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We study the physical effects of torsion as predicted by the Einstein-Cartan theory in the test par-
ticle approximation and the non-relativist limit. We first present the corresponding non-relativistic
Hamiltonian for a 2-spinor. Then, we solve an idealized reflection and transmission problem for
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a non-relativistic spin-3

beam travelling across a spin-polarized target.

We identify deviations

in the spin polarizations of the reflected and transmitted as observables capable of distinguishing
Einstein-Cartan from standard general relativity. If measured, this effect would constitute com-
pelling evidence for the presence of spacetime torsion.

General Relativity (GR) has passed every single exper-
imental verification at Solar system scales [I], and it is
regarded as the paradigmatic theory of gravity. Never-
theless, a plethora of modified gravity theories have been
proposed with the goal, in most cases, to improve our
description at cosmological scales [2]. One of the earliest
modified gravity theories —dating back 100 years— goes
by the name of Einstein—Cartan theory (EC) [3, 4], which
was re-derived when constructing gravitational theories
that are invariant under the local Poincaré group [5l [6]
(for a comprehensive review see Ref. [7]).

In EC, the geometrical description of gravity is given
in terms of the metric and a torsion-full connection. The
torsion tensor is algebraically linked with the so-called
spin density tensor [see Eq. below]. Consequently,
torsion does not propagate and is only non-zero inside
matter with spin density. Moreover, the theory reduces
to GR whenever torsion vanishes. Thus, tests conducted
in vacuum, as occurs effectively for the most popular
GR tests, cannot empirically distinguish between GR
and EC. Still, knowing the fundamental gravitational de-
grees of freedom, particularly when attempting to quan-
tize gravity, is of the utmost relevance. Although one can
construct alternative torsion theories (see, e.g., Ref. [§)),
the fact that EC reproduces the GR phenomenology in
the torsion-free limit suggests that any empirically ade-
quate theory should contain EC as the dominant contri-
bution.

The EC action is symbolically identical to the
Einstein—Hilbert action of GR, but, in the former, the
Ricei curvature depends on the (potentially torsion-full)
connection. We use the first order formalism of gravity [9]
that allows us to incorporate spinor more naturally and
where the basic geometrical variables are the frame 1-
forms e# and the independent spin connection 1-forms
Wapuy [10]. Note that the frame forms contain the metric
information while the spin connection contains the tor-
sional degrees of freedom. The variation of the EC action
with respect to wg,, yields

b boc boc
T”bc(eﬁeﬂef, +ene e, + e‘,ﬁepe;) =8rGXY,,, (1)

where T*,;, is the torsion 2-form, £%,, = 26Lm /6w,

is the spin density, Ly is the matter Lagrange func-
tion (such that, when multiplied with the volume 4-form,
can be integrated to produce the matter action), and G
stands for Newton’s gravitational constant. On the other
hand, the action variation with respect to e# generates
an Einstein-like equation for a torsion-full Einstein ten-
sor. Relevantly, upon using Eq. to replace torsion
in terms of X%,,, the Einstein-like equation differs from
the corresponding GR equation by terms proportional to
G? ).

Now, in the Standard Model of particle physics, the
only action terms that couple to the spin connection are
those associated with spinors. Thus, we take Ly as the
matter Lagrangian for a spin-1 Dirac field ¥ [11], which
contains a covariant derivative of the form [I2] ch. 7.10.3]
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Since the other terms in this matter Lagrangian do not
depend on the connection, Eq. becomes

Tp,u,l/ = 47TG6;,WPGJ5U7 (3)

where 17, are the torsion components in the e basis
and J{' = i¥U~y°y*V is the source’s axial current. Notice
that we do not impose that the source field ¥ obeys the
corresponding equations of motion.

In this Letter, we compare a reflection and transmis-
sion problem for a test spinor in GR and EC when
traversing a source with J£" # 0. Concretely, we com-
pute the spin polarization angle deflection for a non-
relativistic beam of polarized neutrons. We show that
EC predicts a shift in the reflected and transmitted neu-
tron polarization that is linear in G and not present in
GR. Thus, if this shift is measured, it would constitute a
smoking gun for spacetime torsion. We emphasize that,
even though other interactions could generate a similar
spin deviation [13], EC effects could eventually be identi-
fied by their dependence on the target parameters. Fur-
thermore, since EC introduces no new fundamental con-
stants, our calculations contain no free parameters.

We should mention that the search for spin-dependent
gravitational effects is not new (for a review, see Ref. [14]).



