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Abstract

We describe gauge theories which allow to retrieve a large class of gravitational
theories, including, MacDowell-Mansouri gravity and its topological extension to
Loop Quantum Gravity via the Pontrjagin characteristic class involving the Nieh-
Yan term. Considering symmetric spaces parametrized by mutations allows to nat-
urally obtain a bare cosmological constant which in particular cases gives rise to a
positive effective cosmological constant while having an AdS spacetime.

Two examples are studied, Lorentzian geometry (including dS and AdS space-
times) and Lorentz×Weyl geometry. In the latter case, we prove the equations of
motion exhibit a secondary source for curvature in addition to the usual energy-
momentum tensor. This additional source is expressed in terms of the spin density
of matter, torsion and their variations.

Finally, we show that the gauge + matter actions constructed from invariant
polynomials are asymptotically topological if one assumes a vanishing bare cosmo-
logical constant together with gauge and matter fields having compact support.
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1 Introduction
There exist several approaches to describe gravity as a gauge theory. Two of them are MacDowell-
Mansouri gravity and BF theory, see e.g. [1]. They can be mathematically described in terms of
Cartan geometries on a manifold M modeled on a homogeneous space G/H where G,H ⊂ G
and g, h are respectively Lie groups and their corresponding Lie algebras. When the geometry is
reductive, namely, g = h⊕ p, a Ad(H)-invariant decomposition, the associated g-valued Cartan
connection ϖ naturally splits into two parts ϖ = ϖh ⊕ϖp, one with values in h and the other
one in p = g/h. In these formalisms the h-valued part ϖh corresponds to the spin connection A

while the p-valued part is arranged to be ϖp =

√
Λ0

3ϵ

(
0 β

−ϵβ̄ 0

)
is proportional to the vielbein

1-form β (tetrad if dim(M ) = 4) where β̄ = η(β) with η the Minkowski metric.
For a resulting Lorentzian1 space-time the structure group is given by H = SO(3, 1) while

the Lie group G is chosen according to the value and sign of the (bare) cosmological constant Λ0

as in [1, p.10]: {
G = SO(4, 1) and ϵ = +1, for Λ0 > 0
G = SO(3, 2) and ϵ = −1, for Λ0 < 0.

(1.1)

Let us recall the

Definition 1.1. Let M be a manifold, G a Lie group and H a closed subgroup of G such that
dim(G/H) = dim(M ) = m and P a principal H-bundle over M . Let X ∈ h, we denote Xv the
associated vertical vector field on P. A Cartan connection on P is equivalent to a 1-form ϖ on
P with values in g the Lie algebra of G satisfying the conditions [2, p128]:

(a) ϖ(Xv) = X, for any X ∈ h.

(b) (Rh)
∗ϖ = Ad(h−1)ϖ , ∀h ∈ H, where R is the right action of H on P

and Ad the adjoint representation of H ⊂ G on the Lie algebra g.

(c) ϖ(X) ̸= 0 for every nonzero vector field X ∈ Vect(P).

In particular, condition (c) implies that tangent spaces to M are isomorphic to the quotient
g/h of dimension m.

Let Ω̄ = dϖ +ϖ ∧ϖ = Ω̄h ⊕ Ω̄p be the curvature of the Cartan connection ϖ = ϖh ⊕ϖp

and ⋆ an internal Hodge as used in [3] such that ⋆κab = 1
2ε

ab
klκ

kl.

For m = 4, the MacDowell-Mansouri action [1] is given by:

SMM [ϖ] = − 3

2GΛ0

∫
M

tr(Ω̄h ∧ ⋆Ω̄h) = − 3

4GΛ0

∫
M
εabcd Ω̄

ab
h ∧ Ω̄cd

h (1.2)

where Ω̄h = R− Λ0

3
β ∧ β̄. This action is Ad(H)-invariant, i.e. Lorentz invariant.

On the other hand, the Euler characteristic class E(M ) of a manifold M is null if dim(M ) =
m is odd, otherwise it can be linked to the m

2 -th Pontrjagin class Pm/2 (more details can be found
in [4]).

Definition 1.2. In the case of an orientable differentiable manifold M of even dimension m,
the Euler characteristic class can always 2 be expressed in terms of curvature as:

E(M ) = Pf

(
Ωso

2π

)
where Pf(Ωso) is the Pfaffian of the so(m)-valued curvature 2-form Ωso originating from the
so(m)-valued connection 1-form ωso. This is an SO(m)-invariant polynomial.

1Riemaniann or Galilean spacetimes can also be described by this formalism. For more details see [1,
p.10]. The kind of topological gauge theories developed in this article are also compatible with these
choices of Lie groups.

2Since as indicated in [4] it is always possible to reduce the structure group of TM to SO(m) via the
Gram-Schmidt process.
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For a 4-dimensional manifold one has:

E(M ) = 1
2(4π)2

εabcdΩ
ab
so ∧ Ωcd

so

More generally, let us give the

Definition 1.3. The characteristic number C associated to a given characteristic class C(M )
of M corresponds to the integral over M of its characteristic polynomial :

C =

∫
M
C(M ).

In particular, for m = 4, the Euler number is thus:

E =
1

2(4π)2

∫
M
εabcdΩ

ab
so ∧ Ωcd

so . (1.3)

One can recognize the MacDowell-Mansouri action (1.2) is proportional to the Pfaffian of the
h = so(3, 1)-valued part Ω̄h of the curvature, which is SO(3, 1)-invariant. This provides a very
clear mathematical interpretation to the MacDowell-Mansouri action as the deformation of a
Schwarz-type3 topological gauge theory:

SMM [ϖ] = −24π2

GΛ0

∫
M

Pf(
Ω̄h

2π
) (1.4)

where Ω̄h = R− Λ0

3
β ∧ β̄, and −Λ0

3
β ∧ β̄ acts as the deformation of the Ω̄so = R curvature.

Considering Chern-Simons theory as an example of topological field theory of the Schwarz
type, another characteristic class which will be of interest in this work is the Pontrjagin charac-
teristic class. As described in [4], one has:

Definition 1.4. Let L be a k-dimensional real vector bundle over an m-dimensional manifold
M . Ω is the curvature associated to a connection ω on a principal G-bundle over M . Introducing
orthonormal frames allows to reduce the structure group to O(k) and one has o(k) = so(k) at
the level of Lie algebras. The so(k)-valued curvature is written Ωso. The corresponding total

Pontrjagin class is then defined as: P (Ωso) = det
(
1+

Ωso

2π

)
.

For a 4-dimensional manifold M , the Pontrjagin number turns out to be:

P =

∫
M
P (Ωso) =

∫
M
P1(Ωso) =

∫
M

− 1

8π2
Tr(Ωso ∧ Ωso) , (1.5)

where P1 is the 1st Pontrjagin class.
As stated in [4, Chern-Weil theorem], a nice feature of characteristic classes is that up to an

exact term, they do not depend on the choice of connection. This fact allows us to build actions
that are invariant under the choice of connection.

Generalizing the observation made for (1.4), the gauge invariant actions studied in this work
are given by the linear combination:

SG[ϖ] =

∫
M

(
rP (Ω̄) + ePf(

F

2π
) + y det(1+

Ω̄h

2π
)
)

(1.6)

where the first term is the Pontryagin number of the manifold related to the g-valued Cartan
curvature Ω̄ while the two other terms are only invariant polynomials corresponding to the

Pfaffian Pf(
F

2π
) and the determinant det(1 +

Ω̄h

2π
). They are respectively evaluated on F (the

so(m− 1, 1)-valued part of the curvature Ω̄h) and Ω̄h (h-valued) parts of the Cartan curvature.

3A more detailed account of topological gauge theories of Schwarz-type can be found in [5–7]. The
Euler number also yields a topological field theory according to [8]. See also [9].
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If g/h = m obeys the commutation relation [m,m] ⊂ h (symmetric Lie algebra), then G/H
is called a reductive homogeneous space [10]. In fact, this is the case for the construction given
in [1] for the MacDowell-Mansouri action. We shall extend this idea, and we shall see that Car-
tan geometries modeled on reductive homogeneous spaces are intrinsically linked to the notion
of cosmological constant in specific cases. In the examples given in this paper, reductive homo-
geneous spaces will be implemented at the infinitesimal level through symmetric Lie algebras.
Using the concept of mutation, two symmetric Lie algebras where H is either the Lorentz or
Lorentz×Weyl group will be given as resulting from a mutation procedure on which a Cartan
geometry will be constructed along the line of [11].

The paper is organized as follows. Section 2 will introduce and describe the gauge theories
associated to the Lie groups G = SO(4, 1) (respectively SO(3, 2)) for Λ0 > 0 (respectively
Λ0 < 0) considered as "mutations" (according to [11]) of the group G = ISO(3, 1). All these
three groups contain H = SO(3, 1) which will be the structure group of the principal bundle
P. Then, the gauge invariant action (1.6) will be studied for these Lie groups G and H.
Subsenquently, a very particular linear combination yields the Holst + Euler and Pontrjagin
of the curvature R of the spin connection + Nieh-Yan + bare cosmological constant Λ0 terms.
Additionally, in this construction, the coupling constants of these different terms are inherently
linked together. Results of Section 2 are adaptable to other spacetimes whether Riemannian or
Galilean or for other Lie groups.

Section 3 will be devoted to the construction of a similar action for the case where G =
SO(4, 2)/{±I} (the Möbius group) and H = CO(3, 1) = SO(3, 1)×(R+\{0}) the Lorentz×Weyl
group of signature (3, 1), so that the infinitesimal Klein geometry (g, h) in the sense of [11] turns
out to be a symmetric Lie algebra. Then, mutating the (g, h) model allows to mimic what we did
in the previous Lorentz case. Reducing the quotient g/h to be of dimension 4 by constraining the
"pair of frames" (α, β) one can retrieve an action comprising all terms described in the previous
example + a kinetic term for a scalar field (dilations).

In both examples, we study the equations of motion associated to the total action (gauge
+ matter). It is especially shown that, in the Möbius case, if one adds an interaction between
dilations and torsion T , the equations of motion consist of Einstein’s equations modified by the
Holst term with an additional source term for curvature depending on specific variations of spin
density of matter and on torsion.

Lastly, in Section 4, by studying invariant polynomials for reductive homogeneous spaces, it
will be shown that (upon restricting to connections with compact supports on M ) the mutated
geometries can be considered as deformations such that the gauge invariant actions constructed
in the previous sections are asymptotically invariant under the choice of this type of connections,
and thus lead to topological theories.

In the following, latin and greek letters will respectively be used for algebraic and space-time
indices.

2 Invariant polynomials for a Cartan connection with
Lorentzian spacetimes

2.1 Lorentzian (dS and AdS) spacetimes as mutations of an
ISO(3, 1)/SO(3, 1) Cartan geometry

Let G, H ⊂ G be Lie groups with corresponding Lie algebras g = h ⊕ p such that G/H is
reductive [11], that is that the splitting g = h⊕ p is Ad(H)-invariant.

One such reductive model geometry isG/H = ISO(3, 1)/SO(3, 1), with algebra g =

h︷ ︸︸ ︷
so(3, 1)⊕

p︷︸︸︷
R3,1

whereG = ISO(3, 1) = SO(3, 1)⋉R3,1 andH = SO(3, 1) is defined by the relation ΛTηΛ = η,∀Λ ∈
SO(3, 1) with η the Minkowski metric:

η =

(
−1 0
0 +I3

)
.
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A group element g ∈ G = ISO(3, 1) is parametrized as g =

(
Λ a
0 1

)
where a ∈ R3,1. Lineariza-

tion leads to:

φ =

(
φh φp

0 0

)
∈ iso(3, 1) where φh ∈ so(3, 1) , φT

h η + ηφh = 0, and φp ∈ R3,1

=

(
1
2φ

ab
h Jab φa

pea

0 0

)
∈ iso(3, 1)

with {Jab}a,b=0,...,3 the generators of h = so(3, 1) and {ea}a=0,...,3 a basis of p = R3,1.

