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Abstract

We demonstrate that classical and quantum electrodynamics can be completed by gravitational
torsion appearing in Einstein-Cartan-Sciama-Kibble theory of gravity, providing the missing part of
the electron theory. One of the equations of this theory, a version of Dirac type equation for fermions
called Hehl-Datta equation, contains a gravitational spin-torsion term in the Lagrangian density
for quantum electrodynamics. This term relates the charged fermion spin to gravitational torsion
and provides a mechanical energy counter-balance to the infinite electromagnetic self-energy. As a
result, there is no “bare” mass for an electron, nor is renormalization required for many scenarios.
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I. INTRODUCTION

“You know, it would be sufficient to really understand the electron.”

— Albert Einstein

Gravitational torsion may be viewed as a twisting of spacetime, analogous to the curving of spacetime accomplished
by curvature tensor. In this regard, Einstein-Cartan-Sciama-Kibble (ECSK) theory of gravity turns out to be conve-
nient [IH4], not the least because it has been thoroughly developed for over half a century. It is a minimal extension
of general relativity that incorporates torsion. For a recent review, see, for example, [5]. According to the ECSK
theory, the spin of a fermion is a mechanism that twists spacetime. In this essay we argue that, in fact, a fermion
would not exist without extreme twisting of spacetime. A fermion, in our view, is simply a twisted spacetime [g].

To that end, recall that if we solve the standard Lagrangian density of quantum electrodynamics (QED) for the
radius of an electron, what we obtain is the classical electron radius, which can be deduced as follows. The standard
Lagrangian density of QED is
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If we set this equal to zero, then in the rest frame of the electron we obtain
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However, from scattering and other experiments [9] it is well known that the actual electron radius must be much
smaller than this value. This suggests that QED cannot be a complete theory of electrodynamics. On the other hand,
if we use the Lagrangian density from which the Dirac-Hehl-Datta equation is extracted [6] that has a gravitational
spin-torsion term in it and solve it for the electron radius, then we obtain two solutions for the radius: one close to the
classical radius and another close to Plank length. This raises the question, why would an electron have two radial
“sizes”? We will answer that question in this essay.

II. THE GRAVITATIONAL SPIN-TORSION TERM

In 1971, Hehl and Datta formulated a Dirac type of equation for fermions [6] with a spin-torsion term derived
within the ECSK theory of gravity. We will call this equation the Hehl-Data equation. It has the following form:
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where the colon denotes the covariant derivative and [p is Plank length. The second term on the left hand side is
the gravitational spin-torsion term. If we include that term in the Lagrangian for quantum electrodynamics, then we
have
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We believe this Lagrangian to be the complete QED Lagrangian for charged fermions. If we now move to the rest
frame of a charged fermion, then we will be concerned only with the following terms of the Lagrangian:
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We have used this form in our derivation in the Appendix. The usual gravitational effects undoubtedly vanish in the
rest frame of a single elementary fermion such as an electron, but the gravitational spin-torsion term does not vanish
at lengths smaller than the classical radius computed above. It is easy to demonstrate this for an electron as follows.
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FIG. 1: Energy of the spin-torsion term near Planck length.

By setting the Lagrangian in Eq. equal to zero, it can be solved for a function of the radius, as shown in our
semi-classical derivation in the Appendix. The result for an electron is,
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where r is the radius, k = 87G/c*, and a = e?/4whc is the fine structure constant. It is easy to see that the
first electrostatic term is balanced by the second term to produce the rest mass-energy of the electron. However,

if we substitute for the classical radius, r = ahc/m.c?, in this equation, then we obtain the following value for the
spin-torsion term,
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Thus, near the classical radius the spin-torsion term produces negligible amount of energy. Now, if we set the radius
to say, r = 10722 meter for which it is thought that an electron must have a radius smaller than that, then we obtain
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which is still a rather small amount of energy. And finally, if we use Planck length for the radius, then we obtain
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which is a huge amount of energy for an elementary electron. However, it is negative energy relative to the field
produced by the electrostatic term. The important thing to realize here is that the field produced by the spin-torsion
term balances out the electrostatic energy and provides a natural cut-off near Planck length so that the self-energy
of an electron is not infinite. The radius near Planck length works out to be ~ 5.808 x 1073 meter. It is remarkable
that we still obtain the normal rest mass-energy for the electron with this very small radial “size.” From the plots
presented in Fig. [l|and Fig. [2| we can see how the spin-torsion term varies as a function of length. From Fig. 2| we see
that the value of the spin-torsion term is negligible compared to that in Eq. as the length grows larger. Perhaps
this is the reason why it has not been experimentally detected.

