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Abstract

We describe gauge theories which allow to retrieve a large class of gravitational
theories, including, MacDowell-Mansouri gravity and its topological extension to
Loop Quantum Gravity via the Pontrjagin characteristic class involving the Nieh-
Yan term. Considering symmetric spaces parametrized by mutations allows to nat-
urally obtain a bare cosmological constant which in particular cases gives rise to a
positive effective cosmological constant while having an AdS spacetime.

Two examples are studied, Lorentzian geometry (including dS and AdS space-
times) and Lorentzx Weyl geometry. In the latter case, we prove the equations of
motion exhibit a secondary source for curvature in addition to the usual energy-
momentum tensor. This additional source is expressed in terms of the spin density
of matter, torsion and their variations.

Finally, we show that the gauge + matter actions constructed from invariant
polynomials are asymptotically topological if one assumes a vanishing bare cosmo-
logical constant together with gauge and matter fields having compact support.
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1 Introduction

There exist several approaches to describe gravity as a gauge theory. Two of them are MacDowell-
Mansouri gravity and BF theory, see e.g. |1]. They can be mathematically described in terms of
Cartan geometries on a manifold .# modeled on a homogeneous space G/H where G,H C G
and g, b are respectively Lie groups and their corresponding Lie algebras. When the geometry is
reductive, namely, g = h @ p, a Ad(H )-invariant decomposition, the associated g-valued Cartan
connection w naturally splits into two parts @ = wy @ @y, one with values in h and the other
one in p = g/h. In these formalisms the h-valued part wy corresponds to the spin connection A

. . Ao 0
while the p-valued part is arranged to be w, = \/; (—e 30
I-form 3 (tetrad if dim(.#) = 4) where 8 = () with 1 the Minkowski metric.

For a resulting Lorentzianlﬂ space-time the structure group is given by H = SO(3,1) while
the Lie group G is chosen according to the value and sign of the (bare) cosmological constant Ag
as in |1}, p.10]:

> is proportional to the vielbein

G=50(4,1) and e=+41, for Ag>0 (1)
G=50(3,2) and e=—-1, for Ag<O. ’

Let us recall the

Definition 1.1. Let .# be a manifold, G a Lie group and H a closed subgroup of G such that
dim(G/H) = dim(.#) = m and & a principal H-bundle over .Z. Let X € b, we denote XV the
associated vertical vector field on &?. A Cartan connection on & is equivalent to a 1-form < on
2 with values in g the Lie algebra of G satisfying the conditions [2, p128]:

(a) w(X") =%, forany X €b.

(b) (Rp)*w = Ad(h™Y)w ,Yh € H, where R is the right action of H on &
and Ad the adjoint representation of H C G on the Lie algebra g.

(¢) w(X) # 0 for every nonzero vector field X € Vect(22).

In particular, condition (c¢) implies that tangent spaces to .# are isomorphic to the quotient
g/b of dimension m.

Let Q=do+wAw = Qh &> Qp be the curvature of the Cartan connection w = wy @ w,
and  an internal Hodge as used in [3] such that xx%® = 1%, k.

For m = 4, the MacDowell-Mansouri action |1] is given by:

3 - . 3 _ _
Sumw] = ~3GAg ///{ tr(Qy A Q) = ~1GA, //// Eabed ng A di (1.2)

_ A _
where Qy = R — ?06 A B. This action is Ad(H )-invariant, i.e. Lorentz invariant.

On the other hand, the Euler characteristic class E(.#) of a manifold .# is null if dim(.#) =

m is odd, otherwise it can be linked to the 3-th Pontrjagin class P, /2 (more details can be found
in [4]).

Definition 1.2. In the case of an orientable differentiable manifold .# of even dimension m,
the Euler characteristic class can always E| be expressed in terms of curvature as:

E() = Pt (&)

where Pf(Qs,) is the Pfaffian of the so(m)-valued curvature 2-form ), originating from the
s0(m)-valued connection 1-form wg,. This is an SO(m)-invariant polynomial.

'Riemaniann or Galilean spacetimes can also be described by this formalism. For more details see |1,
p.10]. The kind of topological gauge theories developed in this article are also compatible with these
choices of Lie groups.

ZSince as indicated in [4] it is always possible to reduce the structure group of T.# to SO(m) via the
Gram-Schmidt process.



For a 4-dimensional manifold one has:

E(%) = m Eabed Qgg A Qgg

More generally, let us give the

Definition 1.3. The characteristic number C associated to a given characteristic class C(.#)
of .4 corresponds to the integral over .# of its characteristic polynomial :

C— //// Cl.a).