In [11, see p.218], Sharpe introduces the notion of mutation of a Cartan geometry G/H
according to the

Definition 2.1. Let (g, h) and (g′, h) be two model geometries. A mutation map corresponds
to an Ad(H) module isomorphism µ : g → g′ (i.e. µ(Adh(u)) = Adh(µ(u))∀u ∈ g) satisfying:

(i) µ|h = idh

(ii)
[
µ(u), µ(v)

]
= µ

(
[u, v]

)
mod h,∀u, v ∈ g.

The model geometry (g′, h) then corresponds to the mutant of the model geometry (g, h) with
the same group H.

In the case where the model geometry is (g, h) =
(
iso(3, 1), so(3, 1)

)
, a mutation that will be

particularly relevant for us is given by the mutation map4 µ : g → g′:

φg =

(
φh φp

0 0

)
7→ φg′ = µ(φg) =

(
φh k1φp

k2φ̄p 0

)
∈ g′ (2.1.1)

with φ̄p = φT
p η and where k1, k2 may a priori be considered as 0-form scalar fields. It is worthwhile

to notice that this mutation transforms the geometry modeled on G/H given earlier to the
Lorentzian Cartan geometry modeled on G′/H with elements g′ ∈ G′ obeying the group relation
g′TNg′ = N , where N is the following metric:

N =

(
η 0
0 −k1/k2

)
One can observe that (g′, h) reduces to dS and AdS geometries respectively for the two particular
cases, see e.g. [1]:

k1
k2

= −1 ⇔ G = SO(4, 1) and ϵ = +1, for Λ0 > 0,

k1
k2

= +1 ⇔ G = SO(3, 2) and ϵ = −1, for Λ0 < 0.

(2.1.2)

Throughout the paper k1 and k2 will be considered as real numbers. It is however of physical
interest to consider the mutation parameters as scalar fields, thus dealing with point-wisely
dependent mutations; this will be studied in a forthcoming paper. Other papers considering
dynamical versions of physical constants in the context of gravity include for instance [12,13].

On the other hand, the canonical decomposition of a symmetric Lie algebra g = h ⊕ m
(see [14, Prop.2.1, Chapter XI] for more examples) corresponds to the commutators:

[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h.

Therefore, one can see that the mutated Lie algebra g′ = h ⊕ m of (2.1.1) corresponds to a
symmetric Lie algebra for k ̸= 0, as a particular case of a reductive geometry with m = g′/h ≃

4This mutation map generalizes the examples given in [11, Example 6.2, p.218].
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p = g/h. Moreover, the generators of h = so(3, 1), and elements of the basis of p = R3,1,
p∗ = R3,1∗ and p̄ = R̄3,1 obey the relations (the isomorphism End(Rn) ≃ Rn ⊗ Rn∗ is used):

ẽb(ea) = δba (dual basis), ēa(eb) = ηab, Jab = eaēb − ebēa

and

Jabec = (Jab)
r
cer = (ηbcδ

r
a − ηacδ

r
b)er = ηbcea − ηaceb

ēcJab = (ηacδ
r
b − ηbcδ

r
a)ēr = ηacēb − ηbcēa

[Jab, Jcd] = ηbcJad + ηadJbc + ηbdJca + ηacJdb =
1
2C

ef
ab,cdJef

where the structure constants Cfe
ab,cd = −Cef

ab,cd can be easily computed.
An element φ = φh ⊕ φm ∈ g′ = h⊕m admits the following matrix representation:

φ =

(
φh k1φp

k2φ̄p 0

)
=

1

2
φab
h Jab k1φ

a
pea

k2φ
a
p ēa 0

 =
1

2
φab
h

(
Jab 0
0 0

)
⊕ φa

m

(
0 k1ea

k2ēa 0

)
(2.1.3)

=
1

2
φab
h Jab ⊕ φa

mMa (2.1.4)

where Jab is canonically identified with the matrix representation Jab =

(
Jab 0
0 0

)
of h ⊂ g′,

φa
m = φa

p and Ma =

(
0 k1ea

k2ēa 0

)
= µ

((0 ea
0 0

))
are the generators of m constructed out of

the canonical basis of p = R3,1 and the parameters of the mutation.
Let φ,φ′ ∈ g′ = h⊕m, their Lie bracket is given by the commutator:

[φ,φ′] =

[(
φh k1φp

k2φ̄p 0

)
,

(
φ′
h k1φ

′
p

k2φ̄
′
p 0

)]
=

(
[φh, φ

′
h] + k1k2(φpφ̄

′
p − φ′

pφ̄p) k1(φhφ
′
p − φ′

hφp)

k2(φ̄pφ
′
h − φ̄′

pφh) 0

)

=
(1
8
φab
h φ

′cd
h Cef

ab,cd +
k1k2
2

(φe
pφ

′f
p − φf

pφ
′e
p )
)
Jef ⊕ 1

2
(φab

h φ
′c
p − φ′ab

h φc
p)(ηbcδ

r
a − ηacδ

r
b )Mr

where we have used the commutators [Jab,Mc] = ηbcMa − ηacMb and [Ma,Mb] = k1k2 Jab.5

In order to link our notation with the one used in [1], we identify k1 =
1

ℓ
and k2 =

k

ℓ
. A

Cartan connection ϖ associated to this mutated G/H Cartan geometry can be decomposed as:

ϖ = ϖh ⊕ϖm =

1

2
ϖab

h Jab
1

ℓ
ϖa

pea

k

ℓ
ϖa

p ēa 0

 =

1

2
AabJab

1

ℓ
βaea

k

ℓ
βaēa 0

 =

 A
1

ℓ
β

k

ℓ
β̄ 0

 (2.1.5)

where ϖab
h = ϖab

h µdx
µ = Aab

µdx
µ corresponds to the spin connection and ϖm = βaMa is the

g′/h = m-valued soldering form (see [11, Chap.5, §3, Definition 3.1]) after mutation.
The curvature associated to the covariant derivative and the Cartan connection is:

Ω̄ = dϖ +
1

2
[ϖ,ϖ] = Ω̄h ⊕ Ω̄m =

R+
k

ℓ2
β ∧ β̄ 0

0 0

+
1

ℓ

(
0 T

kT̄ 0

)
(2.1.6)

=
(
dϖh +

1

2
[ϖh, ϖh] +

1

2
[ϖm, ϖm]

)
(2.1.7)

⊕
(
dϖr

p +
1

4
(ϖab

h µϖ
c

p ν −ϖab
h νϖ

c
p µ)(ηbcδ

r
a − ηacδ

r
b )dx

µ ∧ dxν
)
⊗Mr

=
(1
2
∂µA

rs
ν +

1

32
Aab

µA
cd
νC

rs
ab,cd +

k

4
ξrsµν

)
dxµ ∧ dxν ⊗ Jrs

⊕
(
∂µβ

r
ν +

1

2
Aab

µβ
c
ν(ηbcδ

r
a − ηacδ

r
b )
)
dxµ ∧ dxν ⊗Mr (2.1.8)

5It is interesting to notice that the product of the mutation parameters k1 and k2 can be related to a
deformation parameter α as given in [15, eq.(2.1)].
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with Ω̄m the torsion of the Cartan connection ϖ with values in g′/h = m. For further use it is
worthwhile to notice that the graded bracket

1
2 [ϖm, ϖm] =

k

ℓ2

(
β ∧ β̄ 0
0 0

)
=

(
k ξ 0
0 0

)
∈ h (2.1.9)

with ξ =
1

ℓ2
β ∧ β̄ =

1

2
ξabJab =

1

4
ξabµνdx

µ ∧ dxν ⊗ Jab, where ξab =
1

ℓ2
ϖa

p ∧ ϖb
p and ξabµν =

1

ℓ2
(ϖ a

p µϖ
b

p ν −ϖ a
p νϖ

b
p µ) an additional term due to the symmetric Lie algebra structure. Let us

add that (2.1.6) and (2.1.9) exemplify [11, Proposition 6.3, p.218].

We also identify the spacetime curvature and torsion of Einstein-Cartan gravity:

R = Ω̄h − kξ = dA+
1

2
[A,A] = dA+A2 (2.1.10)

T = dβ +A ∧ β = T aea =
(
∂µβ

r
ν +

1

2
Aab

µβ
c
ν(ηbcδ

r
a − ηacδ

r
b )
)
dxµ ∧ dxν ⊗ er (2.1.11)

The Bianchi identity DΩ̄ = dΩ̄ + [ϖ, Ω̄] = 0 splits as:

(DΩ̄)h = dR+ [A,R] +
k

ℓ2
(
d(β ∧ β̄) + [A, β ∧ β̄] + β ∧ T̄ − T ∧ β̄︸ ︷︷ ︸

=0

)
= dR+ [A,R] = 0

(2.1.12)
(DΩ̄)m =

1

ℓ
(dT +A ∧ T −R ∧ β) = 0

with T̄ = dβ̄ + β̄ ∧A = T aēa = η(T ).

2.2 Hodge ∗-operator
The Hodge operator defined on differential forms on the manifold M requires a metric g on
M . According to the reductive Cartan geometry G/H at hand, g = h ⊕ m,6 the Killing form
Kg(φ,φ

′) = Tr(adφ ◦ adφ′) on g splits into two parts:

Kh : h× h → R and Km : m×m → R (2.2.1)

where the trace is performed with respect to the generators Jab, a < b and Ma.7

Let κ and ζ be real scalars. In this case we choose h = κKg as the metric on the Lie algebra
g and g = ζϖ∗

mh = κζϖ∗
mKm. It corresponds to the pullback of the m-part of the Killing form

on g by ϖm the m-part of the Cartan connection up to the factor κζ.
For a manifold M of dimension m = 4 with Lorentzian Cartan geometry defined by the

mutation (2.1.1) with k1 = 1/ℓ and k2 = k/ℓ:

Kg(φ,φ
′) = Kh(φh, φ

′
h) +Km(φm, φ

′
m) = 3Tr(φhφ

′
h) +

6k

ℓ2
η(φp, φ

′
p)

= −3ηacηbdφ
ab
h φ

′cd
h +

6k

ℓ2
ηabφ

a
mφ

′b
m (2.2.2)

with Km(Ma,Mb) = Km,ab =
6k

ℓ2
ηab and thus, for any vector fields X,Y on M ,

g(X,Y ) = κζ(ϖ∗
mKm)(X,Y ) =

6kκζ

ℓ2
η
(
β(X), β(Y )

)
=

6kκζ

ℓ2
g̃(X,Y )

where g̃ = β∗η corresponds to the metric usually defined in the tetrad formalism.
Let ω ∈ Ωr(M , g) be an r-form on M with values in g. Its local trivialization in a given

chart is:

ω =
1

r!
ωµ1µ2...µrdx

µ1 ∧ dxµ2 ∧ ... ∧ dxµr . (2.2.3)

6In this Section, one denotes g the mutated algebra g′ defined in (2.1.1) and p ≃ m.
7In full generality, one has Tr(adφ ◦ adφ′) = (m− 1)Tr(φhφ

′
h) + 2k1k2(m− 1)η(φp, φ

′
p).
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Let εa1a2...am be the Levi-Civita symbol in dimension m, such that ε12...m = 1. From the
metric g and its determinant |g|, one can define a Hodge star operator ∗ that acts on ω as:

∗ω =
1

r!

√
|g|ωµ1...µrg

µ1ν1 ...gµrνrεν1...νmdx
νr+1 ∧ ...dxνm (2.2.4)

In order to stick with the standard literature, the volume form on M is denoted

dvol =
√

|g̃|dmx =
√

|g̃| 1
m!
εµ1µ2...µmdx

µ1 ∧ dxµ2 ∧ ...∧ dxµm =
1

m!
εa1a2...amβ

a1 ∧ β a2 ∧ ...∧ β am .

