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We apply the covariant analytic mechanics with the differential forms to the Dirac field and the
gravity with the Dirac field. The covariant analytic mechanics treats space and time on an equal
footing regarding the differential forms as the basis variables. A significant feature of the covariant
analytic mechanics is that the canonical equations, in addition to the Euler-Lagrange equation, are
not only manifestly general coordinate covariant but also gauge covariant. Combining our study
and the previous works (the scalar field, the abelian and non-abelian gauge fields and the gravity
without the Dirac field), the applicability of the covariant analytic mechanics is checked for all
fundamental fields. We study both the first and second order formalism of the gravitational field
coupled with matters including the Dirac field. Although the first order formalism does not go
well for the Hamilton formalism, the second order formalism can be successfully treated within the
framework. It is suggested that the covariant analytic mechanics can not treat gravitation theories
including higher order curvatures.

PACS numbers: 02.40.-k; 03.50.-z; 04.20.-q; 04.20.Fy; 11.10.Ef; 11.15.-q

I. INTRODUCTION

In the traditional analytic mechanics, the Hamilton formalism gives especial weight to time. Then, the Lorentz
covariance is not trivial. Moreover, for the constrained system, for instance the gauge field, the gauge fixing or the
Dirac’s theory is needed. The de Donder-Weyl theory solves the former problem!:2. In this theory, the conjugate
momentums of a field 1 are introduced as 7 = dL/d(d,) (= 0,1,2,3), where L is the Lagrangian density. 7 is the
traditional conjugate momentum. The generalization of the Hamiltonian density is given by H (v, 7#) = d i — L.
The common property of the traditional analytic mechanics and the de Donder-Weyl theory is that its basic variables
of the variation are components of the tensor.

By the way, the Lagrange formalism is sometimes formulated by the differential forms=~, in which the basic
variables are the differential forms. Because the differential form is independent of the coordinate system, the general
coordinate covariance is guaranteed manifestly. And this formulation often largely reduces the cost of the calculation.
Nakamura® generalized this formulation to the Hamilton formalism. In this method, the conjugate momentum is
also a differential form, which treats space and time on an equal footing. Nakamura applied this method to the
Proca field, the electromagnetic field with manifest covariance and, in the latter, with the gauge covariance. The
conjugate momentum form becomes independent degree of freedoms. Kaminaga® formulated strictly mathematically
Nakamura’s idea and constructed the general theory in arbitrary dimension. We called this theory as the covariant
analytic mechanics. Kaminaga studied that the Newtonian mechanics of a harmonic oscillator ((1 + 0) dimension)
and the scalar field, the abelian and non-abelian gauge fields and 4 dimension gravity without the Dirac field. The
gravitational field was formulated by the second order formalism, in which the basic variable is only the frame
(vielbein). And the absence of the torsion was assumed. On the other hand, Nesteri? also investigated independently
the covariant analytic mechanics and constructed the general theory in 4 dimension and applied it to the Proca field,
the electromagnetic field and the non-abelian gauge field. As we will explain in[VAl the treatment of the gravitational
field of Nester was not complete Hamilton formalism although the conjugate momentum forms of the frame and the
connection were introduced. The original idea was mentioned in Ref.[11].

We investigate the Kaminaga’s study. We apply the covariant analytic mechanics to the Dirac field and the gravity
with the Dirac field for the first time. Combining our study and the previous works, the applicability of the covariant
analytic mechanics is checked for all fundamental fields. Although the first order formalism of the gravitation does
not go well for the Hamilton formalism, the second order formalism can be successfully treated. It is suggested that
the covariant analytic mechanics can not treat gravitation theories including higher order curvatures.

In [[Il we review the covariant analytic mechanics with the application to the electromagnetic field and introduce
the Poisson bracket for first time. In [Tl we explain the several notations and in [V] we study the Dirac field. In
[Vl we study the gravitational field coupled with matters including the Dirac field. First, we discuss the first order
formalism, in which both the frame and the connection are basic variables (VA]). Next, we move to the second order
formalism. In [V B the Lagrange formalism is studied and we show that the Lagrange form of the pure gravity is
given by subtracting the total differential term from the Einstein-Hilbert form. We discuss that if we do not drop the
total differential term, it is probably impossible to derive the correct equations. In [ .Cl we move to the Hamilton
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formalism and give a broad overview of the remainder discussion. In [V D] we take the derivatives of the Hamilton
form of the pure gravity using specialties of 4 dimension system and in [V E] we discuss the canonical equations.

