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We review the possible violation of the Equivalence Principle at finite temperature T'
in the framework of curvature based Extended Theories of Gravity. Specifically, we first
show how it is possible to derive Equivalence Principle violation from Quantum Field
Theory at T' # 0. Subsequently, we exhibit how this result can be precisely recovered
by following an alternative path that envisages the employment of generalized Einstein
equations with a temperature-dependent energy-momentum tensor. Finally, we adopt
the latter formalism in the context of some Extended Gravity models to quantify the
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amount of Equivalence Principle violation. Specifically, Brans-Dicke Theory, Standard
Model Extension and Conformal Gravity are considered in details.

Keywords: Equivalence Principle; Extended Gravity; Quantum Field Theory.

1. Introduction

According to Einstein’s original formulation [I], it is always possible to locally
simulate the effects of gravity by suitably tuning the magnitude of the acceleration.
In particular, if with ¢, we denote the gravitational potential, we observe that

a= -V, (1)

is the acceleration a system experiences to mimic the presence of gravity in a suf-
ficiently small region of space. Note that, in writing down Eq. , we have tacitly
assumed a perfect correspondence between the inertial mass m; and the gravita-
tional mass mg4. Such a statement is another way of addressing the Equivalence
Principle (EP), which is considered by Einstein himself as the “happiest thought”
of his life. On the other hand, it must be said that, since the aforementioned seminal
idea, many other EP formulations have been proposed. To have a further insight on
this topic, we succinctly give a panorama of all the currently affordable versiong?}
for this purpose, we closely follow the approach of Refs. [3l41/5].

Newton (Galilei) Equivalence Principle (NEP): This principle has already
been commented after Eq. . As a matter of fact, this axiom affirms that,
in the Newtonian limit, m; = mgy. An equivalent way to rephrase it is
related to the universality of gravity, which acts indiscriminately on any
form of matter and energy.

Weak Equivalence Principle (WEP): In a gravitational field, the motion of
test particles with negligible self-gravity does not depend on their physical

features
In order to quantify self-gravity, we can define the dimensionless pa-
rameter
Gm
A=—, 2
rc2 )

with G being the Newton constant, ¢ the speed of light, m the mass of the
test body and r its linear size. Eq. is the ratio between the gravitational
and the rest energy provided that NEP holds. Therefore, we can assert that,
as long as A < 1, self-gravity can be safely neglected. In other words, this
notion can be easily visualized by imagining that, if two test particles have
the same initial conditions, they travel along the same geodesic, regardless
of their properties (i.e. mass, charge, etc.).

2In the present Section and henceforth, when we talk of EP we refer to its classical formulation.
For recent investigations centered around its behavior in the quantum domain, see Refs. [2].
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Gravitational Weak Equivalence Principle (GWEP):

In a gravitational field and in vacuum, the motion of test particles does
not depend on their physical features

Differently from the previous statement, we have relaxed the condition
on self-gravity, which means that GWEP — WEP as A — 0. However, a
similar modification entails a further requirement, which is identified with
the presence of vacuum. This aspect turns out to be crucial, as the gravita-
tional field of test bodies interacts with the physical environment in which
they are embedded. In so doing, by virtue of the action-reaction principle,
they would undergo a net force that would undermine the universality of
the gravitational interaction, as this interaction would be a function of the
test particles’ properties.

Einstein Equivalence Principle (EEP): The presence of a gravitational field
does not affect fundamental non-gravitational physical tests locally and in
any point of spacetime

By “fundamental physical tests” we refer to experiments that deal with
the equations describing the behavior of single particles, thus excluding the
ones which can be derived from them. For instance, the rules that govern
the motion of composite systems are not contemplated by EEP, as for such
systems local gravitational effects may be detected via experimental tests.
On the other hand, by “in any point of spacetime” we mean that there
are no privileged points on the spacetime manifold. Consequently, it is
not important to learn where and when in the universe the experiment is
performed, since the outcome shall not depend on it. This concept underlies
the so-called local position invariance [3]. Therefore, we notice that EEP is
the simultaneous requirement of WEP, local Lorentz invariance and local
position invariance [3J4].