2.3 Associated action
In the remainder of this article we relate the Levi-Civita symbol to the Levi-Civita tensor ac-
cording to the relations:

εabcd = εµ1µ2µ3µ4β
−1µ1

aβ
−1µ2

bβ
−1µ3

cβ
−1µ4

d and εabcd = εµ1µ2µ3µ4β a
µ1
β b

µ2
β c

µ3
β d

µ4
.

The trace Tr will be used to compute the Pontrjagin number associated to the g-valued

curvature Ω̄. Here, ∀φ,φ′ ∈ g = h⊕m, Tr(φφ′) = −ηacηbdφab
h φ

′cd
h +

2k

ℓ2
ηabφ

a
mφ

′b
m = Kg(φ,φ

′)/3,
see (2.2.2).

By combining linearly the invariant polynomials Pf(
Ω̄h

2π
) and Tr(Ω̄2

h) (corresponding respec-
tively to deformations of the Euler and Pontrjagin numbers of R with deformation kξ) with
the Pontrjagin number P (see (1.5)) associated to Ω̄, one can build the action (for e, r, y real
numbers8):

SG[ϖ] = rP(Ω) +

∫
M
(ePf(

Ωh

2π
) + y det(1+

Ω̄h

2π
))

= rP(Ω̄) +

∫
M

(
ePf(

Ω̄h

2π
)− y

8π2
Tr(Ω̄hΩ̄h)

)
=

∫
M

(
ePf

(
Ω̄h

2π

)
+ rP (Ω̄)− y

8π2
Tr(Ω̄hΩ̄h)

)
=

∫
M

( e

2(4π)2
εabcdΩ̄

ab
h ∧ Ω̄cd

h − r

8π2
Tr(Ω̄ ∧ Ω̄)− y

8π2
Tr(Ω̄h ∧ Ω̄h)

)
=

∫
M

( e

2(4π)2
εabcd

(
Rab ∧Rcd + 2kRab ∧ ξcd + k2ξab ∧ ξcd

)
+

1

8π2
(
(r + y)(Rab ∧Rab + 2kRab ∧ ξab)−

2rk

ℓ2
T a ∧ Ta

))
=

∫
M

( e

2(4π)2
(
εabcdR

ab ∧Rcd +
4k

ℓ2

√
|g̃|Rab

µνβ
−1µ

aβ
−1 ν

bd
4x+

24k2

ℓ4

√
|g̃|d4x

)
+

1

8π2
(
(r + y)(Rab ∧Rab +

k

ℓ2

√
|g̃|Rab

µνβ
−1µ

cβ
−1 ν

dε
cd
abd

4x)− 2rk

ℓ2
T a ∧ Ta

))
(2.3.1)

Let γi, i = 0, 1, 2, 3 be the Dirac gamma matrices. We define a nondegenerate sesquilinear
form on C4 : (ψ, χ) = ψ†γ0χ = ψχ. This form allows us to define a symmetric metric on C4 as

hε(ψ, χ) =
1

2

(
(ψ, χ) + (χ, ψ)

)
.

Using the isomorphism Φε : so(n − 1, 1) → spin(n − 1, 1) between the Lorentz Lie algebra
so(n−1, 1) and spin(n−1, 1), [17, p.192], whose action on the Lie algebra generators of so(n−1, 1)
is given by:

Φε(Jrs) =
1

4
ēaJrsebγ

aγb =
1

4
(Jrs)abγ

aγb =
1

2
ηarηbsγ

aγb , (2.3.2)

8Complex numbers may be taken for example to describe a complex formulation [16, p.13] of Loop

Quantum Gravity (LQG) with a complex Barbero-Immirzi parameter γ =
2α1

2α2 − α5
=

e

r + 2y
.
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the covariant derivative associated to ϖh on the space of spinors reads Dh = d + Φε(ϖh) =

(∂µ +
1

4
ϖh ab,µγ

aγb)dxµ. One can then construct the following matter action:9

SM [A, β] =

∫
M
hε
(
iψ, hm,abγ

aϖb
m ∧ ∗Dhψ

)
=

∫
M

36k2κζ2

ℓ4
hε
(
iψ, ηabγ

aβb ∧ ∗̃Dhψ
)
= ReSD

(2.3.3)

where ReSD corresponds to the real part of the Dirac action as described in [17, p.197] and ∗̃ is
the Hodge star operator defined from g̃.

We are now in position to identify the different terms of SG[A, β] constructed above from the
invariant polynomials and the Pontryagin characteristic class with the action presented in [16]10

which, in our notation, reads:

S′[ϖ] =

∫
M

(( Holst︷ ︸︸ ︷
α1ℓ

2Rab ∧ ⋆ξab︸ ︷︷ ︸
Palatini

+α2ℓ
2Rab ∧ ξab+

Pontrjagin︷ ︸︸ ︷
α3R

ab ∧Rab (2.3.4)

+

Euler︷ ︸︸ ︷
α4R

ab ∧ ⋆Rab+

Nieh−Y an︷ ︸︸ ︷
α5

(
T a ∧ Ta − ℓ2Rab ∧ ξab

)
+

Cosmological constant︷ ︸︸ ︷
α6ℓ

4εabcdξ
ab ∧ ξcd

))

where the ⋆ is an internal Hodge star such that ⋆βab =
1

2
εabklβ

kl as in [3, p.2].

For G = ISO(3, 1) (k = 0) the action simplifies to the topological terms:

SG[ϖ] =

∫
M

( Euler︷ ︸︸ ︷
e

2(4π)2
εabcdR

ab ∧Rcd+

Pontrjagin︷ ︸︸ ︷
r + y

8π2
Rab ∧Rab

)
. (2.3.5)

In this case, from the first Bianchi identity DΩ̄h = 0, and by neglecting boundary terms, the
equations of motion for A and β require respectively a null spin density and a null energy-
momentum tensor as source terms and thus, turn out to be physically irrelevant.

While for general mutation µ with parameters k, ℓ, (recall the particular casesG′ = SO(4, 1), SO(3, 2)
for k = −ϵ = −1,+1, respectively) we compare S′ (2.3.4) and SG (2.3.1) and identify the 6 cou-
pling constants present in S′ via the system:

ek

8π2ℓ2
= α1

(r + y)k

4π2ℓ2
= (α2 − α5)

r + y

8π2
= α3

e

(4π)2
= α4

− rk

4π2ℓ2
= α5

ek2

32π2ℓ4
= α6

⇔



α1 =
2k

ℓ2
α4 =

4ℓ2

k
α6

α2 − α5 =
2k

ℓ2
α3 = −(1 +

y

r
)α5

α1 =
ek

(r + y)ℓ2
α3

r + y =
4π2ℓ2

k
(α2 − α5)

(2.3.6)

The solution of (2.3.6) in terms of the parameters e, r, k, and ℓ is:
α1 =

2k

ℓ2
α4 =

4ℓ2

k
α6

α2 =
ky

4π2ℓ2
=

2ky

(r + y)ℓ2
α3 = −y

r
α5

α1 =
e

2y
α2

(2.3.7)

9Since the metrics at the level of the Lie algebra and on M are always defined up to the factors κ
and ζ, we set κ2ζ = ℓ4

216k2 such that the overall factor is arranged to stick with the Dirac action given
in [17, p.197].

10This reference is preferably chosen due to the freedom of the parameters whereas the action given
in [18][eqs (23-25)] is already more constrained.
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and the resulting deformed topological gauge action reads:

SG[ϖ] = rP(Ω̄) +

∫
M

(
ePf(

Ω̄h

2π
)− y

8π2
Tr(Ω̄h ∧ Ω̄h)

)
(2.3.8)

=

∫
M

( Holst︷ ︸︸ ︷
k

4π2ℓ2
(e
4
Rab ∧ βc ∧ βdεabcd︸ ︷︷ ︸

Palatini

+yRab ∧ βa ∧ βb
)
+

Bare Cosmological constant︷ ︸︸ ︷
ek2

32π2ℓ4
βa ∧ βb ∧ βc ∧ βdεabcd

+

Pontrjagin︷ ︸︸ ︷
r + y

8π2
Rab ∧Rab+

Euler︷ ︸︸ ︷
e

2(4π)2
Rab ∧Rcdεabcd

Nieh−Y an︷ ︸︸ ︷
− rk

4π2ℓ2
(T a ∧ Ta −Rab ∧ βa ∧ βb)

)
.

As already noticed in [16], there are two contributions to the Barbero-Immirzi parameter γ,

which is expressed here as γ =
2α1

2α2 − α5
=

e

r + 2y
. One in front of Rab ∧ βa ∧ βb in the Holst

term and the other one in the Nieh-Yan topological term.
The equations of motion yield (neglecting boundary terms):

δLG[A, β]

δβc
=

ek

8π2ℓ2
(Rab +

k

ℓ2
βa ∧ βb) ∧ βdεabcd +

yk

2π2ℓ2
Rab ∧ βbηac = τc = −δLM [A, β]

δβc

(2.3.9)
δLG[A, β]

δAab
=

ek

8π2ℓ2
T c ∧ βdεabcd +

yk

2π2ℓ2
Ta ∧ βb =

1

2
sab = −δLM [A, β]

δAab
(2.3.10)

where τ and s are respectively the energy-momentum tensor and the spin density of matter.

For y = 0 and α1 = − 1

16πG
, one identifies11 ℓ2 = −3k

Λ0
and e =

8π2α1ℓ
2

k
=

3π

2Λ0G
such that

applying the Hodge star ∗ to the first equation (2.3.9) gives the Einstein equations with bare
cosmological constant Λ0 while (2.3.10) reduces to the equation relating spin-density to torsion
of Einstein-Cartan gravity:

Gkc + Λ0ηkc = − 1

2α1
τck (2.3.11)

T c ∧ βdεabcd =
1

2α1
sab . (2.3.12)

One may notice that the previous identification allows to recover the value (up to the mutation
parameter k and sign convention) e/(32π2) = −ℓ2/(64πGk) of the parameter α of [19, Sec II]
in front of the Euler density built out of R, leading to finite Noether charges and a regularized
Euclidean action as mentioned in [19,20].

Separating the energy-momentum tensor τck as τck = τM,ck − ρvacηck with τvac,ck = −ρvacηck
[21] the part related to the vacuum energy density ρvac leads to:

Gkc + Ληkc = − 1

2α1
τM,ck (2.3.13)

T c ∧ βdεabcd =
1

2α1
sab (2.3.14)

where Λ = Λ0 + Λvac =

Λ0︷︸︸︷
−3k

ℓ2

Λvac︷ ︸︸ ︷
−ρvac

2α1
= −3k

ℓ2
− 4π2ℓ2ρvac

ek
= Λ0 + 8πGρvac is the effective cosmo-

logical constant, and Λvac is the vacuum contribution.
Let Λexp be the measured value of the effective cosmological constant Λ. Several situations

may occur depending on the theoretical predictions for ρvac.

11At this stage a remark is in order. Indeed, the [m,m] bracket occurring in the h-part of the curvature,
see (2.1.9) which is related to the mutation parameters k, ℓ turns out to be related to the bare cosmological
constant Λ0. This gives a physical interpretation of the mutation. See Section 4 where the topological
features of the theory will be linked to the vanishing of the bare cosmological constant Λ0.
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• If Λvac > Λexp, then, agreement with experiment could be attained by fixing the appro-

priate value of Λ0 = −3k

ℓ2
with k > 0, in particular, for k = 1 ⇔ G = SO(3, 2) (AdS

spacetime), thus potentially allowing the use of AdS/CFT correspondence [22].

• If Λvac < Λexp, agreement with Λexp would require a mutation parameter k < 0. A
particular case is k = −1 ⇔ G = SO(4, 1) (dS spacetime). Especially, ρvac = 0 whenever
one imposes normal ordering as mentioned in [23].

• The last case is Λvac = Λexp this either implies k = 0 ⇔ G = ISO(3, 1), which corresponds

to Minkowski spacetime or Λ0 = −3k

ℓ2
→ 0. In this limit, the contribution (2.1.9) to

the h-part of the Cartan curvature becomes small and the theory can be considered as
topological. This point will be discussed in detail in Section 4.

