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Spacetime geometry from Dirac spinor theory
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The quintet of Dirac 4 × 4 matrices suggests that the fundamental dimension of the internal
(spin) space is n = 5, instead of the conventional dimension n = 4. Then extending the usual 4× 4
tetrads (vierbein), gravity is described in terms of the 5-bein (fünfbein or five legs). We discuss the
properties of the spacetime geometry induced from this 5-leg Dirac spinor theory, where the spin
connection contains 10 × 4 = 40 elements instead of 24 elements in the tetrad formulation of the
general relativity theory.

I. INTRODUCTION

In the modern formulation of general relativity the
spacetime metric is not the primary object. The rea-
son is that the metric does not describe the interaction
between gravity and Dirac fermions. Gravity enters the
Dirac equation in terms of the vierbein (or tetrads), the
4 × 4 matrix eµa , which is the primary object. The met-
ric is the secondary object – the bi-linear combination of
tetrads. The index µ refers to coordinates of the curved
spacetime, and the index a refers to the internal space,
which is the SO(1, 3) spin space.
In more general theories, which combine general rela-

tivity with Standard Model, the higher dimensional in-
ternal spaces can be considered. The internal space may
include the groups of Standard Model and the fermionic
families. Examples are the SO(1, 7) and SO(3, 11)
groups [1, 2], the Clifford algebra Cl(0, 6) [3], higher spin
fields [4–7], etc. The situation when the dimension of the
internal space n is larger or smaller than the dimension
D of the spacetime takes place also in condensed matter,
where the rectangular vielbein naturally emerge [8–10].
Such examples suggest the possibility to describe gravity
using the rectangular D × n vielbein with n 6= D.
In principle, vielbein’s legs are not necessary associated

with the local axes of spacetime coordinate system. They
can be the emergent fields, which have nothing to do with
the geometry of spacetime. Examples are the Akama-
Diakonov-Wetterich theory [11–15] and superfluid 3He in
the B-phase [16], where the dynamical vielbein emerge as
the bi-linear combinations of the fermionic fields. In this
case it is also natural that the dimension of spin space
can be larger than the dimension of the coordinate space.
In the Dirac equation in D = 4, the dimension of the

Dirac spinor ψ is 4. If we consider only single fermionic
species and ignore the gauge degrees of freedom, then
from the properties of the Dirac matrices it follows that
the internal spin space may have dimension n = 5. More-
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over, n = 5 is the largest possible dimension of the inter-
nal spin space for Dirac fermions. This suggests that the
spin group SO(1, 4) and the corresponding 4× 5 rectan-
gular vielbein can be the natural elements of the theory
describing the interaction of Dirac fermions with gravity.
In this paper we consider the 5-bein (fünfbein) Dirac

spinor theory. Our notations and conventions are as fol-
lows. Spacetime coordinates are labeled by indices from
the Greek alphabet µ, ν, · · · = 0, 1, 2, 3, while the spin in-
dices a, b, · · · = 0, 1, 2, 3, 4 take the values from the Latin
alphabet.

II. FÜNFBEIN DIRAC EQUATION

The fundamental quintet of the Dirac 4 × 4 matrices
Γa with a = 0, 1, 2, 3, 4, which obey the anti-commutation
relations,

{Γa,Γb} = 2ηab , ηab = diag(1,−1,−1,−1,−1) , (1)

can be introduced in terms of the conventional 4×4 Dirac
γ-matrices. Using Peskin-Schröder notations [17] for γ
matrices in terms of the Pauli matrices τ and σ one has

Γ0 := γ0 = τ1 (a = 0) , (2)

Γa := γa = iτ2σ
a (a = 1, 2, 3) , (3)

Γ4 := −iγ5 = iτ3 (a = 4) , (4)

1

5!
εabcdeΓ

aΓbΓcΓdΓe = Γ0Γ1Γ2Γ3Γ4 = 1 . (5)