However, most proposals to look for torsion either lie
outside the realm of EC by allowing for a propagat-
ing torsion [I5H2I], or focus on a background torsion,
ignoring the torsion source [22H27]. In addition, there
are EC theory tests in situations with less experimental
control, such as particle collisions [28H30]. Moreover, it
has been suggested to look for torsion sourced by clas-
sical angular momentum [31I], which, however, has been
disputed [32] 33]. We emphasize that our analysis of-
fers three advantages over proposed observational tests.
First, it focuses on EC, which, as is argued above, is ex-
pected to provide the dominant contribution in any the-
ory that reduces to GR. Second, the only modification to
conventional physics that we assume is the introduction
of a non-vanishing torsion. Third, even though the ef-
fects of torsion happen while the beam goes through the
target, the detectors may be placed in a local vacuum,
which offers an enormous practical advantage.

We turn to find the evolution of a test Dirac spinor v
subject to curvature and torsion, as described in EC the-
ory and for a given target, and obtain a non-relativistic
approximation for a beam of such particles. The equation
of motion for 1 reads

B 3rG
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where I'y = wg});fy“” /4 and wfﬂ% is the metric connection

(which is torsion independent) and JE is the axial cur-
rent of the medium. In writing Eq. , we used Eq.
and the identity {7v,, v} = —2i€pu07577. We also em-
ployed the test particle approximation, in which the tar-
get’s spin density is an approximation for J{. GR only
differs from EC in the last term on the left-hand side of
Eq. , which is absent in GR.

Henceforth, we work in the weak-field regime for grav-
ity, keeping only linear terms in . The metric is
linearized around the Minkowski metric 74, as gqp =
Nap + Ghap, where hgp, is found by solving the equations
of motion. The GR spin connection is O(G):

WS~ —Gel (0,hup — Ouhyp)- (5)
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We consider a static target that, for all practical pur-
poses, can be considered infinite in the two orthogonal
directions, y and z, and uniform between the x = 0 and
x = a > 0 planes. Notice that we choose Minkowski
coordinates to be compatible with the target’s sym-
metries so that the metric perturbations are diagonal
and time-independent. According to Eq. , the only
non-zero components of wgfl‘, are WS} ~ GO;hoy and
wgkp‘ ~ GOkh;; (notice that h;; = 0 if ¢ # j). This
implies that I, is proportional to the 4 x 4 matrices

k
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where €55, is the completely antisymmetric tensor with
€123 = 1.

We further assume that the beam of spin-% parti-
cles is non-relativistic. To obtain the corresponding
non-relativistic equation, we use the well-known Foldy-
Wouthuysen [34] procedure, namely, a series of uni-
tary spinor transformations that block-diagonalizes the
Hamiltonian H order by order in p;/m, where p; are the
components of momentum. When we multiply Eq.
on the left by 7%, we get an equation of the form i9;y) =
Hq [35] for

ﬁ=70m+5+(’), (7)
where
3G .
5:7;l$%% (8)
and

0=ﬂ¢%—w%&—ﬁWD+7;ﬁ%. (9)

Here, £ and O denote the even and odd terms, respec-
tively [36]. According to Ref. 34, to the lowest order in
p;/m, the block diagonal Hamiltonian H’ has the form

0
H’%70m+5+7—02, (10)
2m
and the particle (antiparticle) 2 x 2 Hamiltonian corre-
sponds to the upper (lower) block. We can then write
a Shrodinger-like equation acting on a Pauli (i.e., two-
component) spinor.

Observe that the terms containing I'; are odd, which
enter Eq. either squared or in an anticommutator
with another odd operator. By inspection, we can con-
clude that all contributions containing T’y enter H as a
multiple of the identity matrix, which commutes with all
spin operators. Therefore, to linear order in G, the inter-
actions mediated by the metric cannot mix the spinorial
components of the beam. However, this is not the case
for torsion interactions. Since we are primarily interested
in distinguishing EC from GR by measuring changes in
spin, we omit the metric interactions from here on to
estimate the effect’s size.