Strong Equivalence Principle (SEP): The presence of a gravitational field
does not affect all fundamental physical tests (including gravitational
physics) locally and in any point of spacetime

Insofar, from its definition, it should be clear that SEP is the simulta-
neous requirement of gravitational weak EP, local Lorentz invariance and
local position invariance. Hence, according to SEP, it is possible to perform
even gravitational local experiments in presence of an external gravitational
field, with the results not being invalidated by that.

For more details on this topics, we remand the interested reader to Refs. [34/516].

In this work, we are mainly concerned with the WEP formulation, which is
thoroughly studied in the framework of both General Relativity (GR) and Extended
Theories of Gravity: here we intend extensions of GR where the Einstein theory is a
particular case of wide classes of curvature based theories (for reviews, see Refs. [7],
for applications Refs. [819]). In the former scenario, the role played by the non-
vanishing temperature T is fundamental to detect a violation of the WEP. Indeed,
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we will demonstrate how, at zero temperature, EP still holds for GR, since the
thermal corrections to the inertial and the gravitational mass vanish when 7" — 0.
More details on the thermal nature of the violation of the equivalence principle
in close connection with the explicit breaking of the local Lorentz symmetry can
be found in Ref. [I0]. On the contrary, when working with Extended Theories of
Gravity, WEP can be violated also when 7' = 0. This means that further geometrical
degrees of freedom can play a main role in the dynamics of EP violation.

In light of the above discussion, the manuscript is organized as follows: in Sec. 1T
we review the investigation of EP violation in the context of Quantum Field Theory
(QFT) at finite temperature. Section IIT is devoted to the same analysis that how-
ever has a different starting point, since the attention is focused on the modification
of the Einstein field equations. By exploiting the latter approach, we show that it
is a simple task to extend the lines of reasoning for the Schwarzschild solution to
other physical settings, whose spacetime can be described by means of Extended
Theories of Gravity, which instead will be treated in Sec. IV. Section V contains
conclusion and discussions.

Throughout the whole paper, we use the units ¢ = A = kg = 1 and the mostly-
negative metric signature diag(+, —, —, —).

2. Equivalence Principle violation: a first approach

In order to deal with EP violation in the context of QFT, we closely follow the
method explored for the first time in Ref. [I1] (for modified gravity, see Refs. [12],
whilst for the generalized Uncertainty Principle see Ref. [13]). The system under
consideration is made up of an electron with renormalized mass mg at zero temper-
ature which is in thermal equilibrium with a photon heat bath. The main goal of
the whole investigation lies in the evaluation of the electron’s gravitational and in-
ertial mass in the low-temperature limit T' < mg. The presence of a non-vanishing
temperature is crucial, as it will be explicitly shown that my = m; for T' = 0. The
gravitational and inertial mass are deduced by resorting to a Foldy—Wouthuysen
transformation [14] on the Dirac equation. With this procedure, we can rigorously
study the non-relativistic behavior of spin-1/2 particles, such as the electrons. In
this way, by looking at the ensuing Schrodinger equation we can easily recognize
the inertial and the gravitational mass.

In order to find the shape of m;, one can think of an interaction between the
electron and an external electric field, so that the Dirac equation which includes
the electromagnetic contribution is given by

o

(p—mo - o 1) =D, ar. (3)

where « is the fine-structure constant, A* is the electromagnetic four-potential, with
At = (¢, A) (¢ is the scalar potential, A the vector potential) and the quantity I,
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is

_ 3,15 (k) Ky
Il e W

with k, = (ko, k). Clearly, w, and p participate in the dispersion relation

wp =/ mg + |p[*. ()

Furthermore, np(k) represents the Bose-Einstein distribution

nB(k) = E'Bk o 17 (6)
where § = 1/T. Finally, T, turns out to be
a Iy «
F,u, = 7# (1 - 47‘(2E> + RIH (7)

Now, a Foldy—Wouthuysen transformation allows us to deduce from Eq. its
non-relativistic Schrodinger equation, that is

