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Cosmologies based on General Relativity encompassing an anti-symmetric connection (torsion)
can display nice desirable features as the absence of the initial singularity and the possibility of
inflation in the early stage of the universe. After briefly reviewing the standard approach to the
cosmology with torsion, we generalize it to demonstrate that several theories of torsion gravity are
possible using different choices of the diffeomorphic invariants in the Lagrangians. As a result,
distinct cosmologies emerge. In all of them it is possible that the universe avoids the initial singu-
larity and passes through an initial accelerated expansion. Differences between these theories are
highlighted.

PACS numbers:

I. INTRODUCTION

Our understanding of the universe has undergone a revolution in the last decades. This is mainly due to important
observational discoveries like the current accelerated stage of the expansion [I], precise measurements of the Cosmic
Background Radiation [2] and other crucial cosmological parameters [3]. Yet a few cosmological puzzles are still
escaping a full explanation. Among them is the problem of the initial singularity (best revealed by the Kretschman
invariant K = R,agR"™*# = 12(ii/a)? + (a/a)* which tends to oo for the scale factor going to zero, a — 0) and the
nature and mechanism of early inflation which, in turn, seems to be a necessary ingredient of the early cosmology
to explain, for instance, the homogeneity and isotropy of the universe. Whereas it is certain that we have several
candidates for the inflationary scenario as well as for the avoidance of the initial singularity, none of these theories
seems to be fully accepted as observational data, which could discriminate between these theories, are lacking and
might continue to be missing for some time. It is therefore of interest to explore different scenarios which provide
us with a solution. In choosing one of them a helpful guiding principle might be the unifying wisdom of Occam’s
razor: we consider a theory more powerful and elegant the more phenomena it is capable to explain by invoking a
minimal number of new assumption and ingredients. A theory like Einstein—Cartan could be the harbinger of such a
unifying scheme. It is a logical extension of Einstein’s General Relativity based on a new connection which allows the
former to have a symmetric (the standard Christoffel part) and a new anti-symmetric part called contortion. As such
the roots of this particular extension are purely geometrical modifying, e.g., the geometrical part (say, the Einstein
tensor as an example) of the Einstein equations (this would be then unlike extensions which invoke new fields apart
from the metric). It is a physically consistent theory (this would be unlike some theories with non-symmetric metric
which do have deficiencies) which so far, is neither confirmed nor falsified. Indeed, it is fully unconstrained as no data
exist which could tell us something about its validity. Its appeal lies in the cosmological aspects or, to be more exact,
in the aspects which have to do with early cosmology. It has been known for some time that the Einstein—Cartan
cosmology leads to a singularity free universe which at the same time can undergo an inflationary early expansion
thanks to the introduction of an anti-symmetric connection. The standard particular Einstein—Cartan theory which
has these desirable features is based on two pillars. The first one is the Lagrangian chosen to be /—gR[I'] where R[I']

is the full Ricci scalar obtained by using the connection I' = - K , where [ is the Christoffel connection and K the
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anti-symmetric part called contortion. The second basic ingredient is the choice of the physical source of the modified
Einstein equations. The Euler-Lagrange equations following from £ = ,/gRR are not of the Einstein form which coined
on the general relativistic result would be ‘Einstein tensor being proportional to the source’. Insisting on this form
one adds a term on both sides of the equation which promotes the left-hand-side to become the Einstein tensor (using
again the full connection) whereas the right-hand-side being the sum of the metric energy-momentum tensor and the
newly added term is identified as the physical source called customarily the canonical energy-momentum tensor. Both
assumptions, the choice of the Lagrangian and the identification of the canonical energy-momentum tensor as the
physical source, are not stringent and, in view of the desirable features of the Einstein—Cartan cosmology, it appears
worthwhile to probe into other combinations and possibilities. In a general setup of the Einstein—Cartan gravity there
exist, apart from R, several independent diffeomorphic invariants which, in linear combination, can yield different
suitable Lagrangians. One can also identify the metric energy-momentum tensor inclusive new spin contributions as
the physical source without running into contradictions. Taken all together, new Einstein—Cartan cosmologies emerge
which we will study in this paper. We will demonstrate how, subject to the choice of parameters, they solve the
initial singularity problem and can display an initial accelerated stage of expansion. Three solutions of the former
are logically possible: (i) the universe is in a sense ‘eternal’ as it contracts to a minimum non-zero length (which we
identify as the Big-Bang) from which it expands [4], (ii) the universe is born spontaneously, but at a non-zero value
of the scale factor and (iii) the scale factor approaches its zero value only asymptotically at ¢t — —oco. We will probe
into the questions which one of these possibilities is realized in the Einstein—Cartan cosmologies.

Usually, the avoidance of the initial singularity is attributed to quantum effects (or a quantum gravity theory). A
question then arises what could be the input of quantum mechanics, if at all, in Einstein—Cartan theory. By inspecting
the choice of the source of the torsion part, this query can be answered. The aforementioned source is taken to be
s,,u” where u® is the four-velocity and the tensor s, can be either connected to the spin identifying it as one of the
generators of the Poincaré—Lie algebra or as a classical angular momentum tensor referring to extended bodies, see
for details [Bl 6]. In the early universe it appears more appropriate to refer to spin rather than angular momenta. In
such a case s, is connected to the spin four vector by so = €quvps"”u”/\/g. Here, the spin vector itself is usually
associated with the expectation value of the spin operators being proportional to the Planck constant . Hence, we
could say that the source of the torsion is of quantum mechanical origin. Indeed, the source could be a sum of two
terms: one which can be traced back to the spin and is phenomenologically taken as above and a classical angular
momentum contribution which we will not consider here. The spin tensor s,,, and the four-velocity u® are determined
by the Mathisson—Papapetrou-Dixon (MPD) equations [7HI] which depend also on the metric. Therefore, in principle,
the modified Einstein equations and the MPD equations are coupled. By using an averaging of the spin we can reach
at a simpler system as we will explain in the main text.

There exist many reviews and books which expose the Einstein-Cartan gravity in detail [T0HI8]. Here we take the
occasion to review the main aspects of the Einstein—Cartan cosmology to be able to make the comparison with the
extension of these theories made possible by starting with more general Lagrangians.

The paper is organized as follows. To make it complete we briefly review in the next section the conventions and
identities which enter the Einstein—Cartan theory, in general, and its cosmology, in particular. Section three is devoted
to the equations of motion derived from the Lagrangian /gR. We present them in two different forms, first in the
standard way and secondly in a novel way after splitting off a total divergence. We dwell upon this point because of
a subtlety which follows and which is the identification of the physical source. The original Euler-Lagrange equations
are not of the usual Einstein G = kX form as mentioned already above. These equations have the metric energy-
momentum as the physical source. Only after algebraic manipulation it is possible to arrive at the Einstein form
and choose the so-called canonical energy-momentum tensor as a physical source. In the next section we discuss in
detail the standard cosmology which emerges from the choice G = k¥. We identify the term in the canonical energy-
momentum tensor which is responsible for the nice features of this cosmological model. Next we turn to alternative
Lagrangians and their cosmological implications. We present a simple, and a more general model and compare them
with the standard one discussed in the preceding section. As we will show in both models, it is possible to maintain
the avoidance of the initial singularity and have an accelerated initial condition on the expansion. All results depend
on an averaging or the spin tensor. Roughly, we assume that spin quantities entering our expression average to zero
if we have to do with non-contracted open indices. In section six we discuss briefly an alternative approach to this
averaging for all models presented before. In the final section we summarize our conclusions.



II. CONVENTIONS AND IDENTITIES
A. Conventions

Throughout the text we use the metric signature (4, —,—, —). When torsion is introduced into spacetime, the
standard identities and symmetries can be lost and makes sense to mention these differences explicitly before embarking
on the equations of motion and cosmology. We derive our results following the notation and conventions introduced
in [I0]. We shall start with the definition of torsion as the antisymmetric part of the connection and thus a proper
tensor

1
S,u,l/a = ﬁuz] = §(F;(ju - Fg,u)' (1)

Apart from this definition demanding metricity with respect to the new covariant derivative, i.e. V,gns = 0, the
Einstein—-Cartan (EC) connection is obtained (see Appendix A for details)

re, =19, - K,,° (2)

7% n%

where Io‘fjl, is the standard Christoffel connection
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and K, “ is the contortion tensor, related to torsion by

K
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= _Suua + Sua,u, - Saﬂu = _Kuau7 (4)
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S = =K"= —5 (K
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“ = Kl/ua) . (5)

For the sake of convention we shall use terms with an over-circle, e.g. ]%L,“,, %, to refer to objects defined with respect
to the Christoffel connection. For the Riemann tensor and the covariant derivative we use the same convention as in
[10). The covariant derivative of a mixed tensor is defined as

vﬂvua“. By... :aMVVOz... By... _|_ FﬁAVVa‘__ Avy... + FZ)\VVQ BA... + o

(6)
A Bry... A By...
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The Riemann tensor is given by !
— B A B A
R;Luaﬂ - 6MF[30¢ - 8VF;€0¢ + F;L)\Fua - Fu)\rua' (7)

The signature of the metric is chosen to be (—, +,+,+). This sets our conventions.

B. General Results and Identities

Of interest are also general identities independent of the the equations of motion. This includes splitting the tensors
into the standard component defined over the Christoffel connection plus a part with torsion (or contortion), Bianchi
identities and other new identities. For instance, by using the EC connection as defined in equation we can write

I D’Inverno [I9] has a different convention for the Riemann tensor and the covariant derivative, since one can always think of a different
order of the indices on this tensor, or even the order in the commutation relation [20].



the Riemann tensor as 2

B _p B B B A B
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We may contract the Riemann tensor above to obtain the Ricci tensor. On this convention the Ricci tensor is
obtained through the contraction suggested in [10], i.e. R,,,” = R,,. This yields

Ry = Ry — VAK,, N+ V, K\ + K, K — K, KL (9)

There is only one non-trivial contraction possible when going from the Riemann to the Ricci tensor in Einstein—Cartan
theory, which can be seen from equations @ and . Namely we see

R, =0, R, =Ry, =—Ru., R, "=0. (10)

pov apy (2] Hra

Note that in the case of torsion the Ricci tensor is non-symmetric, unlike ]O%W which is an essential part of the Einstein
field equations in General Relativity. We may write its antisymmetric part in the following way

Ry = (Va+25,,°) 8,2+ 98,57 = V,8,,," = Va1, > (11)

w s
where we have defined the modified torsion tensor
T,,"=85,,% 40608, =608, (12)
as well as the star derivative®
V= Vi +25,,% (13)
We can contract the full Ricci tensor to obtain the Ricci scalar in terms of torsion or contortion

R=R+2VAE "+ K, K, " — K,° K ",

o (14)
=R —4(Va — S0n*)S, + 28037577 + Sapy 5.
It is worth noting that for any vector [21]
o ]_ ].
VAV = o (v—gV* and VU= o (vV=gV?) — K, V.
7= ) 7= )~ K
It can be easily shown that K M)‘ = —-25,with S, =S5 MA. Then the Ricci scalar in terms of torsion and contortion
yields
o 4
R = R— H(x (V=95?) — 4835 + 2845,577% + S0 5,577, (15)
o 2
= R+ h (V=9E ) + K, K, " + K, K \”. (16)

V=9

2 In order to establish antisymmetry only on certain indices we use the

1

= 5 (Auva — Aavy) .

Aplvlal

3 Note that the star derivative has the following property when acting upon a vector

V=gVaAV = 0y <\/?gV’\) .



