

2
(C4113 + C3114 − C1112 − C2111 )

= −1

2
ηmnCm11n = 0,

where the last equality is the statement that Cαβγδ is tracefree. The same steps, using ηmnC3mn3 = 0,
show C3213 = 0. Finally, again using the tracefree condition, we have

0 = ηmnC1mn3 = C1123 + C1213 − C1343 − C1433 = C1213 − C1343 =⇒
Ψ1 := −C1213 = −C1343 = C3413.
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Now we’re ready to use the Bianchi identity: Eqs. (9.26) and (9.27) give

∇4C1313 +∇1C3413 = 0, ∇2C1313 +∇3C2113 = 0. (9.28)

Now linearize about flat space and write ψi for the first-order change in Ψi. Because the Weyl tensor and
all Christoffel symbols vanish in the background spacetime for a Cartesian frame, we have, for example,
∇4C1313 = −δ̄ψ0, and the equations take the form,

−δ̄ψ0 +Dψ1 = 0, −∆\ψ0 + δψ1 = 0.

To eliminate ψ1, act with δ on the first equation and with D on the second and subtract to obtain

(D∆\ − δδ̄)ψ0 = 0. (9.29)

That is, ψ0 satisfies the scalar wave equation (9.24).

Flat space, spherical coordinates.
We look next at the key equations (9.28) for Ψ0 in the Kinnersley tetrad associated with spherical
coordinates but still in flat space:

e1 = ℓ· = ∂t + ∂r, (9.30a)

e2 = n· =
1

2
(∂t − ∂r) , (9.30b)

e3 = m· =
1√
2 r

(
∂θ +

i

sin θ
∂ϕ

)
(9.30c)

e4 = m · (9.30d)

The independent nonzero commutators are

[e1, e3] =

[
∂r,

1√
2 r

(
∂θ +

i

sin θ
∂ϕ

)]
= − 1√

2 r2

(
∂θ +

i

sin θ
∂ϕ

)
(9.31a)

= −1

r
e3, (9.31b)

[e1, e4] = −1

r
e4, (9.31c)

[e2, e3] =
1

2r
e3, (9.31d)

[e2, e4] =
1

2r
e4, (9.31e)

[e3, e4] =
cot θ√
2 r

(e3 − e4) (9.31f)

By inspection, the corresponding nonzero coefficients cmnp (and then with lowered indices) are

c313 = c414 = −1

r
, c323 = c424 =

1

2r
, c334 = −c434 =

cot θ√
2 r

,

c413 = c314 =
1

r
, c423 = c324 = − 1

2r
, c434 = −c334 = − cot θ√

2 r
, (9.32)

together with those obtained by exchanging the last two indices: cpmn = −cpnm.
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Exercise 112. Check the last four commutators of Eqs. (9.31).

In NP notation for derivative operators, Eqs. (9.31) are

[D, δ] = −1

r
δ, [D, δ̄] = −1

r
δ̄, [∆\ , δ] = − 1

2r
δ, [∆\ , δ̄] = − 1

2r
δ̄, [δ, δ̄] = − cot θ√

2 r
(δ − δ̄). (9.33)

The nonzero Christoffel symbols and corresponding spin coefficients are now obtained from Eq. (2.37)

Γmnp =
1

2
(cpmn − cnpm − cmnp). (9.34)

Notice that the nonzero cmnp have at most one index in {1, 2} and the first index is 3 or 4. Because Γ341

and Γ342 are imaginary while all cmnp are real Γ341 = Γ342 = 0. We are left with

Γ134 =
1

r
= −ϱ, Γ234 = Γ243 = − 1

2r
= µ, Γ343 =

1√
2

cot θ

r
= β−ᾱ, Γ434 =

1√
2

cot θ

r
= α− β̄,

(9.35)
together with those obtained by exchanging the first two indices: Γmnp = −Γnmp. Notice also that
taking the complex conjugate exchanges 3 and 4: Γ243 = Γ234, and in this flat-space example, the Γ’s
are real.

For reference in computing the Bianchi identities, here are the corresponding raised Γ’s and the
nonzero spin coefficients:

Γ1
34 = Γ1

43 = µ, Γ2
34 = Γ2

43 = −ϱ, Γ3
33 = Γ4

44 = 2β = −2α,

Γ3
13 = Γ4

14 = −ϱ, Γ4
24 = Γ3

23 = µ, Γ3
34 = Γ4

43 = −2β = 2α. (9.36)

α = − 1

2
√
2

cot θ

r
, β =

1

2
√
2

cot θ

r
, ϱ = −1

r
, µ = − 1

2r
. (9.37)

We’ll see later that Schwarzschild is only slightly different.
For the two components of the Bianchi identities, we’ll need to show that the component ∇αC4113 ≡

∇ϵCαβγδm
αℓβℓγmδ is zero. We already showed that C4113 = 0, but the covariant derivative involves

other components of Cαβγδ multiplied by Christoffel symbols. The proof, however, is essentially iden-
tical if we keep the basis vectors outside the derivative operator

∇ϵCαβγδm
αℓβℓγmδ = ∇ϵCδγβαm

αℓβℓγmδ = ∇ϵCαβγδm
αℓβℓγmδ

=
1

2
∇ϵCαβγδℓ

βℓγ(mαmδ +mαmδ − ℓαnδ − ℓδnα) =
1

2
∇ϵCαβγδℓ

βℓγ(−gαδ)

= 0.

The equivalent steps show ∇αC3213 = 0. Set off and numbered for future reference:

∇αC4113 ≡ ∇αCβγδϵm
βℓγℓδmϵ = 0, ∇αC3213 ≡ ∇αCβγδϵm

βnγℓδmϵ = 0. (9.38)

Naming of parts
Again for reference, here’s a list of the Weyl tensor components in terms of Ψi ordered top to bottom

and then left to right. Those in blue are, up to exchanging antisymmetric indices, the definitions (9.20).

C1212 = −(Ψ2 + Ψ̄2) C1313 = −Ψ0 C1414 = −Ψ̄0 C2323 = −Ψ̄4 C3434 = −(Ψ2 + Ψ̄2)

C1213 = −Ψ1 C1314 = 0 C1423 = Ψ̄2 C2324 = 0

C1214 = −Ψ̄1 C1323 = 0 C1424 = 0 C2334 = Ψ̄3

C1223 = Ψ̄3 C1324 = Ψ2 C1434 = −Ψ̄1 C2424 = −Ψ4

C1224 = Ψ3 C1334 = Ψ1 C2434 = −Ψ3

C1234 = Ψ2 − Ψ̄2
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Every term comes from the definition via either complex conjugation or the tracefree condition or both.
For example, to get C1212, start from C1342 = −Ψ2. Weyl tracefree implies

0 = ηmnC1mn2 = C1122︸ ︷︷ ︸
0

+C1212 − C1342 − C1432 =⇒ C1212 = C1342 + C1342 = −(Ψ2 +Ψ2).

All vanishing components also come from the tracefree condition, as in the lines following Eq. (9.27).
Up to sign everything is determined by spin-weight and:

More ℓ’s than n’s ⇒ Ψ0, Ψ1;
more n’s than ℓ’s ⇒ Ψ3, Ψ4;
if the component has the same number of ℓ’s and n’s, it involves Ψ2 and if real or imaginary is twice the
real or imaginary part of Ψ2.

The two Bianchi identities involving ψ0, (9.28), now involve the nonzero Γ’s in Eq. (9.36).
First identity:

∇4C1313 = −δ̄ψ0 − 2Γm14Cm313 − 2Γm34C1m13

= −δ̄ψ0 − 2Γ4
14C4313 − 2Γ3

34C1313

= −δ̄ψ0 − 4ϱψ1 + 4αψ0

∇1C3413 = Dψ1 because no Γmn1 is nonzero
0 = 3∇[4C13]13 = −(δ̄ − 4α)ψ0 + (D − 4ϱ)ψ1. (9.39)

Second identity:
∇2C1313 = −∆\ψ0 because no Γmn2 is nonzero
∇3C2113 = δψ1 − Γm23Cm113 − Γm13C2m13 − Γm13C21m3 − Γm33C211m

= δψ1 − Γ3
23C3113 − Γ3

13C2313︸ ︷︷ ︸
0

−Γ3
13C2133︸ ︷︷ ︸

0

−Γ3
33C2113

= δψ1 − µψ0 − 2βψ1 (9.40)
0 = 3∇[2C13]13 = −(∆\ + µ)ψ0 + (δ − 2β)ψ1 (9.41)

Wave equation: Again we need to eliminate ψ1, but this time δ − 2β doesn’t commute with D − 4ϱ.
This is easy to rectify because the operator

r(δ − 2β) =
1√
2

(
∂θ +

i

sin θ
∂ϕ − 2 cot θ

)
is independent of r. So we multiply Eq. 9.41 by r before applying D − 4ϱ: Using
[D − 4ρ, r(δ − 4β)] = 0, we write

1

r

(
D +

4

r

)
(r × Eq. (9.41))− (δ − 2β)( Eq. (9.39)) = 0,

and obtain our decoupled equation for ψ0:

1

r
(D − 4ϱ)[r(∆\ + µ)ψ0]− (δ − 2β)(δ̄ − 4α)ψ0 = 0, (9.42)

or [(
D +

5

r

)(
∆\ +

1

2r

)
−
(
δ − 1√

2

cot θ

r

)(
δ̄ +

√
2
cot θ

r

)]
ψ0 = 0. (9.43)
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In generalizing the derivation of our wave equation (9.42) for ψ0 to Kerr, it will be helpful to write
the commutation relation we used to eliminate ψ1 in terms of spin coefficients and operators D and δ.

Replacing r by −1

ϱ
, we have[

(D − 5ϱ) (∆\ + µ)− (δ − 2β)
(
δ̄ − 4α

)]
ψ0 = 0. (9.44)

Exercise 113. Fill in the steps to obtain Eq. (9.43) and then write it in terms of ∂t, ∂r, ∂θ, ∂ϕ, multiplying
by 2r2 to get rid of the factors of 1/(2r2).

Exercise 114. Check that NP Eqs. (4.2e), and the second equation in NP (4.4) are, respectively

Dβ = ρβ, [D, δ] = ρδ, (9.45)

and use these to go from Eqs. (9.39) and (9.41) to the wave equation in the form (9.44).

9.2.2 Schwarzschild
We start with the Christoffel symbols and Weyl tensor for Schwarzschild. Because the m-m part of
the metric is unchanged from flat space, only the commutators involving D and ∆\ are different. From
Eq. (9.11), we have

e1 = D =
r2

∆
∂t + ∂r, e2 = n = ∆\ =

1

2

(
∂t −

∆

r2
∂r

)
, e3 = m = δ =

1√
2 r

(
∂θ +

i

sin θ
∂ϕ

)
,

(9.46)
and

∂t =
1

2

∆

r2
e1 + e2, ∂r =

1

2
e1 −

r2

∆
e2.

Then

[e1, e2] = −1

2
∂r (1− 2M/r) ∂r +

1

2
(1− 2M/r) ∂r (1− 2M/r)−1 ∂t

= −M
r2
∂r −

1

2
(1− 2M/r)−1 2M

r2
∂t

= −M
r2

(
1

2
e1 −

r2

∆
e2

)
− M

∆

(
1

2

∆

r2
e1 + e2

)
= −M

r2
e1.

[e1, e3] = ∂r

(
1

r

)
re3 = −1

r
e3, ( This one didn’t change)

[e2, e3] = −1

2

∆

r2
∂r

(
1

r

)
re3 =

1

2

∆

r3
e3

The flat-space cmnp and cmnp of Eq. (9.32), with changed coefficients in blue, are

c112 = −M
r2

c313 = c414 = −1

r
, c323 = c424 =

∆

2r3
, c334 = −c434 =

cot θ√
2 r

,

c212 = −M
r2

c413 = c314 =
1

r
, c423 = c324 = − ∆

2r3
, c434 = −c334 = − cot θ√

2 r
.
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With c212 nonzero, we have a new nonzero Γ, and Eq. (9.35) becomes

Γ212 =
M

r2
Γ134 =

1

r
= −ϱ, Γ234 = Γ243 = − ∆

2r3
= µ, Γ343 =

1√
2

cot θ

r
= α− β̄, (9.47)

Γ1
12 = γ + γ̄ Γ1

34 = Γ1
43 = µ, Γ2

34 = Γ2
43 = −ϱ, Γ3

33 = Γ4
44 = 2β = −2α,

Γ3
13 = Γ4

14 = −ϱ, Γ4
24 = Γ3

23 = µ, Γ3
34 = Γ4

43 = −2β = 2α. (9.48)

γ =
M

2r2
, α = − 1

2
√
2

cot θ

r
, β =

1

2
√
2

cot θ

r
, ϱ = −1

r
, µ = − ∆

2r3
. (9.49)

We next show that the Schwarzschild Weyl tensor is type D: Only Ψ2 is nonzero. Instead of writing
out the equation for each component of the Riemann tensor in terms of the Γ’s, let’s take advantage
of the fact that Newman and Penrose have already done this for us: Eqs. (4.2) list the expressions for
components of the Weyl and Ricci tensors in terms of the spin coefficients. The Ricci tensor components
are given as Φmn, so for us Φmn = 0 in these equations. The equations for the relevant components of
the Weyl tensor are (4.2b) for Ψ0, (4.2c) for Ψ1 and (4.2f) for Ψ2. Because of the ℓ ↔ n, m ↔ m
symmetry, we need not check that Ψ3 and Ψ4 vanish.

First (4.2b) for Ψ0 = −C1313 = C4
131. This one time we’ll check the NP equation from scratch.

There’s no subtlety. Begin with the Riemann tensor written in terms of Γ’s and then write the NP symbol
for each Γ (listed on the last page of these notes). In the second line below, we omit terms that vanish
by Γijk = −Γjik, (like Γ1

23). For a general frame, the components of the Riemann tensor are given by
Eq. (A.52):

Ri
jkl = ekΓ

i
jl − elΓ

i
jk + ΓimkΓ

m
jl − ΓimlΓ

m
jk + 2ΓijmΓ

m
[kl]

C4
131 = e3Γ

4
11 − e1Γ

4
13 + Γ4

m3Γ
m

11 − Γ4
m1Γ

m
13 + 2Γ4

1mΓ
m

[31]

= −δκ+Dσ + (Γ4
13Γ

1
11 + Γ4

43Γ
4
11)− (Γ4

11Γ
1
13 + Γ4

41Γ
4
13) + 2(Γ4

11Γ
1
[31] + Γ4

12Γ
2
[31])

= −δκ+Dσ + [−σ(ϵ+ ϵ̄) + (ᾱ− β))(−κ)]− [(−κ)(−σ) + (ϵ̄− ϵ)(−σ)]
+ [(−κ)π̄ + (−τ)(−κ) + (−σ)(ϵ− ϵ̄)− (−σ)(−ϱ̄)− (−ϱ)(−σ)] =⇒

Dσ − δκ = (ϱ+ ρ̄+ 3ϵ− ϵ̄)σ − (τ − π̄ + ᾱ + 3β)κ+Ψ0 (NP 4.2b)

For Schwarzschild, only α, β, γ, µ and ϱ are nonzero. Because σ and κ vanish, we have

Ψ0 = 0. (9.50)

The next Weyl-tensor equation we need is (4.2c) for Ψ1 = −C1213 = −C2
312:

Dτ −∆κ = (τ + π̄)ϱ+ (τ̄ + π)σ + (ϵ− ϵ̄)τ − (3γ + γ̄)κ+Ψ1 (NP 4.2c)

In this case, because τ , π, σ, and κ vanish, we have

Ψ1 = 0. (9.51)

The symmetry of Schwarzschild under t → −t and under ϕ → −ϕ implies a symmetry of the NP
equations under ℓ ↔ n and m ↔ m̄, giving Ψ3 = Ψ4 = 0, and leaving only Ψ2 nonzero as claimed.
To find its value, we use a third Weyl-tensor equation, (4.2f): The only nonzero spin coefficient in that
equation is γ and the calculation is simple:

Ψ2 = Dγ = ∂r

(
M

2r2

)
= −M

r3
. (9.52)
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We now turn to the wave equation for Schwarzschild, again looking at the two components of the
Bianchi identity that gave us the wave equation for ψ0. The Bianchi identity components are NP (4.5).
∇[4C13]13 is the first of these equations,

(D − 2ϵ− 4ϱ)Ψ1 − (δ̄ − 4α + π)Ψ0 = −3κΨ2, (9.53)

and the fifth is ∇[2C13]13,

(∆\ − 4γ + µ)Ψ0 − (δ − 2β − 4τ)Ψ1 = 3σΨ2. (9.54)

We need to linearize the equations about the Schwarzschild background. That is, we consider a family
of metrics, gαβ(λ) = gαβ(0) + λġαβ +O(λ2), with gab(0) the unperturbed spacetime, and we write

ġαβ :=
d

dλ
gαβ(λ)

∣∣∣∣
λ=0

. (9.55)

We’ll write the unperturbed quantity, like Ψ2(0) or the spin-coefficient α(0) as simply Ψ2 and α. We’ll
again use ψi := Ψ̇i, and will just write σ̇, κ̇ for the perturbed spin coefficients.

Then, because ϵ, κ, µ, Ψ0 and Ψ1 vanish at λ = 0,
d

dλ
Eq. (9.53)(λ)

∣∣∣∣
λ=0

is

(D − 4ϱ)ψ1 − (δ̄ − 4α)ψ0 = −3κ̇Ψ2. (9.56)

Similarly, the linearized equation (9.54) is

(∆\ − 4γ + µ)ψ0 − (δ − 2β)ψ1 = 3σ̇Ψ2. (9.57)

Again we need to eliminate ψ1, and again just multiplying (9.57) by r gets rid of the r dependence
in (δ − 2β), allowing it to commute with D. But now there’s a problem. The right sides of the two
equations involve κ̇ and σ̇, so we don’t succeed in getting a decoupled equation for ψ0.

We are saved by a miracle that will look more miraculous for Kerr. The equation for ψ0 in terms of
the Γ’s is the NP equation (NP 4.2b) that we derived above, and its linearized version is

(D − ϱ− ϱ̄)σ̇ − (δ − ᾱ− 3β)κ̇ = ψ0, (9.58)

or, using ϱ = ϱ̄, ᾱ = −β for Schwarzschild),

(D − 2ϱ)σ̇ − (δ − 2β)κ̇ = ψ0. (9.59)

We will simply follow our path to the equation in flat space, leaving terms involving σ̇ and κ̇ on the right
side of the wave equation. And those terms will be the above expression for ψ0.