.0, arT? 2 A4+ A-
Zozi = |mo + 3 + Pl s +€¢+% | s, (8)
Y R ) 2 (mo + 522
from which it is possible to detect the inertial mass
arT?
_ . 9
mi = mo + 5 )

Interestingly, the difference between the inertial mass of an electron at finite tem-
perature and my amounts to the thermal radiative correction of Eq. @

Similar considerations can be carried out also for the evaluation of the gravita-
tional mass. However, for this purpose we shall start from a different Dirac equation
that accounts for the presence of the gravitational interaction. To comply with the
above reasoning, we can work in the weak-field limit, and note that the resulting
Dirac equation for the electron yields

(p —mo — 4&7.(2[) P = %hwﬂ,uud}’ (10)

where the fluctuations with respect to the flat background metric are denoted as h,,,
and with 7#” being the renormalized stress-energy tensor. According to Refs. [11],
we can take the metric tensor as written is isotropic coordinates, which entails
hyw = 2¢4diag(1,1,1,1), where ¢, = —GM/r is the Newtonian potential.

As already done before, we now need to apply a Foldy—Wouthuysen transfor-
mation to bring Eq. to another Schrodinger equation

o s T2 2 T2
122 = g+ 2T | —+ (mo - 2T ) 0| s (11)
ot 3m0 2 (mO + anT ) 3m0

3m0
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in which we can unambiguously identify the gravitational mass

my = <m0 - O”TT2> . (12)

3m0

As expected, as long as T' = 0 there is absolutely no difference between m, and
m;, since they are both represented by the renormalized mass. Thus, we learn that
only the existence of radiative corrections enables the violation of the EP.

As an additional step, from Eqgs. @ and we can compute the ratio my/m;,
which in the first-order approximation in 72 turns out to be

i 720”{‘52. (13)
m; 3mg
Physically speaking, EP violation is triggered by the spontaneous breaking of
Lorentz symmetry due to the presence of a finite temperature, which renders the
definition of an absolute motion through the vacuum (i.e. the one at rest with the
heat bath) a feasible scenario.

Eq. is the starting point for the upcoming discussions, as it will be ex-
amined in great detail and will be derived once again in the next Section, where
we will rely on an alternative approach mainly centered around the gravitational
sector rather than QFT. As a matter of fact, it is licit to ask whether T' can emerge
from purely gravitational considerations without being concerned with the compu-
tation of radiative corrections. Should this proposal be possible, we could readily
perform analogous calculations for several physical contexts that describe different
spacetimes.

3. Equivalence Principle violation: a second approach

As already argued, the quest for another route to reach the result by exclusively
relying on GR is the main subject of the present Section. If we manage to reproduce
the same ratio between m; and mg, via a simpler approach, we could exploit such a
formalism to investigate scenarios beyond GR, as for instance Extended Theories
of Gravity. In what follows, we retrace the conceptual and mathematical steps
contained in the seminal paper by Gasperini [15].

As before, the objective is the analysis of a charged test particle of renormalized
mass at zero temperature mg in thermal equilibrium with a photon heat bath in the
low-temperature limit T' < mq. To take into account the effects of 7', the dispersion
relation acquires an extra term which allows us to write [11]

2
E= \/mg+p|2+3omT2. (14)

At this point, let us introduce the stress-energy tensor T*” associated with the test
particle, the world line of which can be enclosed in a narrow “world tube” where
TH is non-vanishing. The conservation equations for the stress-energy tensor can



December 17, 2021 1:33 WSPC/INSTRUCTION FILE ws-ijgmmp

Violation of Equivalence Principle in Extended Gravity 7
be integrated over a three-dimensional hypersurface X, thereby yielding

oV
[ v @) = (15)

where p# is the four-momentum and E = p° the energy
E= / '/ —gT% (2). (16)
b

The validity of these equations holds in the limit in which the world tube’s radius
goes to zero [16].

