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Abstract

Basic aspects of the Hamiltonian structure of the parity-violating Poincaré gauge

theory are studied. We found all possible primary constraints, identified the corre-

sponding critical parameters, and constructed the generic form of the canonical Hamil-

tonian. In addition to being important in their own right, these results offer dynamical

information that is essential for a proper understanding of the particle spectrum of the

theory, calculated in the weak field approximation around the Minkowski background.

1 Introduction

Weyl’s idea of gauge invariance [1] turned out to be a key principle underlying the dynamical
structure of all the fundamental physical interactions. Following this idea and the subsequent
works of Yang, Mills and Utiyama [2], Kibble and Sciama [3] formulated a new theory of
gravity, the Poincaré gauge theory (PG, aka PGT), based on gauging the Poincaré group of
spacetime symmetries. In PG, spacetime is characterized by a Riemann-Cartan geometry,
in which the torsion and curvature are the field strengths associated with the translation
and Lorentz subgroups of the Poincaré group; for more details, see [4, 5, 6, 7, 8, 9, 10].

Earlier investigations of PG were mostly focused on the class of parity preserving La-
grangians quadratic in the field strengths; see, for instance, Hayashi and Shirafuji [5], or
Obukhov [11]. We denote this class of models as PG+. Sezgin and Niuwenhuizen [12] ana-
lyzed the particle spectrum of PG+ in the weak field approximation around the Minkowski
background M4. Using the absence of ghosts and tachyons as physical requirements, they
found a number of restrictions on the PG+ parameters that ensure the propagating torsion
modes to be well behaved.

General dynamical aspects of PG+, including the identification of its physical degrees
of freedom, are most naturally understood in Dirac’s Hamiltonian approach for constrained
dynamical systems [13]. Blagojević and Nikolić [14, 15] started a systematic Hamiltonian
analysis of PG+, focusing on its generic aspects. They identified a subset of the primary
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constraints that are always present (“sure” constraints, associated to the local Poincaré sym-
metry). Moreover, if certain critical parameters vanished, they found additional primary
constraints (“if-constraints”), constructed the total Hamiltonian, and discussed certain as-
pects of the consistency procedure. Further advances in this direction were made by Cheng
et al. [16] and Chen et al [17], who found that the nonlinear nature of constraints may
drastically change the number of propagating modes obtained in the linearized analysis. Yo
and Nester [18] made a detailed study of this phenomenon in PG+, concluding that there
are apparently only two good propagating torsion modes. For an interesting application of
this result to cosmology, see Shie et al. [19].

There are no physical arguments that favor the conservation of parity in the gravitational
interaction. Parity violating models based on the general PG, with all possible quadratic
invariants in the Lagrangian, were considered already in the 1980s [20], but the subject
remained without wider response. Recently, there has been increased interest in a better
understanding of both the basic structure and various dynamical aspects of these models,
including cosmological applications and wave solutions [21, 22, 23, 24, 25, 26, 27]. In par-
ticular, one should mention the analysis of the particle spectrum carried out by Karananas
[25], who made a suitable extension of the weak field approximation method used earlier in
PG+ [12] and applied it to the general PG. According to his results, it seems that the set
of good modes that can coexist is significantly enlarged in comparison to PG+.

The objective of the present work is to examine the Hamiltonian structure of the general
PG, based on the if-constraint formalism [14, 15, 18], and use it to clarify the physical
content of its particle spectrum, calculated in the weak field approximation around M4. In
this regard, a particularly important role is played by both the critical parameters appearing
in the analysis of the primary constraints, and the structure of the canonical Hamiltonian.
By comparing the properties of the particle spectrum to those found in Ref. [25], we noted
certain differences. On the other side, elements of the Hamiltonian structure developed here
can be a good starting point for studying the nonlinear dynamics of PG.

The paper is organized as follows. In Sec. 2, we give a short account of the Lagrangian
formalism for the general PG. In Secs. 3 and 4, we find the canonical critical parameters,
identify the related if-constraints, and construct the generic, “most dynamical” canonical
Hamiltonian, determined by the nonvanishing critical parameters. Then, in Secs. 5 and
6, we derive the linearized gravitational field equations and use them to identify the mass
eigenvalues of the torsion modes. The conditions for the absence of ghosts and tachyons,
as well as the reality conditions of the mass eigenvalues, are examined in Sec. 7. Essential
features of the particle spectrum are either tested by, or derived from the Hamiltonian
structure of PG. In contrast to the results obtained in [25], we show that the two spin-2
torsion modes cannot propagate simultaneously. In Sec. 8, we give a short summary of
our results, and six appendices contain useful technical details, including an outline of the
Hamiltonian formalism describing the case of vanishing critical parameters.

Our conventions are as follows. The Latin indices (i, j, . . . ) are the local Lorentz indices,
the Greek indices (µ, ν, . . . ) are the coordinate indices, and both run over 0, 1, 2, 3; the
orthonormal frame (tetrad) is biµ, the inverse tetrad is hi

µ, the Lorentz connection is ωij
µ,

ηij = (1,−1,−1,−1) and gµν = ηijb
i
µb

j
ν are the metric components in the local Lorentz

and coordinate frame, respectively; a totally antisymmetric tensor εijkl is normalized to
ε0123 = +1, and the dual of an antisymmetric tensor Xij is

⋆Xij = (1/2)εij
mnXmn.
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2 Lagrangian formalism

In this section, we give a short account of the Lagrangian formalism for the general parity
violating PG. Basic dynamical variables are the tetrad field bi = biµdx

µ and the antisymmet-
ric spin connection ωij = ωij

µdx
µ = −ωji (1-forms), which represent the gauge potentials

associated with translations and Lorentz transformations, respectively. The corresponding
field strengths are the torsion and the curvature (2-forms),

T i := dbi + ωi
k ∧ bk =

1

2
T i

µνdx
µ ∧ dxν ,

Rij := dωij + ωi
k ∧ ωkj =

1

2
Rij

µνdx
µ ∧ dxν , (2.1)

which satisfy the Bianchi identities

∇T i = Ri
k ∧ bk , ∇Rij = 0 . (2.2)

The underlying spacetime continuum is described by Riemann-Cartan geometry [7, 8, 9].

2.1 Field equations

The PG dynamics is determined by a Lagrangian L = LM +LG, where LM describes matter
and its interaction with gravity, and LG is the pure gravitational part. In the framework
of tensor calculus, the gravitational field equations in vacuum are obtained by varying the
action IG =

∫

d4xLG(b
i
µ, Tijk, Rijkl) with respect to biµ and ωij

µ. After introducing the
covariant gravitational momenta

Hi
µν :=

∂LG

∂T i
µν

, Hij
µν :=

∂LG

∂Rij
µν

, (2.3a)

and the associated energy-momentum and spin currents

Ei
ν :=

∂LG

∂biµ
, Eij

µ :=
∂LG

∂ωij
µ

, (2.3b)

the gravitational field equations take a compact form

(1ST) Ei
ν := −

δLG

δbiµ
= ∇µHi

µν −Ei
ν = 0 , (2.4a)

(2ND) Eij
ν := −

δLG

δωij
µ

= ∇µHij
µν −Eij

ν = 0 . (2.4b)

The explicit expressions for the energy-momentum and spin currents are given by

Ei
ν = hi

νLG − Tm
kiHm

kν −
1

2
Rmn

kiHmn
kν ,

Eij
µ = −2H[ij]

µ . (2.5)

In the presence of matter, the right-hand sides of (2.4a) and (2.4b) contain the corre-
sponding matter currents.
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2.2 Quadratic PG models

We assume the Lagrangian density LG to contain all possible quadratic invariants, con-
structed out of the three irreducible components of the torsion, and the six irreducible
components of the curvature (Appendix A). Relying on the Lagrangian 4-form given in Ref.
[27], one finds that the corresponding Lagrangian density has the form LG = bLG, where
b := det(biµ) and

LG = −(a0R + 2Λ0)− ā0X

+
1

2
T ijk

3
∑

n=1

(

an
(n)T ijk − ān

⋆ (n)T ijk

)

,

+
1

4
Rijkl

6
∑

n=1

(

bn
(n)Rijkl − b̄n

⋆ (n)Rijkl

)

. (2.6)

Here, the irreducible components of the field strengths are defined in Appendix A, the
parity even and parity odd sectors are described by the parameters (an, bn, Λ0) and (ān, b̄n),
respectively, and the star symbol denotes the duality operation with respect to the frame
indices of the field strengths. Another form of LG, useful for comparison with the literature,
is given in Appendix B. Knowing LG, one finds that the covariant momentum densities
(2.3a) can be written in the form Himn = bHimn and Hijmn = bHijmn, where

Himn = 2

3
∑

n=1

(

an
(n)T imn − ān

⋆Timn

)

,

Hijmn = LHijmn +H′
ijmn , (2.7a)

and

LHijmn = −2a0(ηimηjn − ηjmηin) + 2ā0εijmn ,

H′
ijmn = 2

6
∑

n=1

(

bn
(n)Rijmn − b̄n

⋆ (n)Rijmn

)

. (2.7b)

2.3 On the choice of Lagrangian parameters

In the Lagrangian (2.6), the two parity sectors are presented in a very symmetric way,
but the set of three identities (A.3a) implies that not all of the parameters (ān, b̄n) are
independent. To resolve this issue, we choose the conditions

ā2 = ā3 , b̄2 = b̄4 , b̄3 = b̄6 , (2.8)

which reduce the number of Lagrangian parameters to 21 − 3 = 18. Note that the above
conditions are not unique.

Further freedom in the choice of parameters follows from the existence of three topolog-
ical invariants. The Euler and Pontryagin invariants are defined by the 4-forms

IE := Rij ∧Rmnεmnij , IP := Rij ∧ Rij , (2.9a)
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respectively, whereas the third invariant is based on the Nieh-Yan identity,

INY := T i ∧ Ti −Rij ∧ bi ∧ bj ≡ d(bi ∧ Ti) . (2.9b)

These invariants produce vanishing contributions to the field equations, which implies that
not all of the Lagrangian parameters are dynamically independent. Indeed, they can be
used to eliminate three more terms from the Lagrangian, leaving us with the final number
of 18 − 3 = 15 independent parameters; see Ref. [23]3 for more details. In this paper, we
use only the conditions (2.8), allowing thereby for an easier comparison to the literature.

For a clear understanding of the physical content of PG, it is convenient to use di-
mensionless parameters (coupling constants). The Lagrangian parameters in (2.6) are not
dimensionless, but the transition to their dimensionless counterparts can be easily realized
by suitable rescalings; see for instance Ref. [27]. However, to make the general exposi-
tion simpler and more compact, we find it useful to keep the Lagrangian parameters in the
form (2.6), which corresponds to using the units c = ~ = 2κ = 1. The true dimensionless
parameters can be reintroduced later whenever needed.

3 Primary constraints

Hamiltonian structure is by itself a particularly important aspect of PG as a gauge theory
[13]. Moreover, it also offers dynamical information that is essential for a proper under-
standing of the particle spectrum of PG.