Here εabcde is the five-dimensional totally antisymmet-
ric Levi-Civita tensor; its only nontrivial component is
ε01234 = +1, hence also ε01234 = +1.
In order to formulate the dynamics of a spinor field in

the curved four-dimensional spacetime, we combine the
4× 5 vielbein eµa and five matrices Γa, which form the 5-
vector in spin space, into a 4× 4 Dirac matrices γµ(x) =
eµa(x)Γ

a which form the 4-vector on the spacetime. The
resulting Dirac equation for a fermion with the rest mass
M in the curved manifold then reads

(ieµaΓ
a∇µ −M)ψ = 0 . (6)
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This wave equation is covariant under arbitrary general
coordinate transformations, x −→ x(x′), on the space-
time manifold and under the local SO(1, 4) transforma-
tions in spin space:

eµa −→ eµbΛ
b
a, ψ −→ U−1ψ, (7)

U−1ΓaU = Λa
bΓ

b. (8)

The orthogonal 5 × 5 matrices Λa
b(x) (such that

Λa
cΛ

b
dη

cd = ηab) generate the SO(1, 4) spin transfor-
mations U(x) by means of the operators

Sab =
i

4
[Γa,Γb] . (9)

The latter determine the covariant spinor derivatives in
terms of the spin connection ωabµ = −ωbaµ. Explicitly,
for the fermion wave function one has:

∇µψ = ∂µψ + ωµψ, ωµ =
i

2
ωabµS

ab. (10)

Note that the SO(1, 4) spin connection contains 10 ×
4 = 40 elements instead of 24 elements in the tetrad
formulation of the general relativity (GR) theory. By
evaluating the commutator of covariant derivatives,

(∇µ∇ν −∇ν∇µ)ψ =
i

2
ΩabµνS

abψ, (11)

we derive the spin field strength, or a spin curvature:

Ωa
bµν = ∂µω

a
bν − ∂νω

a
bµ + ωa

cµω
c
bν − ωa

cνω
c
bµ, (12)

It is worthwhile to recall the key algebraic relations:

[

Γa, Sbc
]

= i
(

ηabΓc − ηacΓb
)

, (13)
{

Γa, Sbc
}

= εabcde Sde. (14)

Furthermore, the SO(1, 4) generators (9) satisfy

[

Sab, Scd
]

= i
(

−Sacηbd + Sadηbc

+Sbcηad − Sbdηac
)

, (15)

{

Sab, Scd
}

=
1

2

(

ηacηbd − ηadηbc + εabcde Γe

)

. (16)

III. SPACETIME GEOMETRY INDUCED BY

SO(1, 4) SPIN STRUCTURE

We treat {eµa , ωa
bµ} as the fundamental internal spin

variables in this approach. Let us demonstrate that they
give rise to an induced geometrical structure on the space-
time manifold, that encompasses the metric gµν and the
linear connection Γα

βµ.
The traditional 4× 4 spacetime metric is expressed in

terms of the 4×5 vielbein in a pretty much the same way
as in the tetrad GR:

gµν = eµae
ν
bη

ab. (17)

This metric gµν then enters the usual equations for the
electromagnetic gauge fields and for the other bosonic
fields, which do not depend on spin degrees of freedom.
Obviously, the spacetime metric (17) is a symmetric co-
variant second rank tensor field, and it is invariant under
arbitrary local SO(1, 4) transformations (7) in the spin
space.
Provided the spacetime metric is nondegenerate (i.e.,

det gµν 6= 0), we can construct the inverse tensor field
gµν . However, since (17) relates 4- and 5-dimensional
spaces, the rectangular 4 × 5 vielbein eµa cannot be in-
verted. Nevertheless, we can introduce a 5× 4 matrix

eaµ := ηabgµνe
ν
b , (18)

which by construction is semi-inverse of the original viel-
bein, in the sense that

eaµe
ν
a = δνµ. (19)

However,

eaµe
µ
b = Πa

b 6= δab . (20)

From the definition, we prove that this is an idempotent
object (hence, a projector),

Πa
cΠ

c
b = Πa

b. (21)

In general, it depends on the spacetime coordinates,
Πa

b = Πa
b(x).