~ 1.151 x 10*° GeV, 9)

For comparison, the energy of the electrostatic term at Planck length is
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~ 8.909 x 106 GeV. (10)
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FIG. 2: Energy of the spin-torsion term near the classical radius.

However, it turns out that this does not balance out the spin-torsion term energy despite the fact that very near to
the 5.808 x 1073* meter solution the electrostatic term and spin-torsion term appear to be equal to each other. In
fact, that solution is about 36 times longer than Planck length. When the two terms are equal, for r; we have

/3
re =1/ 2 1p ~ 5.80838808109165274355010 x 10~34 meter, (11)
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using arbitrary precision in Mathematica [7]. Note that r; is entirely composed of known constants. For comparison,
the solution for an electron is

re ~ 5.80838808109165274414872 x 1034 meter. (12)

Thus, it is very sensitive at this length to 19 significant figures.

III. COMPARISON WITH STANDARD ELECTRON THEORY

In standard electron theory, the observed mass is supposedly composed of the electromagnetic mass, dm, plus the
bare mass, mg, which would have to be a negative mechanical mass of some kind. We believe we have found this nega-
tive mechanical mass via the gravitational spin-torsion mechanism. In 1939, Weisskopf calculated the electromagnetic
mass and found it to be logarithmically divergent. Ever since then it has been thought that the mechanical “bare”
mass would have to be negatively divergent. But with gravitational spin-torsion added to the scenario makes that
possibility incorrect. It turns out that neither the electromagnetic mass nor the “bare” mass are divergent because
they are automatically cancelling each other out, leaving only some electromagnetic mass for the rest mass. In other
words, it turns out that the rest mass of an electron is basically entirely electromagnetic, as can be seen in our Eq. @

After a few attempts using standard electron theory with the spin-torsion term, we realized it was completely the
wrong process to use for electron self-energy. The proper process is to analyze in the rest frame only of the charged
fermion. This became clear from our semi-classical analysis which can be found in the appendix of this paper. The
implication is that there is no linear momentum at all and there are no propagators to use from Feynman diagrams.

Upon first appearances, for the rest frame, it may seem that the middle term in the non-linear spin-torsion term,
(Yyey51), vanishes because (1y9y51) = 0 normally, which makes the whole spin-torsion term vanish in the rest
frame. By contrast, we have found that fermion anti-fermion mixing is involved in the spin-torsion term in the rest
frame of the particle, as we demonstrate below in the Appendix. Moreover, in the full machinery of quantum field
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FIG. 3: E(r) = ahc/r — 3k(hc)?/8r® near Planck length.

theory, ¢ can represent a particle or anti-particle in the rest frame, as in the following equations:
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where the | i) represents the initial state with u for the particle and v’ the anti-particle. In order for the spin-torsion
term to be non-zero in the rest frame, one must have one of the v’s represent an appropriate anti-fermion, as in the
following equations:
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This fermion anti-fermion mixing is somewhat of a mystery here, but highly probable by interaction with the quantum
vacuum. However, the mixing is certainly necessary, otherwise the electron would blow itself up with infinite energy
if the spin-torsion term were zero.

IV. FURTHER DISCUSSION AND OPEN QUESTIONS

We considered a Planck “sized” electron that is an electro-weak particle as far as its energy is concerned. The
question now is, why does it appear to have two different radii? Why does it have the rest mass-energy at the classical
radius and also at the radius near Planck length? Fig.[3|shows the behavior of the function, E(r), of the electrostatic
energy of an electron minus the spin-torsion energy as a function of length that explains a part of this question:
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The solution for m.c? near Planck length is on the very steep slope on the left hand side of the plot whereas the
solution at the classical radius is way off to the right hand side of the figure. Notice also the peak energy of about
9.54173 x 10 GeV at length of about 1.006 x 10732 meters. This is reminiscent of GUT scale energies. Could there
be charged fermions with this much energy? And what constrains the electron’s energy to be m.c?? These are some
questions that remain to be investigated. This scenario also applies to muons and tauons, even though they are not
stable particles. For quarks, E(r) becomes much more complicated because in that case color charge is added to



the electromagnetic charge. For neutrinos, the charge would be the weak charge in formula for E(r), requiring a
replacement of « in it for electromagnetics with «,, for weak charge.

We suspect that the classical radius is primarily due to screening of the charge by virtual particles from the quantum
vacuum. If it were possible to see near Planck length via scattering of some kind after breaking through the screening
effect, one would see the radius near Planck length. The screening effect of interaction with the quantum vacuum
“spreads” out the apparent charge of an electron so that one might think there is a “bare” charge if the screening was
not there [12]. This is suggested by Schrodinger’s conception of Zitterbewegung. Accordingly, the point-like entity
of the electron near Planck length vibrates around in the quantum vacuum interacting with virtual electrons and
positrons with an amplitude of about the classical radius.