As in Exercise 8, we use NP equations (4.2e) and (4.4); and we also use the second Bianchi identity
in (4.5), all for the unperturbed Schwarzschild spacetime:

Dβ = ϱβ, [D, δ] = ϱδ, DΨ2 = 3ϱΨ2. (9.60)

We just follow the steps for flat space, writing (δ − 2β)[Eq. (9.56)] + (D − 5ϱ)[Eq.(9.57)]

(δ − 2β)(D − 4ϱ)ψ1 − (δ − 2β)(δ̄ − 4α)ψ0

+(D − 5ϱ)(∆\ − 4γ + µ)ψ0 − (D − 5ϱ)(δ − 2β)ψ1 = −3Ψ2(δ − 2β)κ̇+ 3(D − 5ϱ)(Ψ2σ̇). (9.61)
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The commutation relation that eliminates ψ1 is unchanged from the flat-space case: Using the first two
relations in Eq. (9.60), we have

[δ − 2β,D − 4ϱ] = [δ,D] + 2Dβ = −ϱ(D − 2β)

=⇒ (δ − 2β)(D − 4ϱ)ψ1 = (D − 5ϱ)(D − 2β)ψ1,

and the terms involving ψ1 cancel exactly as before. On the right side, the term involving σ̇ is

3(D − 5ϱ)(Ψ2σ̇) = 3[(DΨ2)σ̇ +Ψ2(D − 5ϱ)σ̇] = 3[3ϱΨ2σ̇ +Ψ2(D − 5ϱ)σ̇]

= 3Ψ2(D − 2ϱ)σ̇.

Finally, Eq. (9.61) becomes

[(D − 5ϱ)(∆\ − 4γ + µ)− (δ − 2β)(δ̄ − 4α)]ψ0 = 3Ψ2[−(δ − 2β)κ̇+ (D − 2ϱ)σ̇) = 3Ψ2ψ0,

or
[(D − 5ϱ)(∆\ − 4γ + µ)− 3Ψ2 − (δ − 2β)(δ̄ − 4α)] ψ0 = 0. (9.62)

This is the Bardeen-Press equation[13]. Multiplying by r2 (or ϱ−2) gives an equation with all radial
dependence and derivatives in the first terms and all angular dependence and derivatives in the last: The
separation of variables is essentially already here.

Explicit equation:
Multiply by −2r2 and bring the r2 inside (D − 5ρ), changing it to (D − 3ρ) = (D + 3/r). Then, using
Eqs. (9.46) for the derivative operators and Eqs. (9.49) for the spin coefficients, we obtain the explicit
form {(

r2

∆
∂t + ∂r +

3

r

)[
∆

(
−r

2

∆
∂t + ∂r +

1

r
+

4M

∆

)]
+

(
∂θ +

i

sin θ
∂ϕ − cot θ

)(
∂θ −

i

sin θ
∂ϕ + 2 cot θ

)}
ψ0 = 0.

In our derivation, the input was the set of six equations in blue on the last page:
two perturbed Bianchi identities,
the equation for ψ1 in terms of Christoffel symbols (spin coefficients),
the vanishing of Ψ1 in Schwarzschild (giving Dβ = ϱβ),
the commutator [D, δ] = [e1, e3] in Schwarzschild,
a Bianchi identity for Ψ2 in Schwarzschild.

We also used the fact that all spin coefficients are real. We’ll follow the same path for Kerr, with a
couple of additional relations associated with θ derivatives that vanish for Schwarzschild and with spin
coefficients that are complex.
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9.2.3 Kerr
Although the explicit forms of the spin coefficients is given below, with a sample calculation, they are
not used to derive the Teukolsky equation in the form (9.71) below. You need only the NP equations
and the fact that the other spin coefficients vanish. The vanishing of κ, σ, λ, ν, τ is automatic for a type
D Weyl tensor: Five components of the Bianchi identities– i.e., five of NP Eqs. (4.5)– are simply

3κΨ2 = 0, −3λΨ2 = 0, 3σΨ2 = 0, −3τΨ2 = 0, 3νΨ2 = 0.

The choice of Kinnersley tetrad also makes ϵ = 0 and α = π − β. The derivation of Eq. (9.71) using
only this information, begins after Eq. (9.67) below.

From Eq. (9.16), we have

e1 = ℓ· =
1

∆
[(r2 + a2)∂t +∆∂r + a∂ϕ], (9.63a)

e2 = n· =
1

2ρ2
[(r2 + a2)∂t −∆∂r + a∂ϕ], (9.63b)

e3 = m· =
1√

2 (r + ia cos θ)

(
ia sin θ∂t + ∂θ +

i

sin θ
∂ϕ

)
(9.63c)

In calculating the commutation coefficients cpmn, you’ll need to invert these expressions – to invert
em = em

µ∂µ in order to express ∂µ in terms of em. The easy way to do this is to use the dual frame ωm.
That is, because ωm(en) = ωmµen

µ = δmn , ωmµ is the inverse of enµ: ωmµem
ν = δνµ. Then

∂µ = ωmµem.

From the orthonormal dual frame vectors listed after Eq. (9.13), we quickly see

ω1 =

√
∆

2ρ
(Ω0 + Ω1), ω2 =

ρ√
∆
(Ω0 − Ω1), ω3 =

r + ia cos θ√
2 ρ

(Ω2 − iΩ3)

giving

ω1 =
∆

2ρ2
(dt− a sin2 θdϕ) +

1

2
dr, (9.64a)

ω2 = dt− a sin2 θdϕ− ρ2

∆
dr, (9.64b)

ω3 =
1√

2(r − ia cos θ)

[
ia sin θ dt+ ρ2dθ − (r2 + a2) i sin θdϕ

]
. (9.64c)

Here are the nonzero spin coefficients, followed by a sample calculation of one of them:

ϱ = − 1

r − ia cos θ
β =

1

2
√
2 (r + ia cos θ)

cot θ, π =
ia

2
√
2 (r − ia cos θ)2

sin θ, α = π − β̄,

µ = − ∆

2ρ2(r − ia cos θ)
, γ = µ+

r −M

2ρ2
, τ = − ia

2ρ2
sin θ. (9.65)

Calculation of ϱ = Γ314 =
1
2
(c431 − c143 − c314):

c143 = c243 = −ω2([e3, e4]), (9.66a)
c431 = −c331 = ω3([e1, e3]), c314 = −c341 = c431. (9.66b)
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Next, use Eqs. (9.63) for em to write

[e3, e4] =
1√

2(r + ia cos θ)
∂θ

[
1√

2(r − ia cos θ)

(
−ia sin θ∂t + ∂θ −

i

sin θ
∂ϕ

)]
− c.c.

= −∂θ(r − ia cos θ)√
2ρ2

e4 +
∂θ(r + ia cos θ)√

2ρ2
e3 +

2

2ρ2

(
−ia cos θ∂t +

i cot θ

sin θ
∂ϕ

)
= −ia sin θ√

2ρ2
(e3 + e4) +

i

ρ2
cot θ

(
−a sin θ∂t +

1

sin θ
∂ϕ

)
,

[e1, e3] = −2
∂r(r + ia cos θ)

r + ia cos θ
e3 = − 1

r + ia cos θ
e3

Using Eqs. (9.64b) and (9.64c), we have

c143 = −ω2([e3, e4]) = − i

ρ2
cot θ(−a sin θ + a sin θ) = 2

ia cos θ

ρ2

c413 = ω3([e1, e3]) = − 1

r + ia cos θ
,

and

ϱ = Γ314 =
1

2

(
−2r

ρ2
− 2

ia cos θ

ρ2

)
= −2r

ρ2
. (9.67)

We’ll use the following equations from NP, most of which we’ve already used: Starting from
Eq. (NP 4.2b) for Ψ0 in terms of spin coefficients, they are

(D − ϱ− ϱ̄)σ − (δ − τ − 2β)κ = Ψ0, (4.2b)
(D − 4ϱ)Ψ1 − (δ̄ − 4α + π)Ψ0 = −3κΨ2, (4.5-first)

(∆\ − 4γ + µ)Ψ0 − (δ − 2β − 4τ)Ψ1 = −3σΨ2 (4.5-fifth)
DΨ2 = 3ϱΨ2 (4.5-second)
δΨ2 = 3τΨ2 (4.5-sixth)
Dτ = ϱτ + ϱπ̄ +Ψ1 (4.2c)
Dβ = ϱ̄β (4.2e)
δϱ = (ᾱ + β)ϱ+ (ϱ− ϱ̄)τ (4.2k)

[D, δ] = ϱ̄δ (4.4)

In the first paragraph, we used the vanishing of Ψi, i ̸= 2 to infer the vanishing of a set of spin
coefficients. Conversely, if one uses the explicit tetrad to show κ = σ = 0, then, from the NP equation
for Ψ0 in terms of spin coefficients and (NP 4.2b), we immediately have Ψ0 = 0 for the background
spacetime. Eq. (NP 4.2c) implies Ψ1 = 0, after one checks that Dτ = (τ + π̄). 1

We use the remaining equations in their perturbed forms to get the Teukolsky equation. As usual,
we start with the Bianchi identities for ψ0,

(D − 4ϱ)ψ1 − (δ − 4α + π)ψ0 = −3κ̇Ψ2, (9.68)
(∆\ − 4γ + µ)ψ0 − (δ − 4τ − 2β)ψ)1 = −3σ̇Ψ2. (9.69)

1The relations κ = σ = 0 ⇐⇒ Ψ0 = Ψ1 = 0 and ν = λ = 0 ⇐⇒ Ψ3 = Ψ4 = 0 are two instances of the Goldberg-
Sachs theorem. The vanishing of κ and σ is the statement that ℓα generates a congruence of shear-free null geodesics and the
theorem states that such a congruence exists if and only if the Weyl tensor is algebraically special, Ψ0 = Ψ1 = 0. Similarly,
ν = λ = 0 means that nα generates a second family of shear-free null geodesics.
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From the right sides, we infer the form of the operators that should act on each equation to eliminate σ̇
and τ̇ and hope that they will also eliminate ψ1: From (NP 4.2b), we need (D − ϱ− ϱ̄) to act on σ̇, and
(δ − τ − 2β) to act on κ̇. By (4.5-second) and (4.5-sixth), we have

(D − 4ϱ− ϱ̄)(Ψ2σ̇) = Ψ2(D − ϱ− ϱ̄)σ̇,

(δ − 4τ − 2β)(Ψ2κ̇) = Ψ2(δ − τ − 2β)κ̇,

So we use (D − 4ϱ− ϱ̄)[Eq.(9.69)−(δ − 4τ − 2β)[Eq. (9.68)]:

(D − 4ϱ− ϱ̄)[(∆\ − 4γ + µ)ψ0 − (δ − 4τ − 2β)ψ)1]

−(δ − 4τ − 2β)[(D − 4ϱ)ψ1 − (δ − 4α + π)ψ0] = −3Ψ2ψ0.

Then what remains is to show

[(D − 4ϱ− ϱ̄)(δ − 4τ − 2β)− (δ − 4τ − 2β)(D − 4ϱ)]ψ1 = 0.

The operator on the left side is

−ϱ̄(δ − 4τ − 2β) + [D − 4ϱ, δ − 4τ − 2β]. (9.70)

Expanding the commutator, and using the last set of NP equations above, we have

[D − 4ϱ, δ − 4τ − 2β] = [D, δ]− 4Dτ − 2Dβ + 4δϱ

= ϱ̄δ − 4τϱ− 4π̄ϱ− 2ϱ̄β + 4(ᾱ + β)ϱ+ 4(ϱ− ϱ̄)τ

= ϱ̄(δ − 4τ − 2β),

canceling the first term in (9.70) ! (Use π̄ = ᾱ + β to get the last equality.)
The Teukolsky equation is then

[ (D − 4ϱ− ϱ̄)(∆\ − 4γ + µ) + 3Ψ2 − (δ − 4τ − 2β)(δ − 4α + π) ]ψ0 = 0. (9.71)
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9.3 Appendix to Chapter 9
Naming of parts

ℓµ∂µ = D, nµ∂µ = ∆\ , mµ∂µ = δ, mµ∂µ = δ̄.

κ = Γ311 ϱ = Γ314 ϵ =
1

2
(Γ211 + Γ341)

σ = Γ313 µ = Γ243 γ =
1

2
(Γ212 + Γ342)

λ = Γ244 τ = Γ312 α =
1

2
(Γ214 + Γ344)

ν = Γ242 π = Γ241 β =
1

2
(Γ213 + Γ343)

Γ211 = ϵ+ ϵ̄ Γ341 = ϵ− ϵ̄ Γ212 = γ + γ̄ Γ342 = γ − γ̄ Γ214 = α + β̄ Γ344 = α− β̄.

Γ1
11 = ϵ+ ϵ̄ Γ2

21 = −(ϵ+ ϵ̄) Γ3
11 = −κ̄ Γ4

11 = −κ
Γ1

12 = γ + γ̄ Γ2
22 = −(γ + γ̄) Γ3

12 = −τ̄ Γ4
12 = −τ

Γ1
13 = ᾱ + β Γ2

23 = −(ᾱ + β) Γ3
13 = −ϱ̄ Γ4

13 = −σ
Γ1

14 = α + β̄ Γ2
24 = −(α + β̄) Γ3

14 = −σ̄ Γ4
14 = −ϱ

Γ1
31 = π̄ Γ2

31 = −κ Γ3
21 = π Γ4

21 = π̄

Γ1
32 = ν̄ Γ2

32 = −τ Γ3
22 = ν Γ4

22 = ν̄

Γ1
33 = λ̄ Γ2

33 = −σ Γ3
23 = µ Γ4

23 = λ̄

Γ1
34 = µ̄ Γ2

34 = −ϱ Γ3
24 = λ Γ4

24 = µ̄

Γ1
41 = π Γ2

41 = −κ̄ Γ3
31 = ϵ− ϵ̄ Γ4

41 = ϵ̄− ϵ

Γ1
42 = ν Γ2

42 = −τ̄ Γ3
32 = γ − γ̄ Γ4

42 = γ̄ − γ

Γ1
43 = µ Γ2

43 = −ϱ̄ Γ3
33 = β − ᾱ Γ4

43 = ᾱ− β

Γ1
44 = λ Γ2

44 = −σ̄ Γ3
34 = α− β̄ Γ4

44 = β̄ − α

C1212 = −(Ψ2 + Ψ̄2) C1313 = −Ψ0 C1414 = −Ψ̄0 C2323 = −Ψ̄4 C3434 = −(Ψ2 + Ψ̄2)

C1213 = −Ψ1 C1314 = 0 C1423 = Ψ̄2 C2324 = 0

C1214 = −Ψ̄1 C1323 = 0 C1424 = 0 C2334 = Ψ̄3

C1223 = Ψ̄3 C1324 = Ψ2 C1434 = −Ψ̄1 C2424 = −Ψ4

C1224 = Ψ3 C1334 = Ψ1 C2434 = −Ψ3

C1234 = Ψ2 − Ψ̄2



Chapter 10

Black Hole Thermodynamics

We’re back to − + ++ and are roughly following the Bardeen-Carter-Hawking paper, The Four Laws
of Black Hole Mechanics, Comm. Math. Phys. 31, 161-170 (1973). These analogues of four laws of
thermodynamics are presented below in the order

2nd law: Area increase theorem, corresponding to entropy increase.

0th law: The surface gravity κ of a black hole is constant, corresponding to the constant tempera-
ture of a system in thermodynamic equilibrium.

3rd law: One cannot reduce κ to zero, corresponding to the inability to reach T = 0 in classical
thermodynamics.

1st law: δM = 1
8π
κδA+ ΩHδJ .

10.1 The 2nd Law: The Area of the Event Horizon Can Never
Decrease

Recall that the event horizon, H , is the boundary of the past of future null infinity. From any point
outside H there is a future directed timelike line that reaches infinity—an inextendible timelike line
without future endpoint that remains forever outside H . By considering a family of such lines that begin
from points P1, P2, · · · converging to P on H , one acquires at each P in H a future directed null line l
that is inextendible and has no future endpoint.

316
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Figure 10.1: Similar to figures in a Geroch-Horowitz paper[54]

These null lines are called the null generators of H .

Let ℓα be a nonvanishing vectorfield that is tangent on H to the null generators.
Claim: The null generators of a null hypersurface (e.g., H) are geodesics.

Proof: Call the null hypersurface H . Let u be a scalar that is constant on H and with ∇αu ̸= 0. Note
first that ∇αu is null. This follows from the fact that the tangent space at a point P of H is spanned by
a null vector ℓα and two orthogonal spacelike vectors. Then ℓα is orthogonal to every vector in H; and
any vector orthogonal to all other vectors in H must be along ℓα (other vectors are not null and so not
orthogonal to themselves). So ℓα = f∇αu, some scalar f . We have

ℓβ∇βℓ
α = ℓβ∇β(f∇αu) = (ℓβ∇βf)∇αu+ fℓβ∇β∇αu

=
ℓβ∇βf

f
ℓα + f 2∇βu∇α∇βu =

ℓβ∇βf

f
ℓα + f 21

2
∇α (∇βu∇βu)︸ ︷︷ ︸

0

=
ℓβ∇βf

f
ℓα.

Thus ℓα generates a geodesic congruence. □
When we get to stationary, axisymmetric black holes, we will see that ℓα is along a Killing vector,

and we can set it equal to the Killing vector if we do not use affine parametrization. Following Bardeen-
Carter-Hawking, we write

ℓβ∇βℓ
α = κℓα. (10.1)

This κ is not the NP spin coefficient, which we will denote by κNP on the one occasion when we need
it.

We can now state the area increase law. Let S be a spacelike slice of H orthogonal to ℓα; and
let ψλ be the family of diffeos generated by ℓα, so ψλ moves you a parameter distance λ along the
null generators of H . Let Sλ = ψλ(S) and let Aλ be the area of the black hole with boundary Sλ:
Aλ =

∫
Sλ

ϵαβdS
αβ .
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2nd Law:
d

dλ
Aλ ≥ 0. (10.2)

This theorem, due to Hawking, follows quickly from the Raychaudhuri equation, the general rel-
ativistic form of the optical scalar equation. This equation describes the cross section of a bundle of
nearby null rays – called a congruence – and it is applied to the generators of the horizon. Let ℓα be a
null vector field tangent to a family of affinely parametrized null geodesics. (For this proof we use the
affinely parametrized ℓα.) A circular cross section of the family distorts as it evolves, and the distortion
can be regarded as a sum of three parts, a change in its area, a rotation of the circle and a shearing of
the circle, taking the circle to an ellipse. In terms of ℓα this describes a decomposition of ∇αℓβ or, more
accurately, of the projection of ∇αℓβ onto the cross section orthogonal to ℓα.