However, for k = 0 we do not retrieve Einstein’s equations since the action consists solely
of the total derivatives corresponding to both the Euler and Pontrjagin densities of the
curvature R.

Remark. The equations of motion are the same as those of Einstein-Cartan gravity modulo the
boundary terms if y = 0. Even if they do not affect the classical equations of motion, the Euler
and Pontrjagin densities of R as well as the Nieh-Yan term (which are not present in usual
Einstein-Cartan gravity) could have non trivial effects in a path integral formulation of quantum
gravity when summing over all possible configurations as stated in [16, p.2]. The Nieh-Yan
term also gives a non trivial contribution to the Barbero-Immirzi parameter γ =

e

r + 2y
via the

parameter r.

Using the same relation as in [16] we can identify the Barbero-Immirzi parameter γ =
2α1

2α2 − α5
=

e

r + 2y
, with our parameters. By replacing e, y and ℓ in the action we obtain:

SG[ϖ] = rP(Ω) +

∫
M
(

3π

2Λ0G
Pf(

Ωh

2π
) + (

3π

4Λ0Gγ
− r

2
) det(1+

Ω̄h

2π
)) (2.3.15)

=

∫
M

α1

2

( Holst︷ ︸︸ ︷
Rab ∧ βc ∧ βdεabcd + (

2

γ
− 4Λ0Gr

3π
)Rab ∧ βa ∧ βb

Cosmological constant︷ ︸︸ ︷
−Λ0

6
βa ∧ βb ∧ βc ∧ βdεabcd

Euler︷ ︸︸ ︷
− 3

2Λ0
Rab ∧Rcdεabcd

Pontrjagin︷ ︸︸ ︷
−(

2Gr

π
+

3

Λ0γ
)Rab ∧Rab

Nieh−Y an︷ ︸︸ ︷
−8Λ0Gr

3π

(
T a ∧ Ta −Rab ∧ βa ∧ βb

))
.

Thus, by building an action from a linear combination of these invariant polynomials and the
Pontrjagin number associated to a manifold with Lorentzian Cartan geometry we retrieve the
Holst action with a bare cosmological constant Λ0 as well as the Euler, Pontrjagin and Nieh-Yan
densities of the curvature R and torsion T . According to [24], these three last terms should be
present in any quantum theory of gravity.

The main difference compared to the literature is that in our case the coupling constants
of the Euler and Pontrjagin densities are determined by the bare cosmological constant and
by, respectively, the coupling constant of the Palatini action and the Barbero-Immirzi (B-I)

parameter as well as r. Moreover, notice that one may identify the coefficient α3 =
r + y

8π2
related

to the Pontrjagin density built from R with the parameter β of [19, eq.(26)]. In this case one
would then be able to identify (up to a sign convention) the last remaining physical parameter:

r = − 3π

2Λ0G
(
1

γ
± 1). (2.3.16)

These dependencies on G, γ, Λ0 and r are interesting since a quantum version of the theory
may yield effects sensitive to the bare cosmological constant Λ0 in particular. We believe that
probing the bare cosmological constant in this way could be highly beneficial in constraining
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the vacuum contribution to the cosmological constant Λvac since the two cases Λvac = 0 and
Λ = Λvac = 8πGρvac bring about huge differences in the numerical value of Λ0.

One can also see that the coupling constant of the Euler density −3α1

4Λ0
Rab∧Rcdεabcd obtained

via the equation of motion (2.3.9) for the tetrad β matches perfectly with what has been de-
scribed in [12, section III] such that the gauge action SG (2.3.15) is invariant under the "duality

symmetry" consisting of the exchange Rab ↔ Λ0

3
βa ∧ βb. It is worthwhile to notice that since

by construction SG is quadratic in the curvature, SG turns out to be invariant under the (more
general) duality symmetry Ω̄ ↔ −Ω̄ which splits as: Ω̄h ↔ −Ω̄h ⇒ R↔ Λ0

3
β ∧ β̄

Ω̄m ↔ −Ω̄m ⇒ T/ℓ↔ −T/ℓ .
(2.3.17)

and reduces to the case of [12] upon solely considering the h-sector of the curvature. Remark
that SG is invariant under each of these transformations independently.

In addition, a direct comparison with the two perturbative expansion parameters α,β given
in [18] yields:

α =
GΛ0

3(1− γ2)
= −r + 2y

e
β = − π

2e

(r + 2y)2

(r + 2y)2 − e2

β =
γGΛ0

3(1− γ2)
=
π

2

r + 2y

(r + 2y)2 − e2
.

As for k, the case of a dynamical ℓ will be studied in a forthcoming paper.

We can now consider e =
8π2α1ℓ

2

k
=

3π

2Λ0G
and ℓ2 = −3k

Λ0
as fixed. Upon identifying the

B-I parameter as γ =
e

r + 2y
, only two degrees of freedom corresponding to the relative value of

the parameters r and y and to |k| (the absolute value of k) are left.

Remark. The Pontrjagin density and other terms described in (2.3.15) correspond to the Chern-

Simons modified gravity [25] terms with a constant scalar field ϑ = −
(2Gr
π

+
3

Λ0γ

)α1

2
and

potential term for ϑ, Sϑ =

∫
M
V (ϑ), with:

V (ϑ) = (
1

γ
− 2Λ0Gr

3π
)α1R

ab ∧ βa ∧ βb

Cosmological constant︷ ︸︸ ︷
−Λ0α1

12
εabcdβ

a ∧ βb ∧ βc ∧ βd (2.3.18)

Euler︷ ︸︸ ︷
−3α1

4Λ0
Rab ∧Rcdεabcd

Nieh−Y an︷ ︸︸ ︷
−4Λ0Gα1r

3π

(
T a ∧ Ta −Rab ∧ βa ∧ βb

)
.

The Chern-Simons term also occurs in Loop Quantum Gravity (LQG) and String theory as
mentionned in [25].

Let us collect some of the results in the table below:


k = −1 ⇔ G = SO(4, 1) for Λ0 > 0

k = ±1 ⇔ G = SO(4, 1), SO(3, 2)
ℓ→ ∞
r = −2y = 0

⇔
{

Λ0 → 0
γ → ∞

}
≃ Einstein-Cartan

k = 1 ⇔ G = SO(3, 2) for Λ0 < 0

(2.3.19)

Taking ry ̸= 0 and r ̸= −2y in the action (2.3.8) secures the presence of the Barbero-Immirzi
part of the Holst action, together with the Pontrjagin density of R, the Nieh-Yan term and a
non diverging Barbero-Immirzi parameter.
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3 Invariant polynomials and action for the Möbius group
G = SO(4, 2)/{±I}

Another interesting example of geometry is given by the Möbius group G = SO(4, 2)/{±I}
defined by the relation gTNg = N , g ∈ G, with

N =

 0 0 −1
0 η 0
−1 0 0



and K =

H︷ ︸︸ ︷
CO(3, 1)⋉R3,1∗ the maximal normal subgroup of G. A group element of K admits the

matrix representation:

K ∋

∈H=CO(3,1)︷ ︸︸ ︷ζ 0 0
0 Λ 0

0 0 ζ−1


∈R3,1∗︷ ︸︸ ︷1 ū 1

2 ūu

0 1 u
0 0 1

 where
Λ ∈ SO(3, 1),ΛTηΛ = η ; ζΛ ∈ CO(3, 1),

u ∈ R3,1 ; ū = uTη ∈ R3,1∗ and ζ ∈ R+

where R+ denotes the multiplicative group of positive real numbers.
The Lie algebra of G is g = so(4, 2) = g−1 ⊕ g0 ⊕ g1 with g−1 ≃ R3,1, g0 ≃ co(3, 1) =

so(3, 1)⊕R and g1 ≃ R3,1∗. The Lie algebra g turns out to be a graded Lie algebra [2], namely,

[g0, g0] ⊂ g0, [g0, g−1] ⊂ g−1, [g1, g0] ⊂ g1, [g−1, g1] ⊂ g0 (3.1)
[g−1, g−1] = [g1, g1] = 0.

The generators of the above graded algebra are the same as the ones described previously in (2.1)
except for g0 ≃ co(3, 1) which is generated by the {Jab}’s and 14. An element of co(3, 1) ≃ g0 is
γco =

1
2γ

ab
soJab − z14 with γso ∈ so(3, , 1) and z ∈ R.

3.1 The Möbius Lie algebra as a symmetric Lie algebra
Let us consider H = CO(3, 1) as structure group for the Cartan geometry to be discussed in this
part. This implies a geometry that differs from the whole isotropic Möbius group as introduced
in [11, Lemma 1.8,p.269]). It rather corresponds to SO(3, 1)×R+ (Lorentz×Weyl) the isotropic
part of the Weyl model which can be embedded into the Möbius model, see [11, middle p.277].

The following decomposition of the graded Lie algebra

g =

h︷︸︸︷
g0 ⊕

m︷ ︸︸ ︷
g1 ⊕ g−1 ≃

so(3,1)⊕R︷ ︸︸ ︷
co(3, 1) ⊕R3,1∗ ⊕ R3,1 (3.1.1)

of the Möbius group is reductive with respect to H and is also a symmetric Lie algebra g =
co(3, 1)⊕ m where m = g1 ⊕ g−1 ≃ R3,1∗ ⊕ R3,1. The commutation relations (see (3.1) and [14,
Example 5.2 and Chapter XI]) are given by

[g0, g0] ⊂ g0, [g0,m] ⊂ m, [m,m] ⊂ g0 (3.1.2)

making g = g0 ⊕m a symmetric Lie algebra.
According to the graded Lie algebra decomposition of g, let

φg = φ1 ⊕ φ0 ⊕ φ−1 ∈ g = g1 ⊕ g0 ⊕ g−1

for which we adopt the matrix presentation12

φg = φ1 ⊕ φ0 ⊕ φ−1 =

z ā 0
b c a

0 b̄ −z

 =

0 ā 0
0 0 a
0 0 0

+

z 0 0
0 c 0
0 0 −z

+

0 0 0
b 0 0

0 b̄ 0

 (3.1.3)

12Accordingly, the Killing form on g = h⊕m is computed to be

Kg(φ,φ
′) = Tr(adφ ◦ adφ′) = nTr(cc′) + 2n

(
zz′ + η(b, a′) + η(a, b′)

)
where n corresponds to the one coming from dim so(n− 1, 1) = n(n− 1)/2.
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with a, b ∈ R3,1, c ∈ so(3, 1), z ∈ R and ā = aT η, b̄ = bT η ∈ R∗3,1. It is worthwhile to notice

that E =

1 0 0
0 0 0
0 0 −1

 ∈ g0 the generator for dilation defines the grading of g by gj = {φ ∈

g s.t. [E,φ] = jφ}, j = 0,±1. Moreover, through the isomorphism g ≃ R3,1∗ ⊕ co(3, 1) ⊕ R3,1,
one can also write [2]

φg = φ1 ⊕ φco ⊕ φ−1 = φ1 ⊕ (φso − φR14)⊕ φ−1 = ā⊕ (c− z14)⊕ b.

Let us now consider the mutation13 g′ = µ(g) = µ(h⊕m) = h⊕ µ(m) = h⊕m′ given by:

φg =

z ā 0
b c a

0 b̄ −z

 7→ φg′ = µ(φg) =

 z γ̄2ā 0
γ1b c γ2a

0 γ̄1b̄ −z

 ∈ g′ (3.1.4)

where the scalar mutation parameters γ1, γ̄1γ2, γ̄2 are arranged such that µ is a linear isomor-
phism, in particular, γ1γ̄2 = γ̄1γ2. Thus, it is merely a change of scale within the symmetric Lie
algebra which preserves the splitting m = g−1 ⊕ g1 according to the graded structure.

Let us choose γ1 = γ̄1 =
1

ℓ
, γ2 = γ̄2 =

1

ℓ′
(where ℓ and ℓ′ are non-null real numbers)14.