II. COVARIANT ANALYTIC MECHANICS
A. General theory

Let us consider D dimension space (pseudo-Riemannian or Riemannian space). Suppose a differential p-form S
(p=0,1,---,D) is a function of differential forms {a'};=1 ... x. If there exists the differential form w; such that j3
behaves under variations da’ as

0 = E sat A w;, (1)
we call w; the derivative of 8 by o and denote
8ﬂ def
- = w;, 2
Sl Y (2)

namely, 63 = >, 6o’ A gfi. If ot is q;(< p)-form, 83/0at is (p — g;)-form.
As the traditional analytic mechanics starts from the Lagrangian density, the covariant analytic mechanics starts
from Lagrange D-form L. L is a function of ¢ and diy, L = L(1,di)), where 1) is a set the differential forms. For

simplicity, we treat 1) as single p-form. The variation of L is given by

oL oL
6L_5¢AW+M¢AW' (3)
Since the second term of RHS can be rewritten as
oL oL oL
_— = ) — (=1 _
S A g0 d(swadw) (=175 Ao (4)
we obtain
oL oL oL
- (g2 el
5L 51/)/\(aw ( 1)dad¢)+d(6¢Aadw). (5)
Hence, the Euler-Lagrange equation is
oL oL
I (gl
a0 (1)d8d1/1 0. (6)
We define the conjugate momentum form m as
def OL
= 90 (7)

mis D —p — 1 = g-form. The Hamilton D-form (not (D — 1)-form) is defined by

H=Hm) < dpAr—L, (8)

as a function of ¢ and w. The variation of H is given by

6H = (—1)PHV957 A dip — 59 A g—i.

Since LHS can be written as

_ 8H OH



we obtain
0OH oL O0H
- - _== - = d 11
51/1 aw 5 on Ep,D 1/}; ( )
where €, p def (=1)(P+14 = 1 if p is an odd number and &, p = —(—1)” if p is an even number. By substituting the

Euler-Lagrange equation (@), we obtain the canonical equations®

d1/):Ep7D(?9—‘Z, dw:—(—l)pg—g. (12)
Now we introduce the Poisson bracket by
{A,B} ¥ gw% A g—f - (-1)?2—‘: A g—i. (13)
Then, the canonical equations can be written as
dy ={¢y,H}, dr={m H}. (14)
And we have
{7} =epp, {md}=—(-1)" (15)

The applicability of the Poisson bracket to the quantization is unclear. And the generalization of the canonical
transform theory have not been studied.

Let consider D dimension space-time, which has the metric g,,. The Hodge operator * maps an arbitrary p-form
W= Wy, d?t A Adatr (p=0,1,---,D) to D — p = r-form as

1
*w = FEVI"'V:LI M2 Wy ey AT A A datT (16)

Here, E,,...., is the complete anti-symmetric tensor such that Eoi..p—1 = /—¢ (¢ = detg,,). And * % w =
—(=1)?(P=P), holds. In particular, Q = *1 is the volume form. The Lagrange form L relates to the Lagrangian
density £ as L = L. In the following of this section, we set D = 4. Then, * * w = —(—1)Pw holds. The
Lagrangian density Lp corresponding to a Lagrange form dD is given by Lp+/—g = 0,(v/—gd"), where D is a 3-form
D = dapydz® A dz? A dxY and d* = daﬁ,yEo‘ﬁ'”‘. If D dose not include dvy, dD dose not contribute to the Euler-
Lagrange equation. We will discuss an instance of D including dv in [VBl The Lagrange form corresponding to a
Lagrangian density a,b* is given by *a A b with a = a,dz" and b = b,dz". And the Lagrange form corresponding to
a Lagrangian density %cwd’“’ is given by xc A d = ¢ A *d with ¢ = %cwjdw“ Adzx¥ and d = %dwjdw“ Adz”.

B. Electromagnetic field
The Lagrange form of the electromagnetic field is given by
L:L(A,dA):—%F/\*F—l-J/\A:EQ, (17)
where
L= L(Aw0uAy) =~ FuF™ + AT, (18)
A=A, dxt, J =x(Judat) and F = dA = %Fw,dx” Ndz¥ with Fy,, = 0, A, —0,A,. A, is the vector potential and J#*

is the current density, which is independent of A,,. We obtain 0L/0A = —J and OL/0dA = — « F using § + F' = *0F .
The Euler-Lagrange equation 0L/0A + d(0L/0dA) = 0 is

dxF =—J. (19)

This equation and an identity dF' = 0 are the Maxwell equations.



In contrast to that the basis variables of the variation of the traditional analytic mechanics are components of the
tensor, A, the basis variable (reality) is the differential form A = A,dz" in the covariant analytic mechanics. In
general, the Lagrange formalism is equivalent to the traditional one. However, as we show just after, the Hamilton
formalism is not equivalent to the traditional one.

In the traditional analytic mechanics, the definition of the conjugate momentum, II* = 9L/9(8pA,) = —F,
gives especial weight to time. Then, the Lorentz covariance is not trivial. Moreover, because II° = 0, this system
is a constrained system, which needs to the gauge fixing or the Dirac’s theory (Dirac bracket). In contrast, the
Hamilton formalism of the covariant analytic mechanics is manifestly Lorentz covariant since the differential forms
are independent of the coordinate system. Moreover, the conjugate momentum form, 7 = 0L/90dA = — % F, can
represent dA as dA = F = xm. So, the gauge fixing or the Dirac’s theory are not needed. This formulation is gauge
free. The position variable is a 1-form, which has 4 components, and the conjugate momentum variable is a 2-from,
which has 6 components (electric and magnetic fields).

