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Abstract

Basic aspects of the Hamiltonian structure of the parity-violating Poincaré gauge
theory are studied. We found all possible primary constraints, identified the corre-
sponding critical parameters, and constructed the generic form of the canonical Hamil-
tonian. In addition to being important in their own right, these results offer dynamical
information that is essential for a proper understanding of the particle spectrum of the
theory, calculated in the weak field approximation around the Minkowski background.

1 Introduction

Weyl’s idea of gauge invariance [I] turned out to be a key principle underlying the dynamical
structure of all the fundamental physical interactions. Following this idea and the subsequent
works of Yang, Mills and Utiyama [2], Kibble and Sciama [3] formulated a new theory of
gravity, the Poincaré gauge theory (PG, aka PGT), based on gauging the Poincaré group of
spacetime symmetries. In PG, spacetime is characterized by a Riemann-Cartan geometry,
in which the torsion and curvature are the field strengths associated with the translation
and Lorentz subgroups of the Poincaré group; for more details, see [4, [l @, [7, 8, @, 10].

Earlier investigations of PG were mostly focused on the class of parity preserving La-
grangians quadratic in the field strengths; see, for instance, Hayashi and Shirafuji [5], or
Obukhov [II]. We denote this class of models as PGT. Sezgin and Niuwenhuizen [I2] ana-
lyzed the particle spectrum of PG™ in the weak field approximation around the Minkowski
background M,. Using the absence of ghosts and tachyons as physical requirements, they
found a number of restrictions on the PG™ parameters that ensure the propagating torsion
modes to be well behaved.

General dynamical aspects of PG™, including the identification of its physical degrees
of freedom, are most naturally understood in Dirac’s Hamiltonian approach for constrained
dynamical systems [13]. Blagojevi¢ and Nikoli¢ [14] [I5] started a systematic Hamiltonian
analysis of PGT, focusing on its generic aspects. They identified a subset of the primary
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constraints that are always present (“sure” constraints, associated to the local Poincaré sym-
metry). Moreover, if certain critical parameters vanished, they found additional primary
constraints (“if-constraints”), constructed the total Hamiltonian, and discussed certain as-
pects of the consistency procedure. Further advances in this direction were made by Cheng
et al. [I6] and Chen et al [I7], who found that the nonlinear nature of constraints may
drastically change the number of propagating modes obtained in the linearized analysis. Yo
and Nester [I8] made a detailed study of this phenomenon in PG, concluding that there
are apparently only two good propagating torsion modes. For an interesting application of
this result to cosmology, see Shie et al. [19].

There are no physical arguments that favor the conservation of parity in the gravitational
interaction. Parity violating models based on the general PG, with all possible quadratic
invariants in the Lagrangian, were considered already in the 1980s [20], but the subject
remained without wider response. Recently, there has been increased interest in a better
understanding of both the basic structure and various dynamical aspects of these models,
including cosmological applications and wave solutions [21], 22, 23] 24], 28], 26] 27]. In par-
ticular, one should mention the analysis of the particle spectrum carried out by Karananas
[25], who made a suitable extension of the weak field approximation method used earlier in
PG™ [12] and applied it to the general PG. According to his results, it seems that the set
of good modes that can coexist is significantly enlarged in comparison to PG™.

The objective of the present work is to examine the Hamiltonian structure of the general
PG, based on the if-constraint formalism [14, [I5], 18], and use it to clarify the physical
content of its particle spectrum, calculated in the weak field approximation around My. In
this regard, a particularly important role is played by both the critical parameters appearing
in the analysis of the primary constraints, and the structure of the canonical Hamiltonian.
By comparing the properties of the particle spectrum to those found in Ref. [25], we noted
certain differences. On the other side, elements of the Hamiltonian structure developed here
can be a good starting point for studying the nonlinear dynamics of PG.

The paper is organized as follows. In Sec. 2, we give a short account of the Lagrangian
formalism for the general PG. In Secs. Bl and dl we find the canonical critical parameters,
identify the related if-constraints, and construct the generic, “most dynamical” canonical
Hamiltonian, determined by the nonvanishing critical parameters. Then, in Secs. [l and
[6l we derive the linearized gravitational field equations and use them to identify the mass
eigenvalues of the torsion modes. The conditions for the absence of ghosts and tachyons,
as well as the reality conditions of the mass eigenvalues, are examined in Sec. [ Essential
features of the particle spectrum are either tested by, or derived from the Hamiltonian
structure of PG. In contrast to the results obtained in [25], we show that the two spin-2
torsion modes cannot propagate simultaneously. In Sec. B we give a short summary of
our results, and six appendices contain useful technical details, including an outline of the
Hamiltonian formalism describing the case of vanishing critical parameters.

Our conventions are as follows. The Latin indices (4, j,...) are the local Lorentz indices,
the Greek indices (p,v,...) are the coordinate indices, and both run over 0,1,2,3; the
orthonormal frame (tetrad) is b’,,, the inverse tetrad is h;*, the Lorentz connection is w",,
ni; = (1,—1,-1,-1) and g,, = n;;b',b’, are the metric components in the local Lorentz
and coordinate frame, respectively; a totally antisymmetric tensor €;;,; is normalized to
0123 = +1, and the dual of an antisymmetric tensor X;; is *X;; = (1/2)g;;"™" Xyn-



2 Lagrangian formalism

In this section, we give a short account of the Lagrangian formalism for the general parity
violating PG. Basic dynamical variables are the tetrad field ' = b’ ,dz* and the antisymmet-
ric spin connection w” = w",dz" = —w!* (1-forms), which represent the gauge potentials
associated with translations and Lorentz transformations, respectively. The corresponding
field strengths are the torsion and the curvature (2-forms),

. . . 1 .
T :=db' + w'py ANV = §T”de“ A dz”
RY = dw + w' Awh = 5 B wda? N da”, (2.1)
which satisfy the Bianchi identities
VT =R, AV, VRV =0. (2.2)

The underlying spacetime continuum is described by Riemann-Cartan geometry [7, [8, [9].

2.1 Field equations

The PG dynamics is determined by a Lagrangian L = Ly, + Lq, where L)y, describes matter
and its interaction with gravity, and L is the pure gravitational part. In the framework
of tensor calculus, the gravitational field equations in vacuum are obtained by varying the
action I = [d*xLg(V',, Tijk, Rijr) with respect to b°, and w,. After introducing the
covariant gravitational momenta

0L 0L

Hi’uy = - y Z"'Lw = — y 2.3
T, ’ ORI, (238)
and the associated energy-momentum and spin currents
8LG aLG
EZ'V = — EZ..U =, 2.3b
ov',, ow , (2.3b)
the gravitational field equations take a compact form
oL
(1ST) &Y :=—=S =V, H" —E' =0, (2.4a)
obt,
v 6LG pv v
The explicit expressions for the energy-momentum and spin currents are given by
1
E =hi"Le — T",;H,," — iRmnkiHmnky ;
Eiju = —2H[”}’u . (25)

In the presence of matter, the right-hand sides of (Z4al) and (2.40) contain the corre-
sponding matter currents.



2.2 Quadratic PG models

We assume the Lagrangian density Lg to contain all possible quadratic invariants, con-
structed out of the three irreducible components of the torsion, and the six irreducible
components of the curvature (Appendix [Al). Relying on the Lagrangian 4-form given in Ref.
[27], one finds that the corresponding Lagrangian density has the form Lg = bLq, where
b:= det(b,) and

£G = —(a()R + 2A0) — doX

18
—|—§T2]k Z (CLn (n)TZ]]g — C_ln* (n)ka) ’
n=1
1 : .
_‘_ZRijkl Z (b (R0 — by* (n)Rijkl) . (2.6)
n=1

Here, the irreducible components of the field strengths are defined in Appendix [Al the

parity even and parity odd sectors are described by the parameters (a,, b,, A¢) and (a,, b,),
respectively, and the star symbol denotes the duality operation with respect to the frame
indices of the field strengths. Another form of L, useful for comparison with the literature,
is given in Appendix Bl Knowing Lg, one finds that the covariant momentum densities
(2.3al) can be written in the form H;y,, = bHimyn and Hijpn = bHijmn, Where

3
Himn =2 Z (an (n):rzmn - C_Ln*trzmn) )
n=1
Hijmn = LHijmn + H;]mn ’ (27&)
and
LHijmn = —2a0(MimMjn — NjmNin) + 260 jmn ,

6
n=1
2.3 On the choice of Lagrangian parameters

In the Lagrangian (2.6]), the two parity sectors are presented in a very symmetric way,
but the set of three identities (A.3al) implies that not all of the parameters (a,,b,) are
independent. To resolve this issue, we choose the conditions

as = ag, by = by, by = bg (2.8)

which reduce the number of Lagrangian parameters to 21 — 3 = 18. Note that the above
conditions are not unique.

Further freedom in the choice of parameters follows from the existence of three topolog-
ical invariants. The Euler and Pontryagin invariants are defined by the 4-forms

Ig = R7 N R™€mmij , Ip:= R NRy; (2.92)
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respectively, whereas the third invariant is based on the Nieh-Yan identity,
Iny =T"'ANT; — Ry AU ANV =d(b' AT;). (2.9b)

These invariants produce vanishing contributions to the field equations, which implies that
not all of the Lagrangian parameters are dynamically independent. Indeed, they can be
used to eliminate three more terms from the Lagrangian, leaving us with the final number
of 18 — 3 = 15 independent parameters; see Ref. [23]3 for more details. In this paper, we
use only the conditions (Z8]), allowing thereby for an easier comparison to the literature.