The relevant non-relativistic Hamiltonian for a particle
travelling in the +z direction up to the first order in p; /m
and G becomes

p? 3G | 0.Jp N a.p(JPe)

H=—
2m+ 8 2m 2m

(J 5)jUj )
1
(11)
where p = p, = —i0,. In Eq. , the symbol e empha-
sizes that p also acts on the vector on which H operates.
It comes as no surprise that J? and Ji play different roles
since, in this limit, there are preferred notions of space
and time.
Our setting consists of a non-relativistic monochro-
matic beam of Spin—% neutrons [37] directed towards a
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Figure 1. Problem set-up and auxiliary constructions. Our
boundary conditions consist of a right-moving incident beam,
whose polarization (schematically represented in the wheels)
is aligned with the z axis, and a purely right-moving trans-
mitted beam from a slab occupying the 0 < z < a.

spin-polarized target, whose geometry is described be-
low and with J£ 2 0 within (see Fig. . Slowly moving
neutrons are natural candidates for the beam particles as
they avoid Coulomb-type interactions and have been used
for decades as probes of fundamental physics [38]. They
can also be handled and measured with exquisite sensi-
tivities (see, e.g., Refs. B9H43} Ref. 44 is a review with
possible future applications), and experiments where the
spin polarization of a neutron beam that goes through a
polarized media have already been performed [45].

The most elementary model for the target capable of
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A(z) =

Observe that the Dirac delta arises from Eq. (11) once p
acts on J2, which is in turn described by Eq. (12))

We find the solution in each spatial sector and then
impose the remaining boundary conditions. For x < 0,
we take the solution representing a right-moving 2-spinor
polarized in the +z direction and a left-moving 2-spinor
with arbitrary polarization,

f(x) — eik}5l’ _|_ befik‘527’

7ik}5£L’

g(x) = ce” ™",

z <0,
(14)
z <0,

where ks = v2mE and b and ¢ are constants to be deter-
mined. The overall normalization is immaterial, and we
exploit it to fix the coefficient in the right-propagating
contribution of f. Similarly, in > a, we only consider

distinguishing EC from GR consists of an axial current
whose components are constants. Such a current is in-
compatible with the free Dirac equation for a massive ¥
field. Still, since any realistic target demands interac-
tions between its constituents, we shall not impose the
Dirac equations on it. Concretely, we consider the axial
current

Jh(z) = {(j&j;f,jé’,jgx 0<w<a g,

0, otherwise,

with j£' real constants satisfying (59)% > (j2)% + (j¢)* +
(j2)? to ensure that the axial current is a non-relativistic
timelike vector field.

To model other unavoidable short-ranged spin-
independent interactions between the target and the neu-
tron beam, we add to the Hamiltonian a potential
Vob(x)0(a — x)1 for a constant Vy > 0 and where 6 is
the conventional Heaviside step function. We write the
stationary Schrodinger equation, Hy = FEt, as a first-
order linear system for the Pauli spinor ¢ = (f ) and its
associated momenta. On the spinor basis in which the
Pauli matrix o3 is diagonal, the linear system of equa-
tions takes the form

f f
d |y g
— = Az , 13
@ |ps @) |, (13)
Dg Dg
where
0 i 0
0 0 i
FE2m (G +155) — 80() —d@—a)] 0 G
2mi (E — Vp — 3¢ j2) -G 0
(
right-moving waves:
z) = helfs®, x> a,
o) = el )
g(x) = re!™®, x> a.

One can readily verify that Egs. and solve
Eq. .

Inside the target (0 < z < a), the calculation is slightly
more involved. The matrix A admits four eigenvalues,
which we denote by ik,, n = 1,2, 3,4. Their correspond-
ing eigenvectors are designated by (4%1 w) with

4
Y= dp Vet (16)
n=1

for certain amplitudes d,,. The vectors Y,, can be taken



(up to normalization) to be

It is convenient to express the eigenvalues in terms of k5

and the parameter k = /2m(Vy — E). In what follows,
we assume « to be real and positive (Vy > E), but it could
also be purely imaginary, representing the situation with
no damping due to non-gravitational interactions. To the

J

B 0 0 kleikla erikga 7k3€ik3a 7k4eik4a
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359 ks Ky koo ks ka

ks G —hk —ks k3 ka

0 0 elkla elk}za elkga elk:4a

0 0 _eikla _eikga eikga eik4a
-1 0 -1 -1 1 1
L0 -1 1 1 1 1

Because the incoming beam has only spin-up compo-
nents, any non-zero c¢ or 7, which represent spin-down
components in the reflected and transmitted beams, re-
spectively, attest to a spin-dependent effect, which, in
our case, is due to torsion.