We begin the subject by analyzing the primary constraints (PC) of PG. The canonical
momenta (πi

µ, Πij
µ) associated to the basic Lagrangian variables (biµ, ω

ij
µ) are

πi
µ :=

∂LG

∂(∂0biµ)
= bHi

0µ , Πij
µ :=

∂LG

∂(∂0ωij
µ)

= bHij
0µ . (3.1)

Since the field strengths do not depend on the velocities ∂0b
i
0 and ∂0ω

ij
0, the above relations

define 10 constraints that are always present in the theory (“sure” PCs), regardless of the
values of the coupling constants. They read

πi
0 ≈ 0 , Πij

0 ≈ 0 . (3.2)

and their existence is directly related to the local Poincaré symmetry of PG.
Before we proceed, let us note that at each point of a spatial hypersurface Σ0 : x

0 =const.,
one can define the unit timelike vector n, normal to Σ0. Then, any spacetime vector Vk can
be decomposed into a component V⊥ along n, and a component Vk̄ in the tangent space of
(“parallel” to) Σ0; that is Vk = nkV⊥ + Vk̄, where V⊥ = nkVk and nkVk̄ = 0 (Appendix C).

To find additional constraints that may appear in (3.1), it is useful to define the parallel
gravitational momenta

π̂ik̄ := πi
αbkα = JHi⊥k̄ , (3.3a)

Π̂ijk̄ := Πij
αbkα = JHij⊥k̄ , (3.3b)

such that π̂ik̄n
k = 0, Πijk̄n

k = 0, and J is defined by b = NJ , with N = nkb
k
0. Depending

on the values of the coupling constants, these relations may produce additional constraints
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(primary “if-constraints”). In analogy to the above orthogonal-parallel decomposition of a
vector Vk, one can introduce a similar decomposition of the field strengths,

Tikm = Tik̄m̄ + (nkTi⊥m̄ + nmTik̄⊥) = T̄ikm + Tikm , (3.4a)

Rijkm = Rijk̄m̄ + (nkRij⊥m̄ + nmRijk̄⊥) = R̄ijkm +Rijkm . (3.4b)

It is very useful for further analysis to know that the parallel components T̄ikm := Tik̄m̄ and
R̄ijkm := Rijk̄m̄ are independent not only of the “velocities” Ti⊥m̄, Rij⊥m̄, but also of the
unphysical variables (bi0, ω

ij
0); for more details, see Refs. [7, 14, 15].

3.1 Torsion sector

The torsion piece of the Lagrangian (2.6) depends on the velocities ∂0b
i
α only through Ti⊥k̄.

The linearity of Hi⊥k̄ in T̄ and T allows us to rewrite (3.3a) in the form

φik̄ :=
π̂ik̄

J
−Hi⊥k̄(T̄ ) = Hi⊥k̄(T ) , (3.5)

where all possible velocity terms are moved to the right-hand side. Now, we decompose this
equation into irreducible parts with respect to the group of rotations in Σ0 (Appendix C):

Sφ :=
π̂k̄

k̄

J
+ ā2ε

k̄m̄m̄Tk̄m̄n̄ = −2a2T
k̄
k̄⊥ , (3.6a)

φ⊥k̄ :=
π̂⊥k̄

J
+

2

3
(a1 − a2)T

m̄
m̄k̄ +

1

3
(2ā1 + ā2)εk̄

m̄n̄T⊥m̄n̄

=
2

3
(2a1 + a2)T⊥⊥k̄ +

2

3
(ā1 − ā2)εk̄

m̄n̄Tm̄n̄⊥ , (3.6b)

Aφı̄k̄ :=
Aπ̂ı̄k̄

J
−

2

3
(a1 − a3)T⊥ı̄k̄ −

1

3
(ā1 + 2ā3)εı̄k̄

n̄T m̄
m̄n̄

= −
2

3
(a1 + 2a3)T[̄ık̄]⊥ −

2

3
(ā1 − ā2)εı̄k̄

n̄T⊥⊥n̄ , (3.6c)

Tφı̄k̄ :=
T π̂ı̄k̄

J
+ ā1

[

ε(̄ı
m̄n̄Tk̄)m̄n̄ −

1

3
ηı̄k̄ε

k̄m̄n̄Tk̄m̄n̄

]

= −2a1
TTı̄k̄⊥ . (3.6d)

Here, the set ( Sφ, φ⊥k̄,
Aφı̄k̄,

Tφı̄k̄), defined by the scalar, vector, antisymmetric and traceless-
symmetric parts of φik̄, represents the set of all possible new constraints. The mechanism
by which these if-constraints become true constraints is simply explained in the parity even
case, characterized by four critical parameters: a2, (2a1 + a2), (a1 + 2a3), and a1. When
some of these parameters vanish, the corresponding velocity terms on the right-hand sides
of (3.6) also vanish, and consequently, the associated if-constraints become true constraints.
However, if none of the critical parameters vanishes, there are no new constraints.

The same mechanism works also in the general PG. Whereas the critical parameters for
Sφ and Tφı̄k̄ remain the same as in PG+, a2 and a1, the structure of the if-constraints φ⊥k̄

and Aφı̄k̄ is more complicated, as the right-hand sides of (3.6b) and (3.6c) depend on two
velocities, T[m̄n̄]⊥ and T⊥⊥k̄. To find the related critical parameters, we first transform Aφı̄k̄

into the axial 3-vector Aφk̄ := εk̄
m̄n̄ Aφm̄n̄, so that (3.6c) goes over into

Aφk̄ =
4

3
(ā1 − ā2)T⊥⊥k̄ −

2

3
(a1 + 2a3)εk̄

m̄n̄Tm̄n̄⊥ . (3.7)

6



Then, the set of equations involving (φ⊥k̄,
Aφk̄) can be written in the matrix form as

(

φ⊥k̄
Aφk̄

)

=
2

3
A

(

T⊥⊥k̄

εk̄
m̄n̄Tm̄n̄⊥

)

, (3.8a)

where

A :=

(

2a1 + a2 ā1 − ā2
2(ā1 − ā2) −(a1 + 2a3)

)

,

detA = −
[

(2a1 + a2)(a1 + 2a3) + 2(ā1 − ā2)
2
]

. (3.8b)

If the matrix A has two distinct eigenvalues, one can construct the invertible matrix P that
transforms A into a diagonal form, DA := P−1AP . Then, Eq. (3.8a) implies

φk̄ := P−1

(

φ⊥k̄
Aφk̄

)

=
2

3
DAP

−1

(

T⊥⊥k̄

εk̄
m̄n̄Tm̄n̄⊥

)

, (3.9)

where the column φk̄ represents two diagonalized if-constraints, and the diagonal elements
of DA are the critical parameters,

c±(A) =
1

2

(

trA±
√

(trA)2 − 4 detA
)

. (3.10)

More details on this construction can be found in Appendix D. In general, the number of
true constraints in (3.9) is equal to the number of vanishing critical parameters.

The critical parameters of the torsion sector are a2, c±(A), and a1.

3.2 Curvature sector

For the curvature sector, we use the linearity of H′
ij⊥k in R̄ and R to rewrite (3.3b) in the

form

Φijk̄ :=
Πijk̄

J
−Hij⊥k̄(R̄) = H′

ij⊥k̄(R) . (3.11)

The content of the object Φijk̄ is described by two three-dimensional (3d) tensors, Φijk̄ =
(Φ⊥̄k̄,Φı̄̄k̄). The irreducible decomposition of Φ⊥̄k̄ takes the form defined in (C.4):

SΦ ≡
Π⊥k̄

k̄

J
+ 6a0 +

1

2
(b4 − b6)R +

1

2
(b̄2 + b̄3)ε

k̄m̄n̄R⊥k̄m̄n̄

= (b4 + b6)R⊥⊥ −
1

2
(b̄2 − b̄3)ε

k̄m̄n̄Rk̄m̄n̄⊥ , (3.12a)

AΦ⊥̄k̄ ≡
AΠ⊥̄k̄

J
+ (b2 − b5)

AR̄k̄ −
1

2
(b̄2 + b̄5)

A
(

ε̄
m̄n̄R⊥k̄m̄n̄

)

= (b2 + b5)
AR⊥̄⊥k̄ −

1

2
(b̄2 − b̄5)

A
(

ε̄
m̄n̄Rm̄n̄k̄⊥

)

, (3.12b)

TΦ⊥̄k̄ ≡
TΠ⊥̄k̄

J
+ (b1 − b4)

TR̄k̄ +
1

2
(b̄1 + b̄2)

T
(

ε̄
m̄n̄R⊥k̄m̄n̄

)

= (b1 + b4)
TR⊥̄⊥k̄ −

1

2
(b̄1 − b̄2)

T
(

ε̄
m̄n̄Rm̄n̄⊥k̄

)

. (3.12c)
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The irreducible parts of Φı̄̄k̄ = −Φ̄ı̄k̄ are the pseudoscalar, the vector and the traceless
symmetric part, see (C.5):

PΦ ≡
PΠ

J
+ 12ā0 + (b2 − b3)ε

k̄m̄n̄R⊥k̄m̄n̄ − (b̄1 + 2b̄2 + b̄3)R

= −(b2 + b3)ε
k̄m̄n̄Rk̄m̄n̄⊥ − 2(b̄2 − b̄3)R⊥⊥ , (3.13a)

VΦı̄ ≡
VΠı̄

J
− (b4 − b5)R⊥ı̄ +

1

2
(b̄2 + b̄5)ε

k̄m̄n̄Rı̄k̄m̄n̄

= (b4 + b5)Rı̄⊥ − (b̄2 − b̄5)εı̄
k̄n̄R⊥k̄⊥n̄ , (3.13b)

TΦı̄̄k̄ ≡
TΠı̄̄k̄

J
+ (b1 − b2)

TR⊥̄k̄ı̄ −
TH′−

ı̄̄⊥k̄
(R̄)

= (b1 + b2)
TRı̄̄⊥k̄ − (b̄1 − b̄2)

T
(

εı̄̄
n̄ ΣR⊥n̄⊥k̄

)

. (3.13c)

In Eqs. (3.12) and (3.13), the underlined objects do not contain velocities, R := Rm̄n̄
m̄n̄

and Rı̄̄ := Rı̄n̄̄
n̄, the superscript Σ denotes symmetrization, and H′−

ı̄̄⊥k̄
in (3.13c) denotes

the parity odd part of the covariant momentum,

TH′−
ı̄̄⊥k̄

(R̄) = − T

{

1

4
εk̄

m̄n̄
[

(b̄1 + 2b̄2 + b̄5)Rı̄̄m̄n̄ + (b̄1 − b̄5)Rm̄n̄ı̄̄

]

}

.

Looking at the type of velocities appearing in the above equations, one can see that the
critical parameters can be found by grouping these equations into suitably chosen pairs.