All terms in are invariants and as such they are candidates for a Lagrangian built up by a linear superposition of
these terms, the Ricci scalar being only one possibility. We will examine such theories and apply them to cosmology.
Apart from the relations found above, it is often useful to have some analogue to the standard Bianchi identities
and conservation laws in Einstein-Cartan Theory [22] 23]. Since we are indeed looking for identities similar to the
Bianchi identities, these must give the standard Bianchi identities when the torsion is put to zero. To derive them
we start with the commutator of the covariant derivative acting on an arbitrary vector. Given the connection in
Einstein—Cartan we obtain

V., Va]B? =28, *ViB? + R_ "B, (17)

which means that we are entitled to write

1
ViV Ve B® = 2V, (RmeA) +V,.(8,, VABP). (18)

We also obtain the following antisymmetric condition on the covariant derivatives

e v, B . (19)

1 1
VuViyVeB® =8,V VB — SR, "VaB" + R,

This can be re-organized using the commutator on equation as follows

B — B A2 B ol B
ViV, VaB QRW VaB QRM V,B’ + 5, vava 0)

+2S,,” S%AVAB%FSW RWA ,

Finally antisymmetrizing in the three indices we get from equation

1 1
ViV Va B = SVR, 0, B + SRy V10 B + V1S, VaB” + 80, Vg VB, (21)

av]

while equation gives

1 1
— B A
Vi VoV B? =~ iR[W@]”VVBﬂ + 5B Vie B+ St Vo) VB’

(22)

vy A B Y B A
+251,, S0, VaB 4 5, R )" B

By equating these equivalent expressions we see that the following identity holds

1
5v[uRm]fBA + VuSa VaB? = "V,B%+25,,7S,,, VaB? + 5, "R B,

[Wa] vl

Comparing in the next step the B and V,B” coefficients we obtain the equivalent to the first Bianchi identity

B _
V[MRua]/\ =25,,'R

B
v “yladX

and the second Bianchi identity which involves only torsion

1
A A
ViuSan® = =5 Riuwe) + 25,75

a]'}’ ’ (24)
A
R[ _QV[#SQV] +4S[V;,LVS&]"/

hvol
The first Bianchi identity may be contracted to yield
A v Av Av Av Av
VuR+V,RY\" + VAR, = 25, R ™ +25, "R, +25,,"R, (25)
VuR—2V R = 45, "R " +2S, "R . (26)
Defining a new Einstein tensor over the full connection

1
79;“/R (27)

Guw =Ry — 5



we can appreciate how the last result helps us to obtain the covariant divergence of the Einstein tensor
1 A
V.,.G,”=V,R — ivﬂR =-29,,"R."” — S/\VVRw Y. (28)

So far, our results were independent of the equation of motion. We can apply them also directly to the equations of
motion. There will be two sources in the theory, one for the modified Einstein equations which for now we write as

G = k¥ and for the torsion which we call 7,,7. By using the V derivative we can recast the result as

- v o__ v Av v _ - v
V.G, =-25,"R" — SAV"YRw +25,," R, —5,," =KV, 2, (29)
Some straightforward manipulation gives

* 1
V.2, = - (=537 = 038,a% + 65" R, — 2578, 7. (30)

Anticipating part of the results derived explicitly later i.e., using equation which yields 7, in terms of torsion
we can write

V.8, =71,"R,+25.75,,7. (31)

In case our equation of motion is of the form G = xX this equation is the new ’conservation law’. For completeness
we mention that in [24] this ‘conservation law’ is written defining the following derivative

+ *
V’(/)I/ = VM/JV + 4SN(Va¢a) = V;ﬂpu + 25,“,&7%7 (32)
valid for only covariant indices in the form
s v Y vA
Vo) =1,"R, (33)

Finally, we are aiming at an identity relating the antisymmetric part of ¥ to the source of the torsion. The expanded
second Bianchi identity is

R = 2 (VoS + VuSua® = VS,a] + 5 5,750, (34)
On the other hand, one can also show
VaT},® = VS,  +28,,75,,0 +V,.8,,° = v,8 ;°. (35)
Combining the two equations above appropriately, we obtain
Riy) = Gy = gR[awa = VaT," (36)

which still lacks an explicit physical interpretation. However, we are able to derive an identity which we will need in
the next section

*

V)\’7"LWA - Z[l“’] =0. (37)

IIT. LAGRANGIAN AND EQUATIONS OF MOTION

In Einstein—Cartan Theory it is generally assumed that the Lagrangian be taken proportional to the Ricci scalar in
a space-time with torsion. From its variation the equations of motion are obtained, as in any other theory in which
a Lagrangian formalism may be applied [25]. However, there seems to be a preferred approach to these equations of
motion, which lead - quite nicely - to an equivalent expression to the Einstein Field Equations (EFE) defined over
the full connection. We will show in this section that this is not the only approach in which one can obtain the field
equations and, moreover, the alternative way of approaching them leads to equations of motion which are in principle
different but can formally be transformed into the standard result. Given these equivalent expressions, the question
arises what is the physical interpretation of the energy—momentum tensor in each one of these approaches.



A. Standard Approach

What we shall call the standard approach to the variational principle is discussed in [I0] and some details can
be found in [24, 26l 27]. We will see that the key to this approach is to work directly with the quantities of the
Riemann—Cartan geometry without having to go back to the usual General Relativity geometrical quantities defined
over the Christoffel symbol. We start from a gravitational Lagrangian given by R = \/—g¢""R,.., so that the full
action, including a matter Lagrangian, is

1
S=o- / d*zR + / d*aL,,. (38)

K
Varying the gravitational portion of the action with respect to the inverse metric g*” yields
0gR = R 09" + 9" 0 Ry, (39)

where we have g*” = /—gg"”. Now, d,R,, can be obtained from the contracted Riemann tensor which, using the
definition of the covariant derivative given above, yields

59Rl“’ = VP((SQFﬁu) - v#((SQFZV) + F;\y(ég]‘—‘gxu) - Fﬁp(ag]‘—‘&)y)?

40)
A (
= 2V}, (5,1%),) + 25, (5,15, ).
Contracting the first term with g"” reveals an explicit total divergence
1
Vo (0,00,9" — g7 8,T8,) =—=0,(v/=g(3,T, 9" — g°"6,T3,)):
P\Yg* g- X \/—79 4 g+ g+ A (41)

+ 2SApA(6gFZVgHU - gpl’agl“ﬁy).

This divergence is neglected and taken out (see the Appendix of [10]) so that the relevant parts of the g"”d4R,,, term
are Now

9" g Ry =255, (010, 9" — g7 64Tx,) + 25, (6,1%,,),
zz(sp"A + 535”@ - gA”Spao‘)(égFiu), (42)
:2Tp”(5grg’u),

where we have used the modified torsion as defined earlier. For the variation of the connection with respect to the
metric we use [28]

1
341, = 59”7 (VA(907) + Vo (09xy) = V4 (d9r)) (43)
and thus, we obtain
2T, (6T%,) = T (Va(69ur) + Vi (89ry) = Vo (8910))- (44)

We put this term into the integral after which, in order to integrate by parts, it is worth noting that for each of these
three terms we get expressions of the form

/ d*a/=gT"" N (VA(0g,y)) = / d*zy/=g [T 0\(691) = T3,09ayT" = 69,0 TT AT, ] - (45)

Integrating by parts for the first term on the right hand side gives
/ d*a/=gT""M(Vr(0g,)) = — / d*z/=g (VAT = 28, T7"%) 690

(46)
+ /d4x8a (V=9T""%6g,) ,

where the last term on the right is a full divergence and can be neglected. Finally, using the definition of the star
derivative {V} and adding up the three terms we have hence

/ d*a/=g2T," (5,15, = / day/=gV (T,,» +T,%, —T%,,) 6g". (47)



We note that

1
R, 049" =+/—g <RW - 2g#yR> 09" = /—gG ()09 . (48)

We recall that the new Einstein tensor is G, = Ry, — % guvR in analogy to its GR equivalent. The symmetrization
of this new Einstein tensor (EC tensor) is due to the fact that we are contracting it with a variation of the metric,
making any antisymmetric part of the tensor G, arbitrary and thus not relevant [29]. The remaining terms of the
variation

VA = A A A v
2T," 20,18, = =gV (=T, +T,%, —T%,,) 69" (49)
should also be symmetrized. After this we arrive at
Teg g~ G VA (T, % =T%) (50)
where we have left only the symmetric terms. Due to our previous result Gl = By = v 2T WA, the variation
with respect to the metric is simply [27]
1 R
V=g 8g""
On the other hand, for the variation with respect to contortion we have

SkR = /=g [2T,"(6T7,,)] , (52)

where we have used the results from the variation with respect to the metric shown in equation (42)). Furthermore,
we find

= G/JV + %A (_Tltu)\ + TVAH o T)\MV) ’ (51)

SKT%, = —6K,, . (53)

With this result we are led to
1 R
V=g 5K;w)\

Concentrating on the matter sector of the Lagrangian L£,,, we define the metric energy-momentum tensor o,, and
the source 7, "* as

— —2T, " (54)

2 6L, 1 0L,
O '=———— , T, N =— . 55
! vV—g 69,“/ V=4 6K/,Ll/a ( )

With all the results we can set up the field equations as

Guv + ﬁk (_Tuu)\ +T,%, — T)\MV) = KO, (56)

|2

S\ H GRS, — 618, = KTy P (57)

Note that the variation with respect to contortion is just an algebraic equation for torsion in terms of its source 7, *
which can be also cast into a form using the modified torsion
T,,%=xrt,"“~ (58)

% N2

Referring to X, as the non-symmetric total energy-momentum tensor or as the canonical energy-momentum tensor
defined by

YHY = oM %A (T“”)‘ — VA T’\“”) , (59)
leads us to equations of motion of the Einstein form

G = K. (60)



From the algebraic torsion equation it follows that

1 1
- 2804)\)\ = ’%Ta/\)\7 Sal’u =k (Tallu + §§gTuAA o 2657—&)‘)\) ’ (61)
K,"=kx (—TW“ +7,% =T — 5,77’,/)\)‘ + gu,,Ta/\)‘) . (62)

It is, of course, mandatory to be able to express the torsion or contortion in terms of the source. Splitting the symmetric
part of the modified Einstein tensor into its torsionless part plus terms related to torsion , i.e. G(.) = G + Hpw,
using equation (36)) for the anti-symmetric part expressed through the star covariant derivative and finally expressing

all torsion terms through the source we arrive at an equation of the form G = G + H + V which reads explicitly

o 1 o *
GHV :RMV - §g}th — R {V)\(_T;,WA + 7—1/)\,11, - T)\;UJ)}

+ K2 {QTﬁvﬁTuBﬁ + TQMT)‘O‘V + ZT“AQTVAO‘ + QTM\QTV“)‘} (63)

1
— 59,“,&2 {—2750‘& T,@)\A + Ta/\BTa)\,g — QTAﬁaT“m} )

This means that the dynamical equation of motion for the metric can be brought into the form

o o 1 o -
Guw =R, — §g,WR = KO- (64)

Here, 6, will include the torsion source terms
Gy =0y + K {_4Tu>\ [arm Al 2TMAQTV’\Q + TMMTO"\V
1 (65)
+§gul/ (47-)\ B[a TAO(B] + TQAﬁT(X)\B) } .