For a clear understanding of the physical content of PG, it is convenient to use di-
mensionless parameters (coupling constants). The Lagrangian parameters in (2.0]) are not
dimensionless, but the transition to their dimensionless counterparts can be easily realized
by suitable rescalings; see for instance Ref. [27]. However, to make the general exposi-
tion simpler and more compact, we find it useful to keep the Lagrangian parameters in the
form (Z€)), which corresponds to using the units ¢ = h = 2k = 1. The true dimensionless
parameters can be reintroduced later whenever needed.

3 Primary constraints

Hamiltonian structure is by itself a particularly important aspect of PG as a gauge theory
[13]. Moreover, it also offers dynamical information that is essential for a proper under-
standing of the particle spectrum of PG.
We begin the subject by analyzing the primary constraints (PC) of PG. The canonical
momenta (m;*, [1;;#) associated to the basic Lagrangian variables (b',,w" ) are
0L¢ OL¢

Ho= 7 — O IL#H = ——— = pH,;: . 1
e b, bH,;H o) bH,; (3.1)

Since the field strengths do not depend on the velocities dyb’y and Gyw? ), the above relations
define 10 constraints that are always present in the theory (“sure” PCs), regardless of the
values of the coupling constants. They read

' =0, ;° ~0. (3.2)

and their existence is directly related to the local Poincaré symmetry of PG.

Before we proceed, let us note that at each point of a spatial hypersurface ¥ : 2 =const.,
one can define the unit timelike vector m, normal to ¥y. Then, any spacetime vector V}, can
be decomposed into a component V| along n, and a component V; in the tangent space of
(“parallel” to) Xo; that is Vj, = n, V) + Vi, where V| = n*V}, and n*V; = 0 (Appendix [C).

To find additional constraints that may appear in ([B.]), it is useful to define the parallel
gravitational momenta

T = Ti"0ka = JH; 15, (3.3a)
iy, o= Hijbge = JHij 1 (3.3b)

such that #,zn* = 0, II,.zn* = 0, and J is defined by b = NJ, with N = n;b*,. Depending

ij
on the values of the coupling constants, these relations may produce additional constraints



(primary “if-constraints”). In analogy to the above orthogonal-parallel decomposition of a
vector Vj, one can introduce a similar decomposition of the field strengths,

Rijim = Rijim + (e Rijim + nmRiji1 ) = Rijkm + Rijim - (3.4b)
It is very useful for further analysis to know that the parallel components Titem = Ty, and
Rijkm = Rjjgm are independent not only of the “velocities” Tiim, Rijim, but also of the

unphysical variables (b'y,w%y); for more details, see Refs. [7, 14} [15].

3.1 Torsion sector

The torsion piece of the Lagrangian (Z6) depends on the velocities dyb',, only through T; ;.
The linearity of H, 7 in T and T allows us to rewrite ([B:3al) in the form

Gifp = —k HiJ_E(T) = HuE(T) ) (3-5)

where all possible velocity terms are moved to the right-hand side. Now, we decompose this
equation into irreducible parts with respect to the group of rotations in ¥ (Appendix [C]):

/\_k o B
Sp = % 4 Ay = 9, TE (3.6a)
T 2 1
b1 = S+ Zlar — )T 5p + 2 (201 + G2)e™ " Timn
J 3 3
2 2 -
= §(2a1 +a)Ty 5+ g(dl —az)eg"" TnL (3.6b)
Aog = ! - g(al —a3)T 5 — l(C_h + 2a3)ei " T mn
(2 J 3 2 3 2
2 2 _
= —g(al + 2&3)7ﬁ[ﬂgp_ - g(al — dg)EﬂgnTJ_J_ﬁ s (36C)
T Tﬁ'ﬁc — mn 1 ki T
O = 7 + a1 @ Tk)ﬁm - gnﬁeg Timn| = —2a1" T, - (3-6d)

Here, the set (°¢, ¢ 5, ‘¢, Tdu5), defined by the scalar, vector, antisymmetric and traceless-
symmetric parts of ¢z, represents the set of all possible new constraints. The mechanism
by which these if-constraints become true constraints is simply explained in the parity even
case, characterized by four critical parameters: as, (2a; + a2), (a1 + 2a3), and a;. When
some of these parameters vanish, the corresponding velocity terms on the right-hand sides
of (B.4)) also vanish, and consequently, the associated if-constraints become true constraints.
However, if none of the critical parameters vanishes, there are no new constraints.

The same mechanism works also in the general PG. Whereas the critical parameters for
S¢ and T¢; remain the same as in PG*, ay and a;, the structure of the if-constraints ¢
and “4¢,; is more complicated, as the right-hand sides of ([B.60) and (8.6d) depend on two
velocities, Tjn1 and Ty 5. To find the related critical parameters, we first transform “¢,;
into the axial 3-vector “¢; := ;™" 4hmn, so that [B.6d) goes over into

2 _
Ao = (a1 —a)T)  f — g(al +2a3)er™" Trnl - (3.7)
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Then, the set of equations involving (¢ z, “¢z) can be written in the matrix form as

( ﬁgi ) - %A < €k"]";‘l7£i€ﬁl ) ’ (3.8a)

A — 2a1 + as a] — Qo
’ 2(@1 — dg) —(&1 + 2(1,3) ’

detA = — [(zal + ap)(ar + 2as) + 2@ — ag)ﬂ . (3.8D)

where

If the matrix A has two distinct eigenvalues, one can construct the invertible matrix P that
transforms A into a diagonal form, D, := P~'AP. Then, Eq. (3.8a) implies

_ 2 T _
. p1 Pk ) _ “D.pP ! =Lk , 3.9
‘ < Aox 37 ex " Iimal (3.9)
where the column ¢z represents two diagonalized if-constraints, and the diagonal elements
of D, are the critical parameters,
1
2

More details on this construction can be found in Appendix [Dl In general, the number of
true constraints in (3.9) is equal to the number of vanishing critical parameters.

c(A) (trA + /(tr A)? — 4detA> . (3.10)

= The critical parameters of the torsion sector are as, c4+(A), and a;.

3.2 Curvature sector

For the curvature sector, we use the linearity of Hj; , in R and R to rewrite (3.30) in the
form

Iz _
(I)ijfc = J] - Hile(R) = ,H;jJ_E(R) : (3-11)
The content of the object ®;;; is described by two three-dimensional (3d) tensors, ®;;; =

(@7 Py)- The irreducible decomposition of @ 7 takes the form defined in (C4):

o = Hf]kk + 6ag + %(54 —be) R + %(52 +b3)e" M R
— (b4 b6)Rut — %(z}g _By)R (3.12a)
o, = A]?j]% + (by — 55)AEJ—12 - %(52 + bs) A(EijMmﬁ>
= (by+bs) R,z — %(62 by A@ﬁRmm) , (3.12b)
o, = TI?J% (b —ba) "Ry + %(61 +82) 7(2"" R gn)
— (b b)) "Rusg - %(bl ) (= Bt (3.12¢)
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The irreducible parts of &z = —®; are the pseudoscalar, the vector and the traceless
symmetric part, see (C.H):

P
H - _ _ —
P@ = 7 + 12&0 ‘l— (b2 - bg)fkmnRLEmﬁ - (bl _I_ 2b2 _I_ b3)E

= —(boa+ bs)fkmﬁkam - 2(52 - 63)RJ_J_ ) (3.13a)
V VH? 1 - 7\ kmn
o, = T (by — bs)R 17 + 5(52 + 05)e™™" Rigmn
= (by+bs5)R;1 — (52 - Es)fz%ﬁRLkm ) (3.13b)
T

1T _
T(I)zjlé = TJ + (b — b2) TRJ.lef - TH;jJ_]::

= (b 1) "Ry — (b = b) (25" "R (3.130)

(R)

In Egs. (BI2) and BI3), the underlined objects do not contain velocities, R := R™ ;5
and R,; := Ryjy", the superscript ¥ denotes symmetrization, and ’H;JfﬂC in (BI3d) denotes
the parity odd part of the covariant momentum,

I— (D 1 mn | (7, A 7 A h
T”HUM(R) = — T{ZEE [(bl + 2bg + bs) Rigmn + (b1 — bs)Rmmj] } :

Looking at the type of velocities appearing in the above equations, one can see that the
critical parameters can be found by grouping these equations into suitably chosen pairs.

Spin-0 pair

Consider first Eqs. (312a) and (BI3al), which contain the same set of velocities, R, and
gkmn Re . They can be written in the matrix form as

5P\ Ry
( Pp ) = By < gEmﬁREmﬁl ) (3.14&)

B bi+bs  —2(by—bs)
o - —2(by —bg)  —(by+b3) )’

detBy = —(by+ bg)(bs + bs) — (by — by)?. (3.14b)

where

In analogy to what we found in the previous subsection, the critical parameters are the
eigenvalues of By, c4+(By), and the related column of the if-constraints reads

L @ _ Riyi
0p .= p;! ( P ) = DoP; ! ( g ) : (3.15)

were Py is the matrix that diagonalizes By, Dy = F LBy Py.



