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Abstract

I give a brief introduction to and explain the geometry of teleparallel models of modified gravity.
In particular I explain why, in my opinion, the covariantised approaches are not needed and the
Weitzenbock connection is the most natural representation of the parallel transport structure. An
interesting point is that it also applies to the symmetric teleparallel case. I also share my thoughts on
why the teleparallel framework does not seem to be a next rung in the ladder of understanding the
real worlds’ gravity. At the same time, these theories do have a clear and justified academic interest
to them.
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1 The realm of modifying gravity

Gravity is very successfully described by the famous theory of Albert Einstein. It is one of the best and
most beautiful theories we have. Still, we are stubbornly trying to modify it. Why is that? Well, there are
plenty of different possible reasons, depending on who you ask. There are mysteries in cosmology. What
are the Dark Sectors? Was there inflation, and if yes then how? And if the issues such as Hy tension are
real, what are we making out of that? On top of this, there are singularities, inherent and unavoidable.
They are mostly hidden whenever one can imagine. But don’t we want to have a better understanding
of what is going on? And let alone the puzzle of quantum gravity, together with our pathological belief
in the mathematically horrendous quantum field theory framework.

Given all the intriguing motivations above, the amazing news we get is that it is extremely difficult
to meaningfully modify the theory of General Relativity. We have a huge variety of modified gravity
models, maybe even too many of them [I]. But how far have we really gone after all? Simple models
such as f(R) are almost nothing new, and can be reformulated as an extra universal force mediated by a
scalar field on top of the usual gravity. Attempts at more profound modifications require exquisite care
to not encounter with ghosts, or other bad instabilities, or total lack of well-posedness, or no reasonable
cosmology available, or.... You name it!

Having got the miserable lack of an undoubtful success, it certainly makes sense to try whatever crazy
new idea one can think of. And let it lead us to a better understanding of what is a theory of gravity.
One possible alternative approach is to describe gravity in terms of different geometry. The classical
teleparallel, or the metric teleparallel approach proceeds in terms of torsion instead of curvature, while
the symmetric teleparallel — in terms of non-metricity. Their common feature is vanishing curvature, and
this is the defining property of any teleparallel model.

For an arbitrary given set of connection coeflicients I
are very well-known:
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the definitions of the basic tensorial quantities
%, =1, -1y, (1)

for the torsion and
Qa,uv = Vauv (2)

for non-metricity on a manifold equipped with a metric g,,,. Then it is nothing but a textbook exercise,
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to see that the connection is always given by a simple correction to the Levi-Civita one:
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Note in passing that I ascribe the left lower index of a connection coefficient to the derivative, e.g.
vl =0,T" + Iy, 7. With non-symmetric connections, it is very important to consistently follow a
convention about the position of this index.

I would also like to stress that the teleparallel framework is more than just about a metric. If we write
the theory down in terms of a metric only, then there isn’t much more than the standard Riemannian
geometry to be used. Of course, there could formally be a non-metricity if the connection is Levi-Civita
for another metric, say f(¢) - g.., with an auxiliary scalar field which might be either a new fundamental
entity on top of the metric or an effective description of non-linear realisations of a pure-metric model.
However, every teleparallel theory does have a very geometric addition to its foundational features: the
structure of a unique and unambiguous parallel transport.

If the parallel transport has got identically zero curvature tensor, then at least locally, its results do
not depend on the chosen path. It means that one can randomly choose a basis in the tangent space of
a randomly chosen point on the manifold and parallelly transport it to every other point on it. By this
procedure, we do get a basis of covariantly constant vector fields. This is the fundamental teleparallel
tetrad defining a Weitzenbock connection. If we assume objective existence of the flat connection, the
choice of this tetrad is not arbitrary.

I do not agree with the common opinion that it is necessary to have a locally Lorentz covariant
description of teleparallel gravity [2 [3], nor with another frequent opinion that such a description is
severely problematic [4]. On one hand, unless in TEGR or STEGR or any other way of just reproducing
GR, different tetrads for the same metric are physically different objects corresponding to different parallel
transport structures. The wish of enjoying the freedom of choosing the tetrads comes from the habit
of working in general relativity where those are nothing but arbitrary bases in the linear spaces either
representing observers or just serving as a tool for making the calculations convenient. On the other
hand, even with a fundamentally preferred tetrad, there is no problem of rewriting the whole story in
terms of some another basis [5]. Moreover, it can sometimes be very convenient to do so [6} [7].