Spin-0 pair

Consider first Eqs. (3.12a) and (3.13a), which contain the same set of velocities, R⊥⊥ and
εk̄m̄n̄Rk̄m̄n̄⊥. They can be written in the matrix form as

(

SΦ
PΦ

)

= B0

(

R⊥⊥

εk̄m̄n̄Rk̄m̄n̄⊥

)

, (3.14a)

where

B0 :=

(

b4 + b6 −1
2
(b̄2 − b̄3)

−2(b̄2 − b̄3) −(b2 + b3)

)

,

detB0 = −(b4 + b6)(b2 + b3)− (b̄2 − b̄3)
2 . (3.14b)

In analogy to what we found in the previous subsection, the critical parameters are the
eigenvalues of B0, c±(B0), and the related column of the if-constraints reads

0Φ := P−1
0

(

SΦ
PΦ

)

= D0P
−1
0

(

R⊥⊥

εk̄m̄n̄Rk̄m̄n̄⊥

)

, (3.15)

were P0 is the matrix that diagonalizes B0, D0 = P−1
0 B0P0.
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Spin-1 pair

Similarly, after transforming AΦ⊥ı̄̄ into
AΦk̄ := εk̄

m̄n̄Φ⊥m̄n̄, Eq. (3.12b) becomes

AΦı̄ = (b2 + b5)εı̄
m̄n̄R⊥m̄⊥n̄ + (b̄2 − b̄5)Rı̄⊥ , (3.16)

and the matrix form of Eqs. (3.16) and (3.13b) reads

(

AΦı̄
VΦı̄

)

= B1

(

εı̄
m̄n̄R⊥m̄⊥n̄

Rı̄⊥

)

, (3.17a)

where

B1 :=

(

b2 + b5 b̄2 − b̄5
−(b̄2 − b̄5) b4 + b5

)

,

detB1 = (b4 + b5)(b2 + b5) + (b̄2 − b̄5)
2 . (3.17b)

As before, the critical parameters are c±(B1), and the if-constraints are determined by the
matrix P1 that diagonalizes B1,

1Φı̄ := P−1
1

(

AΦı̄
VΦı̄

)

= D1P
−1
1

(

εı̄
m̄n̄R⊥m̄⊥n̄

Rı̄⊥

)

. (3.18)

Spin-2 pair

To find the critical parameters in the spin-2 sector, it is convenient to replace TΦı̄̄k̄ by
the expression TΦı̄k̄ := T

(

εı̄
m̄n̄Φm̄n̄k̄

)

. Indeed, TΦı̄k̄ refers to the same set of velocities that
appears in Eq. (3.12c),

TΦı̄k̄ = (b1 + b2)
T
(

εı̄
m̄n̄Rm̄n̄⊥k̄

)

+ 2(b̄1 − b̄2)
TR⊥ı̄⊥k̄ , (3.19)

which allows Eqs. (3.12c) and (3.19) to be written in the matrix form

(

TΦ⊥̄k̄
TΦ̄k̄

)

= B2

(

TR⊥̄⊥k̄
T
(

ε̄
m̄n̄Rm̄n̄⊥k̄

)

)

, (3.20a)

where

B2 :=

(

b1 + b4 −1
2
(b̄1 − b̄2)

2(b̄1 − b̄2) b1 + b2

)

,

detB2 = (b1 + b2)(b1 + b4) + (b̄1 − b̄2)
2 . (3.20b)

Hence, the critical parameters are c±(B2), and the column of if-constraints has the form

2Φ̄k̄ := P−1
2

(

TΦ⊥̄k̄
TΦ̄k̄

)

= D2P
−1
2

(

TR⊥̄⊥k̄
T
(

ε̄
m̄n̄Rm̄n̄⊥k̄

)

)

. (3.21)

The critical parameters in the curvature sector are c±(B0), c±(B1), and c±(B2).
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3.3 Critical parameters and if-constraints

Since the if-constraints belong to irreducible representations of 3d rotations, they are charac-
terized by a specific spin content. Their structure is best understood by grouping them into
pairs with definite spin, as shown in Table 1. In this classification, the parity eigenvalues
are absent since parity is not conserved.

Table 1. Critical parameters and if-constraints

Spin Critical parameters If-constraints

0 a2, c±(B0)
Sφ, ( 0Φ)±

1 c±(A), c±(B1) (φk̄)±, (
1Φk̄)±

2 a1, c±(B2)
Tφı̄k̄, (

2Φı̄k̄)±

The generic set of the critical parameters c±(F ), F = A,B0, B1, B2, is defined provided the
parity odd parameters in F do not vanish, see Appendix D. Hence, the limit of the final
expressions c±(F ) when these parameters tend to zero is not well defined. However, since
in that case F is already diagonal, one can identify c± directly from F .

The total number of the primary if-constraints is 10 × 3 = 30, the same as the num-
ber of the parallel canonical momenta (3.3). The if-constraints and the associated critical
parameters have a decisive influence on the structure of the canonical Hamiltonian.

4 Hamiltonian

The procedure for constructing the canonical (and total) Hamiltonian in PG+ is well known
[7, 14, 15, 18], but its extension to PG, although in principle straightforward, is technically
rather complicated.

Starting with the standard definition of the canonical Hamiltonian density,

Hc = πi
α∂0b

i
α +

1

2
Πij

α∂0ω
ij
α − bL , (4.1)

one can rewrite it in the Dirac-ADM form:

Hc = NH⊥ +NαHα −
1

2
ωij

0Hij + ∂αD
α , (4.2)

where N and Nα are the lapse and shift functions (see Appendix C), and

Hij = 2π[i
αbj]α +∇αΠij

α ,

Hα = πi
βT i

αβ +
1

2
πij

βRij
αβ − bkα∇βπk

β ,

H⊥ = πi
k̄T i

⊥k̄ +
1

2
Πij

k̄Rij
⊥k̄ − JL − nk∇βπk

β ,

Dα = bi0πi
α +

1

2
ωij

0Πij
α . (4.3)

Since H⊥ is the only term that depends on the form of the Lagrangian, explicit construction
of the whole Hc reduces just to the construction of its dynamical piece H⊥. In this process,
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we focus our attention on the “most dynamical” case when all the critical parameters are
nonvanishing (that is, when none of the if-constraints becomes a true constraint). Such
an assumption is sufficient for our study of the particle spectrum of PG. Extension of the
formalism to include vanishing critical parameters is outlined in Appendix D.

4.1 Torsion sector

Isolating the torsion contribution to LG, one finds the corresponding part of H⊥,

HT
⊥ =

1

2
φi⊥k̄T

i⊥k̄ − JL̄T 2 − nk∇βπk
β , (4.4a)

where L̄T 2 = LT 2(T̄ ) does not contain velocities. In order to express the velocities in terms
of the phase-space variables, we decompose the first term into four irreducible parts:

φi⊥k̄T
i⊥k̄ = φ⊥k̄T

⊥⊥k̄ +
1

2
Aφı̄ ε

ı̄
m̄n̄T

m̄n̄⊥ + Tφı̄k̄
TT ı̄⊥k̄ +

1

3
SφTk̄⊥

k̄ . (4.4b)

If a1, a2 6= 0, the velocities from the last two terms can be directly eliminated using Eqs.
(3.6a) and (3.6d),

1

3
SφTk̄⊥

k̄ + Tφı̄k̄
TT ı̄⊥k̄ =

1

6a2
Sφ Sφ+

1

2a1
Tφı̄k̄

Tφı̄k̄ . (4.5a)

Continuing with the first two terms in (4.4b), we note that, for detA 6= 0, one can use the
relation A−1×(3.8a) to eliminate the velocities. Introducing the notation ϕk̄ := (φ⊥k̄,

Aφk̄)
T ,

the result takes a compact matrix form,

(

φ⊥k̄ ,
1
2
Aφk̄

)

(

T⊥⊥k̄

εk̄m̄n̄T
m̄n̄⊥

)

=
3

2 detA
ϕT
k̄ Tϕ

k̄ ,

T :=

(

2a1 + a2 ā1 − ā2
ā1 − ā2 −(a1 + 2a3)/2

)

, detT =
1

2
detA . (4.5b)

Hence, the resulting form of HT
⊥ reads

HT
⊥ =

1

2
Jφ2

T − JL̄T 2 − nk∇βπk
β ,

φ2
T :=

1

6a2
Sφ Sφ+

1

2a1
Tφı̄k̄

Tφı̄k̄ +
3

2 detA
ϕT
k̄ Tϕ

k̄ , (4.6)

4.2 Curvature sector

In a similar manner, one finds the curvature contribution to H⊥:

HR
⊥ =

1

4
Φijk̄R

ij⊥k̄ − JL̄R2 − a0R
m̄n̄

m̄n̄ + ā0ε
m̄n̄k̄R⊥m̄n̄k̄ , (4.7a)

where L̄R2 = LR2(R̄) does not contain velocities, and

Φijk̄R
ij⊥k̄ =

2

3
SΦR⊥⊥ − AΦk̄ε

k̄m̄n̄R⊥m̄⊥n̄ + 2 TΦ⊥̄k̄
TR⊥̄⊥k̄ ,

−
1

6
PΦεı̄̄k̄R

ı̄̄⊥k̄ + VΦı̄Rı̄k̄⊥
k̄ −

1

2
TΦı̄k̄ T(εı̄

m̄n̄Rm̄n̄⊥k̄) . (4.7b)
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Summing up the scalar and pseudoscalar term from the expression (4.7b) and using the
relation B−1

0 ×(3.14a) to eliminate the velocities, one obtains

2

3
SΦR⊥⊥ +

1

6
PΦεı̄̄k̄R

ı̄̄k̄⊥ = J
1

6 detB0

(0)ΦTR0
(0)Φ , (4.8)

R0 =

(

−4(b2 + b3) 2(b̄2 − b̄3)
2(b̄2 − b̄3) b4 + b6

)

, detR0 = 4detB0 ,

where (0)ΦT := ( SΦ, PΦ).
Similarly, the sum of the axial vector and vector term, combined with B−1

1 ×(3.17a),
yields

− AΦk̄ε
k̄m̄n̄R⊥m̄⊥n̄ +

VΦı̄Rı̄⊥ = −J
1

detB1

(1)ΦT
ı̄ R1

(1)Φı̄ , (4.9)

R1 =

(

b4 + b5 −(b̄2 − b̄5)
−(b̄2 − b̄5) −(b2 + b5)

)

, detR1 = − detB1 ,

where (1)ΦT
ı̄ = ( AΦı̄,

VΦı̄).
Finally, using B−1

2 ×(3.20a), the sum of the two tensor terms is given by

2 TΦ⊥̄k̄
TR⊥̄⊥k̄ −

1

2
TΦı̄k̄ T(εı̄

m̄n̄Rm̄n̄⊥k̄) = J
1

4 detB2

(2)ΦT
ı̄k̄
R2

(2)Φı̄k̄ , (4.10)

R2 =

(

4(b1 + b2) 2(b̄2 − b̄1)
2(b̄2 − b̄1) −(b1 + b4)

)

, detR2 = −4 detB2 ,

where (2)ΦT
ı̄k̄
:= ( TΦ⊥ı̄k̄,

TΦı̄k̄).
Summing up the above three contributions, one obtains the expression for HR

⊥ as

HR
⊥ =

1

4
JΦ2

R − JLR2(R̄)− a0R
m̄n̄

m̄n̄ + ā0ε
m̄n̄k̄R⊥m̄n̄k̄ , (4.11)

Φ2
R :=

1

6 detB0

(0)ΦTR0
(0)Φ−

1

detB1

(1)ΦT
ı̄ R1

(1)Φı̄ +
1

4 detB2

(2)ΦT
ı̄k̄R2

(2)Φı̄k̄ .

The complete expression H⊥ = HT
⊥ + HR

⊥ will be used in Sec. 7 to formulate the
conditions for the positivity of energy of the isolated spin modes.