The Hamilton form is given by

H(A,?T):%F/\*W—J/\A. (20)
We have 0H/Om = xm and 0H/OA = J. The canonical equations dA = 0H/0m and dm = 0H/JA are
dA =xm, dr=J. (21)

The former is equivalent to the definition of the conjugate momentum form and the latter coincides with the Euler-
Lagrange equation (I9).

IIT. NOTATION

Q

Let g be the metric of which signature is (—+---+), and let (%) denote an orthonormal frame. 6% can be expanded
as 0 = 0%, dx# with the vielbein 0%,. We have g = 14,0* ©6° with 15, = (—+---+). We put e® = x0, e = %(6* A6")
and e¢ = x(0* A 0° A 6°). Let w? and w? respectively be the connection and the Levi-Civita connection 1-form. All
indices are lowered and raised with 74, or its inverse 77‘“’. Then, wp, = —wgep and the first structure equation

do* +w’ A 6° =0, (22)
hold. Here, ©% = £C% 6° A 6° is the torsion 2-form. From ([22), we obtain

Wabe = Wabe + (:Jabc;

1 - 1
Wabe = 5 (Acba + Aabc + Abcu,) ,  Wabe = _E(cha + Cabc + Cbca)- (23)
Here, we expanded df® and wg, as df% = %A‘Ibcﬁb A 0° and wep = waeped€. We have wgy = wepe0¢ and define
~ def - def def

Qab = Dabel®, we = Wb, and C, = C°,. In Appendix [A] several identities about 6% A eq,...q,, deqy..a,. (r =1,2,3)
and deq,...q,(r = 0,1,2) are listed. The curvature 2-form Q% is given by Q% = dw?% + w® A w®. Expanding the

def def
curvature form as % = %R“bcdHC A 0% we define Ry, = R¢, ., and R = Re,.

In the following, we set D = 4. However, up to [V.C| the dimension dependence appears only in the sign factor of
exchanging differential forms. After VDl we use specialties of D = 4.

IV. DIRAC FIELD
A. Lagrange formalism
The Lagrange form of the Dirac field v is given by
Lo (4, e, ) = — 2106 A (0 3ao™b) + 5 A (0 — Tihrass™ et — mab (24)

with ¢ = iTy? and 74 def ViaYs)- Here, v* is the gamma matrix, which satisfies ylan) = peb () and [ ]
are respectively the symmetrization and anti-symmetrization symbols. It is important that the frame (vielbein) is



necessary to write down the Lagrange form even in the flat space-time. This is because that the Dirac field is a
representation of the Lorentz transformation (not of the coordinate transformation) and a spinor field is defined in
the tangent Minkowski space. The connection w® is the gauge field for the local Lorentz transformations. Subtracting
the total differential term —%d(e“@[;%@/}) from (24)), and using

1 1 1
Y€ A Z”yabwab = —€e° A Yapw ™. + €S A = [Ves ’yab]wab

4 4
1
- Zec A Vabwab”)/c + FYawaQ’ (25)
and (AT]]), we obtain
_ - - 1 “ - 1., -4
Ly (1,0, i, ) =~ A (A ran™ )b = mifp = 2 Caibr 42 (26)

In the second line of ([28]), we used %[%, Yab] = %(—nbc% + Nacyp) and ey A w,? = w,. C, is regarded as independent
of ¢ and 9. As we will show in (G0), C, = 0 is required. For simplicity, we treat the Dirac field as a usual number
(not the Grassmann number).

From the variation by 1, we obtain

OB = et A (d+ oy = mt - 3O, B =0, )
The Euler-Lagrange equation 0L}, /0y — d(OL},/ddi) = 0 is given by
~vee A (d+ iwdbw“b)w + maypQ + %Cawag/zﬂ =0. (28)
This is equivalent to the Dirac equation. From the variation by v, we obtain
a;f = —py.e’ A %%bw“b — myQ — %Ca%‘lﬂ, ZZIZ = pyae”. (29)
The Euler-Lagrange equation 0L /0y — d(OLp/0dy) = 0 is
Pyee A ivabwab + mapQ + %Caqﬁan + dip A yae® + Pyade® = 0. (30)
Using (25) and (A1), (B7) becomes
(A~ § ™) Aee +mihQ — L Cutby "2 = 0. G

This is the Hermitian conjugate of (28]).

B. Hamilton formalism

The conjugate momentum forms of  and 1 are respectively II = 1)7,e®* and II = 0. Then, the Hamilton form
Hp = dip NII 4 dip AN1I — LY, is given by

1 - 1 —
Hp =TI A Zvabw“bw +mPpQ + SCathy Y.

Although the traditional Hamiltonian density includes 9;¢) (i = 1,---, D — 1), the Hamilton form does not include
the exterior derivative of the Dirac field. Rewriting the second and third terms using II, we obtain
1 1
Hp (4, 10) = ILA 70”6 + mILA gt + SC,TLA 0%, (32)

with ¢ et (1/D)~,0%. We have v,e® A ¢ = Q since ([(A3]). The Hamilton form is regarded as function only 1 and II.
In the traditional analytic mechanics, the corresponding treatment is equivalent to the formulation using the Dirac



bracket. However, in the covariant analytic mechanics, the generalization of the Dirac bracket is not known. In the
covariant analytic mechanics, the similar problem does happen for the formulations of the abelian and non-abelian
gauge fields and of the gravitational field in the second order formalism.