Spin-1 pair
Similarly, after transforming A®,;; into 4 := ;™ ® | 45, Eq. (BI2H) becomes

Ap, = (by + 55)57mﬁRJ_mJ_ﬁ + (62 - 7?5)Ru ; (3.16)

and the matrix form of Eqs. (B16) and (B.I3D]) reads

A(I)i " Rimin
( Ve, ) = B ( R ) : (3.17a)
where
B by+bs by —bs
b —(by —bs) by+0b5 )’
det31 = (b4 + b5)(b2 + b5) + (Z_?Q - 65)2 . (317b)

As before, the critical parameters are c4(Bj), and the if-constraints are determined by the
matrix P, that diagonalizes By,

A(I)— e mnp.
', = P! =Dt ) 3.18
1 ( V(I)z ) 141 ( R, ( )

Spin-2 pair

To find the critical parameters in the spin-2 sector, it is convenient to replace TCI)W; by
the expression T®,; := T(Egmﬁémﬁfg). Indeed, 7@, refers to the same set of velocities that

appears in Eq. (312d),
T(I)il_c = (bl + b2) T(EiﬁmRmm_E) + 2(61 - 62) TRJ_U_E ) (3-19)

which allows Egs. (812d) and (819) to be written in the matrix form

TH, - TR -
17k — FUlylk
( 105 ) Bz< (e R k) ) ’ (3.208)

where

bt b (B —by)
Bg = - - y
2(by — by) by + by

deth = (bl + b2)(b1 + b4) + (Z_?l - (_)2)2 . (320b)

Hence, the critical parameters are c4(Bs), and the column of if-constraints has the form

2 -1 T(I)J_‘E -1 TRrﬂc
D= D5 g ) = D2P; 7( J : (3.21)

mn _
€7 Rmm_k)

» The critical parameters in the curvature sector are c4(By), c+(B), and c4(By).



3.3 Ciritical parameters and if-constraints

Since the if-constraints belong to irreducible representations of 3d rotations, they are charac-
terized by a specific spin content. Their structure is best understood by grouping them into
pairs with definite spin, as shown in Table 1. In this classification, the parity eigenvalues
are absent since parity is not conserved.

Table 1. Critical parameters and if-constraints

Spin  Critical parameters  If-constraints

0 as, c+(Bo) ¢, (D)4
1 cr(A), ce(Br) (0)=, ('Pp)+
2 ay, Cj:(B2) T¢ﬂc7 (2(1)515)1

The generic set of the critical parameters c.(F'), F' = A, By, By, B, is defined provided the
parity odd parameters in ' do not vanish, see Appendix Hence, the limit of the final
expressions ¢4 (F') when these parameters tend to zero is not well defined. However, since
in that case I is already diagonal, one can identify cy directly from F.

The total number of the primary if-constraints is 10 x 3 = 30, the same as the num-
ber of the parallel canonical momenta (3.3). The if-constraints and the associated critical
parameters have a decisive influence on the structure of the canonical Hamiltonian.

4 Hamiltonian

The procedure for constructing the canonical (and total) Hamiltonian in PG* is well known
[7, 14], 15], 18], but its extension to PG, although in principle straightforward, is technically
rather complicated.

Starting with the standard definition of the canonical Hamiltonian density,

. 1 .
HC = Wiaﬁobla -+ §Hija80wwa — bﬁ, (41)
one can rewrite it in the Dirac-ADM form:
1 ..
HC = NHJ_ + NaHa — §WZ]()%Z']' + 0aDo‘ s (42)

where N and N® are the lapse and shift functions (see Appendix [C]), and
Hij = 27" bjja + VoIl

Ha - WiBTZaﬁ + _WijﬁRZ]aﬁ - bkavﬁﬂ-kﬁ )

2
T 1 .y
Hi=m"T" ;+ 517,-/“3%,; — JL —nFVm?,
. 1 ..
D* = bloﬂ'ia + 5&)”0]]@'& . (43)

Since H is the only term that depends on the form of the Lagrangian, explicit construction
of the whole H, reduces just to the construction of its dynamical piece H . In this process,

10



we focus our attention on the “most dynamical” case when all the critical parameters are
nonvanishing (that is, when none of the if-constraints becomes a true constraint). Such
an assumption is sufficient for our study of the particle spectrum of PG. Extension of the
formalism to include vanishing critical parameters is outlined in Appendix [DI

4.1 Torsion sector

Isolating the torsion contribution to L, one finds the corresponding part of H |,

1 . _
HL = 50uiT" = JLr2 = n'Vym?”, (4.4a)

where L2 = L72(T) does not contain velocities. In order to express the velocities in terms
of the phase-space variables, we decompose the first term into four irreducible parts:

- -1 B o I | _
CbiﬂcTZlk = CbHcTLLk + 5 A¢i ElﬁmenL + T¢ﬁc TTZUC + g S¢T%Lk . (4-4b)

If ai,as # 0, the velocities from the last two terms can be directly eliminated using Eqs.

(B.Ga) and ([3.6d),
1 2 _ 1 1 7
= ST R+ T TR = — 565 + —To Ty (4.52)
3 6@2 2a1

Continuing with the first two terms in ([£4D]), we note that, for detA # 0, one can use the
relation A~! x (B.8al) to eliminate the velocities. Introducing the notation ¢y := (¢, “o5)7,
the result takes a compact matrix form,
TLLlk 3
1Ay . _
(01, 5% ( e mn T 2 detA”

2a; + az ap — ao 1
T .= T=— A. 4.
( G —dy  —(ay + 2a3)/2 ) : det 5 det (4.5b)

ITe*,

Hence, the resulting form of HT reads

1 _
HT = §J¢% — JLp2 —nfVm?

1 1 .
2 .~ 8,8 L T, Tk
O 1= g %00+ 5= Tou " +

3 T, k
a 2 detAgol_fTSO ' (4.6)

4.2 Curvature sector

In a similar manner, one finds the curvature contribution to H | :

HI = %(I)iijiij — JLpge — agR™ s + Goe™ ™ R s (4.7a)
where Lp2 = Lg2(R) does not contain velocities, and
(I)ijERijJ_l_f _ g s(I)RLl _ A(I)EglémnRme 49 T(I)leé TRLJ-LE ’
—é Poc i R + VO Ry F — %T@k (& Ry 1 5) - (4.7b)

11



Summing up the scalar and pseudoscalar term from the expression (4.70) and using the
relation By ' x (B.14a) to eliminate the velocities, one obtains

g > 1 F - RUkL _ ; (OF:¥A (0)

3 (I)RJ_J_ + 6 (I)gzij = J6 detBO d R(] (I), (48)
_ _4£b2 +_b3) 2([_)2 _ [_)3) B

o = ( 2(by — b3) by + bg ’ det Ry = 4detBy

where 007 .= (5@, F®).
Similarly, the sum of the axial vector and vector term, combined with B;'x (3.I7a),
yields

— AP R n4 VO R, = —J B, Wol'r, MoT, (4.9)
by+bs  —(by— bs) )
R frnd - — 5 d tR — —d tB 3
1 ( —(by —bs) —(by + bs) et b1

where W07 = (4d,, Vd,).
Finally, using B, ' x (3.20a)), the sum of the two tensor terms is given by

gLk 1 7k ma 1 7k
27®, TR — 3 Tk TR 7)) = I e E, @pL R, Dot (4.10)
_ A+ D) 2(by — by) o

where PO = (70, Tdy).
Summing up the above three contributions, one obtains the expression for H1 as

1 B o o
HE = chbg — JLg2(R) — apR™ s + Goe™ R o7 (4.11)
1 1 . 1 o
2. OpT R, O — LT p, Vp? @pT R, Atk
BTG deB, 0 Y T e, o Y T Tdam,
The complete expression H, = HT + H® will be used in Sec. [ to formulate the

conditions for the positivity of energy of the isolated spin modes.

4.3 Consistency conditions

The complete canonical Hamiltonian of PG, with H, = HT +H is calculated by assuming
that none of the critical parameters is vanishing. In the next step, one can construct the
total Hamiltonian that generates the temporal evolution of dynamical variables. Since the
only primary constraints are the sure constraints (B.2]), the total Hamiltonian is given by

) 1 ..
%T = %c + u’mo + §UUHZ']'O s (412)

where u' and ©¥ are canonical multipliers.
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By construction, the components H,;, H, and H of the canonical Hamiltonian do not
depend on the unphysical variables b’y and w*,. Hence, by demanding the primary con-
straints to be preserved during the time evolution, one finds the set of secondary constraints,

KHJ_%O, HQQO, Hw%O (413)

General arguments, based on the existence of local Poincaré invariance, show that these
constraints are first class [I3], see also [28]. Hence, the Dirac consistency algorithm is
completed at the level of the secondary constraints (LI3)).

The present PG model has N; = 20 first-class constraints, and N, = 0 second-class
constraints. Since the number of the Lagrangian variables is N = 40 (16 tetrad, plus
24 connection components), the number of the Lagrangian degrees of freedom is N* =
(2N —2N; — N5)/2 = 20. They are the same as those found in the weak field approximation
of PG: 2 massless spin-2 modes and 18 massive torsion modes (two spin-0, six spin-1, and
ten spin-2 modes). However, we shall show that not all of these degrees of freedom are
physically acceptable, in contrast to earlier expectations [25]. To do that, we will first
calculate the mass eigenvalues m? (J) for the torsion modes with spin J =0, 1, 2.