The Lie bracket on g′ is thus given by the commutator:

[φ,φ′] =




z

1

ℓ′
ā 0

1

ℓ
b c

1

ℓ′
a

0
1

ℓ
b̄ −z

 ,


z′

1

ℓ′
ā′ 0

1

ℓ
b′ c′

1

ℓ′
a′

0
1

ℓ
b̄′ −z′



 (3.1.5)

=


1

ℓℓ′
(āb′ − ā′b)

1

ℓ′
(zā′ − z′ā+ āc′ − ā′c)

1

ℓ′2
(āa′ − ā′a)

1

ℓ
(z′b− zb′ + cb′ − c′b) [c, c′] +

1

ℓℓ′
(bā′ − b′ā+ ab̄′ − a′b̄)

1

ℓ′
(ca′ − c′a− z′a+ za′)

1

ℓ2
(b̄b′ − b̄′b)

1

ℓ
(b̄c′ − b̄′c− zb̄′ + z′b̄)

1

ℓℓ′
(b̄a′ − b̄′a)



=


1

ℓℓ′
(āb′ − ā′b)

1

ℓ′
(zā′ − z′ā+ āc′ − ā′c) 0

1

ℓ
(z′b− zb′ + cb′ − c′b) [c, c′] +

1

ℓℓ′
(bā′ − b′ā+ ab̄′ − a′b̄)

1

ℓ′
(ca′ − c′a− z′a+ za′)

0
1

ℓ
(b̄c′ − b̄′c− zb̄′ + z′b̄)

1

ℓℓ′
(b̄a′ − b̄′a)


A Cartan connection ϖ with this G/H Cartan geometry can accordingly be decomposed as:

ϖ = ϖh ⊕ϖm = ϖ0 ⊕
ϖm︷ ︸︸ ︷

ϖ1 ⊕ϖ−1 =

λ 0 0
0 A 0
0 0 −λ

+ϖa
1


0

1

ℓ′
ēa 0

0 0
1

ℓ′
ea

0 0 0

+ϖa
−1


0 0 0
1

ℓ
ea 0 0

0
1

ℓ
ēa 0



=


λ

1

ℓ′
ᾱ 0

1

ℓ
β A

1

ℓ′
α

0
1

ℓ
β̄ −λ

 (3.1.6)

13See Definition 2.1 given above.
14In that case, the Killing form on g′ = h ⊕ m′ can be easily computed by performing the scale

transformations b 7→ γ1b and a 7→ γ2a into the expression for Kg, so that

Kg′(φ,φ′) = nTr(cc′) + 2n
(
zz′ + γ1γ2

(
η(b, a′) + η(a, b′)

))
.
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whereϖm is the soldering form, A =
1

2
AabJab =

1

2
Aab

µ dx
µ⊗Jab corresponds to the spin connection

and β = βaea = βaµdx
µ ⊗ ea is the tetrad used to define the metric of the tetrad formalism

g̃ = η(β, β). α = αaea = αa
µdx

µ ⊗ ea can be interpreted as a secondary tetrad. Finally,
λ = λµdx

µ is the R-valued (dilations) part of the connection. Also, ᾱ = αaēa = αa
µdx

µ ⊗ ēa and
β̄ = βaēa = βaµdx

µ ⊗ ēa.

Remark. The geometry modeled on the present 8-dimensional quotient G/H describes in general
an 8-dimensional manifold M̃ invariant under Lorentz transformations (elements in SO(3, 1))
and dilations (elements of the multiplicative group R+) with soldering form ϖm. In the next
section, we will see how we can obtain a description of a 4-dimensional submanifold M of M̃ by
imposing a condition on the soldering form (the m-valued part of the Cartan connection).

The curvature Ω̄ = dϖ +
1

2
[ϖ,ϖ] of ϖ then reads:

Ω̄ = Ω̄h ⊕ Ω̄m =


f

1

ℓ′
Π̄ 0

1

ℓ
Θ F

1

ℓ′
Π

0
1

ℓ
Θ̄ −f

 =

f 0 0
0 F 0
0 0 −f

+


0

1

ℓ′
Π̄ 0

1

ℓ
Θ 0

1

ℓ′
Π

0
1

ℓ
Θ̄ 0

 (3.1.7)

=


dλ+

1

ℓℓ′
ᾱ ∧ β 1

ℓ′
(dᾱ+ λ ∧ ᾱ+ ᾱ ∧A) 0

1

ℓ
(dβ − λ ∧ β +A ∧ β) dA+

1

2
[A,A] +

1

ℓℓ′
(β ∧ ᾱ+ α ∧ β̄) 1

ℓ′
(dα+A ∧ α+ λ ∧ α)

0
1

ℓ
(dβ̄ + β̄ ∧A− λ ∧ β̄) −dλ+

1

ℓℓ′
β̄ ∧ α


with:

h-part


so-part: F = R+

1

ℓℓ′
ϕ with ϕ = β ∧ ᾱ+ α ∧ β̄

dilation: f = dλ+
1

ℓℓ′
ᾱ ∧ β

(3.1.8)

m-part

Π = dα+A ∧ α+ λ ∧ α, Π̄ = dᾱ+ ᾱ ∧A− ᾱ ∧ λ

Θ = dβ +A ∧ β − λ ∧ β = T − λ ∧ β, Θ̄ = T̄ + β̄ ∧ λ

(see e.g. [26]). For further use, it is worthwhile to notice that the [m,m] ⊂ h contribution to Ω̄h

is given by

1
2 [ϖm, ϖm] =

1

ℓℓ′

ᾱ ∧ β 0 0

0 β ∧ ᾱ+ α ∧ β̄ 0

0 0 β̄ ∧ α

 . (3.1.9)

The Bianchi identities are given byDΩ̄ = dΩ̄+[ϖ, Ω̄] = 0 and, on account of the identification
(3.1.1), splits into the identities for each sector

h-part

 so-part: dR+ [A,R] + 1
ℓℓ′

(
dϕ+ [A, ϕ] + β ∧ Π̄−Π ∧ β̄ + α ∧ Θ̄−Θ ∧ ᾱ

)
= 0

dilation: d(ᾱ ∧ β) + ᾱ ∧Θ− Π̄ ∧ β = 0

m-part

 dΘ+ (A− λ) ∧Θ+ (dλ−R) ∧ β = 0

dΠ+ (A+ λ) ∧Π− (dλ−R) ∧ α = 0.

Remark. If we choose a Cartan geometry such that Θ = 0, f = 0 and Ric(F ) = 0, [11, Chapter 7,
Def 2.7] then, as described in [27, p.52], Π̄ and ᾱ become, respectively, the Cotton and Schouten
tensors, while F would correspond to the Weyl tensor. These tensors constitute the building
blocks of conformal gravity.
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3.2 Characteristic poylynomials for G = SO(4, 2)/{±I} and asso-
ciated action

Recall the Levi-Civita symbols and tensors are still linked via the relations:

εabcd = εµ1µ2µ3µ4β
−1µ1

aβ
−1µ2

bβ
−1µ3

cβ
−1µ4

d and εabcd = εµ1µ2µ3µ4β a
µ1
β b

µ2
β c

µ3
β d

µ4
.

The trace Tr used to compute the Pontrjagin number associated to the g-valued curvature Ω̄ is
given by

Tr(φφ′) = −ηacηbdφab
soφ

′cd
so + 2φRφ

′
R +

2

ℓℓ′
ηab(φ

a
−1φ

′b
1 + φa

1φ
′b
−1) = Kg(φ,φ

′)/4

in view of the decomposition (3.1.3) and (3.2.10) below.

Taking a linear combination of the type (1.6) made of the invariant polynomial in F (the
Pfaffian for the so-part) and the Pontrjagin number P(Ω̄) yields the action:

SG[ϖ] =

∫
Mi

(
ePf(

F

2π
) + r

P (Ω̄)︷ ︸︸ ︷
det(1+

Ω̄

2π
)+y det(1+

Ω̄h

2π
)
)

(3.2.1)

where Mi is either the 8-dimensional manifold M̃ defined by the Cartan geometry G/H or a

4-dimensional submanifold M ⊂ M̃ defined by the identification α =
k

2
β.15

Remark. The Pfaffian of F , that is Pf(
F

2π
) is null if dim(Mi) ̸= 4.

For the time being we focus on the case of an integral on Mi = M corresponding to the
action:

SG[ϖ] = rP(Ω) +

∫
M
(ePf(

F

2π
) + y det(1+

Ω̄h

2π
))

=

∫
M

(
ePf(

F

2π
)− r

8π2
Tr(Ω̄ ∧ Ω̄)− y

8π2
Tr(Ω̄h ∧ Ω̄h)

)
(3.2.2)

=

∫
M

( e

2(4π)2
εabcdF

ab ∧ F cd − r

8π2
Tr(Ω̄ ∧ Ω̄)− y

8π2
Tr(Ω̄h ∧ Ω̄h)

)
=

∫
M

(
e

2(4π)2
εabcd

(
Rab ∧Rcd +

2

ℓℓ′
Rab ∧ ϕcd + 1

(ℓℓ′)2
ϕab ∧ ϕcd

)
+

1

8π2

(
(r + y)

(
Rab ∧Rab +

2

ℓℓ′
Rab ∧ ϕab +

1

(ℓℓ′)2
ϕab ∧ ϕab︸ ︷︷ ︸

=0

)
− 4r

ℓℓ′
ηabΠ

a ∧Θb − 2(r + y)f ∧ f
))

=

∫
M

(
e

2(4π)2
(
εabcdR

ab ∧Rcd +
4

ℓℓ′

√
|g̃|εabcdεr1s1cs2Rab

µνβ
−1µ

r1β
−1 ν

s1α
d
µ4
β µ4

s2d
4x

+
16

ℓ2ℓ′2

√
|g̃|εabcdεas1cs2α b

µ2
β−1µ2

s1α
d
µ4
β−1µ4

s2d
4x
)

+
1

8π2

(
(r + y)

(
Rab ∧Rab +

4

ℓℓ′

√
|g̃|εr1s1r2s2Rab

r1s1β
c
µ1
α d

µ2
β−1µ1

r2β
−1µ2

s2ηcaηdbd
4x
)

− 4r

ℓℓ′
ηabΠ

a ∧Θb − 2(r + y)f ∧ f
))

.

15This ought to resemble a gauge fixing which amounts to freezing the degrees of freedom of the g1-
part to be those of the g−1-sector. It can be linked with [11, Proof of Proposition 3.1, p.285] where
the two tetrads are taken to be linearly dependent each other. To some extent, this selects a mutated
Weyl geometry within the mutated Möbius one. One thus gets dimM = 11 − 7 = 4. One may also
consider manifolds of other dimensions by imposing other constraints that reduce the number of degrees
of freedom of the soldering form ϖm.
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One can observe that unless α ∝ β we do not retrieve the Palatini term nor the cosmological
constant term.