The derivatives of the Hamilton form are given by

OHp 1 . 1

e = T Yabw” 5Ca0%Y,

B 7 abt 1/1+m<p1/)—|—20 P (33)
OHp 1 . 1

TR IA Sypw® 11 —C I A 6°. 4
90 /\4fybw +m /\<p—|—20 A (34)

Then, the canonical equation diy = —90Hp /J1l is
1 ab 1 a
dy + Z'Yabw b+ mey + §Oa9 1 =0. (35)

Applying v,e® to the above equation from the left and using v,e® A ¢ = 2, we obtain ([28)). The canonical equation
dll = —0Hp /0 is

1 1
dIl+TI A Z”yabwab +mIlA @+ S Call A 6 = 0. (36)

Substituting IT = ¢y,e® and using IT A ¢ = 92, [25) and (AT, the above equation becomes (B1).

V. GRAVITY WITH DIRAC FIELD

We consider the gravitational field coupled with matters including the Dirac field. We first study the first order
formalism and review briefly Nester’s approach®i! in [VA]l Since the first order formalism does not go well for the
Hamilton formalism, next we study the second order formalism. In [V Bl we investigate the Lagrange formalism, and
next, we investigate the Hamilton formalism from [V .C] to [VEL The formulations up to [ 'Cl can be easily generalized
to D(> 3) dimension. However, after we use specialties of D = 4.

A. First order formalism

In this subsection, we consider the first order formalism, in which 6 and w9 are independent each other. The
Lagrange form of the gravitational field coupled with the matters is given by

L6, w,db, dw) = LY (8, w, df, dw) + Linat (6, w), (37)

where Lg ) and L.t are respectively the Lagrange forms of the pure gravity and the matters. The former is given by

1 1
Lg) =3 * R = 3, Cab A (dw“b + w® A wa), (38)

with the Einstein constant k = 87G/c®. In Ref.|d], Lyat was Ly (6) which does not include the connection. For
instance, Ly, (6) is the Lagrange form for the scaler field and the abelian and non-abelian gauge fields. The variation

of L(Gl) is given by
1
5L8) =3 [ —80° A egpe A QP — 5w A (W, A ech + WG A eqe) + 5dw® A eab]. (39)

Here, we used ([A6)). We expand the variation of L,a; by 60% and dw? as

aLmat
awab '

6 Limat(0,w) = —60% A +T 4 6w A
If we expand T, as T, = Tp0°, the coefficient T, is called energy-momentum tensor. If L. = Lp, we obtain

1 - 1 - _
£ To = =S eac AV DG + Seae ANBDY — eomipis, (41)



with Dy def (dop + %”yabwabw) and 1/75 def (dep — %ﬁyabwab). Applying * to the above equation, we obtain

T, = =3[0 0Dt + 0" D) + 5055 D 7 + 65 D] = bumip

= S0 5Dt — 500 D, (42)

Here, we used expansions D = D10, 155 = z/?gaH‘I and (A2)). We have Dyyp = 0,/(0, + i%cwbcu)dJ if we expand
the connection as w® = w“b#d:t“. In the second line of the above equation, we used the Dirac equations (28) and
@I). We have T,), = %FWZJDM/) — %ﬂgaﬂybd), which coincides the energy-momentum tensor derived by the traditional

wayi2. (39) and (@Q) lead

oL 1 oL
og = ~antabe N —oTo, o =0, “8)
aLMm 1 OLmar  OLW 1

R = o [wca A ech +wG A eac] + o Ddewdd = %eab- (44)

Then, the Euler-Lagrange equation L) /9w + d(OL™M) /ddw™) = 0 is

c c aLm
deay — W, A eep — W A €qe + 2K 8w“zt =0. (45)
And the Euler-Lagrange equation LM /96¢ + d(0L™ /9do°) = 0 is
1
— —eape N QWP =T, (46)

2K

which leads the Einstein equation
a 1 a a

We will discuss about (@H) in [V Bl
The conjugate momentum forms of ¢ and w® are respectively 7T¢(11) =0 and pup = €qp/2k. The Hamilton form is

H(l) (9,&), W(l),p) = d@a AN W((ll) + dwab /\pab - L(l) = Hé;l) - Lmatv (47)
with
N ef
Hél)(w,p) =g N & eba Aw® Aw. (48)

We have xR = eqp A dw®® — N. We can not derive the correct equations of motions from this Hamilton form.
The start point of Nester is different from us!®l. For wide class of the gravitation theories, Nester started from

Lg) = (d6% + w A 0°) ATEY 4 (dw® + W Aw®) A pap — A8, w, 7, p). (49)

Here, A corresponds to the Hamilton form which is given by a hand depending on the theory. So, Nester’s approach
was not complete Hamilton formalism. In present theory, A is given by1?

A=U" A7) + VA (poy — %). (50)

Here, U® and V% are the Lagrange multiplier forms.