A deeper analysis [I5] demonstrates that Einstein’s field equations shall be mod-
ified as well. To do that, we restrict our attention to the rest frame of the heat bath,
where it is possible to observe that

ST R TP (17)
= 3420 0% 0t
with Z#” being the counterpart of the Einstein tensor G* that encompasses the
thermal corrections due to the presence of a photon heat bath. It is worth pointing
out that Eq. is explicitly derived after the selection of a preferred reference
frame (i.e. the one at rest with the heat bath); this choice naturally leads to a
Lorentz invariance violation of the finite temperature vacuum. Indeed, by focusing
on the flat tangent space, there is no notion of Minkowski vacuum anymore, since
it has been replaced by a thermal bath. For this reason, Lorentz group is no longer
the symmetry group of the local tangent space to the Riemannian manifold, even
though we can reasonably require that general covariance still holds there (for
further details on general covariance, see Ref. [I7]). Therefore, even though we are
not precisely in the framework of GR, we can still safely assume that our reasoning
is not affected by the aforementioned considerations [15].
Now, since the examined problem deals with weak-field approximation and
quadratic thermal corrections in the low-temperature limit, the generalization of
Eq. to a curved spacetime can be thought of as

2 T? -
WY = THY _ gawﬁe“()e”@Too, (18)

where e 5 denotes the vierbein field and the hatted indexes are the ones related to
the flat tangent space.

At this stage, before moving forward we must necessarily make a fundamen-
tal assumption: the implications of a non-vanishing temperature on the geometric
structure of spacetime do not play a relevant role [15]. If the last statement is
deemed as reliable, then we can promptly generalize Einstein’s field equations as
follows:

G =

(1]

3 (19)

Should we worked with the interplay between temperature and geometry, other
contributions would have appeared from a relativistic study of the temperature,
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as T would affect the surrounding spacetime; however, this kind of treatment lies
beyond the scope of the present manuscript.
After that, we resort to the Bianchi identity (i.e. V,G*” = 0) to write

2 T?
VVT“”Vl,(gomEQe e’ T00> (20)

which can be cast in the alternative form

2 T?
Oy (V=gT")+T,J'—gT™ =0, (\/—g3a7rEQe e’ T00> 3oml“l,a”\/ e’ TOO.
(21)
By denoting with " = da#/ds, it can be shown [I5] that Eq. can be further
rephrased so as to give

d (2 T? 2 T2
Xy LoV 12
"+ T fa = T (3047rmEe 6) + 30T 3 Ly e%e’s (22)
which can be manipulated by recalling that
E=mi’= m:tpepo. (23)

This substitution finally provides

VO oH e“A(iyeﬁ gbyjcﬁaeé) B0 oV
R PTE s Es B G B Vi
av 3 mE E2 m2

(24)
Equation is nothing but a generalization of the geodesic equation that accounts
for the presence of a non-vanishing temperature 7. The significance of a similar
extension can be easily conveyed by introducing a simple example; in fact, to begin
with, we will consider the Schwarzschild solution.

3.1. The case of the Schwarzschild solution

Let us now specialize Eq. in the context of the Schwarzschild metric, which in
the spherical coordinates system can be written as

2GM
, = diag (e”, —e*, —r2, —rzsin29) , eV = =1-2¢3=1———. (25)
r
Furthermore, we recall that 0;¢, = 0 and we additionally require the motion to take
place along a radial trajectory (which means ¢ = ¢ = 0). Under these assumptions,

we expect to essentially recover the same results obtained in Ref. [10].
Bearing this in mind, we note that the non-vanishing vierbeins for the met-

ric are represented by

,_.
|
>

(26)
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To proceed, we need to evaluate the Christoffel symbols which explicitly enter in
the geodesic equation for the temporal and the radial component. The relevant
quantities that do not give zero identically are

/ / /
14

; Foo1 =2 621/; Ful = Ty (27)

F010 = 2

YN

where v =1n (1 — 2¢,) and v/ = dv/dr.
Now, the geodesic equation for p = 0 yields

(S

. . 2
t+vrt = —gom'T2

; (28)

v + 7¥+ %e% e
2mE E?

but if one employs the relation £ = mi’ = mj;aeao = mte"/?, Eq. 1| can be
cast as follows:

2a7T?

it = 29T
+vr 352

(i + u’ﬁ) , (29)
and since v = V', we then get

(1 + %;”TEZTQ) (% + m’e) —0. (30)