2 A brief introduction to teleparallel theories

As it has been mentioned above, the general idea of teleparallel theories is to have geometry with a
parallel transport of zero curvature. I would discuss the two most elementary choices of this sort: purely
torsion and purely non-metricity. Any further generalisations can be easily derived.

2.1 Metric teleparallel

The quest for TEGR action can start from observing the particular case of the formula (@) for a metric-
compatible (i.e. of zero non-metricity) connection :

a (O)oz «
F,uv =T yu(g)+K nv

where the contortion tensor is defined in terms of the torsion tensor () as

1
Ka,uv = 5 (Ta,uu + Tua,u + T,uau) 5 (4)
antisymmetric in the lateral indices. We usually represent such a connection in terms of an orthonormal
tetrad as

L = enouey (5)

with €], being the dual basis, or matrix inverse, for the basis of orthonormal vectors ef.
The curvature tensors

R, = 0ul'yg — 0L + T3, I — T T (6)



for the two different connections obviously have a quadratic in K expression in their difference. Then
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making necessary contractions, such as R, = R*,,, and R = g""R,,,,, we can come to

(0) (0)
0=R=R+T+2vy,T" (7)
where
T, =T%, (8)
is the torsion vector while the torsion scalar
— 1 apy
T= 5SauT (9)
is given in terms of the superpotential
Sam/ = Kpyav + gauTu - gauTu' (10)

Due to the basic relation (@), the Einstein-Hilbert action

L
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is equivalent to the TEGR one,
STEGR = /d4:v|\e||']1‘,

(0)
because the Lagrangians are the same, up to the surface term B = 27, T#. Of course, this equivalence
disappears when we go to modified gravity, for example the f(T) gravity:

s= [ 1) feld's (11)

Actually, the work of varying the action ([Il) can be simplified a lot by using this observation of
(non-)equivalence [6]. After some little exercise, the equation of motion can be written as

1
fl GHV +§ (f - fIT) Guv + fllsuuaaa’]r = ’inu (12)

with 7., being the energy-momentum tensor of the matter. I assume that it is the standard, symmetric
and covariantly-conserved tensor, with no hypermomentum around. This is a very nice (convenient and
covariant) form of equations. In particular, we immediately find out that, quite naturally, a non-trivial
antisymmetric part of equations (I2) appears if and only if f” # 0, and it takes the form of

(Spwa — Supa) 0T = 0.

It can be thought of as related to Lorentzian degrees of freedom. And we also see that solutions with
a constant value of T are very special and do not go beyond the usual GR, unless we are to study
perturbations around them.

So far so good... Then the real problems come [8]. The number of degrees of freedom is not very well
known. To my mind, the main reason for that is a variable rank of the algebra of Poisson brackets of
constraints. There are different Hamiltonian claims in the literature [9, [10, [I1]. But, what is for sure, is
that there must be at least one extra mode [12] [13]. Still, the trivial Minkowski tetrad

en =04 (13)
is obviously a legitimate background for a model with f(0) = 0 in vacuum} showing a strong coupling

regime for all the extra stuff.
Indeed, in this case (I3) we have

T o (06e)? + O((6e)?),

LOf course, at the same time I assume f/(0) # 0 for the usual graviton to be alive.



and for the quadratic action we then just take
F(T) = fo+ AT+ O(T?) = fiT + O((d¢)°)

which means accidental restoration of the full Lorentz symmetry, and therefore linearised GR and nothing
more. All the new degrees of freedom have disappeared from the quadratic action. What is much less
immediately obvious is that, in what concerns dynamical modes, this strong coupling persists also in
cosmology [14], [15].

Therefore, all the standard properties of gravitational waves are there, that is the usual two polari-
sations, propagation at the speed of light, as well as any other property which can be derived from the
linearised GR equations. With all the fun which can be caused by this phrase, I must admit that this
absence of contradiction to experiments is highly problematic. This is because all the new modes are
strongly coupled which makes the analysis unreliable. Moreover, it is not simply about a breakdown
of naive perturbation theory. It is an infinitely strong coupling making the very initial data problem
ill-posed.