4.3 Consistency conditions

The complete canonical Hamiltonian of PG, with H⊥ = HT
⊥+HR

⊥, is calculated by assuming
that none of the critical parameters is vanishing. In the next step, one can construct the
total Hamiltonian that generates the temporal evolution of dynamical variables. Since the
only primary constraints are the sure constraints (3.2), the total Hamiltonian is given by

HT = Hc + uiπi
0 +

1

2
uijΠij

0 , (4.12)

where ui and uij are canonical multipliers.
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By construction, the components Hij,Hα and H⊥ of the canonical Hamiltonian do not
depend on the unphysical variables bi0 and ωij

0. Hence, by demanding the primary con-
straints to be preserved during the time evolution, one finds the set of secondary constraints,

H⊥ ≈ 0 , Hα ≈ 0 , Hij ≈ 0 . (4.13)

General arguments, based on the existence of local Poincaré invariance, show that these
constraints are first class [13], see also [28]. Hence, the Dirac consistency algorithm is
completed at the level of the secondary constraints (4.13).

The present PG model has N1 = 20 first-class constraints, and N2 = 0 second-class
constraints. Since the number of the Lagrangian variables is N = 40 (16 tetrad, plus
24 connection components), the number of the Lagrangian degrees of freedom is N∗ =
(2N−2N1−N2)/2 = 20. They are the same as those found in the weak field approximation
of PG: 2 massless spin-2 modes and 18 massive torsion modes (two spin-0, six spin-1, and
ten spin-2 modes). However, we shall show that not all of these degrees of freedom are
physically acceptable, in contrast to earlier expectations [25]. To do that, we will first
calculate the mass eigenvalues m2

±(J) for the torsion modes with spin J = 0, 1, 2.

5 Linearized field equations

In this section, we start our analysis of the particle spectrum of PG by deriving the weak field
approximation of the gravitational field equations (2.4) around the Minkowski background
M4; for consistency, we assume Λ0 = 0. Such an approximation is based on the following
weak field expansion of the basic dynamical variables,

biµ = δiµ + b̃iµ +O2 , ωij
µ = ω̃ij

µ +O2.

To simplify the notation, we omit writing the tilde sign and the symbol O2, with an implicit
understanding of their effects. Furthermore, we find it technically convenient to use the
following abbreviations:

An = an − a1 , Bn = bn − b1 ,

Ān = ān − ā1 , B̄n = b̄n − b̄1 , (5.1)

5.1 First field equation

In the first field equation (2.4a), the covariant momentum associated to torsion has the form

Himn = 2a1Timn +
2

3
A2(ηimVn − ηinVm) + 2A3εimnlA

l ,

−ā1Tirsε
rs

mn −
2

3
Ā2εimnsV

s + 2Ā3(ηimAn − ηinAm) , (5.2)

where ā2 = ā3 yields Ā2 = Ā3. Then, after calculating the linearized form of Ei
ν ,

Ei
ν = 2a0G

ν
i − ā0

(

Rmnkiε
mnkν + hi

νX
)

= 2a0G
ν
i − 2ā0Xi

ν ,
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the linearized (1ST) takes the form

Ein = ∂mHimn − 2a0Gni + 2ā0Xin

= −2a1∂
mTinm +

2

3
A2(∂iVn − ηin∂V)− 2A3εinmk∂

mAk

+
2

3
Ā2εinmk∂

mVk + 2Ā2(∂iAn − ηin∂A)− 2a0Gni + 2(ā0 − ā1)Xin = 0 , (5.3)

where we used (E.3), and ∂V := ∂iV
i, ∂A := ∂iA

i.

5.2 Second field equation

Using the formulas obtained in the weak field approximation,

∇µ
LHij

µn = 2a0(T
n
ij − δni Vj + δnj Vi)

−ā0εij
rs(T n

rs − δnr Vs + δns Vr) ,

2H[ij]n = −
4

3
(2a1 + a2)ηn[iVj] + 2(a1 + 2a3)εijnkA

k

−
4

3
Ā2εijnkV

k − 4Ā3ηn[iVn] , (5.4)

the linearized form of (2ND) reads

Eijn = ∂mH′
ijmn + 2a0(T

n
ij − δni Vj + δnj Vi)

−ā0εij
rs(T n

rs − δnr Vs + δns Vr) + 2H[ij]n = 0 . (5.5a)

Using the double duality relations for the curvature, see Appendix C in Ref. [29], the term
∂mH′

ijmn is found to have the form

∂mH′
ijmn = (b2 + b1)∂

m
(

ηirΨjs − ηjrΨis

)

εrsmn +
1

6
B3εijmn∂

mX

+(b4 + b1)
[

(

∂iΦjn − ηin∂
mΦjm

)

− (i ↔ j)
]

+
1

6
B6(ηjn∂i − ηin∂j)R

+B5

[

(

∂iR̂[jn] − ηin∂
mR̂[jm]

)

− (i ↔ j)
]

− B̄5∂
m
(

ηirR̂[js] − ηjrR̂[is]

)

εrsmn

+(b̄2 − b̄1)
[

(∂iΨjn − ηin∂
mΨjm)− (i ↔ j)

]

+
1

6
B̄3(ηjn∂i − ηin∂j)X

−(b̄4 − b̄1)∂
m
(

ηirΦjs − ηjrΦis

)

εrsmn −
1

6
B̄6εijmn∂

mR . (5.5b)

6 Particle spectrum

The particle spectrum of PG contains important information of its physical content. Re-
cently, Karananas [25] made a detailed analysis of this problem by extending the spin-
projection operator formalism, used earlier in the context of PG+ [12], and applying it to
study the PG field excitations around the Minkowski background. His work resulted in the
mass formulas for the spin-0, spin-1 and spin-2 massive torsion modes, together with the
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related restrictions on the parameter space, stemming from the requirements for the absence
of ghosts and tachyons.

In this section, we study the same problem by analyzing the linearized field equations
along the lines presented in [5]. The obtained results are tested by verifying their com-
patibility with the expressions for the critical parameters, found in the canonical analysis,
whereas the absence of ghosts and tachyons is studied in the next section.

6.1 Spin-0 modes

The spin-0 sector is determined by the traces of the field equations Ein, ∂
iEijn and ∂k(⋆E)kln,

where ⋆Ekln := (1/2)εkl
ijEijn is the dual of Eijn:

−a2∂V − 3ā2∂A + a0R + ā0X = 0 ,

(b4 + b6)�R + (b̄3 − b̄2)�X + 4(2a0 + a2)∂V + 12(ā2 − ā0)∂A = 0 ,

(b2 + b3)�X − (b̄3 − b̄2)�R− 12(a0 + 2a3)∂A + 8(ā2 − ā0)∂V = 0 . (6.1)

With X = 3∂A, the first equation can be used to express R in terms of ∂V and ∂A,
whereupon the remaining two equations are written in the matrix form as

(K0�+ 4a0N0)U = 0 , (6.2a)

K0 =

(

a2(b4 + b6) −3a0(b̄2 − b̄3)− 3(ā0 − ā2)(b4 + b6)
a2(b̄2 − b̄3) 3a0(b2 + b3)− 3(ā0 − ā2)(b̄2 − b̄3)

)

,

N0 =

(

(2a0 + a2) −3(ā0 − ā2)
−2(ā0 − ā2) −3(a0 + 2a3)

)

, U =

(

∂V
∂A

)

. (6.2b)

The determinants of K0 and N0 are given by

detK0 = 3a0a2
[

(b4 + b6)(b2 + b3) + (b̄2 − b̄3)
2
]

,

detN0 = −3
[

(2a0 + a2)(a0 + 2a3) + 2(ā0 − ā2)
2
]

. (6.2c)

For detK0 6= 0, one can multiply (6.2a) by K−1
0 , and obtain the Klein-Gordon equation for

the massive spin-0 torsion modes,

(�+M0)U = 0 , M0 = 4a0K
−1
0 N0 . (6.3)

The masses of these modes are given by the eigenvalues of the mass matrix M0,

m2
±(0) =

1

2

(

trM0 ±
√

(trM0)2 − 4( detM0)
)

=
2a0

detK0

(

tr f0 +
√

(tr f0)2 − 4 detf0

)

, (6.4a)

where f0 := ( detK0)K
−1
0 N0, and

tr f0 = 3a0(2a0 + a2)(b2 + b3)− 12a0(ā0 − ā2)(b̄2 − b̄3)

−3
[

a2(a0 + 2a3) + 2(ā0 − ā2)
2
]

(b4 + b6) ,

detf0 = ( detK0)( detN0) . (6.4b)
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It is interesting to note that detK0 is proportional to the product of two critical parameters,
a2 and detB0, characterizing the spin-0 sector of the set of if-constraints (see Table 1).
Hence, when the critical parameters vanish, we have detK0 = 0, the mass eigenvalues (6.4)
become infinite, and consequently, the spin-0 modes do not propagate. In the linear regime,
this mechanism provides a Lagrangian description of the dynamical role of if-constraints.

As a further test of our mass formula (6.4), we calculated its form in the parity-even
sector (ā0, ān, b̄n) = 0, and found the well-known result for the spin-0± torsion modes:

m2
+(0) =

4a0(2a0 + a2)

a2(b4 + b6)
, m2

−(0) = −
4(a0 + 2a3)

(b2 + b3)
.

6.2 Spin-1 modes

To understand the linearized dynamics of the spin-1 sector, it is convenient to start with the
antisymmetric part of (1ST), E[ij], and its dual, ⋆Eij. Taking derivatives of these equations
yields

1

3
(2a1 + a2)(�Vj − ∂j∂V) + Ā3(�Aj − ∂j∂A) + 2A0∂

iR̂[ij] + 2Ā0∂
iX[ij] = 0 ,

(a1 + 2a3)(�Aj − ∂j∂A)−
2

3
Ā2(�Vj − ∂j∂V) − 2A0∂

iX[ij] + 2Ā0∂
iR̂[ij] = 0 .