B. Lagrange formalism

In the second order formalism, the Lagrange form is different from L():

L(6,d0) = Lg(0,d0) + Lma(0,d6). (51)



Here, L is the Lagrange form for the pure gravity given by
I 7 def ab
Lg(6,d0) = %N , N''= xR —d(ew ANw®), (52)

and Lmat(0,d0) = Linat(0,w(0,d0)). wap = wap(f,dh) is the connection as a function of % and df®. The variation is
given by

SL(0,dO) = —56° A (21 [eabe A QP + d(eape A w™®)] + *Tc) + 6d6° A Qieabc A wa
K

KR

a 1 c c OLmat
+6w™(0, df) A (ﬂ[deab —w Aeep — w9 Aeqe] + &u“i ) (53)
We suppose that the last term vanishes:
1 c c aLmat
%[deab—wa/\ecb—wb/\eac]—FW:0. (54)

It is remarkable that this condition is the same with the Euler-Lagrange equation of the connection (X)) of the first
order formalism. In Ref.[d], because the Levi-Civita connection (w?% = w%) was supposed and dLat/0w® = 0 held
since L.t was assumed to be independent of the connection, the above requirement (54) was the identity (AT0). (54)
is important when Ly, includes the Dirac field. Under this supposition, (G3]) leads

oL 1

oL 1
- ab ab\1 _ -
50 = " on [€abe A QY + d(egpe A wW™)] — *T, 540 — 2

The Euler-Lagrange equation 0L/90¢ + d(0L/9d6¢) = 0 becomes the Einstein equation (46]).

The Lagrange form Lg is given by subtracting the total differential term L, (6, df) ef %d(eab A w®) from the
Einstein-Hilbert form (38). The Lagrangian density which correspond to Lg is 5-607'9,(6d") with d* = 20,0, w,.
w® and d* include df® as ([23)). In the action, the total differential term becomes the surface integration of 6d*.
In the traditional derivation of the Finstein equation, the variation dd* is assumed to vanish on the surface even d*
contains derivatives of the basic variables §,. If we start from Lg, this extra assumption is not needed. Moreover,
we emphasize that it is probably impossible to derive the correct equations from the Einstein-Hilbert form including
the total differential term L (6, df) by the covariant analytic mechanics. Probably, it is impossible to expand the

variation of L, (6, df) as

Cabe N W, (55)

LG (0,d0) = 60 A X, + 6dO* NY,.

If it is possible, X, and Y, modify the Euler-Lagrange equation and the conjugate momentum form. This is very
interesting because it suggests that the covariant analytic mechanics can not treat theories including higher order
curvatures (R2, R R, etc.).

We represent the torsion Cype by the Dirac field. Using (54) and (AT0), we obtain

1 . . 0L, .
%[wca Aech + 0% A eqe] = 8wa2t = Sec,ape”. (56)

Se,ab = 0 if Linat = Ly and

1 -
Sc,ab = ('Yc”)/ab + FYabFYC)i/} = Zwﬁ)/abcwv

N =

v

RN

if Lmat = Lp'?. Here, Yabe = YaWVe]- I Lnat = Ly, Se,ap = %1/_)%%”/1 holds. The first term in [ | of (BG) becomes
W% Neey = —Coep — @, €. using (A2) and @°,, = —C,. Similarly, LHS of (56) becomes —%[C’ancb — Ceab — CpNeale”
using 20.[qp) = —Ceap. Substituting this to (B6]), we obtain

1
_Ii [_Cancb + Ocab + Obnca] - Sc,ab- (57)

Therefore, Cqp is represented by the Dirac field. Contracting ¢ and b in the above equation, we get




where D is the dimension and S, % SP .. Substituting this to (57)), we obtain
L= L (Sunes — Shirea] (59)
2% cab — Pc,ab D —9 allcb blca -

If Linat = Lp, Sq = 0 holds because of the complete anti-symmetric property of 744, and we obtain
C, =0, (60)

from (58). Then, terms including C, of [Vl vanish. S, and C, remain if Ly, = Lf,. If the Dirac field does not exist
(Lmat = Lm), the torsion vanishes.
N’ can be rewritten as

N' = eqp Aw?, Aw® — degy Aw®
=N + 0% A egpe Aw'. (61)

Substituting (54)) to the first line, we obtain N’ = N — 2xkw® A %. Comparing this to the second line, we obtain

6Lmat _ _i

= O% A egpe A w. 62
Owab 2Kk Cabe AW (62)

w™® A

Kaminaga? used Lg = %N . Because of absence of the Dirac field, this coincides our Lagrange form. If the Dirac
field exists, %N is not proper. By the way, N can be rewritten as

1 1
N = df* A 5 Cabe wh — O A 5 Cabe / wbe. (63)

Here, we used df® — ¢ = —w A 0° and 6° A egp. = —2e., derived from (AT)) and the definition of N, [{#J).