The radial contribution can be computed by selecting 4 = 1 in Eq. , that is

/

Lov2 o, 0 2arT? eV
7‘—|—5<t6 —r)z am? 3 (31)
which can be manipulated so as to give
vV (2, 2 2arT? _,
r+2<te e =0. (32)

Equations and are exactly the same ones deduced in Ref. [I0], and they
create a coupled system of differential equations, which in general has non-trivial
solutions. However, for the problem at hand it is possible to come up with a handy
relation between i2 and 7 that can be exploited to reach the final outcome.

As a matter of fact, Eq. can be rewritten as

a2 52 gy 2anT? IV
2r —r v+t Ve — 32 Ve =0, (33)
which can also be expressed as
d , 2 2arT?
e”% <e)‘7“2 —e"t — 3722 1/) =0. (34)
The above equation clearly entails
: .2 2anT?
e ;;2 v = const. (35)

The constant can be computed from the normalization condition on four-velocity in
the limit ¢, — 0. Such a requirement is a direct consequence of the independence
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of the geometric structure from the temperature; if this ansatz were relaxed, we
would have a different result. For the moment, the normalization of #* tells us that

"z, = guits’ =1, (36)

or explicitly

2 .2

M et = 1, (37)

er

as we are assuming radial motion.
In the limit of vanishing gravitational field (i.e. v, A — 0 as r — o0), Eq.
becomes

-t . =-1. (38)
Such an expression can be adapted to Eq. ; thus, we are left with

2 2 2a7TT2

A vy
—e’'t —
3m2

er

v=-1. (39)

At this point, we use the assumption of the weak-field limit. Within this domain
and by virtue of Eq. , it is straightforward to observe that Eq. can be cast
as

(40)

r=

GM< B 2047TT2>

72 3m?2

and if one considers the first-order approximation in T2 just like in QFT consider-
ations, we obtain

my B 20mT?

m; 3mi
which is the same outcome contained in Eq. .

With the above achievement, we have established a one-to-one correspondence
between the QFT approach and the one formulated in Ref. [I5], even though the
starting assumptions and the ensuing developments are totally different. However,
both of the two studies rely on finite-temperature considerations, which is the fun-
damental feature that allows the ratio m,/m; to deviate from unity.

On the other hand, the modified geodesic equation is a general result, and as
such it can be investigated in any physical scenario; the only quantity required
for calculations is the metric tensor. By virtue of its knowledge, Eq. can be
specialized to deduce the differential equations from which one can compute the
ratio between the inertial and the gravitational mass, with the aim of revealing any
potential trace of EP violation.
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3.2. Generic diagonal metrics

In the following, we derive a general result which holds true for any given diagonal
metric tensor cast in spherical coordinates and that depends only on r. According
to this prescription, we can write g, as

g = diag (A(r), _%r)

To move forward, we need to introduce the non-vanishing Christoffel symbols and
vierbein fields, which in this case are represented by

,—r2, —r281n20> . (41)

o =(4)"%; e =(B)*, (42)

As before, we have tacitly required radial motion, for which 6= »=0.

The development of the computation exactly reflects the same steps exhibited
in the previous Subsection. Indeed, we first have to analyze the geodesic equation
for the temporal coordinate; this procedure gives

. O0RA 2 9 r  0.A 1 /. ..0.A
t t =—anT” |- — — — |t t 44
T A 347 QmE(A)% E? T 24 ’ (44)
but sinceE:mieO():mi\/Z, Eq. 1' is also equal to
- O A 207T? [ .0, A
t+r 1 __SEQ[t—HAtA}’ (45)
or
2anT? . O0RA

which recovers Eq. with the identification A = e”.
On the other hand, when dealing with the radial geodesic equation we observe

that

2B, (1) 2B8,A 2axT?B0,A

Fritgo () P = g "
or

. B[z 5. (1) 2axT20,A]

7"+2|:tarA+T 8T<B>_ 3m2 A:|_01 (48)

which again returns Eq. with the appropriate choice for the functions A and
B.
At this point, from the first relation we can straightforwardly obtain

dii (m i) - f% (In A), (49)
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which tells us that

