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The Equivalence Principle is considered in the framework of metric-affine gravity. We show that it
naturally emerges as a Noether symmetry starting from a general non-metric theory. In particular,
we discuss the Einstein Equivalence Principle and the Strong Equivalence Principle showing their
relations with the non-metricity tensor. Possible violations are also discussed pointing out the role

of non-metricity in this debate.

I. INTRODUCTION

Gravity is one of the fundamental interactions of Na-
ture but its formulation, at fundamental level, is still
matter of debate. In 1915, Einstein published the the-
ory of General Relativity (GR) as a geometric formula-
tion of gravitational interaction apt to account for the
motion of astrophysical bodies and the dynamics of the
Universe. The foundation of the theory is based upon
some principles [1]: the General Covariance, the Equiva-
lence Principle (EP), and the Principle of Causality. Ac-
cording to them, the space-time structure is determined
by two fundamental fields, a Lorentzian metric ¢ (fixing
the space-time causal structure) and a linear connection
I (defining the free-fall of the bodies). T' and g can be
a-priori independent, but, in GR, I' has to be the Levi-
Civita connection constructed upon the metric tensor g
and then defining the locally inertial observers in agree-
ment with EP).

The gravitational interaction is geometrically encoded
in the curvature of a four-dimensional space-time mani-
fold (M, g). Curvature is locally determined by the dis-
tribution of sources, which are expressed by the four-
dimensional generalization of the "matter stress-energy
tensor”, e.g., a rank-two (symmetric) tensor T"”. The
affine linear connection and parallel transport enclose
their physical interpretation in EP, about which there
are some different versions. Here we mainly focus on two
of them: (1) the Einstein Equivalence Principle (EEP),
postulating the equivalence between gravitational and in-
ertial effects; (2) the Strong Equivalence Principle (SEP),
according to which GR is locally special relativistic, i.e.,
locally there is no evidence of gravity. Physically, the
EEP means that gravity is the space-time geometry, so
that dynamics is governed by the Local Lorentz invari-
ance (LLI), the Local Position Invariance (LPI), and the
Weak Equivalence Principle (WEP). According to the
so-called Schiff conjecture, the validity of EEP depends
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on the simultaneous validity of the three aforementioned
conditions [2]. On the other hand, the SEP states that:
all tests of fundamental physics, including gravitational
physics, are not affected, locally, by the presence of a
gravitational field.

Specifically, the SEP guarantees the local validity of
Special Relativity (SR) in GR, and, since it does not fol-
low from the Einstein field equations, it provides the geo-
metric interpretation of the metric g,,, beyond the grav-
itational dynamics. The EEP allows to unify the Newto-
nian concepts of gravity and inertia. In other words, it is
the bridge between GR and Newtonian gravity, as well as
the SEP is the bridge between GR and Special Relativity
(SR). Following Refs. [3, 4], the SEP characterizes the
internal structure of GR itself.

However, the SEP results to be valid also for the
Teleparallel Equivalent of GR (TEGR) and the Symmet-
ric Teleparellel Equivalent of GR (STEGR). These the-
ories belong to the more general class of Metric Affine
Theories, in which the Riemaniann geometry can be ex-
tended. The gravitational field is expressed with respect
to other two dynamical variables, the torsion and the
non-metricity tensors, since the connection represents
another geometrical field with its own dynamics, phys-
ical implications, and independent of the metric. In this
framework, the Poincaré group can be enlarged to space-
time symmetries giving rise to the so-called Metric Affine
Gravity (MAG), where the spin density, the dilation, and
the shear currents are properties of matter associated
to the connection dynamics together with the energy-
momentum tensor [5-7].