C. Hamilton formalism

The conjugate momentum form of 8¢ is given by

1
Ta = %eabc A wbc7 (64)
and the Hamilton form is given by
H0,7)=d0* N7y — L= Hg(0,7) — Linat (0, 7), (65)
with
N
Hg(0,7) = o (66)

Here, we used (€1 and (@3). Although Lg # Lg}l), Hg = H((}l) holds. In Ref.|9], Hg = L¢ was satisfied since 6% = 0.
Although the Lagrange form of the pure gravity is different from Ref.[9], the Hamilton form is the same except for
that w® was the Levi-Civita connection in Ref.|9]. In VD] we represent N by 6% and 7, and takes derivatives by
these. Since the torsion Cyy. is represented by the Dirac field, it is independent of 8% and 7,. Then, ©¢ = %C‘Ibcﬁb NG
is independent of 7., however, is a function of 8¢.

The canonical equation for 8¢ is df* = igTNa — %LT“‘:“. In RHS, the second term can be rewritten as
6Lmat 0 b 6Lmat 0
_ - a = 0% A Ty] = ©°. 67
Oty ory, [w Owab } 87Ta[ a) (67)
Here, we used (62). Then, the canonical equation becomes
1 ON
de* = + 0% (68)

o %37@
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The canonical equation for 7, is

OH 1 ON  OLmnat

dig = oo = = 2L Comat, 69
"= 990 T 2000 09e (69)
We will show
8N—e AW A w4+ (W A egpe +wh A 4wk A eapa) Aw® (70)
90¢ = €Cabe d a dbc Wy €adc W €abd w,
in [VE] using the methods of Ref.|9]. The above equation is equivalent to
ON
B¢ = Cape N QW + d(eape N w“b) +2kAc.ap A w?®
def 1 r~d ~d ~d :
because of (A9). Here, Ac.ap = 5-[0% A €qpe + 0% A €age + 0% A eqpa). Introducing
def 8Lmat(97 7T) aLmat (97 7T) aLmat (97 w)
o= T kT = - , 71
o6c 26° 26° (71)
we obtain
OH 1
50° = +%[eabc A Qb 4 d(eape N w“b)] + T+ Acap A w® —¢..
As we show in the remainder of this subsection,
Ac,ab A Wab = te, (72)
holds. Then, we obtain
oH 1 ab ab
20c = —l—%[eabc A QY + d(eqpe ANw™)] + *Te. (73)
Substituting this to (69)), we get the Einstein equation (46). The RHS of (70)), which can be rewritten as
wdb A €age N W™ + wdc A €eapa A w™ = A, + Be, (74)

is the same with Sparling’s form except for a coefficient and relates to the gravitational energy-momentum pseudo-
tensori®13.14
We show (2). Using (A1), ©,, = —C4 and 20.[qs) = —Ceap, We obtain

1
Acab = 5-[2C1en. — Chpedc + 20, cean) + Ceean), (75)

with 2Cd[a‘ced|b] =C% eq, — C% e4q. By the way, using (62), (A7) and (AS)), we obtain

OLp 1 - 1 _ _
5 95’ = SUae’ A dip — 3¢, Nyt + ecmibip — C%0° A . (76)

Then, for L.t = Lp, we get
te = —eqeShy Aw™ — C%0° A g, (77)

using (76) and (#I]). This relation also holds for Lyay = L. We have t, = 0 if Lyyat = L. (1) can be rewritten as
te = Beap N w® with

1
Beap = _echdab + %[Cceab - Cdc[aled|b]]' (78)

Here, we used (64)) and (A). We can show A. 4» = Be qp using ([5), ((8) and (59). Then, (72) holds.
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D. Variation of the Hamilton form

We represent w® and N by 7,. In D dimension space-time, eqp. is given by

1 d d
Cabe = mEdl”'desabce TA e NOTPTE
where Fq,...q,, is the complete anti-symmetric tensor such that Ep;...p—1 = 1. In the following, we use specialties of
D = 4. Substituting espe = Egapcd? and w® = w0 to (64)), we obtain

1

%(Eadecwdeb - Ebdecwdea)- (79)

b
Te = _Wc,abea Y, y  Tc,ab =

2

Using the technique used to get ([Z3) from ([@22) (this technique can not be used for D # 4), we obtain 5= Epgeqw?, =
%(ﬂ'b,ca + e pa + 7Ta,bc)- It leads

ab K Labnm def
w .= ZE Tmen s  Tabe — Tb,ac + Ta,bc + Te,ab- (80)
We have Tapc = —Teba- Tabe 1S represented by 7. as Tape = — * Pabe With
def
Pabe = Tp A €qe + Tq A €pe + Te A €gp. (81)

Here, we used ([Ad]). Substituting this equation to (80), we obtain

wab _ _gEabnm *pmcnec- (82)

This equation and [22]) lead

6" — 0" = ZE“’”"” % Dmen® A O (83)

Substituting 7 qp = — * Plap) to the first equation of ([T3), we obtain

1
Te=—3 * Peand® N O°. (84)

We calculate the derivatives of N by 6% and 7,. Substituting [82) to (48)), we obtain?

