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I present a review of the Dirac equation in general relativity. Although the generalization of the
Dirac equation to a curved spacetime is well known, it is not usually part of the standard toolkit of
techniques known to people working on classical general relativity. Recently, there has been some
renewed interest in studying solutions of the Einstein—Dirac system of equations, particularly in
the context of the so-called “Dirac stars”. Motivated by this, here I present a review of the Dirac
equation in general relativity, starting from Minkowski spacetime, and then considering the Lorentz
group and the tetrad formalism in order to generalize this equation to the case of a curved spacetime.
I also derive the form of the Dirac equation and its associated stress—energy tensor for the case of
the 3+1 formalism of general relativity, which can be useful for the study of the evolution of the
Dirac field in a dynamical spacetime.

PACS numbers: 03.65.Pm, 04.20.-q, 95.30.Sf

I. INTRODUCTION

The relativistic description of spin 1/2 particles is given in terms of the Dirac equation. This equation, proposed by
Dirac in 1928 [1], is a first order equation in both time and space that is fully Lorentz covariant and does not suffer
the problem of having negative probability densities as in the case of the Klein—Gordon equation. The price to pay
is the need to introduce a new type of geometric object different from vectors and tensors: a four-component spinor
that transforms according to its own special set of rules with respect to a general Lorentz transformation.

The original form of the Dirac equation is perfectly consistent in special relativity, but since Einstein’s work in 1915
we know that in the presence of gravity our Universe is not correctly described by Minkowski spacetime, and one must
use instead the curved spacetime formalism of general relativity. A generalization of the Dirac equation to the case of
curved spacetimes was quickly found by Fock and Ivanenko in 1929 [2, 3], and later studied by Bargmann [4] and even
Schroedinger [5]. However, due to the fact that the gravitational field can be safely ignored when studying atomic
physics, this generalization was regarded for a long time as an academic exercise with little practical applications.

Interest in the study of Dirac equation in curved spacetimes increased in the 1970’s with the work of Hawking on
quantum field theory on curved spacetimes, and since then one can find some discussion (usually quite short) of the
general relativistic version of the Dirac equation in modern textbooks (see e.g. [6, 7]). Still, the formulation of the
Dirac equation in a curved spacetime remains, even today, as something that most researchers working in the field of
general relativity never study.

More recently, a revived interest in this subject has arisen related to the work on exotic compact objects (ECO),
in particular self-gravitating stationary solutions of the Einstein equations coupled to some matter field. The case of
ECO’s formed by scalar fields corresponds to the well-known boson stars initially introduced by Kaup and Ruffini
in the late 1960’s [8, 9] (a recent review can be found in [10]), while ECO’s formed from vector fields correspond
to the more recently introduced Proca stars of Brito et al. [11]. The so-called “Dirac stars”, that is self-gravitating
stationary solutions of the Einstein—Dirac system, have also been considered, originally by Finster in 1998 [12], and
more recently by Herdeiro et al. [13] (see also [14-16]).

Motivated by these developments, here I present a review of the Dirac equation in general relativity, starting from
Minkowski spacetime, and then considering the Lorentz group and the tetrad formalism in order to generalize this
equation to the case of a curved spacetime. Other reviews on this subject already exist in the literature (see e.g. [17—
20]), but in my opinion none are fully comprehensive. Though most of the material presented here is known, I try
to present it in a pedagogical way starting from first principles. I also derive the form of the Dirac equation and its
associated stress—energy tensor for the particular case of the 34+1 formalism of general relativity. To my knowledge,
these last sections include new material which can be very useful for the study of the evolution of the Dirac field in
a dynamical spacetime. Finally, I consider the particular example of spherical symmetry: First the general case of
the Dirac equation in a spherically symmetric spacetime, and later the case of self-consistent spherically symmetric
solutions of the Einstein—Dirac system, and the special configurations corresponding to Dirac stars.
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A word about my conventions, throughout this paper I use the metric signature (—, +, +, +) and Planck units such
that c=h=G=1.

II. THE DIRAC EQUATION IN SPECIAL RELATIVITY
A. Dirac equation

The Dirac equation is a relativistic generalization of the Schroedinger equation that describes the behaviour of spin
1/2 particles (the material presented in this section is well known, and can be found in any standard text book on
quantum field theory, see e.g. [21-23]). Before Dirac’s work in 1928 [1], there was already a relativistic generalization
of Schroedinger’s equation, namely the Klein—-Gordon equation, which takes the form:

Oy —m?Y =0, (I1.1)

where O is the standard d’Alambertian operator in special relativity (though the equation takes exactly the same
form in general relativity (GR) with the curved d’Alambertian), and m is a mass parameter which corresponds to the
mass of the associated particle when the theory is quantized. For a complex wave function ¢ one can show that there
is a conserved current given by:

Ju = =1 (P 0 — O YT) (IL.2)
where 1* denotes the complex conjugate of v, such that:
Vit =0. (11.3)

The main problem with interpreting the Klein—-Gordon equation as a quantum equation comes from the fact that
the density associated with the above conserved current is given by:

p=3"=i(* o —Yo*) . (I1.4)

This expression is clearly not positive definite, so it can not be associated with a probability density. This problem can
be traced back to the fact that, in contrast with the Schroedinger equation, the Klein-Gordon equation is of second
order in time. Because of this the Klein—Gordon equation was initially rejected as a valid quantum equation, which
motivated Dirac to look for a relativistic equation that was first order in time. The problem with the Klein—-Gordon
equation was later solved in quantum field theory by associating the density p above not with a probability density,
but rather with a charge density, allowing it to describe particles and antiparticles of opposite charge. However, this
equation does not include the effects of the spin of the particles, so today it is considered to describe only scalar
(spin 0) particles such as for example the Higgs boson. But we will not go any deeper into quantum field theory here
and we will instead regard both the Klein-Gordon equation and the Dirac equation below as purely “classical” field
equations.

Since having an equation that is first order in time and second order in space, such as the Schroedinger equation,
clearly violates Lorentz invariance, Dirac proposed a purely first order expression for the Hamiltonian operator of the
form:

Hip = (a-p+pm)¢. (IL.5)

where bold letters indicate three-dimensional objects, with p; the usual momentum operator, and where the quantities
«; and [ are constant coefficients to be determined. We can immediately see that, if the a; were the components of
a simple three-dimensional vector, the above equation would give preference to a specific direction in space, in clear
violation of relativistic invariance, so they must be other type of objects.

If we now want our Hamiltonian operator to satisfy the relativistic energy—momentum relation we must ask for:

H*p = (p* +m?) . (I1.6)

Taking the square of equation (I.5) we now find (notice that here we are not assuming that the «; and 8 commute):

i>j i



Comparing this with (I1.6) we find that we must have o? = 32 = 1, plus the objects (a1, as, as, 3) must all anti-
commute with each other. Given these anti-commutation relations we must conclude that these objects are not simple
numbers, but must be matrices of some dimension. One can also show that in order to satisfy all these relationships
such matrices must be at least of dimension 4 x 4. One such set of matrices are known as the Dirac—Pauli matrices,

and are given by:
(0 o (I 0
e (25). = (B2, s

where I5 is the 2 x 2 identity matrix, and where the o; are the usual 2 x 2 Pauli matrices:

(U (). (1 0). -

Given the fact that the Pauli matrices are hermitian (i.e. equal to their conjugate transpose), the «; and g are also
hermitian. It is important to remember at this point that the Pauli matrices anti-commute with each other and are
such that o? = 1. Both these properties can be combined into the expression:

{oi, 05} = 205515, (11.10)

where {, } denotes the anticommutator defined as {o;,0,} := 0,0; + 0;0;.
One should mention the fact that the above choice for the matrices «; and  is clearly not unique. In fact, any set
of matrices related to the above choice by a transformation of the form:

o =Uq U™, B =UpU", (I1.11)

with U a unitary matrix, would satisfy the same relations. Another common representation is the Weyl or quiral

representation, and is given by:
_ —0; 0 _ 0 IQ
Q; = < 0 Ui) y B = (12 0 ) . (II.12)

Now, given the fact that the Dirac equation (IL.5) involves matrix operators of dimension 4 x 4, we conclude that
the “wave function” 1 must in fact be a complex column vector with four components known as a Dirac spinor. The
Dirac equation then represents a set of four coupled equations for the four complex components of ). Notice that
even if the Dirac spinor has four components, it is not a 4-vector in the usual spacetime sense, but rather a collection
of four complex numbers that transform in a special way under rotations, as we will see below.

B. Covariant form

The Dirac equation (IL.5) can easily be rewritten in a manifestly covariant form. In order to do this we first write
the standard energy and momentum operators in the usual form (remember that we are taking h = 1):

H=id,, P, =—i0;. (11.13)
The equation now takes the form:
0y = —ia' Qi) + B, (IL.14)

where we have defined o = «;. From here on we will adopt the convention that Greek indices take values from 0 to
3, with 0 corresponding to the time coordinate, while Latin indices only take values from 1 to 3. We also adopt the
Einstein summation convention: repeated indices in the same term, once covariant and once contravariant, are to be
summed over all their allowed values. Multiplying the above equation with —i we obtain:

Oph = —a'0p) — iffmap . (I1.15)

Written in this form the Dirac equation can be interpreted as an evolution equation in time for . This is important,
for example, if one is interested in dynamical simulations of solutions of the Dirac equation. Multiplying now (I1.14)
with 8 from the left, and rearranging terms we find:

180 + iBatd) —mip =0 , (11.16)



where we used the fact that 82 = 1. The above equation can now be written in covariant form as:
i O —mp =0 (I1.17)
where we defined the v* matrices as:
=4, Ak = Bk . (I1.18)

The above matrices are the so-called Dirac matrices. In the standard representation they take the form:

o_ (I O k_ 0 o
7_(0 L) Y=l 0 ) (IL.19)

while in the Weyl representation they are instead:

0 __ OIQ k O (o
7—(12()), 7—(_%0). (I1.20)

It is usual to define the operator @ := 0, so that the Dirac equation takes the more compact form:
(ig—m)y=0. (IL.21)
From the definition of the v* matrices one can show that:
AT A AR = =2y (I1.22)
with n#*¥ the Minkowski tensor, and where here I, denotes the 4 x 4 identity matrix. Here it is important to mention
the fact that the above relation is obtained when using a signature (—,+,+,+) for the metric. In quantum field

theory text books it is common to use the opposite signature, so that the term on the right hand side above changes
sign. The previous relation defines what is known as a Clifford algebra. In particular we have:

")’ =L, (*)'=-L, (I1.23)
and:
Y7 +4%° =0, (I1.24)

that is, v° and v* anti-commute with each other. One can also show that:
of _ 0 kU k 11.25
=" T =, (I1.25)

where the symbol T denotes the transpose conjugate. That is, 4° is hermitian while the * are anti-hermitian. These
last relations can be summarized as:

NNV (I1.26)

It is common to also define the matrix 7° as follows:

7 = iy0y142%43 (I1.27)

The use of the number 5 comes from the fact that many older texts take the spacetime coordinates to run from 1 to
4 instead of from 0 to 3 as we do here. This matrix is useful for many calculations in quantum field theory, but we
will not consider it further here.

There is another useful relation that can be obtained from the Clifford algebra that allows us to commute two pairs
of Dirac matrices. From (I1.22) one can show, after some algebra:

e e L L e e T o (/e L Tt e i e L T T I (I1.28)



C. Adjoint equation, conserved current and the Klein—-Gordon equation

In order to find a conserved current associated with the Dirac equation we start from considering its hermitian
conjugate. We first write the Dirac equation in extended form as:

iy 0) + iy O —mip =0, (I1.29)
so that its hermitian conjugate takes the form:
—i (01) 2° — i (O") (—%) =y =0. (11.30)

Notice that in the above equation ' is now a row vector, while 1 is a column vector. Multiplying the last equation
with 70 from the right, and defining the adjoint spinor as v := ¥~ we find:

i (00) Y +myp =0, (I1.31)
where we used the fact that 4° and v* anti-commute. The last equation is known as the adjoint Dirac equation.

We can now multiply the Dirac equation (I1.17) with 1 on the left, and the adjoint equation (II.31) with 1 on the
right, and add the resulting equations together (remembering that the v* matrices are constant). We then find:

® (P 0u0) + (0u) v = B (¥*) = 0. (11.32)
This result implies that we have a conserved current of the form:
=y (11.33)

In particular, the associated density is now given by:
4
p=9" =Pl =" ||, (IL.34)
i=1

where here (and in similar expressions below) the index ¢ labels spinor components. Clearly p is now positive definite
and can be interpreted as a probability density, which was Dirac’s main motivation.

Let us now go back to equation (II.17). Applying the operator —iv”9, from the left we obtain:
¥ 0,0, + imy” 0, =0, (I1.35)

where we again used the fact that the v# matrices are constant. Using again (II.17) in the second term this reduces
to:

Y 0,0, +mh = 0. (11.36)
On the other hand, since partial derivatives commute we can write:
(VY +4") 0,0t = 29447 0,0,% . (11.37)
Using now the Clifford algebra, relation (I1.22), this implies that:
VY 00 =~ 9, = —09p (I1.38)
so that equation (I1.36) finally reduces to:
Oy —m®Y =0, (I1.39)
which is nothing more than the Klein—-Gordon equation. That is, each of the individual components of the spinor

obey the Klein—Gordon equation separately. However, will see in the following sections that this is strictly true only
in a flat spacetime and in Cartesian coordinates.



III. THE LORENTZ GROUP
A. Tensor representation

In order to study the behaviour of the Dirac equation under Lorentz transformations we must first understand in
some detail the Lorentz group, which includes the proper Lorentz transformations as well as the three-dimensional
rotations in space. A general Lorentz transformation is defined as a linear (and real) coordinate transformation that
leaves the Minkowski interval invariant. Such a transformation can be represented in the general form:

2 =A% (ITL.1)

where {2} are the original coordinates, {2/} are the new coordinates, and where A%s := 92'% /0x” is the jacobian
matrix that must be constant for a linear transformation. Notice that in the above expression the order of the indices
in the matrix A*s matters, as we will see in a moment.

It is important to mention the fact that in general we are not assuming any symmetry properties for the matrix
A®g. For example, for as Lorentz “boost” along the x direction the matrix turns out to be symmetric, while for a
three-dimensional rotation in space around the x axis it is antisymmetric. We will return to this point below.

We can now raise and lower indices of the jacobian matrix using the Minkowski tensor 1,3 to construct, for example:

Aap =naphs, AP =nfA, 0 A = A, (I11.2)
In particular, since the Minkowski tensor is invariant under Lorentz transformations by definition, we must have:
NP = A AP, i = AAP, (I1L.3)
which implies:
A Ag, = A% Ag” =55 . (111.4)

On the other hand, for the inverse transformation we have:

2 = (A 27 (I1L.5)
so that:
(Afl)o‘uA”ﬁ =03 , A"‘H(Afl)“ﬁ =05 - (I11.6)
Comparing this with (II1.4) we find:
(A7H)% = Ag”, (IIL7)
so the inverse transformation takes the form:
z® =A% 2" (I11.8)

That is, in order to obtain the inverse of the jacobian matrix we must lower the first index, raise the second index,
and transpose the matrix. In matrix notation this result can be written as A= = 5 A7y. In particular, for a rotation
in space raising and lowering indices has no effect, so the inverse is simply the transpose, and since the jacobian
matrix is real we see that rotations in space correspond to orthogonal matrices (with inverse equal to the transpose).
In contrast, for a Lorentz boost raising one index and lowering the other changes the sign of the first column and
first row (keeping the 00 component unchanged), and leaves us again with a symmetric matrix, so now taking the
transpose has no effect. A Lorentz boost therefore does not correspond to an orthogonal matrix.
Equation (II1.7) also implies the following relations (compare this with (I11.4)):

AN = AN g =55 (111.9)
Given the previous results, the Lorentz transformations of vectors and 1-forms take the form:

V'Y =A% | q0=M7"qs, (I11.10)



which can be generalized directly to tensors of arbitrary range. In particular, the coordinate basis vectors (é,)
transform in the same way as the components of a 1-form:

el =Aes . (I11.11)
On the other hand, since the determinant of the Minkowski tensor is —1, we also find that:
[det (A%5)]> =1 —  [det (A%g)] = +1. (IIL.12)

The group of Lorentz transformations in known as O(3,1), which is the general group that leaves the Minkowski
interval invariant. If we restrict ourselves to those transformations that have determinant equal to +1 we obtain the
“special” or “proper” Lorentz group SO(3,1). If, moreover, we ask for the direction of time to remain the same, that
is we ask for A% > 1, we obtain the orthochronous Lorentz group.

Let us now consider an infinitesimal transformation of the form:
A% =0%3+ A%, (I11.13)
with |A%g| < 1. Raising and lowering indices we find:
Aap =Nag +Xap, AP =P AP (I11.14)
These results imply that, to first order in small quantities, we must have:
2B L NP =0 (I11.15)

that is, A*? must be antisymmetric. In four dimensions such a matrix has only 6 independent components which
correspond to the three spatial rotations and the three possible boosts.

The next step is to introduce a basis for the space of the 4 x 4 antisymmetric matrices. This basis must be clearly
formed from 6 antisymmetric matrices M4 that are linearly independent from each other, with A = 1,...,6. In fact,
it turns out to be very convenient to replace the index A with a new pair of antisymmetric indices, so that our 6 basis
matrices will now be M*?, with elements given by (M??)*?. This notation can seem somewhat cumbersome at first,
but notice that we can now find an explicit expression for our basis matrices as:

(Mpa)aﬂ _ _nﬂanaﬁ + naanpﬂ ) (IH.IG)

In the above expression («, ) denote the different elements of a given matrix, while (p,o) denote which particular
matrix we are considering. By direct computation it is not difficult to show that the basis introduced above corresponds
to taking, for the matrices M% with i = 1,2, 3:

(MOi)Oi _ _(MOi)viO =11, (IT1.17)
with all other components equal to zero, and for the matrices M%7 with i,j = 1,2, 3:
(M) = —(MY)" = —1, (IT1.18)

again with all other components equal to zero. That is, each basis matrix takes one of the six independent components
of a general 4 x 4 antisymmetric matrix equal to £1, with all other other independent components equal to zero.