Thus, in TEGR and STEGR, the SEP is no more at the
foundation of the theory, as in GR, but it is a consequence
of the Poincaré gauge. These three theories form the so-
called Geometric Trinity of Gravity because, despite of
the differences in the representations, field equations give
the same dynamics [8-10|. In general, metric theories of
gravity, like GR or the Jordan-Brans-Dicke one [11, 12],
satisfy both EEP and SEP. In these theories, the met-
ric and energy-momentum tensors can involve also other
fields associated with gravity, such as scalar or vector
fields. On the other hand, non-metric theories can be
defined with variable non-gravitational couplings, asso-
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ciated to dynamical fields coupled to matter. Thus, in
non-metric theories, the gravitational coupling to other
non-gravitational fields (i.e., particle fields of the Stan-
dard Model) is not universal, while in metric theories,
the coupling to the gravitational field is universal [13].
As a consequence, experimental tests of the EEP are of-
ten performed considering, a priori, the universal cou-
pling of gravity, where different non-gravitational fields
and particles are used to study the metric aspects of
space-time, i.e., the mutual attraction between bodies or
the detection of gravitational waves. Conversely, in the
case of SEP, we have that the observers of an experiment
will locally obtain the same results, independently of the
background field. In fact, throughout the universal cou-
pling to the gravitational field, test particles behave in
the same way both in a gravitational field and in vac-
uum, independently of their properties.

In particular, a universal coupling for the gravitational
field has been assumed in several efforts to unify GR and
Quantum Mechanics (QM) in view of Quantum Grav-
ity (QG). Moreover, the validity of the Superposition
Principle, required in QM as well as in QG, allowed sev-
eral studies on gravity-matter entanglement [14-17], in-
definite causal orders [18, 19], quantum reference frames
[20, 21|, and deformations of Lorentz symmetry [22, 23].

Present-day tests of EEP are sensitive only to viola-
tions that alter the spectra of internal energies. Such vi-
olations can be expressed in terms of differences between
diagonal elements of operators. In fact, it is assumed
that internal energy operators commute, so that EEP vi-
olations regard only their eigenvalues [24]. This led to
several formulations of EEP in the context of QG, and,
in particular, of the WEP, which could be violated for
some specific gravitational field superpositions [25, 26].

Some space missions have been proposed with the goal
to validate EEP, also in the QM contest: for example, the
"MICROSCOPE mission" [27], the "Satellite Test of the
Equivalence Principle" (STEP) [28], the "Gamma Ray
Astronomy International Laboratory for QUantum Ex-
ploration of Space-Time” (GrailQuest) [29], the "Space
Atomic Gravity Explorer” (SAGE) [30], the "Space-Time
Explorer and QUantum Equivalence Space Test” (STE-
QUEST) [31]. In most of them, however, the gravita-
tional coupling is assumed universal.

In this paper, we want to demonstrate that EEP can be
derived from the Noether theorems and, as consequence,
is a Noether symmetry. On the contrary, if the Noether
symmetry does not hold, also the EEP can be violated.

The layout of the paper is the following. In Sec II, we
describe the MAG framework. The role of linear affine
connection is highlighted in Sec III. The two Noether the-
orems and their geometrical interpretation are reported
in Sec. IV. Finally, in Sec. V, we show that the EP is a
Noether symmetry. Conclusions are drawn in Sec. VI.

Notation: Quantities with tilde are built up in the
Levi-Civita connection (i.e. A,). We use the Lorentz
metric with signature, (—,4,+,4). It is denoted with
guv or g. Greek indices represent the space-time, with

values 0,1,2,3. Latin indices indicate general coor-
dinates (internal and external) not necessarily space-
time ones. The flat metric is indicated by 7.5 =
diag(—1,1,1,1).

II. METRIC-AFFINE THEORIES OF GRAVITY

GR is based on the Riemaniann geometry, where the
metric tensor g,,, plays the role of fundamental field. For
this reason, the associated linear connection is metric-
compatible, i.e., length and angle measurements are in-
tegrable and symmetric. The symmetry of the Levi-
Civita connection in the lower indices leads to the closure
of infinitesimally small parallelograms during the paral-
lel transport [32]. Therefore, a natural way to modify
and/or extend the geometry is to relax the Riemannian
constraints. In other words, by starting with a general
linear affine connection admitting both torsion and non-
metricity, it is possible to enlarge the geometric frame-
work, considering non-Riemannian geometries [33]. The
resulting gravity theory is the MAG, that is a class of
theories where metric and affine connection are both fun-
damental fields [34]. In this framework, the manifold is
described by the following invariant quantities: curva-
ture, torsion, and non-metricity. These quantities are
described by the metric g and affine connection I', hav-
ing thus the structure (M, g,T'). The connection coef-
ficients can be uniquely decomposed, with respect to a
given metric, as:

I, =05 +K), +L, (1)

pvo

where Fflu is the Levi-Civita connection, K :L\IJ is the con-

tortion tensor, and L;\W is the disformation tensor, whose
explicit expressions are:
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P;);u = §gp’\(3ugpu + al/gup - (9)\‘9“,/), (28‘)
1

K?,, = 5(:/;},, + T, =T, (2b)
1

L)\Mu = Q(QAMU - HAV - QVAM)' (2¢)

Therefore, the three dynamical (geometric) variables,
built on I', have the following explicit expressions in
terms of metric and linear connection:

R§,, = 0,3, — 0,15, +I'g,I'g, — T3, '3 (3a)

vt B
19, =1%, —T%,, (3b)
Qo = 0aguv — ' 9av — T8 9ou- (3¢)

They affect the parallel transport of a vector defined by
the linear affine connection. During the parallel trans-
port along a closed curve on a non-flat background, cur-
vature causes a non-null angle when the vector comes
back in its initial position; torsion expresses the anti-
symmetric behaviour of two vectors when they and their



direction are switched, thus it represents how much the
formed parallelogram is not-closed; non-metricity causes
the change of the norms and the lengths of vectors under
the parallel transport 35, 36].

In MAG, some of the three dynamical variables can
be trivial and then it is possible to classify MAGs in the
following theories:

e Metric theories defined in terms of Riemannian ge-
ometry given by the couple (M,g). They are the
dynamical arena of GR, f(R) gravity, and of other
theories like Brans-Dicke or scalar-tensor theories.
Here, dynamics is given in terms of curvature, con-
structed only by the metric [37];

e Metric-affine theories a la Palatini where g and
I are disentangled and geometry is given by the
triplet (M, g,T"). Here, dynamics results enlarged
because both ¢ and I" are fundamental fields. In
this case, while GR is exactly restored, other theo-
ries, like f(R) or scalar-tensor ones result different
with respect to the pure metric analogues [38];

e Teleparallel geometries, where the parallel trans-
port of vectors is independent of the path, the fun-
damental fields are the vierbeins and affinities are
given by the Weitzenbdck connection [39].

Among teleparallel geometries, it is worth mentioning
TEGR and STEGR, since, together with GR, they con-
stitute the so-called Geometric Trinity of Gravity [8], be-
cause it can be proved that they are dynamically equiv-
alent at Lagrangian, field equations and solutions levels
[9].

On the other hand, symmetric teleparallel theories
have been introduced in terms of differential forms
[40, 41]. They represent a subclass of teleparallel theo-
ries, where the constraint related to the metric postulate
is relaxed. In fact, metric and linear affine connection
coefficients transform under a general coordinate map
& — 2 as:
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Therefore, it emerges that the curvature scalar associated
to the general curvature tensor (3a) is:

R=R-Q+B (6)

where the non-metricity scalar is defined as:

Q - %(QQQQ - Qaﬁ'yQaﬁ’y) + %(Qaﬁ’y@ﬁav - QaQa)
) )
with Qo = Qo and Qn = Q*xo. B is a boundary
term referred to the non-metricity scalar Q [9, 10, 42, 43].
In the symmetric teleparallel geometry, it is possible
to choose a coordinate system where the connection van-
ishes globally on the manifold. This particular system

of coordinate is the so-called coincident gauge, since the
connection is trivial. In this case, covariant and partial
derivatives coincide. The physical meaning of the coinci-
dent gauge is that the origin of space-time, whose coor-
dinate are z*, coincide with the origin of tangent space,
whose coordinate are £, namely we apply a Poincaré
(linear affine) transformation. When the coordinate sys-
tem, corresponding to the coincident gauge is chosen,
then the transformation (5) of the connection into any
other coordinate system z® reduces to:

060 =(5) o(gm) ©

since the following affine (gauge) roto-translational trans-
formation of coordinates has been performed:

£ = Mga® + & 9)

In this gauge, the field equations are equivalent to GR
because:

R=Q-B (10)

and the boundary term B assumes the form:

B=V,Q"-Q). (11)
See [44] for details.