5 Linearized field equations

In this section, we start our analysis of the particle spectrum of PG by deriving the weak field
approximation of the gravitational field equations (2.4]) around the Minkowski background
My; for consistency, we assume Ay = 0. Such an approximation is based on the following
weak field expansion of the basic dynamical variables,

V=0, +b,+0s, w’, =&, 40,

To simplify the notation, we omit writing the tilde sign and the symbol O,, with an implicit
understanding of their effects. Furthermore, we find it technically convenient to use the
following abbreviations:

Ay
A,

n

I
S
Q
=

SI

o
3

I

n

Il
o

— by, (5.1)

5.1 First field equation
In the first field equation (2:4al), the covariant momentum associated to torsion has the form
2
Hz’mn = Qalﬂmn + §A2(7hmVn - nmvm> + 2A35imnl~’4l )

2 _ _
_alﬂrsgrsmn - §A25imnsvs + 2A3(7hmAn - nmAm) ) (52)

where @y = as yields A, = A;. Then, after calculating the linearized form of E;”,

EZ‘V = 2(1,0GVZ' — Qo (Rmnki€mnku + hZVX) = 2(1,0GVZ‘ — anXiV s
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the linearized (1ST) takes the form

gz’ - am;L[zmn - 2a0Gni + 2ao)(m
2

2 _ _
+§A25mmk8mvk -+ 2142(82./4” — ’fhnaA) — 2a0Gm- + 2(@0 — C_Ll)Xm = 0, (53)

where we used ([E3), and 9V := 9;V", 0A := 9, A"

5.2 Second field equation

Using the formulas obtained in the weak field approximation,

VuLHZ,jH” = 2a0(T”ij — 5?1}] + 5?)}@)
—apei; (T" s — 6 Vs + 62V,

4
27‘[[@)}” = —§(2a1 + a2)nn[iVj] + 2(&1 + 2@3)€ijnk./4k
4 _ _
_§A2Eijnkvk - 4A377n[zvn} )
the linearized form of (2ND) reads

Eijn = 0" Mijpn +2a0(T" 5 — 6 Vi + 67 Vi)

(5.4)

(5.5a)

Using the double duality relations for the curvature, see Appendix C in Ref. [29], the term

O"™H,,

Limn is found to have the form

1
amH;jmn = (b2 + bl)am (nirllljs - njrlljis)grsmn + 6335ijmnamX

I . N
+(b4 + bl) (82(I)yn — nmam@m) — (Z <> j) -+ 636(7]]”82 — ﬂmaj)R

+Bs [(82'R[jn] — 10" Rijm)) — (i J')] — Bs0™ (nir Rijo) — njr Rjis) )€™ mn

N A R
(b2 = b1) | (0 W0 = 0in 0" W) — (i 42 J) | + & B3 (1 0; — 1in05) X
_ _ 1=
—(b4 — bl)am (T]Z'T(I)js - ’f]jrq)is)&frsmn - EB6eijmn8mR . (55b)

6 Particle spectrum

The particle spectrum of PG contains important information of its physical content. Re-
cently, Karananas [25] made a detailed analysis of this problem by extending the spin-
projection operator formalism, used earlier in the context of PG™ [12], and applying it to
study the PG field excitations around the Minkowski background. His work resulted in the
mass formulas for the spin-0, spin-1 and spin-2 massive torsion modes, together with the
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related restrictions on the parameter space, stemming from the requirements for the absence
of ghosts and tachyons.

In this section, we study the same problem by analyzing the linearized field equations
along the lines presented in [5]. The obtained results are tested by verifying their com-
patibility with the expressions for the critical parameters, found in the canonical analysis,
whereas the absence of ghosts and tachyons is studied in the next section.

6.1 Spin-0 modes
The spin-0 sector is determined by the traces of the field equations &;,, 8i5ijn and 8k(*8 Vkin,
where *Egpy, i = (1/2)eg Eijn 1s the dual of &,

—a20V — 3@28/1 + aoR + aoX =0 s
(b4 + bﬁ)DR + ((_)3 — [_)Q)DX + 4(2&0 + a2)8V + 12(@2 — C_Lo)aA =0 s
(by + b3)0OX — (b3 — bo)OR — 12(ag + 2a3)0A + 8(dy — dp)dV = 0. (6.1)

With X = 30A, the first equation can be used to express R in terms of 0V and 0A,
whereupon the remaining two equations are written in the matrix form as

(K()D + 4&0N0)U =0 s (62&)

- ag(b4 + bﬁ) —3&0(62 — Bg) — 3(@0 — dg)(b4 + bﬁ)
Ko = ( an(By — bs)  Bao(bs + bs) — 3(d@o — az)(bs — bs) ) :

- (St ) v-(an) . om

The determinants of Ky and Ny are given by

detKo = 3@0@2 [(b4 + bﬁ)(bQ + bg) + ((_)2 — 1_93)2:| s
det Ny = —3 [(2&0 + ag)(&o + 2&3) + 2(&0 - ag)z} . (6.2C)

For detKj # 0, one can multiply (62a) by K, ', and obtain the Klein-Gordon equation for
the massive spin-0 torsion modes,

(O+ My)U =0, My = 4agK; Ny . (6.3)

The masses of these modes are given by the eigenvalues of the mass matrix M,

m%(0) = %(tr My ++/(tr My)2 — 4(detM0))

2&0

= ok (tr fo+ \/(tr fo)? — 4 det fo) : (6.42)

where fo := (detKy) K, ' Ny, and

tr f() = 3&0(2&0 + ag)(bg -+ bg) — 12&0(@0 — ag)(gg — 63)
-3 [GQ(CLQ + 2@3) -+ 2(@0 — C_Lg)ﬂ (b4 -+ bﬁ) s
detfo = ( detK(])( detNo) . (64b)
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It is interesting to note that det K is proportional to the product of two critical parameters,
ay and detBy, characterizing the spin-0 sector of the set of if-constraints (see Table 1).
Hence, when the critical parameters vanish, we have detK, = 0, the mass eigenvalues (6.4])
become infinite, and consequently, the spin-0 modes do not propagate. In the linear regime,
this mechanism provides a Lagrangian description of the dynamical role of if-constraints.
As a further test of our mass formula (6.4]), we calculated its form in the parity-even
sector (dg, @y, by) = 0, and found the well-known result for the spin-0* torsion modes:

. 4a0(2a0 + ag)

4(&0 + 2&3)
2 27
m+ (O> a a2(b4 + bﬁ)

) m2—(0> = - (bg ¥+ bg)

6.2 Spin-1 modes

To understand the linearized dynamics of the spin-1 sector, it is convenient to start with the
antisymmetric part of (1ST), &;), and its dual, *&;;. Taking derivatives of these equations
yields

1 _ . o
§(2a1 + CLQ)(DV]‘ — 8J8V) + Ag(DAj - 8]8./4) + 2A081R[ij] + 2A082XW] =0,

9 _ . .
(CL1 + 2a3)(DAj - 838.,4) - gAQ(DVj - 8]81}) - 2A082X[m + 2A08ZR[m =0.
Then, the solutions for 8’”1%[,,”-} and 0" X, are found to be given in the matrix form as

~0" Ry ) _ 5, _ (Vi — A2 A2
2( i )—G(DUZ 2,(00)) . Uz—<Ai), gim A2+ A2,

1 o L
G ]_ g [A0(2a,1 —|— ag) — 2AOA2:| |:AOA2 —|— Ao(al —|— 2(1,3):| (6 5)
= - 1. B o .
g —g [A0(2CL1 + 0,2) + QAQAQ} — |:A()A2 — Ao(al + 2(1,3)}
Next, consider the trace of (2ND), n7%&,j1, and of its dual, 77**&;;;. Using the identities
(E.4), these trace components take the form

A - - 1 1 - —

+ 2(2&0 + GQ)VZ' - 6(C_LO — C_LQ)AZ' = O, (66&)
—4(by — 55)8""”}?[,%2-} — 4(by + b5) 0" X i) + (ba — b3)O; R + (by + b3)0; X
- 8(&0 - dg)vi - 12(@0 + 2@3)./42' =0. (66b)

Using the expressions for 0m}?[m,~] and 0™ X[y found in (G.0), and the expression for R
determined by the trace of (1ST), Egs. (6.0) multiplied by —2¢ can be written in the
matrix form as

(K10 —4gN)U; + (Ly — K1) 9;(0U) =0, (6.7a)
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where

by +b by — b
K, = B{(9G Byi=-2( 55 2 oo )
1 — (g ) 1 < (bg—b5) —2(b2+b5) )

N1:<(2a0+a2) —3(ao—a2))’ UF(V,.),

—4(@0 — ag) —6(a0 + 2@3) .AZ
g (10 -

The determinants of K7 and Ny are given by

detK; = gg(detA)(detBl) ,

detN1 =—06 |:(CL(] + 2a3)(2a0 + CLQ) + 2(@0 — C_LQ)2 . (67C)