The matrix A*? associated with an infinitesimal Lorentz transformation can now be written as a linear combination
of our basis matrices in the form:

1
2B = 3 Co (MP7)5 (I11.19)

where the coefficients C),, are six small parameters (antisymmetric in p and o) that identify the type of transformation
we are doing, that is, which precise combination of rotations and boosts. The factor 1/2 is there to compensate for
the fact that the sum over (p,o) counts each independent term twice. In practice, in order to apply a Lorentz
transformation we need to lower one index and use A“g, where one should remember that the matrices A“g are no
longer necessarily antisymmetric (what we actually have is Ao? + A8, = 0). Tt is interesting to note that, given the
form of the matrices M in (III.16), the infinitesimal Lorentz transformation simply reduces to:

X = _ceb (I11.20)



The matrices M*° are known as the generators of the Lorentz group, and satisfy the Lie algebra:

[MPO, MM = PP MY —nPY MF 4+ n7" MPH — n  MPY . (I11.21)
We can now express a finite Lorentz transformation by using the standard exponential mapping given by:
A% = exp (; o (MP7)° B) . (I11.22)
Is it common to give alternative names to the matrices M as follows:
(B = (M), (R = 5 en(M79)°,, (111.23)

where the Latin indices (4, §, k) only take values from 1 to 3, and with €”* the Levi-Civita symbol in three dimensions.
The names of these new matrices are clearly associated with spatial rotations, R, and Lorentz boosts, B. We find
explicitly:

0+100 00 +10 000 +1

+1 000 _ 00 0O _ 000 O
B = 0 ooo0]" B2l 410 00 BT 000 0 (IT1.24)

0 00O 00 00O +1 00 O

and:

00 0 O 0 00 O 0 0 00

100 0 O 10 00 +1 10 0-10
Bi=1loo o-1] ™={0o 00 of ™=|o+41 o00]" (IT1.25)

0041 O 0-10 0 0 0 00

We can now define the complex matrices J; := iR; and K; := iB;, which obey the following algebra:

[Ji, J;] = dei™ Ty [Ji, K] = iei " Ky | (K, K] = —iei" J . (I11.26)

These relations are equivalent to (II1.21) and define the algebra of the Lorentz group. The matrices J generate spatial
rotations, while the matrices K generate Lorentz boosts. Notice here that the J matrices are purely imaginary and
antisymmetric, so they are hermitian, while the matrices K are purely imaginary and symmetric, and as such are
anti-hermitian.

With the previous definitions, a general Lorentz transformation can be expressed as:

A = exp (5- B¢ Bl) = exp (—i§~ J+i3- f?) , (I11.27)

with 0; and ¢; parameters associated with spatial rotations and boosts, respectively, and where the dot product is the
usual one in three dimensions (the negative sign on the term with the ; is necessary in order to recover the Lorentz
boosts in their usual form). The 0; represent directly rotation angles, while the ¢; are in fact velocity parameters as
will be clear below.

To continue we will now define 6 “partial identity matrices” I,, as diagonal matrices such that their only non-zero
components are the (p, p) and (0,0) components which are equal to 1. A little algebra now allows us to show that
the square of the B and R matrices is given by:

(B1)? = +Io1, (B2)’=+Ipz, (B3)®=+Ips, (LIL.28)
(R1)?=—Is, (Ra)’=-Is, (Rs)’=—Ip. (I11.29)

These relationships allow us to find recurrent formulas for any power of the B and R matrices. In particular, even
powers of any B; are just the respective partial identity matrix, while odd powers are the same B; again. For the R;
matrices the situation is similar but with alternating signs.

We can then expand the exponential mapping in a Taylor series, so that for the B; matrices we get only positive
signs that can be grouped into hyperbolic sines and cosines. For example, for a boost along the x direction (p1 = ¢,
Y2 = Y3 = 0, 97, = 0) we find:

cosh(yp) —sinh(p) 0
—sinh(¢) cosh(yp) 0
0 0 0

0 0 0

0
A= exp(—pB1) = ol (I11.30)
0



and similarly for the y and z directions. This can be immediately recognized as a usual Lorentz boost written in
terms of the velocity parameter ¢ defined as v = tanh(y), with v the speed associated with the boost.

On the other hand, for the R; matrices the alternating signs result in the Taylor expansion for the standard
trigonometric sines and cosines. For example, for a rotation around the = axis (¢; = 0, 61 = 6,603 = 03 = 0) we now
find:

A=exp(OR;) = (II1.31)

which is the usual rotation matrix around the x axis.

B. Spinor representation

The algebra of the Lorentz group is defined by the commutation relations (I11.21), but the specific form of the
matrices, and even their rank, can change when we pass from one representation of the algebra to another. In order
to see how this is related to the Dirac equation, let us define a new set of matrices o*” of the form:

1 1
ot =20t = 5 (0 L) (IL.32)
with 4* the Dirac matrices we defined before in (II.19), and where [y#,~"] := v#4” — 4”~4* now denotes the com-

mutator, and in the second equality we used the Clifford algebra (I1.22). Notice in particular that we have o#* = 0.
From this definition it is not difficult to show that:

[O'W/, ,yp] — n#p,yl’ _ nVP,y# . (HI.33)
And using this last result we find:
(077, oM] = nPha® — nPP ot 4 TV aPH — gTlgPY | (I11.34)

But these are precisely the same commutation relations that we had before for the M matrices in (II1.21). We then
conclude that the o matrices are a different representation of the Lorentz group (notice in particular that the M
matrices are real, while the o matrices are complex).

Just as we did before, we can now introduce an infinitesimal Lorentz transformation as:

1
5= 5 Cpao®, (111.35)

where the coefficients C,, are the same as before, and the corresponding exponential map as:

1
S = exp (2 Cngw) , (I11.36)

where now S represents a finite Lorentz transformation. Here one must remember that both s and S are 4 x 4 matrices.
Just as the original Lorentz transformation in the representation A acts on vectors v® (and tensors) as:

V= A0 (T11.37)

the Lorentz transformation in the representation S acts on 4-component Dirac spinors in the following way (as will
be shown in Sec. IV below):

Pt =5 (IT1.38)
where in the last equation the indices (7, j) are not spacetime indices, but rather spinor indices.

In order to find the explicit form of the ®? matrices, let us first consider the purely spatial components associated
with spatial rotations. From the definition we find, for ¢ # j:

1 1 .. 1 0 o 0 o i ol on 0
i 2 [0t oAd] — = oatad — i i) — _ Y ijk k
o =2 =50 2(_% 0><_Jj 0) 5 € (0 Uk>, (IIL.39)
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where we used the fact that the * and +/ anticommute, and in the last steps we used the form of the 7 matrices in
Dirac’s representation (though in this case one in fact finds the same result in the Weyl representation). If we now
define the angles 6% such that Ci; = quk&k , the rotation matrix can be written as:

i6-5/2
S = <6 . ew%/?) ’ (II1.40)

where the dot product is again the standard in three dimensions. Let us now consider, for example, a rotation around
the x axis by an angle 6, in that case we will have:

oti(0/2)01 0 L0 N A
S = ( 0 Hi(6/2)0s ) =c08(9/2)< 02 I, ) —|—zsm(0/2)( 01 0’1) . (I11.41)

where in the last step we use the fact that (071)? = I, in order to expand the exponential in a Taylor series and regroup
terms into sines and cosines. Notice now that the form of this matrix is quite different from the matrix A associated
to the same rotation given by (II1.31). In particular, if we take = 27 we find S = —1I4, so that ¥ now changes sign
after a full rotation, in contrast with what happens with vectors and tensors that are invariant under a full rotation.
This is a well known characteristic of spinors.

On the other hand, for a Lorentz boost we find, in the Dirac representation:

;1 ; 1[I, 0 0 oy 170 o
02 _ — 0.7 _ = 2 7 _ - 7
o _277_2(0_12>(_0i0)_2<0i0). (II1.42)
Defining now the velocity parameter as ¢ := —Cy; we find, for an arbitrary boost:
0 P

Using now the fact that:

0 o\
< ‘6) =1, (IT1.44)

one can show that a boost along the direction = takes the form:

0 e @WIn I, 0 . 0 o1
S:<6(W2)01 0 = cosh(p/2) 0 I — sinh(p/2) R (II1.45)

01

One should be very careful when applying a Lorentz boost (also a rotation) using the exponential map. The exponential
of a matrix is really defined in terms of the Taylor expansion. This implies, for example, that even if the matrix S
given in (II1.43) apparently has no elements in the diagonal, once we do the Taylor expansion such diagonal elements
do appear (because of equation (I11.44)). That is the reason why it is easier to use the Lorentz transformation along
a specific direction as shown in (II1.45).

It turns out that for the case of a Lorentz boost it is more convenient to work in the Weyl representation, in which

case we have:
;1 ;, 1[0 I 0 oy 1 (-0, 0
00 _ - 0. 0 _ = 2 7 _ 7
2 7 2 (I2 0 > <0i 0 > 2 ( 0 Oi) ’ (IIL46)

and taking again ¢ := —C; we find:

ot FG/2 0
5= ( 0 eF2 ) (ITL.47)
For a boost along the x direction we now have:
(p/2)01 0 I, 0 0
e ' o
S = ( 0 @2 ) = cosh(y/2) ( 02 I, ) + sinh(¢p/2) ( 01 _Ul) ) (I11.48)

The reason for which the Weyl representation is better in this case is that in the Dirac representation the components
(1,2) of the spinor are mixed with the components (3,4) for a Lorentz boost, but this does not happen in the Weyl
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representation since the matrix in now block diagonal. Here it is important to notice that the S transformations in
general are not unitary (i.e. with inverse equal to their transpose conjugate). A three-dimensional rotation is unitary
as can be easily seen from (II1.40) and the fact that the Pauli matrices o; are hermitian, but a Lorentz boost is not
unitary.

To finish this section we will show a very important relation between the matrices S and A associated with the
same Lorentz transformation. It turns out that in general one has:

STINrS = AF A (I11.49)

The previous expression has to be understood with some care. On the left hand side we have the product of three
matrices, S~14#S, while on the right hand side we have a linear combination of matrices v* with coefficients given
by the A*,. In order to prove this relation we shall work in the limit of infinitesimal transformations. In that case
we have, from (II1.22) and (II1.36) (here and in what follows ~ denotes approximately equal to):

A>T, + % Coo M, S~1I,+ % Croo®? . (I11.50)
This implies:
Ay gt 5 g (M) 2 (IL51)
and:
STIAHG ~ Ayt % Coo (0P7H — A7) | (I11.52)

where in the last expression we kept only linear terms in the coefficients C),, which we assume are small. In order to
prove (II1.49) we must then ask for:

(077, 4] = —(MP7Y 7 (I11.53)
But, from (III1.16) we have:
(MPo)E Y = =Py £ 7y, (II1.54)

and using now (II1.33) we obtain precisely (II1.53). Equation (II1.49) can be easily inverted to find the equivalent
expression:

SArSTL = A HAY (I11.55)

IV. LORENTZ INVARIANCE OF THE DIRAC EQUATION

We are now in a position to show the invariance of Dirac’s equation under a Lorentz transformation. We start from
Dirac’s equation written in covariant form:

Yo —my =0. (Iv.1)

Under a Lorentz transformation z’'# = A*,z" this equation must keep the exact same form, with the same v* matrices,
so we must have:

iy —my' =0, (IV.2)
with 8,@ = A,"0,. We now propose that the Dirac spinor transforms with a transformation matrix S as:
W =8y, (IV.3)

where at the moment we are not assuming anything about the form of .S, except for the fact that it must be a constant
matrix (because of the homogeneity and isotropy of spacetime). Substituting this into equation (IV.2) we find:

iNARS Bap — mSp =0, (IV.4)
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where we used the fact that S is constant and the A,,” are real numbers so they commute with the matrices. Multiplying
now from the left with S~! we find:

iN” (STIMS) O —myp =0, (IV.5)
and comparing with the original Dirac equation we conclude that we must have:
ALY (S7I1S) =47 . (IV.6)

Using now the fact that A,” = (A™!)” , we can see that the previous expression is equivalent to:

l’“
SIS = A A . (IV.7)

But this is nothing more than equation (I11.49) from the previous section, so we conclude that the Dirac spinor 1
transforms precisely with the S matrices we discussed before. -
From the transformation law for ¢ one can easily show that the adjunct spinor ¥ transforms as:

W =10 = plgty? (IV.8)
Using now the relations (I1.26) it is not difficult to show that the matrices o# defined in (II1.32) satisfy:
(") = =417, (IV.9)
which in turn implies:
ST =4057140 (IV.10)
The transformation of ¢ then takes the final form:
O =pTA08 1t =St (IV.11)

where we used the fact that (y°)2 = 1. The result implies, in particular, that the object (1)) is a Lorentz scalar,
while the conserved current (i/y*1) transforms as a vector. Moreover, (1»y*y"4)) transforms as a rank 2 tensor, or
strictly speaking its antisymmetric part transforms as a tensor (actually a 2-form), while its symmetric part is Lorentz
invariant since it is proportional to the Minkowski tensor (see equation (11.22)).

V. DIRAC EQUATION IN GENERAL RELATIVITY
A. The tetrad formalism

In order to write the Dirac equation in the case of a general curved spacetime we first need to introduce the
formalism of tetrads. We will not describe here that formalism in great detail as it is quite standard in advanced
general relativity text books, and we will limit ourselves to discuss some of its more important properties.

The basic idea behind the tetrad formalism is to choose, at each point of spacetime, a set of four orthonormal
vectors {€4} that define a local inertial frame, where the index A identifies each of the four vectors (A = 0,1, 2, 3).
It is important to emphasize that this orthonormal basis is in principle completely independent from our coordinate
system. The basis {€4} is known as a tetrad (also frequently called a vierbein from the German word for “four legs”,
or even a vielbein meaning “many legs”).

Assume now that we have a general coordinate system {z*}, the corresponding coordinate basis components of the
tetrad will then be €y, and since the tetrad basis is orthonormal by definition we will have:
€4-€B = guwes €s =NaB , (V.1)
with g,,, the components of the metric tensor and nap the usual Minkowski tensor. Notice that now we have two
different types of indices: indices associated with the spacetime coordinates, denoted by Greek letters, and indices
associated to the tetrad basis vectors denoted by uppercase Latin letters and usually called “Lorentz indices”. From
here on we also take the convention that Greek indices are raised and lowered with g,,,, while uppercase Latin indices
are raised and lowered with n4p. For example we will have:

eua = g€ et = nABe% ) (V.2)
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In particular, this implies:
epaely =nap . (V.3)
Somewhat more formally, we define a set of four 1-forms {é4} associated with our tetrad such that:
et (@) = ef}e‘é =05 .

The 1-forms {4} are known as the “co-tetrad”. However, it is easier just to think of raising and lowering indices
with nap and g,,.
We can now project arbitrary vectors onto the tetrad. For example, for a vector ¥ we will have:

vA = v“e;‘ , va =veua , (V.4)
and the original vector can be written as:
T=0v1e, . (V.5)
This relation implies then that:
ot = vl (V.6)

The dot product of two vectors can then be written as:
U= (UA€A) . (uBé'B) szuBnAB:vAuA . (V.7)
That is, we have v - @ = viu, = vAuy.
Let now {Z,} denote the coordinate basis vectors. We can then express this basis in terms of the tetrad as:

Z, = 2Ea . (V.8)
The dot product of two coordinate basis vectors will then be:
2 7, = zuaz) = (exazy) (e227) = (exady) (e207) = epnep (V.9)

where we used the fact that the spacetime components of the coordinate basis are just the Kronecker delta. But the
dot product of coordinate basis vectors is precisely the definition of the components of the metric tensor, so we finally
have (compare this with (V.3)):

eMAe’;1 = G - (V.10)
This is a very important result, and shows that in some sense the tetrad can be understood as a “square root” of the
metric tensor. In particular, the last expression implies that the determinant of the metric can be written in terms of
the tetrad as:

g = det (e2eBnap) = [det(e})]” det(nag) = — [det(e)]” (V.11)

so the volume element takes the form:
g|"/? = det(ef}) . (V.12)

It is interesting to notice that the components of the tetrad e’; can also be interpreted as the jacobian of the
transformation from the coordinates {z*} to a new set of locally flat coordinates {X“}. If we define e} := dx# /0 X4
we will have, for an arbitrary vector:

ozH
oM = (W> v = et (V.13)
which corresponds to the rule (V.6) that we saw above.

We can also project tensors of arbitrary rank onto the tetrad. For example, for a rank 2 tensor we will have:

Tap :=cyepT,, . (V.14)

In particular, if we take T" as the metric tensor we find immediately gap = nap, as should be expected. The operation
that takes a spacetime index into a Lorentz (tetrad) index is usually known as “strangulation” (v* = e;‘v“), while
the opposite operation that takes a Lorentz index into a spacetime index is known as “resurrection” (v# = eiv“‘).
The importance of the tetrad formalism comes from the fact that, once projected onto the tetrad, the components
of vectors and tensors behave as scalar functions under changes of coordinates. In the tetrad formalism we then have

two different types of transformations:
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1. General coordinate transformations for which the tetrad basis vectors behave in the usual manner, but the
components of different geometric objects (vectors, tensors and spinors) projected onto the tetrad behave as
scalars.

2. Local Lorentz transformations that take an initial tetrad onto a new tetrad, for which the components of
geometric objects transform as tensors in special relativity (or spinors, see next sections).

The next step is to consider the derivatives of vectors and tensors in the tetrad formalism. For this we need to
define the so-called spin connection coefficients, also known as the Ricci rotation coefficients, as:

WuBy = vyeuB = €uB;v - (V15)

The order of the indices for the w’s is chosen here such that it coincides with the natural order when using the “;”
notation for covariant derivatives (this convention is common, but not universal, so care must be taken when reading
different references). It is usual to work with these coefficients with one or both of the spacetime indices projected

onto the tetrad (strangled):
WABY = € WABy ,  WABC = €N€D WABo - (V.16)

One often finds that the name “spin connection coefficients” is reserved for the fully strangled version wapc. Similarly,
one can work with all three indices of spacetime type (resurrected):

Wiy = ef WuBw - (V.17)
Notice that with our notation the third index always corresponds to the derivative (but many references put the
derivative index as the first one), either directly as in w4, and wap,, or strangled as in wapc.
From the above definition it is not difficult to show that in general we have:

0,€4 = (e”A;M) Z, = w”AMZy = wBAuéB . (V.18)

The spin connection that we have just defined turns out to be antisymmetric in the first two indices when they are
of the same type. In order to see this one must remember that nap = gu.ea*ep”, which implies:

_ _ Mov v K
0=n4aBx = Guv (eAeB;A + 6B‘fA;,\)

= epaeh +eupel, = wanx +wpax , (V.19)

and finally:
WABa = —~WBAa - (V.20)
From this we immediately also find wegx = —wpgar. This property ensures that when we express the covariant

derivative of the metric tensor in terms of the tetrad we will have Vg3 = 0. To see this notice that from (V.10) we
have:

V,ugozﬁ = (eaAeg);# = eaAegm + egeaA;p
= eaAwBAM + e?waA“ = Wgau + Wasy =0 . (V.21)

Notice that, from equation (V.18) above, the Ricci rotation coefficients play a similar role to the Christoffel symbols
when working with the tetrad instead of a coordinate basis. But crucially, while the Christoffel symbols are symmetric
in two indices, FZ‘V = F‘f,“u, the Ricci rotation coefficients are antisymmetric in two indices, wapy, = —WpAae- This
implies that there are fewer independent wap, than there are I'jj,. For example, in 4 dimensions there are 40
independent I'j,, while there are only 24 independent wap,. This is one of the advantages of the tetrad formalism:
one has to compute fewer quantities.

The name “rotation coefficients” comes from considering the change of the tetrad for an infinitesimal displacement

ox*. In that case we have:

dely = el 0r” = w4, 02" = (wBA,,(Sm”) el . (V.22)
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If we now define AZ 4 := wP 4,527 we find:
sety = AP qely . (V.23)

But this is just a rotation of the tetrad in 4 dimensions, that is a general Lorentz transformation such as those we
discussed above.

One can in fact define different concepts of derivatives of geometric quantities in the tetrad formalism. The first
one is the standard covariant derivative for which an object completely projected onto the tetrad, i.e. completely
strangled, behaves as a scalar. To denote this derivative we will continue to use the V (or ;) symbol.