IIT. CONNECTION AND PARALLEL
TRANSPORT

Gravitation, in the GR picture, is a manifestation of
space-time curvature, and that curvature shows up in the
deviation of a geodesic from a nearby one (i.e., relative
acceleration of test particles) [45]. In this scenario, the
EEP has the role to connect flat and curved space-times.
In fact, according to the Principle of General Covariance
[46], an equation valid in SR holds in presence of a gravi-
tational field if it is general covariant. Thus, SR laws can
be locally recovered when the metric of a curved space-
time is replaced by the Minkowski one, that is g, — 7.,
and the equations do not change when we perform a gen-
eral coordinate transformation z — z'. In order to make
an equation generally covariant, we have to introduce
an extra structure called connection, which specifies how
tensors are transported along a curve. In general, it rep-
resents the inertial properties of the coordinate system
under consideration.

The Principle of General Covariance can be thought
as an active version of EEP: given an equation valid in
presence of gravitational interaction, the corresponding
SR equation is locally recovered (at a point or along a
trajectory). At the same time, SR equations must be
recovered in a locally inertial frame (passive version) [47].

A general linear affine connection V on a manifold M
is a map, which assigns to every pair smooth vector fields
X,Y on M another smooth vector field VxY. In a local



chart (U, ¢) on M, with coordinate = ¢(p), the two
vector fields read as X = X'e; and Y = Y'e;, where
{e;} = 8/0x" is the coordinate basis of the tangent space
at any point of the open set U. The coordinate represen-
tation of the map V is:

k
VY = Xi(% + erfj)ek = X",  (12)
where V, (e;) = T} ;e; are the connection coefficients. In
particular, they have not to satisfy a priori the symmetry
condition l"fj = 1";“1 The covariant derivative represents
the generalization of directional derivative of functions to
tensors.

Given a curve v on a manifold M, let us consider a
chart (U,z') on M and the parametric equations of 7,
(), with 7 the affine parameter. We define the tangent

vector ¥ to the curve « in the natural basis e; as follows:

L, Dy

T= dr “ dr (13)

Let Y be a vector field defined on an open neighborhood
of M. Y is said to be parallel transported along ~y if:

dY
Y ="—=0 14
VV dr ’ ( )
or, in components:
dy'* dyt
YP= —— 4 TFH—Y7 =0. 15
Vi dr Ty dr (15)

Notice that Y (v(7)), obtained by a parallel transport of
Y (y(70)) along 7, depends on ~, with initial condition
Yi(y(1)) = Y¢ [1]. If the tangent vector 4(7) is parallel
transported along v(7), namely if:

d?z* p 2’ ﬁ
dr? U dr dr

vﬁ’ﬁ/ = =0, (16)
with z° coordinates of (7) in the chart (U, ¢), then the
curve +y is said to be autoparallel. When the affine con-
nection is the Levi-Civita one, i.e. in GR, the autoparallel
curve is said geodesic. In teleparallel gravity, they give
rise to two different structures, because autoparallels are
related to the affine connection, whereas the geodesics
are related to the metric, since they measure the mini-
mal lengths between two or more points.

These considerations can be linked together under the
standard of the two Noether theorems. We will show
that the same EP is a Noether symmetry under given
conditions.

IV. THE NOETHER THEOREMS

In 1918, Noether discovered a relation between (con-
tinuous families of) symmetries of Lagrangian systems
and their first integrals [48]. Conserved quantities allow
to reduce and integrate dynamics.

The first Noether theorem states: If a dynamical sys-
tem is defined on a manifold M of dimension m =
dim(M), then there exists a (m — 1)—form on M, called
Noether current. This quantity results to be closed along
solutions, implying a continuity equation. Therefore con-
served quantities are defined as the integrals of such cur-
rents on a (m — 1)—volume in M.

The continuity equation holding for the Noether cur-
rent relates the changes of conserved quantities to the
flows at the boundary of the region and some residual at
singularities. In GR, Noether currents are not only closed
forms, but even exact forms along solutions. This intro-
duces a superpotential S for each Noether current and
conserved quantities are obtained by surface integrals of
S 49, 50].

Given a classical n-degree-of-freedom dynamical sys-
tem of particles, an infinitesimal point transformation
maps “points” in configuration space and time into in-
finitesimal neighboring “points” [51]. Thus, the first
Noether theorem relates the conserved quantities of an
n-degree-of-freedom Lagrangian system L(q,q,t) to in-
finitesimal point transformations that leave the Lagrange
action Ldt invariant. It formally states that:

To every differentiable symmetry, generated by local
actions, there corresponds a conserved current, called
Noether current.