When detK; # 0, one can multiply Eq. (67a) by K; ' and obtain the matrix Klein-Gordon
equation for the massive spin-1 torsion modes,

(04 M)U; =0, M, := —4gK7' Ny,

The eigenvalues of the mass matrix M; are given by

—2
m? (1) = detfg(l (tr frt /o f)E = 4detf1> , (6.92)

where f, := (detk,) KN, and
det f; = (detNy)(detK),
tr fy = 4(by + bs) [(an + ) [(ao — a1)(ar + 2a3) — (@0 — d1)?] + 2(ag — a1) (@ — a2)2]
A(by + bs) [ ao + 2as)[(a0 — a1)(2a1 + az) — 2(d@g — a1)2] + 2(ao — ay) (a0 — a2)2]
8(by — bs) [ (240 + az)(ao + 2as)(@o — ar) + 2[(ao — ar)? + (do — a1)?] (o — @)
~2(do — @) (ao — as) } . (6.9b)

The determinant of K is the product of two critical parameters associated to the spin-1
sector (see Table 1). A discussion of what happens when at least one of these parameters
vanishes is given in Appendix

In the parity even sector, our mass formula (6.9) yields the familiar result for the spin-
torsion modes:

1:|:

6(&0 — al)(ao + 2@3)
(CL1 + 2@3)([?2 + b5)

6(ap — a1)(2ap + as)

) = e B b

mi (1) =
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6.3 Spin-2 modes

Although, in principle, the analysis of the spin-2 sector is not much more complicated than
the one for the spin-1 case, the fact that there are lots of variables makes the general
procedure rather complex and difficult to follow. In Ref. [27], the mass eigenvalues of
the spin-2 torsion modes were found by studying a class of exact wave solutions, defined
by an ansatz that creates only the tensorial irreducible part of the torsion, whereas the
vector and axial vector parts vanish. This motivates us to simplify the present discussion by
considering a dynamical system with vanishing spin-0 and spin-1 modes, V; = 0 and A; = 0.
The physical content of such a system is described solely by the spin-2 tensor ¢;;; (Appendix
[A). Such a technical simplification does not influence the final result for the spin-2 mass
eigenvalues.

The adopted assumptions have two additional consequences: X = 0, which follows from
X =30A, and R = 0, which follows from the trace of (1ST). To analyse the spin-2 sector,
we need the symmetrized version of (1ST),

— @19 — ag®i + AgWi =0, (6.10)

where O := 0™tikm = 0™ T (ik)m, as follows from the definition (ATl of ¢;xn. Moreover, we
also need two equations that follow from (2ND), 0™ &), and 0™ (*E)m(ik):

(bl + b4) [D@ik — 28(i8m®k)m] + Bg [D\Dik — 28(i8m\11k)m]

— 24004 — 240V, =0, (6.11a)
(bl -+ bg) [D\Ifik — 28(i(9m\11k)m} — B4 [D(I)ik — 28(i(9m(1>k)m}
— QA(]@M + 240V, = 0. (611b)

Since ®;;, has a nontrivial Riemannian part associated to the massless graviton, a proper
description of the torsion spin-2 modes is obtained by using (GI0) to eliminate ®; from

Egs. (©11):
(bl + b4)|:|( - al@ik + AO\IIZk) + CLOBQD\IIZ'k — 2@0 (A(]@Zk -+ AO\I]zk) = 0, (612&)
ao(b1 + bQ)D\IIZ'k — BQD( — al@ik + AO\I]Zk) — 2a0 (AOGM — AO\IIZk> =0. (612b)

These equations can be compactly represented in the matrix form as
(KQD -+ 2a0N2)Uik =0 s (613)
where

—CLl(bQ —bl) Ao(bg —Bl) —ao(b2+b1)
L AO AO L @zk
e (B e (9)

For detK, # 0, Eq. ([GI3]) is equivalent to

s ::< ar(by + b)) —Ao(by + by) — ao(by — by) )

(D + Mg)Ulk = 0, M2 = 2@0K2_1N2 y (614)
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where Ms is the mass matrix of the spin-2 torsion mode.

The matrices Ky and N, are of the same form as those found in Ref. [27], Eq. (4.50),
up to inessential differences in conventions. Hence, the mass eigenvalues are also the same.
Expressed in terms of the matrix f, = (detK,)K, ' Ny, they are given by

mi(2)

N detK2

(tr fot /(tr f2)2 — 4detf2> , (6.15a)

where

detfg = (detKg)(detNg) s
tr f2 = —CL()(CLO — al)(bl + bg) - 2&0(@0 - C_Ll)(l_)g — [_?1)
+[ —ai(ap — ay) + (aop — C71)2} (by + by) . (6.15Db)

As expected, the determinant of K is proportional to the product of the critical parameters
given in the third line of Table 1,

detKg = —Qapay deth, detNg = —(Ag + /_1(2)) . (616)

In the parity-even sector, the above formulas produce the well-known result:

2(&0 — al)
by +by

. 2a0(a0 — CL1)

m?i-(Q) - al(bl +b4) ) m2—(2) =

The above procedure can be extended to the case with nonvanishing spin-0 and spin-1
terms. After a straightforward but rather clumsy calculation, we found that the new terms
do not influence the mass eigenvalues, they only modify the spin-2 state U;,. A compact
form of the result reads

. _ 1
Uy, — Uy, = Z lUik — GOl + §H<M518i8kU + nikU)} , (6.17a)

1 —ay /_10 = (bzk
7 = — ik = ,
ay ( 0 a1 ) ’ Uik ( Ui

e (aQ 3(az — o) ) . (6.17h)

Ta \ 0 —2a

where

The role of Z is to replace @y, in U, by its form obtained from the symmetrized (1ST).
The spin-2 nature of Uy, is ensured by the properties &'Uy, = 0, Uy = 0. In fact, these
properties are sufficient to completely determine Uyy.

6.4 Comparison with Karananas’ mass formulas

Our mass formulas are found to be consistent with the expressions for the canonical critical
parameters, displayed in Table 1. A more detailed test can be conducted by comparing
them to the recent calculations of Karananas [25]. The first step in this direction is to
compare the Lagrangian (5) in Ref. [25] with our expression (B.I)). Although the procedure
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is straightforward, a number of misprints found in [25] complicate the process. Nevertheless,
we established the following correspondence between the related parameters:

CLOZ)\, dOZAZO,

0,1:)\—|—t1, &2:2(—)\+t3),

a3 = (“A+£)/2,

61:—2155, C_LQZC_Lg:—t4,

by = 4(ry —7r3), by = 4rs, (6.18)
b3:4(’f’2—’l“3), b4:4(’l“1—’l“3+’l“4),

b5:4(’f’3—|—’l“5), bﬁ :4(T1—7“3+37’4),

61:’/“7—3’/“8, 62:64:T7+T8,

b3:b6:—47”6+7”7+7’8, b5:—37’7—|—7”8.

The remaining part of the comparison is rather simple. By substituting the above expres-
sions into Eqgs. (6.4) and (6.9), one finds that the resulting mass eigenvalues for the spin-0
and spin-1 torsion modes exactly reproduce the respective result that Karananas gives in his
Appendix A. Moreover, we also found that, up to minor differences, our mass formula (€.15])
for the spin-2 modes is in agreement with his result (A.3.5); see also subsection IV.E in Ref.
[27]. Although the difference is small, it might be responsible for more serious discrepancies
in the physical properties of the spin-2 modes, found in the next section.

7 Physical restrictions on the space of parameters

In this section, we study the physical requirements of the absence of ghosts (E > 0), the
absence of tachyons (m? > 0), and the reality (m? real), in the spectrum of torsion modes.
Our approach is based on the Hamiltonian analysis developed in Secs. Bl and @ subject
to the assumption that all the critical parameters are nonvanishing, or equivalently, that
all the torsion modes are propagating. In what follows, we shall examine whether such an
assumption is compatible with the adopted physical requirements.

Our general strategy is the following. The conditions of the positivity of energy can be
read from the dynamical component H' of the canonical Hamiltonian, see Eq. (I1). By
introducing the matrices

1
Fy .=
’ detBJ

Ry, J=0,1,2,

these conditions can be expressed by demanding that the eigenvalues of F be positive.
Using the general formula for the eigenvalues of a 2 x 2 matrix, see ([B.9]), one can express
these conditions in a more practical form as

E;>0:  detFy;>0, trF;>0. (7.1)

The absence of tachyons is effectively described by the conditions of positivity of the eigen-
values m%(J) of the mass matrices M;:

m%(J)>0: detM; >0, trM;>0. (7.2)
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Moreover, the presence of square roots in the mass eigenvalues requires to check their reality:
m?(J) real: (tr M;)* —4detM; > 0. (7.3)

By applying these general physical criteria to the specific spin-J sectors, one obtains a
set of restrictions on the original Lagrangian parameters. An important goal of our analysis
is to clarify the issue of their mutual (in)consistency. We shall always use ay > 0, the
condition that ensures the correct limit to GR.