In possession of the solutions to Eq. (19), we can ex-
tract observable consequences of the scattering process.
For example, by splitting the spinor at *+ — —oco as
1 = 1; + ., where the first term contains the incom-
ing right-propagating wave and the second the reflected
left-propagating part of ¢, we can obtain the reflection
coeflicient from the ratio between the reflected and inci-
dent beams. Importantly, the reflection and transmission
coefficient are sensitive to I'; and contain order O(QG)
GR effects. These effects should be encoded in a Hamil-
tonian term proportional to the identity matrix and are
non-vanishing outside the target; thus, they cannot be
absorbed into V. Nevertheless, our idealized setting can
offer an order-of-magnitude estimate for the angles ¢r
and ¢ between the expectation value of the spin polar-
ization of the incident and the reflected and transmitted
beams, which standard GR predicts to be zero to order

lowest order in G, these eigenvalues are

. 3G (o .m(GE+ L+ jE
kl ~ —IH+? ( g—lW> s (18&)
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To obtain the amplitudes, b,c,{d,}n=123.4,h,7, We
impose the continuity of ¢ across x = 0 and = = a, lead-
ing to four algebraic equations. To attain the remaining
four, we integrate Eq. from —e to +€ and again from
a — € to a + € and take the limit ¢ — 0*. The resulting
equations are aggregated to form the following system:

kseik5a 7%ngeik5a' r b T r 0 T
—FGygeltnt hgeltee c 0
0 0 do| ks
0 _eiksa . d3 - 0 (19)
_eik:5a O d4 0
0 0 h 1
0 0 1 L] . 0 |
[
O(G). We have
T2l oy 30l Bl2 — 1|2
COS PR = w;f% w’Tiw’ = | |2 \c|27 (20)
[plapn [play:) b2+l
and
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=TT 5 21
cos ¢ ]2+ |2 (21)

Even though Egs. and are ratios of quadratic
in polynomials in the expansion parameter G, the co-
efficients ¢ and h do not contain G-independent terms.
This observation allows us to carry out Eq. and the
solution to Eqs. only to linear order in G. The re-
sulting expressions are lengthy, but we can consider the
limit when the thickness a of the target is much larger
than the real and imaginary parts of all four wavelengths
inside or outside the material. For the case where k € R,
this results in

3nG ksml|jE + j¢ + jE|

~ 22
OR 4 k(K2 +k2) (22)
3rGma
~ — 2
T 8 (23)
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The case where k is imaginary produces comparable ef-
fects.

Notably, there exist spin-polarized targets insensitive
to magnetic effects [46], [47], for which the achieved num-
ber of polarized particles is 10?3 in a cylindrical device
whose diameter and height are roughly 5cm; resulting
in a density of spin-polarized particles of 2.5 - 1026m 3.
Of course, if one foregoes the insensitivity to external
magnetic fields, this number could be much improved.
To obtain an order-of-magnitude estimation, we consider
the target to be polarized along the 4y direction and a
realistic [38] sec. 2.3.1.] speed for the ultra-cold neu-
trons of 5ms~!. Estimating Vy ~ 1.5F, Eq. yields
ér ~ 5.5- 10747 radians, and Eq. for j¥ = 1057,
which ensures that the target is non-relativistic, produces
ér ~ (3.3-1073%)(a/m). The transmitted angle is mani-
festly proportional to a, implying that this effect is cumu-
lative: the angle grows with the target’s thickness (it can
also be enlarged by manipulating the beam to go through
the target several times). In addition, the angle of polar-
ization of the neutrons can be measured with very high
sensitivity at a rate of 10~7 radians per meter [45] 48] [49].

Remarkably, the deflection of the transmitted angles
can be significantly amplified when the non-gravitational
barrier Vy approaches the beam energy E. To obtain
the corresponding expression, we take the limit x — 07
before setting a > k;l for j = 1,2,3,4,5. The results
are

7G malj§ + jg + ji|
2 ks

TG . . B a2
or ~ —=1j5 + 5 + jilma® ~ 6107 (&) @)

br ~ ~3-107% (%) (24)

where we used the values of the previous paragraphs to
get numerical estimates.

Admittedly, achieving this limit may be technically
complicated, although measurements of ¢z may be used
to adjust k near zero. Nevertheless, due to the dramatic
increase in magnitude and the a? scaling behaviour con-
trasted with a! far from this limit, one can hope that an
analysis of a realistic target alongside an increase in sen-
sitivity in the angle detection and higher values J£' could
settle the debate between GR and EC shortly. After all,
this proposal shares most of the features that allowed an
improvement of several orders of magnitude in bounding
departures of local Lorentz invariance attained in a few
decades, reaching Planck scale sensitivity (a comprehen-
sive list of limits on local Lorentz invariance is found in
Ref.50). In both cases, the effect is cumulative, is ampli-
fied at a certain energy, and involves high-precision ex-
perimental techniques. A realistic experiment will likely
require more detailed modelling of the target. Yet, the
type of observables proposed here are capable of exper-
imentally distinguishing GR and EC, which would have
far-reaching implications in astrophysics and theoretical
physics.
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