Let nα be a null vector with ℓαnα = −1. Let eαβ be the projection ⊥ to ℓα and nα:

eαβ = gαβ + ℓαnβ + ℓβnα = mαmβ +mαmβ. (10.3)

We can regard eαβ as the Euclidean 2-metric on a cross section of the congruence of null geodesics.
The divergence, shear and rotation of the congruence are defined by

eγαe
δ
β∇γℓδ = σαβ +

1

2
eαβθ + ωαβ,

θ = eαβ∇αℓβ, σαβ = eγαe
δ
β∇(γℓδ) −

1

2
eαβθ, ωαβ = eγαe

δ
β∇[γℓδ] (10.4)

Because ℓα = f∇αu, ωαβ vanishes:

ωαβ = e[α
γeβ]

δ∇γℓδ

= e[α
γeβ]

δ∇γf ∇δu

= 0, using eαβ∇βu = 0.

Then, using ℓβ∇βℓα = κℓα, ℓ
β∇αℓβ = 0, we have

∇αℓβ = (eα
γ − ℓαn

γ − ℓγnα)(eβ
δ − ℓβn

δ − ℓδnβ)∇γℓδ

= eα
γeδβ∇γℓδ + ℓαℓβn

γnδ∇γℓδ − eγαℓβn
δ∇γℓδ − eδβℓαn

γ∇γℓδ − κnαℓβ.

= σαβ +
1

2
eαβθ + ℓαℓβn

γnδ∇γℓδ − eγαℓβn
δ∇γℓδ − eδβℓαn

γ∇γℓδ − κnαℓβ. (10.5)

Proof of 2nd Law: We have

d

dλ
Aλ =

∫
Σ

£ℓϵαβdSαβ,

where ϵαβ = ϵαβγδℓ
γnδ. We will, for this proof, choose ℓα to be affinely parametrized (κ = 0), and it

will be helpful to extend ℓα to a null vector field on a neighborhood of H . Then

Lℓℓα = ℓβ∇βlα + ℓβ∇αℓ
β = 0 +

1

2
∇α(ℓβℓ

β) = 0.

Using
Lℓϵαβγδ = ∇ · ℓ ϵαβγδ, Lℓℓγ = 0, ℓδLℓnδ = −nδLℓℓδ = 0,

we obtain
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Lℓϵαβ dSαβ = ∇γℓ
γ ϵαβdS

αβ.

Let us now use (10.5) to obtain an equation for ℓβ∇βθ = θ̇ — we will show that θ̇ ≤ 0.

∇γ∇δℓα −∇δ∇γℓα = Rαβγδℓ
β

⇒ ℓδeαγ(∇γ∇δℓα −∇δ∇γℓα) = Rαβℓ
αℓβ (10.6)

LHS = (ℓαeβϵ − ℓϵeαβ)∇ϵ∇αℓβ

= (ℓαeβϵ − ℓϵeαβ)∇ϵ(σαβ +
1

2
eαβθ + ℓαℓβ n

γnδ∇αℓδ − eγαℓβn
δ∇γℓδ − eδβℓαn

γ∇γℓδ)(10.7)

The last three terms in parentheses all die by virtue of the relations

eαβℓβ = 0, ℓβ∇βℓα = −0, ℓβ∇αℓβ = 0, ℓαℓα = 0,

and we are left with

LHS = ℓαeβγ∇γ(σαβ +
1

2
eαβθ)− ℓγeαβ∇γ(σαβ +

1

2
eαβθ). (10.8)

Considering each term in turn, we have

ℓαeβγ∇γ(σαβ +
1

2
eαβθ) = eβγ∇γ [ℓ

α(σαβ +
1

2
eαβθ)]︸ ︷︷ ︸

0

− eβγ∇γℓ
α (σαβ +

1

2
eαβθ)

= −eβγ∇γℓδ e
αδ (σαβ +

1

2
eαβθ)

= −(σαβ +
1

2
eαβθ)(σαβ +

1

2
eαβθ)

= −σαβσαβ −
1

2
θ2 (10.9)

−ℓγeαβ∇γ(σαβ +
1

2
eαβθ) = −ℓγ∇γ[e

αβ(σαβ +
1

2
eαβθ)] + ℓγ∇γe

αβ(σαβ +
1

2
eαβθ)

= −ℓγ∇γθ + ℓγ∇γ(ℓ
αnβ + ℓβnα)(σαβ +

1

2
eαβθ)

= −ℓγ∇γθ. (10.10)

From Eqs. (10.6), (10.8), (10.9), and (10.10), we obtain the Raychaudhuri equation,

−σαβσαβ −
1

2
θ2 − θ̇ = Rβαℓ

βℓδ

or
θ̇ = −1

2
θ2 − σαβσαβ −Rαβℓ

βℓα. (10.11)

Then the energy condition
Rαβℓ

αℓβ ≥ 0, all null ℓα,
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implies

θ̇ ≤ −1

2
θ2. (10.12)

This last equation is the key to the area theorem. If θ = θ0 < 0 anywhere on H , then (10.12) implies

θ−2 dθ

dλ
≤− 1

2
=⇒

∫ λ

0

θ−2 dθ

dλ
dλ ≤ −1

2
λ

− 1

θ
+

1

θ0
≤ −λ

2

⇒ θ ≤ 2

λ−
(
− 2
θ0

) (10.13)

Eq. (10.13) implies θ → −∞ within an affine parameter length λ <
∣∣∣ 2θ0 ∣∣∣ from the point where θ = θ0.

This means that two future-directed neighboring null generators of H cross in finite affine parameter
length—at some point P of H . But then their tangents will be two null vectors at P : ℓα and ℓ̂α (!), and a
linear combination will be a timelike vector on H , contradicting the fact that H is null. Therefore θ ≥ 0
on H and dA

dλ
≥ 0. □

10.1.1 Area of a Kerr black hole and irreducible mass
The area increase theorem gives an upper limit on the energy that can be extracted from a black hole,
by, for example, the Penrose process or in the inspiral and merger of two black holes. In the Penrose
process, the area of the final black hole must be larger than that of the initial black hole; in inspiral and
merger, the final black hole must have an area larger than the sum of the initial areas. (The horizon of a
spacetime of two merging black holes is a continuous 3-surface; an early spacelike slice is the disjoint
union of two spheres, and each late slice is a single sphere.)

In the Kerr geometry, the horizon area A is the area of a θ, ϕ sphere with ∆ = 0. Although the
Boyer-Lindquist form (5.43) of the metric gives the correct induced metric on the horizon 2-spheres
spanned by θ and ϕ, these are surfaces of constant t and ϕ, and t is undefined on the horizon. So we
should use the metric in Kerr coordinates (5.97), setting r = r+, ∆ = 0, and v = constant, to read off
the metric on a slice of the future horizon:

ds2 =
sin2 θ

ρ2
(r2+ + a2)dϕ2 + ρ2dθ2,

√
2g = (r2+ + a2) sin θ . (10.14)

Then, writing A =
∫ √

2g dθdϕ and using r2+ + a2 = 2Mr+ , we have

A = 8πMr+ = 8πM(M +
√
M2 − a2). (10.15)

The maximum energy that can be extracted is the difference in mass between this rotating black hole
and the smallest-mass black hole with an area this large, namely a Schwarzschild black hole, with

A = 16πM2
final. (10.16)

The irreducible mass of the original black hole is this smallest final mass,

Mirreducible =

√
A

16π
=

M√
2

√
1 +

√
1− (a/M)2. (10.17)
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Then the largest amount of available rotational energy isM−Mirreducible for an initial maximally rotating

black hole; from Eq. (10.17) a < M implies Mirreducible > 1/
√
2, and the extracted energy is limited

by
∆M

M
< 1− 1√

2
≈ 0.29. (10.18)

It is easy to check that the limit for collision of two Schwarzschild black holes with negligible initial
kinetic energy is again

∆M

Mtotal

< 1− 1√
2
, (10.19)

much larger than the ∼ 0.05Mtotal actually radiated in binary inspiral (see, e.g., Eq. (4.71) or GW150914).[35]

Exercise 115. A 2-line exercise: Show for equal-mass Kerr black holes with opposite spins, area increase
imposes only the weaker limit

∆M

Mtotal

<
1

2
. (10.20)

Stationary, axisymmetric horizons

We look now at equilibrium configurations—stationary, axisymmetric black holes, with Killing vec-
tors tα and ϕα. Because the spacetime is stationary and axisymmetric, rotations and time-translations
map the horizon to itself. It follows that tα and ϕα are tangent to the horizon H . This is because ϕα is
tangent to the circular trajectories of rotated points, and tα is tangent to the trajectories of time-translated
points.

We have seen (beginning on pp. 203) that the horizon is the set of points where the determinant of
the 2-metric in the t-ϕ plane vanishes gttgϕϕ − g2tϕ = t · t ϕ · ϕ− (t · ϕ)2 = 0.

Frame dragging is measured by ω = −t · ϕ/ϕ · ϕ, the angular velocity of freely falling observers
with zero angular momentum. And, as shown in Eqs. (5.54), the vanishing of the 2-metric determinant
implies that it is the vector field tα + ωϕα that is null on the horizon. That is, the generators of the
horizon are the paths of zero-angular-momentum photons.

Exercise 116. The tangent space at each point of spacetime is a copy of Minkowski space. Show that
the metric in a null hyperplane in Minkowski space has vanishing determinant. Pick your favorite
null hyperplane and show that the induced metric on it has vanishing determinant. This means
that the 3-metric is degenerate, mapping some vector to 0. Show that 3gαβℓ

β = 0, where ℓα is a
null vector in the null plane. Finally, defining nα as the null vector orthogonal to the horizon for
which nαℓα = −1, show that 3gαβ = eαβ := gαβ + ℓαnβ + ℓβnα.

10.2 Mass and angular momentum of stationary axisymmetric black-
hole spacetimes

The asymptotic metric of rotating stars and black holes has the form that we saw for Kerr black holes,
agreeing with Schwarzschild at order 1/r and with Kerr to order 1/r2 in an asymptotically Cartesian
chart. In particular, the mass appears in the asymptotic form of tαtα,

gtt = −(1− 2M/r) +O(r−2); (10.21)

https://arxiv.org/pdf/1606.01210.pdf
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and the angular momentum appears in the leading term in tαϕα: As in (5.40),

gtϕ = −2
J

r
sin2 θ [1 +O(r−1)], (10.22)

corresponding to the form 5.41, gti = 2ϵijk
xjJk

r3
+O(r−3), in the associated Cartesian chart.

We will see that the asymptotic behavior is tied to expressions for mass and angular momentum as
integrals at infinity involving the timelike and rotational Killing vectors, respectively. Gauss’s theorem
then relates the asymptotic integrals to volume integrals over the matter. (Underlying all this is the
general relation between symmetries and conserved quantities, discussed in the Noether part of Sect. 11.)
We begin with surface integral expressions for M and J , introduced by Komar, showing

M = − 1

4π

∫
∞
∇αtβdSαβ, J =

1

8π

∫
∞
∇αϕβdSαβ. (10.23)

When ∂Σ is a t = constant, r = constant surface, dSµν =
√
−g∇[µt∇ν]rdθdϕ.

For our asymptotic calculations, we’ll use a chart in which, as in Boyer-Lindquist coordinates for
Kerr,

ds2 = −
[
1− 2M

r
+O(r−2)

]
dt2 − 4J

r
sin2 θ dt dϕ[1 +O(r−1)] + r2 sin2 θdϕ2[1 +O(r−2)]

+

[
1 +

2M

r
+O(r−2)

]
dr2 + r2dθ2[1 +O(r−2)]. (10.24)

Then, recalling tµ = gµt, ϕµ = gµϕ, we have∫
∞
∇αtβdSαβ = lim

r→∞

∫
gttgrr

1

2
(∂ttr − ∂rtt)r

2dΩ = −1

2
lim
r→∞

∫
∂r(1− 2M/r)r2dΩ

= −4πM. (10.25)

Similarly,∫
∞
∇αϕβdSαβ = lim

r→∞

∫
gtµgrν∂[µϕν]r

2dΩ = lim
r→∞

∫
1

2
[gttgrr(−∂rgtϕ) + gtϕgrr(−∂rgϕϕ)]r2dΩ

= lim
r→∞

∫
1

2

[
∂r

(
−2J

r
sin2 θ

)
+

2J

r3
∂r
(
r2 sin2 θ

)]
dΩ

= 8πJ. (10.26)

Now, from the identity (10.39) for a Killing vector ξα,

∇β∇αξβ = Rα
βξ

β, (10.27)

Gauss’s theorem gives the integral
∫
Σ
∇β∇αξβdSα over a 3-dimensional hypersurface in terms of the

integral over its boundary, ∫
Σ

∇β∇αξβdSα =

∫
∂Σ

∇αξβdSαβ. (10.28)

(See Sect. 10.5 below for a quick proof of Gauss’s theorem in this form or read section A.2.1 of the
integration appendix A.)
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For a rotating star (or, more generally, a stationary, axisymmetric, asymptotically flat orientable
spacetime with no interior boundary), the only boundary is at infinity, and Gauss’s theorem relates M
and J , given as integrals at infinity, to volume integrals over the matter:

M = − 1

4π

∫
∞
∇αtβdSαβ = − 1

4π

∫
Σ

Rα
βt
βdSα, (10.29a)

J =
1

8π

∫
∞
∇αϕβdSαβ =

1

8π

∫
Σ

Rα
βϕ

βdSα. (10.29b)

Exercise 117. Using the field equation in the formRαβ = 8π(Tαβ− 1
2
gαβT ), check that these expressions

have the Newtonian limits M =
∫
ρdV , J =

∫
ρϖ2ΩdV , for a rotating fluid with density ρ and

velocity v = ϖω, with ϖ the cylindrical radius.

Eqs. (10.29) show that a stationary, asymptotically flat, orientable vacuum spacetime with no interior
boundary and a single asymptotic region has vanishing mass and angular momentum: It is flat space.

For a black hole spacetime, the boundary ∂Σ is the disjoint union of the sphere at infinity and a slice
S of the horizon. Gauss’s theorem now relates the surface integrals M and J at infinity to the surface
integrals over the black hole:

M = − 1

4π

∫
S

∇αtβdSαβ −
1

4π

∫
Σ

Rα
βt
βdSα ≡MH +Mmatter, (10.30a)

J =
1

8π

∫
S

∇αϕβdSαβ +
1

8π

∫
Σ

Rα
βϕ

βdSα ≡ JH + Jmatter. (10.30b)

Here, the surface integrals over the horizon, MH and JH , can be regarded as the horizon’s mass and
angular momentum; the volume integrals Mmatter and Jmatter are the contributions of the matter to
the total M and J . Note, however, that the contribution of the matter to the total mass includes its
gravitational binding energy.

10.3 Two Constant Scalars on H
To summarize: The horizon H is the surface on which t[αϕβ] is null:

0 = 2t[αϕβ]tαϕβ = t · t ϕ · ϕ− (t · ϕ)2; (10.31)

and the linear combination tα + ΩHϕ
α is null, where

ΩH ≡ ωH = − t · ϕ
ϕ · ϕ

∣∣∣∣
H

. (10.32)

The null generators of the horizon then have tangent ℓα = (tα+ΩHϕ
α)f , where f is any nonzero scalar.

If one chooses f = 1, then
ℓα = tα + ΩHϕ

α. (10.33)

By setting the coefficient of tα to 1, one sacrifices the affine parametrization of ℓα. Away from the
horizon, we will take ℓα to be tangent to outgoing null rays and denote by kα the Killing vector

kα = tα + ΩHϕ
α everywhere, (10.34)
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coinciding with ℓα only on the horizon: 1

ΩH is the angular velocity of H in the sense that a point moving along the generators of H (along
the integral curves of ℓα) has angular velocity ΩH as seen by an observer at infinity; well, a point on
the horizon can’t be seen from infinity, so ΩH is the limiting angular velocity as seen from infinity of
particle trajectories just outside the horizon. The amazing thing is that the horizon rotates as a rigid
body: ΩH is constant. For Kerr black holes, this is already implied by the explicit form (5.56), namely
ΩH = a/2Mr+. For distorted black holes – e.g., stationary axisymmetric black holes surrounded by an
accretion disk, the result is still valid:

ΩH is constant on H .

Proof. We already know that the component of ∇ΩH along ℓα vanishes; that is, since tα and ϕα are
Killing vectors, tα∇αΩH = 0 = ϕα∇αΩH , implying

ℓα∇αΩH = 0.

Our job is to show that eβα∇βΩH = 0, or, equivalently, mα∇αΩH = 0. We begin by using the same
argument to write

θ̇ ≡ ℓα∇αθ = 0.

When the null energy condition is satisfied, all terms on the RHS of the Raychaudhuri equation, (10.11),
are negative, and θ̇ = 0 then implies that each term must vanish,

σαβ = 0, θ = 0, Rαβl
αlβ = 0. (10.35)

(Because the Raychaudhuri equation was written for an affinely parametrized ℓα, we have shown only
that σαβ and θ vanish for an affinely parametrized ℓα; but it is easy to check that they then vanish for
any parametrization of ℓα.)

Exercise 118. Check this.

We next use the vanishing of the shear and divergence on H:

σαβ = 0 = θ ⇒ 0 = mαmβ∇αℓβ = mαmβ∇αkβ (this is the NP σ). (10.36)

Using Ltgαβ = 0 = Lϕgαβ , we have

Lkgαβ = 2∇(αkβ) = 2∇(αΩHϕβ) (10.37)

Contracting with mαmβ , already symmetric in the indices αβ , gives

mαmβϕα∇βΩH = 0.

Now mαϕ
α is nonzero; otherwise ϕα would be orthogonal to mα and mα , implying it would be parallel

to ℓa. This is impossible because the trajectories of ϕα are circles, closed curves with finite affine
parameter length, contradicting the infinite affine parameter length of the horizon’s generators. (It would
also violate causality - photons would follow closed curves, looping backward in time.) Thus

mβ∇βΩH = 0. □ (10.38)

1Bardeen-Carter-Hawking paper[12] use ℓα to mean the Killing vector, so for them, ℓα is null only on the horizon. We
keep ℓα null to conform to NP formalism, which we’ll use in the calculations.
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ΩH constant on the horizon means that ℓα = tα + ΩHϕ
α is a Killing vector on the horizon. A

horizon whose null generator is a Killing vector is called a Killing horizon; so we have just shown that
the horizon of a stationary, axisymmetric spacetime is a Killing horizon.

Note that ℓα is a Killing vector on the horizon for the parametrization of the null generators that
gives ℓα the form tα + ΩHϕ

α. As mentioned above, with this choice, ℓα is not affinely parametrized:

ℓβ∇βℓ
α = κℓα,

with κ nonzero. κ is called the “surface gravity,” and it measures the acceleration of ℓα. It will play the
role of temperature. (This is not the NP spin-coefficient labeled κ; it is the real part of the NP ϵ in a
tetrad for which ℓ is not affinely parametrized.) Once the QFTCST calculation is done, the identification

is T =
κ

2π
, entropy S =

A

4
, in units with G = c = ℏ = kB = 1, where kB is Boltzmann’s constant.