In particular, for m = 4, the Euler number is thus:

1
E= — /% Eabed V20 A QY (1.3)

2(4m)?
One can recognize the MacDowell-Mansouri action ((1.2)) is proportional to the Pfaffian of the
h = s0(3,1)-valued part £y of the curvature, which is SO(3, 1)-invariant. This provides a very
clear mathematical interpretation to the MacDowell-Mansouri action as the deformation of a
Schwarz—typeﬂ topological gauge theory:

7T2 9
Sararlee] = —2G4A0 /%Pf(;i?) (1.4)

~ A ~ A ~ _
where Qy = R — ?OB A B, and —?OB A B acts as the deformation of the €25, = R curvature.

Considering Chern-Simons theory as an example of topological field theory of the Schwarz
type, another characteristic class which will be of interest in this work is the Pontrjagin charac-
teristic class. As described in [4], one has:

Definition 1.4. Let L be a k-dimensional real vector bundle over an m-dimensional manifold
A . §) is the curvature associated to a connection w on a principal G-bundle over .. Introducing
orthonormal frames allows to reduce the structure group to O(k) and one has o(k) = so(k) at
the level of Lie algebras. The so(k)-valued curvature is written €. The corresponding total

Q
Pontrjagin class is then defined as: P(£g,) = det (1 + 2—”)
T

For a 4-dimensional manifold .#, the Pontrjagin number turns out to be:

@:/ﬂp(ggo):/ﬁa(gso):///{-812%(950/\950), (1.5)

™

where P is the 15 Pontrjagin class.

As stated in [4, Chern-Weil theorem|, a nice feature of characteristic classes is that up to an
exact term, they do not depend on the choice of connection. This fact allows us to build actions
that are invariant under the choice of connection.

Generalizing the observation made for , the gauge invariant actions studied in this work
are given by the linear combination:

Salw] = //// (rP() + ePf(%) + ydet(1 + %)) (1.6)

where the first term is the Pontryagin number of the manifold related to the g-valued Cartan
curvature 0 while the two other terms are only invariant polynomials corresponding to the

F Q
Pfaffian Pf (2—) and the determinant det(1 + 2—h) They are respectively evaluated on F' (the
7r s

s0(m — 1,1)-valued part of the curvature €p)) and Qp (h-valued) parts of the Cartan curvature.

3A more detailed account of topological gauge theories of Schwarz-type can be found in [5-7]. The
Euler number also yields a topological field theory according to [§]. See also [9].



If g/h = m obeys the commutation relation [m,m] C b (symmetric Lie algebra), then G/H
is called a reductive homogeneous space [10]. In fact, this is the case for the construction given
in |1] for the MacDowell-Mansouri action. We shall extend this idea, and we shall see that Car-
tan geometries modeled on reductive homogeneous spaces are intrinsically linked to the notion
of cosmological constant in specific cases. In the examples given in this paper, reductive homo-
geneous spaces will be implemented at the infinitesimal level through symmetric Lie algebras.
Using the concept of mutation, two symmetric Lie algebras where H is either the Lorentz or
Lorentzx Weyl group will be given as resulting from a mutation procedure on which a Cartan
geometry will be constructed along the line of [11].

The paper is organized as follows. Section [2] will introduce and describe the gauge theories
associated to the Lie groups G = SO(4,1) (respectively SO(3,2)) for Ag > 0 (respectively
Ao < 0) considered as "mutations" (according to [11]) of the group G = ISO(3,1). All these
three groups contain H = SO(3,1) which will be the structure group of the principal bundle
. Then, the gauge invariant action will be studied for these Lie groups G and H.
Subsenquently, a very particular linear combination yields the Holst + Euler and Pontrjagin
of the curvature R of the spin connection + Nieh-Yan -+ bare cosmological constant Ay terms.
Additionally, in this construction, the coupling constants of these different terms are inherently
linked together. Results of Section [2| are adaptable to other spacetimes whether Riemannian or
Galilean or for other Lie groups.

Section [3] will be devoted to the construction of a similar action for the case where G =
SO(4,2)/{£I} (the Mobius group) and H = CO(3,1) = SO(3,1) x (R4 \{0}) the Lorentzx Weyl
group of signature (3, 1), so that the infinitesimal Klein geometry (g, ) in the sense of [11] turns
out to be a symmetric Lie algebra. Then, mutating the (g, h) model allows to mimic what we did
in the previous Lorentz case. Reducing the quotient g/h to be of dimension 4 by constraining the
"pair of frames" («, 3) one can retrieve an action comprising all terms described in the previous
example + a kinetic term for a scalar field (dilations).