All equivalent reformulations have only a physical meaning after we specifically state what is the source of the
dynamical equation. Indeed, looking at Eqs. , and it is clear that the term proportional to V cancels
from the Einstein tensor and the canonical energy-momentum tensor unless we identify/fix the canonical energy-
momentum tensor Y as the physical source or, equivalently we insist that the equations of motion must have the
Einstein form G = k¥. In such a case the equations of motion are of the form G = k¥ — H — V with all torsion
terms expressed through it source. The metric energy-momentum tensor drops out from the picture here. Though
consistent and logically possible, this is not stringent.

B. Alternative Variational Approach

To demonstrate how the equations of motion come out naturally in a non-Einstein form let us apply an alternative
method to the variational principle splitting, right from the beginning, total divergences. The starting point of an
alternative approach to the variation of the Lagrangian is precisely the same, namely we shall take the action

S = %/d‘lx\/—g}%—k/d‘lxﬁm, (66)

where L, is the matter Lagrangian and x = 87G (we have taken ¢ = 1). We write the Ricci scalar in Riemann—
Cartan theory explicitly in terms of its torsionless portion and parts related to the torsion so that in the process a
total divergence as in equation appears which we discard. We define the divergence-less part of the Ricci scalar,
R, as

R= R 2K, K, 4+ K,V K, P — K, VK (67)

which is just a divergence-less version of equation (15)). We interpret it as an equivalent Lagrangian whose action we
call

! o :
Sr=5- / d'oy=gR = o / d'oy/=g (R+ K, K,," = K K,"). (68)
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Varying this action with respect to contortion yields exactly the same algebraic equation as in the standard approach
[10, 13, 14, 27, 29]

— KM = KV 4 MK\ + g K = =267, (69)

Sl NS, =S\ =kT,,", whereagain T,"F = — . (70)

Next we vary this action with respect to the metric, which simply yields
69 (gaﬁ(KpﬂAK)\ap - KAB)\Kpap)) = (KpVAK)\up - KAUAK/JMP) 59#1/' (71)
along with the standard result,
\/—95]% =+v—g (]%Wég“” + g“”élo%w) . (72)

Examining the last term on the 1.h.s. we note that it is a full divergence as in standard GR and will not contribute
to the action. Taking into account that

~ 1 o
(Gv=9)R=—5vV=g (R +9°7 (K5 K,," - KAﬁAKpap)) G Sg"” (73)

we obtain then the following field equations, where o,, is the metric energy-momentum tensor we have already
defined,

» 1 D A by 1 A by

o = 39t = K0 = (K N = K P + g (K, = Ko K, ") (74)
We can abbreviate the term on the right hand side involving only contortion tensors as the symmetric tensor —H,,,
(see below) in which case our equations of motion have the form G + H = ko. Given that the algebraic equation for
torsion is the same as we obtained in the standard approach, we can make use of the results given in equations
and to write

[gaﬁ (Kpﬁ/\Kmp - KA[})\Kpozp)] = r? (Ta/\'BTa/\ﬁ - 2TABaTaAﬁ - 2Ta)\/\7_aﬁ6> ) (75)

Kpl,’\K/\“p = g2 {Tﬁyﬁ 5 By Ta)\lﬂ' L+ QTM\QT “ 4+ QTW\OJVO‘)‘} ,

A p _ 2 A o
_K)\V Kpu = K Ty, Ty,a .

These results mean that in terms of the tensor 7,,“ our equations of motion are of the form

o

GHV = KOuw + K {_4TH)\ [aTVoz N 27'“)\&7',/ Aa + TOC/\HTOLAV
1 (76)
+aom (4010 + TWTW)} '

Note that in this derivation no terms involving \Y A(7) are present and yet the equation above is formally equivalent
to the one obtalned in [24] 26] 27]. In order to account for this equivalence we point out that adding on both sides a

term proportional Vi e., UM =gt + VA (TW’\ TV 4 7')‘“”) we obtain the Einstein form

1
R =kKX,,.

Gu = R — 5

With the following tensor

H, = K2 {QTBV T8 + Ta)\lﬂ' L+ 27'1)\& LY+ 2T G T,

1

—igm, (Ta/\BTa)\ﬁ — QTM;QT“)"B — 27’M\)‘7'a’3ﬁ ) }
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there is indeed a formal equivalence between the two approaches, namely,
G/J,D + H/LD = RKOuv = G/J,D = K:E/LD) (78)

where, to get the equation on the right we need to add the term 6>\ (T‘“’)‘ — VA T/\’“’) on both sides of the equation.

However, it is also clear that the equation of motion comes out in the form G + H = ko and only the insistence on
the analogous Einstein form leads to G = kX. Of course, formally these forms are equivalent. The two approaches
will differ once we identify the physical source as ¥ or o. This will be outlined in the next sub-section.

C. Identification of the Energy—Momentum Tensor

If the matter Lagrangian is uniquely given by choosing it to be the Dirac or Klein—-Gordon Lagrangian then, the
answer to the question of which of the aforementioned approaches one should use is easily answerable. The matter
Lagrangian fixes the metric energy-momentum tensor ¢ and therefore, the terms proportional to V cancel on both
sides of the equation of motion given in the form G = kX leaving us with G+ H = ko. One could argue that alone for
this reason the form G + H = ko with o chosen to be the physical source is always preferable, over G = k3 with
the physical source, even if we handle a phenomenological energy-momentum tensor. However, even if we follow this
path, there is still place for new contributions to the phenomenological energy-momentum tensor coming from the
source of the torsion. Especially, when turning to cosmology one is faced with the question of the choice of the energy-
momentum tensor, given that in torsionless standard cosmology one usually takes a perfect fluid energy—momentum
tensor.

We follow the approach taken by some authors of including spin into the energy—momentum tensor, motivated
by the fact that torsion is a manifestation of spin [30]. Here, we are faced with two options which we will study
independently, (i) we could take the construction given in [14] 27 29] following the full Einstein form as in equation
(60) and work with the so called canonical energy-momentum tensor X,,. Alternatively, (ii) we could take the
construction obtained from varying the Lagrangian after splitting off total divergences, namely equation , and
identify o as the physical source admitting room for contributions with spin. We will examine different choices of the
energy—momentum tensor in these two approaches below.

Our starting point is to determine the canonical energy—momentum tensor which we assume to be of the form
[311 32)

E/w = h;tuy — PYuv, (79)

where p is the pressure of the fluid, u, is the four-velocity and h, is the enthalpy density. An expression for the
enthalpy density can be obtained from the identity

S = Vatw = byt = Vat,, N, (80)
and the requirement (coined upon a similar result in the standard hydrodynamical energy-momentum tensor)
Yputu’ = p. (81)
As a result, choosing the source of torsion as spin tensor multiplied by velocity
T = swu®, (82)

one obtains a spin fluid which was studied by Weyssenhoff and Raabe back in the 1940s [33] and further studied by
Ray and Smalley in a series of papers [34H42]. To this end, we take into account the Frenkel conditions [43]

Spu” =0, (83)

which by anti-symmetry of the spin tensor implies sg;v* = 0. By virtue of we find an interesting relation, namely

Rty — hyuy, = 2V (su™) + 485, su’, (84)

in which last term is zero given that Sy, % o< 75, = sxqu® = 0. The simplified version reads now
huw, — hyu, = Z%A(squ) + K)\Mo‘sm,uA + K/\Vo‘smuA — K/\a)‘swua

85
= 2%)\(5#1,1;)‘). (85)
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Again, the last two terms with contortion and the spin tensor can be shown to yield zero by using equation along
with the Frenkel conditions. Invoking as before X, uu” = p, we find that

hyu' = (p+ p). (86)
Finally, contracting equation with u*, we obtain
hy = (p+ p)uy + 20V (uPs,,,), (87)
which fixes the canonical energy-momentum tensor
Suv = (0 + P)uptiy — PGy + 20, Vo (u®s,,0). (88)

By identifying the canonical energy—momentum tensor as the physical source, the metric energy-momentum tensor
(see equation ) has dropped out from the picture, but it is useful to define formally a similar expression

GHY = v _ V)\ (T;Luk _ 7_1/)\/1, 4 T)\/}.l/) ,

o * (89)
= (p+p)utu’ = pg" + 2t u Vo (us) ) = Vy (=7 )

where we have kept the terms symmetric in (uv). For the sake of later references to this quantity, we will refer to the

term proportional to V as the Weyssenhoff term and to the term proportional to \Y simply as the V-term. In
we can replace the covariant derivative with respect to the Christoffel connection by the full covariant derivative with
respect to the full connection.

A few comments on the spin tensor s,, are in order. First note that s,, is related to the spin vector by s, =
gV 2€a5753ﬁ”’u5. Interpreting the spin vector as an expectation value of quantum mechanical spin operators, s, will
be proportional to i reminiscent of its quantum mechanical origin. Relating the source of the torsion to quantum
mechanics might help us to understand why the Einstein—Cartan cosmologies can avoid the initial singularity.

Secondly, the microscopical quantities within this theory will be fluctuating, thus it is common to take average
values of these quantities. If indeed spin orientation is random, then the average of the spin will vanish, but not the
terms that are quadratic in spin [I0]. Given this non-vanishing quantity, the average of the square of the spin is taken
to be?

1
(s} = 557, (90)

where we follow the notation in [27] as far as the quantities with spin are concerned. Taking 7,,% = s,,u® and
respecting the Frenkel conditions we can write

" = (p+ p)utu’ — pgh” — 2u,\ua%a <<s>‘(“> u”)) + [—f-zs2u“u” + 2%,\ (<s>‘(“> u”)> + 2/1(3“)‘8”9}
o (91)
= (p+p— K> ulu” — pg"” — 2 (uru® + 0%) Va (<s’\(“> u”)) + 2r(s" s, ),

where the V-terms have contributed to the terms in the square brackets. It is also worth noting that in cosmology
(which we consider in the subsequent section) the comoving reference frame u* = (1,0,0,0) together with the Frenkel
conditions yields a ‘new’ condition, i.e. s =0 [46]. Adding to G,, the components of H,, (see equation ) we
arrive at

&MV = 6,“, + K {_47-/1«)\ [aTVa Al QTHAOCTU Ao + TOM;ATOMV
92)
1 B _a A8 (
+59ur (43 T g T TMB)
The contributions of H that yield non-zero expressions in the co-moving frame are

—27H T = 2(sH s M uau® = —2(sM, 57, (93)

1
AT = (seas®Nutur = iszu“u”, (94)

1
T“wTam = (s ufus = 552, (95)

4 A different notation in |14} 44) 45).
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The term cancels with the last term in . The modified energy—momentum tensor &,, will finally be
1 1 °
Gy = (p +p— 232> Up Uy — (p - 4/{52> G — 2(uru® 4+ 05)Va (<s’\(#> ul,)) . (96)

The equations of motion here are of the form G = Ko Next, we turn our attention to the second possibility of
identifying the metric energy—momentum tensor as the physical source. As outlined above in sub-section B the
variation of the Lagrangian with respect to the metric leads to the equation of motion G + H = ko . There is no
doubt that this is the correct result and only formally equivalent to G = kX. If we view o as the physical source, we
can repeat some steps from above. i.e., we write as an ansatz

1
Opuv = §(hﬂuu + huuu) — P9uv (97)

and impose o, ufu” = p as before. This gives us the equation hyu* = p 4+ p. With the first choice being h, =
uu(p+ p) + hy, the other possible terms denoted here by h have to give zero when contracted with the four-velocity

ut. Hence, by virtue of the Frenkel condition we can have iLM € {suau®, 20 VP (ugsur), -...}. We recognize in the
second term the Weyssenhoff spin contribution mentioned before. But, in general, we can choose any combination
of allowed h,, contribution. Motivated by the result found in [47, 48] which claims that the spin contribution to the
standard hydrodynamical energy-momentum tensor is of the Weyssenhoff form, we opt here for

o = (p+ puru’ — pgh + 200 Vo (u®s)). (98)

The equations of motion are of the form now G=ro—H.

