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Neutrino decoherence and violation of the strong equivalence principle
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We analyze the dynamics of neutrino Gaussian wave-packets, the damping of flavor oscillations
and decoherence effects within the framework of extended theories of gravity. In particular, we
show that, when the underlying description of the gravitational interaction admits a violation of the
strong equivalence principle, the parameter quantifying such a violation modulates the wave-packet
spreading, giving rise to potentially measurable effects.

Introduction — A full-fledged description of neutrino the-
ory and phenomenology represents one of the main chal-
lenges in elementary particle physics today. Because of
the very elusive nature of neutrinos, experimental tests
turn out to be particularly demanding, as also witnessed
by the nearly thirty years elapsed between the prediction
of neutrino by Pauli and the first-ever confirmation of its
existence ﬂ, é,] In spite of these limitations, a theoretical
treatment of neutrino physics did not take a long time
to be formalized Bﬁ] In the pioneering works by Pon-
tecorvo [3, 4], it was understood that the physical (i.e.
interacting) flavor states of neutrino are not pure mass
(i.e. Hamiltonian) eigenstates, but a mixture of the lat-
ter. This gives rise to the phenomena of neutrino mixing
and oscillations, which have by now been experimentally
tested with accurate precision and provide the first
solid evidence of physics beyond the Standard Model.
Further progress towards revealing neutrino properties
has been recently achieved in the context of quantum
field theory

A very active research in the above framework deals
with the interplay between neutrinos and gravity. Since
the early study ﬂﬂ], great effort has been devoted to
this subject, due to the peculiar features of neutrinos
as a unique source of information for the fine-grained
analysis of the gravitational interaction [18 46] (for a re-
cent review, see [47]). For instance, in [20] gravity effects
on neutrino mixing and oscillations have been discussed
in connection with possible applications to gravitational
lensing. On the other hand, in @] neutrino oscillations
in the plane-wave formalism have been addressed in the
framework of extended theories of gravity, showing that
the neutrino phase can be sensitive to the violation of
the strong equivalence principle (SEP). Such a principle
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states that any physical experiment (including gravita-
tional physics) is locally not affected by the presence of a
gravitational background field. This means that, if self-
gravitational effects of the test bodies are not negligible
but, at the same time, do not significantly influence the
background gravitational field, then it is always possi-
ble to find local inertial observers who will find the same
experimental result as if such a background field were
absent @] It is worth mentioning that SEP may be
stated as the union of the Einstein equivalence principle
(EEP) and the gravitational weak equivalence principle
(GWEP) [48]. In particular, in this work we are inter-
ested in the violation of the latter, i.e., in scenarios in
which self-gravity effects alter the motion of test bodies
in some background gravitational field. In what follows,
we simply refer to it as SEP, since a violation of GWEP
would also imply a violation of SEP.

Motivated by the study of SEP violation in the neu-
trino plane-wave analysis of @], here we discuss the
natural extension to the more realistic wave-packet pic-
ture. Initially introduced in the context of neutrino fla-
vor transitions to keep track of the coherence through-
out the propagation M], wave-packets have proven to
be an important tool to characterize and isolate distinc-
tive properties of both neutrino dynamics ﬂﬁ, @] and
the underlying geometric background, especially in the
presence of gravity |. Starting from a generic met-
ric tensor that explicitly admits a violation of SEP, we
show that the neutrino wave-packet dynamics acquires a
dependence on the parameter that controls the amount
of the said violation. Besides the theoretical interest,
this result is also expected to have experimental implica-
tions as for the possibility to constrain extended theories
of gravity. We observe that this analysis fits in a well-
established research line aiming at testing the validity
of the SEP via neutrino (and, more generally, particle
physics) phenomenology @@]

The remainder of the paper is organized as follows:
first, we introduce the notion of SEP and review the
wave-packet approach in the context of neutrino physics.
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After that, we investigate the impact of the SEP vio-
lation on the decoherence process due to the neutrino
propagation in curved spacetime. For this purpose, we
employ the weak-gravity approximation, which allows for
a consistent identification of the physical distances and
energies as measured by locally inertial observers @]
Furthermore, we assume neutrinos to be relativistic, as
supported by empirical evidences @] Finally, we dis-
cuss our results and future perspectives. Throughout the
work, we use natural units 7z = ¢ = 1 and the mostly pos-
itive metric convention 7, = diag(—1,1,1,1).