(Keeping the constants and taking κ to have dimension of acceleration, L/T 2, we have
kBT = κℏ/(2πc), S = kBA/(4ℓ

2
P ), with ℓP =

√
Gℏ/c3 = Planck length. )

Exercise 119. To prove the 0th law, that κ is constant on the horizon, we’ll need the following identity
for a Killing vector ξα:

∇α∇βξγ = −Rβγαδξ
δ. (10.39)

Prove this, starting from the definition [∇β,∇γ]ξα = Rβγαδξ
δ.

Hint: Use ∇αξβ+∇βξα = 0 to replace one of the terms, write down two cyclic permutations, and
add the three equations with one minus sign to get the relation. (You’ll also need R[αβγ]δ = 0.)

0th Law: κ is constant on H (for vacuum or for matter satisfying the dominant energy condition).
This time, we’ll first give the general proof and then explicitly find κ for Kerr.
Proof. Again, to prove κ constant on H , it suffices to show

mβ∇βκ = 0. (10.40)

The definition (10.1) of κ is equivalent to

κ = −nαℓβ∇βℓ
α. (10.41)

We’ll use the vanishing of shear, divergence and twist of ℓα in Eq. (10.5) for ∇αℓβ:

∇αℓβ = ℓαℓβn
γnδ∇γℓδ − eγαℓβn

δ∇γℓδ − eδβℓαn
γ∇γℓδ − κnαℓβ. (10.42)

In particular, we’ll need the result of dotting this with mα. Only the second term on the right survives:

mα∇αℓβ = −ℓβmγnδ∇γℓδ, (10.43)

implying that the NP spin coefficients κNP and ϱ, as well as σ, vanish on H .2 (With the Kinnersley
tetrad, ℓα blows up on the horizon. Our ℓα is lαKinnersley∆ evaluated on the horizon where ∆ = 0. The
rescaling gives ϱ = 0, although it is nonzero on H for Kinnersley.)

Now on to ∇κ:

−mδ∇δκ = mδ∇δ(n
γℓβ∇βℓγ)

= mδ∇δn
γ ℓβ∇βℓγ +mδ∇δℓ

β nγ∇βℓγ +mδℓβ∇δ∇βℓγn
γ

2From the fact that ℓα is a Killing vector and Eq. (10.43), we have (with our −+++ convention)
κNP := −ℓβmα∇βℓα = ℓβmα∇αℓβ = ℓβ(−ℓβmγnδ∇γℓδ) = 0 and ϱ := −mβmα∇αℓβ = −mβ(−ℓβmγnd∇βℓδ) = 0.
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Use (10.43) in 2nd term and the Killing vector identity (10.39) in the 3rd:

−mδ∇δκ = mδ∇δn
γκℓγ − ℓβmδnϵ∇δℓϵ n

γ∇βℓγ +Rβγδϵm
βℓγnδℓϵ

2nd term = −mδnϵ∇δℓϵ n
γℓβ∇βℓγ︸ ︷︷ ︸

−κ

= κmδnϵ∇δℓϵ = − 1st term. (10.44)

Then only the 3rd term remains:

−mδ∇δκ = mδℓβRϵ
δβγℓϵn

γ = Rαβγδℓ
αmβℓγnδ

=

[
Cαβγδ +

1

2
(gαγRβδ + gβδRαγ − gβγRαδ − gαδRβγ)

]
ℓαmβℓγnδ

= −Ψ1 +Rβγm
βℓγ (coefficient of R vanishes).

Now Ψ1 vanishes: Because σ = 0 = κNP , NP (4.2k) implies Ψ0 = 0 as usual. WithDΨ1 = ℓα∇αΨ1 = 0
and ϱ = 0, there is only one remaining term in NP (4.5, first equation), which now has the form

2ϵΨ1 = 0.

But ϵ = 1
2
(Γ121 + Γ431), with nonzero real part −1

2
ℓβ∇βℓαn

α = κ. So Ψ1 = 0.
Finally, we show Rβγeα

βℓγ = 0. We have already seen that Rβγℓ
βℓγ = 0. The dominant energy

condition is the condition that Jα := Tαβℓ
β is nonspacelike. Now

Tβγℓ
βℓγ = Jβℓ

β = 0 ⇒ Jβ = fℓβ + eβ
γJγ

⇒ JβJ
β = eβγJβJγ > 0 unless eβγJγ = 0. (10.45)

Then Jα nonspacelike implies

0 = eαβJβ =
1

8π
eαβ(Rβγ −

1

2
gβγR︸ ︷︷ ︸

0

)ℓγ

= eαβRβγℓ
γ. (10.46)

⇒ κ constant on H . □

Surface gravity κ for Kerr

To find κ for a Kerr black hole, we’ll evaluate ℓβ∇βℓ
α on the horizon, with ℓα the null generator

normalized to agree with the Killing vector kα = tα + ΩHϕ
α on the horizon. We use the fact that the

generator ℓα of the horizon is along a principal null direction, agreeing with the affinely parametrized
null vector ℓαaffine of Eq. (5.69a) up to an overall factor f :

ℓα|H = lim
r→r+

(fℓαaffine). (10.47)

where ℓaffine satisfies the affinely parametrized geodesic equation,

ℓβaffine∇βℓ
α
affine = 0. (10.48)

Although ℓαaffine is not defined on H , ℓα is smooth everywhere, so its value on H is the limit as r → r+
of its value for r > r+. Then

κℓα|H = lim
r→r+

ℓβ∇β(fℓ
α
affine) = lim

r→r+
(ℓβ∇βf)ℓ

α
affine. (10.49)
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To find f , write ℓαaffine in terms of the basis vectors of the Kerr coordinates v, r, ϕ̃, θ: From Eqs.(5.96)
we have

∂t = ∂v, ∂ϕ = ∂ϕ̃, ∂r(with t, ϕ fixed) =
r2 + a2

∆
∂v + ∂r(with v, ϕ̃ fixed) +

a

∆
∂ϕ̃ . (10.50)

(the last equality is (5.99) with ∂v and ∂ϕ̃ replacing ∂t and ∂ϕ). In particular, in a Kerr basis, the generator
of the horizon is

ℓ|H = ∂v + ΩH∂ϕ̃. (10.51)

From Eq. (9.63a), in the Boyer-Lindquist coordinate basis, ℓaffine =
r2 + a2

∆
∂t + ∂r +

a

∆
∂ϕ, so in the

Kerr basis,

ℓaffine =
r2 + a2

∆
∂v +

(
r2 + a2

∆
∂v + ∂r +

a

∆
∂ϕ̃

)
+
a

∆
∂ϕ̃

= 2
r2 + a2

∆

(
∂v +

∆

2(r2 + a2)
∂r +

a

r2 + a2
∂ϕ̃

)
. (10.52)

Then,

lim
r→r+

[
∆

2(r2 + a2)
ℓaffine

]
= ∂v +

a

r2+ + a2
∂ϕ̃ = ∂v + ΩH∂ϕ̃ = ℓ|H . (10.53)

Thus f =
∆

2(r2 + a2)
,

ℓ = ∂v +
∆

2(r2 + a2)
∂r +

a

r2 + a2
∂ϕ̃, (10.54)

and Eq. (10.49) gives

κℓα|H = lim
r→r+

ℓαaffine

∆

2(r2 + a2)
∂r

∆

2(r2 + a2)

∣∣∣∣
H

=
r+ −M

r2+ + a2
ℓα ,

κ =
r+ −M

r2+ + a2
=

√
M2 − a2

2Mr+
. (10.55)

3rd Law: κ cannot be reduced to zero.

The third law of thermodynamics is the statement: It is impossible by any process, no matter how
idealized, to reduce the temperature to zero in a finite sequence of operations.
Its black hole analog is:
It is impossible by any process, no matter how idealized, to reduce κ to zero in a finite sequence of
operations.

As one spins up a Kerr black hole to its maximum value, a =M (an extremal black hole), its surface
gravity drops to zero. Reaching or surpassing a =M means creating a naked singularity, and the cosmic
censorship hypothesis is the statement this is impossible. There is no formal proof of cosmic censorship,
but all calculations that attempt to add enough angular momentum to a black hole by sending in particles
or fields end up adding enough mass to keep κ positive, as long as the matter satisfies a positive energy
condition. An extremal black hole has no trapped surface, and Israel proves a version of the third law[67]
that prevents a spacetime with trapped surfaces from evolving to one with no trapped surface.

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.57.397
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10.4 The 1st Law
The first law of thermodynamics gives the difference in energy between nearby equilibrium configura-
tions. We will begin with the first law for vacuum, asymptotically flat, stationary black hole spacetimes.
The Kerr family of geometries are the only such spacetimes, so the first calculation uses explicit expres-
sions for the energy (mass) of Kerr black holes.

We then present a more general derivation for stationary axisymmetric black holes surrounded by
matter (e.g., an accretion disk) following BCH, the original Bardeen-Carter-Hawking paper[12], and
filling in steps. They use ℓα to mean the Killing vector

ℓαBCH = tα + ΩHϕ
α, (10.56)

so ℓαBCH is null only on the horizon. To avoid confusion, these notes will denote the Killing vector by

kα = tα + ΩHϕ
α, (10.57)

with ℓα a null vector for which ℓα = kα only on H .
Consider a family of stationary axisymmetric black holes with masses, angular momenta, horizon

areas, and horizon angular velocities M(λ), J(λ), A(λ),ΩH(λ). The first law of thermodynamics ex-
presses the change in the mass (energy) along such a family of equilibria in terms of the thermodynamic
variables that describe the system. For the black hole, these will be entropy and angular momentum,
with the entropy identified with the black hole’s area (more precisely, after the BH temperature was
discovered, with A/8π): With δ denoting d/dλ at λ = 0, it has the form

δM =
1

8π
κδA+ ΩHδJ, (10.58)

analogous to
δM = TδS + ΩδJ, (10.59)

for a uniformly rotating system. For the unperturbed quantities, the black-hole relation is

M =
1

4π
κA+ 2ΩHJ, (10.60)

reminiscent of the M = TS − PV thermodynamic relation.

10.4.1 First law for Kerr black holes
To obtain Eq. (10.58) for Kerr black holes, we first need to find the surface gravity κ, for a black hole of
mass M and angular momentum J . We already know A and ΩH from Eqs. (10.15), (5.56) and (5.55),

A = 8πMr+, ΩH =
a

2Mr+
, where r+ =M +

√
M2 − a2. (10.61)

We can now easily check the first law (10.58) and the corresponding Smarr relation (10.60). We’ll
start with the Smarr relation. Using Eqs.(5.56), (10.15) and (10.55), for A,ΩH and κ, together with
J = aM , we have

A

4π
κ+ 2ΩHJ =

8πMr+
4π

r+ −M

2Mr+
+ 2

a

2Mr+
aM =

r2+ −Mr+ + a2

r+
=M. (10.62)

https://projecteuclid.org/search?term=four+laws+of+black+hole+mechanics
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The last equality used r2+ + a2 = 2Mr+ once again.
To obtain the first law, we express the Smarr relation in terms of of the variables M , A and J .

Writing r+ =
A

8πM
, we have

κ =
r+ −M

2Mr+
=

1

2M
− 4πM

A
, ΩH =

J

2M2r+
=

4πJ

AM
, (10.63)

and Eq. (10.60) takes the form

M =
A

8πM
−M +

8πJ2

AM
,

or

M2 =
A

16π
+

4πJ2

A
. (10.64)

Then

2MδM =

(
1

16π
− 4πJ2

A2

)
δA+

8πJ

A
δJ. (10.65)

Finally, divide by 2M , replace 4πJ2/A by M2−A/(16π), and then use Eq. (10.63) in reverse to restore
κ and ΩH , to get the first law.

δM =
κ

8π
δA+ 2ΩHδJ. □ (e:first1)

10.4.2 First law for relativistic stars and matter outside a black hole
We show in next section, Sect. 10.4.3 below, that the first law differs from its vacuum form, (10.58),
only by a contribution δMmatter from the matter. For an axisymmetric disk outside a black hole and for
a rotating star with no black hole, modeled in each case by a perfect fluid, the contribution of the matter
to change in total energy is a consequence of the local form of the first law: The change in mass is given
in terms of the change in the entropy S, baryon number N . The change in the energy of a fluid element,
measured by an comoving observer (an observer whose velocity uα is the velocity of the fluid element),
is dE = TdS + µdN. The corresponding change dM in the mass of the spacetime involves a redshift
factor and a term ΩdJ , with Ω the star’s angular velocity (which may depend on position), and dJ the
angular momentum of the fluid element.

The derivation in this section is drawn from previous discussions by Thorne [123], Zel’dovich and
Novikov [137] (with a section on injection energy by Thorne), and by Carter[26]. The text below is
largely taken from Friedman and Stergioulas [52].

Injection energy: First law deduced by dropping a group of baryons from infinity
Consider a stationary, axisymmetric star (or fluid outside a black hole) with fluid velocity

uα = ut(tα + Ωϕα). (10.66)

The contents of a box at infinity are to be injected into the star at a point P . 3 The box holds a collection
of baryons having the same composition as the matter at the point P . The collection has baryon number
δN and entropy δS; the box, including its contents, has energy δM1 and angular momentum δJ . In
order that the matter can be injected in a thermodynamically reversible process, the entropy per baryon

3To preserve axisymmetry, we can take the box to be an axisymmetric ring of fluid to be inserted at an axisymmetric
circle in the star.
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s in the box is to be that of the star at the point P , so that δS = sδN is the entropy of the δN baryons.
Denoting by p1α the initial four-momentum of the box, we have

δM1 = −p1αtα, δJ = p1αϕ
α. (10.67)

Imagine the box falling freely to the point P of the star. An observer at rest with respect to the fluid has
velocity uα(P ) given by Eq. (10.66), and when the box reaches P , the observer measures an energy

δE1 = −p1αuα = −ut(p1αtα + Ωp1αϕ
α)

= ut(δM1 − ΩδJ). (10.68)

Now, following Thorne, we suppose the observer catches the box at P and reversibly injects its contents
into the fluid, imparting to the fluid an energy

δE = TδS + µδN. (10.69)

Because the initial entropy per baryon was already s, not all of the available energy is used: Our
active observer uses the remaining energy to throw the empty box back up to infinity, on a trajectory with
zero angular momentum, so that the angular momentum δJ is retained by the fluid. The returning box
then has momentum p2α with vanishing angular momentum, p2αϕα = 0. Its locally measured energy
is δE2 = δE1 − δE = p2αu

α = p2αt
αut. Because its free trajectory conserves p2αtα, the box reaches

infinity with redshifted energy δM2 = p2αt
α =

δE2

ut
. The change in mass of the star is then related to

the change in baryon number, entropy, and angular momentum of the fluid by

δM = δM1 − δM2 =
1

ut
(δE1 − δE2) + ΩδJ =

δE

ut
+ ΩδJ

=
µ

ut
δN +

T

ut
δS + ΩδJ. (10.70)

The first law for generic black holes surrounded by an axisymmetric configuration of fluid or for a
relativistic star has the form

δM =
1

8π
κδA+ ΩHδJ +

∫
Σ

(
µ

ut
δdN +

T

ut
δdS + ΩδdJ

)
. (10.71)

where dJ = Tαβ ϕ
βdSα, dN = nuαdSα, and dS = sdN .

Although the reversible injection of a ring of matter preserves the local thermodynamic equilibrium,
the star itself is no longer in gravitational equilibrium after the process described in our derivation of the
first law. But the ignored global correction to the mass is second order in the perturbation: Readjusting
to the new equilibrium is a perturbation that preserves entropy, baryon number and angular momentum,
and an equilibrium configuration is an extremum of the mass for perturbations that conserve entropy,
baryon number and angular momentum.

10.4.3 First law for generic stationary axisymmetric black holes.
We show here that, as noted above, the vacuum terms in the first law have the same form for perturbations
of a stationary axisymmetric black hole spacetime with matter. We first show that the surface terms at
the horizon and at infinity again give κ

8π
δA + 2ΩδJ as the black-hole contribution to δM . We keep the

contribution from the matter for an arbitrary stress-energy tensor.
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We start by generalizing the Smarr relation (10.60). We can assume that the Killing vectors tα and
ϕα are the same for all λ: This uses our freedom to make an arbitrary diffeo or, in coordinate language,
to to say that in a fixed chart, each metric gαβ(λ) has components independent of t and ϕ. Consistent
with this, we can also require that the set of points comprising the horizon is the same for all metrics
gαβ(λ).4

From the Killing vector identity (10.27), we have

∇β∇αkβ = Rα
βk

β, (10.72)

vanishing for our vacuum spacetimes. Gauss’s theorem now gives the integral
∫
Σ
∇β∇αkβdSα over a

3-dimensional hypersurface in terms of the integral over its boundary,∫
Σ

∇β∇αkβdSα =

∫
∂Σ

∇αkβdSαβ. (10.73)

When ∂Σ is a t = constant, r = constant surface, dSµν =
√
−g∇[µt ∇ν]rdθdϕ. (See Sect. 10.5

below for a quick proof of Gauss’s theorem in this form or read section A.2.1 of the integration appendix
A.) With kα replaced by tα or ϕα, the identity shows that a stationary, asymptotically flat, orientable
vacuum spacetime with no interior boundary and a single asymptotic region has vanishing mass and
angular momentum: It is flat space. In our case, denoting by S the 2-dimensional slice of the horizon,
S := Σ ∩H , we have ∫

∞
∇αkβdSαβ =

∫
S

∇αkβdSαβ +

∫
Σ

Rα
βk

βdSα, (10.74)

where we have used Eq. (10.30a). From Eqs. (10.23), we have

1

4π

∫
∞
∇αkβdSαβ = −M + 2ΩHJ. (10.75)

Now to the integral over the horizon: We can take our slice S of H to be orthogonal to ℓα and nα,
spanned by mα and mα. On H , kα = ℓα, and the area element of S is

dSαβ =
1

2
(ℓαnβ − ℓβnα)dA, (10.76)

where the orientation is chosen in the same way as at the sphere at infinity: dStr = ϵtrθϕdθdϕ for t
increasing to the future and r increasing in the usual way for a radial coordinate.

Exercise 120. Quick exercise: Check this, starting with the area element in the form ω0
[αω

1
β]dA, for

an orthonormal frame {ωµ} with ω0 and ω1 normal to m. Then for some constant a, ℓα =

a(ω0
α − ω1

β), nα =
1

2a
(ω0

α + ω1
β).