IV. A NOTE ON THE CONNECTION BETWEEN TORSION AND QUANTUM FIELDS

We focus throughout this paper on geometric aspects of torsion applied to cosmology. It is, however, certainly
worthwhile to mention briefly the connection of torsion to (fermionic) quantum fields. The first such a link can be
found by noticing that the source of torsion, which in the present paper we treated in a more global manner, can be
also found in the spin part of the angular momentum tensor which arises in quantum field theory by the invariance
of the matter Lagrangian with respect to proper Lorentz boosts [49]. For example, for the Dirac field we would have
Tuvp X em,pad_)fyg,’yai/) where v stands for the Dirac field [50} 5I]. Of course, by making this choice the full system to
solve would consist of Einstein equations with torsion and the Dirac equation coupled to gravity. Secondly, in the
coupled system torsion gives rise to the so-called Hehl-Datta term [52] [53] which is a ‘bare’ four fermion interaction
term of two axial currents. This has led to new lines of research [54H59] speculating on new propagating massive
degrees of freedom, new contributions to the matter-anti matter asymmetry and the cosmological constant (or Dark
energy in general) as well as the demonstration of the possible formation of Cooper pairs due to the Hehl-Datta term.
Finally we point out the connection of torsion to the photon as discussed e.g., in [30].

V. STANDARD EINSTEIN-CARTAN COSMOLOGY

In this section we investigate the consequences of the standard Einstein—Cartan cosmology based on the identification
of the canonical energy—momentum tensor ¥ as the physical source [60, [61]. As discussed above our equations are

G = k.
In order to study this cosmological model we must obtain the Friedmann equations from the field equations .
Let us take the Friedman—Lemaitre—Robertson—Walker metric in its flat version, i.e. k¥ = 0, and in the sign convention

(4+,—,—, —) as we have used before. This metric is given by the line element
ds® = guatz” = dt* — R*(t) (dr® + r®df + r* sin® 0d¢?) (99)

with R(t) the scale factor [62]. The Friedmann equations are obtained from the time—time and space—space components
of the field equations. Let us first write explicitly the field equations we will be working with, namely

o 1o 1 1
Ry, — §R =K |:(p +p—- 2’%32) Uy Uy — (p - 4“52> Guv
(100)

=2 (unu® + 8%) Val(5) )] -
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We can now take the 00 component of the field equations to obtain the first Friedmann equation. Let us concentrate
on the r.h.s. given the Frenkel and the rest frame conditions (recall that s" = 0), we note that the term with explicit
spin tensor dependence is zero, i.e.

o

Va (s%uo) = 0. (101)
This makes it quite straightforward to derive the first Friedmann equation

1

H? = g (p - 4552> : (102)

where H = R/ R. This is one of the crucial forms of the Friedmann equations which avoid the singularity and leads to
a bounce. It defines a critical density when the right hand side of becomes zero which implies that at a certain
time the Hubble parameter is also zero. This suggests that the Hubble parameter can have a local minimum, a sign
of a bouncing universe. Such forms appear in theories such as Loop Quantum Cosmology models [63], Generalized
Uncertainty Principle approaches [64] or quantum corrections in Newtonian Cosmology [65].

For the second Friedman equation we take the space components of the field equations where again it is worth
noting that the last term (the Weyssenhoff term) on the right of the Einstein equations is zero because of the rest
frame conditions. The second Friedmann equation is simply

a2

: 1
=2 =3H?+2H = —k (p— 4552), (103)

where we defined ¢ = R(t)/R(t9) = R/Rp. This Friedmann equation can be written using equation (102 in the
following form

g:H2+H:—g(p+3p—nsg). (104)

Equations (102)) and (103) match the ones given in [14] with the choice k¥ = 0. Combining both equations one can
also find that a conservation equation emerges

d ks> ks>

The relation between the particle number density n and the energy density of the fluid can be obtained as [14} [66] [68]
dn _ _dp

= ) 106)
n (p+p) (
From this relation and by using an equation of state of the form p = wp, one obtains via integration
e 0oy (107)
ge=r}
0
We will also have the following relation for the spin density of a fluid of fermions with no spin polarization
2 1 2
s° = g(hcn) , (108)
which means that we can relate spin density to energy density according to
9 1 o N3 2 2
s* = 2(he) s pTTY = Bypthe, (109)
8 pF

where B,, is a coefficient with dimension which depends on the value of w. Using this proportionality in the continuity
equation, we may solve for p in terms of a. Let us start by taking equation ((105)) in the form

d B, _2_ By _2
dt(p—li4 plfW> =—-3H <p+wp—ﬂ2wplfw). (110)
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Then by using H = a/a we can write (110]) as

KBy, 1—w da KBy 1—w
dp|1— ———piFv | = =3(1 — 1= ————pTFw 111
p( 2(1+w)” ) L+ wps ( 2(1+w)” > (111)
which, as long as (1 — % p%) # 0 (or rather p% #+ ﬂ:Tiw)) gives the standard General Relativity result
p dp/ a da’ a —3(1+w)
- -, = = — , 112
[t Lo = ) )

From this point on, we will choose ag = 1. It is now easy to see that the proportionality of s and a is given by

2
s = Bupg " a” b, (113)

where this proportionality is independent of w given the relation found in equation ((109). As we have stated before,
the spin effects will be significant during high density eras, that means that we will be interested in the radiation
dominated era, and so, from here on, we will take w = % In this regime the first Friedmann equation will be

1 3
H2 = g <p0a_4 — iK’B%pOg a_6) . (114)

Note that given the factor x2 of the spin part on the r.h.s. of the equation above, these terms are expected to be
dominant at high densities of matter. We can integrate the above equation to yield

a o 1 _ a(To) 2L

51/¢ 4/@B%\/p7 5 a(To) 4&B%\/p>0

aJr,/an%/iB%\/pT) Py (115)
:i\/Y(t—To),

a(Tp) + \/a2(T0) ~ 1kB1 o

1
+ZKB%\/pT)log

which according to [44], gives a non-singular universe. We confirm that indeed this is the case by choosing Ty = t
and thus a(Tp) = ag = 1 which simplifies the above expression, more precisely

a 1 1 1
§Ua2 - ZHB%./p - 5\/1— ZKLB%,/pO
1 116
a+4/a* = 1kB1y/po ey (116)

1
+Z/<;B%\/p>olog =4,/ —(t —1o).
1+ /1= 16B1y/po 3

As already mentioned we have a critical density at which H? becomes zero. For w = % it is given by

16
Perit = @

(117)

3

We also see a restriction upon the value of a in the solution above, namely

3
pg B 1 1 0 1/4
5 = wi/ﬁB%pg = (perit) <1, (118)

by virtue of p < perir. We note that by making the obvious choice pg = perit we have a(Tp) = 1 and this also implies

Amin =

Amin = 1 (119)

The expression for a given in equation (L16]) simplifies to

%\/@2—1+10g(a+\/a2— 1) = i%(n—no) (120)
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a(n)

=0

FIG. 1: Plot for the two signs of equation (120 which correspond to the contracting (H < 0) and expanding (H > 0) solutions
where the bounce at n — 1o = 0 is indeed differentiable.

where 1 = ,/kpot. We plot this expression for the two possible signs, which refer to an expanding universe (H > 0)
or a contracting universe (H < 0), and we note that the branches can be taken as one solution given that they are
differentiable at the place where they match (see Figure . This represents the aforementioned bouncing universe.

Within this theory the possibility of inflation has also been considered in [67, [68], and more recently in [14]. We
briefly outline the basics here. One of the possible inflation stages occurs when @ > 0 and H > 0, referred to as
‘super-inflation’ [69, [70]. Since we have

K

6

a= (p+3p—rs?)a, (121)

taking the radiation case and the relation between s2 and p given above, we obtain that this is possible as long as

4

p > PEYe) =pr, (122)

where we must also note that the second requirement comes from

. 1
H=-"(p+p—5rsd), (123)
2 2
which implies H > 0 whenever
64 1
— s = Pt 124
P> g g =~ (124)
3

The bound is a strong requirement but still within the possibilities of the model. The transitional stage of this process
will be determined by an exponential stage of inflation which has been suggested by Guth [7I]. Here, it corresponds to
the particular moment at which H = 0, or equivalently when the density is p;. Thus, we have the following scenario

e when p..i; > p > pi, we have the superinflation stage,
e when p = p;, we have the exponential inflation,
e when p; > p > py we have a power law inflation [72].

The model expressed above is the standard approach to Einstein—Cartan cosmology [68] [73]. In the following we will
explore how a different choice of the physical source may affect these results.
Indeed, it is almost mandatory to pin down the term which is responsible for the nice feature (especially the avoidance
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of the initial singularity) of the theory. To this end we simply drop by hand all the V-terms in . Hence, we will
work simply with

Gy = (p+ Duptty, — PG + 2u"u(, Vs, (125)

= (p + p)uuuu — PYuv + 2uau(uvﬂ(5a|u)u6)a

where we have already used one of the Frenkel conditions to write the source of torsion in terms of the spin tensor.

It is clear to see that this result is basically the perfect fluid part plus an additional term due to Weyssenhoff (this

term is symmetric as would be expected) [4] [75]. Once we implement it into cosmology the result is the same as if

we would have a perfect fluid identification. This is due to the Frenkel conditions and the comoving frame condition.
Its effect upon the field equations gives an effective energy—momentum tensor of the form

1 1
G = (p +p+ 2552> Uply — <p — 4/%82) v — 2n(s#>\sl/\>7 (126)

where we have used the Frenkel conditions [43], i.e. equations . Now apart from this we have also assumed that
the average over the contraction of two spin tensors is not negligible and actually takes the form we established before
(s"s,,) = 5% Furthermore, we will follow Gasperini’s result and take

<5/\,LLS)\V> = 07 (127)

which is a result given implicitly in [68] ®. With these conditions the Friedmann equations are given by

1 : 1
H? = S <p+ in52> . 3H?4+2H =& <p - 41-@52) : (128)

Using both of these equations we can write

i= fg(p +3pa. (129)

Under the assumption that we are dealing with fermions and that there is no polarization of spins in an ideal fluid
[66], we can use the relation between spin density and particle number density obtained in equations (108) and (109)).
Now we can construct the continuity equation

d 1
7 <p + 31992) =—-3H (p +p+ 2&52) , (130)

which is obtained from the Friedmann equations we found above. Equivalently, we can write it in the following form

d
dit’ <1 + Zw;,ﬁ) — _4H)p (1 + zﬁBép%) . (131)

The solution of the differential equation is

8+ 3kB1./ 3
= ( T ) (po> : (132)
+3kB1y/p p

We can see that, while it is not exactly the standard GR case (see Appendix B), equation shows that when the
density goes to high values p — oo, the scale parameter will approach zero a — 0 as in GR. There is no restriction
upon p and thus we may interpret that we are not avoiding the singular behaviour. In order to study this system
further, we will make the change of variables

12 4 1

P1 Eg}{)B%7

SRS

g

and 17 = ./kpit. (133)

5 For the interested reader we suggest checking equations (4) through (9) in [68] and noting that his result indeed suggests the value for
this average.
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a(m)

o(n)

3 -2 -1 0 1 2 3 0
”*”” 0 2 4 6 8
FIG. 2: Plot of o(n) as given by equation (136 with both =10
sign choices. Note that the dashed line corresponds to a
contracting universe. FIG. 3: Plot of o(n) as the numerical solution of equation

(135]) with initial value o(n) = 0.999.