Despite its peculiar properties above, the semi-inverse
matrix is a quite valuable variable because with its help
one can define the new hybrid object:

Θa
µν = ∂µe

a
ν − ∂νe

a
µ + ωa

bµe
b
ν − ωa

bνe
b
µ . (22)

Together, the spin curvature (12) and the spin torsion

(22) play the role of the generalized structure relations
in spin space.
After these preliminaries, we are in a position to dis-

cuss the linear connection Γα
βµ on the curved spacetime

manifold. Let us demonstrate how it arises from the cru-
cial consistency condition of the internal SO(1, 4) spin
structure with the geometrical structure of the space-
time:

∇µγ
ν = ∂µγ

ν + Γν
λµγ

λ + ωµγ
ν − γνωµ = 0. (23)

Making use of (10) and (13), we recast (23) into an equiv-
alent form

∇µe
ν
a = ∂µe

ν
a + Γν

λµe
λ
a − ωb

aµe
ν
b = 0. (24)

Since the vielbein cannot be inverted, one cannot solve
this to find the spin connection ωb

aµ in terms of the
spacetime geometrical structures. However, with the help
of the semi-inverse matrix eaµ we straightforwardly derive
from (24):

Γα
βµ = eαaω

a
bµe

b
β + eαa∂µe

a
β . (25)
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Summarizing, we have demonstrated that the SO(1, 4)
spin structure induces the geometrical structure of the
spacetime,

(eµa , ω
a
bµ) =⇒ (gµν ,Γα

βµ) , (26)

by means of (17) and (25).

IV. PROPERTIES OF INDUCED SPACETIME

GEOMETRY

In general, the metric-affine manifold, endowed with
the metric and the linear connection {gµν ,Γα

βµ}, is char-
acterized by the curvature, torsion and nonmetricity [18].
By differentiating (24) we derive the integrability con-

dition of this consistency relation:

Rα
βµνe

β
a − Ωb

aµνe
α
b = 0, (27)

which relates the spacetime curvature

Rα
βµν = ∂µΓ

α
βν − ∂νΓ

α
βµ + Γα

λµΓ
λ
βν − Γα

λνΓ
λ
βµ,
(28)

and the SO(1, 4) spin curvature (12). Thereby, with the
help of the semi-inverse vielbein from (27) we find the
spacetime curvature in terms of the spin curvature:

Rα
βµν = Ωa

bµνe
α
ae

b
β . (29)

By contraction, we derive the corresponding relations for
the Ricci tensor and the curvature scalar:

Rµν = Rλ
µλν = eλae

b
β Ω

a
bλν , (30)

R = gµνRµν = eµae
ν
b Ω

ab
µν . (31)

Using (17) and (25), we straightforwardly verify that
the spacetime connection Γα

βµ is compatible with the
metric:

∇µg
αβ = ∂µg

αβ + Γα
λµg

λβ + Γβ
λµg

αλ = 0. (32)

In other words, the induced spacetime geometry has the
vanishing nonmetricity.
However, the induced spacetime torsion

Tα
µν = Γα

νµ − Γα
µν = eαaΘ

a
µν . (33)

can be nontrivial, in general, which is explained by the
larger number of components (4 × 10 = 40) of the
SO(1, 4) spin connection.
Multiplying the generalized Dirac equation (6) by

(−ieµaΓa∇µ−M), with an account of the key consistency
condition (23), one obtains the generalized Klein-Gordon
equation:

(gµν∇µ∇ν + T λ∇λ +R+M2)ψ = 0 . (34)

Here the operators

T λ = iSab eµae
ν
b e

λ
c Θ

c
µν , (35)

R =
1

2
SabScd eµae

ν
b Ωcdµν (36)

are determined by the SO(1, 4) spin torsion and curva-
ture. Using (15) and (16) we can reduce (36) to

R =
R

4
− iSbcΩa

cµν e
µ
ae

ν
b +

1

2
εabcde Γ

eΩcd
µν e

µ
ae

ν
b , (37)

which generalizes the earlier results [19, 20]. The two last
terms are trivial in Einstein’s GR.