In both examples, we study the equations of motion associated to the total action (gauge
+ matter). It is especially shown that, in the Mobius case, if one adds an interaction between
dilations and torsion 7', the equations of motion consist of Einstein’s equations modified by the
Holst term with an additional source term for curvature depending on specific variations of spin
density of matter and on torsion.

Lastly, in Section [4, by studying invariant polynomials for reductive homogeneous spaces, it
will be shown that (upon restricting to connections with compact supports on .#) the mutated
geometries can be considered as deformations such that the gauge invariant actions constructed
in the previous sections are asymptotically invariant under the choice of this type of connections,
and thus lead to topological theories.

In the following, latin and greek letters will respectively be used for algebraic and space-time
indices.

2 Invariant polynomials for a Cartan connection with
Lorentzian spacetimes

2.1 Lorentzian (dS and AdS) spacetimes as mutations of an
150(3,1)/50(3,1) Cartan geometry

Let G, H C G be Lie groups with corresponding Lie algebras g = h @ p such that G/H is
reductive [11], that is that the splitting g = h @ p is Ad(H)-invariant.
N
One such reductive model geometry is G/H = ISO(3,1)/SO(3,1), with algebra g = s0(3,1) @ R*!
where G = 1S0(3,1) = SO(3,1)xR3! and H = SO(3,1) is defined by the relation ATnA = n,VA €
SO(3,1) with n the Minkowski metric:

/-1 0
"=\o +13)



A group element g € G = ISO(3,1) is parametrized as g = (g (1Z> where a € R*!. Lineariza-

tion leads to:

Y= (%ﬁ %") € is0(3, 1) where ¢y € 50(3,1) , goth +npp =0, and @, € R®!

1, _ab a
_ (2% Jab #ha) ¢ i50(3,1)
0 0
with {Jap}ap=0,. 3 the generators of h = s0(3,1) and {eq }q—0,... 3 a basis of p = R31.
In |11} see p.218], Sharpe introduces the notion of mutation of a Cartan geometry G/H

according to the

Definition 2.1. Let (g,bh) and (g’,h) be two model geometries. A mutation map corresponds
to an Ad(H) module isomorphism p: g — ¢’ (i.e. pu(Ady(u)) = Adp(p(u))Vu € g) satisfying:

(4) pjp = idy
(i) [p(w), p(v)] = p([u,v]) mod b,Vu,v € g.

The model geometry (g’,h) then corresponds to the mutant of the model geometry (g,b) with
the same group H.

In the case where the model geometry is (g, h) :(i50(3, 1),s0(3, 1)), a mutation that will be
particularly relevant for us is given by the mutation mapﬁ w:g—g-

K
g = (%“ %") g = 1u(ipg) = (kf;p 15") cg (2.1.1)

with @, = gpgn and where k1, k2 may a priori be considered as O-form scalar fields. It is worthwhile
to notice that this mutation transforms the geometry modeled on G/H given earlier to the
Lorentzian Cartan geometry modeled on G’/H with elements ¢’ € G’ obeying the group relation
dTNg = N, where N is the following metric:

N= (8 —k?/b)

One can observe that (g, h) reduces to dS and AdS geometries respectively for the two particular
cases, see e.g. |1]:

%:—I@G:SO(ZL,D and e=+1, for Ag >0,
2
(2.1.2)
%:—H@G:SO(S,Q) and e=—1, for Ag<O.
2

Throughout the paper k; and ks will be considered as real numbers. It is however of physical
interest to consider the mutation parameters as scalar fields, thus dealing with point-wisely
dependent mutations; this will be studied in a forthcoming paper. Other papers considering
dynamical versions of physical constants in the context of gravity include for instance [12,13].

On the other hand, the canonical decomposition of a symmetric Lie algebra g = h & m
(see |14, Prop.2.1, Chapter XI| for more examples) corresponds to the commutators:

[h,b] C b, [h,m] C m, [m, m] C b.