If we consider a general Lagrangian density £, depend-
ing on coordinates 2 and fields ¢*, we get [50]:

L(¢,0u’, %) = L(', 0a0®, &%), (17a)
¢ =o' — 4", (17b)
% =2 — dz°. (17¢)

In order to find the generator of transformations (17b),
(17c¢), it is possible to consider the transformed prime
derivatives of the field ¢, obtaining:

i i b 9
+ (6a5¢ aa¢ ab(sx )8(8a¢1)7
(1)
where the suffix [!) indicates the first prolongation of the
Noether vector, including only the first derivatives of the
fields. If the Euler-Lagrangian equations are invariant
under transformations (17b), (17¢), then there exists a

function h® = h®(x%, ¢') such that:

9

XM =629, + 6¢° 55

dz*

L= dz®

L+ 0,h". (19)

The two Lagrangians (i.e., the initial and the transformed
ones) differ only by a four-divergence. Thus, substituting
the first prolongation of the Noether vector (18), we get:

XML 4 8,02°L = 8,h". (20)
In conclusion, if the Euler-Lagrangian equations are in-

variant under transformations (17b), (17¢), then the con-
dition (20) is respected.



Therefore, the conserved current, associated to the
symmetry transformation, results to be:

“ oL i oL

G R
and the first Noether Theorem can be equivalently recast
in terms of the first prolongation of the Noether vector: If
the condition XML + 0,62°L — 9,h® = 0 holds, then the
quantity j* is a first integral of the Equations of Motion
(EoMs). [50].

By integrating d,j% over the four-volume §2 and using
the divergence theorem, one obtains the Noether charge:

————0p$' 62’ + LIz — b7, (21)

0= [ a.jedn = / jodS,, (22)
Q >

which is the flow of j* and a scalar quantity under sym-
metry transformations.

The second Noether theorem relates the symmetries
of a given action with the symmetries of the EoMs
and it formally states: Let S be an action having an
infinite-dimensional Lie algebra of infinitesimal symme-
tries linearly parameterized by m arbitrary functions,
B2,k = 0,1,2,.. and let T = I (2, ¢,0,¢) and
= (x”, ¢, 040) be two generic functions, depending
on the considered transformations. Then, there exists a
set of functions ®,, such that:

B, T} = 0y ® (™0 (23)

If the functions parameterizing the action are indepen-
dent of the space-time coordinates, we can connect the
first and the second Noether theorems as follows:

00 (PSS FF — ) = 0. (24)
If ®,,, are a set of m Euler-Lagrange equations, then Eq.
(24) is a conserved quantity; as consequence, the exis-
tence of a set of Euler-Lagrange equations implies the
existence of a conserved quantity, without any further
assumption. From this point of view, the first theorem
provides the explicit form of the Noether current, and
throughout the second theorem, EoMs are related to such
a current.

A. Internal Symmetries

Let us consider now an on-shell internal symmetry
transformation, so that space-time coordinates are not
taken into account. Then, transformation laws (17a),
(17b), and (17c) become:

L(3*,¢',008") = L(z,0a0",0uad’),  (25a)
8¢t = @' — ¢, (25b)
0x® =0, (25¢)

as well as the Lagrangian variation:

7 8‘6 7
0. <a<aa¢>i> " ) >
(26)
In this case, the Noether current and the Noether vector
become:

5(;51 oL

sLc
8¢1 (9

o 0L i
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Now, we can derive the cyclic variables of the system
1!, such that its conjugate momentum is a constant of
motion:

o,
8(0ah)
(27a), 7y, is related to the Noether
current, if the generator of ¢! is of the order of unity.
Therefore, introducing a general change of variables ¢* —
*(¢7), such that 1 is cyclic, we can rewrite the Noether

vector X, obtaining the Noether current, which is ex-
pressed with respect to the fields ¥ as:

oL NV
90,07 ixdy 8(0a07)

The equality between the conserved quantity and the
conjugate momentum of 1!, according to Eq (29), im-
plies that 7, = cost (see Ref. [50], for more details).

The condition X’'L’ = X £ = 0 holds regardless of the
variables considered, so that the Noether symmetry is
preserved under the change of variables. If T is a co-
variant tensor and LxT = 0, then we get the so-called
Killing vector fields [52, 53].