With these new variables the first Friedmann equation turns out to be

1da 1 1
—— =+ 1 2). 134
vy =\ 3Vol+od) (134)

We replace this in the differential equation for p and rewrite as

3 1 1
do 4 o2y/(1+02)(1+ 502)
w92 i =Tf(o 135
TRRRRVE 5. Ff(0) (135)

This equation can be solved analytically giving us

_ 2\/? — dtan~[y/1+ /5] - 2coth™? {m] + K = :F% (n = 1m0). (136)

where K is a constant given by the integration limit o

2/1+ op/? . .
K=—"———+4tan™[{/1 4 +/og] + 2coth™ [\/1—&—«/00} . (137)

Vo

We choose the sign that reproduces an expanding universe. With this in mind and looking at the plot of o(n) for this
expanding solution (Figure [2)), it is clear that o grows arbitrarily as n approaches negative values, which reinforces
the idea of the density approaching an infinite value at early times. Equation is as far as we may go analytically,
but we can get further insight confirming our conclusions so far by solving the equations numerically. With the help
of MATHEMATICA we first obtain a numerical solution for the solution for o(n) that corresponds to an expanding
universe, which we have plotted in Figure[3] The behaviour of a in terms of 7 is also obtained numerically by taking

equation (134} and integrating
" 1 -
i/ PRI ESVATTINPEN § (138)
7o 3

We plot the numerical solution of a(n) in Figure |4 Note that for the expanding universe solution in this model, i.e.
the one with H > 0, as one goes to the past (7 < 0) a reaches zero unavoidably, suggesting it does not avoid the initial

a = exp

singularity. In conclusion, it is the term proportional to V which is responsible for the nice features of the model.
In the next section we will present models which do not include this term, yet display an absence of the singularity,
and eventually also an accelerated behaviour of the expansion in the early universe. To this end we will make use of
different Lagrangians.

10
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-1 0 1 2 3 4
n="n0

FIG. 4: Plot of the numerical solution of a(n) from the positive sign of equation (138) for an initial value ¢(0) = 0.999.

VI. ALTERNATIVE LAGRANGIANS

Following our aim of studying alternative treatments of space time with torsion, an important observation is that
the choice of the Lagrangian in ECT is not stringent to start with the identification £ ~ R[], although it is perhaps
aesthetic. Indeed in space-time with torsion we have the following independent diffeomorphic invariants

Ay = {é, S,\SA,SQMSWO‘,S&MS@M}. (139)

Therefore, a more general Lagrangian could be constructed out of a linear combination of these terms for an alternative
approach to Einstein—Cartan Theory. Our final goal is to examine the cosmology based on the following Lagrangian

Lar = V=g (B+ 1528 + b28apy 577 4 b3S, 577 ) | (140)
. b 3, b
R e R L
(141)

by _ b afy
+ ( 2 4 ) Rapy K ’

where the b; are dimensionless coefficients. Note also that we have explicitly neglected the total divergence term
present in standard ECKS. The particular choices of by = —4, by = 2 and b3 = 1 would account for the case explored
in the preceding section. Indeed, a linear combination of invariants is similar to the starting point of Teleparallel
Theory and particularly, the Teleparallel Equivalent of General Relativity (TEGR) in which the effects attributed to
curvature are now replaced by effects of torsion [76] [T7]. This theory has been quite studied in recent years after the
Hayashi construction [78] of scalar fields behaving differently in TEGR which gives rise to alternative views of dark
matter behaviour [79]. We mention also the possibilities of f(T") theories with T the scalar constructed from torsion

invariants [80] [8I] which matches the behaviour of R in GR.
Inspecting the form of equation (141]) we see that a simpler version is also possible. Before embarking on the general
case, it is instructive to use first this simplified version of the above invariants using only contortion, namely

'All _ {R, Kpa)\K)\aP’ Ka)\aKp/\P} , (142)

where it is relevant to note that this approach, while including essentially the same invariants, is a simplification of
the more general case with a certain relation between the coefficients. From these invariants A’; we can construct the
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following Lagrangian with arbitrary coefficients a; and ay (this case corresponds to the particular choice by = 2b3 in
equation (141)) and taking b; — —4as and bz — a)

Larz = V=g (F+ @K, K,," — K, "K,"). (143)
The Lagrangian is now L 472 = v/—gL a2 with the action
1
Sar = %/d"‘x\/ —gLar + /d4$£m, (144)

where L,, is the matter Lagrangian. We first vary the action with respect to the metric to obtain the field equations
which may be written as

5 1 5 1 « A « A
RHV - §gm/R =KROup + 59#1/ [alg 5Kp5 K)\ap — a29g HK/\B Kpap] (145)
—aK,, K, +aK,, K,,".
The algebraic relation which emerges upon variation of the contortion can be put in the following form
ay (K, * + K M) — as ((5ZK)\>‘” + g‘“’Kpa”) = 2k1,"*, (146)
a1S,," + a2655M — azdl Sap KTt (147)

We recover the ECKS standard case when taking the proper values for the coefficients a;, namely a1 = a2 = 1. By
taking the trace of the spin energy-momentum tensor in the equation above we get

KTan ™ = (a1 = 3a) S, (148)

which means that we can write the torsion tensor in terms of its source 7, * as

K as az
S =37 = —= )t N+ [ —=— | o, 149
av al{ av (a1_3a2> Tux <a1_3a2> v'iap } ( )
and similarly, the contortion in terms of 7, “
a_ K a a @ a2 a A a2 ap

KHV == ;1 {_T’“j + T, uw T % +2 (W) HTVA -2 (W) JuvT p} . (150)

The last equations show that we can solve the algebraic equation in terms of the source. With this at hand we can write
the full field equations coming from the variation with respect to the metric in terms of the spin energy-momentum
tensor as

o 1 o 1 K2 as 3 as
R v 3 IJR = v “Y9uv | — 4| ———— o 73| —— 2
w9 GG 27 Ll { (al - 3112) T opTao a1 — 3as +

2 2
K a
Tapy T — QTQMTW&/?} T 2* {2 0 <a 23a ) }TM’\ T‘”PP]
1 1 2

2

- i {2TM)\p7—l,p>\ + 27,0,7, N — T”’\H TopAv (151)
Ap B gr ar B az
<a1—3a2> { Tux T & Ol s (a1—3a2>”
2 a a 2
2 oaxdd S —2— ar B y36( —2 ar B
* % { o " <a1—3a2>Tw Tou + a, —3az ) v TBw

The Frenkel conditions lead to a major simplification of these equations and one obtains
2 ;2

- 2 2
Gy = Kopy + 47“5 Juv + Es Uy Uy - (152)
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A. Cosmology in the Alternative Lagrangian

The standard choice of General Relativity is taking the standard hydrodynamic perfect fluid energy—momentum
tensor to which a spin-dependent Weyssenhoff term is added. We must note that this further term will, however, not
contribute to the cosmological equations because of the Frenkel conditions. For a perfect fluid with spin we have the
following energy—momentum tensor

Ouv = (P +P) UpUy — PYuv + 2UQU(MVL3(SO¢|V)’U§). (]_53)

Setting this into the field equation and using both Frenkel and comoving frame conditions yields

o K K
Guw =58 {(p +p+ MS2) Up Uy — <p — 4a152> g/w] . (154)

As usual the Friedmann equations will be obtained by taking the diagonal components of the field equations. From
the time—time components we get

3
H? = g <p+ 4;?) , (155)
while the space—space diagonal terms give
SH2+2H =k (p— ——82) 5 H>+ H=—=(p+3p) = —. (156)
4aq 6 a

From the last equation it is clear that we cannot have an accelerated stage in this model. Both Friedmann equations
result in the continuity law of the form

K o\ d, 3 d 3Kk o9\ 3
— R J— _— = U. 1
(p 4a15>dt(a)+dt {<p+4a18 @] =0 (157)

Using the relation s* pHiw for the particular case of radiation given that we are interested in the early universe
behaviour we take w = 1/3 and rewrite the continuity equation as

2

1
Z(p+i53ép3) = -3H (p +p+2alf<aBépg). (158)
A quick examination of the Friedmann equations and the continuity equation suggests that a positive value for a; will
just be a slight generalization upon the solutions obtained at the end of section IV with a singularity present at the
beginning of the universe. But, if we consider the case in which a; < 0, we see that this choice will have an essential
impact on the Friedmann equations. Moreover, it will indeed define a particular maximum density given the form of
the first Friedmann equation. We already mentioned that the possibility of the Hubble parameter becoming zero at
some time can eventually lead to a model of a bouncing universe. With a negative a; we would have H?  (p — pmaz),
but the model exhibits a more complicated hierarchy of three different critical densities which prevent the situation
in which p = pmaez- To see that, we start by expressing the scale parameter through the density by integrating the

continuity equation
9 i a
/” L+ g kBp \ _3/ da/ (159)
4 1 3 - /
po \ 3P T 57 kBp2 ag=1 @

2a
leading to
8ay + 3kB./p 1 p
log | ————— —log |—| =-1 . 160
og [8a1+3n3 I + 7 log o og (a) (160)

As a result a can be rewritten in terms of p as

8 3kB,/ 1
a= (W) i (161)
8a1p7 + 3xBp1
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To obtain p in terms of @ would imply solving a fourth order equation which will not give any useful insight into the
Friedman equations. We will therefore not pursue this path to solve the Friedmann equations. Instead, we will use
the continuity equation of the form

@_ _ <2G1P_3 + Zwﬂ_i) dp (162)

8a1pi + 3kBpi dt’

Replacing therein, the first Friedman equation

K 3 3
H=4,/- —xBp2 1
ﬁ\/maﬁ 2 (163)

it is possible to arrive at a relation between p and t from

a1(8ay + 9/£Bp%) \/E
dp=+,/Zdt 164
(4ay + 3kB./p)(8a1 + 3kB/p)p® | ¥ 3 (164)

The scale factor can be obtained either by integration of (162 and by replacing p into (161)). Before embarking on
this programme it is mandatory to probe into critical densities of this model. We recall that under the condition
a1 < 0 the first Friedmann equation acquires a form reminiscent of bouncing cosmologies, i.e.