7.1 Spin-0 sector
Positivity of energy

The energy of the spin-0 modes is positive if the eigenvalues of the matrix Fy = Ry/ detBy
are positive. Since detRy = 4 det By, the first condition detFj > 0 implies that detBy > 0,
or equivalently,

(b2 + bg)(b4 + b6) + (62 — 63)2 < O, (74&)
= (b2 + bg)(b4 + bﬁ) <0. (74b)

Then, the second condition takes the form tr By > 0. In combination with (7.4D]), it yields
the relations
by + b3 <0, by +bg >0, (75)

which coincide with those in appearing in PG™. The independent conditions are the condi-
tion (Z4al) and, for instance, the first one in (5

(bQ + bg)(b4 + bﬁ) + ([_?2 — [_)3)2 <0, by +b3 < 0. (76)

These two conditions coincide with the first two relations found in Eq. (48) of Ref. [25]
(the third relation is redundant).

Positivity of m? (0)

The mass matrix M, of the spin-0 torsion modes has the form (6.3)),

1
detK(]

M0/4a0 = Ko_lNO = f() s detK() = —3&0&2 detBo . (77)

The positivity of its eigenvalues is expressed by the conditions detM, > 0 and tr My > 0:

detNO
t 0. 7.8
detiy 0 etk "0 (7.8)
Since detBy > 0, they take the form
as det Ny < 0, (79&)
astr fo <0. (79b)
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As shown in Appendix [E] these general conditions can be transformed into an unexpect-
edly simple form, in which the parameters (b,b,) are completely absent:

as [(2&0 + &2)(&0 + 2&3) + 2(&0 — d2)2] >0 , a2(2a0 + ag) > 0. (710)
Returning to the parameters introduced in (6.18)), this result takes the form
(ts — N)(tats +13) > 0, (ts — N)ts > 0.

The first formula is equivalent to Karananas’ result [25], but the second one is different.

7.2 Spin-1 sector
Positivity of energy

Starting with F} := R;/detB; and using detR; = —detBj, the first condition for the
positivity of energy, detF; > 0, reads
det31 = (bg + b5)(b4 + b5) + (Z_?Q — (_)5)2 < 0, (711&)
= (bg + b5)(b4 + b5) <0. (711b)

The second condition, written as tr Ry < 0 and combined with (ZI1D]), yields
by +bs >0, by +bs <0, (7.12)

which is the PG™ result. As the two independent conditions, we choose

(bg + b5)(b4 + b5) + (62 — 65)2 <0, by +bs <O0. (713)
Again, there is a complete agreement with the first two relations in Eq. (49) of [25], whereas
the third relation is redundant.
Positivity of m?% (1)
To make the technical exposition more compact, we introduce the following notation:

M2 ::2a0+a2, J25; ::a0/2+a3, ]{72 ::2a1+a2, ]{33 ::a1/2—|—a3.
detA = —2 [k’gk‘g + (dl — d2)2 , det Ny = —12 [,ugug + (do — d2)2

The mass matrix of the spin-1 torsion modes was found in subsection [6.2]

4g
detK1

M, = —4gK{'N, = — fi, detK; = gg(detA)(detBl) : (7.14)

with g = A2 + A2. The positivity of the mass eigenvalues is expressed by the requirements

detN1 >
detK1 ’ detK1

tr f1 <0. (715)
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Since detB; < 0, these conditions are equivalent to

(detA)(detNy) <0, (7.16a)
(detA)tr f; > 0. (7.16b)

The expression for tr f; is given in subsection [6.2} see also Appendix [El

A simple inspection of ([.I6al) shows that it can be realized by detA < 0, detNy > 0,
or vice versa, whereas, as shown in Appendix [} (ZI16D) can be replaced by a much simpler
expression. The resulting conditions, equivalent to (Z.I)), are defined in ([E.7):

(i) koks + (a1 —ay)* <0, piapis + (Go — az)*> > 0,
pska Ag — 213 A% + Ag(ag — az)* < 0,
(i) koks + (a1 —as)® >0, papis + (G0 — a2)> < 0,
pskaAg — 2us A2 + Ag(ag — a@)* > 0. (7.17)

As before, they do not depend on the parameters (b,,b,). Going over to the parameters
defined in (G.I8), the relations (i) read

(tl + tg)(tl + t3) + (t4 — 2t5)2 <0, tots + ti >0,
to(t3 4 412) + t1(tats +13) > 0.

The first two inequalities in the set (i) coincide with those found in Ref. [25], the third one
is a bit different, but the whole complementary set (ii) is missing.

7.3 Spin-2 sector
Positivity of energy

The first condition for the positivity of the eigenvalues of Fy = Ry/detBs, detFy > 0,
combined with detRy = —4 detB,, takes the form

detB, = (bl + bg)(bl + b4) + (Z_?Q — (_)1)2 <0, (718&)
= (bl + bg)(bl + b4) <0. (718b)

The second condition combined with (.I8D) yields relations that are also valid in PG™,
b1 +by <0, by +by > 0. (7.19)
The two independent conditions are
(by +b2)(by +by) + (by — b1)? < 0, by +by <0. (7.20)

Comparing these conditions to the first two relations in Eq. (50) of Ref. [25], one finds a
complete agreement (the third relation is redundant).
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Positivity of m? (2)
The mass matrix for the spin-2 modes is found in subsection [6.3

2a0
detK2
detNy = — [(ao — a1)2 + (ap — dl)z} .

M2 = 2a0K2_1N2 = fg, detKg = —Qapa1 deth,

The positivity of the mass eigenvalues is expressed by the requirements

detNg > O, 2a0
detK2 detK2

tI‘fg >0. (721)

The condition detNy < 0 implies det Ky < 0, whereupon, relying on detBs < 0, one obtains

a, <0, (722&)
trfy <0, (7.22b)

where tr f5 is calculated in subsection [6.3]

Is the spin-2 sector free of ghosts and tachyons?

Let us recall that in PG™, the conditions a; < 0 and b; + by < 0 imply tr fo > 0, so that one
of the two spin-2* modes is always a tachyon, as is well known. In what follows, we will
prove, somewhat unexpectedly, that the same conclusion also holds in the general PG.

To show this, we rewrite tr f; in a compact notation as

tr fg = Oég(bl + bg) + 52(62 — Bl) + ’72(61 + b4) , Qg < 0, (7.23&)
where the coefficients s, 85 and 7y, can be read from Eq. (6.I50),

g = —ag(ag — ar), By = —2ag(ap — a1)?,
Yo = —a1(ap — ar) + (ap — 32)2>

and ay < follows from ([L22al). Since by + by > 0, one finds

tI‘fg —abl+b2—|- B2_Bl—|—
by +by, by +by b+ by

Having in mind the first relation in (Z20), written as

b1+b2 2 '_(_72_1_71
b1+b4+x <07 x'_b1+b47

we find it useful to rewrite (Z.23D) in an equivalent form,
tr f2 . (bl + bg
2

bi+bs 2\ b+ by
Fy(z) := —ap2® + Box + 2. (7.23¢)

+ﬁ)+ﬁx@,
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A critical argument in our analysis comes from the observation that the discriminant of the
quadratic function Fy(x), Ay = 2 + 4agys, is automatically negative,

Ag = 4a0a1 (C_L() - 61)2 -+ (CL(] - a1>2] = —4CL()CL1 detN2 < 0. (724)

Next, since as < 0 (the parabola F» opens upward) and Ay/as > 0 (minimum of F; is
positive), it follows that Fy(x) > 0 for any x. Hence, using (Z.20), one obtains the result

tr f2 > (bl -+ b4)F2(LL’) >0, (725)
which contradicts to (C.22D]). Thus

S3. The two no-tachyon conditions, (7.22al) and (7.22h)), are mutually exclusive; hence,
the two spin-2 torsion modes cannot be simultaneously physical.

Such a conclusion is not in agreement with the result found by Karananas [25].

No-ghost conditions: spin-2 versus spin-1 sector

The no-ghost conditions for spin-1 and spin-2 sectors are in contradiction to each other.
Indeed, (ZI2)) implies that by > by, whereas (L.I9) implies that by > by. Hence, only one of
these two sectors can be physical. The result is in agreement with the Corrigendum in [25].

7.4 Reality conditions

The structure of the general reality conditions (73] looks rather cumbersome. However,
after replacing [tr fo|, |tr fi|, and [tr fo| with their minimal values, calculated from the
inequalities (E.3]), (E.0]), and ([Z.29]), respectively, the reality conditions (73] transform into

spin 0:  (by + bg)?ay det Ny + 12a0(2ag + az)? det By < 0,
spin 1. g(by + bs)*(detA)(detN;) — 24aidetB; < 0,
Spin 2: (bl + b4)2a1 detNg + 4&0(&0 — 0,1)2 deth > 0, (726)

see Sec. [fland Appendix [F]l These formulas are much simpler than (Z3), but they represent
only sufficient conditions for the reality of the corresponding mass eigenvalues.

8 Summary and conclusions

In this paper, we investigated generic aspects of the Hamiltonian structure of the general
parity-violating PG, and used them to study the torsion particle spectrum [30].