(28)

According to Eq.

j* = oy (29)

B. Invariance conditions

Let X be a vector field on M and w a form on M. A
differential form is conformal invariant with respect to
a vector field X if Lxw = hw, where h € C>®(M). If
h =0, then Lxw = 0 and w is invariant with respect to
X, namely it does not change along the trajectories of X
[54]. Therefore, w is the related integral of X [54-56].

The trajectories of the vector field Y are invariant un-
der a one-parameter group of transformations generated
by a vector field X, if LxY = [X,Y] = 0, representing an
integrability condition. Finally, by considering functions,
i.e., O-forms, a function f is an invariant with respect to
X (first integral of the dynamical system x = X(x)),
if Lxf = 0. Thus, if X is the generator of a certain
symmetry, then the conserved quantities of the Noether
theorem close on the same algebra as the generators:

(X X7 =iff x* (30)
{3, 57} = if7 5k, (31)



where the curly brackets are the Poisson brackets of the
conserved quantities 2.

When the Lagrangian £ is invariant under a transfor-
mation L = 0, its internal symmetries are selected by
the Noether vector X and the related Noether current j¢
is a constant of motion (cf. Eq. (27a)).

The condition of internal symmetry X £ = 0 is encoded
into the Lie derivative, since:

LxL=[X,L] =XL=0. (32)

Thus, the Lagrangian is invariant with respect to the
vector field X, assuring the conserved quantity X, which
represents the Noether charge. Moreover, when exter-
nal symmetries are considered, we can recast Eq. (20)
in terms of the first prolongation of the Noether vector,
generator of the transformation, and the Lie derivative:

XMg 4 8,60°L = 9,0 —
Lxﬁ - ab5IbT = &lha, (33)

where T is the trace of the energy-momentum tensor.
By considering a time-dependent scalar field, Eq. (33)
becomes:

LxL+E&H =h, (34)

with ‘H the Hamiltonian of the system and ¢ = t. The
choice of the function h is a gauge choice, therefore if
& = &, then LxL = ¢ = costant. If ¢ is trivial, i.e.
¢ = 0, internal symmetries are recovered.

In order to define the symmetries of the metric tensor
g, we can apply the above results on it. A vector field X
on a (pseudo-)Riemannian manifold (M,g) is a Killing
field if

Lxg=0. (35)

The Killing equation holds if and only if ¢ is invariant
under the flow of X. More generally in fact:

LXgHV = 2guu¢(xu) (36)

Therefore, there are three types of Killing vectors, de-
pending on the properties of ¢:

1. Proper Killing Vector: ¢(z*) # 0 — Lxgu =
29,09 (z");

2. Special Killing Vector: ¢(«*) =0 — Lxg,, = 0;

3. Homotetic Killing Vector: 9,¢(z") — Lxgu, ~
Guv

The special Killing vector encodes the concept of isome-
try on a given manifold.

Let (M, g) be a (pseudo)-Riemannian manifold. A dif-
feomorphism f : M — M is an isometry if it preserves
the metric tensor:

91w = 9p» (37)

which implies gr) (f+ X, fiY) = gp(X,Y) for X,Y €
T,M.

If ¢4 : M — M is a one-parameter group of transfor-
mations, which generates the Killing vector field X, then,
according to the definition of Killing vector, the local ge-
ometry does not change as we move along ¢;. In this
sense, the Killing vector fields represent the direction of
the symmetry of a manifold [57].

Finally, the Lie derivative can be used to find and select
the symmetries of a given Lagrangian; in fact by consid-
ering Eq. (33), we can classify the Noether symmetries
as [50]:

o LxL = (z% ¢', 0,0") = 0pb6x®T + 0yh®, General
Noether Symmetry;

o Lx L = cost, Noether Symmetry for canonical La-
grangians;

e Lx L =0, Internal Noether Symmetry.

Thus, the Killing vectors and conserved quantities obey
the same rules imposed by the Lie derivative, applied
to the metric tensor, and they can be used as criteria

to determine the symmetry of a given dynamical system
[58, 59].