4If the new and old horizons do not coincide, one can always make a t- and ϕ-independent diffeo that maps the new
horizon to the old one. Keeping tα and ϕα fixed was implicit in our derivation of the first law for Kerr, and fixing the
horizon as well is a sensible choice for proving the first law in general. Although this way of describing the family of
black holes is natural for proving the first law, it is not the way one would ordinarily describe changes in a black hole that
alter its orientation: Galactic black holes that accrete matter by swallowing stars change from one stationary axisymmetric
configuration to another, and the changes in area, mass, and total angular momentum are related by the first law. But
to describe the time-dependent accretion or the change in spin direction, one would typically pick a chart in which the
coordinate direction of the rotation axis changes.
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Next, using the Killing equation, ∇αkβ = ∇[αkβ], we have on S

∇αkβ
1

2
(kαnβ − kβnα) = kα∇αk

βnβ = ℓα∇αℓ
βnβ = −κ, (10.77)

implying
1

4π

∫
S

∇αkβdSαβ = − 1

4π
κA. (10.78)

With this expression for the surface integral at the horizon and Eq. (10.75) for the integral at infinity,
Eq. (10.74) gives the generalized Smarr relation

M =
1

4π
κA+ 2ΩHJ − 1

4π

∫
Σ

Rα
βk

βdSα, (10.79)

with the last term on the right the contribution from the matter.
To obtain the first law, we will use this relation, in the perturbed form

δM =
1

4π
δ(κA) + 2δ(ΩHJ) + δ1Mmatter, (10.80)

δ1Mmatter = − 1

4π

∫
Σ

Rα
βk

βdSα, (10.81)

together with a relation

δM = − 1

4π
δκ A− 2δΩH J + δ2Mmatter, (10.82)

that comes from varying the Hilbert action, I =
1

16π

∫
R
√
−gd4x. Adding these two equations imme-

diately gives the first law.
The variation of the action is given in Sect. 11.1 below. To avoid factors of 1/2 and conform to BCH,

we’ll look at the change in
1

8π
R
√
−g from an arbitrary perturbation hαβ of the metric. From Eq.(11.4),

we have
1√
−g

δ
(
R
√
−g
)
= −Gαβhαβ +∇αA

α, (10.83)

where
Aα = ∇βh

αβ −∇αh. (10.84)

One ordinarily obtains the field equation by varying the action, defined as an integral over a region
of spacetime between an initial and final hypersurface. Here, because we are looking at stationary
solutions, we can omit the integral over time and write the action as an integral over Σ: Eq. (10.83)
gives

1

8π

∫
Σ

δ(R
√
−g)d3x = − 1

8π

∫
Σ

Gαβhαβ
√
−g d3x+ 1

8π

∫
Σ

∇αA
α
√
−g d3x. (10.85)

We now show that the second integral on the right is the sum of surface terms at infinity and at the
horizon, having the form

1

8π

∫
Σ

∇αA
α
√
−g d3x = surface integral at infinity − surface integral at horizon

= δM +
1

4π
δκA+ δΩH JH , (10.86)
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where the minus sign in the first equality corresponds to using a normal that is radially outward at both
the horizon and at spatial infinity. In a vacuum spacetime, only the surface terms are nonzero, and the

change in mass is given by δM = − 1

4π
δκA− δΩH J . When matter is present, the remaining terms in

Eq. (10.85) are the contributions from the matter to δM that we have called δ2Mmatter in Eq. (10.82)

δ2Mmatter =
1

8π

∫
Σ

δ(R
√
−g)d3x+ 1

8π

∫
Σ

Gαβhαβ
√
−g d3x. (10.87)

Surface integrals.
Choose an axisymmetric scalar t for which Σ is a t = constant surface and with tα∇αt = 1. (For

Kerr or Schwarzschild, a natural choice is a scalar agreeing with v near the future horizon and with the
usual coordinate t near infinity.) In a chart {t, xi},
dSα = ∇αt

√
−g d3x, and tαdSα =

√
−g d3x. Then

δ

∫
Σ

RtαdSα = δ

∫
Σ

R
√
−g d3x = −

∫
Σ

Gβγh
βγtαdSα +

∫
Σ

∇βA
βtαdSα. (10.88)

Because hαβ and gαβ are time independent, we have
√
−g∇αA

α = ∂µ(A
µ
√
−g) = ∂i(A

i
√
−g).

The surface term at infinity from ∇αA
α in Eq. (10.88) can be written as∫

∞
AαdSα = lim

r→∞

∫
Aα∇αr r

2dΩ = lim
r→∞

∫
[∂µ(r

2hrµ)− r2∂rh]dΩ

= lim
r→∞

∫
[∂r(r

2hrr)− r2∂rh]dΩ.

For our family of asymptotic metrics (10.24), to order 1/r,

hrr = hrr =
2δM

r
, htt + hrr = −htt + hrr = 0,

and we have
1

8π

∫
∞
AαdSα = δM. (10.89)

Finally, to compute the surface integral at the horizon, where what we understand is dSαβ in terms
of the two normals nα and ℓα, it will be helpful to rewrite the surface term. Start with

∇βA
βtα = ∇β(A

βtα − Aαtβ)− Aβ∇βt
α + tβ∇βA

α︸ ︷︷ ︸
£tAα=0

−Aα∇βt
β︸ ︷︷ ︸

0

= ∇β(A
βtα − Aαtβ).

Then the divergence term in the varied action (10.88) can be written as∫
Σ

∇βA
βtαdSα =

∫
Σ

∇β(A
βtα − Aαtβ)dSα

= −
∫
∂Σ

(Aβtα − Aαtβ)dSαβ, (10.90)
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and the surface term at the horizon is∫
S

(Aβtα − Aαtβ)dSαβ =

∫
S

(Aβtα − Aαtβ)
1

2
(ℓαnβ − ℓβnα)dA =

∫
S

Aβtα(ℓαnβ − ℓβnα)dA

=
1

8π

∫
S

(∇γh
βγ −∇βh)(ℓα − ΩHϕ

α︸ ︷︷ ︸
0

) (ℓαnβ − ℓβnα)dA
ϕ · ℓ = ϕ · n = 0

=
1

8π

∫
S

ℓα∇βhαβdA. (10.91)

where we have used ℓ · ℓ = 0, ℓ · n = −1, and ℓα∇αh = 0 in the last equality.

We need to relate the integrand to δκ, and we compute δκ as follows. From the definition of κ, we
have

δκ = −δ(ℓβnα∇βℓα) = −δℓβnα∇βℓα − δnαℓβ∇βℓα − ℓβnαδ(∇βℓα). (10.92)

Now on the horizon,
δℓα = δkα = δΩHϕ

α, (10.93)

because δtα = 0 = δϕα. In the third term, we can replace ℓα by its value kα on the horizon, because the
only derivative is along the horizon. Then Killing’s equation gives
δ(∇βℓα) = δ(∇[βkα]) = ∇[βδkα],

δκ = −nαδΩHϕ
β∇βℓα − δnαℓβ∇βℓα − ℓβnα∇[βδkα]. (10.94)

On to the second term on the right: Because the horizon is unchanged in our gauge, ℓα(λ) is parallel to
the null normal ∇αu to H , implying δℓα is parallel to ∇αu: δℓα = fℓα, some function f on H , and we
can write

−δnαℓβ∇βℓα = −δnακℓα = κnαδℓα = −κf
= fnαℓβ∇βℓα = nαℓβ∇β(fℓα), using ℓβ∇bf = kβ∇bf = 0 on H,

= ℓβnα∇βδℓα = ℓβnα∇βδkα. (10.95)

The second and third terms on the right of (10.94) now combine to give

1

2
(ℓαnβ + ℓβnα)∇αδkβ.

The shear and divergence, σαβ(λ) and θ(λ) vanish, so 0 = δ(mαm̄b∇αkb); because the position of the
horizon is unchanged, δmα is a linear combination of ℓα,mα and m̄α, implying δmαm̄β∇αkβ = 0.
Then mαm̄β∇αδkβ = 0 on H , and we have

1

2
(ℓαnβ + ℓβnα)∇αδkβ = −1

2
(−ℓαnβ − ℓβnα +mαmβ +mβmα)∇αδkβ = −1

2
∇αδkα

= −1

2
ℓα∇βhαβ. (10.96)

In the last equality, we have used Eq. (10.93), δkα = δ(gαβk
β) = hαβk

β +ΩHϕβ , and ∇βϕβ = 0. Then

δκ = −1

2
ℓα∇βhαβ − nαδΩHϕ

β∇βℓα = −1

2
ℓβ∇αhαβ − δΩHn

αℓβ∇βϕα, (10.97)
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this time using Lϕℓα = 0.
Using this relation to replacing 1

2
ℓα∇βhαβ in Eq. (10.91) gives for the surface integral over the

horizon∫
S

(Aβtα − Aαtβ)dSαβ = − 1

4π

∫
S

δκdA− δΩH
1

4π

∫
S

∇αϕβℓαnβdA = − 1

4π
δκA− 2δΩHJH ,

where, in the last line, we used the antisymmetry of ∇αϕβ . Thus the variation (10.85) of
∫
Σ
d3xR

√
−g/8π

yields

δM = − 1

4π
δκA− 2δΩH JH + δ2Mmatter, (10.98)

as claimed.
Adding this to the relation δM = δ(κA/4π + 2ΩHJH) + δ1Mmatter, Eq. (10.80), and dividing by 2,

gives the first law,

δM =
1

8π
κδA+ ΩHδJH + δMmatter, (10.58)

with
δMmatter =

1

2
(δ1Mmatter + δ2Mmatter) .

In Eq. (10.87) for δ2Mmatter, we can write
√
−gd3x = tαdSα = kαdSα, because ϕα lies in Σ and is

therefore orthogonal to dSα. Using Eq. (10.81) for δ1Mmatter, we then have

δMmatter = − 1

8π
δ

∫
Gα
βk

βdSα +
1

16π

∫
Gβγhβγk

αdSα

= −δ
∫
Tαβ k

βdSα +
1

2

∫
T βγhβγk

αdSα. (10.99)

10.5 Gauss
For an antisymmetric tensor Fαβ , ∇νF

µν = (−g)−1/2∂ν [(−g)1/2F µν ]. This is the same identity that
gives Gauss’s law for a vector Aν ; the extra Christoffel symbol in the derivative vanishes because of the
antisymmetry of F . Consider a t =constant surface Σ bounded by an r = constant surface ∂Σ. (For
any smooth 3-dimensional submanifold with the topology of a ball bounded by a topological sphere,
just choose coordinates with t constant on the ball and r constant on the boundary.) Write dSν =
∇νt

√
−gd3x and dSµν =

√
−g∇[µt∇ν]rd

2x. Then∫
Σ

∇βF
αβdSα =

∫
Σ

∂ν(F
µν
√
−g)∇µtd

3x =

∫
Σ

F µν∇µt∇νr
√
−gd2x

=

∫
∂Σ

F tr
√
−gdθdϕ

=

∫
∂Σ

FαβdSαβ.

If nα and ñα are two orthogonal unit normals spanning the tangent space to ∂Σ,
dSαβ = n[αn̂β]dA. For F µν the electromagnetic field, this gives the electric charge:

4πjα = ∇βF
αβ =⇒ 1

4π

∫
Σ

jαdSα =
1

4π

∫
∂Σ

F trr2 sin θdθdϕ =
1

4π

∫
Err2dΩ = Q.
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10.6 First Law in a Hamiltonian Framework

10.6.1 The gravitational Hamiltonian
The first law for black-holes is simplest to state (but not simplest to prove) when written in terms of
the Hamiltonian for gravity. A summary is given in Wald ’92, based on work by Wald and Sudarsky.
[117, 130] We’ll go over the statement of it first, then verify the claims.

Write the expressions for the Hamiltonian and momentum constraints in the form

H = (3R−KabKab +K2)
√
γ, Ha = 2Db(Kab − γabK)

√
γ. (10.100)

We will show: A Hamiltonian governing the spacetime geometry is

HG =

∫
d3x[αH + βaHa]. (10.101)

the momentum conjugate to γab is

πab = −(Kab − γabK)
√
γ. (10.102)

Varing the Hamiltonian gives the equations of motion,

γ̇ab =
δHG

δπab
, π̇ab = −δHG

δγab
, (10.103)

where (·) is the time derivative associated with tα = αnα + βα, and where α, βa, hab and πab vanish
rapidly enough at infinity that there are no surface terms. 5

The first law involves the opposite case, with tα the timelike Killing vector and βα = ϕa the rota-
tional Killing vector of a stationary, axisymmetric vacuum black hole, and of a perturbation to a nearby
stationary, axisymmetric black hole. In this case γ̇ab = 0 and π̇ab = 0; the field equation is satisfied, so

δHG

δπab
= 0,

δHG

δγab
= 0;

and the constraint equations are satisfied by the perturbed and unperturbed solutions, so δH = 0 and
δHa = 0. But the surface terms are nonzero and we are left with

surface term at ∞ = surface term at horizon,

or
−δM + ΩHδJ = −κδA

8π
. (10.104)

To check all this, we will find the gravitational Hamiltonian, show that the surface term at infinity is
−δM + ΩHδJ , and then use our original derivation of the first law to infer that the surface term at the
horizon is −κδA/8π. We first add to the Lagrangian density 4R

√
|g| a total divergence that replaces the

5For asymptotically flat spacetimes, the Hamiltonian HG is not the true Hamiltonian, because the surface terms are
nonzero for generic perturbations that preserve asymptotic flatness. Moreover, the value of Hamiltonian for solutions to the
field equation should be the mass (energy) M of the spacetime, but HG vanishes. The two problems are related: Adding a
divergence that gets rid of second derivatives in HG removes the surface term, and the revised Hamiltonian is equal to M for
solutions to the field equation (equivalently, for initial data gab, πab satisfying the constraint equations). A similar problem
arises for the Einstein Lagrangian R

√
|g|, and a first-order Lagrangian is presented in Sect. 11.2 below.

https://arxiv.org/pdf/gr-qc/9305022.pdf
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second time derivatives in 4R by a kinetic term quadratic in first time derivatives. From the contracted
Gauss-Codazzi equation (1.70) in the initial value notes, we have

3R = γαβ 3Rαβ = γαβγγδ 4Rαγβδ +KαβKαβ −K2 (10.105)

which we can rewrite as

4R− 2∇α(n
γ∇γn

α − nα∇γn
γ) = 3R +KαβK

αβ −K2. (10.106)

That is, the right side differs from 4R by a total divergence, so the Lagrangian

L = (KabK
ab −K2 + 3R)α

√
γ. (10.107)

gives the field equations for variations that vanish fast enough at infinity.
Because 3R involves only spatial derivatives of γab, the time derivative γ̇ab occurs only in the terms

involving the extrinsic curvature Kab, so the momentum conjugate to γab with respect to L is given by

πab :=
∂L

∂γ̇ab
=

∂L

∂Kab

∂Kab

∂γ̇ab
= −(Kab − γabK)

√
γ. (10.108)

where we have used Eq. (8.88), namely

Kab = − 1

2α
(γ̇ab − Lβγab) . (8.88)

In the canonical formulation of general relativity, γab, πab, α and βa are regarded as independent gravi-
tational field variables, the arguments of the geometrical Hamiltonian

HG =

∫
d4x

(
πabγ̇ab − L

)
. (10.109)

To write HG as a function of the four variables γab, πab, α and βa, we first invert Eq. (10.108) to write
Kab in terms of πab: The trace of Eq. (10.108) gives π = 2K

√
γ, where π := γabπ

ab. From (10.108)
itself we then have

Kab = − 1
√
γ

(
πab −

1

2
γabπ

)
, (10.110)

and the Lagrangian density (10.107) has the form

L = α

[
√
γ 3R +

1
√
γ

(
πabπab −

1

2
π2

)]
, (10.111)

Next use (10.110) and (8.105a) to write γ̇ab in terms of πab:

γ̇ab =
2
√
γ
α

(
πab −

1

2
γabπ

)
+Daβb +Dbβa. (10.112)

The Hamiltonian density now takes the form

πabγ̇ab − L =
α
√
γ

(
πabπab −

1

2
π2

)
− α

√
γ 3R + 2πabDaβb (10.113)

= αH + βaHa +Da(2π
abβb), (10.114)
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where the scalar density

H :=
1
√
γ

(
πabπab −

1

2
π2

)
−√

γ 3R, (10.115)

and the vector density
Ha := −2Dbπ

b
a, (10.116)

are the Hamiltonian and momentum constraints, written in terms of πab.
To relate geometrical variables to mass and angular momentum, we need to multiply the geometrical

HamiltonianHG by c4/(16πG) = 1/16π to get the physical HamiltonianH :=
1

16π

∫
d3x(πabγ̇ab − L ).

The gravitational action I =
1

16π

∫
d3xL can now be written in the form

I =
1

16π

∫
d4x(πabγ̇ab − αH− βaHa), (10.117)

and the gravitational Hamiltonian is

H =
1

16π

∫
d3x[αH + βaHa]. (10.118)

Because βa and α do not appear in H or Ha, defined as functions of πab and γab, the variational
derivatives δI/δα and δI/δβa are the constraint equations, the vacuum constraints

H = 0, Ha = 0, (10.119)

and the dynamical Einstein equations are given by 10.103 for variations vanishing rapidly enough at
spatial infinity and at the horizon that there are no surface terms.

10.6.2 Surface terms and the first law
In the first law of black hole thermodynamics, our interest is in the opposite case, in surface terms for
variations associated with nearby solutions for which γ̇ab = 0 = π̇ab. As described at the beginning of
this section, because solutions to the Einstein field equation satisfy H = 0 and Ha = 0, the Hamiltonian
H also vanishes, implying the variation δH = 0. Now δH has the form

δH =

∫
d3x

[
δH

δγab
δγab +

δH

δπab
δπab

]
+ surface terms at infinity and at the horizon. (10.120)

Because the solutions we are looking at are time independent, we have

δH

δγab
= 0 =

δH

δπab
, (10.121)

whence
0 = δH = surface terms at infinity and at the horizon. (10.122)

We consider an evolution along kα = tα + ΩHϕ
α with ΩH fixed. In this case,

H =
1

16π

∫
d3x[αH + ΩHϕ

aHa],
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and in

αH =
α
√
γ

(
πabπab −

1

2
π2

)
− α

√
γ 3R,

the first term (the part quadratic in πab) has no derivatives of γab or πab, so its variation gives no surface
terms. As a result, in

δ(αH) = δ

[
α
√
γ

(
πabπab −

1

2
π2

)
− α

√
γ 3R

]
,

the surface term comes only from δ
(
−α√γ 3R

)
= δ

(
−
√
|g| 3R

)
. From Eq. (11.14), we have

δ(−
√

|g| 3R) =
[
(Rab − 1

2
gabR)hab −DaA

a]

]√
|g| , (10.123)

where
Aa = Dbh

ab −Da 3h, with 3h = γabhab. (10.124)

The surface term comes from the divergence −DaA
a. Here, at order 1/r only hrr = 2δM/r is nonzero.

Then 3h = hrr +O(r−2), hrr = hrr +O(r−2), and the first surface term is

− 1

16π

∫
∞
AadSa = − 1

16π

∫
∞

[
1

r2
∂r(r

2hrr)− ∂rhrr)

]
r2dΩ = −δM. (10.125)

This is the ADM expression for the mass, involving only the spatial metric; it is named after Arnowitt,
Deser, and Misner, who introduced it in their famous 3+1 paper [6].