Parametrization of SEP violation — Let us consider a gen-
eral class of extended models of gravity, whose generic
line element in the weak-field limit and in the static,
spherically-symmetric case can be parameterized as

ds? = = [L+26(r)] dt*+[1 — 2¢(r)] (dr? + 72dQ?) , (1)

where dQ? = d6? + sin? dp? is the angular part of the
metric on the two-sphere, while ¢(r) and ¢ (r) denote
the gravitational potentials. Henceforth, the radial de-
pendence will be implicitly understood when omitted.
To quantify violations of the SEP, we first introduce
the Eddington-Robertson-Schiff parameter as [69, [70]

’Y:a- (2)

In the following we will be concerned with the non-trivial
case of p £ = v # 1.

Neglecting post-Newtonian contributions arising from
exotic scenarios that contemplate the existence of

anisotropies and/or preferred-frame effects, one can build
the so-called Nordtvedt parameter 7 as ﬂﬂ—@]

n=4B-1)-0H-1), 3)

with 8 containing the information on nonlinear gravita-
tional effects @] The parameter 7 is non-zero when
the self-gravity of test bodies can affect their motion in
a given background field and, therefore, it quantifies the
violation of SEP according to our previous definition.
As argued in Ref. [30], we reasonably assume that,
in the weak-field limit, the nonlinearity is essentially as-
cribed to the leading-order terms which are represented
by the general relativistic solution. Therefore, since
Bar = 1, we have
¢ —
n=1-vy et (4)

The above relation provides the crucial ingredient of
our next analysis. In particular, we will study how the
Nordtvedt parameter 7 affects the decoherence of neu-
trino wave-packets by directly entering the definition of
the density matrix associated with the particle state.

Neutrino wave-packet treatment — According to the stan-
dard Pontecorvo’s prescription, neutrino flavor states
|Va), @ = e, u, T, are given by coherent superpositions

of the states with definite masses |v;), j = 1,2,3 [3]. As-
suming that a flavor neutrino propagates from a source
P to a detector D in vacuum, we can describe the corre-
sponding evolution in the wave-packet picture as follows:

va(z)) = ZUSJ% i) (5)

bi(x) = xj(x)e PP (6)

where U,; denotes the generic element of the Pontecorvo-
Maki-Nakagawa-Sakata mixing matrix B]

Equation (B generalizes the plane-wave treatment
of [30]. Following @ @ we work with Gaussian-type
wave-packets, where the j-th wave-packet is set to be
peaked around a given value p; in momentum space ac-
cording to

3 .
W = [, ™

3 2
92 1z _ (p—pj)
(U_Z) e . (8)

p

Xj(p) =

Here, o, is the momentum-width of the Gaussian func-
tion, normalized in such a way that

[

In a generic curved spacetime, the quantum phase ap-
pearing in Eq. (B]) can be written as ?ﬂ]

i(p)l” =1. 9)

D
®;(P,D) = / pdat (10)
P

where the wave-packet average momentum pg) is defined
along the path

: dz¥
pff) = mjg;wg ) (11)

and m; is the j-th neutrino mass obeying pff)p“(j) =
(p))? = —m?.

For later convenience, we remark that the neutrino
state |vo(z)) can be equivalently described in terms of
the associated density matrix p(x), which for pure states
(just like the one considered above) is defined as [52]

p(@) = [va(z))(va (@) (12)
—Z jUakt; (z) V5 (2 Zpak|’/a (vl

where we have introduced the density matrix components
pik = Ug;Uarthj(@)Y) ().

As we shall see in the next Section, the knowledge of
the density matrix formalism turns out to be essential for
the assessment of the wave-packet decoherence.

Ny (k| =



Decoherence and the strong equivalence principle — With-
out harming the generality of our next considerations, we
follow @4%, 559, ] and focus on the case of neutrino
radial propagation. In other terms, we set the angular
coordinates to § = const. = w/2 and ¢ = const. Un-
der these assumptions, one can show that the only non-
trivial components of the four-momentum (III) with the
metric () are

; dt
Y = —m,(1 +20) . (13)
. dr
o = (-2 (14)
where pgj) = —F;(p) is the energy of the j-th mass eigen-

state. Notice that this is a constant of motion, since the
metric tensor ([l does not depend on t.