Then, the solutions for ∂mR̂[mi] and ∂mX[mi] are found to be given in the matrix form as

2

(

−∂mR̂[mi]

∂mX[mi]

)

= G (�Ui − ∂i(∂U)) , Ui =

(

Vi

Ai

)

, g := A2
0 + Ā2

0 ,

G :=
1

g







1

3

[

A0(2a1 + a2)− 2Ā0Ā2

]

[

A0Ā2 + Ā0(a1 + 2a3)
]

−
1

3

[

Ā0(2a1 + a2) + 2A0Ā2

]

−
[

Ā0Ā2 −A0(a1 + 2a3)
]






. (6.5)

Next, consider the trace of (2ND), ηjkEijk, and of its dual, ηjk⋆Eijk. Using the identities
(E.4), these trace components take the form

−2(b4 + b5)∂
mR̂[mi] + 2(b̄2 − b̄5)∂

mX[mi] +
1

2
(b4 + b6)∂iR −

1

2
(b̄2 − b̄3)∂iX

+ 2(2a0 + a2)Vi − 6(ā0 − ā2)Ai = 0 , (6.6a)

−4(b̄2 − b̄5)∂
mR̂[mi] − 4(b2 + b5)∂

mX[mi] + (b̄2 − b̄3)∂iR + (b2 + b3)∂iX

− 8(ā0 − ā2)Vi − 12(a0 + 2a3)Ai = 0 . (6.6b)

Using the expressions for ∂mR̂[mi] and ∂mX[mi] found in (6.5), and the expression for R
determined by the trace of (1ST), Eqs. (6.6) multiplied by −2g can be written in the
matrix form as

(

K1�− 4gN1

)

Ui + (L1 −K1) ∂i(∂U) = 0 , (6.7a)
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where

K1 = B′
1(gG) , B′

1 := −2

(

b4 + b5 b̄2 − b̄5
2(b̄2 − b̄5) −2(b2 + b5)

)

,

N1 =

(

(2a0 + a2) −3(ā0 − ā2)
−4(ā0 − ā2) −6(a0 + 2a3)

)

, Ui =

(

Vi

Ai

)

,

L1 = −
g

a0

(

1 0
0 2

)

K0 = −4gN1M
−1
0 . (6.7b)

The determinants of K1 and N1 are given by

detK1 =
8

3
g( detA)( detB1) ,

detN1 = −6
[

(a0 + 2a3)(2a0 + a2) + 2(ā0 − ā2)
2
]

. (6.7c)

When detK1 6= 0, one can multiply Eq. (6.7a) by K−1
1 and obtain the matrix Klein-Gordon

equation for the massive spin-1 torsion modes,

(�+M1)Ũi = 0 , M1 := −4gK−1
1 N1 ,

Ũi := Ui +M−1
0 ∂iU , ∂iŨi = 0 . (6.8)

The eigenvalues of the mass matrix M1 are given by

m2
±(1) =

−2g

detK1

(

tr f1 ±
√

(tr f1)2 − 4 detf1

)

, (6.9a)

where f1 := ( detK1)K
−1
1 N1, and

detf1 = ( detN1)( detK1) ,

tr f1 = 4(b2 + b5)
[

(2a0 + a2)
[

(a0 − a1)(a1 + 2a3)− (ā0 − ā1)
2
]

+ 2(a0 − a1)(ā0 − ā2)
2
]

+4(b4 + b5)
[

(a0 + 2a3)
[

(a0 − a1)(2a1 + a2)− 2(ā0 − ā1)
2
]

+ 2(a0 − a1)(ā0 − ā2)
2
]

+8(b̄2 − b̄5)
[

− (2a0 + a2)(a0 + 2a3)(ā0 − ā1) + 2
[

(a0 − a1)
2 + (ā0 − ā1)

2
]

(ā0 − ā2)

−2(ā0 − ā1)(ā0 − ā2)
2
]

. (6.9b)

The determinant of K1 is the product of two critical parameters associated to the spin-1
sector (see Table 1). A discussion of what happens when at least one of these parameters
vanishes is given in Appendix D.

In the parity even sector, our mass formula (6.9) yields the familiar result for the spin-1±

torsion modes:

m2
+(1) =

6(a0 − a1)(a0 + 2a3)

(a1 + 2a3)(b2 + b5)
, m2

−(1) =
6(a0 − a1)(2a0 + a2)

(2a1 + a2)(b4 + b5)
.
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6.3 Spin-2 modes

Although, in principle, the analysis of the spin-2 sector is not much more complicated than
the one for the spin-1 case, the fact that there are lots of variables makes the general
procedure rather complex and difficult to follow. In Ref. [27], the mass eigenvalues of
the spin-2 torsion modes were found by studying a class of exact wave solutions, defined
by an ansatz that creates only the tensorial irreducible part of the torsion, whereas the
vector and axial vector parts vanish. This motivates us to simplify the present discussion by
considering a dynamical system with vanishing spin-0 and spin-1 modes, Vi = 0 and Ai = 0.
The physical content of such a system is described solely by the spin-2 tensor tijk (Appendix
A). Such a technical simplification does not influence the final result for the spin-2 mass
eigenvalues.

The adopted assumptions have two additional consequences: X = 0, which follows from
X = 3∂A, and R = 0, which follows from the trace of (1ST). To analyse the spin-2 sector,
we need the symmetrized version of (1ST),

− a1Θik − a0Φik + Ā0Ψik = 0 , (6.10)

where Θik := ∂mtikm = ∂mT(ik)m, as follows from the definition (A.1) of tikm. Moreover, we
also need two equations that follow from (2ND), ∂mEm(ik), and ∂m(⋆E)m(ik):

(b1 + b4)
[

�Φik − 2∂(i∂
mΦk)m

]

+ B̄2

[

�Ψik − 2∂(i∂
mΨk)m

]

− 2A0Θik − 2Ā0Ψik = 0 , (6.11a)

(b1 + b2)
[

�Ψik − 2∂(i∂
mΨk)m

]

− B̄4

[

�Φik − 2∂(i∂
mΦk)m

]

− 2Ā0Θik + 2A0Ψik = 0 . (6.11b)

Since Φik has a nontrivial Riemannian part associated to the massless graviton, a proper
description of the torsion spin-2 modes is obtained by using (6.10) to eliminate Φik from
Eqs. (6.11):

(b1 + b4)�
(

− a1Θik + Ā0Ψik

)

+ a0B̄2�Ψik − 2a0
(

A0Θik + Ā0Ψik

)

= 0 , (6.12a)

a0(b1 + b2)�Ψik − B̄2�
(

− a1Θik + Ā0Ψik

)

− 2a0
(

Ā0Θik −A0Ψik

)

= 0 . (6.12b)

These equations can be compactly represented in the matrix form as

(K2�+ 2a0N2)Uik = 0 , (6.13)

where

K2 :=

(

a1(b1 + b4) −Ā0(b1 + b4)− a0(b̄2 − b̄1)
−a1(b̄2 − b̄1) Ā0(b̄2 − b̄1)− a0(b2 + b1)

)

,

N2 :=

(

A0 Ā0

Ā0 −A0

)

, Uik :=

(

Θik

Ψik

)

.

For detK2 6= 0, Eq. (6.13) is equivalent to

(

�+M2)Uik = 0 , M2 := 2a0K
−1
2 N2 , (6.14)
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where M2 is the mass matrix of the spin-2 torsion mode.
The matrices K2 and N2 are of the same form as those found in Ref. [27], Eq. (4.50),

up to inessential differences in conventions. Hence, the mass eigenvalues are also the same.
Expressed in terms of the matrix f2 = ( detK2)K

−1
2 N2, they are given by

m2
±(2) =

a0
detK2

(

tr f2 ±
√

(tr f2)2 − 4 detf2

)

, (6.15a)

where

detf2 = ( detK2)( detN2) ,

tr f2 = −a0(a0 − a1)(b1 + b2)− 2a0(ā0 − ā1)(b̄2 − b̄1)

+
[

− a1(a0 − a1) + (ā0 − ā1)
2
]

(b1 + b4) . (6.15b)

As expected, the determinant of K2 is proportional to the product of the critical parameters
given in the third line of Table 1,

detK2 = −a0a1 detB2 , detN2 = −
(

A2
0 + Ā2

0

)

. (6.16)

In the parity-even sector, the above formulas produce the well-known result:

m2
+(2) =

2a0(a0 − a1)

a1(b1 + b4)
, m2

−(2) =
2(a0 − a1)

b1 + b2
.

The above procedure can be extended to the case with nonvanishing spin-0 and spin-1
terms. After a straightforward but rather clumsy calculation, we found that the new terms
do not influence the mass eigenvalues, they only modify the spin-2 state Uik. A compact
form of the result reads

Uik → Ũik := Z

[

Ūik −G∂(iUk) +
1

3
H
(

M−1
0 ∂i∂kU + ηikU

)

]

, (6.17a)

where

Z :=
1

a1

(

−a0 Ā0

0 a1

)

, Ūik :=

(

Φik

Ψik

)

,

H :=
1

a0

(

a2 3(ā2 − ā0)
0 −2a0

)

. (6.17b)

The role of Z is to replace Φik in Ūik by its form obtained from the symmetrized (1ST).
The spin-2 nature of Ũik is ensured by the properties ∂iŨik = 0, ηikŨik = 0. In fact, these
properties are sufficient to completely determine Ũik.

6.4 Comparison with Karananas’ mass formulas

Our mass formulas are found to be consistent with the expressions for the canonical critical
parameters, displayed in Table 1. A more detailed test can be conducted by comparing
them to the recent calculations of Karananas [25]. The first step in this direction is to
compare the Lagrangian (5) in Ref. [25] with our expression (B.1). Although the procedure
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is straightforward, a number of misprints found in [25] complicate the process. Nevertheless,
we established the following correspondence between the related parameters:

a0 = λ , ā0 = Λ = 0 ,
a1 = λ+ t1 , a2 = 2(−λ + t3) ,
a3 = (−λ+ t2)/2 ,
ā1 = −2t5 , ā2 = ā3 = −t4 ,
b1 = 4(r1 − r3) , b2 = 4r3 ,
b3 = 4(r2 − r3) , b4 = 4(r1 − r3 + r4) ,
b5 = 4(r3 + r5) , b6 = 4(r1 − r3 + 3r4) ,
b̄1 = r7 − 3r8 , b̄2 = b̄4 = r7 + r8 ,
b̄3 = b̄6 = −4r6 + r7 + r8, b̄5 = −3r7 + r8 .

(6.18)

The remaining part of the comparison is rather simple. By substituting the above expres-
sions into Eqs. (6.4) and (6.9), one finds that the resulting mass eigenvalues for the spin-0
and spin-1 torsion modes exactly reproduce the respective result that Karananas gives in his
Appendix A. Moreover, we also found that, up to minor differences, our mass formula (6.15)
for the spin-2 modes is in agreement with his result (A.3.5); see also subsection IV.E in Ref.
[27]. Although the difference is small, it might be responsible for more serious discrepancies
in the physical properties of the spin-2 modes, found in the next section.

7 Physical restrictions on the space of parameters

In this section, we study the physical requirements of the absence of ghosts (E > 0), the
absence of tachyons (m2 > 0), and the reality (m2 real), in the spectrum of torsion modes.
Our approach is based on the Hamiltonian analysis developed in Secs. 3 and 4, subject
to the assumption that all the critical parameters are nonvanishing, or equivalently, that
all the torsion modes are propagating. In what follows, we shall examine whether such an
assumption is compatible with the adopted physical requirements.

Our general strategy is the following. The conditions of the positivity of energy can be
read from the dynamical component HR

⊥ of the canonical Hamiltonian, see Eq. (4.11). By
introducing the matrices

FJ :=
1

detBJ

RJ , J = 0, 1, 2,

these conditions can be expressed by demanding that the eigenvalues of Fj be positive.
Using the general formula for the eigenvalues of a 2 × 2 matrix, see (3.9), one can express
these conditions in a more practical form as

EJ > 0 : detFJ > 0 , trFj > 0 . (7.1)

The absence of tachyons is effectively described by the conditions of positivity of the eigen-
values m2

±(J) of the mass matrices MJ :

m2
±(J) > 0 : detMJ > 0 , trMJ > 0 . (7.2)
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Moreover, the presence of square roots in the mass eigenvalues requires to check their reality :

m2
±(J) real: (trMJ )

2 − 4 detMJ > 0 . (7.3)

By applying these general physical criteria to the specific spin-J sectors, one obtains a
set of restrictions on the original Lagrangian parameters. An important goal of our analysis
is to clarify the issue of their mutual (in)consistency. We shall always use a0 > 0, the
condition that ensures the correct limit to GR.