We can also define two different types of derivatives for geometric objects that have indices of mixed type. The
intrinsic derivative is defined by first strangling all the spacetime indices, then taking the covariant derivative of the
resulting scalar, and finally resurrecting back the indices that had been strangled. To denote this derivative we use a
vertical bar instead of as semicolon, for example:

T#

b = (TaeX), ey =Th, el =TH el (V.24)

where in the last step we used the fact that fully strangled components behave as scalars for the covariant derivative.
The intrinsic derivative then corresponds to the change of the tensor components with respect to the tetrad basis.
That is, if the tetrad changes from one point to another and the tensor also changes but in such a way that its tetrad
components are the same, then its intrinsic derivative vanishes. In particular, from the previous definition it is easy
to see that:

hy = (€hed) e = (64) , e =0, (V.25)

that is, the intrinsic derivative of the tetrad is always zero, so that such derivative commutes with the strangulation
and resurrection operations, for example:

Bappr _ mB Ampp
e T —1—1’4‘117 e)\TA

sTh, =T, (V.26)

v
Equation (V.24) can also be written explicitly in terms of the spin connection as follows:

TIL

h, = Th, +w,, TS . (V.27)

The first term in the previous expression is the usual covariant derivative, for which strangled indices behave as scalars
(so that T% behaves as a vector). In the second term the spin connection plays a similar role as the usual Christoffel
symbols, but remember that they have different symmetries. It is also possible to strangle the index in the derivative
to define a directional derivative along the tetrad, for example:
Tz|C = eDCTIZ‘V = TZ;C + wO'MCTX ’ (V28)

where we have defined Y., := ef,T% . Similarly, we also can strangle the y index to find:

Tﬁc = e Tho+we"cT] = e Th o +wp®cTh . (V.29)
Notice that for the first term we can not simply write T’ f;c, since the covariant derivative of the tetrad in general
does not vanish.

The intrinsic derivative can be generalized to tensors with multiple indices in the same way as the covariant
derivative. For example, for an object with fully strangled indices we have:

T, =15, , (V.30)
while for an object with one covariant spacetime index we will have:
Tuapw =Tpaw —w,.’ Toa, (V.31)
and for objects with mixed spacetime indices we find:

T§A|u = T)‘\LA;D + wUMVT)?-A - w)\UVTéLA . (V32)
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A different type of derivative is known as the invariant derivative. In this case the definition is the opposite: we
first resurrect all tetrad indices, we then take the covariant derivative, and finally we strangle again. We denote this
derivative by a dot, for example:

T, = (TpeX), eh = T4, € - (V.33)
In the same way as with the intrinsic derivative, it turns out that the invariant derivative of the tetrad also vanishes:

B A A A
eljl-u = (6%6)\ );y €A = (5N);u €4 = 0. (V34)
The invariant derivative then also commutes with strangulation and resurrection, for example:

efo-u = T)I\LV ? GET.'Z*V = TEV : (V35)

In particular, this implies that when a tensor is expressed with purely spacetime indices, its invariant derivative is
simply equal to its covariant derivative:

T}, =T%,, . (V.36)

In other words, the invariant derivative is just the projection of the usual covariant derivative of a tensor with purely
spacetime indices onto the tetrad, in one or several of its indices. In particular we have, for example:

Tho = eaehel TS, . (V.37)
The previous expression can in fact be inverted to find:
TS, = esefeSTh o . (V.38)

For a tensor with mixed indices, the invariant derivative gives us the change of the tensor as an abstract geometric
object, that is already reconstructed in terms of the corresponding basis. For example, if we have a tensor T = TIZZMé'A,
then its derivative will be:

0, (T) =0, (T4z,e") =T} ,z.e" . (V.39)

It is because of this property that the invariant derivative is the most natural generalization of the covariant derivative
in the tetrad formalism.
The invariant derivative can also be written in terms of the spin connection. For example we have:
T#A-V = TMA;V +WABVT'LLB y (V40)

™., =T", —w’AsT's . (V.41)
In a similar way, for an object with mixed covariant and contravariant Lorentz indices we will have:

T = Th) +whe, T —wCp, T . (V.42)
It is interesting to notice that, while in the case of the intrinsic derivative the spin connection “takes” the spacetime
indices of the original tensor, in the case of the invariant derivative it takes the Lorentz indices. In particular, if the
original tensor had no spacetime indices the intrinsic derivative has no extra terms and just reduces to the covariant
derivative (in fact the partial derivative), while the opposite happens for the case of the invariant derivative where
for a tensor with no Lorentz indices it reduces to the usual covariant derivative. Notice that for a tensor with no
spacetime indices the invariant derivative simplifies and the first term reduces to a partial derivative, so that we have
for example:

vig = e, = eby (00 + W) = 9pv? + whepv® (V.43)
where we defined 9p := €/50,,. Similarly:
va.p = 0pva —w apve (V.44)

Tho = 00Th +w'pcTh —wPpcTp . (V.45)
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In particular if we apply the rule (V.41) to the tetrad vectors we find:
CuA-a = €pAa — WCAQE;LC =Wpda ~ Wyda = 0, (V46)

so that we recover (V.34). This result is usually called the “tetrad postulate”, and can sometimes be a source of
some confusion. But notice that in this case the invariant derivative does not correspond directly with the covariant
derivative of the 1-form €4, which is not zero in general, but rather with the covariant derivative of the “tensor” e,
projected onto the tetrad, and we have e,, = eu,qe;j1 = guv- That is, having the invariant derivative of the tetrad
vanish simply represents the fact that the covariant derivative of the metric tensor is always zero.

We can now use the expression for the invariant derivative of a vector to find a relation between the spin connection
and the Christoffel symbols. If we calculate vf, directly we have:

A A A
U;/L* #U +Fl//l,

Ca (V.47)

while if we calculate it from the projection of the invariant derivative we find:

v;);L = e%ef} (vi) = e%eﬁ (BAUB + chAvC)
= ep0, 0P + w0 =0, (eng) —vP0,ep +wt, 0"
= 9,0 + (W — efoueny) v” . (V.48)

Equating both expressions, and using the fact that this must be valid for an arbitrary vector ¢, we find:

= w)‘l,“ - efaﬂe% , (V.49)

I
where we used the fact that the Christoffel symbols are symmetric in the lower indices. Solving for the spin coefficients
we finally find:

Wy, = 1",))“ +elaen . (V.50)

In a similar way, by considering now the derivative of a 1-form we also find:
Wy, = I’,))H —enuel . (V.51)

Notice that the last expression can be obtained immediately from the fact that eZep = ;. Finally, projecting the
first two indices onto the tetrad we obtain:

wapu = € (exal), — Oueva) - (V.52)

Even though not obvious, the expression above is in fact antisymmetric in the indices A and B as will become apparent
below. This expression is particularly useful in order to calculate the coefficients wap, which, as we well see in the
next sections, are necessary in order to write the Dirac equation in general relativity.

If we now substitute the definition of the Christoffel symbols in terms of the metric tensor, and the expression of
the metric in terms of the tetrad g,, = e aes, a straightforward (but somewhat long) algebra allows us to find:

1
WABC = —3 [(faBc + face + fcas) — A< B, (V.53)
where we have projected the third index onto the tetrad, and where we have defined the quantities:
faBc = (Oaean) € (V.54)

The antisymmetry in the first two indices of w4pc is now evident.

To finish this section we will now write the Riemann curvature tensor in terms of the Ricci rotation coefficients.
One finds:

RAB,W = 0uWABy — anABH —i—wAcu chu — WACY WCB;L . (V.55)

Notice that in this expression the Riemann tensor has the first two indices projected onto the tetrad, so that it behaves
as a rank 2 tensor (in fact a 2-form) with respect to coordinate changes. The previous expression can be proved by
direct calculation (the algebra is rather long) by substituting the w’s in terms of the Christoffel symbols from (V.49),
and using the usual definition of the Riemann tensor:

R0 == 0,13, — 0,13, + 15,15, —T5,1'G, . (V.56)
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B. Generally covariant form of the Dirac equation

In order to generalize the Dirac equation to the case of a curved spacetime we must first go back to equation (I1.22)
that defines the Clifford algebra, which in the language of tetrads now takes the form:

(" A"} =21, (V.57)
with {,} the anticommutator, and where the ¥4 matrices are the same constant matrices we defined in the case of
special relativity. We will now define new y* matrices that depend on the tetrad as:

Y= teat . (V.58)

Notice that these new * are in general not constant anymore and can change from one point to another. From this
definition we find immediately:

(V= {WAWB} ealep” = —QHABBA“EB” ) (V.59)
and using now (V.10) we finally obtain:
A =291 (V.60)

This is the form of the Clifford algebra in general relativity. In particular, notice that the new v* matrices with different
indices in general do not anti-commute anymore, and only do so for the special case of orthogonal coordinates. From
the previous result it is easy to show that:

Yyt = vt = -4l . (V.61)
The next step is to consider the transformation rule for a spinor. For a 4D rotation of the tetrad we will have:
W =S(@) ¢, (V.62)

where now S(z) is a general Lorentz spinor transformation as those we saw before, but which can now depend on
position. The derivative of a spinor, however, does not transform as a spinor anymore since we will have:

O’ =0, (S ) = S (9u¥) + (9u5) ¥ - (V.63)
In order to take this into account we will now define a spinor covariant derivative as:
Dy =0, +T 0, (V.64)

where the I, are some matrices to be determined, and are known as the spinor affine connection (not to be confused
with the spin connection coefficients we saw above), or the Fock—Ivanenko coefficients [2, 3]. We will find the explicit
form of these coefficients in the next Section.

Consider now the adjoint of equation (V.64) which takes the form:

D;ﬂz = M/; + '(ZJ fu ) (V.65)
In order to find the relation between 1:‘“ and I'), we now ask for our spinor covariant derivative to obey the Leibniz
rule, and also for it to be compatible with the usual covariant derivative. Consider then the covariant derivative of

(Y1), we have:

Dy (Y1) = (D) ¥ + 9 (Dyp) = (89) ¥ + 9 (9u)) + 9 (L + ) ¢ - (V.66)
On the other hand, since we know that 1)1) behaves as a scalar we must also have:
Dy () = 0y (V) = (9u¥) ¥ + 9 (Ou¥)) (V.67)
Comparing now both expressions we find immediately:
r,=-r,, (V.68)
so that the spinor covariant derivative of 1) takes the final form:
Dy =8 =Ty . (V.69)
With the above definitions, the Dirac equation in a curved spacetime can be written as:
iV Dy —mp =0, (V.70)
with D4 = 0,4 + I';;2p. Similarly, the adjunct equation takes the form:
i (D) Y +myp =0, (V.71)

with D, = 8,8 — 4T .
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C. The Fock—Ivanenko coefficients

We still need to find the explicit form of the Fock-Ivanenko coefficients I',. In order to do this, let us first assume
that we have a matrix operator with spacetime indices Q%, such that (¥ Q%) transforms as a tensor with respect to
a general change of coordinates, and where « can represent any combination of covariant and contravariant indices.

For the spinor derivative of (¥Q*) we will have:

Dy (VQY) = (D) Q%Y + 4 (DQ*) ¥ + Q™ (D)
= (0u¥) Q¢ +9Q% (0u¥) + ¥ (DuQ™ —TuQ* + Q°T ) ¥ . (V.72)

On the other hand, since (¥Q*v) behaves as a tensor, and spinors should behave as scalars for the usual covariant
derivative (they only have Lorentz indices), we have:

Dy, (vQY) = V. (¥Q°¢) = (9u%) QY + Q% (91) + ¥ (V,,QY) ¥ . (V.73)
Equating both expressions we now find:
P (DuQY —TuQ* + QT ¢ = (V,QY) ¢, (V.74)

and since this must hold for any v we finally obtain:
D,QY =V,Q%+ [T, Q% . (V.75)

Clearly, if we take Q = I4 we find D,I; = 0, as expected. On the other hand, if we take our matrix operator as
QP = g*P1,, we immediately find D,,(¢*?14) = 0, which indicates that the spinor derivative must be compatible
with the metric. Going back to the Clifford algebra, equation (V.60), it is easy to see that a sufficient condition for
this to be satisfied is to ask for the spinor derivative of the v* matrices to vanish, that is:

Dy =0, (V.76)
or more explicitly:
Viy’ +[Cu7"] =0 (V.77)

A somewhat long algebraic calculation shows that the previous equation will be satisfied if we take:

1 1
r,= ~1 wABM’yAvB =—3 UJABHUAB , (V.78)

where the 48 matrices are the same we had previously defined in (I11.32), but now expressed in terms of the tetrad:

oAB ._ 1 [v4,45] =

1 (v +0*PL) . (V.79)

N =

Equation (V.78) gives us the explicit form of the Fock-Ivanenko coefficients I',,.
Let us now return to equation (V.76). Since by definition we have v# = y%¢/{, and the ¥# are constant, the
condition that the spinor derivative of v* should vanish implies that we must ask for:

D,ey =0. (V.80)

The more natural way to accomplish this is to ask for the spinor derivative of tensor objects with mixed indices
(spacetime and Lorentz) to reduce to the invariant derivative that we defined in the previous section.

D. Geometric derivation of the Fock—Ivanenko coefficients

In the previous Section we arrived at an explicit form for the Fock—Ivanenko coefficients through a series of algebraic
requirements that might seem somewhat obscure. Here we will show an alternative geometric derivation that arrives
at the same result (the discussion here is based on that of [24]).

We start by considering the fact that the geometrically meaningful derivative of a spinor ¢ can not simply be given
by the difference between its values at neighboring points, since the tetrad with respect to which 1 is defined will
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in general not be parallelly transported between these two points. The first step is then to consider how the tetrad
changes. Let @4 (z + dz) be the value of the tetrad at point (z + dz), and &4 (z + dz) the value of the corresponding
tetrad that has been parallelly transported from x to x + dx. Since both these tetrads are now evaluated at the same
point, the difference between them must be an infinitesimal Lorentz transformation, that is:

Eax + dz) — el (x + dx) = MpPep(x + dx) ~ A\ Pép(z) , (V.81)

with Asp the infinitesimal Lorentz transformation that we introduced in Section III above. But this difference is
precisely the definition of the usual covariant derivative, so we must have:

ey, dx” = AaBel (V.82)
Contracting both sides of this equation with e,c we immediately find:
eﬂceff‘;ydx” = )\ABe%euc = lac = euce’:‘;yda?” , (V.83)
or:
Aac = epowt 4pdr” = woade” = —wac,da” . (V.84)
From equation (II1.35), the change of the spinor ¥ under such a Lorentz transformation will then be:

op = —% Aapo™Py (V.85)

where we already used the fact that the coefficients for the transformation are given by —Aap (see equation (II1.20)).
Now, just as before, the geometrically meaningful derivative of ¢ must be given by the difference between the value
of 1 at point 4+ dz and the value of 1 that has been parallelly transported from x to z + da:

Dy =(xz +dx) — Pl (x 4+ dz) = Y(z + dx) — (Y(x) + 0)
=, da” — 6 = D) da” + % AapoBy

1
— (8,,1pdx” ~3 wAB,,UABw) dz¥ = D, dx¥ . (V.86)
Comparing this to our definition for the spinor covariant derivative (V.64) we find:
1
Ty = =5 wapuo™?, (V.87)

which is the same as (V.78).

E. Spinor Ricci identity

In the same way as the usual covariant derivatives, the commutator of the spinor derivative can also be written in
terms of the Riemann tensor. Using the expression for the Fock—Ivanenko coefficients that we found above, as well as
the expression for the Riemann tensor in terms of the Ricci rotation coefficients (V.55) together with equation (I1.28),
it is not difficult to show that:

1
[gm Dv] )= _5 RABHVUABZZJ . (V.88)

This expression is a generalization of the Ricci identity for the case of spinor covariant derivatives. The previous
result can also be written in terms of the I';, matrices as:

1
oL, —9,T,+T, T, -T,T, = -5 RapuoB | (V.89)

which bears an obvious resemblance to the form that the Riemann tensor takes in terms of the usual Christoffel
symbols. In order to prove the previous expressions one must remember that D, is both a spinor and a 1-form, so
that:

Q#Dlﬂ/) = 3,u (guw) + F,u (Dlﬂ/}) - qu (Dcﬂ/’)
= a,u (81/7/) + Fu"/)) + Fu (aul[} + Fuw) - Fgu (aoﬂ/} + Faw)
= (0u0u ¥ = T%,000) + Lu0t) + T0utp + (0,7 =T, T +Tuly) ¥, (V.90)
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and finally:
D/,LDI/w = VMVV¢ + Fuau'(/) + Fuap,z/) + (Vuru + FHFV> ¢7 (V91)

where V, is the usual covariant derivative that acts on 1 as a scalar, and on I', as a 1-form. Notice that, even if
the first three terms are clearly symmetric on (u, ), the last term breaks this symmetry since there is no reason to
assume that V,I', is symmetric, and I',I', also isn’t symmetric since the I';, in general do not commute.

F. Invariance of the spinor affine connection

In the previous Sections we found the final form of the Fock—Ivanenko coeflicients I';, in terms of the spin connection
given by equation (V.78). We still need to show that the spinor covariant derivative that we defined above does indeed
transform as a spinor. That is, we want to show that:

DL@ZJ’ =5D,, (V.92)
where:
D;sz/ = 8‘@’ + I‘Lz// . (V.93)

It is not difficult to show that equation (V.92) will be satisfied if we ask for the I',, matrices to transform according
to the rule:

I, =8T,5 "= (0.5 5". (V.94)

We will now show that the I',, given by (V.78) do in fact satisfy this transformation rule. In order to do this, we
consider an infinitesimal Lorentz transformation of the form (see equation (III.19)):

1
Ay~ o5+ Mg, Mpi= 5 Cep (MCEDYA L (V.95)
with Cep = Cep(x) now functions of position, and |[Ceop| < 1. The associated spinor transformation will be:

1
SAp ~ o8+, sy = 3 Cep (69P)A 5 . (V.96)

The inverse transformations will then have the form, to first order in small quantities:
A DA =05 - Mg, (STHAp~dp—ss. (V.97)

Substituting now the expressions for S and S~! in the transformation rule (V.94), and keeping to first order in
Cap we find, after some algebra:

[, =T, +[s,0u] — s, (V.98)
and explicitly substituting the form of s:
1 1
F;‘ = Fu + 5 OCD [O'CD,FM] - 5 (aMCCD) O’CD . (V.99)

Let us now write the I', in the form (V.78), but instead of using the wap, as coefficients of the ¢ matrices we
consider some arbitrary coefficients Bap,:

1
Ty =—5 Bapuo™?, (V.100)

where at the moment we are not assuming anything about the coefficients B 4p,,, except for the fact that they must
be antisymmetric in their Lorentz indices. Substituting into the transformation law we find:

1 1
B/ABMUAB = BABHO'AB + 3 Cap [O’AB,BCDMUCD] + 3 (8HCAB) oAB

1
= (Bapyu + 0,Cap) 08 + 5 CanBopy (048, 0P | (V.101)
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where we used the fact that the c¢? are constant and as such are invariant, and also that the C’s and B’s are real
numbers. Using now the commutation relations of the o matrices given in (II1.34) we find, after some algebra:

Blp,o™? = [Bapu + 0,Cap — (Bac,Cp® + Bep,Cs©)] o7, (V.102)
which implies that the B coefficients must transform as:
B, = Bapu+ 0,Can — (Bac,Cp° + Bop,Ca) - (V.103)
On the other hand, the transformation rule for the spin connection is:
w;lBu = e;i\w/ABu = eifx\e/,\B;u = AAceé* (ABDG)\D>;#
ZAACABDeé« eAD;M‘FAACeé exp EJMABD . (V.104)
Using now the fact that ep exp = nep we find:
Wap, = AaApP wep, + AaC0,ABc (V.105)
Assuming an infinitesimal transformation, the last expression reduces to first order to:
Wap, = wABy + wacp S +wopAa® — 0 ap (V.106)

where we used the fact that A4p is antisymmetric. Remembering now that for an infinitesimal transformation we
have Aap = —Cap (see equation (I11.20)), we finally find:

Whpy = waBp + 0,.Ca — (WacuCs” +wopuCa®) . (V.107)
But this is precisely the transformation rule for the B coeflicients we found above, so we conclude that the Fock—

Ivanenko coefficients given by (V.78) do transform in the correct way.