Given these side effects of the random zoo of remnant symmetries, one is tempted to generalise it even
further. One possible choice would be a model of f(T,B) type. Those go beyond one of the main initial
motivations for f(T) gravity, for they do produce 4-th order equations of motion. It is unclear whether

(0)
they can avoid the Ostrogradski-type ghosts, unless in the case of f( R). However, what is absolutely
clear is that they inherit all the troubles of f(T) gravity. Indeed, they obviously can be rewritten as

f(T, (OR)), with all the same issues of severely unstable amounts of symmetries available in the system.

At the same time, I must admit that we still do not have a clear view over the whole landscape of
teleparallel options. Given all the recent activity in the f(T) models, it looks very stange that, even being
quite an old idea [I6], other quadratic invariants of the torsion tensor are much less studied up to now.
In my opnion, they might be capable of providing us with interesting and more reliable options [17].

2.2 Symmetric teleparallel

Having got the troubles of metric teleparallel theories, one might think of using symmetric teleparallel
ones. They are almost in their infancy yet. However, the construction actually goes in a very similar
fashion, and most probably shares all the deep foundational issues of the metric teleparallel approach.
Let me just briefly summarise the main ideas.

If a flat connection possesses only non-metricity but no torsion, then it can be put to zerd? and the

formula (B]) reduces to

0=rI}, =T, +L

y3%
with the disformation tensor being

1
La,uv = 5 (Qa,uv - Q,uav - Qua,u) (14)

in terms of the non-metricity tensor Quuy = 9aguv-
All the rest goes in just the same way as for the metric teleparallel cases above. One easily relates
the two curvature tensors to each other and finds that

0)
0=R=R+Q+B (15)
with the non-metricity scalar
1 apr 1 1 p, 1 2
@ = ZQQMUQ - EQOZHVQHOW - ZQMQ + §QHQ (16)

and the new boundary term

y (0) o (0) Bra (0) o0 Ao
B:g# VOLLHV_V Laﬂ:VQ(Q _Q)
where the traces are defined as

Qo =Q,", and Qa =Q" -

2In the covariant language, it is called the coincident gauge.




I guess, there is no need for repeating the very same story for the scalar Q which has been told in the
previous subsection about the scalar T. When going from the new GR-equivalent model (STEGR) to,
say, an f(Q) theory, the diffecomorphisms get broken, similar to the fate of Lorentz symmetries before.
Of course, it produces new degrees of freedom. But intuition tells me that it can hardly go in a stably
broken way either. At least for the Minkowski background, the strong coupling is quite obvious again.

3 The meaning of the zero-spin-connection tetrad

Note that in the previous section I have fixed the Weitzenbock gauge and the coincident gauge for the
metric version and the symmetric version of teleparallel theories respectively. Actually, both approaches
can be taken as going in the gauge of vanishing spin-connection for a tetrad [18] defining the Weitzenbock
connection (&).

It is obvious for the metric teleparallel connection, but is also true of the symmetric teleparallel case.
Indeed, from the vanishing connection I' = 0 by a coordinate change x — &(z) one can ge'%

o, = [06) 7175 8.0.¢". (17)

Basically, the functions £"-s are a set of coordinates in which the spacetime connection is zero. The
formula (7)) obviously means that the symmetric teleparallel geometry can be described in terms of a
set of 1-forms that form a covariantly-constant basis

n —
GM_

or a (co-)tetrad with zero spin-connection, and the affine connection coefficients (B). This is a basis of
coordinate vectors, with the coordinates £” in the role of the Cartesian ones.

We can also approach this result from a more general track. Suppose a connection I'jj, has zero
curvature tensor. It means that the parallel transport is unambiguously defined. Once I’ve chosen a
vector, or a basis of vectors e¥, at a given point, I can parallelly transport it to everywhere else, and the
result does not depend on the path taken, modulo possible global effects. In other words, I've got a field
of covariantly constant vectors which can be used as a zero-spin-connection tetrad.

From the defining equality@ Ve, =0, we can easily derive

a o n
FHV - enaﬂeu’

or the definition (@) again, now for a tetrad of an arbitrary type. At least locally, every flat connection
can be written like this, for some particular tetrad. In other words, the zero-spin-connection tetrad has
a clear geometrical meaning: it is a covariantly constant basis of vector fields.