7.1 Spin-0 sector

Positivity of energy

The energy of the spin-0 modes is positive if the eigenvalues of the matrix F0 = R0/ detB0

are positive. Since detR0 = 4detB0, the first condition detF0 > 0 implies that detB0 > 0,
or equivalently,

(b2 + b3)(b4 + b6) + (b̄2 − b̄3)
2 < 0 , (7.4a)

⇒ (b2 + b3)(b4 + b6) < 0 . (7.4b)

Then, the second condition takes the form trR0 > 0. In combination with (7.4b), it yields
the relations

b2 + b3 < 0 , b4 + b6 > 0 , (7.5)

which coincide with those in appearing in PG+. The independent conditions are the condi-
tion (7.4a) and, for instance, the first one in (7.5)

(b2 + b3)(b4 + b6) + (b̄2 − b̄3)
2 < 0 , b2 + b3 < 0 . (7.6)

These two conditions coincide with the first two relations found in Eq. (48) of Ref. [25]
(the third relation is redundant).

Positivity of m2

±
(0)

The mass matrix M0 of the spin-0 torsion modes has the form (6.3),

M0/4a0 = K−1
0 N0 =

1

detK0

f0 , detK0 = −3a0a2 detB0 . (7.7)

The positivity of its eigenvalues is expressed by the conditions detM0 > 0 and trM0 > 0:

detN0

detK0

> 0 ,
1

detK0

tr f0 > 0 . (7.8)

Since detB0 > 0, they take the form

a2 detN0 < 0 , (7.9a)

a2tr f0 < 0 . (7.9b)
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As shown in Appendix F, these general conditions can be transformed into an unexpect-
edly simple form, in which the parameters (bnb̄n) are completely absent:

a2
[

(2a0 + a2)(a0 + 2a3) + 2(ā0 − ā2)
2
]

> 0 , a2(2a0 + a2) > 0 . (7.10)

Returning to the parameters introduced in (6.18), this result takes the form

(t3 − λ)(t2t3 + t24) > 0 , (t3 − λ)t3 > 0 .

The first formula is equivalent to Karananas’ result [25], but the second one is different.

7.2 Spin-1 sector

Positivity of energy

Starting with F1 := R1/ detB1 and using detR1 = − detB1, the first condition for the
positivity of energy, detF1 > 0, reads

detB1 ≡ (b2 + b5)(b4 + b5) + (b̄2 − b̄5)
2 < 0 , (7.11a)

⇒ (b2 + b5)(b4 + b5) < 0 . (7.11b)

The second condition, written as trR1 < 0 and combined with (7.11b), yields

b2 + b5 > 0 , b4 + b5 < 0 , (7.12)

which is the PG+ result. As the two independent conditions, we choose

(b2 + b5)(b4 + b5) + (b̄2 − b̄5)
2 < 0 , b4 + b5 < 0 . (7.13)

Again, there is a complete agreement with the first two relations in Eq. (49) of [25], whereas
the third relation is redundant.

Positivity of m2

±
(1)

To make the technical exposition more compact, we introduce the following notation:

µ2 := 2a0 + a2 , µ3 := a0/2 + a3 , k2 := 2a1 + a2 , k3 := a1/2 + a3 .

detA = −2
[

k2k3 + (ā1 − ā2)
2
]

, detN1 = −12
[

µ2µ3 + (ā0 − ā2)
2
]

.

The mass matrix of the spin-1 torsion modes was found in subsection 6.2,

M1 = −4gK−1
1 N1 = −

4g

detK1
f1 , detK1 =

8

3
g( detA)( detB1) , (7.14)

with g ≡ A2
0 + Ā2

0. The positivity of the mass eigenvalues is expressed by the requirements

detN1

detK1

> 0 ,
1

detK1

tr f1 < 0 . (7.15)
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Since detB1 < 0, these conditions are equivalent to

( detA)( detN1) < 0 , (7.16a)

( detA)tr f1 > 0 . (7.16b)

The expression for tr f1 is given in subsection 6.2; see also Appendix F.
A simple inspection of (7.16a) shows that it can be realized by detA < 0, detN1 > 0,

or vice versa, whereas, as shown in Appendix F, (7.16b) can be replaced by a much simpler
expression. The resulting conditions, equivalent to (7.16), are defined in (F.7):

(i) k2k3 + (ā1 − ā2)
2 < 0 , µ2µ3 + (ā0 − ā2)

2 > 0 ,

µ3k2A0 − 2µ3Ā
2
0 + A0(ā0 − ā2)

2 < 0 ,

(ii) k2k3 + (ā1 − ā2)
2 > 0 , µ2µ3 + (ā0 − ā2)

2 < 0 ,

µ3k2A0 − 2µ3Ā
2
0 + A0(ā0 − ā2)

2 > 0 . (7.17)

As before, they do not depend on the parameters (bn, b̄n). Going over to the parameters
defined in (6.18), the relations (i) read

(t1 + t2)(t1 + t3) + (t4 − 2t5)
2 < 0 , t2t3 + t24 > 0 ,

t2(t
2
1 + 4t25) + t1(t2t3 + t24) > 0 .

The first two inequalities in the set (i) coincide with those found in Ref. [25], the third one
is a bit different, but the whole complementary set (ii) is missing.

7.3 Spin-2 sector

Positivity of energy

The first condition for the positivity of the eigenvalues of F2 = R2/ detB2, detF2 > 0,
combined with detR2 = −4 detB2, takes the form

detB2 ≡ (b1 + b2)(b1 + b4) + (b̄2 − b̄1)
2 < 0 , (7.18a)

⇒ (b1 + b2)(b1 + b4) < 0 . (7.18b)

The second condition combined with (7.18b) yields relations that are also valid in PG+,

b1 + b2 < 0 , b1 + b4 > 0 . (7.19)

The two independent conditions are

(b1 + b2)(b1 + b4) + (b̄2 − b̄1)
2 < 0 , b1 + b2 < 0 . (7.20)

Comparing these conditions to the first two relations in Eq. (50) of Ref. [25], one finds a
complete agreement (the third relation is redundant).
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Positivity of m2

±
(2)

The mass matrix for the spin-2 modes is found in subsection 6.3:

M2 = 2a0K
−1
2 N2 =

2a0
detK2

f2 , detK2 = −a0a1 detB2 ,

detN2 = −
[

(a0 − a1)
2 + (ā0 − ā1)

2
]

.

The positivity of the mass eigenvalues is expressed by the requirements

detN2

detK2

> 0 ,
2a0

detK2

tr f2 > 0 . (7.21)

The condition detN2 < 0 implies detK2 < 0, whereupon, relying on detB2 < 0, one obtains

a1 < 0 , (7.22a)

tr f2 < 0 , (7.22b)

where tr f2 is calculated in subsection 6.3.

Is the spin-2 sector free of ghosts and tachyons?

Let us recall that in PG+, the conditions a1 < 0 and b1+ b2 < 0 imply tr f2 > 0, so that one
of the two spin-2± modes is always a tachyon, as is well known. In what follows, we will
prove, somewhat unexpectedly, that the same conclusion also holds in the general PG.

To show this, we rewrite tr f2 in a compact notation as

tr f2 = α2(b1 + b2) + β2(b̄2 − b̄1) + γ2(b1 + b4) , α2 < 0 , (7.23a)

where the coefficients α2, β2 and γ2 can be read from Eq. (6.15b),

α2 = −a0(a0 − a1) , β2 = −2a0(ā0 − ā1)
2 ,

γ2 = −a1(a0 − a1) + (ā0 − ā2)
2 ,

and α2 < follows from (7.22a). Since b1 + b4 > 0, one finds

tr f2
b1 + b4

= α2
b1 + b2
b1 + b4

+ β2
b̄2 − b̄1
b1 + b4

+ γ2 . (7.23b)

Having in mind the first relation in (7.20), written as

b1 + b2
b1 + b4

+ x2 < 0 , x :=
b̄2 − b̄1
b1 + b4

,

we find it useful to rewrite (7.23b) in an equivalent form,

tr f2
b1 + b4

= α2

(

b1 + b2
b1 + b4

+ x2

)

+ F2(x) ,

F2(x) := −α2x
2 + β2x+ γ2 . (7.23c)
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A critical argument in our analysis comes from the observation that the discriminant of the
quadratic function F2(x), ∆2 = β2

2 + 4α2γ2, is automatically negative,

∆2 = 4a0a1

[

(ā0 − ā1)
2 + (a0 − a1)

2
]

= −4a0a1 detN2 < 0 . (7.24)

Next, since α2 < 0 (the parabola F2 opens upward) and ∆2/α2 > 0 (minimum of F2 is
positive), it follows that F2(x) > 0 for any x. Hence, using (7.20), one obtains the result

tr f2 > (b1 + b4)F2(x) > 0 , (7.25)

which contradicts to (7.22b). Thus

S3. The two no-tachyon conditions, (7.22a) and (7.22b), are mutually exclusive; hence,
the two spin-2 torsion modes cannot be simultaneously physical.

Such a conclusion is not in agreement with the result found by Karananas [25].

No-ghost conditions: spin-2 versus spin-1 sector

The no-ghost conditions for spin-1 and spin-2 sectors are in contradiction to each other.
Indeed, (7.12) implies that b2 > b4, whereas (7.19) implies that b4 > b2. Hence, only one of
these two sectors can be physical. The result is in agreement with the Corrigendum in [25].

7.4 Reality conditions

The structure of the general reality conditions (7.3) looks rather cumbersome. However,
after replacing |tr f0|, |tr f1|, and |tr f2| with their minimal values, calculated from the
inequalities (F.3), (F.6), and (7.25), respectively, the reality conditions (7.3) transform into

spin 0: (b4 + b6)
2a2 detN0 + 12a0(2a0 + a2)

2 detB0 < 0 ,

spin 1: g(b2 + b5)
2( detA)( detN1)− 24α2

1 detB1 < 0 ,

spin 2: (b1 + b4)
2a1 detN2 + 4a0(a0 − a1)

2 detB2 > 0 , (7.26)

see Sec. 6 and Appendix F. These formulas are much simpler than (7.3), but they represent
only sufficient conditions for the reality of the corresponding mass eigenvalues.

8 Summary and conclusions

In this paper, we investigated generic aspects of the Hamiltonian structure of the general
parity-violating PG, and used them to study the torsion particle spectrum [30].

Making use of Dirac’s Hamiltonian approach, we identified the set of all if-constraints, the
expressions that become true constraints if the corresponding critical parameters cn vanish.
Both the if-constraints and the associated critical parameters have a crucial influence on
the PG dynamics. Then, we constructed the generic form of the canonical Hamiltonian Hc,
determined by taking all the critical parameters to be nonvanishing. An extension of the
procedure to allow for a proper treatment of the vanishing critical parameters is outlined in
Appendix D.
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Apart from being important by itself, the Hamiltonian structure introduced here turns
out to be intrinsically related to the particle spectrum of PG. To examine that subject,
we first calculated the mass eigenvalues m2

±(J) of the torsion modes with spin J = 0, 1,
and 2, relying on the weak field approximation of the gravitational field equations around
M4. As a test of the results, we verified that m2

±(J) are proportional to the inverse critical
parameters 1/cn. As a consequence, whenever some of cn vanish, the corresponding values
of m2

±(J) become infinite, thereby preventing the associated torsion modes to propagate.
This is consistent with the canonical effects of the vanishing critical parameters in PG+

(in the weak field approximation). A comparison of our mass formulas to those found by
Karananas [25] leads to the following conclusions.