VI. THE SCHROEDINGER-DIRAC EQUATION

For the case of Minkowski spacetime we have already shown that Dirac’s equation takes us directly to the Klein—
Gordon equation for each of the spinor components. In the case of a curved spacetime this is no longer true, and what
we find is a generalization of the Klein-Gordon equation known as the Schroedinger-Dirac equation [5] (see also [25]
and references therein).

The first step in finding this equation is to calculate the quantity ﬂgw =D, (v Dy ) = 47D, Dy1p. We have:
B = 4" DD = 3 ({4} + *,7*) Dot
=~ DD+ 5 1,0 DuDit
= ~DED, + 5 b7 [Py D]
=—DH'D,1p — % " Repywo P
= —DHFD b — 1 Rapopo?Bo®Py (VL1)

2

where we used the definition of the 0¥ matrices and the expression for the commutator of the spinor derivatives given
by (V.88), and the fact that the Riemann tensor is symmetric when we exchange the first and second pairs of indices.
Using now the antisymmetry of the Riemann tensor in the two pairs of indices, and substituting the definition of the
o matrices, we can rewrite the previous result as:

2 . 1
P = —D"Dyip — 3 Rapepy P14 . (VL2)
The second term of the above result in fact turns out to be proportional to the scalar curvature. In fact we have:

1
R= —5 Rapcpy*yPyCyP . (VL3)
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We will leave the proof of this result to the end of this section. The quantity 1521/1 then takes the final form:
2 R
D= (-D"D, + 1 P . (VL4)

This last expression is the natural form of the Laplace operator when applied to spinors in a curved spacetime. Having
a contribution from the curvature scalar is not surprising, and comes from the fact that the covariant derivatives of
spinors in general do not commute (something similar happens in the case of vectors and 1-forms, and the natural
Laplace operator in that case is the so-called “de Rham Laplacian” which also has contributions from the curvature
tensor).

Having found this result, we can now go back to the Dirac equation. Applying the operator iv#D,, from the left
we find:

ivHD, (VD —mayp) =0
= P —imy" D=0
—  P+mPp=0, (VL5)

where in the second term of the third row we used again Dirac’s equation. Substituting now (VI.4) we finally find:
R
(w@# S m2> Y=0. (VL6)

This is the Schroedinger—Dirac equation, and is the generalization of the Klein—-Gordon equation for spinors in a
curved spacetime. In the previous equation one should remember that the operator D#D,, must be calculated as (see
equation (V.91)):

DED,1p = Otp + 20H9, 00 + (VT + T, TH) 1p (VLT)

where O is the usual d’Alambertian applied to scalars, and V,I'* = 9,(|g|*/?T'*)/|g|*/?. Notice that, since the
operator DD, involves the I', matrices, in the Schroedinger-Dirac equation the different components of v are in
fact coupled, something that does not happen with the Klein—Gordon equation.

We will now prove equation (VI.3) that we used in order to derive the Schroedinger—Dirac equation. The first step
is to consider the contraction of the Ricci tensor R, with two v matrices. using the symmetry of the Ricci tensor
we find:

1
Ru"y” = Rapy™y® = By Rap (WAWB +9844) = —Rupn™® = -R. (VLY)

Next we must express R4 BWA'yB in terms of the Riemann tensor:

Rapy*y® = Racepn®®v*7® = Racepy*n®P~?

1

3 Racspy? (’YC”YD + ’YD“YC) ~B

(Racosy*v°7P~? — Racspy*vP+9~P)

=N =

=3 (Rapepv*vP79yP — Racepy*vPy9+7P) | (VL9)
where we used the antisymmetry of the Riemann tensor in the second pair of indices, and in the last step we renamed
indices on the first term. In the first term above we can recognize already the contraction Ragcpy3yPyC+P that

we need in order to prove (VL.3). For the second term we use the cyclic symmetry of Riemann so that:

1
Rapy*y? = B [Rapcpv*vP7C+P + (Rapcs + Rappe) 7P 7]

B,.C_.D A .D_C_B (VIIO)

1
= Rapcpy* Py + 5 Rappeyy Py

where we again renamed indices to show that two of the terms are identical. To calculate the second term of the last
expression we use the fact that the Clifford algebra implies:

ADACyB = ABADAC 4 opBDC _ 9,BC D (VL.11)
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Using this result we can show that:
Rappev*v"v9” = Rappoy® (vP4P7¢ +20PP7¢ — 20P93P)
= Rappcy 7P vP7" + 2R\ gy — 2R P ppy iy ”
= Rapcpy*vPy9y" —4Rapv*H? (VI.12)

where once more we renamed indices and grouped terms. Collecting our results we find:
Rapy*y” = g Rapepv*vPy99” —2Rapy*y ", (VL.13)
and solving for Rapy4~E:
Rapy*? = % Rapepy*yPvCyP . (VL.14)
Finally, using equation (VI.8) we obtain the desired result:

1
R= ~3 RABCD’yA’yB'yC’yD . (VL.15)

VII. LAGRANGIAN AND STRESS-ENERGY TENSOR OF THE DIRAC FIELD
A. Lagrangian, first version

The Lagrangian associated with the Dirac field should be a scalar function that depends on the spinor 1 and its
derivatives. Furthermore, since the Dirac equation is of first order, the Lagrangian should also be of first order. One
possible expression that satisfies all the previous conditions is:

L= ("D, —m) ¥, (VIL1)

with ¢ = ¢'y”, and where here v7 corresponds to the constant matrix 7° used in Minkowski spacetime. The change
in notation from 7% to v is introduced here in order to avoid a possible confusion bewtween v? and coordinate
component ' = y4e!, when considering the case of a curved spacetime. From here on the constante v matrices will
be associated with the tetrad basis and not the coordiante basis (we will discuss this further in Sec. VIIID.)

The Lagrangian (VIL.1) is the one found in many text books on quantum field theory in Minkowski spacetime (with
0, instead of D). The Lagrangian density then takes the form:

L =14 (in"Dy —m) ¥ [g'/? (VIL2)

with g the determinant of the metric, and the action integral becomes:

S = /L d'z = /1/; (iv" D, —m) gV 2d*x . (VIL3)
For the variation of the action above one must take ¢ and v as independent fields. The Euler-Lagrange equations
are then:
0 0L oL
——=0 VIL4
dh (a(a,ﬂp)) o (VIL4)

with an analogous equation for 7). In fact, in this case it turns out to be far easier to work with 1) since the
Lagrangian (VII.1) does not depend on its derivatives. We find:
0L 0L
= = (iv"Du —m) ¥ |g|"/? .
o ! A(0uy)

so the Euler-Lagrange equation for 1 gives us immediately Dirac’s equation:

=0, (VIL5)

D —myp =0. (VILG6)
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The Dirac equation for v is a bit more subtle. In this case it is necessary to write the spinor covariant derivative
explicitly in the Lagrangian density:

L= [ipy" (9ut) + Tpup) — map] |/ . (VIL7)
From here we then find:

oL -

oL -
— =1 (iV"Ty — 12 = ipy" |g|'/? VIL.
59 (iy"Ty —m) |g|'/?, 30,0) Wy 1gl* (VILS)
which implies:
0 oL -
i — Bolg|l/2
Oxh <8(au,(/))) zom (¢7 lg] )
) - = 1 -
=i (@0) 2+ G007 + g v 0l a2 (VILY)
The Euler-Lagrange equation then takes the form:
. - - 1 - -
i {(Qﬂ/}) Y+ oyt + m 1/)7“(9“9] - (iy'T, —m) =0, (VIL.10)
and regrouping terms:
_ _ — 1
i (Dutd) v* + my + i {aﬂﬂ +5 Y0, n|g| + [Ty, ¥]| =0. (VIL11)

Using now the fact that d,, In|g| = 2I'},,, we can recognize that the term in square brackets is just the spinor divergence

of the v* matrices, but this divergence vanishes since the spinor derivative of the v is zero. We then finally obtain:
i (Dup) Y +mp =0, (VIL12)

which is precisely the adjunct Dirac equation.

B. Lagrangian, second version

Even though the Lagrangian (VIL.1) results in the correct equations of motion, it has the serious disadvantage of
not being symmetric in ¢ and 1. This can be easily fixed if we define an alternative form of the Lagrangian as:

L= 5 (D) = (D) 7#0] = . (Vi

This is the form of the Lagrangian that we will use from now on (this form for the Lagrangian is also well known, see
for example [6, 7, 26]). The Lagrangian density is now:

o= {5 17 (D) = (D,9) 7] - mio b ol (VIL1)

A similar procedure to the one presented above shows that this Lagrangian density results on precisely the same Dirac
equations (one should mention the fact that the i factor is frequently absorbed in the definition of the v matrices,
so that it does not appear in the Lagrangian, or indeed in the Dirac equation). It is interesting to note that both
expressions for the Lagrangian in fact become zero when we substitute the Dirac equation, that is when we evaluate
them “on shell”. This represents no problem, since what one is interested in is the functional form of the Lagrangian
in terms of ¢ and its derivatives, and not its specific numerical value on shell.

The Lagrangian (VII.14) is clearly invariant under a transformation of the form:

b — e Wy, b — et (VIL15)
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with @ an arbitrary constant. This implies the existence of a conserved Noether current given by:

w (O N o OL
7= (8@@&)) (=56 + () <6<am))

= 50" (i) = 5 (i) 7"

=y, (VIL16)

such that V,j#* = 0. We can now see that this is precisely the same conserved current that we had initially found in
equation (I1.33).

Even if the expression for the Lagrangian (VIL.14) is correct, it is interesting to rewrite it in a more illustrative
form. We can write the Lagrangian as:

L=K-V, (VIL17)

where here K is the so-called kinetic term given by:
K = £ [37 (D) — (D) v70]

(07" (8,%) = (Bu®) Y9 + & (VT +Tpv") ¥] (VIL18)

N = DN .

while V' is the potential term that is simply:
V = myp . (VIL.19)

The kinetic term can in turn be written in several different forms. If we use the expression for the I', in terms of the
Ricci rotation coefficients given in (V.78) we find:

1 1
r,= —5 wapuo? = 3 ef wapc o'P . (VIL.20)

Using this relation, it is not difficult to show that:

YT+ Ty = f% wapc v°1P (VIL.21)
where we have defined v¢A48 := {y% ¢4B}. For what follows it is important to notice that y“48 is totally antisym-
metric:

NCAB _ _CBA _ _ ACB _ __ BAC (VIL22)
The kinetic term then reduces to:
K = & [07 00)  0,5) 4] — & 6 oanc 194%) . (viL23)

Finally, if we substitute the w’s using equation (V.53), and use the anticommutation property of the ¥4 matrices, a
little algebra allows us to show that the kinetic term takes the final form:

K = & [59% 0) — (0u) v9] + 1 9 (fasc 1"*) v, (VIL24)

S

where we must remember that the f’s are defined as fapc := (Dae,p)el = eelduenp.

C. Stress—energy tensor
In order to find the form of the stress—energy tensor associated with the Dirac field we start from the action integral:

S = /L lg|/2d*x (VIL.25)
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with L the Lagrangian that we found above:

L= 67" (D) = (D) 4] - miw. (VIL26)

At this point one could think of using the standard definition for the Hilbert stress—energy tensor in terms of the
Lagrangian L given by:
oL

Ty = =2 5 05+ gurL (VIL27)

However, in the case of a Dirac field this definition fails since the Lagrangian has terms that depend directly on the
tetrad and not just on the metric. Instead, we must now define the stress—energy tensor by considering the variation
of the action with respect to the tetrad itself:

1 ( oL oL

T, = ) €uD @ +evp (56%) +g,uvL ) (V1128)

where we must remember that the metric is given in terms of the tetrad as g,., = e, €2 and where we have included
two symmetrized terms since the final stress—energy tensor must be symmetric. It is not difficult to see that for an
action that depends only on the metric both definitions for 7),, are in fact equivalent.

Using the expression above one arrives, after a somewhat lengthy algebra, at:

T

pr =

[(D(;ﬂ;) Vu)w - 1;7(;1 (Du)w)] : (VIIZQ)

N | =

This is the stress—energy tensor for the Dirac equation (this expression is also well known, see e.g. [7, 20, 27]). Details
of the derivation of this stress—energy tensor, as well as a proof that it satisfies the conservation equations V#T),, = 0,
can be found in Appendix A.

There is an property of the stress—energy tensor (VII.29) that is interesting to mention. If we take its trace, and
use the Dirac equation, one can easily show that:

Ty = =iy = —m (y") = =m ([¥a ] + [0l = [sl? — af?) - (VIL30)

We then see that the trace in fact vanishes for m = 0.

VIII. DIRAC EQUATION IN THE 3+1 FORMALISM

In the previous sections we found the general form of the Dirac equation for a curved spacetime. For numerical
applications, or in case one is interested in the Hamiltonian formalism, it is interesting to find the form that the Dirac
equation takes in the 341 formalism of general relativity.

We assume that the spacetime is globally hyperbolic, so it can be foliated by Cauchy hypersurfaces ¥; parametrized
by a global time function ¢. The metric can then be written in the general form (see for example [28]):

ds® = (—a® + B;8°) dt® + 2B;dtdx’ + i da’da’ (VIIL1)

where z* are spatial coordinates, « is the lapse function, 8% is the shift vector, i is the spatial metric induced on the
spacelike hypersurfaces of constant ¢, and where 3; = v;;47 (in general the indices of purely spatial tensors are raised
and lowered with ~;;).

The next step is to choose a tetrad adapted to our spacetime foliation. In particular we will take:

el =nt | el = EY, (VIIL.2)

with n# the unit vector orthogonal to the spatial hypersurfaces, and where EY with I € {1,2,3} are three purely
spatial vectors orthogonal to each other that from now on we will call the “spatial triad”.

Do notice that we now have four different types of indices that require special notation: 1) Spacetime coordinate
indices that take values from 0 to 3, for which we continue to use Greek letters {«, 3, - - }; 2) tetrad (Lorentz) indices
that also take values from 0 to 3, for which we continue to use upper case Latin letters starting from {A, B,---}; 3)
purely spatial coordinate indices that only take values from 1 to 3, for which we use lower case Latin letters starting
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from {4, j,-- - }; 4) purely spatial triad indices that also only take values from 1 to 3, and for which we will use upper
case Latin indices starting from {I,J,---}.
The timelike vector e4. = n* can now be expressed in terms of the lapse and shift as:

er = (1/a,—p"/a) , eur = (—,0) (VIIL3)

so that we clearly have ef.e,;r = —1. On the other hand, since the vectors E} are purely spatial we must have
e Eur = e,rEY =0, so that:

EY=0, Eor = B™E . (VIIL.4)

Notice in particular that the purely spatial indices of E}* are raised and lowered with the spatial metric 7,,y, that is:
Epr = vymn B}, EfY =" Ey,r. We also have:

EmIE}n = 6IJ 5 EylnEnI = Ymn - (VIII5)
At this point it is convenient to introduce the projection operator onto the spatial hypersurfaces defined as:
Py =6 +nfn, . (VIIL6)

Notice that, so defined, this operator corresponds directly with the induced metric on the spatial hypersurfaces,
Yuv = Py. In particular the spatial metric is v;; = Pj;, as can be seen directly from the above definition.

A. Ricci rotation coefficients in 341 form

In order to find the components of the Ricci rotation coefficients in the 3+1 formalism we start from equation (V.52)
which we rewrite here:

WABpu = GVB (eAAFi\/L - 8;L61/A) . (VIII7)

The expressions for the Christoffel symbols Fi‘w in terms of the 3+1 quantities are well known and can be found,
for example, in Appendix B of reference [28]. We write them again here for completeness:

FgO = (at a+ Bmam o — BmﬁnKmn) /a s (VHI.8)
I = (B = " Kin) Jex (VIILY)
Iy = —Kij/o, (VIIL10)
Thy = ad'a—2a8"K}, — B (0o + B Omac — BB " Kn) Jo+ 018 + B™ Dy B, (VIIL11)
Iy = =B (Oma — B"Kmn) /o — aK}, + Dt (VIIL12)
Iy = O+ 'Ky /o, (VIIL13)

with D; the covariant derivative associated with the spatial metric 5, (3)I‘§j the corresponding three-dimensional

Christoffel symbols, and where Kj;; refers to the extrinsic curvature tensor of the spatial hypersurfaces of constant
time (also known as the second fundamental form), defined as the spatial projection of the covariant derivative of the
timelike unit normal vector to the spatial hypersurfaces, that is K, := —PV,n,. The purely spatial components
of the extrinsic curvature can be shown to be related to the time derivative of the spatial metric 7;; as:

Oij = 20K, + DB + D;p; . (VIIL.14)

Equations (VIIL.8)-(VIIL.13) are used for deriving the results that follow.

Below I show the final results for the different components of the Ricci rotation coefficients wap,. The calculations
are straightforward and will not be presented here in detail. Also, remember that the w’s are antisymmetric in the
first two indices, so that in a four-dimensional spacetime they only have 24 independent components. In what follows
the index T refers specifically to the Lorentz time component, while the index I refers to Lorentz purely spatial
components.

1. Coefficients wrjo = —wrro (3 coefficients):

wrro = —wrro = —E7" (Oma — " Kinp) - (VIIL15)
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2. Coefficients wrrm = —wrrm (9 coefficients):
Wrrm = —witm = B} Kpm - (VIIL.16)
3. Coefficients wrjo = —wyro (3 coefficients):
wrjo = —wyro = — LT [0 Epmr — ET (—aKpn + D fB)] (VIIL.17)

Here it is important to mention that, even if it is not immediately evident, when using equation (VIII.14) for
the time derivative of the spatial metric, plus the fact that v,,, = E,.rF., a short calculation allows one to
show that the previous result is in fact antisymmetric in (1, J).

4. Coefficients wy jm = —wyrm (9 coeflicients):
Wrjm = _E?}DmE’nI . (VIIIlS)

Again, using the fact that the three-dimensional covariant derivative of the spatial metric is zero, it is not
difficult to see that the previous expression is also antisymmetric in (I, J).