Let me summarise it once more. A geometry being teleparallel, i.e. of zero curvature, means that
there exists a basis of covariantly conserved vectors, or its dual basis of covariantly constant 1-forms,
Ve = 0, or equivalently a soldering form which corresponds to zero spin connection. It is true of any
teleparallel model. The two basic variants of these models are obtained by the following specifications:

In metric teleparallel, the usual approach is that this tetrad as a dynamical variable is absolutely free
(for sure, apart from non-degeneracy), while the metric is defined as

. a b
Guv = Nab€,,€y

so that an arbitrary tetrad is orthonormal by definition.
In symmetric teleparallel, the tetrad is holonomic, i.e. it is a basis of coordinate vectors
e = 9
B gk’
while the metric is an independent variable.

I would like to stress that, due to its very geometric meaning, the teleparallel connection should not
be invariant under local transformations of its defining tetrad. This tetrad defines the notion of the flat
parallel transport, and it is an objective feature of a given geometry, not something to be freely chosen. Of
course, if needed or desired, one can always rewrite all the theory in terms of another tetrad, precisely like
one can use any curvilinear coordinates in a Euclidean space. However, the fundamental teleparallel tetrad
used in the connection (f) is its objective defining feature, the same way as the Cartesian coordinates are
very important and objectively existing geometric objects in the Euclidean geometry.

3Note the second derivatives in the action then!
41t is taken as just for a collection of 1-forms, therefore no spin connection is assumed there.



4 Discussion

In general, I don’t think that phenomenologically it is a reasonable idea, to go for teleparallel formulations
of gravity. The observed geometry of this world is anyway of Riemannian nature. Looking at the motion
of test particles, we basically observe the geodesics of the standard pseudo-Riemannian geometry, with
the metric structure which is also kind of given to us by the rulers and clocks in our hands. It is not a
full-fledged rigorous derivation of its reality. However, strictly speaking, I cannot even be sure that the
audience I am talking to does objectively exist, beyond my own imagination. But to all the reasonable
standards of reliability, the standard geometry of GR is indeed confirmed by what we see around.

Of course, we can and should always be ready for admitting some deviations from the theories we are
used to, be it torsion or non-metricity, or extra dimensions, or something totally unexpected. At the same
time, the teleparallel approach does not simply add a new entity as a small correction. It totally changes
the foundations. And then we tend to assume a deep physical meaning in a very esoteric quantity. How
do we ever observe the flat parallel transport of teleparallel gravity? As long as we don’t go away from
the GR-equivalent models, there is simply no way of doing so, for those have the equations of motion
invariant under any change in the choice of the teleparallel structure.

In the last years, a statement can often be seen that these approaches have finally solved the problem
of energy [19]. However, it’s not even possible to objectively define what was the problem and what is
this energy which those people so much dream of having. If we take it as an integral of motion related to
symmetry under shifts in time, then it simply does not apply to gravity for non-existence of any objective
time. If we take it as just a tool for analysing equations, then there is no correct or incorrect choice of
an integral of motion. Just anything goes, as long as there is no mistake in calculations. Then justfying
any particular quantity, which people may like or dislike, by some esoteric and unobservable generalised
geometric entity simply makes no sense [20].

I agree that here we run into problems with the usual understanding of quantum physics. However,
it is just because these two theories are absolutely incompatible, to start with. And the problem is not
about some technicalities. I would say that, most importantly, it is the question of time. Quantum
physics cannot exist without it. And even the special relativity already had led to the quantum field
theory which still lacks a mathematically rigorous foundation.

Of course, we can still keep going with our eyes closed. However, the amazing fact is that the two
main parts of modern physics do teach us absolutely different and contradictory attitudes to the notion
of time. And if there is any good logic to be behind the structure of the physical world, this situation
cannot continue without a limit. In my opinion, we do not understand something very important about
our universe. Some parts of our knowledge are definitely to be considerably changed in the future, and
personally I would rather go with gravity which is mathematically nice.

To be clear, I do not claim having ultimate answers to anything. However, recalling also the measure-
ment problem, and intentionally putting some part of a joke into the phrase, I would say that quantum
physics has got nothing reasonable in it, except for the mere fact that it perfectly corresponds to all
experimental data. In a sense, it looks like some effective description of something we don’t really un-
derstand or have control of, like in the case of heat transfer which also does see some ”objective” time
and gets a first time-derivative order in the equation.

All in all, I don’t observe anything to tell us that the teleparallel ideas are the next step to be taken
by science. Moreover, all the simplest teleparallel modifications do not seem to be viable at all []], not
even from purely theoretical perspective. Notwithstanding all that, I think that studying them is very
interesting and important, also for possibly getting a better understanding of General Relativity itself.
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