V. UNDERSTANDING RECTANGULAR

VIELBEIN

A. Asymmetric splitting of vielbein

The structure of an arbitrary 4×5 vielbein can be quite
complicated, in general. But from the formal mathemat-
ical point of view, this is a rectangular matrix

eµa =







e00 e01 e02 e03 e04
e10 e11 e12 e13 e14
e20 e21 e22 e23 e24
e30 e31 e32 e33 e34






, (38)

and it is natural to split this matrix into a square 4 × 4
block eµα (with α = 0, 1, 2, 3) and treat the last column
kµ := eµ4 as an additional 4-vector element.
Using this decomposition eµa = {eµα, kµ}, we recast the

Dirac equation (6) into an equivalent form

(ieµαγ
α∇µ + γ5k

µ∇µ −M)ψ = 0 . (39)

We immediately recognize this as a particular case of
the so called standard-model extension (SME), where
the variable kµ manifests the Lorentz-violating effects,
see Kostelecky et al [21, 22]. This appears to be a nat-
ural result, since the spin group SO(1, 4) is indeed an
extension of the Lorentz SO(1, 3) symmetry.
On the other hand, inserting eµa = {eµα, kµ} into (17),

we find for the induced spacetime metric

gµν =
(0)
g µν − kµkν , (40)

where the first term,
(0)
g µν = eµαe

ν
βη

αβ , is constructed

with the standard four-dimensional flat Minkowski ηαβ =
diag(1,−1,−1,−1). The representation (40) is known
as the generalized Kerr-Schild ansatz, which is a power-
ful tool widely used in gravity theory to generate ex-
act solutions of the gravitational field equations, see
[23–25]. Of particular interest is the case when kµ is
null (lightlike) vector field with respect to both metrics

gµνkµkν =
(0)
g µνkµkν = 0.

B. Symmetric five-leg vielbein

The Euclidean four-dimensional space with gµν =
δµν = diag(1, 1, 1, 1) (where µ, ν = 0, 1, 2, 3), Γa = iγa
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(for a = 1, 2, 3) and Γ4 = γ5, can be constructed us-
ing the symmetric five-leg vielbein – the vertices of the
4-simplex:

eµa =
1

2









1 1 −1 −1 0
1 −1 1 −1 0
1 −1 −1 1 0

− 1√
5

− 1√
5

− 1√
5

− 1√
5

4√
5









. (41)

Note that the internal spin group is the Euclidean SO(5).
The hyper-pyramid is fully symmetric:

eµ0 + eµ1 + eµ2 + eµ3 + eµ4 = 0, µ = 0, 1, 2, 3, (42)

δµν e
µ
ae

ν
b =

4

5
, a = b , (43)

δµν e
µ
ae

ν
b = − 1

5
, a 6= b . (44)

This has natural geometrical connection to two golden
ratios, φ+ and φ−:

φ± =
1±

√
5

2
, (45)

φ+ + φ− = 1 , φ+ − φ− =
√
5 . (46)

VI. DE SITTER SPACETIME AND DE SITTER

GROUP SO(1, 4)

The 4×5 vielbein can be also obtained if one considers
the de Sitter spacetime as the (1+3)-hypersurface in the
(1 + 4)-dimensional Minkowski space-time M1,4. With
the Cartesian coordinates X a, a = 0, 1, 2, 3, 4, and the
line element ds2 = ηabdX adX b on M1,4, the de Sitter
space Σ1,3 can be embedded in it as the hyperboloid [26]

ηabX aX b = − ℓ2. (47)

The constant parameter ℓ is called a radius of the de
Sitter space Σ1,3. The embedding (47) can be, for ex-
ample, conveniently described in parametric form by the
Cartesian coordinates xµ = (t, x, y, z):

X 0 = ℓ f(r)S(t), X 4 = ℓ f(r)C(t), (48)

X 1 = x, X 2 = y, X 3 = z, (49)

where r2 = x2 + y2 + z2 and the functions

f =

√

1− r2

ℓ2
, C = cosh(t/ℓ), S = sinh(t/ℓ). (50)

Thereby, on the hypersurface (47) the metric is induced

ds2 = gµνdx
µdxν , gµν = eaµe

b
νηab, (51)

by the 5× 4 vielbein of the embedding (48), (49):

eaµ =
∂X a

∂xµ
=













fC −x S

ℓ f
− y S

ℓ f
− z S

ℓ f

0 1 0 0
0 0 1 0
0 0 0 1

fS −xC

ℓ f
− y C

ℓ f
− z C

ℓ f













. (52)