K 3 3
H>==|(p-— Bpz |, 165
3 <p Tay PP ) (165)
and obviously suggests a possible critical density. Given that p > 0 we have

1 4|CL1|

3 <
P* =3B

1
= phaz- (166)
It is interesting to see the value of the scale factor a corresponding to this piqq

0 p(l)/4\/nB\/§ <8a1 —i—?mB\/pT))
3 })

i (167)

5
aj

where the appearance of complex value of a?/ % shows that this is not possible. Indeed, the model has three different
critical densities out of which one is the p,,q, defined above. For a negative a; the continuity equation reads

s (1- -2 kB, o arp (123758 168
—_ 2 | = — — = 2
(1 gareriet) = o (1- S ato?) (16%)
or equivalently,
1/2 1/2
. p P
p<1—1/2>:—4Hp<1— 1/2>, (169)
pcl pc2
where
8lar| 1 8lai| 1
1/2 — Sl41 /2 - 2% - 170
€1 9 HB%’ Pes 3 KB% ( )

The hierarchy of the three critical densities is

Pcs = Pmaz > Pey - (171)

We see that only p(t.,) = pe1 is physically allowed since the inequality p < pma. must be satisfied to avoid complex
values of the Hubble parameter. When this happens, i.e., p hits p.1, the r.h.s. of the continuity equation vanishes,
and this suggests that either p = 0 or H = 0 or p = p.,. Indeed, p = pe2 and p = 0 are not possible whereas
H = 0 would imply p = pmaer which leads also to a contradiction. Mathematically, we can have p < p.1 < pmaz OF
Pmaz > P > pea- We will see that a physically viable expanding universe must obey the first chain of inequalities
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thus making a bouncing universe impossible. This, however, does not exclude a scenario where the universe is born
at a non-zero scale factor. With this in mind we write the continuity equation (169 in a dimensional-less form by
introducing the following variables

p B P 11
g = = : n= mawt = t 172
7 Pmax 16@% P " P 3B% \/E ( )
The continuity equation takes form
3.1 do 1 1.1 da
l—z02 ) —=-4-06(1--02 ) — 173
(1-3) G- (1-2) & 1
where the strongest bound on ¢ is & < 1. The physical solution will reveal a stronger bound, namely
4
o< 9 (174)

The unphysical bound involving p., corresponds to ¢ = 4. Next, we will make use of the first Friedmann equation in

this approach H? = (%5)2 =3 (p — ﬁﬁB%p%) , and rewrite it in the form

da 1l 1
21—
dii a gVoll—a

=

). (175)

Replacing this in the continuity equation we obtain a differential equation for o(n), namely,

do 312\ _ \/T~3/2 ~1/2\1/2 L.i/o
dﬁ<1 o >_¢4 3 (1 G ) 155, (176)

where all three critical densities are manifest. We have solved this equation numerically and plotted the results for a
particular initial value of & in Figure |5} The solution has an initial value slightly smaller than p.; corresponding to

0.5

0.4

0.3

o(n)

0.2

0.1

0.0

FIG. 5: Numerical solution of equation (176) with the negative sign and initial value 6(n = 0) = 0.44. We have drawn the

maximum allowed density ¢ = % as well.

& =4/9. Tt is evident that & does not exceed the critical value 4/9. We will come to this point below. In these plots
we have also included the critical values mentioned earlier, where we note that 6 = g is definitely a forbidden value,
and we have that either ¢ < % or % < ¢ < 1, which evidently truncates the solutions obtained. We may also take this

solution for &(77) and use it in the first Friedmann equation. We find a solution for a(7}) given by

a(n) = exp {i/n dn’\/(}(g/) (1- 51/2(77’))} (177)

which we solve numerically. We plot these numerical solutions in Figures [6] and [7] Alternatively, if we keep in mind
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FIG. 6: Plot of the numerical solution to equation ((177)
with initial value &(77 = 0) = 0.44. We show both solu- FIG. 7: Plot of the numerical solution to equation ((177)
tions, with the growing solution the one corresponding to with initial value o(n = 0) = 0.44.

the positive sign.

0.0

0.0 0.2 0.4 0.6 0.8 1.0

_ 0.0
=0 —02 0.0 0.2 0.4 0.6 0.8

n=1
FIG. 8: Plot of the upper sign of equation ((179)) which ’

corresponds to an expanding Universe and suggests the FIG. 9: Same as Figure [§] with a different initial value
behaviour of & in terms of 7. We have plotted the critical Go < 4/9

values 6 =1 and ¢ = % > 0.44. Consistently we have to
take the lower branch of the curve.

that & < 1, we obtain using equation (173))

- (3)' ()

Computing a/a from equation (178) and changing time in terms of 7, it is possible to get an implicit expression for
p which when integrated gives

+ %(77 —10) = % l—l_\/(;/)m + 2tan_1(m) + tanh—1( 1— (0/)1/2)]

Note that in the plot of equation (see Figures [§] and |§|, where the sign has been chosen for an expanding
universe), a non-invertible behaviour is evident from the point when it reaches the first critical density ¢ = %. We
also note that the maximum density defined from the first Friedmann equation, given by & = 1, will indeed be a value
beyond which & will never go. Mathematically, 1 > & > 4/9 is possible, but can be excluded on physical grounds for
an expanding universe. We have also plotted the solution for a contracting Universe in Figure

G

(179)

Go
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n="o
FIG. 10: Plot of the lower sign of equation (179 which corresponds to a contracting Universe. In this case we also choose the

lower branch.

B. Cosmology in the Alternative Lagrangians

Let us go back and consider the Lagrangian £ 47 in equation (140)). In order to obtain the equations of motion we
vary the Lagrangian with respect to the metric tensor and the contortion tensor. The variation of Lo = /—gLar

with respect to the inverse metric will yield the following field equations

o ]_ o ]_

Ruv — 9B — = gu [0153S* 4 02805, S77% + b3S05,5""7]
2 2 (180)

+518,,% S, + b2, 7S, + by (25;575/37 - saﬂﬂsaﬁy) = KO,

where o0, is the metric energy-momentum tensor defined in . The variation of the Lagrangian with respect to
contortion results in the following algebraic equation in terms of contortion and its source
b1 b3 b2
3 (O0Ka” + 00K, ) + (2 -7 ) Kl

(181)

3b b
(82 B j) (KQILIJ + KVOCIL) = KTauu’

Alternatively, in terms of torsion (181)) reads

b b1
(2> Sauu + Z (75551/')/’y + 5lljso¢pp)
b b (182)
(B2 _=2 1 By — n
(2 4)(5 OCI/+SV a) K:Tall :
By taking the trace of (182)) we get
3by by b3
(54 ) st =man (155)
We can now relate the source of torsion in the following way
bQ bg b2 Hbl
2)1g r_ (B _2) (g~ F S VT (S S I S
(184)
_ Kby Sk P,
3b1 + by + 2b3 voep
Using (184) it is possible to write the torsion in terms of its source only. We have
K 2[)3 - 3b2 2b3 - bg
S = B ——= ) {W* w,* 185
av b3_b2 |:< 2b3+b2> av <2b3+b2>{ au+ l/oc}:|7 ( )
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where we have defined a tensor W, * as

_ by
Wozuu = Tauu + <3b1—|—b2-ﬁ-2b3> [557—1/7’\/ - 5gTapp] = _Wl/ozu' (186)

The contortion will be written in terms of W, * as

K 2b3—3b2 2b3_b2
K %= -W [ W «@ _Wa oW a . 187
pv b3—b2{(2b3+b2>[ w T WL uu]+<2b3+b2>[ V;L]} (187)

This result implies that we can write the metric field equations in terms of the source 7,,,“.

I
manipulations and by defining the following coefficients

s — 3by %y — by
A= ——— B=
<2bg—|—b2>7 (2b3+b2)

Indeed, after some

we get

o 1 o 1 16%2
R v 5 VR = v S9uv b AP
p T G =T 5 G [ Y(3by + by + 2b5)2 M T ¥

2
bt ({28 + B} W W97+ {42 — 254} Wo, W]
3 — Y2

2
b (A4 287} W,V 4 4ABIY )
— 02

(bs
16k2
_b A «
Y(3by + by + 205)2 1> e

K2

— by {(2AB)Wi0, W, ®7 + [A% + B?] Wya, W, (188)
(b — ba)?
+(AB = B?) [W*, Wyay + Wyary W, | = (B*)Wary, W, }

K2

(bg — b2)?
(B2 - AB) {Wuﬁ’ywﬁ’w + W[;’ PYM Wvﬁ’y:| + (B)zwﬁ%uwﬁ’yu }

— 2, {[42+ B W, W, 7, + 2AB)W,, "W,/

vy

2
K
+ bSm {2(B)*WyasW, *7 = 2(B)*W,asW,

—2AB [WyagWB, + Wag W, *P] + (A)*Wag, W5, } .

which, upon invoking the conditions for the source represented by and performing an averaging over the spin
terms, can be considered satisfied. For instance, already the W tensor takes a simpler form

W, *=r1,,°% (189)

nv %

Following [68], expressions of the form (s,qs,%), i.e., spin expression with an open index, average to zero while
($8") averages to 2s%. The final result is

o ]_ o ]_ 2
R#V - 7g,uVR = ﬂayu+7guv% [bZ (2AB + Bz) + b3 (A2 + 232)] s?
2 4777 (bg — ba)
2 (190)
K
— b, B%s? A? — 2B?%)s? .
+ 33 — ba)? {b2B?s” + bs( )s?} uuu

To proceed further we need to specify the energy-momentum tensor which we take to be that of a perfect fluid plus
a spin contribution of the Weyssenhoff form. Hence, we get

o 1 o
RMV — *guuR =K p+p+ % [(bg — 2b3)B2 + b3A2] 82 Uy Uy
2 2(b3 — b2) (191)

k 2 2] .2
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The Friedmann equations in this case can be obtained formally as before. Therefore, we just quote the result

=" B T3by(A)? A 2 _9p,B?] s 192
3 (p+ s — by)? [3b3(A)? + 2b2 AB + 3by(B)* — 2b3B?] s ) (192)
. l€$2
3H? +2H = — (p — ———— [b3(A)* + 202 AB + (b + 2b3)(B)?] ) . (193)
4(bsg — by)2
A small manipulation gives

a . K ks>
- =H*+H=—- 3p — ————— [4by AB + 8b3(B)? 194
- + 6<p+p 4(b3_b2)2[ 2 AB + 8bs( )]), (194)

203 A? 4 (2by — 4b3)32]) . (195)

2
. K KS
H=_" _hs
(p+p+ 4(bz — ba)? [

2

In order to rewrite the most relevant expressions obtained from the Friedmann equations, let us define the following
constants which all depend upon the parameters by and bs

1

_ 2 2
1
=~ [op. A 2by — 4b3) B> 1
Cy 4(b3 — b2)2 { b3 -|-( by bg) } , ( 97)
1
= — ——(409AB B?). 1
Cs (s — b2)2( ba + 8b3B°) (198)
The cosmological equations (192]), (193) and (194)) will be
H? = g(p + Chks?), (199)
. k 2 : k 2
a:—g(p—i—?)p—Cg/is )a, H:—g(p—i—p—i—Cgfis ). (200)

The continuity equation |D is derived in the case of radiation, w = %7 by using the relation |D

d 3 4 3
% (P+Cll€B%pg) =-—-3H <3P+CQKZB§/)S) . (201)

This can be written as a differential equation for p of the form

% <1 + ZC’mBépé> = —4Hp (1 + iCzﬁBépé) , (202)
We draw the reader’s attention to the fact that the choice 2C7 = Cy would give us back the standard GR result.
Indeed, we will be forced to make this choice as explained below. In order to obtain some interesting results given by
models with no singularity and with an inflationary stage, we should put certain conditions upon these new parameters
C; and thus, upon bs and b3. With this in mind let us again define dimensionless variables in order to work out the
evolution of the scale factor and the density. First, inspired by a class of non-singular models we note a special value
of p which makes H? go to zero. We denote this density by pmax which is given as

1
Priax ClK/B% ’ Cl <0. ( 03)

Using (203) and defining dimensionless variables

g=-", G=t/Fhma (204)

Pmax
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allows us to write the first Friedmann equation as

. _
tda | 2. /154, (205)

do 3 1 1da 3Cy 1
— (1—-—=62 | =—-4=-— 1—-—"202 2
dn( 2U> adna( 4C’U> (206)

do 3_1 4 3 30y 1
—|1l1—=02 | =F—02 |1— o2 1—o02. 2
dn ( 202) BT ( 10,7 ) 7 (207)

It is evident that three critical values are present in this equation. A quick analysis reveals that

5z =1 corresponds t0 p = Ppax. This implies g—‘; = 0 and hence, a critical (extremal) value for &.
52 = % corresponds to p = gﬁma)p This implies that the 1.h.s. of 1) is zero which is a contradiction unless

we choose Cy = 2C. This means that this particular value for the density is not a critical one as the equation
becomes an identity in this case.