V. THE EQUIVALENCE PRINCIPLE AS A
NOETHER SYMMETRY

Previous considerations, in particular exploiting the
second Noether theorem formulated with respect to the
Lie derivative as in Eq. (33), can be specified in view to
obtain the EP as a Noether symmetry. Let us consider
the Lagrangian £ of a free particle

L= gui't" = guuru”, (38)

where u* is a four-velocity. The Lie derivative of a func-
tion f is defined as:

Lxf=X-Vf (39)

and represents the directional derivative of f along X,
namely the rate of change of f measured by a comov-
ing observer. By applying the Lie derivative to the La-
grangian (38), we have

LxL=X -VL=XVqo(guu'u")=X"Vu(u'u,),
(40)
which leads to

LxL = X“Vaguu'u” + 22X, Vu. (41)

When we work in a metric affine theory, we consider
the most general linear affine connection, defined in Eq.
(1), with its related dynamical variable of non-metricity,
given by Eq. (3c). Therefore, when the non-metricity
tensor is considered, we can rewrite Eq. (41) as:

LxL = X*Qamuru” +2X ",V u (42)



The covariant derivative of the metric tensor can be ex-
pressed as follows:

Qapv =0aguv — Tapgrw — Tavgrn =
Oaguw — Tnprw — K29 — Lo gaw—
D0 — K3 ga — L, g, =
K900 — Lyuga — K, ga, — Lo (43)

Eq. (43) can be inserted into Eq. (42) obtaining:

LxL =2X",Vout —2X*(K}, + L), )Julux.  (44)
According to Eq. (44), it is possible to reconstruct the
geodesic, that is the autoparallel equations. In particular,
since the four-velocity is the tangent vector to the world-
line «#, and w, = dx,/dr, with 7 the proper time, the
Lie vector X* exactly corresponds to the four-velocity
u*. Thus, we have:

LxL = 2u®u,Vou" —2u*(K}, + L), )uuy —  (45)
Lx L =2uu,V ut — 2uo‘(l"l’\w - f‘ﬁy)u“u,\, (46)

the Lie derivative of a free particle Lagrangian for a gen-
eral affine connection represents how much the theory is
different from GR. Moreover, we can define:

a’ = u MV ut,

~ A _ A
Qy = u"Vauy, = ay + Qrvpu u”,

(47a)
(47b)

where a* is an acceleration, whereas a, is an anomalous
acceleration. We recover the STEGR results [9] since:

LxL =Qouuutu” + 2uu,Vaut =
Qapu®ulu” + 2uyar = aluy, +aut (48)

The non-metricity tensor expresses how much the anoma-
lous acceleration deviates from the standard acceleration,
and it is also responsible of how much the acceleration
departs from the spatial hypersurface orthogonal to the
four-velocity. Moreover, the Lie derivative of the free-
particle Lagrangian encodes the feature that the non-
metricity does not preserve the norm and the length of
a vector and, as consequence, its behaviour during the
parallel transport. Furthermore, developing the covari-
ant derivative of a”, according to Eq. (47a), we also have:

0
WOV g = [aia + T, u } (49)
and inserting Eq. (49) into Eq. (48), we obtain:
a, W,V d2xV v v ~ v
Qapuuru +2{d2 +T Auu}ul,:au,,—i-a,,u

(50)
If we develop non-metricity tensor according to Eq. (43),
we obtain:

A2z

Qa,uvuau'uuy + 2[ )

+ I\ uu }ul, =

va
(804.9#1/ - Fgugwrg,,gw\ +2 {—dT2 + FZ)\UQ’UJA} Uy, =
Az

~ 1
Wu,, + Fguuo‘u“ul, b (a”u,, + &Vu”) (51)

Thus, we have the autoparallel equation of STEGR for a
trivial acceleration a* = 0, that is Eq. (47a):

LxL = Qapuuru” = a,u”. (52)

As consistency check, we rewrite Eq. (51) as

A2z 1

d:z; U, + F” pututuy, = ga,,u (53)
A2z 1

7 —u, —I—F” u*ulu, = Qawuo‘u“u” (54)
d2 v

——u, + 17 pututuy, + Ky + Ly Ju®uu, =0 (55)
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Therefore, in the general case, the Lie derivative of the

Lagrangian £ is equal to the autoparallel equation of a
metric affine theory:

d%x”
LxL = d2+1"”uu“:0 (56)
GR is recovered if we have that Eq. (42) implies the
condition:
LxL=0 (b7a)
Qo =0 <= XV u" =0, (57b)

since the covariant derivative along the direction of the
vector X is zero and we again recover the geodesic trans-
port equation:

XV ut =
dx® 1 out - dut
wop| — B X
[aXa—i—l"apu Y + 1 u’ X (58)

In other words, we restore the norm conservation of a
vector and the geodesic of GR:
d?z+
dr?