Making use of Dirac’s Hamiltonian approach, we identified the set of all if-constraints, the
expressions that become true constraints if the corresponding critical parameters ¢, vanish.
Both the if-constraints and the associated critical parameters have a crucial influence on
the PG dynamics. Then, we constructed the generic form of the canonical Hamiltonian H..,
determined by taking all the critical parameters to be nonvanishing. An extension of the
procedure to allow for a proper treatment of the vanishing critical parameters is outlined in
Appendix
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Apart from being important by itself, the Hamiltonian structure introduced here turns
out to be intrinsically related to the particle spectrum of PG. To examine that subject,
we first calculated the mass eigenvalues m3.(J) of the torsion modes with spin J = 0, 1,
and 2, relying on the weak field approximation of the gravitational field equations around
My. As a test of the results, we verified that m?%(J) are proportional to the inverse critical
parameters 1/c,. As a consequence, whenever some of ¢, vanish, the corresponding values
of m%(J) become infinite, thereby preventing the associated torsion modes to propagate.
This is consistent with the canonical effects of the vanishing critical parameters in PG*
(in the weak field approximation). A comparison of our mass formulas to those found by
Karananas [25] leads to the following conclusions.

(k1) For the spin-0 and spin-1 torsion modes, our results confirm those of Karananas.
(k2) For the spin-2 modes, there are certain differences, noted already in Ref. [27].

The absence of ghosts (positivity of energy) in the particle spectrum is ensured by de-
manding the positivity of the specific spin-J terms in the canonical Hamiltonian, whereas
the conditions for the absence of tachyons are defined by the requirement m?2(J) > 0. A
detailed analysis shows that these requirements can be formulated as follows:

Spin 0: (bg + b3)(b4 + b6) + ((_)2 — (_)3)2 <0, by+03<0,
a2 [(2&0 + CLQ)(CLO/2 + CL3) + (C_lo — C_L2)2] <0, CLQ(QCL(] + CLQ) > 0.

Spin 1: (by + bs)(by + bs) + (by — bs5)2 <0, by+bs <0,
(i) (2a1 4+ az)(a1/2 + az) + (a; — az)* <0, (2a0 + az)(ao/2 + az) + (ag — as)* > 0,
(ao — a1) [(ao/2 + a3)(2a1 + as) + (ap — @2)*] — 2(ao/2 + a3)(@ — @) < 0;
(ii) an alternative set of conditions, obtained by (i) — (—1)x(i).

Spil’l 2: (b1+b2)(b1+b4)+(52—51)2 <O, b1 + by <0,
the conditions for the absence of tachyons are mutually exclusive. (8.2)

The results for the absence of ghosts (first line in each spin sector) are identical to those
of Karananas, whereas the formulas describing the absence of tachyons show a number of
less or more serious differences. In particular, the whole set of conditions (ii) in the spin-1
sector is missing in Karananas’ analysis, but the most important difference is found in the
spin-2 sector, where the two conditions for the absence of tachyons are in contradiction to
each other, in contrast to Karananas’ conclusion.

The presence of square roots in the expressions for the mass eigenvalues m?2 (JJ) requires
to verify their reality. A sufficient form of of the reality conditions, compactly presented at
the end of Sec. [ is much simpler than their general form.

In conclusion, our analysis clarifies the structure of the particle spectrum of the general
PG by improving the results found by Karananas, in particular the status of the spin-2
sector. On the other hand, elements of the Hamiltonian structure introduced here, including
its extension to the case of vanishing critical parameters outlined in Appendix [D] are a good
starting point for further investigation of the full nonlinear dynamics of PG.
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A Irreducible decomposition of the field strengths

The torsion tensor has three irreducible pieces:

1

3
(3)Emn = 5imnk~’4k )
4
(l)ﬂmn = Timn — (2)Emn - (3),TZmn = gtl[mn} ) (Ala)
where
k 1 rst
Vn =T kn Ak = égkrstT 5
1 1
Limn = T(zm)n + —Un(sz) - _nimvn . (Alb)

3 3
The Riemann-Cartan curvature tensor can be decomposed into six irreducible pieces:

1

@ Rijmn = 5(77%‘1’]'1 — 0 Va)e o
1
O Rigrn = 15X Etymn
1
Y Rijn = §(nimq’jn — Njm®Pin) — (M > n),

—_

(5)Rij == _(nzmlf{[]n} - Ung[m}) - (m « n) )

[\]

1
(G)Rijmn - _R(nzmnjn - njmnzm) s

12
6
(I)Rijmn = Rijmn - Z (a)Rijmn ) (A2a)
a=2
where .
Rim = Ric,-m = Rznmn s R = RZCmm 5
1
Xi' = §Rikmn5kmn]’ ) X = Xnn ) (A2b)
_ 1 1

(bij = RZC(Z‘]') - Z’I],’jR, \Ifij = X(U) - ZHUX .

The above definitions are the tensor counterparts of the corresponding formulas given in
terms of the differential forms, see [27],29]. They imply the following relations characterizing
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the parity-odd sector:
Tz'jk * (2)Tz'jk — Tijk *(3)Tijk ’
Rijkl *(2)Rijkl _ lekl * (4)R2]kl 7
Rz’jkl*(?:)Rijkl _ Rijkl*(ﬁ)Rijkl, (A.3a)
and also
L *(1)Tijk — (Wypijk* (1)Tijk ’
Rijkl* (1)Rijkl _ (I)Rijkl *(1)Rijkl ’
Rkl *(5)Rijkz _ (5)Rijkl*(5)Rijkl_ (A.3Db)

B Alternative form of the Lagrangian

In this appendix, we rewrite our Lagrangian (2.6]) in an equivalent form that allows an easier
comparison to the literature [22) 25]:

EG = —(CLOR —+ 2A0 —+ C_L(]X) -+ £T2 + »CRQ 5
L2 = MT%T + hoT"™ Ty + b3V, V"
—l—&?mnkl(f_mTimnTikl + s T Thai) (B.1a)

1 . . .
L = 5 (iR Rijn + foR7™ Ry + fsR7™ Ry
+ f1Ric"™ Ricyy, + f5Ric™ Ricymi + f6R?)
1 _ _ .
+§€mnkl (f?RmnklR + fSRijmankl
+f9Rmninklij + .flORmm'jRijkl) . (Blb)

The parameters (A, h,) and (f,, f,) can be expressed in terms of the “irreducible” param-
eters appearing in ([2.6)) as follows:

hlzé(2a1+a3), hzZ%(Ch—a:a)a h?):_%(al_a?)’
hy := —i(élal + ay + as) , hs = —%(2&1 — Gy — as) , (B.2a)
and
fi = i(21)1—|r3bg—|—b3)7 fo = 1(51—53)7
12 3
f3 = %(%1—3624‘53)7 fa = _%(bl+b2_b4_b5)’
fs = —%(bl—bg—b4+b5)a fo = 11—2(251—354+56)>
. 2_14@51 s —b). e —11—6(61+62+64+B5),
fg = —%(51 — by — by + 55), flo = _%(bl - Bs)- (B.2b)
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Relying on the existence of three topological invariants ([2.9), Karananas [25] imposed
three conditions on the Lagrangian parameters in (B.I): ag, fs, fs = 0.
Based on (B.IJ), one can find a suitable form of the covariant momenta H;j, and Hjj,:

Hige = A(haTiji + hoTgi + hanii Vi)
+4(h4€jkmnTimn + h55i[jmnTmnk]) ; (B.3a)

1
gjkl =4 |:f1Rijkl + §f2 (Ri[kjl] — Rj[kil]) + f3Rklij]

+27[f4 (ﬂj[lﬁ’ik] - ni[llf{jk}) + /5 (Uj[lﬁ’k]i - ni[llf{k]j) + f6 (ﬂjﬂh’k - nilnjk)R}
+f7 [_25ijklR + (eR) (@'kﬂjl - njknil)} -
+A(fser™ Rigmn + fogi™" Rynnia) + 2f10 (™" Ritmn + €1™" Rynnij) - (B.3b)

C (34 1) decomposition of spacetime

The dynamical content of canonical constraints is greatly clarified by using a decomposition
of tensor fields with respect to the subgroup of 3d rotations in the spatial hypersurface
Yo : 2% = const.

Let e, be a basis of three coordinate tangent vectors in Xy, e, = 0, (a = 1,2,3), and n
the unit normal to o, ny = hi.°/+1/g". The four vectors (n,e,) define the so-called ADM
basis of tangent vectors in spacetime. The decomposition of the vector ey in the ADM basis
is given by

ey = Nn+ N%,, (C.1a)
where N and N®, known as the lapse and shift functions, respectively, are linear in b:
N = egn = nib*y = 1/+/g%,
N = epep g™ = bty = —g" /g™ (C.1b)

Introducing the projectors on n and e,, given by (P, )}, = nyn! and (B))}, = 8}, — nyn',
respectively, one can express a spacetime vector Vj in terms of its orthogonal (to 3y) and
“parallel” (living in the tangent space of ¥j) components:

Vie=m Vi + Vi, (C.2)

where V| := n*V, and V; := V,, — n,V, Here, we use a convention that a bar over an
index ‘k’ denotes its parallel projection, so that n*V} vanishes. The objects V| and Vj are
respectively a scalar and a vector with respect to 3d rotations in .