From the very construction of the action involving polynomials of degree 2 in the curvature
Ω̄ the gauge action is invariant under the duality symmetry Ω̄ ↔ −Ω̄ 16 which can be split as:

F ↔ −F
f ↔ −f

{Π
ℓ′

↔ −Θ

ℓ
} ∪

{
{Π
ℓ′

↔ −Π

ℓ′
} ∩ {Θ

ℓ
↔ −Θ

ℓ
}
} (3.2.3)

the action being invariant under each of these transformations. Particular transformations sat-
isfying 3.2.3 are: 

R↔ − 1

ℓℓ′
(β ∧ ᾱ+ α ∧ β̄)

dλ↔ − 1

ℓℓ′
ᾱ ∧ β

{1
ℓ
β ↔ − 1

ℓ′
α}17 ∪

{
{α
ℓ′

↔ −α
ℓ′
} ∩ {β

ℓ
↔ −β

ℓ
}
} (3.2.4)

Thus, upon identifying α =
k

2
β, the curvature entries reduce to

Θ = T − λ ∧ β, Π =
k

2
(T + λ ∧ β), ϕ = kβ ∧ β̄ = kℓ2ξ, F = R+

kℓ

ℓ′
ξ and f = dλ

and the action (3.2.2) reads:

SG[ϖ] =

∫
M

(
e

2(4π)2
εabcd

(
Rab ∧Rcd +

2kℓ

ℓ′
Rab ∧ ξcd + k2ℓ2

ℓ′2
ξab ∧ ξcd

)
+

1

8π2

(
(r + y)

(
Rab ∧Rab +

2kℓ

ℓ′
Rab ∧ ξab +

k2ℓ2

ℓ′2
ξab ∧ ξab︸ ︷︷ ︸

=0

)
− 2rk

ℓℓ′
ηabΘ

a ∧Θb − 2(r + y)f2
))

=

∫
M

(
e

2(4π)2
εabcd

(
Rab ∧Rcd +

2kℓ

ℓ′
Rab ∧ ξcd + k2ℓ2

ℓ′2
ξab ∧ ξcd

)
+

1

8π2

(
(r + y)

(
Rab ∧Rab +

2kℓ

ℓ′
Rab ∧ ξab

)
− 2rk

ℓℓ′
ηabT

a ∧ T b − 2(r + y)dλ ∧ dλ
))

=

∫
M

(
e

2(4π)2
(
εabcdR

ab ∧Rcd +
8k

ℓℓ′

√
|g̃|Rab

µνβ
−1µ

aβ
−1 ν

bd
4x+

24k2

ℓ2ℓ′2

√
|g̃|d4x

)
+

1

8π2

(
(r + y)

(
Rab ∧Rab +

2k

ℓℓ′

√
|g̃|εrsabRab

µνβ
−1µ

rβ
−1 ν

sd
4x
)

− 2rk

ℓℓ′
ηabT

a ∧ T b − 2(r + y)dλ ∧ dλ
))

. (3.2.5)

The resulting action for k = 0 reads:

SG[ϖ] =

∫
M

( e

2(4π)2
εabcdR

ab ∧Rcd +
1

8π2
(
(r + y)Rab ∧Rab − 2(r + y)dλ ∧ dλ

))
. (3.2.6)

and corresponds to the action (2.3.5) for G = ISO(3, 1) ⇔ k = 0, up to the λ kinetic term.
However, ignoring the boundary terms leaves the equations of motion unchanged if we keep the
same matter action as in the preceding example 2.3.3.

While for k ̸= 0, a direct comparison between S′ (2.3.4) and SG (3.2.5) amounts to identifying

16Considering instead the action on Mi = M̃ one finds the duality symmetry Ω̄ ↔ 4
√
1Ω̄.

17Left hand side of this condition constrains k = ±2 in the context of the identification α =
k

2
β.
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the 6 coupling constants present in S′ via the system:

ek

8π2ℓℓ′
= α1

(r + y)k

4π2ℓℓ′
= (α2 − α5)

r + y

8π2
= α3

e

(4π)2
= α4

− rk

4π2ℓℓ′
= α5

ek2

32π2(ℓℓ′)2
= α6

⇔



α1 =
2k

ℓℓ′
α4 =

4ℓℓ′

k
α6

α2 − α5 =
2k

ℓℓ′
α3 = −(1 +

y

r
)α5

α1 =
ek

(r + y)ℓℓ′
α3

r + y =
4π2ℓℓ′

k
(α2 − α5)

(3.2.7)

The solution of (3.2.7) in terms of the parameters e, r, k, ℓ and ℓ′ is:
α1 =

2k

ℓℓ′
α4 =

4ℓℓ′

k
α6

α2 =
ky

4π2ℓℓ′
=

2ky

(r + y)ℓℓ′
α3 = −y

r
α5

α1 =
e

2y
α2.

(3.2.8)

Hence, the resulting action reads:

SG[ϖ] =

∫
M

( Holst︷ ︸︸ ︷
k

4π2ℓℓ′
(e
4
Rab ∧ βc ∧ βdεabcd︸ ︷︷ ︸

Palatini

+yRab ∧ βa ∧ βb
)
+

Bare Cosmological constant︷ ︸︸ ︷
ek2

32π2(ℓℓ′)2
βa ∧ βb ∧ βc ∧ βdεabcd

+

Pontrjagin︷ ︸︸ ︷
r + y

8π2
Rab ∧Rab+

Euler︷ ︸︸ ︷
e

2(4π)2
Rab ∧Rcdεabcd

Nieh−Y an︷ ︸︸ ︷
− rk

4π2ℓℓ′
(T a ∧ Ta −Rab ∧ βa ∧ βb)

)
Dilation kinetic term︷ ︸︸ ︷
−r + y

4π2
dλ ∧ dλ

)
. (3.2.9)

This action corresponds to (2.3.8) with the substitution k/ℓ2 → k/(ℓℓ′) plus an additional
kinetic term for the dilations. We will show in the next two subsections that in the presence of
matter:

• Action (3.2.9) gives back the equations of motion (2.3.9)-(2.3.10).

• Adding the term − vk

2π2ℓℓ′
ηabT

a ∧ λ ∧ βb in the action (3.2.9) leads to a second source of
curvature expressed in terms of the spin density of matter, torsion and their variations for
the Einstein equations.

3.2.1 Fermionic matter field action

Choosing the symmetric decomposition g = g0 ⊕m with m = g1 ⊕ g−1 and g0 = h = co(3, 1) we
compute the Killing metric:

Kg(φ,φ
′) =

K0︷ ︸︸ ︷
−4ηacηbdφ

ab
soφ

′ cd
so + 8φRφ

′
R+

Km︷ ︸︸ ︷
8

ℓℓ′
ηab(φ

a
−1φ

′ b
1 + φa

1φ
′ b
−1) (3.2.10)

On the 4-dimensional submanifold M defined by the gauge fixing α =
k

2
β, one has ϖm = βaMa

and one gets for the metrics

on g : h(φ,φ′) = κKg(φ,φ
′) (3.2.11)

on M : g(X,Y ) = ζ(ϖ∗
mh)(X,Y ) = κζ(ϖ∗

mKm)(X,Y ) =
8kκζ

ℓℓ′
η
(
β(X), β(Y )

)
. (3.2.12)
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If one considers the usual covariant derivative Dso = (∂µ+
1

4
Aab,µγ

aγb)dxµ, the matter action

similar to (2.3.3) is then given by 18:

SM [A, β] =

∫
M
hε
(
iψ, habγ

aϖb
m ∧ ∗Dsoψ

)
=

∫
M
hε
(
iψ, ηab

64k2κ2ζ

(ℓℓ′)2
γaβb ∧ ∗̃Dsoψ

)
= ReSD . (3.2.13)

Let Ci be the i-dimensional Clifford algebra. We can extend the isomorphism 2.3.2 between
so(n − 1, 1) and spin(n − 1, 1) to the morphism Φε : gl(n,R) → C2 ⊕ C0. Let M = M rserēs ∈
gl(n,R). We define:

Φε(M) =M rsΦε(erēs) =
M rs

4
ēaerēsebγ

aγb =
M rs

4
ηarηsbγ

aγb (3.2.14)

=
1

4

(∑
a<b

Mabγ
aγb +

∑
a>b

Mabγ
aγb +

∑
a

Maa(γ
a)2
)

(3.2.15)

=
∑
a<b

1

4
(Mab −Mba)γ

aγb +
Mab

4
ηab (3.2.16)

where we used the relation (γa)2 =

{
+1 if a ≤ n− 1
−1 if a > n− 1

. A particular case is the isomorphism

between elements of the algebra g0 = so(n − 1, 1) ⊕ R and those of spin(n − 1, 1) ⊕ R which
corresponds to Φε : so(n− 1, 1)⊕R → spin(n− 1, 1)⊕R. The action of Φε on the generators of
so(n− 1, 1) and on the identity matrix which generates the dilation part of g is given by:

Φε(Jrs ⊕ 1n) =
1

4
ēa(Jrs ⊕ 1)ebγ

aγb =
1

4

(
(Jrs)ab ⊕ ēaerēsebδ

rs
)
γaγb =

1

2
ηarηbsγ

aγb ⊕ n− 2

4
.

(3.2.17)

Thus, a more natural matter action S̃M with covariant derivative D0 = d + Φε(ϖ0) =

d + Φε(A − λ14) = (∂µ +
1

4
Aab,µγ

aγb − 1

2
λµ)dx

µ taking into account the full action of the
g0 = co(3, 2)-valued part of the connection ϖ0 is:

S̃M [A, β, λ] =

∫
M
hε
(
iψ, habγ

aϖb
m ∧ ∗D0ψ

)
=

ReSD︷︸︸︷
SM −1

2

∫
M
hε
(
iψ, habγ

aϖb
m ∧ ∗(λψ)

)
. (3.2.18)

3.2.2 The total action

The study of the full action S̃T = SG+ S̃M is left for future work. In the following we will restrict

ourselves to the study of the action ST = S′
G + SM = SG + SM −

∫
M

vk

2π2ℓℓ′
ηabT

a ∧ λ ∧ βb.
For k ̸= 0 the equations of motion for β, A and λ yield (neglecting boundary terms):

δL ′
G[A, β, λ]

δβc
=

ek

8π2ℓℓ′
(Rab +

k

ℓℓ′
βa ∧ βb) ∧ βdεabcd +

k

2π2ℓℓ′
(yRab ∧ βbηac + 2vTc ∧ λ− vβc ∧ dλ)

= τc = −δLM [A, β, λ]

δβc
(3.2.19)

δL ′
G[A, β, λ]

δAab
=

ek

8π2ℓℓ′
T c ∧ βdεabcd +

k

2π2ℓℓ′
(
yTa − vλ ∧ βa

)
∧ βb =

1

2
sab = −δLM [A, β, λ]

δAab

(3.2.20)
δL ′

G[A, β, λ]

δλ
= − vk

2π2ℓℓ′
T a ∧ βa = 0 = −δLM [A, β, λ]

δλ
. (3.2.21)

Equation (3.2.21) implies either v = 0 or T a ∧ βa = 0.

18Where we set κ2ζ = (ℓℓ′)2

384k2 such that the overall factor is arranged to stick with the Dirac action given
in [17, p.197].

19



For v = 0, one then recovers the usual equations of motion associated to Einstein-Cartan
gravity with a Holst action and bare cosmological constant term, and torsion T linked to the
spin density of matter.

In the other case, using the Hodge star operator lets us show that T a ∧ βa = 0 is equivalent

to requiring the axial vector part of torsion to vanish (t̃a =
1

6
T b

µνε
a µν
b = 0) as is described

in [28, Table 3]. The end result being that the new torsion T a
bc = Za

bc + δa[btc] can be expressed
solely in terms of 20 independent components instead of the usual 24. Here Za

bc is a 3-indices
tensor and tc is a 4-dimensional vector with respectively 16 and 4 independent components.

A very particular case satisfying T a ∧βa = 0 is T = 0, the equations of motion then become:

ek

8π2ℓℓ′
(Rab +

k

ℓℓ′
βa ∧ βb) ∧ βdεabcd +

k

2π2ℓℓ′
(
yRab ∧ βbηac − vβc ∧ dλ

)
= τc (3.2.22)

− vk

π2ℓℓ′
λ ∧ βa ∧ βb = sab (3.2.23)

T = 0 (3.2.24)

where equation (3.2.23) links spin density to the scalar gauge fields for dilation:

λc = λµβ
−1µ

c = −π
2ℓℓ′

6vk
sababc . (3.2.25)

Using the relation γ =
2α1

2α2 − α5
, given in [16, p13], we identify γ =

e

r + 2y
, with γ the

Barbero-Immirzi parameter.