. 1
t=—. 50
3 (50)
Concerning the radial equation, we can cast it as a total derivative with respect to
r, namely
.2
Bd |r .2 2arT?
—— |=—tA———In(A)| =0. 51
2dr | B gz 1 (A) (51
Assuming that the normalization condition introduced above is still valid, we can
deduce
P2 2anT?
——tA- In(A)=-1 52
- I (4) = -1, (52)
which is the generalization of Eq. (39)). After some algebra, Eq. becomes
.2 1 2anT?
=B(—+4+——In(A4)—-1). 53
= (4 ) 1) (53)

Finally, by resorting to Eqgs. and (53), we see that Eq. can be written as
B [&A (1 1) 0,B  2anT? (&A L 4 8TB>]

5 1 (54)

Equation (54]) represents the starting point for the next Section, where we em-
ploy known solutions for the metric tensor in spherical coordinates associated with

"Tro a2 T \a” ) B e A B

Extended Theories of Gravity to properly quantify the amount of EP violation.

4. Equivalence Principle violation in curvature based Extended
Gravity

As already anticipated, in what follows we stick to Eq. to explore the interplay
between the implications of several Extended Theories of Gravity and the EP. For
all the upcoming examples, we will see how the departure from Einstein’s GR
unavoidably results in EP violation.

4.1. The Brans-Dicke Theory

The Brans-Dicke theory [I8] is the most famous scalar-tensor theory of gravity. As
their name suggests, these theories predict the existence of an auxiliary scalar field
which, together with the usual metric tensor, mediates the gravitational interaction.
For the case under examination, such an auxiliary field is not interpreted as a new
particle degree of freedom, but is rather related to the idea of a shifting Newton
constant G. For this reason, several restriction must be required so as to let the
model be compatible with the outcomes of gravitational experiments.
Now, let us define the Brans-Dicke action [I8] as

1
Spp = /d4:c\/fg (@R — w;g’“’@ugoay@ + Lmatter (1/’)) : (55)
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where w is the free parameter of the theory and

1

L 167TGeff7 (56)

is a scalar field indicating an “effective” gravitational constant. However, ¢ must
be spatially uniform and it must slowly change with the cosmic time, otherwise the
Brans-Dicke theory clashes with experimental data.

For this model, it is possible to find a Schwarzschild-like solution, which in
isotropic coordinates reads [18]

d82 — evdt2 — el [dr2 +7,,2 (d’l92 +SiIlQ'l9d(,02):| , (57)

where

A 2(0—C—1)
1-2 B 1-8 *

v __  2ag T u _ 2Bo T

e’ =e , e =e 14— , 58
() (-2) (s ™

with «ag, 8o, B, C' and A being functions of w. In this framework, the solution for
the scalar field is given by

>ho

AN
o=w(iE) (59)
with ¢y = constant.

Although the above solution is not written in spherical coordinated?} one can

still evaluate the geodesic equations and come up with a suitable expression where
to identify the quantity mgy/m;. According to Ref. [§], if the procedure explained
in the previous Section were applied for the current model, it would yield

%:—g{1+ﬁf“—n<i?—0)—%$§2P+v—(i§—0)ﬂ}e”.
(60)

It is worth pointing out that the radiative correction is not the only contribution
to the ratio my/m;, as there is another term which only depends on w and that
correctly recovers GR as long as w — oo. By further investigating the latter factor,
in principle one can impose a lower bound to the free parameter of the Brans-Dicke
theory. Indeed, by requiring |(m, — m;)/m;| < 10714 [19] and working in the weak-
field limit (but when thermal corrections are negligible), one can easily constrain
w . To achieve the desired outcome, we have to regard the quantities appearing in
the metric tensor as functions of w for weak gravitational fields. Such a study
has been performed in Ref. [20], according to which we have