If we now define the three-dimensional Ricci rotation coefficients as:
w?) = EPDy,Eny (VIIL19)
our result reduces simply to:

Wrgm = ~Wirm = Ef Dy Epy = wiy, . (VIIL.20)

The above results provide us with 3+1 expressions for the 24 independent components of the four-dimensional Ricci
rotation coefficients wap,. Using these results we can now also project the third index of the wap, onto the tetrad
to obtain w4 pc:

1. Coefficients wrjr = —wrrr (3 coeflicients):

wrrr = —wrir = Ef'Ona/a = dra/a . (VIIL.21)
2. Coefficients wrry = —wrry (9 coefficients):

wrry = —wiry = E'EjKmy, = Ky . (VIIL.22)

Notice in particular that the coefficients wrr; turn out to be symmetric in (I,J). On the other hand,
from (VIIL.14) we have:

1
Kopn = o (OtYmn — DimfBrn — DpfBm) - (VIIIL.23)
e

Equation (VIIL.22) can then also be written as:

ETED
wrrg = —WwWirtg = — I2a ! (8t7mn - Dmﬁn - Dnﬁm) . (VIIIQ4)
3. Coefficients wrjr = —w i (3 coeflicients):
1
wior = —wiir = = B (0Bmi = £3 Bnr) + oK) | (VIIL25)

where £ Fi E,,; denotes the Lie derivative of the 1-form E,,; with respect to the shift vector 8.

Again, even if it is not evident, one can show that the previous coefficients are antisymmetric in (I, J). Notice
that this antisymmetry implies that only three of these coefficients are independent from each other.

4. Coefficients wyjx = —wyrx (9 coefficients):

Wik = —wirx = EPERDyEny = wi) (VIIL.26)
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There are some interesting facts that we can notice about our results. First, as already mentioned, there are only 24
independent coefficients. We can see that once we have defined a spatial triad £7*, nine of these coefficients are given
simply by the projection of the extrinsic curvature tensor on the triad, wryy = K. Another nine coefficients are just
projections onto the triad of the 3-covariant derivatives of the triad itself, w;jx = E} ER Dy Eny = w?:,)K. This means
that 18 of the coefficients depend only on information at a given hypersurface. Of the six remaining coefficients, three
depend directly on our choice of the lapse function «, in other words on our slicing condition, w;rr = dra/ .

The last three coefficients correspond to w7, and they depend on the form in which the spatial triad propagates
through time, as can be seen from equation (VIII.25). Just as the choice of lapse and shift is free, the choice of the
propagation of the spatial triad in time is also free, so it represents a new gauge degree of freedom. Now, since the
triad must by definition be orthonormal, the only thing it can do as it evolves is rotate rigidly in space, and this
rotation can be parametrized by the usual three Euler angles. This explains why these coefficients have only three
degrees of freedom.

B. Triad evolution and Fermi—Walker transport

In principle there are many different forms to choose the evolution of the spatial triad, but there is one particular
choice that is quite natural and can be useful in many cases. Such a choice consists on asking for the triad not
to rotate as it propagates along the normal direction to the spatial hypersurfaces, or in other words, asking for
the triad to evolve in such a way that it always corresponds to the natural local inertial frame associated with the
normal (Eulerian) observers as they move through time. The condition we need to impose to achieve this is known
as Fermi—Walker transport [29].

Consider the worldline of an arbitrary observer with 4-velocity w*, such that u,u* = —1. In the general case we
say that a vector v* is transported without rotation along the curve with tangent u*, with v* not necessarily normal
to u*, if we have:

utV v, = 0" (apu, — apuy,) | (VIIL.27)

where a* := v’V u* is the 4-acceleration associated with our observer (if the observer moves on a geodesic we will
clearly have a* = 0 and Fermi-Walker transport becomes equivalent to parallel transport). The previous condition
defines what is known as the Fermi—Walker transport of the vector v* along the integral lines of the vector field u*.

In the case when we consider the transport of the spatial triad along the worldline of the Eulerian observers we will
have u* = n# and v* = EY, with n#* the unit timelike vector to the spatial hypersurfaces. Since by construction we
have n*E,;; = 0, the second term inside the parenthesis in equation (VIII.27) vanishes and our condition reduces to:

"V, E,r = (Efa,)n, , (VIIL.28)

where a* := n”V,n* is now the 4-acceleration of the Eulerian observers. Let us now see the form that this condition
takes in 3+1 language. The first step is to calculate the term E%'a,. We have:

BYa, = E{n"V,n, = E¥n” (9,n, — T),n))

1 m
= EY [a (atnu — onm\) — % ((‘)mnH — F;\Lmn,\)}

0
= —i (B — ™ Oma) + EY (D) — B™T),,) = ET (Do — B™T),0)
1 m 0
=Ey [ (Ona — B0y ) + o | = 22 (VIIL29)
« o
The Fermi—Walker condition then becomes:
n*V,Eyr =n, (Orlna) . (VIIL.30)

To proceed, consider first the spatial components of the previous condition by taking v = m. Since we know that
Ny = 0, the condition now reduces to simply n*V,E,; = 0. Calculating the left hand side we find, after some
algebra:

1
W B = {atEmI — L3 Br + aKmI} . (VIIL31)
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The Fermi-Walker condition the takes the final form:
OEmr — £3 Emr + aKmr =0, (VIIL32)
or:
Orboms = £5 Emp — oK (VIIL33)

We still need to consider the time component of equation (VIIL.30), that is taking v = 0. We won’t do the
calculation here, but it is not too difficult to show that this component in fact adds no new information and reduces
again to (VIIL.33). This equation is then the full expression that guarantees that the spatial triad propagates without
rotation as seen by the Eulerian observers.

Let us now return to equation (VIIL.25) for the coefficients wr 7. This equation can be trivially rewritten as:

Em
WrjgTr = —WJjrT = —7‘] [@Emj - £B' Em[ + O[Km[ . (VIIIS4)

We then see that if we impose the condition that the spatial triad should evolve under Fermi-Walker transport along
the normal direction to the spatial hypersurfaces, we will clearly have:

wrjgT — 0. (VIII35)

We should emphasize here that this result is just a gauge choice, and does not need to apply in the general case. This
choice simplifies the equations, and as such can be useful in some cases. On the other hand, it is not difficult to show
that if we impose condition (VIIL.33) on the spatial triad we recover the evolution equation for the metric (VIII.14),
so that imposing the condition is a perfectly consistent gauge choice.

Now, even though condition (VIII.33) is not general, one can always write in the general case:

OBy = £B' Enr —aKpr + aQmr (VIII?)G)

with the @,,; quantities to be chosen. Notice, however, that not all the @,,; can be chosen freely since we need
to guarantee that equation (VIIL.14) holds. A little algebra allows us to show that this requirement implies that
Qmn With purely space indices, or equivalently QQ;; with purely triad indices, must be antisymmetric. This is to
be expected since, as mentioned above, the only freedom we really have is a rigid rotation of the triad, which can
always be described by a 3 x 3 antisymmetric matrix. Equation (VII1.36) then allows us to reduce all the gauge
freedom associated with the evolution of the spatial triad to the choice of the three-dimensional tensor Q,,,. Given
equation (VIIL.36), the coefficients wy 1 are then given in general by:

wrgr = —Qur = +Qrs , (VIIL.37)

with Q75 = 0 corresponding to the choice of a triad that is Fermi—Walker transported along the normal direction to
the spatial hypersurfaces.

As mentioned above, Fermi—Walker transport can be a good choice in many cases. As we will see below, it is the
natural choice in spherical symmetry. However, there are many situations when such a choice might not be adequate.
For example, in situations when there is angular momentum asking for the triad not to rotate might be a very bad
choice. In fact, it is not difficult to show that in the case of the Kerr spacetime the most natural choice of triad, that
is the one associated with the already orthogonal spatial coordinates in the standard Boyer—Lindquist form of the
metric, does not satisfy (VIIL.33). Another possible choice for the triad evolution is to simply take:

1
or equivalently:
1
OB} =~ Ey"™" 0y - (VIIL39)

This last condition has the advantage of guaranteeing that for a stationary spacetime, such as Kerr for example, the
spatial triad is also time independent. We shall call it the metric driven triad gauge choice. It is not difficult to show
that this condition is also perfectly consistent in the sense that we find:

0 (017) = 0t (ET'Epny) = E'0tEmy + Em O ET"

1
=5 (ET"E}0Ymn — EmaEiy™" 0 vin) =0, (VIIL.40)
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and:

Oy (EpEnr) = 6" 01 (EmyEn) = 6" (EpsOiEnr + EnrdyEpy)
1 1
= 5 (Ean}lat’yan + EiE‘(}at’Yam) = 5 (6318t7an + 6;lzat7am)
= O Ymn - (VIILA41)

We can now substitute condition (VIII.38) in the general equation (VIII.36) in order to find the value of @, for this
gauge choice. We find, after some algebra:

11
an = E 5 (Dnﬁm - Dmﬁn) - Bl (E{LDlEmI) . (VIII42)

The first term in the last expression is clearly antisymmetric. On the other hand, using the fact that ELE,,; = v,m
it is not difficult tom show that the second term is also antisymmetric, so that we can rewrite the expression as:

1
an = _i [(amﬁn - anﬁm) - ﬁl (EnlngEnK - ErIfDlEmK)] y (VIII43)
or equivalently:
1
Quy = =5 [EF'E} (OB = 0nfBm) + 8 (Ef' DBy — BF DiBm)] - (VIIL44)

where we used the symmetry of the Christoffel symbols on the two lower indices to change covariant derivatives
for partial derivatives in the first term. This is the form of the tensor ) when we use the metric driven triad
evolution (VIIL.38). Notice that this form of @ vanishes for the case when we have no shift vector, 8¢ = 0.

Of course, other gauge choices for 9; E,,; might be useful /interesting, but we will not discuss this issue further here.

C. Fock—Ivanenko coefficients in 3+1 form

The next step is to find the form of the Fock-Ivanenko coefficients I',, in terms of 3+1 quantities. In order to do
this we start from equation (VIII.45), which we repeat here for completeness:

1
1"# = _Z WABM’)/A’}/B . (VIII45)

It turns out to be more convenient to work with the coefficients projected onto the tetrad, which now take the form:

1
To=—7wa Boy*? (VIIL46)
where here we must remember that the indices (A, B, C) take values from 0 to 3, while the indices (I, J, K) will only
take values from 1 to 3.
Consider first the time component 'y, we have:

1 1
Py = —gwapry™7” = = Rwriny™y +wry'y] (VITL47)
where we used the fact that the wapc are antisymmetric in the first two indices, and y2y?% = —yB44 for A # B

(from Clifford’s algebra). Substituting now the values of wrrr and wyyr from equations (VIII.21) and (VIIL.25) we
find:

1 ora ET
I'r=7 [2 (’) VA o+ = (0B = £3 Bt + 0Bt ) w’}
« «
dra p ;1 I.J
= - I11.4
(2a>77 1 QU (VIIL48)

where in the last step we used equation (VIII.36). Remember that in the last expression the antisymmetric matrix
Q7 is a free gauge choice that vanishes when the triad evolves under Fermi—Walker transport.
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Before considering the spatial components of IT'4, let us remember that in Dirac’s equation (V.70) we have the
contraction v*I', coming from the operator v#D,,, and we have in general v*I',, = = AT 4 = 7TTr +~4/T;. At this
point we can already calculate the product fyTFT

Ora 2 1 Ora 1
T T I T.1.J I T I.J
I'p = —=— - -Q == --Q . VIII.4
v LiT (QQ)(V)V 1 v vy <2a>7 4 Y vy ( 9)

Here one should emphasize the fact that in the first term above we have a sum over I, while in the second we have
sums over I and J. Notice that the term 7 T'z clearly only depends on our gauge choices, in particular on the choice
of the lapse function « and the triad rotation matrix Q. For the particular case when Q;; = 0 we simply have:

ora
Tr, = (22 ) A1, VIIL50
' Tr <2a ¥ ( )

Let us now consider the spatial components of the Fock—Ivanenko coefficients I';. We have:

1 1
I'r= ~1 wapry*y? = ~1 [2wrsy™y +wikiyy K] (VIIL51)

Substituting the values of wr ;5 and wyk s from equations (VIII.22) and (VIII.26) we find:

1 1
Tr=—5 Ky’ - 1 (B} 7" D Enic) 777

2
1 1
T2 Kry'y’ = 1 “’%N‘JWK 5 KiyTy? +18) (VIIL52)

where in the last step we defined the purely three-dimensional Ricci rotation and Fock—Ivanenko coefficients as:

W) = EYEP Dy Bk (VIIL53)
1
.- — i Wi AT (VIIL54)
Let us now calculate the contraction /I';:
1
Y'Tr=—5 Kry'y"y7 4 . (VIIL55)
For the first term above we find:
1 I.T.J _ _1 I 2 I.J\|.T
—5 K’y (Km )T == ZKII +Y Ky A" (VIIL56)
I£J

Now, since K is symmetric, and from Clifford’s algebra we know that vy’ = —y7/~! for I # J, the second term in

the last equation cancels. On the other hand, we also have (y/)? = —1, so that we finally find:
Kiy'y' ==Y K =-K, (VIIL57)

I

with K the trace of K,,,. We can then rewrite the contraction v'I'; as:
K
ATy = — (2) AT+~ (VIIL58)
To finish, we can add both contributions to y4T'4 to obtain:

Ora 1 K
ATy = 41T, = [(210) v =1 QT - (2) AT+ vfr?’] . (VIIL59)
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Notice that we can also write the spacetime components of the Fock-Ivanenko coefficients as I'), = eﬁF A, from
which we find:

ora «Q K
Ty =efTy=alr+ 4T, = (;) AT — 1 Qriviy’ — Bt (2” AT~ — r§3)> , (VIIL60)
K,
Ty =eplTa=FELT = —TJ ATy7 4T3 (VIIL61)

From the above expression one can now easily verify find that:

O

«
I — ", = ( 5 ) T 1 Qrv'y! =al'r . (VIIL62)

D. Dirac equation in 341 form

We are now ready to write the Dirac equation in 3+1 language. Remember that the Dirac equation in general
relativity takes the form (V.70):

WDy —myp =0, (VIIL.63)
or equivalently:
(YO0 + 7" T +im) ¢ =0, (VIIL64)
The last equation can also be written as:
(YO +4™0m) ¥ = — (VT +im) ¢ . (VIIL65)

Notice now that (remember that I takes values from 1 to 3):

0 71
v =yt = ey + 7t = <a> 7, (VIILG6)
m
A" = ey = ey T eyl = — (a) AT+ Emal (VIIL67)

Substituting these results into the Dirac equation we find:

Y (8 — B™Om) Y = —a (N0, + AT, +im) (VIIL68)
where we have defined the purely spatial Dirac matrices as \™ := E7y!. Notice that, so defined, A™ is different from
™ = eRyA. In fact we have:

A" = ey = eyt 4 eyl = — (i) T+ EPyl = - (5@) Ty, (VIIL69)

The A™ can also be defined in a completely equivalent way by simply projecting the v* onto the spatial hypersurfaces:
A= PhyY (VIIL.70)

with PH the projection operator defined above in (VIIL.6). From this definition we find immediately A\* = 0, as
expected. Notice also that even if \™ = ~4™  if we now lower the indices of A" using the spatial metric, that is if we
define A, := Ymn A", then we do find that A, = Y-

The purely spatial Dirac matrices satisfy the three-dimensional Clifford algebra:

AT 4 AN = — 2y g (VIILT1)

with ™™ the inverse spatial metric and I3 the 3 x 3 identity matrix. There is one important comment to make
here with respect to the spatial Dirac matrices A™. When we project these matrices back onto the triad we find
N = Elxm = EL ETy) = §147 = 4. So that we have A = 4/, but crucially A™ # 4™ whenever 5™ # 0. The



35

reason for this is that we have A\™ := ET'y!  while y™ := eZ‘VA. In particular, for any three-dimensional tensor T},
we will have:

VT, = <Am — 5@) Tpp # AT, = N T =~1T7 (VIIL.72)

so that in general we have y™T,, # ~!Ty, while AT}, = AT} . Because of this, in order to avoid possible confusions,
it is best to always try to use the \’s instead of the v’s when considering purely spatial contractions of indices, be
them coordinate or triad indices.

Multiplying now equation (VIIL.68) with ¥7" from the left, and using the fact that (47)? = 1, we find:

(0 — B™Om) b = —ay” (A" Oy + ATy + im) 1) . (VIIL73)

We can now use our result for /T, equation (VIIL.59), to obtain:

0 1 K )
@~ 8706 =~y (Ao + [ (B2 ) 5! = { Quintoty? = (G ) o7 4T wimbu. v

The above equation can be further simplified by noticing first that:
yor =41 (e40,) = V' ET 0m = N0y, - (VIIL75)

Here one must remember again that in general \™ # 4™, so that v/0; = N0, # V" 0p,. Similarly we find
'yll"([g) = )\mI‘SS). The Dirac equation then takes the form:

Om K . 1

Oy — BMOm) Y = [—WTX” (am + O, + 2;‘) + <2 — zmT) +7 QUAIAJ} ). (VIIL76)

Finally, if we define the three-dimensional spinorial covariant derivative as:
Dpt) = 0t + TGy | (VIIL77)

the Dirac equation then becomes:
Om K 1
(0 — B™Om) b = —ay” {)\m (Dm + 2(1) + im} P+« (2 + 1 an)\m)\”) Y. (VIIL.78)
@

The above equation can be written in a somewhat more compact form as:

(s — B 0m) b = —ay" (A" Dpth + imap) + a (f — FT> Y, (VIIL.79)

where I'r is given by (confront equation (VIIL.48)):

Om @ 1
Ir=~TA" [ 2= ) — = Qun ™A™ . VIIL.80
=" ( 500 ) 1@ ( )
Equation (VIIL.79) is the final form of the Dirac equation in the 3+1 formalism.
The expression for I'y given above is in principle valid for any arbitrary choice of the triad evolution gauge repre-
sented by the matrix @,,,. In the particular case when we choose a triad that evolves via Fermi-Walker transport
we have Q.,, = 0, so the I'r reduces simply to:

Ty =ATA™ (a’”a) . (VIIL81)

2a
Notice also that in the Dirac equation there is an explicit dependence on the Dirac matrix v7. Since 47 is associated

to the time direction in a local inertial frame, from now on we will simple take 7 = 7°, with 7° the usual Dirac
matrix from Minkowski spacetime, so that:

v (12 O
AT = < G —12> . (VIIL82)
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However, when we resurrect the spacetime index we will now have:

T

0
7t = eyt = nbyr + B =2 (VIIL83)

o
We then see that the matrix +* is not just the v° used in Minkowski spacetime, so we must be somewhat careful with
the notation. Therefore, from here on we will always write 47 instead of ¥° when we refer to the time component of

the Dirac matrices in a local inertial frame. In particular, the above result implies that when we project the gamma
matrices onto the normal direction to the spatial hypersurfaces we find:

nt = —ayt = -7, (VIIL84)

From the expression for I'p above it is not difficult to show that 'yTI‘TTvT = —I'p. Using this result, a little algebra
allows us to find the adjunct Dirac equation in 3+1 form:

(0 — B Om) ¥ = —a (D) A™ — imap) v 7 + arh <I2{ + FT) : (VIIL85)

E. Conserved current and stress—energy tensor in 3+1 form

Let us now consider the conserved current in 3+1 form. To do this we must first find the adjoint spinor 1) = 147"

As we have shown before, the conserved current will now be given by j* = )y*1). We now define the particle
density measured by the Eulerian observers as p, := —n,j*. We the find:
pp = =gt = aft = ay'y = 9y = [ P+ [l 4 [s]? 4 [val? (VIIL87)

which is, of course, what we would have expected. ' '
On the other hand, the particle flux measured by the Eulerian observers is defined as f* := P.j¥, with P the
projection operator onto the spatial hypersurfaces. We now find:

fr="P" =P, (07"¢) =0 (PN) =YX, (VIIL.88)

where we used the definition of the purely spatial Dirac matrices (VIII.70).