The third case happens when 5z = 4% corresponding to p = 196 22 Pmax- This implies that the r.h.s. of

is zero which is consistent only if & has more than one extremal value, or in the particular case when
4C1/3Cy = 2/3. We will discuss this choice in more detail below. Of course, this case can happen only assuming
that Cy < 0. Hence, if Co > 0 or if |C1]/|C2| > 3/4 (the latter case is equivalent to choosing the critical density
bigger than pyax which is impossible) there is no physical third critical value for the density. The allowed
parameter space which allows us to avoid this third critical value is depicted in Figure

_ l ]
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)
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b3
(=]

-10 -5 0 5 10
by

FIG. 11: Region of parameters b2 and b3 which avoid the third critical value for the density. The region with the squared
pattern corresponds to |C1]/|C2| > 3/4 and the plain region to C> < 0.
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In order to impose on the model a non-singular behaviour at the Big Bang (BB), we concentrate on the first
Friedmann equation (199) and require C; < 0 which means

3b3(A)? 4 2by AB + (3by — 2b3)(B)? < 0, (208)

so that we may write the first Friedmann equation in the following way

s ]

where pp,q, Will play the role of a maximum density as we know already from our analysis above. To guarantee that
indeed a has a minimum at the time when the Universe reaches ppmax, we must require d(p = pmax) > 0. We write
this condition explicitly for the w = 1/3 case

i(p = pmax) = —  prmax | 2 — Fhy 1 [4byAB + 8b3 B phax | @ (210)
3 2 4(bg — b9)?
or equivalently,
wr K KBL 1
a(ﬁ = pmax) = _gpmax 1-0Cs B) Pmax | @. (211)

Since pmax > 0, the condition of G4(p = pmax) > 0 taken together with the inequality (208]) can be translated into

1 1 2 . 1/2
pr%ax > Iﬁ:B% 63 = pinf'

(212)

On the other hand, for an accelerated evolution of the early universe we must look at the second Friedmann equation
and require a(p) > 0, at least for certain values of p. For this to be possible, we see from equation (200 written now
as

K kB1 1
a(p) =—=p (1 - —2 Cgp?) a>0 (213)

that the coefficient C3 needs to be positive leading to the inequality
14by AB + 8b3(B)? > 0. (214)

and constraining the density by

1 1 2 1

2
kB1 Cg pinf.

(215)

Note that for an accelerated expansion to occur, p;ns should be smaller than ppax. The above means that for an
accelerated expansion to occur, p must satisfy the inequality

PRax > p? > Pinf- (216)

We now have a full set of conditions for both the non-singular behaviour as well as an early accelerated expansion.
This may be interpreted in the following way: at a very early stage post Big Bang the density should lie in the region
Pmax > P > Ping S0 that it has an accelerated expansion. Later on, it will be in the region pmax > piny > p where
there will be no more accelerated expansion driven by spin terms. Summarizing the scenario in this model we have

e for a non-singular behaviour (C; < 0)

3b3(A)? + 2bo AB + (3by — 2b3)(B)? < 0, (217)

1 2 1 2
- > = = - > .
& Cs 3b3A2% + 20, AB + (3b2 — 2b3)32 4boy AB + 8b3 B2

(218)
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FIG. 12: Region of parameters b and bs for a non-singular and accelerated inflationary solution.

e For a consistent accelerating stage (C5 > 0)
1 1 1
14b3AB + 8b3(B)? > 0, phax > p? > p; (219)

In Figure we have plotted the values of parameters b and bz which fulfill all conditions (217)), (218 and
(219) simultaneously in the shaded region. If we proceed to solve this model by using the continuity equation

% 1+ %ClﬁB%p%> = —4Hp (1 + %CQHB%/)%) , we might introduce a singularity as it is evident by the following
integral

1+ §011€B;,0%
/dp< 2 2 1) _ oy e (220)
p<1—|— %CQHB%pE) a
which gives
1 4+3CQI€B;\/E P
— | (4C1 — 2C5) 1 Ty ———— 1 — = —41 . 221
o (( Cy —2C3)log 15 3ConB, v/ +Cs 0g< p0> n (a) (221)

This has to do with the third possible critical value of the density as shown previously, which might occur if we do
not put any further constraints on Cy. To avoid this possibility (and the possibility that the density will have several
extrema) we insist on the consistency of 7 which implies 2C = Cs. Since C7 and Cy are functions of by and b3,
then 2C7 = C means that the surfaces described by C; = C;(ba, bs) intersect, as shown in Figure The path of
intersection may be written as

4b3 A? + 4by AB + 4by B* = 0, (222)

which is essentially a cubic equation in both by and b3. The region in which this equation is true turns out to resemble

a line in the space parameter defined by by and bs. This is shown in Figure [I4] with the help of MATHEMATICA.
We are left with the interesting possibility of exploiting certain values of by and b3 in order to avoid initial

singularity and have an inflationary phase. We plot these possible values in the combined Figure We mention
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{2 Clr CZ}
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FIG. 13: We plot consistent rescalings of 2C; (yellow) and C> (blue) as functions of b2 and b3 to show that the intersection

between the two resembles a line. We show this in Fig. [T4]
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FIG. 14: Plot of the values by and b3 which make the
continuity equation consistent, namely the condition in
equation . This corresponds to the intersection of
the surfaces in Figure [T3]

10

b3

by

FIG. 15: Combined plot of the values by and b3 which
make the continuity equation ‘consistent’ (line plot) and
those which yield also a non-singular and accelerated
early universe (squared region).

that b3 = 1 and by = 2, which would bring the Lagrangian into the canonical form of Ricci scalar, is not a solution
here. This is due to the fact that our model even for this particular choice of the parameters differs from the standard
Einstein—Cartan model in the identification, and hence choice, of the energy-momentum tensor. The cosmology in

the Einstein—Cartan theory based on the Lagrangian proportional to the Ricci scalar but without the V-terms will

be singular as we have shown at the end of section IV.

The scenario under discussion gets simplified since the continuity equation (202) may be written in a way
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FIG. 17: Plot of both signs of equation (228)) where it is
FIG. 16: Plot of both signs of equation (227) where it clear to see that p has a maximum value corresponding
is clear to see that a never reaches zero and that at its t0 pmax, and that the branches seem to coincide smoothly
minimum value it has a smooth bounce. at this value.

analogous to GR, namely
£ — _4Hp, (223)

P do' a da’
/ dr’_ / . (224)
p. P ap=1 a

max

which implies the usual GR result

P(0) = Pmax (1> | (225)

This result can now be put into the first Friedmann equation to obtain the following integral

a(t) 1 = t
/ do/ ——2 = g [ Pmax [ gy (226)
a(To) £ /1= 7((1})2 3 To

which is solved by

1 1 1 Pmax
2\/1—?+§log{a+\/a2—1}::t P (t = To). (227)

—a
2 3
The plot of (227) is displayed in Figure and it shows that it is possible to reach a non-singular bounce-like behaviour

for a(r) with 7 = /“Zmx(¢ — Tp)). Using this solution for a(r) the form of p(7) can be obtained by replacing p in
terms of a. This gives

1 1
1 ﬁmax p 1 <ﬁmax>4 </_)max)2
PRVt VB e + —log + — -1 228
2 p Pmax 2 P P ( )
We plot this in Figure Alternatively, we could also solve numerically the equation
da’ 4 3 1
— =F—=52\/1-352, 229
dn 3 (229)

from which

a = exp

j:/on dn’\/gx/l — aé] . (230)

The results agree with our previous method.
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VII. DIFFERENT AVERAGING

A recent work [82] on the issue of averaging the spin terms (s N/\s,, ) claims a result different from the one we have

discussed above. The claim amounts to

2
(su’\s,,)) =1 (Guv — upuy) s> (231)

We do not agree that this is the result obtained by Gasperini in [68] and stress that Gasperini has implicitly used the

condition (s lf‘s,, Ay = 0. We think, however, that it may be worthwhile to check the implications of such an averaging

on each of the models presented before. Note that in the standard model discussed in section IV such a term cancels
out so this model will not be modified by this change.

A. Weyssenhoff perfect fluid with spin
We discuss below the alternative averaging for the model we outlined at the end of section IV where we dropped

all terms proportional to V. Using the result given in equation ll and considering the modification given by the
averaging results in equation (231]), the new effective energy—momentum tensor is

5 1
G = (p +p+ 6“2) Up Uy — (p + 12!182> G- (232)

This change modifies only the second Friedmann equation, resulting in the following set of equations

3
H? = ’;(p+4m2>, (233)
. 1 .
3H? +2H = —x <p+12/$s2> = H+H2:—g(3p+p+ms2), (234)
)

The continuity equation for the radiation case takes the form
. 9 1 5 1
P 1+§/€B%p2 = —4Hp 1+§I€B%p2 . (236)

Note that no critical densities are present. Solving for a in terms of p gives

2

8 +5kB1/po \ ° 1

a:<8 — po) (po) . (237)
+5kB1./p p

The plot of (237) suggests a slightly modified behaviour with respect to standard General Relativity but it still exhibits
the standard behaviour a — 0 as p — oo.

B. Simplified alternative Lagrangian

In the case of the invariants A’, taking the different average will yield the following effective energy-momentum
tensor in an analogous way to the previous model, namely

N o 1
Ouw = (P +p+ &‘1,%2) Uy Uy — (p + 12a; /‘652> Juv> (238)

which gives the Friedmann equations

3
g2 =" 2 s? 239
3@+%m), (239)
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. K 5
H=-= = ks 24
2<p+p+6a1/15> (240)

The continuity equation for the radiation case is

Nl

3 ) (241)

9 5
12 <1 + /<:B1p5> =—4Hp (1 — —~kBip
al 3 8aq 3

We see again that the case with a; > 0 is rather uninteresting since it is a small generalization upon the first model.
On the other hand, as we had before, the case a; < 0 is indeed promising. For this case let us write this continuity

equation in the form
%
p[l—(p)]:—4lel—<p>1 (242)
Pecl Pc2

1/2 _ 8|a1| ]. 1/2 8|a1| 1
Pl = 9 IQB%’ Pc2 5 kB :

[N

with

(243)

We observe that again the first Friedmann equation defines a maximum density, namely

1/2 _ 4\a1| 1
max1l — 3 RB%

Thus, one of the effects of taking a different averaging is just to modify the numerical values of the critical densities
which satisfy the inequality

1/2 1/2 1/2
pc{ < pm/axl < p('é . (244)

A similar relation was found before but now

12 2 6
P’ = o Pel? = = Pmax: (245)

At first glance it appears that ¢ may be positive. Taking a; < 0 yields for the radiation case

K kB 1
i=—=p|l1—=——p2|a. 246
3p< 2]’ > (246)
Hence, @ will be positive only if p'/2 > %11' = %prln/jxl' The restrictions set by the first Friedmann equation are

3
sufficient. The different averaging only reflects in the change of p.; and peso.