1 GMM 2w+ 3
= = M = —_— B: . — . 1
a0 =fo=0 C=—5777 > AV (61

bWe remark that the analysis of the Brans-Dicke model has been carried out for the sake of
continuity with the seminal paper on the topic [8].
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Now, we can immediately write down B in terms of the Newtonian potential ¢,

that is
A
B— 2% (62)
2
and expand the function e™" as
1 _ A -3
eV =|—2 ~ 1+ 2¢,. (63)
s 9
Since we consider only the linearized case, we shall stop at O(¢,), for which we
note that
mg —my 204
‘ | 2 (64)
and thus from 2¢,/(2 4+ w) < 107 we obtain
2GM
w> = 10, (65)

For the gravitational field of the Earth, we have that Mg = 5.97 - 10** Kg and
Rg = 6.37-10% m, and in turn

w > 1.40 - 10°, (66)

that is close to an experimental bound recently achieved [2I] which is equal to
w >3- 105.

4.2. The Standard Model Extension

The Standard Model Extension (SME) [22] is a string-theoretical effective field
theory that broadens the domain of validity of the Standard Model (SM) by ac-
counting for the spontaneous breaking of Lorentz symmetry. Such a scenario is
achieved by introduction Lorentz-violating operators that are contracted with the
usual SM fields, thus in principle allowing for new physics phenomenology even at
the currently reachable scales.

As we are concerned with the gravity sector only [23], we can write down the
most general Lorentz-violating action as

1
SLV = m /d4$\/jg [(1 — U)R + S'U'VRZ?V + tﬂup)\cuyp)\] ) (67)

with R being the Ricci scalar, RED the trace-free Ricci tensor, C,,) the Weyl
conformal tensor whereas u, s*¥ and t**P* are the Lorentz-violating fields. In the
non-relativistic limit, it is possible to show [24] that the dominant SME correction
to the Schwarzschild solution is given by

dr? —r?2dQ?, F(r)=1- 2GTM [1+ 59 x50, )], (68)

ds* = F(r)dt* — )
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where 5% are the vacuum expectation values of s and x;;(, p) functions of the
angular coordinates. Note that the inequality x;;(6,¢) < 1 is valid for any value
of § and ¢ [24125]. The comparison with Eq. immediately implies that A(r) =
B(r) = F(r), and therefore we can resort to the outcome obtained in the previous
Section to observe that

. GM . .
= |1+ 80, 0) -

2amT?

3m?2

(1+59xi;(0,0)) A+ [F(])| . (69)

If we assume the radiative corrections to be negligible (as done for the Brans-
Dicke framework), we see that the breakdown of Lorentz symmetry results in a
violation of the EP even at T = 0, as the difference between the inertial and the
gravitational mass is related to the vacuum expectation value of Lorentz-violating
fields. Furthermore, we can put a bound on the Lorentz-violating parameters by
requiring consistency with the experimental data. As a matter of fact, from Eq.
we see that

myg

— 14359y,
- + 57 xi5(0, ), (70)

from which we can derive an upper limit for 5% by means of Ref. [19]. Indeed, by
assuming |x;;| ~ 1 [25], we deduce that

’mg—mi =[5 <107, (71)
m

i
which is of the same order of the experimental constraints available for this quan-
tity [26].

4.3. Conformal gravity

Conformal gravity is an extension of Einstein’s GR that leaves the gravitational
action invariant under conformal transformations. From a quantum field theoretical
perspective, such a model predicts the appearance of higher-derivative terms, which
provide a partial cure to the bad UV divergences of general relativity. From a
cosmological viewpoint, it has been recently shown [27] that conformal gravity is
capable of describing the rotation curves of many dwarf galaxies without invoking
dark matter.
The starting point is given by the action

So = —a/d‘lm\/—g CWP,\CWP)‘, (72)

with a being a dimensionless quantity. In the context of conformal gravity, one can
compute an exact Schwarzschild-like solution, as done for the first time in Ref. [28§];
the ensuing line element reads

ds* = H(r)dt* — dr? —r2dQ?, H(r)y=1- — 36y +r — kr?,

(73)

B(2 —3B7v)
H(r) r
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where 3, v and k are parameters that must be fixed by experiments. Note that, in
order to recover GR in a suitable limit, we must require 3(2 — 387)/2 = GM. Fur-
thermore, an interesting observation is in order here: a fine tuning of these factors
also allows to recover several solutions belonging to the class of f(R) models (see
for instance the ones stemming from the considerations carried out in Refs. [29]).