(k1) For the spin-0 and spin-1 torsion modes, our results confirm those of Karananas.

(k2) For the spin-2 modes, there are certain differences, noted already in Ref. [27].

The absence of ghosts (positivity of energy) in the particle spectrum is ensured by de-
manding the positivity of the specific spin-J terms in the canonical Hamiltonian, whereas
the conditions for the absence of tachyons are defined by the requirement m2

±(J) > 0. A
detailed analysis shows that these requirements can be formulated as follows:

Spin 0: (b2 + b3)(b4 + b6) + (b̄2 − b̄3)
2 < 0 , b2 + b3 < 0 ,

a2 [(2a0 + a2)(a0/2 + a3) + (ā0 − ā2)
2] < 0 , a2(2a0 + a2) > 0.

Spin 1: (b2 + b5)(b4 + b5) + (b̄2 − b̄5)
2 < 0 , b4 + b5 < 0 ,

(i) (2a1 + a2)(a1/2 + a3) + (ā1 − ā2)
2 < 0, (2a0 + a2)(a0/2 + a3) + (ā0 − ā2)

2 > 0,

(a0 − a1)
[

(a0/2 + a3)(2a1 + a2) + (ā0 − ā2)
2
]

− 2(a0/2 + a3)(ā0 − ā1)
2 < 0 ;

(ii) an alternative set of conditions, obtained by (i) → (−1)×(i).

Spin 2: (b1 + b2)(b1 + b4) + (b̄2 − b̄1)
2 < 0 , b1 + b2 < 0 ,

the conditions for the absence of tachyons are mutually exclusive. (8.2)

The results for the absence of ghosts (first line in each spin sector) are identical to those
of Karananas, whereas the formulas describing the absence of tachyons show a number of
less or more serious differences. In particular, the whole set of conditions (ii) in the spin-1
sector is missing in Karananas’ analysis, but the most important difference is found in the
spin-2 sector, where the two conditions for the absence of tachyons are in contradiction to
each other, in contrast to Karananas’ conclusion.

The presence of square roots in the expressions for the mass eigenvalues m2
±(J) requires

to verify their reality. A sufficient form of of the reality conditions, compactly presented at
the end of Sec. 7, is much simpler than their general form.

In conclusion, our analysis clarifies the structure of the particle spectrum of the general
PG by improving the results found by Karananas, in particular the status of the spin-2
sector. On the other hand, elements of the Hamiltonian structure introduced here, including
its extension to the case of vanishing critical parameters outlined in Appendix D, are a good
starting point for further investigation of the full nonlinear dynamics of PG.
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A Irreducible decomposition of the field strengths

The torsion tensor has three irreducible pieces:

(2)Timn =
1

3
(ηimVn − ηinVm) ,

(3)Timn = εimnkA
k ,

(1)Timn = Timn −
(2)Timn −

(3)Timn =
4

3
ti[mn] , (A.1a)

where

Vn := T k
kn , Ak :=

1

6
εkrstT

rst ,

timn := T(im)n +
1

3
ηn(iVm) −

1

3
ηimVn . (A.1b)

The Riemann-Cartan curvature tensor can be decomposed into six irreducible pieces:

(2)Rijmn =
1

2
(ηikΨjl − ηjkΨil)ε

kl
mn ,

(3)Rijmn =
1

12
Xεijmn ,

(4)Rijmn =
1

2
(ηimΦjn − ηjmΦin)− (m ↔ n) ,

(5)Rij =
1

2
(ηimR̂[jn] − ηjmR̂[in])− (m ↔ n) ,

(6)Rijmn =
1

12
R(ηimηjn − ηjmηim) ,

(1)Rijmn = Rijmn −
6
∑

a=2

(a)Rijmn , (A.2a)

where
R̂im := Ricim = Rinm

n , R := Ricmm ,

Xij :=
1

2
Rikmnε

kmn
j , X := Xn

n ,

Φij := Ric(ij) −
1

4
ηijR , Ψij := X(ij) −

1

4
ηijX .

(A.2b)

The above definitions are the tensor counterparts of the corresponding formulas given in
terms of the differential forms, see [27, 29]. They imply the following relations characterizing
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the parity-odd sector:

T ijk ⋆ (2)T ijk = T ijk ⋆ (3)T ijk ,

Rijkl ⋆ (2)Rijkl = Rijkl ⋆ (4)Rijkl ,

Rijkl ⋆ (3)Rijkl = Rijkl ⋆ (6)Rijkl , (A.3a)

and also

T ijk ⋆ (1)T ijk =
(1)T ijk ⋆ (1)T ijk ,

Rijkl⋆ (1)Rijkl =
(1)Rijkl ⋆ (1)Rijkl ,

Rijkl ⋆ (5)Rijkl =
(5)Rijkl ⋆ (5)Rijkl . (A.3b)

B Alternative form of the Lagrangian

In this appendix, we rewrite our Lagrangian (2.6) in an equivalent form that allows an easier
comparison to the literature [22, 25]:

LG = −(a0R + 2Λ0 + ā0X) + LT 2 + LR2 ,

LT 2 = h1T
ijkTijk + h2T

imnTnmi + h3VmV
n

+εmnkl(h̄4T
i
mnTikl + h̄5Tmn

iTkli) , (B.1a)

LR2 =
1

2

(

f1R
ijmnRijmn + f2R

ijmnRimjn + f3R
ijmnRmnij

+f4RicimRicim + f5RicimRicmi + f6R
2
)

+
1

2
εmnkl

(

f̄7RmnklR + f̄8RijmnR
ij
kl

+f̄9RmnijRkl
ij + f̄10RmnijR

ij
kl

)

. (B.1b)

The parameters (hn, h̄n) and (fn, f̄n) can be expressed in terms of the “irreducible” param-
eters appearing in (2.6) as follows:

h1 =
1

6
(2a1 + a3) , h2 =

1

3
(a1 − a3) , h3 = −

1

3
(a1 − a2) ,

h̄4 := −
1

24
(4ā1 + ā2 + ā3) , h̄5 := −

1

6
(2ā1 − ā2 − ā3) , (B.2a)

and

f1 :=
1

12
(2b1 + 3b2 + b3) , f2 :=

1

3
(b1 − b3) ,

f3 :=
1

12
(2b1 − 3b2 + b3) , f4 := −

1

2
(b1 + b2 − b4 − b5) ,

f5 := −
1

2
(b1 − b2 − b4 + b5) , f6 :=

1

12
(2b1 − 3b4 + b6) ,

f̄7 :=
1

24
(2b̄1 − b̄3 − b̄6) , f̄8 := −

1

16
(b̄1 + b̄2 + b̄4 + b̄5) ,

f̄9 := −
1

16
(b̄1 − b̄2 − b̄4 + b̄5) , f̄10 := −

1

8
(b̄1 − b̄5) . (B.2b)
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Relying on the existence of three topological invariants (2.9), Karananas [25] imposed
three conditions on the Lagrangian parameters in (B.1): ā0, f6, f̄8 = 0.

Based on (B.1), one can find a suitable form of the covariant momenta Hijk and H′
ijkl:

Hijk = 4
(

h1Tijk + h2T[kj]i + h3ηi[jVk]

)

,

+4
(

h̄4εjk
mnTimn + h̄5εi[j

mnTmnk]

)

, (B.3a)

H′
ijkl = 4

[

f1Rijkl +
1

2
f2
(

Ri[kjl] −Rj[kil]

)

+ f3Rklij

]

+2
[

f4
(

ηj[lR̂ik] − ηi[lR̂jk]

)

+ f5
(

ηj[lR̂k]i − ηi[lR̂k]j

)

+ f6
(

ηjlηik − ηilηjk
)

R
]

+f̄7
[

2εijklR + (εR)(ηikηjl − ηjkηil
)]

+4
(

f̄8εkl
mnRijmn + f̄9εij

mnRmnkl

)

+ 2f̄10
(

εij
mnRklmn + εkl

mnRmnij

)

. (B.3b)

C (3 + 1) decomposition of spacetime

The dynamical content of canonical constraints is greatly clarified by using a decomposition
of tensor fields with respect to the subgroup of 3d rotations in the spatial hypersurface
Σ0 : x0 = const.

Let eα be a basis of three coordinate tangent vectors in Σ0, eα = ∂α (α = 1, 2, 3), and n

the unit normal to Σ0, nk = hk
0/
√

g00. The four vectors (n,eα) define the so-called ADM
basis of tangent vectors in spacetime. The decomposition of the vector e0 in the ADM basis
is given by

e0 = Nn+Nα
eα , (C.1a)

where N and Nα, known as the lapse and shift functions, respectively, are linear in bk0:

N = e0n = nkb
k
0 = 1/

√

g00 ,

Nα = e0eβ
3gβα = hk̄

αbk0 = −g0α/g00 . (C.1b)

Introducing the projectors on n and eα, given by (P⊥)
l
k = nkn

l and (P||)
l
k = δlk − nkn

l,
respectively, one can express a spacetime vector Vk in terms of its orthogonal (to Σ0) and
“parallel” (living in the tangent space of Σ0) components:

Vk = nkV⊥ + Vk̄ , (C.2)

where V⊥ := nkVk and Vk̄ := Vk − nkV⊥ Here, we use a convention that a bar over an
index ‘k’ denotes its parallel projection, so that nkVk̄ vanishes. The objects V⊥ and Vk̄ are
respectively a scalar and a vector with respect to 3d rotations in Σ0.

Consider now a second-rank tensor Xik. Its orthogonal-parallel decomposition reads

Xik = niX⊥k̄ + ninkX⊥⊥ + nkXı̄⊥ +Xı̄k̄ . (C.3)

Here, X⊥k̄ is a vector and X⊥⊥ a scalar with respect to 3d rotations, whereas the irreducible
parts of Xı̄k̄ are its trace, antisymmetric and traceless symmetric parts:

SX := X k̄
k̄ ,

AXı̄k̄ := X[̄ık̄] ,
TXı̄k̄ := X(̄ık̄) −

1

3
ηı̄k̄X

m̄
m̄ ,

Xı̄k̄ =
AXı̄k̄ +

TXı̄k̄ +
1

3
ηı̄k̄

SX . (C.4a)
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As a consequence,

X ı̄k̄Yı̄k̄ =
AXı̄k̄

AYı̄k̄ +
TXı̄k̄

TYı̄k̄ +
1

3
SX SY . (C.4b)

Now, it is straightforward to extend these considerations to any tensor. As a particularly
interesting example, we consider the spacetime tensor Xijk = −Xjik, which is decomposed
into the set of spatial tensors (X⊥̄⊥, X⊥̄k̄, Xı̄̄⊥, Xı̄̄k̄). The irreducible parts of Xı̄̄k̄ = −X̄ı̄k̄

are the pseudoscalar, the vector and the traceless symmetric tensor, respectively:

PX := εı̄̄k̄Xı̄̄k̄ ,
VXı̄ := Xı̄k̄

k̄ ,

TXı̄̄k̄ := Xı̄(̄k̄) +
1

2
ηı̄(̄

VXk̄) −
1

2
η̄k̄

VXı̄ . (C.5a)

The tensor part satisfies the cyclic identity TXı̄̄k̄ +
TXk̄ı̄̄ +

TX̄k̄ı̄ = 0. The epsilon tensor
εı̄̄k̄ is defined by εı̄̄k̄ := ε⊥ı̄̄k̄ and satisfies the identities

εı̄̄k̄ε
m̄n̄k̄ = −(δm̄ı̄ δn̄̄ − δm̄̄ δ

n̄
ı̄ ) ,

εı̄n̄k̄ε
m̄n̄k̄ = −3δm̄ı̄ , εm̄n̄k̄ε

m̄n̄k̄ = −6 .