Now, by means of the on-shell mass relation and the
weak-field approximation, one can readily derive

dr EZ(p)
S - I (142 15
T4y ¢>>\/m§ (1+20),  (15)
which can be employed to compute the expression of the
covariant phase ([I0). To this aim, we use the approxi-
mation of relativistic neutrinos, i.e., m;/E;(p) < 1 [52].
In such a regime, we find

&(P.D) = - [ E;(p)at

2

E;(p) - (1+ 2¢)% dr. (16)

By performing the above integrals, we are left with

+fa-o-v)

®;(P,D) =— E;(p) (tpp — dpp)

m2

_ Wém (rpp +7rsep) , (17)

where we have used the shorthand notation

TD
tDp:tD—tp, dDP:TDP_/ ((b—|—1/})d7",

TP
TD

'pp =Tp —Tp, TSEP:/ (b’l]d’l”. (18)
TP

It is worth stressing that the Nordtvedt parameter n ap-
pears through rggpp in Eq. (IT) as an additional term
that would vanish should the strong equivalence princi-
ple be satisfied.

Next, in compliance with ﬂa, @, @], we expand the
energy F;(p) around the peak p; of the Gaussian dis-
tribution in momentum space. This expansion allows us
to neglect the intrinsic temporal spreading of the wave-
packet throughout the propagation of the mixed particle.

Note that a similar effect has no influence over the evo-
lution of the neutrino coherence @, @, @] Hence, up
to the leading order, one has

Eij(p) =~ Ej+ (P —Pp;) V), (19)

where E; is the j-th component of the energy evaluated
at p;, while v; is the group velocity of the j-th mass-
eigenstate wave-packet. This latter quantity can be fur-
ther manipulated by recalling that we are working in the
relativistic limit, which yields the following expression for
its modulus [55)]

m2
vj = Vil = [VpEj(P)lp=p, 1 - 75 (20)
J 2E%

In order to gain insight on the flavor transition probabil-
ity and the decoherence rate, we now have to determine
the analytic expression of the density matrix elements
p;r appearing in (IZ). The considerations carried out so
far bring forward a significant streamlining of the phase-
shift ®;; = &, — ®;. By repeating for the k-th neutrino
mass eigenstate the same considerations as for the j-th
one, i.e.,

Ex(q) ~ Ex+(q—pg) - Vi,

2
mi

vg = [VaEBr(d)lg=p, 21— 575,  (21)
q q=py 2E]%
we can write
2 2
mz m
®rj= Ejx(tpp —dpp) + | === — === | (rpp +7
kj ik(tpp —dpp) (2Ej 2Ek> (rpp +7sEP)
+v; - (P—p;)(tpp — ;) = vi- (@ —Py)(top — lk),
(22)
where Fj;, = FE; — Fj, and
m?2
l; = Q—EJQ (rpp +rsep)+dpp, (23)

J

An analogous relation holds for .
By use of Egs. @), (@) and ([I2)), we now get

®-p;)%  (a—pp)?
d®p dPq g, — T AR
_ ‘:‘?k / ez@;”e 402 e 402 ,

pik ()

(2m)? ) (2m)3
(24)
where we have introduced the shorthand notation
=% = (21/0p)32U% Uak, - (25)

Integration of Eq. (24) over momenta gives

—

ik
ij(x) = W

2 2
m7 m
+i| =L - =L | (rpp+r

(2Ej 2Ek>(DP sEP)

eXp{iEjk(tDp — de)

— o2 [Vitor — 0)* + Vi(tor — £,)7] ), (26)



with o, = 1/20, being the wave packet spatial width.
One can check that the standard plane-wave picture is
recovered in the limit o, — 00, as expected.

In neutrino oscillation experiments, the function that
modulates the decoherent dynamics only depends on the
spatial distance covered by the mixed particle @] Thus,
to consistently account for this aspect, the quantity that
should actually be considered is

o) = [ dtpy(o). 2n)

After a final integration [55], we note that pjx(x) can be
split in the product of three distinct contributions

pik(x) = €5 P (%) plaP(x) (28)
where the first term

o ﬁU;jUak
e R

x

2 2
—Ejk% T=14/V24+v2
o) ) = i PR

(29)
does not influence the flavor transition probability and
decoherence rate. On the other hand, the second factor

reads
m;mi
2E; 2E4

Ej o M) > M}
_6—2 <V32—_EJ2 + Vk2—‘E1]% ) (30)

which, as shown in @], can be used to compute the flavor
transition probability j <> k.