Provided we set e =
8π2α1ℓℓ

′

k
=

3π

2Λ0G
and ℓℓ′ = −3k

Λ0
where α1 = − 1

16πG
, applying the

Hodge star ∗ to (3.2.22) and replacing λ according to (3.2.25) gives us the Einstein equations
modified by the Barbero-Immirzi part of the action with bare cosmological constant Λ0 and with
matter sources given by the energy-momentum tensor and a particular combination of derivatives
of the spin density of matter (the latter resulting from the presence of the dilation 1-form λ of
the connection):

Gkc + (
1

2γ
− Λ0Gr

3π
)Rab

rsε
rs
bkηac + Λ0ηkc = − 1

2α1
(τck +

1

12
∂µs

ab
abνε

µν
ck). (3.2.26)

Remark. In this particular case the fact that Torsion is null implies that the Einstein tensor Gkc

is symmetric (see [29, p3] for more details). When taking into account that ηkc is symmetric
as well, the anti-symmetricity of ∂µsababνε

µν
ck implies that the energy-momentum tensor τck

sports an anti-symmetric part if ∂µsababνε
µν

ck ̸= 0. This confirms that we can consider a matter
Lagrangian that depends on the spin connection A as we explicitly did.

Separating the energy-momentum tensor τck as τck = τM,ck − ρvacηck with −ρvacηck the part
related to the vacuum energy density ρvac ≥ 0 then leads to:

Gkc + (
1

2γ
− Λ0Gr

3π
)Rab

rsε
rs
bkηac + Ληkc = − 1

2α1
(τM,ck +

1

12
∂µs

ab
abνε

µν
ck) (3.2.27)

with Λ = Λ0+Λvac =

Λ0︷ ︸︸ ︷
−3k

ℓℓ′

Λvac︷ ︸︸ ︷
−ρvac

2α1
= −3k

ℓℓ′
− 4π2ℓℓ′ρvac

ek
= Λ0+8πGρvac the effective cosmological

constant, and Λvac the vacuum contribution to the cosmological constant.
One can infer that changes in cosmological history of the rate of expansion of the universe

could be partly linked to spin-density variations in this way.
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If one does not assume T = 0 the EOM’s instead yield:

Gkc + (
1

2γ
− Λ0Gr

3π
)Rab

rsε
rs
bkηac + Λ0ηkc

= − 1

2α1

(
τck +

1

12
(ηcsβ

s
ν∂µ + Tc,µν)

(
sababr + (

1

2πGγ
− Λ0r

3π2
)Tm

rm

)
εµνrk

)
(3.2.28)

λr =
1

v

( π

16Λ0G0

−6t̃r=0︷ ︸︸ ︷
T c

abε
ab
cr +

y

3
T c

rc +
π2

2Λ0
sababr

)
=

1

v

(y
3
T c

rc +
π2

2Λ0
sababr

)
(3.2.29)

t̃a = 0. (3.2.30)

Remark. The secondary source of curvature − 1

24α1
(ηcsβ

s
ν∂µ+Tc,µν)

(
sababr+(

1

2πGγ
−Λ0r

3π2
)Tm

rm

)
εµνrk

in (3.2.28) is highly dependent on the value of Λ0 and r. One can for example tune r =
3π

2Λ0Gγ

such that it is now dominated by the term − 1

24α1
(ηcsβ

s
ν∂µ + Tc,µν)s

ab
abrε

µνr
k.

In case v = 0 we retrieve the usual equations of motion (2.3.11)-(2.3.12). We will show in
the next section the action SG + SM is asymptotically topological in the limit Λ0 → 0.

Replacing e =
8π2α1ℓℓ

′

k
=

3π

2Λ0G
; ℓℓ′ = −3k

Λ0
and y =

3π

4Λ0Gγ
− r

2
in the action (3.2.9), we

obtain:

SG[ϖ] =

∫
M

(
rP (Ω̄) +

3π

2Λ0G
Pf(

F

2π
) + (

3π

4Λ0Gγ
− r

2
) det(1+

Ω̄h

2π
)
)

(3.2.31)

=

∫
M

(
α1

2

( Holst︷ ︸︸ ︷
Rab ∧ βc ∧ βdεabcd︸ ︷︷ ︸

Palatini

+(
2

γ
− 4Λ0Gr

3π
)Rab ∧ βa ∧ βb

Cosmological constant︷ ︸︸ ︷
−Λ0

6
βa ∧ βb ∧ βc ∧ βdεabcd

Euler︷ ︸︸ ︷
− 3

2Λ0
Rab ∧Rcdεabcd

Pontrjagin︷ ︸︸ ︷
−(

2Gr

π
+

3

Λ0γ
)︸ ︷︷ ︸

2ϑ
α1

Rab ∧Rab

Nieh−Y an︷ ︸︸ ︷
−8Λ0Gr

3π

(
T a ∧ Ta −Rab ∧ βa ∧ βb

))

Dilation kinetic term︷ ︸︸ ︷
−(

r

8π2
+

3

16πΛ0Gγ
)dλ ∧ dλ

)
Remark. The interpretation with respect to Chern-Simons modified gravity remains, only the
potential term changes:

V (ϑ) = (
1

γ
− 2Λ0Gr

3π
)α1R

ab ∧ βa ∧ βb

Cosmological constant︷ ︸︸ ︷
−Λ0α1

12
εabcdβ

a ∧ βb ∧ βc ∧ βd

Euler︷ ︸︸ ︷
−3α1

4Λ0
Rab ∧Rcdεabcd

Nieh−Y an︷ ︸︸ ︷
−4Λ0Gα1r

3π

(
T a ∧ Ta −Rab ∧ βa ∧ βb

) Dilation kinetic term︷ ︸︸ ︷
−(

r

8π2
+

3

16πΛ0Gγ
)dλ ∧ dλ . (3.2.32)

Setting λ = 0, we retrieve the action (2.3.15), namely:

SG[ϖ] =

∫
M

α1

2

( Holst︷ ︸︸ ︷
Rab ∧ βc ∧ βdεabcd + (

2

γ
− 4Λ0Gr

3π
)Rab ∧ βa ∧ βb

Cosmological constant︷ ︸︸ ︷
−Λ0

6
βa ∧ βb ∧ βc ∧ βdεabcd

Euler︷ ︸︸ ︷
− 3

2Λ0
Rab ∧Rcdεabcd

Pontrjagin︷ ︸︸ ︷
−(

2Gr

π
+

3

Λ0γ
)Rab ∧Rab

Nieh−Y an︷ ︸︸ ︷
−8Λ0Gr

3π

(
T a ∧ Ta −Rab ∧ βa ∧ βb

))
.
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In particular, this shows that by imposing specific constraints on the components α and λ of
the Cartan connection ϖ for G = SO(4, 2)/{±I}, one can recover the action for the subgroups
SO(4, 1), SO(3, 2), or ISO(3, 1) already considered in Section 2. Indeed, one has with the
respective constraints:

{λ = 0 and α =
k

2
β} ∩


sign(kℓℓ′) = −, Λ0 = −3k

ℓℓ′
> 0 ⇔ G = SO(4, 1)

k = 0 ⇔ G = ISO(3, 1)

sign(kℓℓ′) = +, Λ0 = −3k

ℓℓ′
< 0 ⇔ G = SO(3, 2).

(3.2.33)

8-dimensional manifold M̃ action

In the case α ̸= k

2
β corresponding to the 8-dimensional manifold M̃ (α is related to the special

conformal transformations) the action (3.2.1) becomes:

SG[ϖ] =

∫
M̃

( P (Ω̄)︷ ︸︸ ︷
r det(1+

Ω̄

2π
)+y det(1+

Ω̄h

2π
)
)

(3.2.34)

=

∫
M̃

(
− r

128π2
(
Tr(Ω̄2)2 − 2Tr(Ω̄4)

)
− y

128π2
(
Tr(Ω̄2

h)
2 − 2Tr(Ω̄4

h)
))

Study of action 3.2.34 shall be the subject of another article.

4 Topological total action
In this section we discuss the topological feature of the actions constructed according to the
combination (1.6) we started with. In doing so, we have considered19 the evaluation of some
invariant symmetric polynomials P (Ω̄n

h ) on the h-part of the Cartan curvature Ω̄ which takes
values in a symmetric Lie algebra g = h⊕m. One can establish the following

Theorem 4.1. Let H ⊂ G be Lie groups such that G/H defines a symmetric space with sym-
metric Lie algebra g = h ⊕ m and M be a manifold of dimension m. Let ϖ = ϖh ⊕ ϖm

be a Cartan connection associated to the Cartan geometry modeled on G/H with curvature
Ω̄ = dϖ + 1

2 [ϖ,ϖ] = Ω̄h ⊕ Ω̄m. Let ϖt = tϖ with curvature Ω̄t = dϖt +
1
2 [ϖt, ϖt].

Regarding the invariant polynomials P used in our construction two cases are in order:

Case 1. Let P ∈ I n(G) be a G-invariant polynomial of degree n. Restriction of P to H yields
P ∈ I n(H). One has

(a) dP (Ω̄n
h ) = −nP ([ϖm, Ω̄m], Ω̄

n−1
h ) = n(n− 1)P ([ϖm, Ω̄h], Ω̄

n−2
h , Ω̄m)

(b) P (Ω̄n
h ) +

n∑
k=1

(
n
k

)
P (Ω̄n−k

h , Ω̄k
m) = dQ2n−1(ϖ) with Q2n−1(ϖ) = n

∫ 1

0
dtP (ϖ, Ω̄n−1

t ).

Case 2. Let P ∈ I n(H) be an H-invariant polynomial of degree n. This case encapsulates the
previous one if the G-invariance is not fully taken into account. One has

(c) dP (Ω̄n
h ) = −nP ([ϖm, Ω̄m], Ω̄

n−1
h )

(d)
d

dt
P (Ω̄n

t,h) = ndP (ϖh, Ω̄
n−1
t,h ) + nP ([ϖt,m, ϖm], Ω̄

n−1
t,h ) + n(n− 1)P (ϖh, [Ω̄t,m, ϖt,m], Ω̄

n−2
t,h ).

19This ought to be considered as a "deformation" of the standard Chern-Simons theory.
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Proof. The proof relies on the ones used for the Chern-Weil theorem in [4] or for the Chern-
Simons theory related to our situation [10,30]. Let us first compute

dP (Ω̄n
h ) = nP (dΩ̄h, Ω̄

n−1
h )

= nP (dΩ̄h + [ϖh, Ω̄h] + [ϖm, Ω̄m], Ω̄
n−1
h )− nP ([ϖh, Ω̄h], Ω̄

n−1
h )− nP ([ϖm, Ω̄m], Ω̄

n−1
h )

= −nP ([ϖm, Ω̄m], Ω̄
n−1
h ) (4.1)

In the middle equation, the first term vanishes thanks to the h-part of the Bianchi identity,
namely, dΩ̄h+[ϖh, Ω̄h]+[ϖm, Ω̄m] = 0, the second term is nothing but adϖh

P (Ω̄n
h ) which vanishes

by H-invariance. The third term will be under discussion whether P is G-invariant or if solely
its H-invariance will be considered.

According to the Chern-Simons theory, let ϖt = tϖ be an interpolating family of g-valued
connections, 0 ≤ t ≤ 1, with curvature Ω̄t = Ω̄t,h ⊕ Ω̄t,m = dϖt +

1
2 [ϖt, ϖt] together with the

Bianchi identity dΩ̄t + [ϖt, Ω̄t] = 0. One has d
dt Ω̄t = dϖ + [ϖt, ϖ]. The standard Chern-Simons

derivation leads, on the one hand,

d

dt
P (Ω̄n

t ) = nP (
d

dt
Ω̄t, Ω̄

n−1
t ) = nP (dϖ + [ϖt, ϖ], Ω̄n−1

t ) (4.2)

and on the other hand,

ndP (ϖ, Ω̄n−1
t ) = nP (dϖ, Ω̄n−1

t )− n(n− 1)P (ϖ, dΩ̄t, Ω̄
n−2
t ). (4.3)

The use of the Bianchi identity for Ω̄t in the right hand side, relies on the Ad-invariance of P ,
which in our situation at hand, depends on either the G or the H-invariance of P .