A second surface term comes from ΩHδ(ϕ
aHa). In fact,

∫
Σ
ϕaHa is itself a sum of surface terms

at infinity and at the horizon, each proportional to the angular momentum. We convert δ(ϕaHa) to the
form Eq. (10.29b) of J as follows: With nα and r̂α the unit normals to Σ, we have

∇αϕβ dSαβ = ∇αϕβ r̂[αnβ]dS = ∇αϕβ r̂α nβ dS,

using in the last equality the antisymmetry of ∇αϕβ . Then ϕβnβ = 0 implies

∇αϕβ r̂αnβ = −ϕβ r̂α∇αnβ = Kαβϕ
β r̂α = − 1

√
γ
πabϕar̂b,

8πJ =

∫
∞
∇αϕβdSαβ = −

∫
∞
πabϕar̂n dS = −

∫
∞
πabϕadSb. (10.126)

We can now find our second surface term as follows: From

1

16π
δ

∫
Σ

ΩHϕ
aHa = −2ΩHδ

∫
Σ

(ϕaDbπ
ab)d3x = −2ΩHδ

∫
Σ

Db(π
abϕa)d

3x,

the surface term at infinity is

1

16π

(
−2ΩHδ

∫
∞
πabϕadSb

)
= ΩHδJ. (10.127)

The sum of the two surface terms at infinity, (10.125) and (10.127), is thus

surface term at infinity = −δM + ΩHδJ, (10.128)
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as claimed. Our proof of the first law implies for the sum of terms at the horizon,

surface term at the horizon = −κδA
8π
. (10.129)

A direct calculation of the surface term at the horizon would give an alternative proof of the first law,

δM = ΩHδJ + κ
δA

8π
, (10.130)

but the calculation, first done by Sudarsky and Wald,[117] involves theorems on black holes whose
proofs are beyond the scope of these notes.



Chapter 11

Action, Noether, Surface term

The first section in this chapter, showing that R
√
|g| is a Lagrangian density for the Einstein equation,

is a natural part of a second semester GR course. The subsequent sections are less standard: They
use Noether’s theorem to introduce conserved quantities in GR, following Katz[69], Chrusciel[31],
and Sorkin[113]. To do so, one uses an action that involves only first derivatives of the metric, or,
equivalently an action that differs from

∫
R
√

|g|d4x by a surface term involving the extrinsic curvature
K[135]. The revised action is needed because

∫
R
√
|g|d4x is not a true action: Variations of the action

for which δgαβ vanishes on an initial and final surface– and is well-behaved asymptotically– do not
yield the field equations. Instead, they leave a divergence whose integral is a nonvanishing surface term.
These last sections may be helpful to readers using work by Hojman, Kuchar & Teitleboim[66] relating
surface terms to conserved quantities, or work by York[135] and later Gibbons & Hawking[56] using
the first-order action written as the Einstein-Hilbert action with an extrinsic curvature surface term.

11.1 Variation of the gravitational (Hilbert) action

Varying
∫
dnxR

√
|g| in any dimension.

The Einstein-Hilbert action is

I =

∫
L d4x =

1

16π

∫
R
√

|g|dnx. (11.1)

Finding the field equations by varying this action is a quick calculation once one realizes that the varia-
tion of the Ricci tensor δRab is a pure divergence

δRab = ∇c(B
c
ab), (11.2)

some tensor Bc
ab.

We’ll do the easy part first, getting the field equations, and then do the harder part, showing that
δRab is a divergence and so contributes only a divergence ∇aA

a to the variation of L . For the first law,
the field equations vanish and it is Aa that is the important term.

Here’s the quick calculation:

δR = δ(Rabg
ab) = −Rabh

ab + gabδRab

= −Rabh
ab +∇cA

c, (11.3)

341
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where Ac = Bcb
b. Eq. (11.3) and

δ
√

|g| = 1

2

√
|g|h

immediately give
1√
|g|
δ(R

√
|g|) = −(Rab − 1

2
gabR)hab +∇aA

a, (11.4)

as claimed.
Now we find Aa. We start by varying the Riemann tensor, using the commutator

Ra
bcdv

b = [∇c,∇d]v
a, (11.5)

for any vector va. For fixed va, we need to compute

δRa
bcdv

b = δ[∇c∇dv
a −∇d∇cv

a]. (11.6)

The perturbed covariant derivative operator, δ∇a, acts as a tensor1 δΓcba; on a vector va, its action is

δ∇cv
a = δΓabcv

b, (11.7)

where
δΓabc =

1

2
(∇bh

a
c +∇ch

a
b −∇ahbc) . (11.8)

Eq. (11.8) can be derived from the relation

0 = δ(∇agbc) = ∇ahbc − δΓdbagdc − δΓdcagbd, (11.9)

via the linear combination

0 =
1

2
gad[δ(∇bgcd) + δ(∇cgbd)− δ(∇dgbc)]. (11.10)

To compute δRabc
d, we write

δ(∇c∇dv
a) = −δΓbcd∇bv

a + δΓabc∇dv
b +∇cδ(∇dv

a)

= −δΓbcd∇bv
a + δΓabc∇dv

b + δΓabd∇cv
b

+∇c(δΓ
a
bd)v

b. (11.11)

Because the first three terms on the right side are, together, symmetric in c and d, Eq. (11.6) implies, for
all va,

δRa
bcdv

b = (∇cδΓ
a
bd −∇dδΓ

a
bc)v

b,

whence
δRa

bcd = ∇cδΓ
a
bd −∇dδΓ

a
bc. (11.12)

The perturbation of Rab follows immediately:

δRab = δRc
acb = ∇cδΓ

c
ab −∇bδΓ

c
ca; (11.13)

1Although the Christoffel symbols Γµ
νλ do not naturally constitute a tensor, the difference between the Christoffel

symbols of two different covariant derivative operators do so. To linear order in the difference, this is implied by the explicit
covariance of Eq. (11.8). From p. 102 a tensor field is a map of vector fields that is linear under multiplication by scalar
fields, and the difference between two covariant derivative operators, ∇̃a −∇a is linear in this sense:
(∇̃a −∇a)(fξ

b) = f(∇̃a −∇a)ξ
b. This was Exercise 47.
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and we have

δR = δ(Rabg
ab) = −Rabh

ab + gabδRab

= −Rabh
ab +∇aA

a, (11.14)

where

Aa = (gbcδΓabc − gacδΓbbc) = (gacgbd − gabgcd)∇bhcd or

Aa= ∇bh
ab −∇ah. (11.15)

To summarize: The variation (11.4) has the form

1√
|g|
δ(R

√
|g|) = −Gabhab +∇a∇b(h

ab −∇ah). (11.16)

The remaining sections of this chapter are related to conserved quantities. A generic spacetime has
no Killing vectors and no natural definition of energy-momentum conservation. In an asymptotically flat
spacetime, however, one can recover the Poincaré group as a symmetry group at spatial infinity. (See,
for example, ADM[7],Geroch[55], Ashtekar-Hansen[10],Chrusciel[33],Sommers[112]). At null infin-
ity (in the limit as one moves away along outward null geodesics), one can again recover a unique group
of asymptotic translations and a corresponding conserved energy-momentum of the spacetime, with the
mass of the spacetime decreasing by the energy radiated in gravitational (or electromagnetic) waves be-
tween successive null hypersurfaces (Bondi,van der Burg, Metzner[21], Sachs[100],Penrose[85]). But
the presence of radiation at null infinity leads to weaker conditions on asymptotic fall-off than at spatial
infinity because radiation lies within the future light cone of its source. The weaker asymptotic condi-
tions at null infinity lead to a larger group of asymptotic symmetries (the Bondi-Metzner-Sachs or BMS
group), in which one cannot uniquely define angular momentum: The asymptotic symmetry group in-
cludes a family of Poincaré subgroups, with no preferred choice. The conserved angular momentum
in the following discussion, is then appropriate for spatial infinity or for the null infinity of a stationary
spacetime, or for an arbitrary choice of an asymptotic Lorentz subgroup of the symmetry group at null
infinity for a generic asymptotically flat spacetime.

11.2 First-order action
The presentation in this and the next section is tied to work by Katz[69], Chrusciel[31], and Sorkin[113];
their papers follow earlier work by Hojman, Kuchar & Teitleboim[66] that associates surface terms with
conserved quantities. See also Trautman [132, 126] for careful treatments of Noether’s theorem.

If a function I(ϕ) on a space of fields, {ϕ}, is an action for the field equation E(ϕ) = 0, then
solutions to E = 0 are extrema of I for perturbations of the fields that vanish on an initial and final hy-
persurface. Perturbations hαβ = δgαβ from one asymptotically flat solution to another do not extremize
the Hilbert action because the surface terms at spatial infinity are nonzero. This is related to the presence
of second derivatives of the metric in R and to the fact that the metric itself is nonzero at infinity. One
obtains a true action for asymptotically flat spacetimes by adding a surface term, −

∫
∞BadSa, whose

https://journals.aps.org/pr/pdf/10.1103/PhysRev.122.997
https://aip.scitation.org/doi/pdf/10.1063/1.1666094
https://aip.scitation.org/doi/pdf/10.1063/1.523863
https://aip.scitation.org/doi/pdf/10.1063/1.528208
https://aip.scitation.org/doi/10.1063/1.523698
https://www.jstor.org/stable/2414436?origin=ads#metadata_info_tab_contents
https://journals.aps.org/pr/pdf/10.1103/PhysRev.128.2851
https://www.jstor.org/stable/2415306?origin=ads#metadata_info_tab_contents
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variation cancels the surface term
∫
∞AαdSα. Equivalently, one adds to the Lagrange density the term

−∇αB
a
√
−g.

We previously found the Hamiltonian form of the action by adding to the Lagrangian density a total
divergence that removed the second time derivatives. Here we are removing all second derivatives. In
Sect. (11.4), we show that the surface term is proportional to

∫
KdS, with K the extrinsic curvature

of the boundary of the region of integration, and this is the way in which York [135] and Gibbons &
Hawking[56] write the first-order action.

Denote by ∂α the covariant derivative operator of the flat metric ηαβ (introduced previously in Exer-
cise 46.. and Exercise 47..) and let ξα be a Killing vector of ηαβ . Denote by Cα

βγ the tensorial form of
the Christoffel symbol Γλµν ,

Cα
βγ :=

1

2
gαδ(∂βgγδ + ∂γgβδ − ∂δgβγ). (11.17)

We cancel the second derivatives in R
√
−g by subtracting the divergence ∂αBα, where

Bα = Bα
√
−g, with (11.18a)

Bα := gβγCα
βγ − gαβCγ

γβ (11.18b)

=
(
gαγgβδ − gαβgγδ

)
∂βgγδ. (11.18c)

From Eq. (11.15),
δBα = Aα, at leading order in r−1. (11.19)

Then, in the variation of the action
∫
Ld4x, with

L := R
√
−g − ∂aBα, (11.20)

the surface terms at spatial infinity vanish.
We now show that L is quadratic in C,

I =

∫
L d4x, L := (CαβγC

βαγ − Cαβ
βC

γ
γα)

√
−g. (11.21)

This is the ΓΓ part of R
√
−g, but with the opposite sign.

Here’s the calculation: From Eq. (2.49), the usual form of R in terms of Γ is

R = gγδ(∂αC
α
γδ − ∂δC

α
γα) + Cαβ

βC
γ
γα − CαβγC

βαγ . (11.22)

Using Eqs. (11.18a),(11.18b), we have

∂αBα = ∂α(g
βγ
√
−g)Cα

βγ − ∂α(g
αβ
√
−g)Cγ

γβ + gγδ(∂αC
α
γδ − ∂δC

α
γα)

√
−g.

We replace derivatives of the metric by C’s, using 0 = ∇αgβγ = ∂αgβγ − Cδ
βαgδγ − Cδ

αγgβδ:

∂α(g
βγ
√
−g) = (−gβσgγτ∂αgστ +

1

2
gβγgστ∂αgστ )

√
−g = (−Cβ

α
γ − Cγ

α
β + gβγCδ

αδ)
√
−g

∂α(g
αβ
√
−g) = −Cβα

α

√
−g.

Then

∂α(g
βγ
√
−g)Cα

βγ = (−2CαβγC
βαγ + Cαβ

βC
γ
γα)

√
−g

−∂α(gαβ
√
−g)Cγ

γβ = Cβα
αC

γ
γβ

√
−g

∂αBα =
[
−2CαβγC

βαγ + 2Cαβ
βC

γ
γα + gγδ(∂αC

α
γδ − ∂δC

α
γα)
]√

−g
R
√
−g − ∂αBα =

(
CαβγC

βαγ − Cαβ
βC

γ
γα

)√
−g . □
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11.3 Noether
Noether’s theorem relates symmetries to conserved currents. It can be stated and quickly derived as
follows. Let L be a Lagrangian density for a field or set of fields ΦI . (For us, ΦI = gαβ .) Varying the
action I =

∫
M

L d4x gives the field equations EI = 0 satisfied by ϕI ; that means

δL = EIδΦ
I +∇αAα(Φ, δΦ). (11.23)

Because Aα is a density, its divergence is independent of derivative operator and could equally well
have been written ∂αAα

The symmetries of Noether’s theorem are maps of the space {Φ} of fields on M , maps from {Φ}
to {Φ}, that change L by a total divergence whether or not Φ satisfies the field equations. Consider a
smooth family Ψλ : {Φ} → {Φ} of such maps. Denote by δ̂ the corresponding “infinitesimal symme-

try.” That is, δ̂Φ is the derivative of Φ along the family of maps: δ̂Φ =
d

dλ
Ψλ[Φ]

∣∣∣∣
λ=0

. Then δ̂L is a

total divergence,
δ̂L = ∇αΘ

α. (11.24)

When the field equations are satisfied, taking as δΦ the symmetry δ̂Φ gives a conserved current

J a = Aα(Φ, δ̂Φ)−Θα : (11.25)

0 = δL − δL = δL − δ̂L = ∇αJ α, (11.26)

and the associated conserved quantity is the Noether charge, the integral of J α over a spacelike hyper-
surface Σ,

Q =

∫
Σ

J αdσα, (11.27)

where dσα = ηαβγδdS
βγδ, with ηαβγδ the totally antisymmetric tensor density of weight −1 with

η0123 = 1 (for any basis).2 For Σ a t = constant surface, dσα = ∇αt d
3x.

Example: A massive scalar field on a spacetime with metric gαβ has Lagrange density

L = −1

2

(
∇αΦ∇αΦ +m2Φ2

)√
−g.

A Killing vector ξα of the metric gαβ generates a family of diffeos for which δξΦ = LξΦ and

δL = LξL = ∇α(L ξα).

The diffeos generated by ξα are thus symmetries, and Θα = L ξα.
We find Aα by varying L for a general δΦ, writing

δL = −(∇αΦ∇αδΦ +m2ΦδΦ)
√
−g = (∇α∇α −m2)Φ δΦ

√
−g −∇α(∇αΦδΦ

√
−g).

2Like δβα the density ηαβγδ is natural, invariant under diffeos, and hence with vanishing Lie derivatives: Lξηαβγδ = 0,
for any ξ. It does not need a metric for its definition, but once gαβ is defined,

ηαβγδ = ϵαβγδ/
√
−g.



CHAPTER 11. ACTION, NOETHER, SURFACE TERM 346

Then Aα = −∇αΦδΦ
√
−g. For δΦ = LξΦ, we have

Aα = −∇αΦLξΦ
√
−g, Θα = ξαL

J α = −∇αΦLξΦ
√
−g −Θα =

[
−∇αΦLξΦ +

1

2
ξα
(
∇βΦ∇βΦ +m2Φ2

)]√
−g .

The corresponding Noether charge is then

Q =

∫
J td3x =

∫ [
−∇tΦLξΦ +

1

2
ξt
(
∇βΦ∇βΦ +m2Φ2

)]√
−g d3x. (11.28)

If the t = constant hypersurface is invariant under rotations or spatial translations, —ξα∇αt = ξt = 0,
and

Q = −
∫
∂tΦLξΦ

√
−g d3x =

∫
πLξΦ d3x, (11.29)

with π = −∂tΦ
√
−g the momentum density conjugate to Φ, equal to ∂tΦ

√
−g in Minkowski space.

Thus if the metric is invariant under translations along ∂x or is invariant under rotations generated by
∂ϕ, the scalar field’s linear momentum Px or angular momentum J will be conserved, and they are given
by

Px =

∫
π∂xΦ d

3x, J =

∫
π∂ϕΦ d

3x. (11.30)

For a time-independent metric, the field’s energy is conserved. Because ξα = tα and ξt = tα∇αt = 1,
we get πLξΦ− L = πΦ̇− L instead of πΦ̇ in the integrand of Eq. (11.29):

E =

∫
(πΦ̇− L )d3x. (11.31)

In particular, in Minkowski space,

E =

∫
1

2

[
Φ̇2 +∇Φ ·∇Φ +m2Φ2

]√
−g d3x. (11.32)

Gravity
We now turn to the conserved quantities associated with the first-order gravitational Lagrangian (11.20),
(11.21),

L = R
√

|g|+∇αBα. (11.33)

We will find that, for a Killing vector of the flat metric ηαβ , the associated conserved quantity can be
written as a surface integral at infinity3 of the form

Q = 2

∫
∞

(
∇[αξβ] +B[αξβ]

)
dSαβ, (11.34)

3Do not be confused by the cancellation of surface integrals at infinity from A and δB in varying the action and the lack
of cancellation in the contributions to Q from A and δB. The surface integral at infinity from varying the action involves∫
∞ A, whereas the contribution from A to Q comes from

∫
Σ
A. We will see that A(Lξg) is a divergence ∇ · ∇ξ, allowing

us to write
∫
Σ
A =

∫
∞ ∇ξ. Similarly, the contribution from B to δI involves

∫
∞ δB, whereas the contribution to Q from

δB = LξB involves
∫
Σ
δB =

∫
∞ Bξ.
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or, with L replaced by the correctly normalized Lagrangian density
1

16π
L ,

Q =
1

8π

∫
∞

(
∇[αξβ] +B[αξβ]

)
dSαβ. (11.35)

Now L is constructed from gαβ and the derivative operator ∂α of the flat metric ηαβ , so dragging
both gαβ and ηαβ by a diffeo just drags L by the diffeo. For a Killing vector ξα of ηαβ , dragging gαβ
alone by the diffeo associated with ξα is equivalent to dragging both gαβ and ηαβ by the diffeo, because
the diffeo doesn’t change ηαβ . Then the change in L from a symmetry perturbation hαβ = Lξgαβ is

δ̂L = LξL = ∇α(ξ
αL ), (11.36)

so
Θα = ξαL . (11.37)

Call Aα the divergence associated with δL for an arbitrary hαβ ,

δL = −Gαβhαβ +∇αAα.