C. General alternative Lagrangian

Using the set of invariants A and its general Lagrangian, the different averaging of equation (231) leads to the
following effective energy—momentum tensor

- Ks? 5, 9 2 9
G =\p+p+ 75 | 303A° + Sb2AB + (ba — 2b3)B Uy Uy
2(bs — b2)? |3 3 247)
Ks? 1 2
— - | —Zh3A% + ZbyAB b 2b3) B2 v
(= st S |54+ 5 + 4 2957

which results in the following Friedmann equations

FLSQ

2 _ K _ ksT 2 o1 \R2
H® =2 (p+ s —00) [3b3A% + 2by AB + (3by — 2b3) B }), (248)
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2
H24H=-"1 S [4by A2 — 8by B2 24
+ 6 <p+3p+4(b3—b2)2[ ’ SaB] ) 2

. K Ks? 10 4
H=—— — | Zp A%+ —bAB 2y — 4b3) B> 250
2(P+p+4(b3b2)2{33 + 30 + (202 3) }), (250)

Note that as expected, the first Friedmann equation remains unchanged with respect to the Gasperini averaging [68].
This means that we can use the same C as defined in equation (196) but we need to define the following new constants

- 1 10 4
Oy = ——— 4 —b3A® + ~by AB + (2by — 4b3) B* 251
2 4(b3—b2)2{33 + 3b2AB + (2 — 4bs) }7 (251)
Cy= 1 [4b3 A — 8b3 B?] (252)
3 = 4(b3 — b2)2 3 3 .

With these new constants the Friedmann equations will simplify as follows

H? = g(p + C1ks2), (253)

K

6

K

2(p+p+(§2m2). (254)

(p + 3p — C3rs°)a, H=

d:

We see that the same conditions apply for these coefficients as before, particularly the critical density is the same
1

when w = 1/3, namely ﬁrln/fx = — The differential equation may be written in an analogous way using the

Ci1kB1*
dimensionless variables of equation (204)) and one finds
do 3_1 4 3 3 62 1 1
1-62 )| =F—52[1-2225 1—-0o2. 2
i (1-27") ]Fﬁ“( 4@“) ’ 259

The difference to the model we discussed before lies in the different values for C;.

VIII. CONCLUSIONS AND OUTLOOK

In this paper we have examined in some detail the cosmological aspects of Einstein—Cartan theories which allow an
anti-symmetric part of the connection (contortion). Starting from the beginning, i.e. introducing the contortion and
relevant identities connected to it, we proceeded to the action principle based on the Lagrangian proportional to R. We
presented this variation in two different manners to exhibit the one freedom which we have: the choice of the physical
source. We argued that the latter can be either the metric or the canonical energy-momentum tensor. We briefly
discussed the standard approach with the canonical energy-momentum tensor which essentially is imposed by us if
we wish to have Einstein-like (R, — 1/2g,, R = kX,,) equations for the metric. The results are a bouncing universe
with an inflationary expansion. This approach is contrasted to a theory with the metric energy-momentum tensor
where the determining equations are not canonical, i.e. not of the Einstein form. In this set-up the theory resembles
more the standard cosmology where the initial singularity cannot be avoided. As a next step we have generalized the
Lagrangian allowing for an arbitrary linear combination of diffeomorphic invariants. Based on these we constructed
two different cosmological scenarios. One with a finite non-zero bounce to be identified with a Big Bang and the
other one describing a universe born at finite non-zero value of the scale factor. We indicated possible acceleration
of the expansion by a proper choice of the parameter space. This shows that the cosmologies of the Einstein—Cartan
type can have different cosmological consequences, but many of the versions share the desirable feature of avoiding
the initial singularity and possible having an accelerated early expansion. We find this a remarkable aspect of the
Einstein—Cartan cosmologies. More so as the extension of Einstein’s gravity to achieve this goal is rather mild and in
many ways unconstrained as, for instance, it does not alter any vacuum solutions. Notably the s, part of the torsion
source s, u® can be identified with one of the generators of the Poincaré-Lie algebra which is connected to the spin
observable in the operator language. Here, obviously we can only talk about expectations values and connect the spin
expectation value to the expectation value of s,,. Such an interpretation connects the source of the torsion directly
with quantum mechanics.
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As we have demonstrated not all cosmological models based on the Einstein—Cartan theory lead to a singularity-free
cosmology (in the form a bounce). A thorough discussion of the connection between the bounce induced by an anti-
symmetric connection and the singularity theorems [83] [84] would be welcome. These singularity theorems are based
on three assumptions: energy conditions (week, null, strong or their averaged versions), causality condition and an
initial boundary condition. In the past cosmologists probing into bounces concentrated on the violation of one of the
energy conditions, but the example of Senovilla’s discovery [85] of a singularity-free solution with no violation of the
energy and causality conditions showed us that a more careful treatment is necessary. One of the first papers making
a connection between the absence of an initial cosmological singularity in theories with torsion and the singularity
theorems [86] also notices that in models with Dirac fields one finds an ’enhancement’ of the singularity formation.
In [87] the authors point out that the weak energy condition is not always satisfied in Einstein—Cartan spacetimes.
Based on generalization of the singularity theorems [88] reaches the conclusion that in Einstein—Cartan spacetime
the occurrence of singularities is less generic as compared to standard General Relativity. The energy conditions (in
particular the null one) are important for the wormhole solution in theories with torsion [89].

Another interesting variant of the Einstein—Cartan theory not studied in this paper is to include in the Lagrangian
parity violating terms proportional to €a6753aﬁ,y5 and examine in detail their cosmological implications [90] concen-
trating on the aspects of the early universe.

Appendix A. Derivation of the contortion tensor

Demanding metricity when torsion is non vanishing fixes the behaviour of the contortion tensor in terms of the
torsion tensor. To get the contortion tensor we shall use the metricity condition, namely

vugozﬁ =0 — augaﬁ = P,/)ag/\ﬁ + Fﬁﬁga)u (256)
Vagua =0 = 0pgua = Féugxa + Féagukv (257)
Vagus =0 = 0agup =Taugrs + Laggun- (258)

Following [19], we consider the combination (256)+(257)-(258) and contract them with g®*. Furthermore, using
re, =ry, — K,,* leads to

1 rvo - 1% ro ro ro
29 (Ougap + Opguo — Oagus) = Uhp + 2K, 9089"" + 2K 05" 909" — 2K 1) 9ra 9", (259)
Iy =105 — 25, 9089 — 2505 9urg” > — 2K 50X, (260)
where we have used K [;w])‘ = F[AM g = —5,,*. Obviously this gives the symmetric part of the contortion tensor as
K" =5 =5 - (261)
Adding its antisymmetric part K [ B]V = —5,,3" the rearranged contortion tensor turns out to be
K" = =Su" + 5%, — 5% (262)

Appendix B. Standard FRLW cosmology approach

It is instructive to outline explicitly the differences of the models discussed above as compared to the standard
cosmological model which we briefly describe here. We start from the following Friedman equation and the usual
continuity equation

K

3

H?*=Zp, p=-3H(p+p) (263)

Now, in order to solve for p in terms of ¢ we will first take the equation of state in the form p = wp and choose w =
since we are interested in the radiation dominated universe. From this we obtain

. K 3
p= ;4\/;}2_ (264)

1
3
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Integrating (264]) leads to
1 1 \/E
— ——— | =224/ (t - T, 265
(\/r6 \/70) 3 ( o) (265)

Po
2/ (t — Tp) +1]°

which solved for p(t) gives

plt) = (266)

The result above implies that p(t = Tp) = po. Furthermore if (t — Tp) = —3 Kp , then p blows up. Thus, p grows

aster as v — 1o — 54/ ——- € solve 10r a y using € nrs rieadmann equation we nave written above. dSlnce we
fast t = To — 51/ 7s- We solve for a(t) by using the first Fried ti h itten above. Si

K,

have
a(t) d
a | Kpo / e (267)
to 2 O / TO)
then
1 14+2(t—Ty) /220
Ina(t) =+=In ( 0V , (268)
2 | 142(t — Ty) /72

the plots for these solutions are plotted in Flgures and Indeed, we see that if t = Ty — l, /W orty=1Tp— \/%

we obtain a divergent r.h.s. which implies a divergent corresponding left hand side suggesting that either a — 0 or
a — 00. Since we have a freedom of choice, let us assume that ¢y corresponds to the present epoch. This sets tqg > Tp.

It follows that the only value at which the expression on the r.h.s. is divergent is t = Ty — % %po taking a — 0 on
the L.h.s. When solving for a(t), we find

Kpo +
a(t) = ( L+ 2t = To) /52 ) . (269)

N

1+ 2(to — Tp) /722

From equation l) we see that a - 0 ast — Ty — % N%,

we plot both signs of this equation in Figure This
could in principle be associated with the Big Bang time, so that the singularity can be associated to the ‘beginning’ of

+1
the Universe. To emphasize this, we take T = %, / nipo and the solution can be written as a(t) = <i> :. Moreover,

to
given the expected Big Bang behaviour of the universe, it is evident we should assume an expanding early Universe,
and thus, the £ in the solution can be neglected by choosing the monotonically growing solution

1

t 2

a(t) = <> . (270)
to

This has also some implication upon p(t) since

31
Ak 12’

p(t) =

Hence, the divergence of p corresponds to the value ¢ = 0. The continuity equation allows to obtain p in terms of a
by writing

(271)

dp da 1
L Pt 272
i dt o (272)
This leads to
Pcr
p(a) = o (273)

where p., is taken as the present value of the density of the universe, we plot this behaviour in Figure The two
different branches of the solution for a cannot be glued together to arrive at a differentiable result.
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Appendix C. Conservation laws

One can obtain conservation laws from identities obtained in ECKS theory. Let us start from equation

x v o VA v
VoE =7,"R,,"* +25.75,,7.

When choosing g = 0 in GR theory with the FLRW metric, one obtains the continuity equation p+ 3H(p + p) = 0.
We expect an equivalent result considering the energy-momentum identification as done in [I0]. This should match
what we obtained in equation (105). We start with the r.h.s. of equation foru=20

VoS = V5" +25,,%5," = V, 5, (274)
since S, = gTa)\)‘ = soau” = 0. Calculating the covariant derivative on the r.h.s. of 1’ gives

VVEOV = EOV + Kuoazay - KuaVZOQa

Vi
= %VZOV + K (7Tu0a + TOQV - TayO) Eauv
Vo

Yo — KksY upX,, (275)
where we have used the conditions s;0 = 0 and 7,,» = 0. We see that given the antisymmetry of S, only the

antisymmetric part of ¥,” in the last term survives, that is ¥, = %,\(swux). On the other hand it is useful to
write the expression %VEO” as follows

%uzoy = aVZOV - f‘gozal’ + fZan“»

. (276)
= )+ 3Hp+ 3Hp,
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where we have used the Christoffel Symbols IO“Z‘,, for the FLRW metric. Furthermore, the second term on the r.h.s. of

may be written as
— ksY upB,” = —ksuoBau. (277)
We explore what happens to the Weyssenhoff term in X
— KSQVUO%)\(UASOW) = —ksuyg (8,\(u>‘sal,) + fﬁﬁuﬁsw — f‘fauASgy — f‘fl’ukksw) ) (278)
We note that the first term on the r.h.s. may be rewritten using

00(8ar8™) = 0o(Sav)s™ + $ar0o(s™) = 200(Sar)s*” = 4 <1s2> (279)

so that we finally obtain for the Weyssenhoff term

° d (1 1 1 1
— ks ugV(uts0,) = 7 (4/—152> —3H <2KS2) +3H <2552) +3H <2/-£52) . (280)

Finally, for the L.h.s. of equation we get

@,,EO” = % (p - ins2> +3H <p+p — ;n32> . (281)
Now, the r.h.s. can be shown to be zero for the u = 0 equation. Let us first observe that
T2 R, = suat" Ry, = s,0u’ Ryg"™ = 0 (282)
because only 4 does not vanish. For the other term, we have
2578y, =28 "k (10,”) = 26X, "so,u” =0, (283)

because s;g = —sg; = 0. Indeed, we get the conservation law in the standard case as in equation ({105]).
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