Case 1. For P ∈ I n(G), the Ad(G)-invariance tells us that

adϖtP (ϖ, Ω̄
n−1
t ) = P ([ϖt, ϖ], Ω̄n−1

t )− (n− 1)P (ϖ, [ϖt, Ω̄t], Ω̄
n−2
t ) = 0 (4.4)

and a straightforward computation yields a link with (4.2)

ndP (ϖ, Ω̄n−1
t ) = nP (dϖ, Ω̄n−1

t )− n(n− 1)P (ϖ, dΩ̄t, Ω̄
n−2
t ) + adϖtP (ϖ, Ω̄

n−1
t )

= nP (dϖ + [ϖt, ϖ], Ω̄n−1
t )− n(n− 1)P (ϖ, dΩ̄t + [ϖt, Ω̄t], Ω̄

n−2
t )

= nP (dϖ + [ϖt, ϖ], Ω̄n−1
t ) =

d

dt
P (Ω̄n

t )

where the Bianchi identity for Ω̄t has been used. The transgression formula gives

P (Ω̄n) =

∫ 1

0

d

dt
P (Ω̄n

t )dt =

∫ 1

0
ndP (ϖ, Ω̄n−1

t )dt = dQ2n−1(ϖ). (4.5)

Restriction of P ∈ I n(G) to the subgroup H ⊂ G, requires to consider the h-part of the
curvature from the decomposition Ω̄ = Ω̄h ⊕ Ω̄m to obtain the polynomial P (Ω̄n

h ). Going back to
(4.1), since P ∈ I n(G), one can use the ad(m)-invariance,

adϖmP (Ω̄m, Ω̄
n−1
h ) = P ([ϖm, Ω̄m], Ω̄

n−1
h ) + (n− 1)P (Ω̄m, [ϖm, Ω̄h], Ω̄

n−2
h ) = 0.

This latter relation allows to relax some conditions on torsion of the Cartan connection in order to
secure (4.1) to be 0 (P (Ω̄n

h ) is closed) if one wishes to avoid to consider the [m,m] contributions.
Indeed, the Bianchi identity dΩ̄m + [ϖh, Ω̄m] + [ϖm, Ω̄h] = 0 infers that [ϖm, Ω̄h] = 0 if the
covariant derivative of the torsion dΩ̄m + [ϖh, Ω̄m] = 0. One thus gets

(i) dP (Ω̄n
h ) = n(n− 1)P ([ϖm, Ω̄h], Ω̄

n−2
h , Ω̄m)

(ii) P (Ω̄n
h ) +

n∑
k=1

(
n
k

)
P (Ω̄n−k

h , Ω̄k
m) = dQ2n−1(ϖ) with Q2n−1(ϖ) = n

∫ 1

0
dtP (ϖ, Ω̄n−1

t )

this last equation comes from (4.5) by considering the expansion of P (Ω̄n) = P ((Ω̄h ⊕ Ω̄m)
n).
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Case 2. For P ∈ I n(H), only the H-invariance can be taken into account. Accordingly, one
must restrict eqs(4.2) and (4.3) to the Ω̄h and Ω̄t,h components only and for which only the h-part
of the Bianchi identity, (DΩ̄)h = 0, can be used. Together with the result (4.1), all in all, this
gives

(i) dP (Ω̄n
h ) = −nP ([ϖm, Ω̄m], Ω̄

n−1
h )

(ii)
d

dt
P (Ω̄n

t,h) = ndP (ϖh, Ω̄
n−1
t,h ) + nP ([ϖt,m, ϖm], Ω̄

n−1
t,h ) + n(n− 1)P (ϖh, [Ω̄t,m, ϖt,m], Ω̄

n−2
t,h )

where the last two terms could be gathered as the result of nadϖt,mP (ϖm, Ω̄
n−1
h ), see (4.4). But

since P ∈ I n(H), the invariance of P under the m-part of the symmetric Lie algebra g no longer
holds true.

As can be seen in (a), (b)(c) and (d), the vanishing of the [m,m] commutators removes the
obstruction to the Chern-Weil theorem in the case of symmetric Lie algebras. Furthermore, as
stated in [31, Proposition 4.1] there is an equivalence between a symmetric Lie algebra g = h⊕m
with [m,m] ⊂ h and an abelian reductive decomposition g′ = h⊕m′ with [m′,m′] = 0 through a
mutation map and where m ≃ m′ as h-modules, (i.e. [h,m] ⊂ m and [h,m′] ⊂ m′ and m ≃ m′ as
vector spaces, see also [11, Lemma 6.4, p.220]). Exploiting this fact, one has

Corollary 4.1.1. Another way to reach conditions for the Chern-Weil theorem in both cases is
to consider the unique (up to isomorphism)20 mutation g → g′ such that [m′,m′] = 0.

In the Lorentzian case of Section 2, this mutation corresponds to setting either k1 or k2 = 0,
thus obtaining the Minkowski geometry.

On the other hand, for the Lorentz×Weyl geometry embedded into the mutated Möbius
geometry which is a symmetric Lie algebra, the mutation map giving rise (up to isomorphism)
to an abelian reductive decomposition could be

φg =

z ā 0
b c a

0 b̄ −z

 −→ φg′ = µ(φg) =



 z 0 0
γ1b c γ2a
0 0 −z

 ∈ g′′ = h⊕m′

z γ̄2ā 0
0 c 0

0 γ̄1b̄ −z

 ∈ g′ = h⊕m′′

(4.6)

where [m′,m′] = [m′′,m′′] = 0 and m ≃ m′ ≃ m′′ as h-modules. They correspond respectively to
(3.1.4) with γ̄1 = γ̄2 = 0 or with γ1 = γ2 = 0.

Therefore, in the Lorentzian case, see (2.1.9), or the mutated Weyl geometry (as a subgeom-

etry of the mutated Möbius geometry) through the identification α =
k

2
β together with (3.1.9),

we respectively have, on the one hand,

1
2 [ϖm, ϖm] =



k

ℓ2

(
β ∧ β̄ 0

0 0

)
= −Λ0

3

(
β ∧ β̄ 0

0 0

)

k

ℓℓ′

0 0 0

0 β ∧ β̄ 0

0 0 0

 = −Λ0

3

0 0 0

0 β ∧ β̄ 0

0 0 0




= −Λ0

3

1

2
βa ∧ βbJab

20See [11, Lemma 6.4] and [31, Proposition 4.1].
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and, on the other hand,

[ϖm, Ω̄m] =



k

ℓ2

(
β ∧ T̄ − T ∧ β̄ 0

0 0

)
= −Λ0

3

(
β ∧ T̄ − T ∧ β̄ 0

0 0

)

k

ℓℓ′

0 0 0

0 β ∧ T̄ − T ∧ β̄ 0

0 0 0

 = −Λ0

3

0 0 0

0 β ∧ T̄ − T ∧ β̄ 0

0 0 0


= −Λ0

3

1

2
(βa ∧ T b − βb ∧ T a)Jab.

This shows that these [m,m] contributions to h can be rendered very small in the limit Λ0 → 021

provided that the gauge fields and their derivatives have compact supports on M . This leads to a
perturbative topological gauge theory in the parameter Λ0 corresponding to a bare cosmological
constant. This can also be seen as a physical implementation of the mutations.

For example, taking the Lorentzian geometry of section 2 we can build the total action: q

Stop = v(SG + SM ) = v(SG +ReSD) (4.7)

where we tuned v such that v, v(
2

γ
− 4Λ0Gr

3π
) tend towards 0. In this way, we retrieve (if we

assume M has no boundary or when neglecting boundary terms) the equations of motion of
section 2 with Λ0 → 0. Interestingly, we can make Λ0 → 0± such that we end up with a dS
or AdS spacetime. To some extent, this limit seems to correspond to the interpretation as a
"regulator" of the bare cosmological constant in the case of AdS spacetime [20].

Remark. One is still free to set v such that the coupling constants of the Euler, Pontrjagin and

Nieh-Yan terms in the action are respectively −v 3

64πGΛ0
, v(

r

16π2
+

3

32πGΛ0γ
),
vΛ0r

12π2
and have

non-vanishing values. While the other terms that perturb topological invariance asymptotically
vanish.

5 Conclusion
We have shown that a large class of models for gravitation, including the standard theory of
general relativity (modulo the topological Euler density associated to R in the action), can be
solely derived from invariant polynomials of the curvature. In particular, LQG with non-trivial
Barbero-Immirzi parameter can be obtained by adding the Pontryagin class to the Pfaffian of
the Lorentz-valued curvature. In general, only the part related to the Pontryagin class P (Ω̄)
is invariant under the choice of Cartan connection up to the integral over M of an exact term
according to the Chern-Weil theorem.

The following tables summarize the roles played by the different characteristic classes and
invariant polynomials involved in the actions for the Lorentzian and Möbius geometries. These
geometries were studied through mutations allowing to study symmetric types of Cartan geome-
tries with group H. The parameters entering into the choice of mutation maps can be related to
a bare cosmological constant Λ0.

Mutated Lorentzian Cartan geometry Ω̄h = R+
k

ℓ2
β ∧ β̄ : Λ0 = −3k

ℓ2

21Which is a good approximation if one considers Λexp ≈ Λ0.
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Characteristic class / Terms Theory
Invariant polynomial

Pf(
Ω̄h

2π
) Palatini + Λ0 + Euler of R MM gravity

P(Ω̄) Nieh-Yan + Pontryagin of R Completion of MM gravity to LQG
with topological BI parameter

det(1+
Ω̄h

2π
) Rabβaβb + Pontryagin of R Completion of Palatini term to Holst

Mutated Möbius Cartan geometry with α =
k

2
β, Ω̄h = F + f : Λ0 = −3k

ℓℓ′

Characteristic class / Terms Theory
Invariant Polynomial

Pf(
F

2π
) Palatini + Λ0 + Euler of R MM gravity

P(Ω̄)
Nieh-Yan + Pontrjagin of R

+dλ ∧ dλ

Completion of MM gravity to LQG
with topological BI parameter

and dilational kinetic term

det(1+
Ω̄h

2π
) Rabβaβb + Pontryagin of R Completion of Palatini term to Holst

Two classes of examples have been studied from which Einstein’s equations (with positive or
negative bare cosmological constant Λ0) can be obtained.

The first example corresponds to the case of a g =

{
so(4, 1) for Λ0 > 0
so(3, 2) for Λ0 < 0

-valued Cartan

connection ϖ defined on the H = SO(3, 1)-principal bundle P. The computed action gives the
Holst action together with the Euler, Pontrjagin, Nieh-Yan topological terms as well as a bare
cosmological constant term, see (2.3.15). The coupling constants of these topological terms are
entirely determined by the four parameters entering the Holst action (G, γ), the Nieh-Yan term
(r) and the bare cosmological constant Λ0.

The second example deals with the Möbius geometry. In this case restricting the geometry
to a 4-dimensional submanifold M yields the same results as in the previous class of examples if
one drops out dilations. Adding to the original action (3.2.9) an interaction T a ∧λ∧ βa between
dilations and torsion instead leads to Einstein’s equations (modified by the Holst term) with an
additional source term (due to the dilational part of the algebra) for the curvature depending on

a particular variation of spin density −2πG

3
∂µs

ab
abνε

µν
kc and on torsion (if one does not assume

T = 0) when coupled to matter.
In these two classes of examples treated in the paper, the Pontrjagin number P(Ω̄) brings

about a topological contribution to the Barbero-Immirzi parameter via the Nieh-Yan density, it
also adds the other parity violating term (see [18, 24]) corresponding to the Pontrjagin density
of the spacetime curvature R.

Finally, the last section addressed the issue of the topological character of the actions. It has
been shown that one can recover an action asymptotically invariant under the choice of gauge
fields with compact supports and perturbative expansion in the bare cosmological constant Λ0.

In light of some recent developments in cosmology [32,33] regarding the Hubble tension, the
next step (explored in [34]) shall be to consider spacetime dependent mutations, thus leading to
a dynamical cosmological "constant".
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