At this point, the identification A(r) = B(r) = H(r) lets us easily compute
Eq. for conformal gravity, which turns out to be

GM yr? kr®  2anT? yr? kr®
T2 °5GM  GM  3m? (1 toaar GM) (1+1n [H(TM
(74)

Again, by neglecting radiative corrections we observe that conformal gravity is at
odds with the EP, as the ratio of the gravitational and the inertial mass is explicitly
given by

1+

%;:

r

My gy ok
By resorting to Mg and Rg, we can also put a constraint on the combination of
and k, which yields

(75)

’% - kR@) <1073, (76)

However, since these quantities have been at the basis of a significant number of
investigations revolving around the rotation curves of galaxies [27], the above bound
is not the most stringent one that can be found in literature. Nevertheless, it is worth
remarking that, because of Eq. , EP violation becomes increasingly relevant as
we move towards cosmological scales, thereby being potentially involved in the
mechanisms that are able to explain the experimental evidences without relying on
dark matter.

5. Concluding remarks

In this paper, we have studied the violation of the EP arising from the existence
of a non-zero temperature. A similar result sinks its roots in thermal field theory,
where radiative corrections are responsible for the difference between the inertial
and the gravitational mass. Despite this, the very same achievement can be obtained
without QFT considerations; indeed, we have seen how the influence of the temper-
ature on gravitating quantum systems amounts to modify the geodesic equation.
By virtue of the latter simplified procedure, in principle one can analyze different
physical settings, as for example Extended Theories of Gravity and particle propa-
gation in curved background{?] As a matter of fact, by working in the former context

¢In particular, we remark that the investigation of neutrino physics in the presence of gravitational
fields is intimately tied to the EP violation, as the vast literature on this topic suggests (see
Refs. [30] and therein). For instance, note that, even in the presence of standard gravity described
by GR, the ratio m;/mg is not unity, but it depends on the mixing properties [31].
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we have seen how several extended models of gravity (i.e. Brans-Dicke, Standard
Model Extension and conformal gravity) exhibit a violation of the EP also in the
absence of radiative corrections. Such an occurrence can be quantitatively substan-
tiated by transferring the available bounds for the ratio |(mg — m;)/m;| onto the
free parameters of the theory. To summarize the experimental developments ob-
tained so far, in Fig. 1 we show the most relevant tests associated with WEP and
the ensuing bound on the parameter of interest. It is worth stressing that the latest
constraint achieved with the MICROSCOPE initiative still needs to be confirmed
with greater precision [32]. For more details on the tests, the reader can consult
Refs. [3l6]. Along this line, it is evident that, by refining the experimental sensi-
tivity, we can have access to more stringent constraints for the extended models of
gravity; fortunately, such technological improvements may be available in the next
few years [33]. On a final note, it is appropriate to point out that the same protocol
described above has already been employed in conjunction with the Casimir effect
to probe the implications of theories beyond GR, [34]. Other tests could come from
ground based gyroscopes adopting ring lasers like the experiment GINGER [3536].
These experimental researches are very active in this moment. Finally, we want
to point out that the above protocol can be adopted not only for curvature based
extensions of GR but also for affine theories based on torsion invariants [37/38] and
non-metric theories [39]. In other words, a possible detection of EP violation could
be a fundamental tool to discriminate among concurring theories of gravity.

1078 " + Eodtvos, Matter waves
1077 + Renner
-10

10 + + Freefall
1011 +

mg —m; + Boulder

Y 10712 +

m; 4+ Princeton, fifth-force searches

10—13
10-14 N + Moscow, Eét-wash
10-15 + + Lunar laser ranging

S + MICROSCOPE

Fig. 1. Different tests of the Equivalence Principle and the ensuing values for the ratio (mg —
m;)/m;. This fraction can be straightforwardly deduced from the EStvés number, which is the
physical quantity detected by experiments.
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