Using the form (11.33) of L and Eq.(11.15), we have

δL = δ(R
√
−g)−∇αδBα = [−Gαβhαβ +∇α∇β(h

αβ −∇αh)]
√
−g +∇αδBα,

Aα = (∇βh
αβ −∇αh)

√
−g + δBα .

To find the conserved current, we need to evaluate Aα for hαβ = Lξgαβ . Its first term is

[∇β(∇αξβ +∇βξα)− 2∇α∇βξ
β ]
√
−g = [∇β(∇βξα −∇αξβ) + 2Rα

βξ
β ]
√
−g. (11.38)

Second term: From its definition (11.18), Bα is constructed from ηαβ and gαβ , so δBα = LξBα. The Lie
derivative of a vector density can be written as

LξBα = ∇β(Bαξβ − Bβξα) + ξα∇βBβ,

and replacing ∇βBβ in the last term by L −R
√
−g gives

δBα = ∇β(Bαξβ − Bβξα) + ξα(L −R
√
−g) . (11.39)

Then

Aα = ∇β[(∇βξα −∇αξβ)
√
−g + Bαξβ − Bβξα] + (ξαL + 2ξβGα

β)
√
−g). (11.40)

With Bα written as Bα
√
−g, Eqs. (11.37) and (11.40) give for the conserved current

J α = Θα −Aα the form

J α = ∇β(∇βξα −∇αξβ +Bαξβ −Bβξα)
√
−g + 2ξβGα

β

√
−g). (11.41)

When Gαβ = 0, the corresponding conserved quantity is given by

Q =

∫
Σ

∇β

(
∇βξα −∇αξβ +Bαξβ −Bβξα

)
dSα

=

∫
∞

(
∇αξβ −∇βξα +Bαξβ −Bβξα

)
dSαβ, (11.42)
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or, with the normalized action,

Q =
1

8π

∫
∞

(
∇αξβ +B[αξβ]

)
dSαβ, (11.43)

as claimed, with Bα given by Eq. (11.18c). The first term, involving ∇βξα gives the Komar expression
for a conserved quantity associated with ξα. It is the only contribution when ξα is a rotational Killing
vector, giving for ξ = ϕ,

Q[ϕ] = J. (11.44)

For ξα = tα (i.e., an asymptotically timelike Killing vector with asymptotic norm 1),

Q[t] = −M. (11.45)

The term involving Bα contributes to the mass an amount equal to the mass from the Komar expression.
This is why, when one writes the mass in terms of the Komar expression alone, one needs a coefficient
1/4π, twice the factor of 1/8π in the expression for linear and angular momentum. (The sign difference,
−1/4π instead of 1/4π, is the usual Lorentz signature difference in sign in δI = −Eδt+pδx = pµδx

µ.)

11.4 Surface term and extrinsic curvature K
We now write the first-order action (11.21) as the sum of the Einstein-Hilbert action and a surface
integral of the boundary’s extrinsic curvature.

The surface term that arises from varying the Einstein-Hilbert action involves derivatives of the
metric on the boundary ∂Ω of a 4-dimensional region Ω of integration. As York[135] and later Gibbons
& Hawking[56] pointed out, for variations of the metric with

hαβ = 0 on ∂Ω, (11.46)

the surface term
∫
∂Ω
AαdSα is proportional to the integral of δK. The reason is simple: Because hαβ

vanishes on the boundary, so do its tangential derivatives. All that remains is the normal derivative, and
the scalar built from the normal derivative of the metric is K.

More formally, on ∂Ω, hαβ = 0 implies

δnα = 0, δnα = 0, δγαβ = 0, δγαβ = 0, (11.47a)

γαβ∇βhγδ|∂Ω = 0, γαβ∇βδnγ|∂Ω = 0 (tangential derivatives vanish). (11.47b)

For a spacelike part of ∂Ω, from Eq. (8.60), the trace of the extrinsic curvature is

K = −γαβ∇αn
β.

Using Eqs. (11.47), we have

δK|Ω = −γαβ(δ∇α)nβ = γαβδΓγαβn
γ

= γαβ
1

2
(∇αhβγ +∇βhαγ −∇γhαβ)n

γ

= −1

2
γαβnγ∇γhαβ, by Eq.(11.47b).

https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.28.1082
https://journals.aps.org/prd/pdf/10.1103/PhysRevD.15.2752
https://journals.aps.org/prd/pdf/10.1103/PhysRevD.15.2752
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The integrand of the surface term has the form

Aαnα = nαgβγ(∇βhαγ −∇αhβγ) = nα(γβγ − nβnγ)(∇βhαγ −∇αhβγ)

= nαγβγ(∇βhαγ −∇αhβγ) (by α-β antisymmetry)

= −nαγβγ∇αhβγ (tangential derivatives vanish)
= 2δK.

For a timelike part of ∂Ω, with the sign convention,

K = γαβ
1

2
Lnγαβ ∂M timelike, (11.48)

we have
Aαnα = −2δK ∂M timelike. (11.49)

Then

δ

∫
R
√

|g|d4x = −
∫
Gαβhαβ

√
|g|d4x+

∫
∂M

AαnαdS

= −
∫
Gαβhαβ

√
|g|d4x+ 2

∫
∂M

e δKdS,

where

e =

{
1, ∂Ω spacelike
−1 ∂Ω timelike

.

Thus, by adding to the Einstein-Hilbert action a surface term involving the trace of the extrinsic curva-
ture,

Î :=
1

16π

[∫
Ω

R
√

|g|d4x− 2

∫
∂Ω

eKdS

]
, (11.50)

we obtain an action that enforces the field equations for metric perturbations vanishing on ∂Ω:

δÎ = − 1

16π

∫
Ω

Gαβhαβ
√
|g|d4x. (11.51)
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Appendix A

Integration, Forms and Densities

A.1 Forms and densities
The tensor ϵa···b and the quantity

√
|g| that appear in the alternative ways of writing an integral are,

respectively, an example of a form and a scalar density. As we will see, there is a duality between forms
and densities that underlies a equivalence between Stokes’s theorem and Gauss’s theorem. We define
forms and densities, present the duality that relates them, and go on to the corresponding duality relating
the integral theorems.

Forms.
Definition. A p-form σa···b is an antisymmetric, covariant tensor with p indices.
In particular, a scalar f is a 0-form, a covariant vector Aa is a 1-form, and an antisymmetric 2-index
tensor Fab is a 2-form.
Definition. The exterior derivative dσ of a p-form σ is the p+ 1 form

(dσ)ab···c = (p+ 1)∇[aσb...c]. (A.1)

The factor p + 1 is the number of independent ways of distributing the p + 1 indices between ∇ and
σ. The antisymmetry implies that dσ is independent of the derivative operator; in any chart it has
components

(dσ)ij···k = (p+ 1)∂[iσj...k]. (A.2)

Antisymmetry and the commutativity of partial derivatives imply for any form σ

d2σ = 0. (A.3)

Lie derivatives and exterior derivatives commute,

Lvdσ = dLvσ, (A.4)

and the two derivatives satisfy the Cartan identity,

Lvσ = v · (dσ) + d(v · σ),where (v · σ)a···b := vcσca···b. (A.5)

Each relation can be proved by induction on p (the number of indices of σ). For an n-form in n dimen-
sions, the second relation can be written as

Lvσa···b = ∇c(σa···bv
c), (A.6)

359
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with special case
Lvϵa···b = ∇c(ϵa···bv

c) = ϵa···b∇cv
c. (A.7)

In n-dimensions, any nonzero n-form is functionally proportional to any other, because each has
only one independent component. In particular, because any n-form σ is given by σa···b = fϵa···b for
some scalar f , the integral of an n-form is well-defined, given in any coordinate system by∫

Ω

σa···bdS
a···b =

∫
σ1···ndx

1 · · · dxn.

(Again the integral is well defined because a change of coordinates multiplies the value of a p-form by
the Jacobian of the transformation.)

Densities.
A scalar density f (of weight 1), by definition, transforms under a change of coordinates in the same

way as one component of an n-form in n dimensions: f →
∣∣ ∂x
∂x′

∣∣ f. Just as one can write any n-form as
a multiple of ϵa···b (once one is given a metric), one can write any scalar density as a scalar multiple of√

|g|:
f = f

√
|g|, (A.8)

for some scalar f (namely f/
√
|g|). One can analogously introduce vector and tensor densities by

transformation laws that differ from those of vectors and tensors by the Jacobian of the transformation:
The change of the components of a vector density under a coordinate transformation is given by ji →∣∣ ∂x
∂x′

∣∣ ∂x′i
∂xk

jk. Again one can write any vector density in the form ja = ja
√
|g|, with ja a vector field.

The Lie derivative of a scalar or tensor density can be deduced from this fact as follows (a metric-
free derivation uses the geometric definition of Lie derivative and the fact that the action of a diffeo on
a density differs from its action on a tensor by the inverse Jacobian of the diffeo): We have

Lv

√
|g| =

∂
√

|g|
∂gab

Lvgab =
1

2

1√
|g|

∂g

∂gab
Lvgab.

Now the coefficient of the component gij in the determinant g is the minor ∆ij of gij , and the inverse

metric is given by gij =
∆ij

g
. Thus

∂g

∂gij
= ∆ij = ggij , and we have

Lv

√
|g| = 1

2

√
|g|gabLvgab =

√
|g|∇av

a = ∇a(
√

|g|va). (A.9)

Finally, Eqs. (2.70) and (A.9) imply that the Lie derivative of a general scalar density f is

Lvf = ∇a(fv
a). (A.10)

Duality. A duality between p-forms σa1···ap and antisymmetric tensor densities Aa1···aq , with q = n− p
indices (n the dimension of the space) is given by

Aa1···aq =
1

p!

√
|g|ϵa1···aqb1···bpσb1···bp . (A.11)

The inverse relation is σa1···ap = ± 1

q!
|g|−1/2ϵa1···apb1···bqAb1···bq , where the sign is positive for a positive

definite metric, negative for a metric with Lorentz signature.
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The divergence ∇ · A, of an antisymmetric density,

(∇ · A)b···c := ∇aAab···c, (A.12)

is dual to the exterior derivative dσ of the form σ dual to A, and it is independent of the choice of ∇,
having components

∇kAki···j = ∂kAki···j. (A.13)

In particular, the equation for the divergence of a vector density Aa,

∇aAa = ∂iAi, (A.14)

is equivalent (once one has a metric) to the familiar relation ∇aA
a = 1√

|g|
∂i(
√
|g|Ai).

The relations (A.3), (A.4), and (A.5) are dual to the relations

∇ · (∇ · A) = 0, (A.15)
Lv∇ · A = ∇ · LvA, (A.16)

LvA = ∇ · (v ∧ A) + v ∧∇ · A, (A.17)

where (v ∧ A)ab···c := (q + 1)v[aAb···c].
On an n-dimensional manifold, integrals are naturally defined for n-forms or for scalar densities,

which can be said to be dual to their corresponding n-forms. That is, the integrals∫
ωa···bdS

a···b =

∫
ω1···ndx

1 · · · dxn and
∫

fdx1 · · · dxn (A.18)

are well defined because under a change of coordinates, each integrand is multiplied by the Jacobian of
the transformation. The mathematical literature adopts an index-free notation in which the integral of

an n-form ω over an n-dimensional region Ω is written
∫
Ω

ω.

A.2 Stokes’s theorem and Gauss’s theorem for antisymmetric ten-
sors

The simplest version of Stokes’s theorem is its 2-dimensional form, namely Green’s theorem:∫
S

(∂xAy − ∂yAx)dx dy =

∫
c

(Axdx+ Aydy),

where c is a curve bounding the 2-surface S. The theorem involves the integral over a 2-surface of
the antisymmetric tensor ∇aAb − ∇bAa. In three dimensions, the tensor is dual to the curl of A:
(∇×A)a = ϵabc∇bAc; and Stokes’s generalization of Green’s theorem can be written in either the form∫

S

(∇×A) · dS =

∫
c

A · dl

or in terms of the antisymmetric tensor ∇aAb −∇bAa∫
S

(∇aAb −∇bAa)dS
ab =

∫
c

Aadl
a, (A.19)
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where, for an antisymmetric tensor Fab, FabdSab means F12dx
1dx2 + F23dx

2dx3 + F31dx
3dx1. Written

in this form, the theorem is already correct in a curved spacetime. The reason is that the antisymmetric
derivative ∇aAb − ∇bAa has in curved space the same form it has in flat space: As we have seen, its
components in any coordinate system are just ∂iAj − ∂jAi.

As a result, the flat-space proof of Green’s theorem and Stokes’s theorem, based on the Fundamental
Theorem of calculus (

∫ b
a
f ′(x)dx = f(b)− f(a)), holds in curved space as well: Let S be a coordinate

square in a surface of constant x3. Then∫
S

(∂1A2 − ∂2A1)dx
1dx2 =

∫
c

(A1dx
1 + A2dx

2),

with the boundary of the square traversed counterclockwise as seen from above the square.
Gauss’s theorem, ∫

V

∇aA
ad3x =

∫
S

AadSa, (A.20)

with S a surface bounding the volume V again has a simple generalization to curved space. Although the
divergence ∇aA

a does not have components ∂iAi, the divergence of Aa := Aa
√
g does: ∇aAa = ∂iAi.

As we have seen, the flat-space proof of Gauss’s theorem follows from an integration over a coordinate
cube using the fundamental theorem of calculus for the integral over each coordinate.

A.2.1 Integrals on a submanifold
A metric gαβ on spacetime induces a 3-metric 3gab on a 3-dimensional hypersurface V , its pullback to
V . Given the 3-metric gab, the 3-form ϵabc on V is uniquely defined up to sign. When one chooses
coordinates {x0, x1, x2, x3} on a spacetime, one ordinarily chooses the tensor ϵαβγδ for which the coor-
dinate system has positive orientation, for which ϵ0123 =

√
|g|, not −

√
|g|, and one calls the direction

of increasing x0 the future. When ϵ0123 > 0 and when x0 is constant on V and increasing to the future,
we will say the corresponding positive orientation V is the one for which ϵ123 =

√
3g.

In discussing hypersurfaces in spacetime it is convenient to avoid the distinction between tensors on
V and tensors on M . In the same way that a vector va on V is uniquely identified with a vector vα on
M for which vαnα = 0, we can identify the 3-metric 3gab and 3-form ϵabc with tensors 3gαβ and ϵαβγ on
M that are orthogonal to nα and whose spatial indices coincide with those of 3gab and ϵabc.

3gαβ = gαβ + nαnβ, ϵαβγ = nδϵδαβγ, (A.21)

where nα is the future pointing unit normal to V , namely

nµ =
−δ0µ

(−g00)1/2
. (A.22)

We then have n0 =
√
−g00 > 0, and as we show next, the spatial components of ϵαβγ are ϵijk =

√
3g.

It follows immediately from Eq. (A.21) that 3gαβ satisfies the defining conditions 3gαβn
β = 0 and

3gabu
avb = 3gαβu

αvβ = gαβu
αvβ , for uα and vα vectors on V (equivalently 3gαβ has spatial components

gij).
The spatial components of ϵαβγ are

ϵµijkn
µ =

(
−g00

)1/2
ϵ0ijk,
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or ϵ123 =
√
gg00, implying

ϵ123 =
√

3g. (A.23)

Warning: Although contravariant tensors Tα···β are tensors on V if and only if their 0th components all
vanish, the 0th components of covariant tensors Tα···β on V will not generally vanish, because in general
g0i ̸= 0. The information about the 3-dimensional objects is carried by the spatial components, and the
spatial components of the corresponding 3-dimensional and 4-dimensional tensors coincide.

One writes ∫
dV =

∫
V

ϵαβγdS
αβγ, (A.24)

for the volume of V , where one thinks of dSαβγ as antisymmetric, with nonzero components ± 1

3!
dxidxjdxk,

with the sign depending on whether i, j, k is an even or odd permutation of 1, 2, 3. In coordinates
{x0, x1, x2, x3} with V an x0 = constant surface,∫

dV =

∫ √
3g d3x =

∫ √
gg00 dx1dx2dx3.

For any 3-form, ∫
ωαβγdS

αβγ =

∫
ω123dx

1dx3dx3.

If S is a 2-dimensional surface with unit normals nα and mα, and we pick the order of the two
normals correctly, its area is given in terms of ϵαβ = ϵαβγδn

αmβ by∫
S

dS =

∫
S

ϵαβdS
αβ. (A.25)

In a chart x0, x1, x2, x3, with S a surface of constant x0 and x1, we have

ϵ23 =
√

2g =
[
g22g33 − (g23)

2
]1/2

,

and
∫
dS =

∫ √
2gdx2dx3.

Example. The magnetic flux through a surface S of radius R in t, r, θ, ϕ coordinates is∫
S

FijdS
ij =

∫
S

Fθϕdθdϕ.

Finally, the integral of a scalar along a curve c is f =
∫
c
fdl, with dl proper length along l; and the

corresponding line integral of a 1-form along c is∫
c

Aαdl
α =

∫
c

Aαt
αdl,

where tα is the unit tangent to c.
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Summary of Notation∫
fd4V =

∫
fϵαβγδdS

αβγδ =

∫
f
√

|g| d4x∫
ω =

∫
ωαβγδdS

αβγδ =

∫
ω0123d

4x∫
fdV =

∫
fϵαβγdS

αβγ =

∫
f
√

3g d3x =

∫
x0 constant

f
√
gg00 d3x∫

ω =

∫
ωαβγdS

αβγ =

∫
x0 constant

ω123dx
1dx2dx3∫

fdS =

∫
fϵαβdS

αβ =

∫
f
√

2g d2x =

∫
x0,x1 constant

f
[
g22g33 − (g23)

2
]1/2

d2x∫
ω =

∫
ωαβdS

αβ =

∫
x0,x1 constant

ω23dx
2dx3∫

c

fdl =

∫
x0,x1,x2 constant

f
√
g33 dx

3∫
c

ω =

∫
c

ωαdl
α =

∫
x0,x1,x2 constant

ω3dx
3.

Example: The integral form of baryon mass conservation ∇α(ρu
α) = 0 is

0 =

∫
Ω

∇α(ρu
α)d4V =

∫
∂Ω

ρuαdSα

=

∫
V2

ρuαdSα +

∫
V1

ρuαdSα.