Consider now a second-rank tensor X;;. Its orthogonal-parallel decomposition reads

Xig =0 X p+ningp X +np Xe + X (C.3)

Here, X |7 is a vector and X | | a scalar with respect to 3d rotations, whereas the irreducible

parts of Xz are its trace, antisymmetric and traceless symmetric parts:
_ 1 .
X = XN, X=Xy, X = X — gﬂﬂ%X ™
1
X = AXEIE + TXﬂ_c + 5k °X. (C.4a)
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As a consequence,
= 1
X™Yo = AN o + "X Y + 3 XY (C.4b)
Now, it is straightforward to extend these considerations to any tensor. As a particularly
interesting example, we consider the spacetime tensor X,z = —Xj, which is decomposed
into the set of spatial tensors (X151, X, Xiz1, Xyz). The irreducible parts of X = — X1
are the pseudoscalar, the vector and the traceless symmetric tensor, respectively:

PX =P X7, VX = Xgk,
1 1
X = Xagny + 3G X5y — 5k YX; . (C.5a)

The tensor part satisfies the cyclic identity "X,z + "Xz + "X = 0. The epsilon tensor
€% 18 defined by €7 := €7 and satisfies the identities

__mik __ NG m <7
Empe™ ™ = 36", enape”™ = —6.

The related decomposition formulas read:

4 1
Xk = 3 TX[ij}l_c — Nkl VXJ‘} - 651515 PX>
- i —— . 1
)(Uky%ﬁg _ g TXZJk TY%]’I% + VXZ VY% o 6 PX PY ) (C5b)

D General construction of H |

In this appendix, we discuss the general structure of 4, including the case when some of
the critical parameters vanish. In a simplified but self-evident notation, the relations that
define critical parameters have the following typical form (see Sec. [)):

p=FV, (D.1)

(2) () e (h)

Here, ¢ represents the if-constraints, V' are the corresponding velocities, and F' is the matrix
with eigenvalues ¢y, co. Since F' is chosen to represent A, By, By or Bs, the parameter ¢ is
proportional to b, ¢ = kb. If b = 0, the matrix F is already diagonal, and the construction
of H, is quite simple. When b # 0, which is typical for the parity-violating PG, the matrix
F needs first to be diagonalized. The diagonal form D of F' is constructed as

D=PlFpP, P::( b b ) D:(Col 0), (D.2)

a—C a—Co Co

where

where P is invertible provided detP = b(cy — ¢;) # 0, and

1 a—c b
Pt = 2 )
detP ( —a+c —b)
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Left multiplication of (D) by P~! yields
o =DV, (D.34)
where ¢’ := P~1p and V' := P~V or equivalently,
ol =aVl, =0V, (D.3D)

To construct the related F-part of H |, note that its typical form reads

HY = T QV = JT(PTQP)V, Q= ( %1 ;2 ) , (D.4)

see Sec. [ Further discussion depends on the specific values of ¢; and c,.

(1) When ¢y, ¢y # 0, Eq. (D) implies V = F~Yp, and HY = 0T QF ¢ coincides with
the result found in Sec. [ (2) The case ¢; = co = 0 is rather trivial: both if-constraints
¢! become true constraints that appear in the total Hamiltonian, but HY = 0. (3) Finally,
when only one critical parameter vanishes (which requires detF = 0), say ¢o = 0, then
¢ = 0 (a new constraint), V; remains undetermined and ¢} = ¢;V]. Hence, (D.4) implies
that

HE = (B + aa) () + (B — adge) 15 05)
The result can be also expressed in terms of the original if-constraints ,, by noting that ¢}, =
0 implies ¢} = —;/b. The factor 1/c; in the first term shows a typical dependence on the
critical parameters, known from PG™, whereas the second term, linear in the undetermined
velocity Vj, can be absorbed into the total Hamiltonian, see [14], 15 23]. The presence of
an extra constraint ¢/, requires to complete the whole consistency procedure.

In the context of the weak field approximation, the form of #} in (D.H) determines the

no-ghost conditions for the case (3):
detF = ad —be =0, ocp >0, (D.6)

where o is the sign of (b%q; + d?qz) and ¢; = a + d.

Now, we have a comment on kind of “non-analiticity” of the above results. Since the
assumption b # 0 ensures the regularity of the matrix P, the diagonal matrix D in ([D.2))
has no valid limit for b — 0. Hence, the expressions for ¢, when b = 0 cannot be obtained
by taking the limit b — 0 of the generic result. However, since the matrix F for b = 0 is
already diagonal, the critical parameters ¢, can be obtained directly from F. The same
conclusion also holds for the form of H%.

E Linearized Bianchi identities

In Secs. Bland [6, many technical simplifications were obtained with the help of the linearized
Bianchi identities,

VA ij VA VA
et pRjy)\p = 0, et pﬁyiri)\p =&t pRiu)\pu (El)
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and their consequences. In particular, the first identity implies that
Xy =0,  0Gyp=0, (E.2)

where Gy, := Ricy, — (1/2)n;R, and the second identity yields

. 1 .
Xi] = _55]kmnakirimna X = 30“47
e Rijmi, = 2X4" — 04 X,
2RiCymn) = — 0" Thmn + 201 Vn) - (E.3)
As a consequence,

- 1 1

F Simplified conditions for the absence of tachyons

In this appendix, we derive a simplified form of the conditions ((T.9) and (Z.1€]), describing
the absence of tachyons in the spin-0 and spin-1 sectors, respectively; the spin-2 sector is
discussed in subsection

Spin-0 sector

The expression for tr fy, found in subsection [6.1] can be represented in a suitable form as

1 _ _
gtr fo = Oz()(bg + bg) + 50([)2 — bg) + ’70(64 + bﬁ) , (F.la)

where

o = ag(2a0 + az), Bo = 4ap(as — ao) ,
Yo = —[as(ag + 2a3) + 2(ap — a2)?] .

After dividing this equation by (by + bg) > 0, one obtains

trfo bg+b3 by — bs

R + oy, T 0

By noting that the first relation in (Z.6]) can be written as

0 =
b4—|—b(3+x =5 ‘ b4+b6’

we find it useful to rewrite (E.Ial) in the form

tr f(] . (bg + b3
3(by +bg) by + bs
Fo(z) :== —apx® + Box 4+ 70 .

+ x2) + Fy(x), (F.1b)
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Further analysis is based on an important property of the quadratic function Fy(z), based
on (T9a)): its discriminant, Ay = 32 + 4ag7o, is always negative,

AO = —4a0a2 [(2@0 + CLQ)(CL() + 2@3) + Q(C_LO — C_Lg)z] = (4/3)&0&2 detNo <0. (F2)

Similar considerations applied to astr fo modify Eq. (ELID) by an overall multiplicative
factor ag. To simplify the discussion, we introduce a suitable notation: «af := asqg and
Fi(x) := asFy(x). Note that the discriminant Af of the new function F{j(x) remains negative.
Now, we are ready to prove the following statement:

S0. Given A < 0, the condition o = asag > 0 is equivalent to astr fy < 0.

To prove this equivalence, we start by assuming «f, > 0, which implies
astr fo < 3(b4 + bG)Fé(ZL’) . (F?))

Moreover, the parabola Fj(x) opens downward, and Aj/af, < 0 (negative at vertex) ensures
that F{(z) < 0 for any =. Hence, astr fo < 0, what was to be shown.
The reverse statement astr fo < 0 = «j > 0 can be easily proven by reductio ad
absurdum, that is by showing that af < 0 implies astr fy > 0, which is a contradiction.
The statement SO allows us to replace (.9D) with the much simpler condition as > 0.

Spin-1 sector

For the spin-1 sector, we first rewrite tr f; in the form

1 _ _
Ztl‘ fl = Oél(b4 + b5) + ﬁl(bg — b5) + ’71(b2 + b5) s (F4a)

where

= 2usks Ay — 4#3/_1(2) + 2A0(a0 - d2)2 )
By = —Apapis Ag + A(AF + A3)(a0 — G2) — 44 (d@y — a@2)°,
V1 1= 2Appoks — o Af + 2A0(ap — az)? .

After dividing by (by + bs) > 0, one can rewrite ([.4al) in a suitable form

_ - F F4
4(62 + b5)trfl a <b2 + b5 + ) + 1($)7 ( b)
by — bs
F = —ay 2 =
() arr” + frr + 7, LR g

As a consequence of (.I6al), the discriminant A; of the quadratic function F(z) is auto-
matically negative,

Ay = 16(A5 + AD) [paps + (ao — G2)°] [koks + (a1 — a@2)?]

2 _

= g(Ag + A2)(detNy)(detA) < 0. (F.5)

To relate our considerations to the properties of (detA)tr f;, we multiply Eq. (E4L) by

detA, and introduce a suitable notation o) := (detA)a; and Fj(z) := (detA)Fi(z). The
new discriminant A} is also negative. Now, one can prove the following statement:
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S1. For A; < 0, the condition o} = (detA)a; < 0 is equivalent to (detA)tr f; > 0.

The proof goes as follows. Starting with o/f < 0, one obtains
(detA)trf; > 4(by + bs) Fi(z) . (F.6)

Then, by noting that the parabola opens upward (o) < 0) and A}/a} > 0 (positive at
vertex), one concludes that F{(x) > 0. Hence, (detA)tr f; > 0.

As before, the reverse statement (detA)tr f; > 0 = «} < 0 can be proven by showing
that o} > 0 leads to (detA)tr f; < 0, which is a contradiction.

The condition A; < 0, combined with (detA)a; < 0, can be realized in two ways:

(i)  detA>0, detN; <0, a; <0.
(i)  detA <0, detN; > 0, a; > 0. (F.7)
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