Let us now consider the stress—energy tensor expressed in 341 terms. For this, it turns out to be convenient to
define II := n#*D 1. A little algebra then allows us to show that:

= é (0 — B Oip) + ) . (VIIL89)

From this definition one can see that II represents the geometric change of the spinor along the normal direction to
the spatial hypersurfaces. In an analogous way we also define II := n*D 1, so that:

1= (9 — F'ou) — s (VITL90)

The energy density measured by the Eulerian observers is now defined as pg := n*n"T),,. Using the expression for
the stress—energy tensor of the Dirac field, equation (VII.29), we find:

e = % ' (D) 1% = 970 (D)) = % [0y T =Ty "] (VIILO1)

where we used the fact that n*y, = —y7. We can simplify this further by noticing first that YyT = t. Also, from
the transpose of the definition of II we clearly have:

I — é (00T — o) + Ty . (VIIL92)
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Multiplying this from the right with 47 we find:

1
o

11t — é (8 — B10:)) + TTrtAT = = (8 — Bi0) — 4T | (VIIL93)

which implies that IIT4” = II, or equivalently IIy” = IIf. The energy density then reduces to:

pr =5 (WI-11y) . (VIIL.94)
It is clear from this expression that the energy density is not positive definite, as already mentioned. In terms of the
components of the spinor we will have:

PE (V1T + Y310p + 93115 + Y31ly) — cc] (VIIL.95)

i
2
where c.c. denotes the complex conjugate of the previous expression.

There is an interesting observation to be made with respect to our final expression for the energy density, equa-
tion (VIIL.94). If we now define:

1= 0 = ~ (0w — F0w) | (VIIL96)

we will clearly have IT = IT + I'r¢p. In the same way, if we define IIT := n“alﬂﬁ we find It = IIf + 41T, The energy
density then becomes:

pp = [(t1 - 1) ot (0 1) ] (VIILOT)
Using now the expression for I'r given by equation (VIII.80) it is not difficult to show that:
Iy —Tpf = —% Qmn NN (VIIL.98)
The energy density then becomes:
i S 1
pe = {(WH _ HW) -3 D (Qun ATAT) 1/}] . (VIIL.99)

The interesting fact about this last expression is that all dependencies coming from the gradient of the lapse that
appear in I'r have cancelled, and we are only left with a dependency on the Q,,,. For a triad that evolves via
Fermi—Walker transport we have Q,,, = 0, and the energy density reduces simply to:

oE = % (Wﬁ - fITw) . (VIIL100)

Let us now consider the momentum density measured by the Eulerian observers, which is defined as J; := —n#P/T),,, .
We will then have:

P _ _
Ji = =5 0P [(Duth) 1y¥ = v (D )]
i _ _ _
= =5 7P [{(Dud) W + (Do) ] ¥ = & [y (Do) + 30 (D)) }]
_ e 7 A v v n T
= —7 [\ = NI+ 4y (P D) = (P Do) v 9] (VIIL101)
where we used the fact that ntv, = —~T and P! Yu = Xi- We now need to calculate the projections of the spinor

derivatives PYD,v¢ and P/D, 1. In order to do this notice first that, since the covariant components of the normal
vector vanish, we will have P!* = /" (confront (VIIL.6)). This implies:

Kim
2

PYDyip = Dyap = 0t + Tinp = dyap + (r,<.3> — % W’”) b =Dip — == 4N, (VIIL.102)
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with D; the three-dimensional covariant derivative we define above, and where we used equation (VIII.61). Similarly:

P'Dyp = Dy = Dy + K;’” Dy TA™ (VIIL.103)
We then find:
U (PYDL) — (PYDL) v = Uy (D) — (D) 77 — S (3 47N
=T (Diyy) — (Diy") ¥, (VIIL104)

where we used the fact that (77)? = 1 and 47 AT = ETyTyIyT = —E7 4 (41)2 = =A™, The momentum density
then takes the final form:

5= = [fing — AT+ 6 (D) — (D) ] (VIIL105)

Finally, the spatial stress tensor is defined as defined as S;; := P} PJV T, = o 5}’ T, = Tij, where we used the fact

that P! = §!" since the covariant spatial components of the normal vector vanish, n; = 0 (confront (VIIL6)). We now
find:

(D) 1yv — 16 (Dyv)]

N = N =

_ _ 1 -
= 5 [(Da) Ay = OAG (Dyyw) + 5 8 (Kmy" A" Ay + A jymy " A™)
2
o ) L
= 2 | (D) Mgy = oA (D3y) + 5 BEmi (7N A5 + X577 A™) z/z]
o ) L
= % (Dav) Ajyv = PAa (Djyv) + 5 (UY") Kii (A Aj) = ApA™) 14 . (VIIL106)

The last expression can be further simplified noticing first that 177 = 9T, and:
Kot (A7 = A0 = Koz (VAT = VA = 2K (ATAT 77

= —2(Kj; + KmiA\jA™) (VIIL.107)
where we used the spatial Clifford algebra. We finally find for the spatial stress tensor:
i - _
Sij = 5 (D) Ay — DA (Djy) = 4T (Kij + KpApnA™) ¢ (VIIL.108)

It is interesting at this point to calculate the trace of this spatial stress tensor. We have:
S=8", = % (D) A — PA™ (Dintp) — T (K + Kpn N A™) 9] (VIIL109)
But, from equation (VIIL.57), we know that K,,, A" A" = —K, so that S reduces to:
S = % [(Dm®) A™p — A" (Dp))] (VIIL.110)

The previous expression can be further simplified by using the Dirac equation (VIIL.79) and its adjunct (VIIL85),
which can be written in terms of II and IT as:

II = —" (A\™(Dp)) + imyp) + g Y, (VIIL.111)
I = — (D)™ — imap) 4" + g ). (VIIL.112)

Solving for A™(D,,,%) and (D,,1)A™ from the above equations, and substituting into S we find, after some algebra:
S = % [T — TT4] — mapep . (VIIL113)
By comparing this with the expression for the energy density above it is easy to see that:

S =prg —my . (VIIL.114)

But this result is to be expected since the trace of the full stress-energy tensor can be written in 3+1 terms as
TH, =S — pg, so that we have T#, = —ma)t), which is precisely the result we found before in equation (VII.30).
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IX. EXAMPLE: SPHERICALLY SYMMETRIC SPACETIME

As an example of the Dirac equation in a curved spacetime, we will consider the particular case of a spacetime with
spherical symmetry. We will first only consider the Dirac field as a test field in a background spherically-symmetric
spacetime, and only later we will consider the self-gravitating case.

We start by writing the metric of a spherically-symmetric spacetime in spherical coordinates (¢, r,0, ¢) as:

ds* = (—a® + B,.B")dt* + 2B,drdt + a*dr® 4 b*r?dQ? | (IX.1)

where dQ? = df? + sin?() dy? is the standard solid angle element, o = «(r, t) is the lapse function, " = 37 (r,t) the
shift vector which in this case only has a non-zero radial component, and where a = a(r,t) and b = b(r,¢) are the
spatial metric components. In particular we have 8, := 7,.8" = a?3". Notice that we recover the Minkowski metric
in spherical coordinates if we take a =a=b=1, 7 =0

A. Dirac equation

The first step in order to write the Dirac equation is to choose our tetrad. As we have already mentioned when
discussing the Dirac equation in the 3+1 formalism, for the timelike vector we take the unit normal vector to the
spatial hypersurfaces:

e =nt = (1/a,—B"/a,0,0) . (IX.2)

Notice that for 8" # 0 this vector has a non-trivial radial component. For the spatial vectors we take as a natural
choice the unit vectors along the radial and angular directions, which now take the form:

1 1 1
el = (o,a,o,0> , el = (o,o,m,()) , el = (0,0,0, rbsin@) : (IX.3)

Is is clear that these three vectors are already orthogonal to each other.

In order to avoid confusions, from here on we will always denote the spacetime indices by (¢,r,0,¢), and their
associated Lorentz indices by (T, R, ©, ®). Using now the metric (IX.1) one can now show that the associated 1-forms
(the co-tetrad) are:

eur = (—,0,0,0), eyr = (af",a,0,0), epo = (0,0,70,0), e = (0,0,0,rbsinf) . (IX.4)

Notice again that for 8 # 0 the radial 1-form has a non-zero time component. When thinking only of the spatial
triad we will have:
= (100 £ = (0,10 g = (0,0, -1 (IX.5)
E=Xa 7)) 7O\ ) 7 T T 7 rbsing ) '

Eir =(a,0,0) , Ee=(0,70,0), E;s =(0,0,rbsinb) , (IX.6)

and:

Next, we need to construct the Dirac matrices. Since spherical coordinates are already orthogonal, the natural
choice is to associate the v matrices directly to the coordinate directions. We will start by defining the 4 matrices
with Lorentz indices since they correspond to a local inertial frame, and can therefore be constructed directly from the
usual Dirac matrices in Minkowski spacetime. As already mentioned, we will take v/ = " along the time direction,
but we now have to ask ourselves in what order should be associate the 4% to the spatial coordinates (r,6,¢). An
obvious choice (used frequently) is to associate v' to 7, ¥ to § and 7 to . However, it turns out to be more
convenient when separating variables (see below) to make a different choice and associate instead +* to the radial
coordinate r, and ¥2 and ¥' to the angular coordinates 6 and ¢ respectively. This is the choice we will follow here.
Notice that the different choices only correspond to changing the order of the coordinates and should be completely
equivalent physically. We will then take:

=90 A=t %= =t (IX.7)
The spacetime components of the v matrices are then defined as v* = ei'yA. Using our choice of tetrad above we
now find:

T R graT e @

/y
= — = — — = — L .
Y ) Y ) Y Y rbsin

(IX.8)
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Notice that when A" # 0 the matrix 4" now has a contribution from 7. It is not difficult to verify that the above
matrices satisfy the Clifford algebra:

Yy + A = 29" (IX.9)

On the other hand, for the purely spatial Dirac matrices A we have:

M=, A%=72  A*=7', (IX.10)
and:
R e ®
r Y 0 Y Y
A= AN = 2P = . IX.11
a ’ rb’ rbsin @ ( )

Notice in particular that when 8" is not zero we clearly have \" # ~".
The A™ now clearly satisfy the spatial Clifford algebra:

AN APAT = 2y (IX.12)

with ™™,

We now need to calculate the three-dimensional Ricci rotation coefficients, since they are necessary in order to
obtain the Fock—Ivanenko coefficients. In order to do this we first need to find the 3D Christoffel symbols (3)F} . and
use (VIIL.53). The calculation is not particularly illuminating so we will not write it in detail here. In particular, for

the w,(f%;c we find that the only non-zero components are:
(3) (3) 1 /1 0,b (3) cot 6 IX
= = —— —_ = — . .1
Wree = WRea a <T T3 ) Woddp > (IX.13)
The next step is to find the matrices o/’ = [y, v7]/4. Given equation (V.78), plus the fact that we only have three

non-zero Ricci rotation coefficients, it is not difficult to see that we only need the three matrices ¢7*©, ¢%*® and ¢©%.
Using now equation (II1.39) we find:

rRe _ 23 _ 4 (o1 0
ol = 4 _+2<O 01>7 (IX.14)
Re _ __13_ L (o2 0
o =—0" = 2<0 02>, (IX.15)
s _ _12_  t[o3 0
0 = o _+2<0 03>7 (IX.16)

with o; the usual Pauli matrices (see Eq. (IL.9)). We can now use the previous results to calculate the three-dimensional
Fock-Ivanenko coefficients from equation (VIII.54). We find:

r® g, (IX.17)
3 i o1 0

r$ = -2 wroo ( w0 ) , (IX.18)
3 ) oy 0 1 o3 0

Ffp) = +§ WR ( 02 o ) T 5 Weer ( 03 o3 ) ) (IX.19)

and for the coordinate components Ff)) =0, Fé?’) =rb F(@?’), D(ps) =rbsinf Fg’).

)

We can now calculate the contraction A\ FE,?’ that appears in Dirac’s equation. A little algebra yields:

0 0 +M +M

0 0 —M, —M,;
M, -My, 0 0 ’
+Ms +M; O 0

1
AT — \mp®) — : (IX.20)

where:

(1 + am) L My O (IX.21)
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We now have all the necessary ingredients to write down the Dirac equation. Notice first that in spherical symmetry
our spatial triad does not rotate, so we have ;5 = 0 and the Dirac equation reduces to:

(0= B70,) ¢ = —ar" [X" (& + 2;) + AT 4 im} P+ (f) v, (IX.22)

or explicitly for each of the spinor components:
Bty — BT = —i (ar + 625 + agb + i) s + Tib (89 + 11219 0, + COf) b+ (I; - im) wl: . (IX.23)
Oppo — BT 0rth2 = v +61l <8r + z’j + agb + i) Py — % (89 - é 0y + CO;H> 3 + <12{ - zm) wQ: , (IX.24)
Ot — BrOvbs = —(11 <8,« + 82’"5 + agb n i) 1+ % (8.9 + ﬁ d, + C°2w> o+ <[2( v im) 1/)3: . (IX.25)
Bitpa — 870,04 = +i (ar + 822)‘ + 8;b + 1) o — % (69 - ﬁ .+ C°;9> by + (f + zm) 1/)4: . (IX.26)

These are the Dirac equations in a general spherically symmetric spacetime.

In particular, by taking /7 = K = 0 and @« = a = b = 1 we will have the explicit form of the Dirac equa-
tion for the case of Minkowski spacetime in spherical coordinates. If, on the other hand, we take f” = K = 0,
a=(1-2M/r)"/? a=1/(1-2M/r) and b = 1 we will have the Dirac equation in a Schwarzschild spacetime in
the standard coordinates. Alternatively, by taking o = 1/(1 4+ 2M/r)Y/? 8" = 2M/(r +2M), a = (1 +2M/r), b = 1,
and K = (2M/r?)(1 + 3M/r)/(1 + 2M /r)3/? we will have the Dirac equation in a Schwarzschild spacetime in horizon
penetrating coordinates of Kerr—Schild type.

At this point is it important to mention the fact that, even though we arrived at the previous equations using the
3+1 form of the Dirac equation, we would have obtained precisely the same result starting from the fully covariant
four-dimensional version.

The equations we just found can be written in a more compact form if we define:

VL= £y, U=y Fay (IX.27)

The Dirac equations then reduce to:

1 o Opb 1 i i cot 6 K
I _prg oI _ 1 T oo LNt I o, B8 T
Oy — 07Oy =« [q:a <8T + 9 + 5 + r> vy + s <89 + g 0, + 5 ) + + 5 Y zmz/@] , (IX.28)
1 Ora Opb 1 i ) cot 0 K
II _ pro oI _ 1 T T LN _ I T 011
Ocbs = B0z = o [:Fa <8r+ 2« + b + 7‘> b (89 sin @ O + 2 >Z/J; * 2 TE +me¥] '

(IX.29)

An interesting property of the previous system of equations is the fact that we cannot have a spinor with spherical
symmetry, which makes perfect sense since spinors represent spin 1/2 particles. To see this notice that if even if we
start with initial data such that all the different spinor components are functions only of the radial coordinate r, the
terms with cot 8 above will immediately introduce a dependence on the angular coordinate # during evolution.

B. Conserved current and stress—energy tensor

We can now calculate the particle density and its associated flux. For the particle density we simply have, from
equation (VIIL.87):

pp = U1 * + [2]* + s|* + |9 . (IX.30)

On the other hand, the spatial components of the current which give us the particle flux, can be found using
equation (VIIL.88). For the radial flux we find:

fr=9A0 =a (WIyTAR) ¢ = a (Y195 — atp}) +ccl] (IX.31)
and for the angular components:
fo =g =1b (YIyTAOY) = ird [(19] — 1hab}) — c.c] | (IX.32)

fo =10 = rbsing (pIyTATY) = rbsin @ (19} + horh}) + c.c] (IX.33)
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The next step is to find the 34+1 components of the stress—energy tensor. These components involve the quantity IT
defined in (VIII.89), so it is convenient at this point to find an expression for the Fock—Ivanenko coefficient I'r that
appears in the definition of II for the case of spherical symmetry. First, notice that in spherical symmetry our spatial
triad does not rotate so we clearly have @Q,,, = 0. Also, the lapse function only depends on the radial coordinate 7,
so the coefficient I'r reduces in this case to:

T =T (er) . (IX.34)

Consider now the energy density. Since, as we just mentioned, in spherical symmetry we have Q,,, = 0, we can
use equation (VIII.100) for the energy density in terms of II instead of II. We find:

PE = % [¢Tﬂ - ﬁ“@ = % [<¢Tﬁ1 + 31y + 3105 + ¢Zﬂ4> - c.c.} , (IX.35)
where now:

I = — (9 — B 0n1i) (IX.36)

Q|

The momentum density J; is given by equation (VIIL.105). In particular, for the radial component we find, using
the fact that F7(~3) =0:

Jr = *% [ﬁ)\rw - d_))\rn + W(aﬂﬁ) - (&WTW] . (IX37)
On the other hand, substituting IT = I+ T'r1), we have:
I\ — PATT = Ty T A ap — Ty AT =TIy A ap — Ty T AT+ o (PWAT — vTATFT) b (IX.38)

Using now our expression for ['r above, plus the fact that (77)T = 47, (A™)T = —A™_ (y1)2 = 1, and the spatial
Clifford algebra, one can show that in the case of spherical symmetry we have:

0
ThyTA; — T\ = f(&x+gy (IX.39)
For i = r the Clifford algebra implies that A.A" = —1, so the above term vanishes. The radial component of the
momentum density can then be written using II instead of II as:
Jy = =1 [T A = Ty AT+ 47 (0,0) = (000 (IX.40)

or in terms of the spinor components:

Jp = —i [a (%ﬁg — oI} + 3Il} — ¢4ﬁ§)
b (b1 + VL0, + O + UOhbs) — e . (IX.41)

The angular components of the momentum density can also be calculated in a straightforward way, but they turn out
to be rather long expressions that are not particularly interesting and I will not write them here. But it is important
to stress the fact that these angular components do not vanish in general since, even if here we are considering a
spherically symmetric spacetime, we are not asking for a spherically symmetric ¢ (but see Sec. IXD below).