The related decomposition formulas read:

Xı̄̄k̄ =
4

3
TX[̄ı̄]k̄ − ηk̄[̄ı

VX̄] −
1

6
εı̄̄k̄

PX ,

X ı̄̄k̄Yı̄̄k̄ =
4

3
TX ı̄̄k̄ TYı̄̄k̄ +

VX ı̄ VYı̄ −
1

6
PX PY . (C.5b)

D General construction of H⊥

In this appendix, we discuss the general structure of H⊥, including the case when some of
the critical parameters vanish. In a simplified but self-evident notation, the relations that
define critical parameters have the following typical form (see Sec. 3):

ϕ = FV , (D.1)

where

ϕ :=

(

ϕ1

ϕ2

)

, F :=

(

a b̄
c̄ d

)

, V :=

(

V1

V2

)

.

Here, ϕ represents the if-constraints, V are the corresponding velocities, and F is the matrix
with eigenvalues c1, c2. Since F is chosen to represent A,B0, B1 or B2, the parameter c̄ is
proportional to b̄, c̄ = κb̄. If b̄ = 0, the matrix F is already diagonal, and the construction
of H⊥ is quite simple. When b̄ 6= 0, which is typical for the parity-violating PG, the matrix
F needs first to be diagonalized. The diagonal form D of F is constructed as

D = P−1FP , P :=

(

−b̄ −b̄
a− c1 a− c2

)

, D =

(

c1 0
0 c2

)

, (D.2)

where P is invertible provided detP = b̄(c2 − c1) 6= 0, and

P−1 =
1

detP

(

a− c2 b̄
−a + c1 −b̄

)

.
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Left multiplication of (D.1) by P−1 yields

ϕ′ = DV ′ , (D.3a)

where ϕ′ := P−1ϕ and V ′ := P−1V , or equivalently,

ϕ′
1 = c1V

′
1 , ϕ′

2 = c2V
′
2 . (D.3b)

To construct the related F -part of H⊥, note that its typical form reads

HF
⊥ = ϕTQV ≡ ϕ′T (P TQP )V ′ , Q :=

(

q1 0
0 q2

)

, (D.4)

see Sec. 4. Further discussion depends on the specific values of c1 and c2.
(1) When c1, c2 6= 0, Eq. (D.1) implies V = F−1ϕ, and HF

⊥ = ϕTQF−1ϕ coincides with
the result found in Sec. 4. (2) The case c1 = c2 = 0 is rather trivial: both if-constraints
ϕ′
n become true constraints that appear in the total Hamiltonian, but HF

⊥ = 0. (3) Finally,
when only one critical parameter vanishes (which requires detF = 0), say c2 = 0, then
ϕ′
2 = 0 (a new constraint), V ′

2 remains undetermined and ϕ′
1 = c1V

′
1 . Hence, (D.4) implies

that

HF
⊥ = (b̄2q1 + d2q2)

1

c1
(ϕ′

1)
2 + ϕ′

1(b̄
2q1 − adq2)V

′
2 . (D.5)

The result can be also expressed in terms of the original if-constraints ϕn by noting that ϕ′
2 =

0 implies ϕ′
1 = −ϕ1/b̄. The factor 1/c1 in the first term shows a typical dependence on the

critical parameters, known from PG+, whereas the second term, linear in the undetermined
velocity V ′

2 , can be absorbed into the total Hamiltonian, see [14, 15, 23]. The presence of
an extra constraint ϕ′

2 requires to complete the whole consistency procedure.
In the context of the weak field approximation, the form of HF

⊥ in (D.5) determines the
no-ghost conditions for the case (3):

detF = ad− b̄c̄ = 0 , σc1 > 0 , (D.6)

where σ is the sign of (b̄2q1 + d2q2) and c1 = a+ d.
Now, we have a comment on kind of “non-analiticity” of the above results. Since the

assumption b̄ 6= 0 ensures the regularity of the matrix P , the diagonal matrix D in (D.2)
has no valid limit for b̄ → 0. Hence, the expressions for cn when b̄ = 0 cannot be obtained
by taking the limit b̄ → 0 of the generic result. However, since the matrix F for b̄ = 0 is
already diagonal, the critical parameters cn can be obtained directly from F . The same
conclusion also holds for the form of HF

⊥.

E Linearized Bianchi identities

In Secs. 5 and 6, many technical simplifications were obtained with the help of the linearized
Bianchi identities,

εµνλρRij
νλρ = 0 , εµνλρ∂νTiλρ = εµνλρRiνλρ , (E.1)
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and their consequences. In particular, the first identity implies that

∂kXik = 0 , ∂iGik = 0 , (E.2)

where Gik := Ricik − (1/2)ηikR, and the second identity yields

Xi
j = −

1

2
εjkmn∂kTimn, X = 3∂A ,

εijmnRijmk = 2Xk
n − δnkX ,

2Ric[mn] = −∂kTkmn + 2∂[mVn] . (E.3)

As a consequence,

∂mΦim = ∂mR̂[im] +
1

4
∂iR , ∂mΨim = ∂mX[mi] −

1

4
∂iX . (E.4)

F Simplified conditions for the absence of tachyons

In this appendix, we derive a simplified form of the conditions (7.9) and (7.16), describing
the absence of tachyons in the spin-0 and spin-1 sectors, respectively; the spin-2 sector is
discussed in subsection 7.3.

Spin-0 sector

The expression for tr f0, found in subsection 6.1, can be represented in a suitable form as

1

3
tr f0 = α0(b2 + b3) + β0(b̄2 − b̄3) + γ0(b4 + b6) , (F.1a)

where

α0 = a0(2a0 + a2) , β0 = 4a0(ā2 − ā0) ,

γ0 = −
[

a2(a0 + 2a3) + 2(ā0 − ā2)
2
]

.

After dividing this equation by (b4 + b6) > 0, one obtains

tr f0
3(b4 + b6)

= α0
b2 + b3
b4 + b6

+ β0
b̄2 − b̄3
b4 + b6

+ γ0 .

By noting that the first relation in (7.6) can be written as

b2 + b3
b4 + b6

+ x2 < 0 , x :=
b̄2 − b̄3
b4 + b6

,

we find it useful to rewrite (F.1a) in the form

tr f0
3(b4 + b6)

= α0

(

b2 + b3
b4 + b6

+ x2

)

+ F0(x) , (F.1b)

F0(x) := −α0x
2 + β0x+ γ0 .
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Further analysis is based on an important property of the quadratic function F0(x), based
on (7.9a): its discriminant, ∆0 = β2

0 + 4α0γ0, is always negative,

∆0 = −4a0a2
[

(2a0 + a2)(a0 + 2a3) + 2(ā0 − ā2)
2
]

≡ (4/3)a0a2 detN0 < 0 . (F.2)

Similar considerations applied to a2tr f0 modify Eq. (F.1b) by an overall multiplicative
factor a2. To simplify the discussion, we introduce a suitable notation: α′

0 := a2α0 and
F ′
0(x) := a2F0(x). Note that the discriminant ∆′

0 of the new function F ′
0(x) remains negative.

Now, we are ready to prove the following statement:

S0. Given ∆0 < 0, the condition α′
0 ≡ a2α0 > 0 is equivalent to a2tr f0 < 0.

To prove this equivalence, we start by assuming α′
0 > 0, which implies

a2tr f0 < 3(b4 + b6)F
′
0(x) . (F.3)

Moreover, the parabola F ′
0(x) opens downward, and ∆′

0/α
′
0 < 0 (negative at vertex) ensures

that F ′
0(x) < 0 for any x. Hence, a2tr f0 < 0, what was to be shown.

The reverse statement a2tr f0 < 0 ⇒ α′
0 > 0 can be easily proven by reductio ad

absurdum, that is by showing that α′
0 < 0 implies a2tr f0 > 0, which is a contradiction.

The statement S0 allows us to replace (7.9b) with the much simpler condition a2 > 0.

Spin-1 sector

For the spin-1 sector, we first rewrite tr f1 in the form

1

4
tr f1 = α1(b4 + b5) + β1(b̄2 − b̄5) + γ1(b2 + b5) , (F.4a)

where

α1 := 2µ3k2A0 − 4µ3Ā
2
0 + 2A0(ā0 − ā2)

2 ,

β1 := −4µ2µ3Ā0 + 4(A2
0 + Ā2

0)(ā0 − ā2)− 4Ā0(ā0 − ā2)
2 ,

γ1 := 2A0µ2k3 − µ2Ā
2
0 + 2A0(ā0 − ā2)

2 .

After dividing by (b2 + b5) > 0, one can rewrite (F.4a) in a suitable form

1

4(b2 + b5)
tr f1 = α1

(

b4 + b5
b2 + b5

+ x2

)

+ F1(x) , (F.4b)

F1(x) := −α1x
2 + β1x+ γ1 , x :=

b̄2 − b̄5
b2 + b5

,

As a consequence of (7.16a), the discriminant ∆1 of the quadratic function F1(x) is auto-
matically negative,

∆1 := 16(A2
0 + Ā2

0)
[

µ2µ3 + (ā0 − ā2)
2
][

k2k3 + (ā1 − ā2)
2
]

≡
2

3
(A2

0 + Ā2
0)( detN1)( detA) < 0 . (F.5)

To relate our considerations to the properties of ( detA)tr f1, we multiply Eq. (F.4b) by
detA, and introduce a suitable notation α′

1 := ( detA)α1 and F ′
1(x) := ( detA)F1(x). The

new discriminant ∆′
1 is also negative. Now, one can prove the following statement:
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S1. For ∆1 < 0, the condition α′
1 ≡ ( detA)α1 < 0 is equivalent to ( detA)tr f1 > 0.

The proof goes as follows. Starting with α′
1 < 0, one obtains

( detA)trf1 > 4(b2 + b5)F
′
1(x) . (F.6)

Then, by noting that the parabola opens upward (α′
1 < 0) and ∆′

1/α
′
1 > 0 (positive at

vertex), one concludes that F ′
1(x) > 0. Hence, ( detA)tr f1 > 0.

As before, the reverse statement ( detA)tr f1 > 0 ⇒ α′
1 < 0 can be proven by showing

that α′
1 > 0 leads to ( detA)tr f1 < 0, which is a contradiction.

The condition ∆1 < 0, combined with ( detA)α1 < 0, can be realized in two ways:

(i) detA > 0 , detN1 < 0 , α1 < 0 .

(ii) detA < 0 , detN1 > 0 , α1 > 0 . (F.7)
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[4] F. W. Hehl, Four lectures on Poincaré gauge theory, in: Proceedings of the 6th Course of

the School of Cosmology and Gravitation on Spin, Torsion, Rotation and Supergravity,
Erice, Italy, 1979, eds. P. G. Bergmann, V. de Sabbata (Plenum, New York, 1980)
pages 5-61.

[5] K. Hayashi and T. Shirafuji, Gravity from Poincaré gauge theory of fundamental in-
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