For the main purpose of the present work, the rele-
vant contribution comes from the third factor, namely
pﬁzmp(x), which carries the information on the decoher-
ence mechanism experienced by the flavor neutrino along
its propagation. By writing the said quantity up to the
leading-order terms in m;/E; and my/Ej, and working
in the typical approximation F; ~ Ej = E, one obtains

Pk =exp {l (rpp +rsep)

Am%j (rpp +rsep)’
3202 B4

PR (x) = exp |-

damp, damp,
= Pjg po(x)/’jk P(x), (31)

where Am3 ;= mi — mf, while £ can be interpreted as
the average transition energy between the j-th and the
k-th mass eigenstate. For a clearer presentation of the
result, in the second line of ([BI]) we have factorized pdamp
as the product of

4.2
AmyTbp
3202 F4

damp(x) = exp [~ L (32

which is the standard factor arising in Einstein’s general
relativity and

Amy;rsep (rsep + 2rpp)
3202 B4 ’
(33)
which is the correction we gain in gravitational theo-
ries where the strong equivalence principle is violated.
Clearly, for n — 0 we have rsgp — 0 from Eq. ([J),
which in turn implies p(;,jmp’n — 1, as expected.

On a final note, considering the diagonal elements of
the density matrix, one can compute the (normalized)
survival probability, which for an electron neutrino turns
out to be

PRTPT(x) = exp |-

2 2 . Am%j
Pye—we(x) = E _ |Uej| |Uek| exp[z (TDP + TSEP) 5%
7,
4 2
B Amy; (rpp +sepP) (34)

3202 E4

Therefore, the above expression conveys that, from an
experimental perspective, the presence of 7 modifies the
expected flux of neutrinos with respect to the general rel-
ativistic prediction ﬂﬂ] This can be easily understood
by observing that the survival probability for a fixed fla-
vor, say V,, can be estimated as P, _,, = P, /Pior,
where @ = >~ @, is the total flux of neutrinos from
a given source, while @, is the measured flux of neutri-
nos v, [73].

Discussion — The main result we have achieved is that,
when 7 # 0, a violation of the SEP affects the damping of
the neutrino wave-packets in a way that depends on the
sign of rggp, i.e., if rggp > 0 the damping is stronger
than the standard GR (rggpp = 0) description, while in
the opposite case it is weaker (see Eq. [B1)).

To discuss our outcome more concretely, we can con-
sider an explicit example in which n can be non-zero.
Specifically, we focus on metric potentials corrected by
Yukawa-type contributions of the form

b = —Giw (1+ae—r/k) , (35)
b = —GTM (1+be’r/’\) , (36)

where G is Newton’s constant, M the mass of the source,
such as a star or a planet, and \ the length scale at which
the effects of the exponential terms become important.
The constants a and b are model-dependent.

Given the potentials ([B5) and (B8], from the defini-
tion (I8]) we obtain

rspp = (a — b)GM[-Ei(-rp/A) + Ei(-rp/A\)], (37)

where the overall sign is determined by the signs of a —b
and rp —rp. If we assume that the neutrinos are emitted
by the gravitational source, then rp > rp and the term in



the square brackets in Eq. (1) is always negative, since
Ei(—x) is a monotonically increasing function of x > 0.
Therefore, in this case we get regp > 0 (rgpp < 0) for
a<b(a>Db).

Yukawa-like corrections are very common in scenarios
admitting the existence of a fifth force. A popular the-
ory in which the two linear potentials are fully known
is f(R) gravity [76], in which the weak-field limit gives
a = —b = 1/3, which means that a > b. For this model,
the role of the fifth force is played by an additional mas-
sive scalar degree of freedom of mass m = 1/\. There-
fore, in this theory the violation of the strong equivalence
principle manifests itself as a weaker damping, i.e., a less
damped neutrino wave-packet, as compared to the case
of Einstein’s general relativity.

The above scenario includes only a specific example;
however, the same steps can be easily applied to any
other gravitational theory HE] for which the linear metric
potentials are known.

Concluding remarks — Motivated by the analysis of @],
we have shown that violations of the strong equivalence
principle can be witnessed in neutrino oscillations both
through the flavor oscillation phase and the damping of
neutrino wave-packets; indeed, such quantities explicitly
depend on the Nordtvedt parameter 7. This result has
been achieved in the case of a weak-field, spherically sym-
metric metric tensor and can be applied to generic ex-
tended theories of gravity for which the potentials are
known.

Let us stress that, although here we discussed the case
of neutrino oscillations in vacuum, the same treatment

can be easily extended to the case of oscillations in mat-
ter [77, (78] by a suitable (background-dependent) redefi-
nition of the neutrino mass-shift and metric potential ¢.
In fact, as it was shown for plane-waves @], the presence
of matter does not seem to qualitatively change the final
outcomes.

Apart from the theoretical interest, it has been re-
marked that nontrivial gravitational contributions could
significantly affect neutrino oscillation in supernova ex-
plosions ﬁ] and solar neutrino experiments [74], thus
giving rise to potentially measurable effects.
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