The resulting induced metric (51,

gµν =

(

f2 0
0 −δij − xixj

ℓ2f2

)

, i, j = 1, 2, 3, (53)

describes Σ1,3 as a homogeneous four-dimensional space-
time of constant curvature Rα

βµν = 1
ℓ2

(

δαν gβµ − δαµgβν
)

.
Transforming from the Cartesian (x, y, z) coordinates to
the spherical ones (r, θ, φ), we can recast (51)-(53) into a
familiar de Sitter line element

ds2 =

(

1− r2

ℓ2

)

dt2− dr2

1− r2

ℓ2

−r2(dθ2+sin2 θdφ2). (54)

Geometrically, the orthogonal group SO(1, 4) is the
group of motions of the de Sitter space, and the latter
arises as homogeneous Σ1,3 = SO(1, 4)/SO(1, 3) space.
Hence, it is common to call SO(1, 4) a de Sitter group.
Choosing the point X a

0 = {0, 0, 0, 0, ℓ} ∈ Σ1,3 as a cen-
ter, we have as its stabilizer the Lorentz group SO(1, 3)

formed by 5 × 5 matrices
L

Λa
b =

(

L 0
0 1

)

, with L ∈
SO(1, 3). Accordingly, the action of the 10-parameter de
Sitter group SO(1, 4) is naturally parametrized by the
product of 5× 5 matrices

Λ =
L

Λ
S

Λ, (55)

where
L

Λ is an arbitrary 6-parameter Lorentz rotation,

and the matrix
S

Λ describes a 4-parameter de Sitter boost

that maps the center X a
0 ∈ Σ1,3 to an arbitrary point

X a = ℓta ∈ Σ1,3, with ηabt
atb = − 1. Explicitly,

S

Λ
a
b =

(

Sα
β tα

tβ t4

)

, Sα
β = δαβ +

tαtβ
1 + t4

, (56)

where α, β = 0, 1, 2, 3, and tα = ηαβt
β , with the 4-dimen-

sional Minkowski metric ηαβ = diag(1,−1,−1,−1).
In the limit of ℓ −→ ∞, the de Sitter space Σ1,3 reduces

to the flat spacetime Rα
βµν = 0 with (53) becoming the

standard Minkowski metric, whereas the de Sitter group
SO(1, 4) reduces to the corresponding group of motions
of the Minkowski spacetime M1,3, i.e, the 10-parameter
Poincaré group. In terms of the Lie algebras, the reduc-
tion of so(1, 4) to the Poincaré algebra is known as the
Inönü-Wigner contraction [27].

VII. CONCLUSION

The generalized Dirac equation (6) suggests a nontriv-
ial extension of the Lorentz SO(1, 3) spin group to the de
Sitter group SO(1, 4), introducing the rectangular 4 × 5
vielbein eµa as a new fundamental variable along with
the spin connection ωabµ = −ωbaµ that is necessary to
provide the covariance of the Dirac wave equation un-
der arbitrary general coordinate transformations on the
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spacetime manifold and under the local de Sitter SO(1, 4)
transformations (7) in spin space.
Here we demonstrated that the fundamental spin vari-

ables {eµa , ωa
bµ} give rise to an induced geometrical struc-

ture on the spacetime manifold (26), and determine the
metric gµν and the linear connection Γα

βµ via (17) and
(25), respectively. The resulting Riemann-Cartan space-
time geometry is characterized by the vanishing non-
metricity (32), whereas the nontrivial spacetime curva-
ture and torsion are constructed in terms of the spin cur-
vature and the spin torsion via (29) and (33).
The use of rectangular vielbeins introduces a new

field-theoretic approach for the discussion of the phys-
ically important questions such as the chirality issue and
the possible Lorentz symmetry violation, that allows for

an interesting mixing of internal and spacetime symme-
tries, thereby naturally taking gravity into account, how-
ever, without bringing in extra spacetime dimensions of
the Kaluza-Klein type. Among other prospective appli-
caitons of rectangialr vielbeins, it is also worthwhile to
mention the study of their potential role in condensed
matter physics [8–10, 16].