N = nfra20301asae 4 Paiaszas * pa4a5a397 (85)
by using (A4). Here,
2
nala2a3a4a5a6 — K_[na2aﬁna3a5nala4 + 77(1211477(13(1677111(15 _|_ na5aﬁ,’7a3a4nala2 + 77(1511477(13(1277(11(16
16
—77a2a677a3a477a1a5 _ na2a477a3a5 nalae _ 77115!16,,7113(1277&1&4 _ ,,711511477113116,,7&1!12]7 (86)
of which symmetries are
nalazaslh;asaa — _na3a2a1a4a5a5 — _nalazasa6a5a4 — na4a5a6a1aga3. (87)
Using the formula
d * pabc§ = (5pabc + 08 * pabc) * 57
for the arbitrary 4-form ¢ and (&7), (A6) and (AS), we obtain?
ON
- _ _2ndbcnml(2égebc 4 5gedc) * Dl (88)
a
aN __ _dbenml 4 2
=n [ d A €hea T 2T A €dca + >kpdbcea] * Pnml- (89)

06¢
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E. Canonical equations
We calculate RHS of (@8). Substituting (88) to n*"™!(26%¢s. + d¢eq.) of RHS of ([88), and using (AT, we obtain
42
e (20 ene + Oy eac) = 0™ Al

Substituting this equation to (88) and using e!"® = EY"¢, we obtain

1 ON «k
— = ZE & i 0™ A Oy 90
2% Oms 1 * Pnml b (90)
Then, the canonical equation for 6 (G8]) becomes
d9° = gEabl" % Drmt0™ A By + O, (91)

which coincides with ([83]). The above equation and ([22)) lead (82]), which is equivalent to the definition of the conjugate
momentum form 7.
We show (Z0). Substituting (84) to RHS of (8J)), and using the symmetry pape = —pepe and ([AH), we can obtain?

ON
96° = _nabdnml [2(*pdbc + *pbdc)ea + 2(*padc - *pacd)eb + *pabdec} * Pnml-
Substituting (86) to this equation, we obtain
ON K2
o5c = 5 en (0l pacy + 40, 5 %)
K2 b
+?en(_ * Pabe *pna + *pnac *pa — *P¢ *pn)
K2 blad
+Iec(— % Pava * PPN 4 xpg % p*), (92)

with p, = pbba. In Ref.[9], the anti-symmetrization symbols were missed.
Next, we show that RHS of the above equation becomes RHS of (70), namely (7). Substituting [82) to A. =

w A wdb A €ade, We obtain Agl) + Ag) with

2
AW = & pabnm g kU555 556Y)eq + (556% — 020L)ea) * Prmsn * itk

16
K2 b d kl
= geaEa nm g b (5252 - 5z52) * Pmsn * Ditk, (93)
2
K
AP) = Toec BB (856 — 0564) * Prasn * Pisk- (94)

Here, we used (AR). We can show that

2
K
Agl) = 7671(— *p[ab]" * Dach — *Dga’ * D), (95)
2

K
Ag) = Zec(*pabd *pb[ad] — *pg *x 7). (96)

Similarly, we can write B, = w® A wdc A €qbd as Bgl) + B§2) with

2
K
B = == B B M(8760 — 830h)ea + (5304 — 0284)es] * Dimsn * Piek

16
K b d kl t t
= geaE“ nm g c (555d - 62517) * Pmsn * Ditk, (97)
2
B§2) = %EabnmEdckl * Pmsn *pltk(éfz&lg - 6562)611
2
K
_ _edEabnmEde:l * Dman * Dibk- (98)

8
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And these equations lead,
2
BV = %en(*p[‘“’}” * Dach + Pl * p*)
2
5 en (+Plaple * P — *pape * p

nab

+#pg" % Pt — *pe x p")

IQ2

+760(_ * Pabd * pb[ad] + *Pq * pa)v (99)
12
B = gen(*p[‘“’}” * Pach + *Pg" * D)
42
+7€n(— * Dlable * P —xp ok p® A xp”, % pY). (100)

Using (@3)), @4), (@9) and (I00) (the anti-symmetrization symbols were missed in Ref.|9]), RHS of (92) becomes RHS
of (f0), namely (7). Therefore, we obtain (73], and the canonical equation for #* ([69) becomes the Einstein equation

VI. SUMMARY

We applied the covariant analytic mechanics with the differential forms to the Dirac field and the gravity with
the Dirac field. In[[Il we reviewed the covariant analytic mechanics which treats space and time on an equal footing
regarding the differential forms as the basis variables and has significant advantages that the canonical equations are
gauge covariant as well as manifestly diffeomorphism covariant. Combining our study and the previous works® 20 (the
scalar field, the Proca field, the electromagnetic field, the non-abelian gauge field and the gravity without the Dirac
field), the applicability of the covariant analytic mechanics was checked for all fundamental fields.

In [V}, we studied the Dirac field. The frame (vielbein) is necessary to write down the Lagrange form even in the
flat space-time. This fact represents a nature of the Dirac field. We regarded the basis variable of the Hamilton
form of the Dirac field as only v and its conjugate momentum form II. In the traditional analytic mechanics, the
corresponding treatment is equivalent to the formulation using the Dirac bracket. In the covariant analytic mechanics,
the similar problem does happen for the formulation of other fundamental fields. Although we introduced the Poisson
bracket of the covariant analytic mechanics for the first time, the possibilities of applications to the Dirac bracket,
the canonical transform theory and the quantization are unclear.