It is instructive here to investigate the “standard” result for the logarithmically divergent electron self-energy, which
is the orthodox solution for electromagnetic mass, dm [12], so that
3ma A
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where A is an arbitrary cutoff that, when taken to infinity, gives the logarithmically divergent result. However, the m

in this expression enters via a propagator when using a quantum field theory S-matrix evaluation. It is thus virtual

and can be of any value. That allows us to make a substitution m = 1/r so that,
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which is an expression similar to that for electrostatic energy, and A is now a length instead mass. This expression is
still logarithmically divergent as A — 0 or 7 — 0. If we now set » = A, we get zero for electromagnetic mass. Thus
the expression is quite meaningless. In fact, for m = A in Eq. we also get zero, which is possible since the mass
is virtual. That is the main reason why our attempts to use the “standard” result failed. As shown by Milonni in
[12], the observed mass is in fact
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where mg is the “bare” mass. Since my is in the dm part of the result, that reinforces our notion of setting m = 1/r.
Moreover, the observed mass is dependent on an arbitrary cutoff. The argument to fix that is that the “bare” mass
also depends on the cutoff. That seems fairly convoluted. By contrast, our strategy is simpler. All that is needed
is subtraction of the “bare” mass (spin-torsion term) from the electrostatic mass to obtain the observed mass in the
rest frame. It is remarkable that the fairly simple spin-torsion term completes electrodynamics in this manner. No
renormalization procedure is required for many calculations. But it could still be useful for some.
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Appendix: Semi-Classical Derivation of Charged Fermion Self-Energy

In the rest frame, where normal gravity is effectively zero for an elementary fermion, with natural units h =c =1,
along with the electrostatic term via a local gauge transformation, we have from the Lagrangian ,

0 3K 7
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which can be further simplified to

Jraa% +1 +1 -3
+% +1o +1o 3k —y
i +qAo =m —3 {193 + p3va + h1b3 +abatby } ; (A.2)
~%s 13 +13 +ih1
—% —14 +1hy +1po

where we have used
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If we now represent the particles and anti-particles with two-component spinors v, and 1y, respectively [17], where

Yo = (i;) and gy = <$i) (A.4)

are the two-component spinors constituting the four-component Dirac spinor, then the above equation (A.1)) can be
written as two coupled partial differential equations:

0 a 3 * * * *

850 A =m0 5 195+ a0} (A5)
0

i S gy = may — B (s + U+ Y+ Y} (4.6)

It is now very easy to see the fermion anti-fermion mixing in the spin-torsion non-linear term, which can be seen also
in Eq. .

Unlike the case in Dirac equation, these equations for the spinors 1, and 1, are coupled equations even in the rest
frame. They decouple in the limit when the torsion-induced axial-axial self-interaction is negligible. On the other
hand, at low energies it is reasonable to assume that, in analogy with the Dirac spinors in flat spacetime, the above
two-component spinors for free particles decouple in the rest frame, admitting plane wave solutions of the form

Ya(t) = \/E e Fhp,(0)  and  Yy(t) = \/E e TP (0), (A.7)

where F = m = w = 27/t in the rest frame. We now note that in the rest frame the derivative term in the Eqs. (A.5))
and (A.6) vanishes since % is constant and the kinetic energy in the rest frame would be zero, and also because in the
rest frame the probability of finding the particle in a given volume at time ¢ is one. Moreover E = 27/t gives

Ya(t) = Po(t). (A8)
Consequently Egs. (A.5) and (A.6) uncouple and simplify to
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Substituting the v’s from Eq. (A.7)) and simplifying reduces Eqgs. (A.9) and (A.10)) to the following pair of equations:
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And since [1(0)|? = 1 in the rest frame, these equations can be further simplified to
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Substituting in natural units for the scalar field Ag =V = ¢/(4nr) in the Lorentz gauge (where V is the electric
potential), and for kK = 871G, we finally arrive at our central equations, for any electroweak fermion of charge ¢ and
mass m and its anti-particle in the Riemann-Cartan spacetime:

2
q 3InG
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where r is the radial distance from ¢ and the two equations correspond to the particle and anti-particle, respectively.
Finally, replacing ¢ with electron or positron charge and replacing & and ¢ gives us our central equation for a fermion
for our semi-classical evaluation:

ahe  3k(he)?

This same equation is also derived via a S-matrix quantum field theory evaluation for the rest frame in [7].
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