Finally, for the spatial stress tensor S;; we use equation (VIIL.108). Let us consider the diagonal components S;;.
Since in spherical symmetry the metric is diagonal, the Clifford algebra implies that (no sum) A\;A? = —1. Moreover, in
spherical symmetry the extrinsic curvature tensor Kj;; is also diagonal. One can then easily see that the contributions
from the extrinsic curvature in equation (VIII.108) cancel out for ¢ = j. The diagonal components of the spatial stress
tensor then become:

1
2

1

Sii = = [(Div) Ao — ¥\ (Di)] = [(311/_1) Aith — YN (Oi) — (FES)M + AiFES)) 1/J] : (IX.42)

o |
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We can simplify this even further. Using now the expressions for the ng) and \; found above, plus the fact that the
Pauli matrices anti-commute with each other, it is not difficult to show that in our case we have ng))\i + )\J‘gs) =0

for all three possible values of i. The diagonal components of the spatial stress tensor then reduce simply to:

1

Sii = 3 [(0:0) Ao — ¥ (0i)] (IX.43)
or more explicitly:
Srr = % I:(ard_)) )\rw - 7/_))\7" (@d’)} = % [(1/113T1/)§ - ¢28rl/fz + ¢3ar?/)§ - 7/}487’7vzf2k) - C'C'} ) (IX44)
Spp = % [(D90) Noth — pAg (Bpr))] = %b (V20003 + 109007 — 110010y — V30p103) + c.c] (IX.45)
) ) ) bsind
See = 5 [(060) Aot = A, (0,9)] = T (10,05 + V20,05 + a0 +adpt}) —ce] . (IX.46)

The mixed components of S;; for ¢ # j again turn out to be rather long expressions that I will not write here.

C. Separation of variables

We are be interested in finding solutions to Dirac’s equation that are compatible with a spherically symmetric
spacetime. For the moment we will still consider the Dirac field as a test field on a fixed background spacetime, and
only later consider the self-gravitating case.

The first step in looking for solutions is to use the method of separation of variables. We then propose an ansatz
of the form (the discussion here is based in part in that of [14]):

Vi = Ri(t,r)T:(0, ) , (IX.47)

where here i = 1,2, 3,4 denotes spinor components, and R; and T; are complex functions to be determined. Substi-
tuting this in equations (IX.23)-(I1X.26), and regrouping terms we find, after some algebra:

rb [Ty (1 , K 1 O O 1 | i [ i cot 0]

A Bt et _gr _ z — 4 v bt 7

Ry | T3 (a(at Br0r) +im 2>R1+ (6T 2a bt )RS_ o e R
(IX.48)

rb [Ty (1 . , K 1 O Ob 1 1 i i cot 0]

R3_ﬂ(a(at—ﬂar)‘i‘lm—2>R2_a(ar+2 + b +T’)R4___j_'4 9_@ © T_T37
(IX.49)

rb [T (1 - , K 1 Oa Ob 1 I i cot 6]

]%2_1(@(815—587«)—1771—2>R3+a<8r+2 + b +’I“>R1__ i_aa'f'ma@"‘T_Tg,
(IX.50)

rb [Ty [, 1 - . K 1 O Opb 1 1 i i cot 0]

&{B[(a(atﬂ&)zm2>R4a<5‘r+2 +b+’l“)R2_T‘2 9*@ © T_Tl.
(IX.51)

The right hand side of the previous equations is now only a function of the angular coordinates (6, ), but the
separation of variables is not complete since we still have angular functions on the left hand side. This can be fixed if
we ask for T3 = aT} and T, = bT5, with (a,b) some proportionality constants. In that case the left hand side of the
above equations will now be only a function of (¢,7).

The constants (a, b) are in principle arbitrary, but a convenient choice is @ = 1 and b = —1. With this choice we
can see that, except for a sign, the right hand side of equations (IX.48) and (IX.50) is now the same, and also the
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right hand side of equations (IX.49) and (IX.51). This implies that we must now have:

g:(i(at—wa)ﬂm—"{)zzﬁ ( 820‘ agb+i>R3:

= (Le-soy-im- 5t (0.0 %04 20 R (1X.52)
A O R D

:—g:( (8 — ﬁ@r)—im—g()lﬁ—a( 820‘ 6;b+i>Rz:. (IX.53)

We can now reduce these two equations to just one if we take Ry = ¢Ry and R4 = c¢R3, with ¢ a new constant. Again,
the value of c is arbitrary, but a convenient choice is ¢ = i. With these choices we now have:

Ry =iRy , Ry =1iR3, T5="1T, T, =-T5, (IX.54)
and our system of equation reduces to:

1 i cot 0]

@‘

rb

(/1 1 1 1
_ _ r [ — - — = +— _ — | T IX.
s < ( B"0r) +im > +a<8+ T)Rg_ T _89+Sin96@+ > | T2 (IX.55)
rh [(1 1 1 | 170 7 cot 6]
— "0y - — = | O —|R3|=—= 00— — 0, + —— |11, (IX.56
R3 ( ( B0r) +im ) +a< + +’I") 3_ TQ_G sinf 7 2 o )
rh [[1 1 1 | 10 7 cot 6]
— =0 —570,) —im — — - - =—— — T IX.
R -(a (O — B70) —im >R3+a <8T+ +7“)R1_ T _89+Sin98w+ 7 | 5, (IX.57)
rb [[1 K 1 Ora 8 b 1 | 17 1 cot 6]
— |- —p"0,)—im— — | R . e u —|Ri| =4+ |00 — — — | Ty . (IX.58
Ry _<a(t B0r) —im ) d+a< 2c b +7’) 1_ TQ_G sin 6 o 2 | e )
The previous equations now have the following structure:
filt,r) =+g1(0, ), (IX.59)
filt,r) = —g2(0, ) , (IX.60)
falt,r) = —g1(0,9) , (IX.61)
fa(t,r) = +92(0,9) . (IX.62)
Since one side of these equations depends only on (r,t), and the other only on (6, ), we conclude that both sides
must be equal to the same constant. Also, given the above structure we must have f; = g1 = —fo = —go = k, with k
a separation constant to be determined. We will then have the following two radial equations:
1 ry K Oa  Ob 1 _  kR3
(a (0r — B70,) +im — ) Ry + ( 50 7 ) Ry =+, (IX.63)
1 K 1 O  Ob 1 kR
_ — BT — - — —_— = —— I1X.64
<a(8t B"0,) —im >R3+ <5+2 +b+ >R1 el (IX.64)
and two angular equations:
9o——— a0, + N — (IX.65)
97 Sing 7% 2 1 2o ’
o+ —— o, + ) 1 — sr (IX.66)
g 2 )T T ‘
The angular equations are particularly interesting. In order to see this let us first define the operators:
g
d. =0y p 0, + scotf (IX.67)
7
- _ _ IX.
d, Dp + in@aw scot (IX.68)
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with s an integer or half-integer constant. The above operators are known as the raising and lowering spin operators
respectively, and are associated with the spherical harmonics with spin weight s first introduced by Newman and
Penrose in [30] (see also Appendix D of reference [28]). For an integer s such that |s| < I, the spin weighted spherical
harmonics are defined in terms of the usual spherical harmonics Y™ (8, o) as:

1172
[ELZH gy (YY) +H>s>0,
Y= s [a=psp]'? 4= — yim TX.69
(=1) {84—\'58:] By (Yl’ ) ) -1<s<0, ( )
We also define (Y- := Yt™. For example, we find:
1/2
Iom __ (l — ]')' Ety-l,m
a¥ _i{(H—l)! hHY
(I i l
= —— 0, | YO IX.
jF[(lJrl)' %+ Ghg % : (IX.70)
- oy
LY = [El " 2; } 77 I L
[—o)1Y/2 9
[El . 2” <8§ — cot ) = —— (9 — cot 6) 0, - e a;) yhm (IX.71)
On the other hand, the above definitions imply that:
Bs (YPm) = +[(1 = )1+ s+ 1)]'2 aytm, (IX.72)
By (Y == [+ s)(— s+ DY avhm, (IX.73)

which explains why they are called spin raising and lowering operators. These relations also allow us to show that:

Foad (YY) = — i1+ 1) — s(s+ D] VI (IX.74)
1D, (YE™) = — [ +1) — s(s — 1)] ) Yb (IX.75)

that is, the .Y are eigenfunctions of the operators é);l(})j and (3?_1(}9: In particular, for a function f with spin

weight s = 0 we have @;(%r = (}?il@a = L?, with L? the usual angular Laplacian operator:

1
L?f = pewr O (sin00p f) + 2f =05 f +cot 0 9y f + =y 82 2 f (IX.76)
sin

Notice now that in our equations (IX.65) and (IX.66) we in fact have the raising and lowering operators with spin
s = £1/2. In that case the definition (IX.69) can not be used since we have a half-integer value for s. However, we
can define the functions 4 /2Yl ™ simply as the eigenfunctions of the corresponding operators (?S H(? and a YA
with s = £1/2. Notice that in that case we must also have [ and m as half-integers, with m = —I,--- |I. For s = +1/2
we find:

_ 1 1 1
a3/2a1/2f 89f+00t989f+ (a f""lCObe 84Pf) 4 (811'129 —3> f s (IX77)
1 1 1
(? 1/2(31/2—89]‘4—00‘5969]”—&— (8 f—l—zcoseapf) 4<Sin29+1>f’ (IX.78)

while for s = —1/2 we find:

Br)20”

(8 f—icosfd,f) — 1 (1 + 1> I, (IX.79)

4 \sin%0

gt 3720_ 1/2—69f+cot989f+ (8 f- zcos@@wf)—l<.1—3>f. (IX.80)

4 \ sin? 6
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In terms of our raising and lowering operators for spin 1/2 the angular equations (IX.65) y and (IX.66) can now be
written as:

P12 = KTy, al/gTz =—kTy . (IX.81)
Comparing this with equations (IX.72) and (IX.73) it is clear that we can take as solutions:
Ti= 1Y, Tp= Y0, (IX.82)

with the separation constant given by k = —(I + 1/2).

General expressions for the ;Y™ with both integer and half-integer indices are well known, and can be found in
terms of the Wigner rotation matrices commonly used in quantum mechanics. Here we will just consider the cases
with [ =1/2. For 1 =1/2, s = £1/2, m = 1/2 we have, in the standard normalization:

1 .
i1/2Y1/2’1/2 = (\/E) e+“"/2yi(9) , (IX.83)
where y1 (0) = sin(6/2) and y_ = cos(#/2). On the other hand, for [ =1/2, s = +£1/2, m = —1/2 we have:

1 .
w12V PTE — & (M) ey (0) . (IX.84)
Notice that the functions 1;/,Y/2%/2 are discontinuous at ¢ = 0. This is an indication of the fact that spinors

change sign under a full rotation, as mentioned when we discussed the spinor representation of the Lorentz group in
Sec. III B.

It is now not difficult to show that taking either 77 = +1/2Y1/2’1/2 and Tp, = ,1/2Y1/2’1/2, or alternatively
Ty = 412Y Y27 Y2 and Ty = _; Y /?71/2 we will have two independent solutions for our angular equations with
k = —1. Of course, we can take higher half-integer values of (I,m) while keeping s = 1/2 in order to find more
solutions, but here we will only consider these two cases. In that case the radial equations (IX.63) and (IX.63)
become:

1 : K 1 Or orb R
((@—BT@)—&-zm—)Rl—&- (8 + + + )Rg——g, (IX.85)
@ b rb
1 K 1 orb R
— (@ = p0r) —im— ) Ry + — (0, + @y ob g ot (IX.86)
@ b r rb
If we now take Ry(t,r) = F(t,r) and R3(t,r) = G(t,r) these equations can be written as:
Or ob 1 K
F:ﬁra,.F—[8+2a+b+ <1+Z)]G+a(2—im>F, (IX.87)
Or ob 1 K
8tG:BT8TG—[8+2a+b+ (1—2)]F+a(2+im>G, (IX.88)

These are now evolution equations for the functions F' and G, and can be solved either numerically given some
adequate initial data, or considering some particular ansatz. The spinors associated with our two solutions will then
be given by:

+ip/2 ?i’ r) yi(z)
Ve i - Etg 51595 ) (IX.89)
FiG(t,r) y£(0)

with y4(0) = sin(6/2) and y_ = cos(0/2). Equations (IX.87) and (IX.87) can be used, for example, to study the
evolution of our spinors in a general curved spherically symmetric spacetime, such as Schwarzschild for example, given
some adequate initial data for both F' and G.

To finish this section, it is important to find how the functions F and G behave near the origin 7 = 0. In order to
do this we take r < 1, and expand our functions as powers of r:

F=) F,(ty", G= i Gn(t)r" . (IX.90)
n=0
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On the other hand, regularity of the metric at the origin implies that a, b and « must be even functions of r, while
S" must be odd:

a ~ ap(t) + ax(t)r? + O(rt) (IX.91)
b~ bo(t) + ba(t)r* + +0(r*) | (IX.92)
a~ ag(t) + ax(t)r? + 0(rt) (IX.93)

~ By (t)r +0(r?) . (IX.94)

Furthermore, in order for the metric to be locally flat at r = 0 we must ask for by(t) = ao(t). Finally, from the
definition of the extrinsic curvature we find that we must also have K ~ K(t) + K»(t)r? + O(r*). When looking at
equations (IX.87) and (IX.88) there are two terms that appear to be singular at » = 0. Their behavior close to the
origin is:

G a 2Go F ay F rF
?(Hg)fT, ?<173)7ﬁ(b7a),a(b27a2), (IX.95)

where we used the fact that by = ag. The second term is now clearly regular at » = 0. In order for the first term to
be also regular we must now ask for Gy = 0, so the function G(r) must vanish at the origin.

We can go further in the analysis, but it is easier to work in the case of Minkowski spacetime for which we take
a=a=0b=1, " = K = 0 (the general case is more complicated but the conclusions are the same). Substituting
the expansions for F' and G into equations (IX.87) y (IX.88) we now find:

3 E, +imF, ) r" + 3 n+2)Gr"t=0, (IX.96)
2 (Fvimr)
3 Gn —imGy ) ™ + 3 nF,rm 1t =0. (IX.97)
=0 =0

Again, from the first equation it is clear that we must have Gg = 0. Moreover, in the second term of the second
equation the sum can be taken from n = 1 since the n = 0 term vanishes. We then have:

i (Fn + ian) Pt i (n+2)Gur™ 1 =0, (IX.98)
n=0 n=1
i (Gn — imGn) r" 4+ i nF,r" 1 =0. (IX.99)
n=0 n=1

Taking now n — n + 1 in the second term of both equations we can rewrite them as:

o

3 (Fn +imFy, + (n+ 3)Gn+1) =0, (IX.100)
n=0
i (Gn — imGy + (n + 1)Fn+1) =0 (IX.101)
n=0

Finally, cancelling each power of r separately we find:

F, +imF, G, —imG,

Foiq=— IX.102
n+3 ’ + n+1 ( )

Gn+1 - —

Since we must have Gy = 0, the above result implies that F; = 0, which in turn implies G5 = 0, which now implies
F3 =0, etc. We finally find that F' must be an even function of r, while G must be odd:

F=Ft)+FEt)r’+..., G=G{t)r+Gst)yrd+.... (IX.103)

This behavior must be taken into account if one wishes to construct initial data for F' and G.
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D. Spherically symmetric solutions

As we have already mentioned, it is not possible to have spherically symmetric solutions with the Dirac equation.
However, we will now show that one can have solutions that are compatible with spherical symmetry, in the sense
of having both a conserved current and a stress—energy tensor that are spherically symmetric, if we add the two
particular solutions that we found in the last section with the same amplitude, but considering them as independent
fields. We start from the conserved current, which is given by:

It = )+ + )= = Pamtbs + oo (IX.104)

with ¢4 the spinors given by (IX.89). For the particle density we find, using (IX.30):

o 1
prot = ° (IF*+1G]) . (IX.105)

On the other hand, the flux of particles in the radial direction now takes the form, from (IX.31):
FIot = 21 (FG* + GF*) . (IX.106)
7r

Since both F' and G depend only on (¢,r) we see that p;fOt and fT° are clearly spherically symmetric. Notice in
particular that from the expansions for small r we found above for F' and G, it is clear that we will also have f, ~ r
close to the origin.

Consider now the particle flux in the 8 direction. It is not difficult to see that equation (IX.32) immediately implies
Joy = jo_ =0, so that we clearly have f,° = j°* = 0. Finally, for the flux in the ¢ direction we use equation (IX.33).
We now find that j,, # 0 and j,_ # 0, but crucially j, = —j,_ so that we have fRot = jlet = 0. We then see
that the conserved current has both angular components equal to zero, so that it is indeed compatible with spherical
Symietry.

Let us now consider the total stress—energy tensor:

Ty =Ty + Tp_ (IX.107)
For the energy density we find, using (I1X.35):
ot — L (F*ﬁp + G — c.c.) (IX.108)
4 ’
with:
- 1 ~ 1
p:=—(&F —§'0,F) . o= —(0.G~§0,0C) . (IX.109)

The previous result for the total energy density is written in a very compact form, but it is convenient to rewrite it
using the definitions of IIr and I and the evolution equations (IX.87) y (IX.88). Doing this we obtain an equivalent,
thought somewhat larger expression, that does not involve time derivatives:

1 1 2
PR = o [Im (a (F*0,G + G 0,F) + F*G) +m (|F” - |G|2)} : (IX.110)

where here Im(q) indicates the imaginary part of ¢ in the sense that, if ¢ = a + ib with both a and b real, then
Im(q) = b. The energy density is then purely real, as expected.
On the other hand, for the total momentum density in the radial direction we find, from (IX.41):

1 ) )
JT = I [F*&TF +G*9,G—a (F*HG n G*HF)}
47
- 2i Im [F*8,F + G*8,G] (IX.111)
Y3

where in the last step we substituted the definitions of IIx and I¢, and used again the evolutions equations (IX.87)
and (IX.88). The calculation for the angular components of the momentum density is longer, but after some algebra
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one finds that both vanish, J;°" = Jg"t = 0. Again, it interesting to notice that Jy in fact vanishes for both individual
solutions, Jg = Jg_ = 0, while J, is non-zero for each individual solution but the sum vanishes.
Finally, for the diagonal components of the spatial stress tensor S;; we find, from equations (IX.44)-(IX.46):

gTot — 21 Im [F*0,G + G*0,F) , (IX.112)
i

Sos" = ;*b Im [F*G] | (IX.113)
i

Saot = (sin®6) Spg* . (IX.114)

All off-diagonal components of S};Ot now vanish. We then conclude that the total stress-energy tensor is indeed
compatible with spherical symmetry.
In particular, the total trace of T),, turns out to be:

[} % o o T o o o m
(TH )T = (S%) ™0 — piet = (S7,) ™" + 2 (8%9) ™0 — pit = —5 (IF)> = |GP) , (IX.115)

in complete agreement with equation (VII.30). The extra factor of 1/27 comes from our normalization of the spinors
(see equation (IX.89)), and from the fact that we now have two spinors with equal amplitude.

E. Dirac stars

As a particular example of a Dirac field in spherical symmetry we will consider the so-called Dirac stars, which are
self-gravitating stationary solutions of the Einstein—Dirac equations, analogous to the usual boson stars for the case
of the Klein-Gordon field (see reference [10] for a very complete review of boson stars and their relatives). Dirac stars
have been previously studied in some detail for example in [13, 15, 16]. Because of this, here we will only consider
the basic equations describing the system and will not discuss any particular family of solutions.

We start from a spacetime metric in spherical symmetry of the form:

ds® = —a?dt* + a®dr® + r?dQ? | (IX.116)

where now « and a and only functions of the radial coordinate r. In terms of our general spherically symmetric
metric (IX.1) we are the taking 8”7 = 0 and b = 1, so that we assume that our radial coordinate is the areal radius.