ACKNOWLEDGMENTS

GEV thanks Sergey Bondarenko, Thibault Damour,
Michael Stone, Sergey Vergeles, Wei Lu, Andrei Zelnikov
and Mikhail Zubkov for discussion.

[1] F. Nesti and R. Percacci, Chirality in unified the-
ories of gravity, Phys. Rev. D 81, 025010 (2010).
https://doi.org/10.1103/PhysRevD.81.025010

[2] A. Maiezza and F. Nesti, Parity from gauge
symmetry, Eur. Phys. J. C 82, 491 (2022).
https://doi.org/10.1140/epjc/s10052-022-10390-1

[3] Wei Lu, Clifford algebra Cl(0,6) approach to be-
yond the standard model and naturalness problems,
Int. J. Geom. Meth. Mod. Phys. 21, 2450089 (2024).
https://doi.org/10.1142/S0219887824500890

[4] M. A. Vasiliev, Consistent equation for in-
teracting gauge fields of all spins in (3+1)-
dimensions, Phys. Lett. B 243, 378-382 (1990).
https://doi.org/10.1016/0370-2693(90)91400-6

[5] M. A. Vasiliev, Nonlinear equations for
symmetric massless higher spin fields in
(A)dS(d), Phys. Lett. B 567, 139-151 (2003).
https://doi.org/10.1016/S0370-2693(03)00872-4

[6] X. Bekaert, S. Cnockaert, C. Iazeolla, and M. A.Vasiliev,
Nonlinear higher spin theories in various dimensions,
in: Proc. 1st Solvay Workshop on Higher Spin
Gauge Theories, vol. 1, eds. R. Argurio, G. Bar-
nich, G. Bonelli, M. Grigoriev (Univ. Libre Brux-
elles, Brussels, 2004) pp. 132-197, hep-th/0503128.
https://doi.org/10.48550/arXiv.hep-th/0503128

[7] N. Boulanger, A. Campoleoni, and S.
Pekar, New higher-spin curvatures in flat
space, Phys. Rev. D 108, L101904 (2023).
https://doi.org/10.1103/PhysRevD.108.L101904

[8] G. E. Volovik, From elasticity tetrads to rect-
angular vielbein, Ann. Phys. (USA) 447, 168998
(2022). https://doi.org/10.1016/j.aop.2022.168998

arXiv:2205.15222 [physics.class-ph].
[9] G. E. Volovik, Vielbein with mixed dimensions

and gravitational global monopole in the planar
phase of superfluid 3He, Pis’ma v ZhETF 112,
539-540 (2020); JETP Lett. 112, 505-507 (2020).
https://doi.org/10.1134/S0021364020200035

[10] G. E. Volovik, Gravity through the prism of con-
densed matter physics, Pis’ma v ZhETF 118,
546-547 (2023); JETP Lett. 118, 531-541 (2023).
https://doi.org/10.1134/S0021364023602683

[11] K. Akama, An attempt at pregeometry: gravity with
composite metric, Prog. Theor. Phys. 60, 1900-1909
(1978). https://doi.org/10.1143/PTP.60.1900

[12] C. Wetterich, Gravity from spinors,
Phys. Rev. D 70, 105004 (2004).
https://doi.org/10.1103/PhysRevD.70.105004

[13] D. Diakonov, Towards lattice-regularized
Quantum Gravity, arXiv:1109.0091.
https://doi.org/10.48550/arXiv.1109.0091

[14] A. A. Vladimirov and D. Diakonov, Phase
transitions in spinor quantum gravity on a
lattice, Phys. Rev. D 86, 104019 (2012).
https://doi.org/10.1103/PhysRevD.86.104019

[15] Yu. N. Obukhov and F. W. Hehl, Extended Ein-
stein–Cartan theory a la Diakonov: The field
equations, Phys. Lett. B 713, 321-325 (2012).
https://doi.org/10.1016/j.physletb.2012.06.005

[16] G. E. Volovik, Superfluid 3He-B and
gravity, Physica B 162, 222-230 (1990).
https://doi.org/10.1016/0921-4526(90)90016-N

[17] M. E. Peskin and D. V. Schröder, An Iintroduction to
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