Here the fluid is taken to have finite spatial extent, and the spacetime region Ω is bounded by the
initial and final spacelike hypersurfaces V1 and V2. In a coordinate system for which V1 and V2 are
surfaces of constant t, with t increasing to the future, we have dSµ = ∇µt

√
|g|d3x = δtµ

√
|g|d3x on V2,

dSµ = −δtµ
√
|g|d3x on V1, and∫

Ω

∇α(ρu
α)d4V =

∫
V2

ρut
√
|g|d3x−

∫
V1

ρut
√
|g|d3x. (A.26)

If, on a slicing of spacetime one chooses on each hypersurface V a surface element dSα along +∇αt,
the conservation law is then

M0 =

∫
V

ρuαdSα = constant. (A.27)

Note that the fact that one can write the conserved quantity associated with a current jα in the form,∫
V

jαdSα =

∫
V

jt
√

|g| d3x,

means that there is no need to introduce nα and
√

3g to evaluate the integral. This fact is essential if
one is evaluating an integral

∫
jαdSα over a null surface, where there is no unit normal. The flux of

energy or of baryons across the horizon of a Schwarzschild black hole, for example, can be computed in
Eddington-Finkelstein or Kruskal coordinates: In ingoing Eddington-Finkelstein coordinates v, r, θ, ϕ,
the horizon is a surface of constant r, and we have∫

jαdSα =

∫
jr
√
|g| dvdθdϕ.
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Generalized divergence theorem

The key to Gauss’s theorem is the fact that the divergence of a vector density has the form ∂i

(√
|g| Ai

)
or ∂iAi. This is true of any q-index antisymmetric tensor density, Aa···b = Aa···b

√
|g|, and an analogous

theorem holds. Because the text uses only the case of a two-index antisymmetric tensor, the electromag-
netic field Fαβ , and because the way one extends the proof will be clear, we will give the generalization
in detail for this case. The theorem now relates an integral over an n− 1-dimensional submanifold S of
M to an integral over its n− 2-dimensional boundary ∂S:∫

S

∇bA
abdSa =

∫
∂S

AabdSab, (A.28)

where the sign of dSa and the meaning of dSab are defined as follows.
Let x1, . . . , xn be a positively oriented chart on a subset of M for which x1 is constant on S, and

with x2 constant on ∂S and increasing outward. Choose the sign of dSa by dSa = ϵab···cdS
b···c or,

equivalently, by requiring dSa = ∇ax
1
√

|g|dx2 · · · dxn. The volume element dSab is similarly chosen
to satisfy, in our oriented chart,

dSab = ∇[ax
1∇b]x

2
√
|g|dx3 · · · dxn. (A.29)

Then in the coordinates’ domain,∫
S

∇bA
abdSa =

∫
S

∇b(A
ab∇ax

1
√

|g|)dx2 · · · dxn. (A.30)

But the last integrand is just the divergence of the vector density Ãb = Aab∇ax
1
√

|g|, and we have
already proved Gauss’s law for this case:∫

S

∇bÃ
b
√
|g|dx2 · · · dxn =

∫
∂S

ÃbdS̃b, (A.31)

where, in each chart, dS̃b = ∇bx
2
√

|g|dx3 · · · dxn. Finally, ÃbdSb = AabdSab, whence Eq. (A.31) is
identical to the generalized divergence theorem, Eq. (A.28).
Example (Electric charge). Let V be a ball containing a charge Q. The 4-dimensional form of Gauss’s
law relates the charge Q =

∫
V
jαdSα in V to the electric flux

∫
FαβdSαβ through the 2-dimensional

surface of V :
Q =

∫
V

jαdSα =
1

4π

∫
V

∇βF
αβdSα =

1

4π

∫
∂V

FαβdSαβ. (A.32)

Pick positively oriented coordinates t, r, θ, ϕ for which V is a t =constant surface and ∂V an r =
constant surface. Then

Q =
1

4π

∫
F tr
√

|g|dθdϕ. (A.33)

Flat space:

F tr = Er =
Q

r2
=⇒

∫
V

jαdSα =
1

4π

∫ (
Q

r2

)
(r2 sin θ)dθdϕ =

Q

4π

∫
dΩ = Q.
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For a q-index antisymmetric tensor Aa···bc, the generalized divergence theorem takes the form∫
S
∇cA

a···bcdSa···b =
∫
∂S
Aa···bcdSa···bc.

A.2.2 Stokes’s theorem
The divergence ∇aA

a of a vector on an n-dimensional manifold is dual to the exterior derivative
(dω)ab···c = n∇[aωb···c] of the (n− 1)-form ω dual to Aa. That is, with

ωb···c := Aaϵab···c, (A.34)

we have
ϵab···c∇dA

d = (dω)ab···c. (A.35)

Because both sides of the equation are n-forms, one need only check one component: n∇[1ω2···n] =
∇1(A

dϵd2···n)−∇2(A
dϵd13···n)− · · · − ∇n(A

dϵd2···n−1 1) = ϵ12···n∇dA
d. The corresponding dual of the

generalized divergence theorem above is
Stokes’s Theorem. Let ω be an n− 1-form on an n-dimensional manifold S with boundary ∂S. Then∫

S

dω =

∫
∂S

ω. (A.36a)

In index notation, ∫
S

(dω)ab···cdS
ab···c =

∫
∂S

ωb···cdS
b···c. (A.36b)

The theorem implicitly assumes an orientation for ∂S obtained from that of S by requiring that,
if x1, · · · , xn is a positively oriented chart on S with ∂S a surface of constant x1 and x1 increasing
outward, then x2, · · · , xn is a positively oriented chart for ∂S.
Proof. This dual of Gauss’s theorem follows quickly from Eq. (2.112), in the form∫

S

∇dA
dϵab···cdS

ab···c =

∫
∂S

AadSa. (A.37)

Define Aa by Eq. (A.34), and note that, with the orientation chosen above, dSa = ϵab···cdS
b···c. Then∫

S

∇dA
dϵab···cdS

ab···c =

∫
∂S

Aaϵab···cdS
b···c, (A.38)

and, from Eqs. (A.34) and (A.35), the result follows:∫
S

(dω)ab···cdS
ab···c =

∫
∂S

ωb···cdS
b···c. □ (A.39)

Example: Stokes’s theorem in three dimensions.
Let Aa be a 3-vector. (dA)ab = ∇aAb −∇bAa∫

S

(∇aAb −∇bAa)dS
ab =

∫
c

Aadl
a,

c the curve bounding S. As noted at the beginning of this section, this is equivalent to the usual form of
Stokes’s theorem in vector calculus:∫

S

∇⃗ × A⃗ · dS⃗ =

∫
S

(
ϵabc∇bAc

)
ϵadedS

de =

∫
S

(∇aAb −∇bAa)dS
ab =

∫
c

A⃗ · d⃗l.
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A.2.3 Diffeomorphism invariance
The usual invariance of an integral under a coordinate transformation has as its active equivalent the
invariance of an integral under a diffeo. Let ωa...b be an n-form on an n-dimensional volume V . With
ψ(V ) the image of V and ψωa...b the dragged n-form, the invariance relation is∫

ψ(V )

ψω =

∫
V

ω. (A.40)

As in the case of coordinate transformations, invariance under diffeos follows from the fact that the
components of ωa...b change by a Jacobian. Intuitively, the invariance follows from the equivalence of
diffeo-related tensors on diffeo-related domains.

We’ll now use a corollary for a family of diffeos, ψλ, to obtain a relation between conservation of
vorticity and conservation of circulation:
Let ξa be the generator of the family ψλ. Then

d

dλ

∫
ψλ(V )

ω =

∫
V

Lξω. (A.41)

The proof is immediate from Eq. (2.102), starting from Eq. (A.40) in the form∫
ψλ(V )

ω =

∫
V

ψ−λω:
d

dλ

∫
ψλ(V )

ω =

∫
V

d

dλ
ψ−λω =

∫
V

Lξω.

The equations of motion for a fluid imply that the flow conserves the vorticity,

ωαβ := ∇α(huβ)−∇β(hua), (A.42)

where h = ρ+p
ρ 0

, is the fluid’s enthalpy (ρ0 is the baryon mass density). The differential conservation
law is

Luωαβ = 0. (A.43)

Then, denoting by ψτ the family of diffeos describing the flow of a fluid with velocity uα, we have

0 =

∫
S

LuωαβdS
αβ =

∫
c

Lu(huα)dl
α

=
d

dτ

∫
cτ

huα dl
α, (A.44)

where Stokes’s theorem was used to obtain the second equality and Eq. (A.41) was used in the last
equality. That is, the line integral, ∫

cτ

huα dl
α =

∫
cτ

ϵ+ p

ρ
uα dl

α, (A.45)

(the circulation of the flow along a closed curve) is independent of τ , conserved by the fluid flow. In the
Newtonian limit, the conserved circulation is just∫

ct

va dl
a; (A.46)

that is, the line integral of the fluid velocity along a curve embedded in (moving with) the fluid is
constant. The corresponding differential law, the Newtonian limit of Eq. (A.43), is

(∂t + Lv)∇[avb] = 0. (A.47)
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A.3 Cartan calculus
This section uses the first three equations in Appendix A.1, defining forms and the exterior derivative
but nothing else from that section.
Definition. The wedge product σ ∧ τ of a p-form σa...b and a q-form τc...d is the (p+ q)-form

(σ ∧ τ)a...bc...d :=
(p+ q)!

p!q!
σ[a...bτc...d]. (A.48)

The factor
(
p+ q
q

)
=

(p+ q)!

p!q!
gives a number of terms equal to the number of independent ways of

assigning p indices to σ and q indices to τ .

Examples. If σ and τ are 1-forms,

(σ ∧ τ)ab = σaτ
′ − σbτa; (A.49)

equivalently,
(σ ∧ τ)(u, v) = σ(u)τ(v)− σ(v)τ(u).

If σ is a 1-form and τ is a 2-form,

(σ ∧ τ)abc = σaτbc + σbτca + σcτab. (A.50)

A.3.1 The Riemann Tensor in a General Frame
Cartan’s formalism provides an efficient way to calculate the Riemann tensor, picking out a minimal set
of connection coefficients to be evaluated. One uses an orthonormal frame, and we will begin by finding
the components of the Riemann tensor with respect to an arbitrary frame, ei. Starting from the definition

1

2
Ra

bcdv
b = ∇[c∇d]v

a, (A.51)

we have,

∇[c∇d]e
a
i =

1

2
Ra

bcde
b
i .

Then

∇k∇l e
a
j = e ck e

d
l ∇c∇de

a
j = e ck∇c(e

d
l ∇de

a
j )− (e ck∇ce

d
l )∇de

a
j

= ∇k(Γ
m
jle

a
m)− Γmlke

d
m∇de

a
j

= ekΓ
m
jl e

a
m + ΓmjlΓ

i
mke

a
i − ΓmlkΓ

i
jme

a
i .

Finally, antisymmetrizing on k and l, we have

Ri
jkl = ([∇k,∇l]ej)

i = ekΓ
i
jl − elΓ

i
jk + ΓimkΓ

m
jl − ΓimlΓ

m
jk + 2ΓijmΓ

m
[kl] (A.52)

Here ekf means the derivative of a scalar f along ek: That is, ekf ≡ ek
a∇αf . Eq. (A.52) agrees with

the usual expression for the coordinate components when ei = ∂i, for then Γm[kl] = 0.
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A.3.2 Cartan’s structure equations
A definition of the exterior derivative of a 1-form that does not make use of a covariant derivative
operator is

dσ(u, v) = u · d[σ(v)]− v · d[σ(u)]− σ([u, v]), (A.53)

where df means the gradient of the scalar f ; in the equation, σ(v) and σ(u) are, of course, scalars. (A
similar equation can be written down for the exterior derivative of a p-form.) Here’s a check that the
two equations for dσ are equivalent:

dσ(u, v) = (∇aσb −∇bσa)u
avb = ua∇a(σbv

b)− vb∇b(σau
a)− ua(∇av

b)σb + vb(∇bu
a)σa

= u · d[σ(v)]− v · d[σ(u)]− σ([u, v]).

Calculations repeatedly use the identity, for any form ω and scalar f ,

d(f ω) = df ∧ ω + f dω. (A.54)

This follows immediately from the Leibnitz rule and our initial definitions of d and ∧, (A.1) and (A.48):

d(f ω)ab···c = (p+ 1)∇[a(fωb···c]) = (p+ 1)∇[af ωb···c] + f(p+ 1)∇[aωb···c] = (df ∧ ω + fdω)ab···c

In particular, for two scalars f and g, because d2g = 0, the identity is

d(fdg) = df ∧ dg. (A.55)

The connection coefficients (Christoffel symbols) will be calculated by taking exterior derivatives of
the dual basis vectors ωi. Because ωi(ej) = δij and the components δij are constants, Eq. (A.53) gives

(dωi)jk = dωi(ej, ek) = −ωi([ej, ek]) = −cijk. (A.56)

Then Γ will be obtained below from dω using Eq. (2.37), namely

Γijk =
1

2
( ckij − cjki − cijk ). (A.57)

Cartan defines connection l-forms
ωij = Γijkω

k, (A.58)

or (ωij)k = Γijk. Equivalently,
∇ae

b
j = ωija e

b
i . (A.59)

Then for an orthonormal frame, or any frame in which the metric has constant components,

ωij = −ωji. (A.60)

Check: ωija = eib∇a e
b
j = ∇a(gij)− e bj ∇aeib = −ejb∇ae

b
i = −ωjia.

Cartan’s first structure equation relates ωij to dωi:

dωi = −ωij ∧ ωj. (A.61)

Proof: Using Eqs. (A.56), (2.28), and then (ωi)j = δij , we have

(dωi) kl = −cikl = Γikl − Γilk = (ωij)l(ω
j)k − (ωij)k(ω

j)l = −(ωij ∧ ωj)kl.
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Eq. (A.57) is essentially the inverse of this last equation, allowing one to write ωij in terms of dωi. After
rearranging the c’s and using Eq. (A.56) to replace cijk by −(dωi)jk ≡ −dωi.jk, Eq. (A.57) becomes

ωij.k =
1

2
(dωi.jk + dωj.ki − dωk.ij), (A.62)

Here ωij.k means (ωij)k. Once one has computed the connection coefficients using (A.61) or (A.62), the
Riemann tensor is found from Cartan’s second structure equation, namely

Ri
j = dωij + ωik ∧ ωkj. (A.63)

where Ri
j is a 2-form defined by Ri

j := Ri
jab.

Proof of (A.63): We must check that (A.63) agrees with (A.52). Now from Eq. (A.53), the first term
on the right of (A.63) is

dωij(ek, el) = ek[ω
i
j(el)]− el[ω

i
j(ek)]− ωij([ek, el])

= ekΓ
i
jl − elΓ

i
jk − ωij.mc

m
kl

= ekΓ
i
jl − elΓ

i
jk + 2ΓijmΓ

m
[kl],

where we used Eq. (2.28) in the last line. The second term in (A.63) is

ωim ∧ ωmj (ek, el) = ΓimkΓ
m
jl − ΓimlΓ

m
jk.

Thus (A.63) implies

Ri
jkl = (dωij + ωim ∧ ωmj )(ek, el)

= ekΓ
i
jl − elΓ

i
jk + ΓimkΓ

m
jl − ΓimlΓ

m
jk + 2ΓijmΓ

m
[kl],

in agreement with (A.52).

Exercise. Write down the independent components of the Rieman tensor in an orthonormal frame for
the 2-sphere with metric

ds2 = a2(dθ2 + sin2 θ dϕ2) = a2dΩ2,

using Cartan calculus. Find the Ricci scalar.

Exercise with solution. Compute the independent components of the Riemann tensor for a time-
independent spherically symmetric (Schwarzschild) metric of the form

ds2 = −e2Φdt2 + e2λdr2 + r2(dθ2 + sin2 θ dϕ2), (A.64)

with Φ and λ functions of r.

Solution on next page.

Exercise. Repeat the calculation of the first exercise above for the 3-sphere:

ds2 = a2(dχ2 + sin2 χ dΩ2)

and check that Rabcd = a−2(gacgbd − gadgbc).
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Exercise. Find the independent components of the Riemann and Ricci tensor in orthonormal frames for
the FRW spacetimes with metric

ds2 = −dt2 + a(t)2(dχ2 + sin2 χ dΩ2)

and
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2).

Solution to Schwarzschild exercise.
When terms in the solution below are written in gray, it means they vanish.
Spherical symmetry and the fact that the frame on the sphere is orthonormal means that Riemann, Ricci,
and Einstein tensor components are invariant under the index replacement 2 ↔ 3: R1212 = R2323.

ω0 = eΦdt, ω1 = eλdr, ω2 = r dθ, ω3 = r sin θ dϕ.

dω0 = Φ′eΦdr ∧ dt = −Φ′e−λω0 ∧ ω1, dω1 = 0 That is, d[f(r)dr] = f ′(r)dr ∧ dr = 0.

dω2 = dr ∧ dθ = 1

r
e−λω1 ∧ ω2

dω3 = d(r sin θ) ∧ dϕ = sin θ dr ∧ dϕ+ rd(sin θ) ∧ dϕ =
e−λ

r
ω1 ∧ ω3 +

cot θ

r
e−λω2 ∧ ω3

Notice now that (dωλ)µν is nonzero only if the set of three indices is 001, 212, 313 or 323, with λ the
first index. That means Γ is nonzero only for these four sets of indices.

ω01 = Γ010ω
0 =

1

2
(dω0.10 + dω1.00 − dω0.01)ω

0 = −Φ′e−λω0 = −Φ′eΦ−λdt (Γ011 = Γ012 = Γ013 = 0).

ω02 = ω03 = 0 (No nonvanishing dωλ.µν has indices 02 or 03).

ω12 = Γ122ω
2 =

1

2
(dω1.22 + dω2.21 − dω2.12)ω

3 = −1

r
e−λω2 = −e−λdθ

ω13 = −1

r
e−λω3 = −eλ sin θdϕ

ω23 = Γ233ω
3 =

1

2
(dω2.33 + dω3.32 − dω3.23)ω

3 = −1

r
cot θ ω3 = − cos θ dϕ.

R0
1 = dω0

1 + ω0
µ ∧ ωµ1 = d(Φ′eΦ−λdt) = −[Φ′′ + Φ′(Φ′ − λ′)]e−2λω0 ∧ ω1

R0
2 = dω0

2 + ω0
µ ∧ ωµ2 = ω0

1 ∧ ω1
2 =

(
Φ′e−λω0

)
∧
(
−1

r
e−λω2

)
= −1

r
Φ′e−2λω0 ∧ ω2

R0
3 = −1

r
Φ′e−2λω0 ∧ ω3 by spherical symmetry

R1
2 = dω1

2 + ω0
µ ∧ ωµ2 = d(−e−λdθ) = 1

r
λ′e−2λω1 ∧ ω2

R1
3 =

1

r
λ′e−2λω1 ∧ ω3 by spherical symmetry

R2
3 = dω2

3 + ω2
1 ∧ ω1

3 = d(− cos θdϕ) + (
1

r
e−λω2) ∧ (−1

r
e−λω3) =

1

r2
(
1− e−2λ

)
ω2 ∧ ω3.

R0101 = [Φ′′ + Φ′(Φ′ − λ′)] e−2λ R2323 =
1

r2
(
1− e−2λ

)
R0202 = R0303 =

1

r
Φ′e−2λ R1212 = R1313 =

1

r
λ′e−2λ.
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