In [Vl we studied gravitational field coupled with matters including the Dirac field and claimed that Nester’s
approachi®! was not complete Hamilton formalism. The first order formalism did not go well for the Hamilton
formalism. In this sense, the second order formalism is proper. In the second order formalism, the Lagrange form of
the pure gravity is given by subtracting the total differential term L (6, df) = %d(eab Aw®) from the Einstein-Hilbert
form. If we do not drop the L (6, df), it is probably impossible to derive the correct equations. This is very interesting
because it suggests that the covariant analytic mechanics can not treat theories including higher order curvatures (R2,
R®R,;, etc.). The torsion was determined by the condition that the last term of RHS of (53) vanishes. Although
the Lagrange form of the pure gravity was different from Ref.[9], the Hamilton form was the same except for that
the connection was the Levi-Civita connection in Ref.|9]. We took the derivatives of the Hamilton form of the pure
gravity using the specialties of 4 dimension system and corrected the errors of Ref.|d9]. In other part, which can be
easily generalized to arbitrary dimension, we treated the contributions due to the Dirac field.
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Appendix A: Formulas

Several useful Formulas are listed. For 0% A eq,...q, (r = 1,2, 3),
0% A eped = —0p€cd + 00 €pq — 0 €he, (A1)
0% A epe = dpec — Ocep, (A2)
0% N ep = =079, (A3)
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hold**. Using (A2) and (A3]), we obtain

0% A B° A ecq = (0965 — 626°)Q. (A4)

Using (A7) and (A2), we have

09 A B A eoge = (5558 — 5968)e, + (6258 — 5962 )eq + (5284 — 6200)e.. (A5)

For deqy...a, (r =0,1,2),

deqp = —00° A eqpe, (AG)
Seq = —00° A eqp, (A7)
00 = —00% A eg, (A8)
hold. For deg,...q, (r = 1,2,3), we havel4
deagpe = wda A edpe + wdb A €ade + wdc A €abd, (A9)
deqy = W, N ecp + WG A €qey (A10)
de, = wba Aep = —(wg + Co)L (A11)

o

10

11

12

13

14

Electronic address: subarusatosi@gmail.com

H. Weyl, “Observations on Hilbert’s Independence Theorem and Born’s Quantization of Field Equations”, Phys. Rev. 46,
505 (1934).

Igor V. Kanatchikov, “Precanonical Quantum Gravity: Quantization Without the Space-Time Decomposition”, Int. J.
Theor. Phys. 40, 1121 (2001).

B. Kuchowicz, “Cosmology with spin and torsion. Part I. Physical and mathematical foundations”, Acta Cosmologica, Zesz.
3, 109 (1975).

A. Trautman, “RECENT ADVANCES IN THE EINSTEIN-CARTAN THEORY OF GRAVITY”, Annals of the New York
Academy of Sciences 262, 241 (1975).

R. P. Wallner, “Notes on Recent Us Theories of Gravitation”, General Relativity and Gravitation 12, 719 (1980).

W. Kopczyriski, “Problems with metric-teleparallel theories of gravitation”, J. Phys. A: Math. Gen. 15, 493 (1982).

F. W. Hehla, J. D. McCrea, E. W. Mielke and Y. Ne’eman, “Metric-affine gauge theory of gravity: field equations, Noether
identities, world spinors, and breaking of dilation invariance”, Phys. Rep. 258, 1 (1995).

T. Nakamura, Bussei Kenkyu 79, 2 (2002).

Yasuhito Kaminaga, “Covariant Analytic Mechanics with Differential Forms and Its Application to Gravity”, EJTP 9, 199
(2012).

J. M. Nester, “General pseudotensors and quasilocal quantities”, Classical and Quantum Gravity, 21, S261 (2004).

J. M. Nester, “A covariant Hamiltonian for gravity theories”, Mod. Phys. Lett. A 06, 2655 (1991).

F. W. Hehl, P. von der Heyde, G. David Kerlick and J. M. Nester, “General relativity with spin and torsion: Foundations
and prospects”, Rev. Mod. Phys. 48, 393 (1976).

Chiang-Mei Chen, J. M. Nester and Roh-Suan Tung, “Gravitational energy for GR and Poincaré gauge theories: a covariant
Hamiltonian approach”, Int. J. Mod. Phys. D 24, 1530026 (2015).

L. B. Szabados, “On canonical pseudotensors, Sparling’s form and Noether currents”, Class. Quantum Grav. 9, 2521 (1992).


mailto:subarusatosi@gmail.com

	I Introduction
	II Covariant analytic mechanics
	A General theory
	B Electromagnetic field

	III Notation
	IV Dirac field
	A Lagrange formalism
	B Hamilton formalism

	V Gravity with Dirac field
	A First order formalism
	B Lagrange formalism
	C Hamilton formalism
	D Variation of the Hamilton form
	E Canonical equations

	VI Summary
	 Acknowledgments
	A Formulas
	 References