For the Dirac field we will use the spherically symmetric formalism we developed in the previous sections, so that
we take a solution of the form ¢ = v 41—, with the spinors 11 given by equation (IX.89):

+ip/2 FEt g 4
e +iF(t,r)y
=— IX.117
Vs (4m)1/2 G(t,r)y ( )
t,r)y
We have already shown that the total spinor v is compatible with spherical symmetry in the sense that both the
total conserved current j# and the total stress-energy tensor 7}, maintain that symmetry. But if we now want to
have a static solution we must also ask for j# and T},, to be time independent, and for the associated flux of particles

and momentum density to vanish. In order to achieve this we introduce an ansatz with a harmonic time dependence
for the functions F' and G that define our spinors:

F(r,t) = f(r)e ™", G(r,t) = ig(r)e ™", (IX.118)

where now both f(r) and g(r) are purely real functions. It is now easy to see that with this ansatz both the conserved
current and the stress-energy tensor are time independent. The minus sign in the exponential comes from the fact
that the energy operator is given by E = i0; (remember that we are working in Planck units), so the sign guarantees
that we will have positive energy solutions for w > 0 (see below).

For the particle density and flux we find, from equations (IX.105) and (IX.106):

=g (P4 =0, (IX.119)

Notice that the particle flux vanishes, as expected for a static solution.
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On the other hand for the different components of the stress-energy tensor we find, from equations (IX.110),
(IX.111), (IX.112) and (IX.113):

_ 171 ’ / 2fg 2 2
pp =5 E(fg—fg)+7+m(f -99) , (IX.120)
J. =0, (IX.121)
. 1
"= ra (fg/ - f/g) ) (IX.122)
S0 =87, = Qf—g 7 (IX.123)
wr

where the prime denotes derivatives with respect to r. Notice again how the momentum density J,. vanishes, as
expected for a static solution. We also find for the trace pf T},

m
TV = —pp+ 5 +25% =~ (f*~¢%) . (1X.124)

consistent with equation (VIIL.30).
Here one should notice that, although the expression for pgp above is correct, we can in fact find an equivalent

more compact expression using equation (IX.108), where in this case we have from our ansatz IIp = 0;F/« and
Il = 0,G /. We then find:

w 9 2
- Y _ IX.125
PE=5— (f2+4°) ( )

Notice that we will clearly have pgp > 0 for w > 0.

The next step is to find the equations that must be satisfied by the stationary solution. Substituting our ansatz for
the metric and the functions F' and G into equations (IX.87) and (IX.88) we find:

wf:+% [g’+g(2aolé+71“(l+a))} +amf, (IX.126)
g — 7% [f,ﬂf <2aa N %(1 a))} ~amg | (IX.127)

where we also used the fact that for a static spacetime the extrinsic curvature vanishes, so that K = 0. Solving for f’
and ¢’ we obtain:

fl=-f (2‘; + %(1 - a)) — ag (m + g) , (IX.128)
g =-g (202 + %(1 + a)) —af (m - g) : (1X.129)

We also need equations for the metric functions a and «. The equation for the radial metric a is obtained directly
from the Hamiltonian constraint. On the other hand, the equation for the lapse function « is obtained from the
so-called polar-areal gauge, which corresponds to asking for the time derivative of the angular component of the
extrinsic curvature Kyg to vanish. We will not write down the general expressions for the Hamiltonian constraint and
the polar-areal gauge condition here since they are well known and can be found in text books (see e.g. [28]). In our
case these two conditions reduce to:

1— 2
a = ;( ra +87rra2,oE) . (IX.130)

and:

a®—1
o =a ( + 47r7"a25Tr> : (IX.131)
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The final system of equations to be solved for the functions (a, «, f, g) is then:

ora = % (1 —ra2 + 87Tra2pE) , (IX.132)
ora =« <a22; + 47TraQSrr) , (IX.133)
0.f =—f (82’;+i(1—a)> —ag (m+§) : (IX.134)
0rg = —g (‘920‘3‘ +i(1+a)> —af (m—g) 7 (IX.135)
with pg given by (IX.125), and S”,. given by:
§'y = gea 0 = F) = -+ (2245 (2= ) (1X.136)

Notice that in the equations for J, f and 0,.g above there are derivatives of the lapse on the right hand side, but these
can be eliminated using (IX.133).

It is important to consider the behavior of solutions of our system of equations both at infinity and at the origin.
Consider first the limit r — co. For asymptotically flat solutions we can assume our spacetime is Minkowski far away,
so that we must have a ~ 1,  ~ 1 and 1/r — 0. The equations for f and g then reduce to:

Orf ~—g(m+w) , Org~—f(m—w) . (IX.137)
Taking a second derivative of the first equation, and substituting the result in the second, we find:
O2f =~ f(m*—w?) . (IX.138)

It is now clear that if we want to have exponentially decaying solutions at infinity we must have m? > w?. Of course,
in principle we will also have solutions that grow exponentially, which is incompatible with having an asymptotically
flat spacetime. We will only have decaying solutions for specific values of w, so that we must solve an eigenvalue
problem.

Consider now the behaviour of the solutions near the origin » = 0. Since spacetime must be locally flat there we
must ask for the radial metric component a to behave as:

a~1+0(r?) . (IX.139)
Similarly, for the lapse function o we will have:
o~ ap+0(r?), (IX.140)

with a some constant. In principle we don’t know the value of v, but notice that our system of equations (IX.132)-
(IX.135) is invariant under the rescaling:

a— ka, w— kw (IX.141)

with k& an arbitrary constant. This means that we can simply take oy = 1, solve the system, and then rescale o and
w so that we have o — 1 at infinity.

On the other hand, we have already shown above that f must be an even function of r, while ¢ must be odd, so
that we will have:

f=fo+0@?), g=gr+0(?), (IX.142)

with fy and g1 some constants. Substituting our expansions into the system of equations we find that at the origin
we must have:

Oral_g=0, Owal_g=0, O0fl_y=0. (IX.143)

The condition for g is more interesting due to the presence of the term (1 + a)/r in its equation, which might seem
to be singular at » = 0. The equation, however, is in fact regular since this factor is multiplied with g which goes as
~ r close to the origin. When we substitute our expansions for small r we now find:

09l =91, (IX.144)
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with g1 = fo(w/ag —m)/3, so that g; is not independent of fj.

To solve the full system of equations (IX.132)-(IX.135) one can then choose fj as our only free parameter (taking
ag = 1), and look for solutions for which f and g decay exponentially at infinity in order to find the eigenvalue w,
using a variety of numerical techniques. For example, for a given value of f; one can choose a trial value of w and
integrate outward from the origin with some standard ODE integrator (for example fourth order Runge-Kutta), and
use a shooting algorithm to modify the value of w until one finds exponentially decaying solutions at infinity.

By changing the value of fy one can construct a whole family of solutions for the Dirac stars. As mentioned above, we
will not discuss the family of solutions here, as this has already been done before in some detail in references [13, 15, 16].

X. FINAL REMARKS

The Dirac equation is one of the most fundamental equations in physics. It describes the behavior of fermions such
as leptons and quarks, and is at the heart of the standard model of particles and fields. On the other hand, general
relativity is our modern theory of gravity, and describes with great success astrophysical phenomena that go from the
structure of neutron stars, to the formation of black holes, the emission of gravitational waves, and the evolution of
the Universe as a whole.

Though currently we do not have a successful theory of quantum gravity (though we certainly have candidates in the
form of string theory, loop quantum gravity, dynamical causal triangulations, etc.), it is nevertheless very important
to be able to study the evolution of quantum fields in a curved spacetime. This was, for example, what led Hawking
to the discovery that black holes in fact radiate energy.

For the case of scalar or tensor fields, such as the Higgs or electromagnetic fields, the generalization to a curved
spacetime is rather straightforward and follows directly from the equivalence principle. However, in the case of
spinor fields this generalization is not that simple, and requires the introduction of the Lorentz group and the tetrad
formalism.

Here, I have presented a pedagogical review of the Dirac equation in the case of general relativity, starting from first
principles. Even though I have ignored the quantization of the Dirac field and have treated it as a purely “classical”
field, I believe that this review can be useful to researchers in general relativity who might not be used to working with
spinor fields. In the last sections I have also derived expressions for the Dirac equation and its associated stress—energy
tensor in the 341 formalism, and shown how this can be applied to the special case of spherical symmetry. To my
knowledge, these last sections include new material which can be very useful for the study of the evolution of the
Dirac field in a dynamical spacetime.
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Appendix A: Derivation of the stress—energy tensor for the Dirac equation

We start by considering the variation of the action with respect to the spacetime metric g, :
5,8 = 6/L g/ 2d* . (A1)

As we know, the Dirac Lagrangian has terms that depend directly on the tetrad and not on the metric, so we now
need to consider variations of the tetrad itself. Notice first that from the expression for the metric in terms of the
tetrad, g, = eﬂAe{ﬁ‘, we immediately find:

0guw = naB (e;‘éef + ef&e;‘) . (A.2)

The variation of the tetrad de, 4 can be naturally decomposed into two parts, a “symmetric part” e, 4 that induces
variations of the metric, and an “antisymmetric part” d~e, 4 that leaves the metric unchanged [31]:

1
5ieﬁ =3 ((Sel’i1 F nABgm,ée%) , (56;‘ = 5+eﬁ + (5—6;? . (A.3)
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From these definitions we find:

6ig,w =NaB (ef}éief + eféief}) = B [ (56 TP g,,A(SeC) + e, ((56 Tt gu,\éec)]

2
= 7714% [eﬁdef + efée,ﬂ F % [gy,\eﬁdeﬁ + gu,\eféeﬁ]
= 592“" + % [gw\eﬁéeﬁ + g,Meﬁ(Seﬂ
_ 592“” i% [eadelt + e adel] = 592“” + 592“” : (A.4)
where we used the fact that efe’g = 0, implies eﬁ(SeZ = —674563. We then find:
6" g =09, 6 G =0. (A.5)

We can also show that:

77‘43 BOGu = nAB Y ( fdeuc + eHCCSef) = 56;‘ + nABeHce’édef
= 5eu —nBe,cel ey, = 56;‘ — By, e = 25+€Zl , (A.6)

so that we can express (5+€;‘ entirely in terms of dg,, as:

1 14 1 1%
6+e;‘ =3 nBe BOGu = 3¢ Aég,“, . (A7)
And similarly:
+ W 1 "y 1 pee B
1) eAziel,Aég =59 €409a3 - (A.8)

Now, the stress-energy tensor is defined in terms of the variation of the action integral with respect to changes in
the metric as:

1
5yS = 1 / 7986, 519/ 2d" . (A.9)
This means that if the Lagrangian is expressed in terms of the tetrad, as is the case of the Dirac Lagrangian we must
only consider the changes in the tetrad that modify the metric, that is we should only consider 6*e’;. The variation
in the action will then take the form:
oL
5gs/[|g1/2 <5 >5+ + Lo|g|?| d*x . (A.10)
e’

For the second term we have:

L L L
1/2 _ _ afB _ 1/2 af

On the other hand, for the first term we find:

oL oL o o 8 0L o OL
lg|'/? (6 M)5+ e =— | E& <5 u)g“ 56ga6—**|9|1/2 (g” efxg +g“ﬁe,456M> 8Gap - (A.12)
A A
The variation of the action then becomes:
1 1 oL oL
055 = 3 / [2 <g”°‘eA5 - +g“Bejéeu> +gO‘BL} 0gap |9/ 2d*z . (A.13)
A

Comparing this result with (A.9) we find for the stress—energy tensor:

1 oL oL
T = 2 (g” s A +9"eh 5 )+gaﬁL, (A.14)



o4

and lowering the indices we recover the expression for the stress-energy tensor given in (VII.28):

1 oL 6L
T, =—= —+evp —1 | + gL . A.15
1 B (euD 5€VD €vD 56%) 9u ( )

One should stress the fact that at this point we are still not replacing the variations with partial derivatives since
the Lagrangian can depend also on derivatives of the tetrad (see below).

Notice now that, since the Dirac Lagrangian (VII.13) vanishes on shell, for case of the Dirac field we can in fact
ignore the last term in the above expression. Moreover, the mass term that appears in the Dirac Lagrangian is
independent of the tetrad, so the stress-energy tensor reduces to:

1 0K 0K
T, v— T35 D =7 vD T ) Al
" 2 <6‘D deY, +éup (56%) (A-16)

with K the kinetic term in the Lagrangian. The kinetic term can further be split into two parts, K = K; + K>, given
by:
Ky = 5 [ef v (951) - 5 (0a9) 70| | (A.17)

P (eieg 8a€53) yCABy (A.18)

NI T

Ky =

Now, the variations that appear in (A.16) can be substituted with partial derivatives when K depends only on the
tetrad and not its derivatives. This is clearly the case for K71, so its contribution is not difficult to find and turns out
to be:

(Tuu)l = [(3@@ 7V)¢ - &V(H (3u)¢)] . (Alg)

N | .

The contribution from K5 is somewhat more difficult to find since it depends not only on the tetrad, but also on
its derivatives. The variation is then given by the so-called Euler derivative (this can be shown by following the same
procedure used to find the Euler-Lagrange equations through integration by parts starting from the action integral):

0K OK OK
e 2o (o) (A20)
del,  Oel d(0xel)
From the definition of K5 we can see that the term we are interested in is:
fape = ehel duesn - (A.21)
Using now the fact that 8a(6i€g3) = Ounap = 0, one can show that we have J,egp = —egeggaae"D, so that we can
rewrite fapc as:
faBpe = feﬁeg egeagaae(fj = —e,p€30.e0 . (A.22)
Consider first the derivative of fapc with respect to the tetrad e’;:
afABC’ a(echei) 86% 8603
=— Ouel = — | eop —2 + €5 Onel
det, Oe’, e o8B de, A oe’, e
=— (6035352 — ejeUDeyB) Oned = —eo5050,eZ +ePe,pdael, (A.23)
where we used the fact that de,p/de}, = —ePe, 5, which can be easily shown from 6(eieﬁ3)/3e"D = Onap/0e’, = 0.
The contribution to the stress-energy tensor coming from this term will then be:
i -
P, = 3 P [eHD (eggégayeg — efeuB(?Aeg) +p V] yCABy,
i -
=3 Y ]epaeoBOvel — GuorBOaes + 1 <> V] 'yCABdJ . (A.24)
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In fact, it is more convenient to project this result onto the tetrad to find:

CABw

Pry=eéley P, = Y [nracopdiel —nipes1oael + 1 < J|vy

| =

U -nrafrec +nipfarc + 1 < J|7948

Il
| =

0| =.

=——9[(fsaB + fasB) Y18 4 (frap + far) ’YJAB} P, (A.25)

where in the last step we used the symmetry properties of the y42¢ and renamed indices.
Consider now the term associated with the derivatives of fapc with respect to the derivatives of the tetrad:

_ Ofapc \ _ Oeopendacl) _ _ a shso D
o (atmegy) =0 (M) =~ eonesiotoiod)

= —5g 8,\ (626,]3) = —5g (ej@keyg + 6,,38)&2) . (A.ZG)
The contribution to the stress-energy tensor coming from this term is then:

Quv = —% W) [euc (aAel,B + el,Ba,\eﬁ) + p 1/] ’yCABz/J . (A.27)

Again, it is convenient to project this result onto the tetrad to find:
QIJ = _6?65 Q,LLV
7 -
=3 U [(nrcey +nscey) daevs + (Mienss + nsenrs) Onex ] v APy (A.28)

Notice now that the term proportional to the divergence 8>\ef4 is symmetric in C' and B, but is contracted with y¢A45

which is antisymmetric, so it cancels. We finally find:

nrce0aenn + niceldae, 5] v 4By

<

Qrs=—

®l .

¥ [e50aes 1P + € 0ne, 5 74P ¥

0| =. 00| =
<

[fapsvi?P + fapr vl (A.29)
Adding both contributions coming from K5 we obtain:
i -
Prr+Qrr= -3 U [(faps + frap + fass) P +1 < J] o

¥ [waps1r*? +waprs B . (A.30)

0| =.

And going back to spacetime indices:

(TILLV)Q = 1/3 [WABH'YVAB + WABU’YHAB] 1/}

00| =. 00| =. 00| .

1; [WAB,u {’Yw UAB} +waBy {'7#7 UAB}] (

¢ [{w,wapuo®®} + { v, wap, o} ¥
= —i O [, Tt + {7 T 0 = —% V{7 T} (A.31)

Adding now the contributions to the stress-energy tensor from K; and Ko we find:

T;w = (Tuu)l + (T/LV)Q = [(5@@ ’71/)1/} - /‘L’Y(,u (8,,)’¢) - 1; {’7(#7 Fu)} 1/}]

[0 = UL ) 1y = v Oy +Toy¥)] (A.32)

N = DN =
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and finally:

Ty = % (D) )Y = by (D)) (A.33)

This is the final form of the stress-energy tensor for the Dirac field. Notice that there is no explicit contribution from
the mass term in this tensor, which might seem strange at first glance, but such a contribution is implicitly there
since ¥ must satisfy Dirac’s equation.

We still need to show that the stress-energy tensor we just found does in fact satisfy the conservation equations
V#T,, = 0. Now, since this tensor involves spinors, and for tensors the spinor derivative reduces to the covariant
derivative, what we must show is that we have D*T),, = 0. Substituting the expression for T}, given in (VIIL.29), and
ignoring constant factors, we have:

DMT;W o DH [(D;ﬂ[}) Y + (Dﬂ;) Y — d—)’yu (Do) — 1/_)71/ (‘D,udj)]
= (D#®u¢) YWY + ( ,ﬂ#) Yo (DHah) + (@“Duw) %ﬂb + (Dﬂﬁ) T (DHap)
— (D) 1 (Do) = Py (DFDy1p) — (D) v (Dpt)) — Py, (DHD1b)
= (D*Duth) 1wt + (D*Dutp) yuth + (Do) e (D)
— (D) v (Dut)) = Py (DHDy1p) — by, (DHD ) (A.34)

where we used the fact that D,v” = 0, and in the last step we cancelled two terms that were clearly equal. In the
first and last terms of the previous expression we can now use the Schroedinger-Dirac equation (VI.6) for ¢ and v to
show that those two terms again cancel. On the other hand, the third and fourth terms can be simplified using the
Dirac equation to find:

(Do) Y (D) — (D) 7 (Dup) = —im [(Duth) ¥ + ¥ (D))
= —imD, (V). (A.35)

We then have:
DHT, o< (DHDytp) yputh — Yy (D Dyip) — imD,, (Pih) . (A.36)

For the first two terms in the previous expression we can now use the commutation relation for the spinor deriva-
tives (V.88):

(DH®V1/;) ”YM/J - J)'Yu (91‘91/7/}) = gﬂ)\ [(‘D)\Du"z)) 'Y,tﬂ;[} - 1;7;1, (D)\Dvw)]
= (DUD)\’L/) - % RAB)\VO-ABw) 'Y)\'(/J - 1;’7)\ (Dug)\w - % RAB)\VO-ABw>
Dy (D)) ¥ ¥ — Dy, (vDe)

=im [(Dy9) ¥ + ¥ (Dy)]
=imD, (Yy) , (A.37)

where we again used Dirac’s equation. We finally find:
DET, =0 (A.38)

We then see that the stress-energy tensor (VII.29) does indeed satisfy the conservation laws.
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