+ T4 als” =0 (59)

Thus, the EEP (and SEP) is derived by the Noether sym-
metry of Lagrangian (38). On the contrary, the SEP
(and EEP) violation is related to the non-metricity tensor
thanks to Eqgs. (45) and (46). For a non-metric theory,
the only way to recover EEP is to choose the coincident
gauge, nullifying the general affine connection. In this
case, Eq. (56) reduces to:

Az
LyL=—=0. 60
X dr? (60)

We can conclude that the SEP is a Noether symmetry
since we locally recovered the SR laws. This is a nec-
essary and sufficient condition. As a consequence also
EEP is a Noether symmetry and, also in this case, it is
a necessary and sufficient condition.



VI. DISCUSSION AND CONCLUSIONS

In this work, we showed that the EEP is a Noether
Symmetry for metric-affine theories of gravity. In partic-
ular, this statement holds for GR.

We introduced MAG as possible extensions of GR. In
this general picture, dynamics can be related to torsion
T, and non-metricity Qauw, besides curvature R, In
particular, we focused on the dynamical equivalence of
GR, TEGR, and STEGR and the role acquired by EEP
in the geometric trinity of gravity. It is recovered both in
TEGR and STEGR through a gauge choice of the affine
connection. Moreover, symmetric-teleparallel theories of
gravity, more general than STEGR, can be characterized
by a non-trivial non-metricity tensor.

Considering connection and parallel transport, EEP is
strictly related to the Principle of General Covariance
and the presence of autoparallel curves. These geometric
concepts can be reinterpreted thanks to the two Noether
theorems which allow to find conserved quantities related
to internal and space-time symmetries.

In this framework, it is possible to demonstrate that
the EP (in particular the EEP and SEP)) is a Noether
symmetry in agreement with the formulation with re-
spect to the Fermi coordinates (Fermi-Walker transport).
Specifically, considering local coordinates, we can take
into account the Lagrangian formalism and follow the
trajectory of particles along world lines. We obtain that,
in a general metric-affine context, the parallel transport
does not preserve orthonormal vectors so that one can-
not ask for the conservation of metric along timelike
geodesics. However, it is possible to recover EEP when
the coincident gauge is chosen.

The validity of SEP implies the validity of EEP. In
fact SEP is an extensions of EEP including gravitational
phenomena. In absence of gravity, the physics reduces
to SR, giving a local Minkowskian space-time structure.
According to EEP, a general affine connection I is locally
indistinguishable from the flat Levi—Civita connection I
of the Minkowski metric 7,3. In GR case, this means
that the I itself is the Levi-Civita connection. Here, we

demonstrated that this approach can be developed also
for the symmetric teleparallel theories through the coin-
cident gauge [60]. It is worth noticing that such a gauge
allows also to recover gravitational waves strating from
general non-metric theories of gravity [61].

In this perspective, several fundamental issues can be
investigated. For example, since SEP can be recovered in
TEGR and STEGR, any possible violation (e.g. at quan-
tum level) [30, 31|, would make TEGR and STEGR more
fundamental than GR, because they do not require EP as
a basic principle. Moreover, it is essential to establish the
true number of degrees of freedom of gravitational field.
This issue is still matter of debate and should be fully
investigated by precision experiments [62], gravitational
wave astronomy [63], and precision cosmology observa-
tions [64-66].

Furthermore, the equivalence among different theories
could be restored by considering appropriate boundary
terms, which, again, are fixed by gauge choices. In par-
ticular, f(R), f(T,B), and f(Q, B) can be compared as
fourth order theories when appropriate boundary terms
B are defined in each gravity framework [43, 44, 67-69).
Thus, SEP and the boundary terms B could be essential
to establish the correct relation among gravity theories.

Finally, since possible violations of the EEP (and SEP)
are related to non-metricity, the experimental investiga-
tion of non-metricity tensor, and its related quantities,
could be the key ingredient to establish the validity of
EP both at classical and quantum level.
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