Therefore, one can see that the mutated Lie algebra g’ = h @ m of (2.1.1) corresponds to a
symmetric Lie algebra for k # 0, as a particular case of a reductive geometry with m = g’/ ~

4This mutation map generalizes the examples given in |11, Example 6.2, p.218].



p = /f) Moreover, the generators of h = s0(3,1), and elements of the basis of p = R
p* =R and p = ]R3 L obey the relations (the isomorphism End(R") ~ R™ @ R™ is used):

éb(ea) = (5ba (dual basis), €al€p) = Nap, Jab = €a€p — €peq
and
Javee = (Jap) cer = (Mbed”y — Macd’p)er = Mbe€a — Naces
eclab = (NacOh — Mbcdq)€r = Nac€h — Mocla
[Jabs Jed) = Mbedad + NadJve + Madea + NacJap = Caf,cch f
where the structure constants C({; =0 a{: q can be easily computed.

An element ¢ = ¢y & ¢ € ¢’ = h & m admits the following matrix representation:

1
_ ¥h klsop) _ 790317 ab kl@gea . 1 ab <Jab 0> a ( 0 k1€a>
= _ =12 =—p D _ (2.1.3)
(k‘g QOp 0 k2 Sogéa 0 2 b 0 0 m k?Q €q 0
1
= 0" Jap ® O M, (2.1.4)

2
. . . . . . . Jap 0 ,
where Jg; is canonically identified with the matrix representation Jg; = 0 0 of h C ¢,
@ = % and M, = 0 Fiea) _ ( 0 ¢ ) are the generators of m constructed out of
om = ““\keea 0 )" N\0 0 &
the canonical basis of p = R*! and the parameters of the mutation.
Let ¢, ¢ € g = b @ m, their Lie bracket is given by the commutator:

o] = ( oy k1¢p> ¢h ke )| _ [ Lens ohl + Rika(oppy — 0ppp)  Rilpneh — pep)
’ kapp 0 )7 \kag, O k2 (Ppser, — Ppn) 0
1 kiko 1
(SsO‘ébso’Cde{ at T(@Ss@{f — o)) Jes @ = 5 (2505 — ") (e — Macd) My
where we have used the commutators [Ju,, Mc| = mpe My — Nac My and [M, My| = kiks Jabﬂ
1 k
In order to link our notation with the one used in [1], we identify k1 = 7 and kg = 7 A
Cartan connection w associated to this mutated G/H Cartan geometry can be decomposed as:
1 1 1 1 1
fwngab —wle, —A® . =B, A -p
o = wp ® _ |2 ¢P _ |2 l _ l 215
—mewn = | % -2 . (2.1.5)
where wgb = wgb dat = Aabuda?“ corresponds to the spin connection and wy, = %M, is the

¢’/h = m-valued soldering form (see |11, Chap.5, §3, Definition 3.1]) after mutation.
The curvature associated to the covariant derivative and the Cartan connection is:

k _
A 1 A R+ SBAB 0O 1L/0 T
Q=do+ -[w, @] = &0 = 02 +-1|, = (2.1.6)
2 0 0 ¢\KT 0
1 1
= (dwy + i[wh,wb} + i[wm,wm]) (2.1.7)

1
& (dwy + 4(wgbu @, — wgbywpcu)(nbcég — Naclp)da* A dz”) @ M,
1 k
= (5047, + —A‘”’ A% Cifea + 7€ ) da’ N da” © Ty

® (8,87, + Aab B0 (Mbedg — Nae0y))dat A dz¥ @ M, (2.1.8)

5Tt is interesting to notice that the product of the mutation parameters k; and k> can be related to a
deformation parameter « as given in |15, eq.(2.1)].



with Qy, the torsion of the Cartan connection w with values in g’/h = m. For further use it is
worthwhile to notice that the graded bracket

dommnl =55 (707 0) = (5 §) e 2.19)

1 =1 1
with & = ﬁﬁ AP = anbJab = gab dz' A dz’ @ Jyp, where €% = 7%
1
ﬁ(wp ‘prby — Wy, ‘}/WPZ) an additional term due to the symmetric Lie algebra structure. Let us
add that (2.1.6) and (2.1.9) exemplify |11, Proposition 6.3, p.218].

We also identify the spacetime curvature and torsion of Einstein-Cartan gravity:

/\w and 5“ =

R=Qy—ké =dA+ - [A Al = dA + A* (2.1.10)
T=dB+ANB=T"%,=(0,8", + A“b B, (el — Nacdy))dat A da” & e, (2.1.11)
The Bianchi identity DQ = d§) + [w, ] = 0 splits as:

(DQ)h:dR+[A,R]+§2(d(,8/\6)+[A,5/\B]+BAT—TAB) =dR+[A,R| =0

=0

(2.1.12)

1
JAT +ANT —RAB) =0

with T = dB + BN A = T%, = n(T).

(DQ)m =

2.2 Hodge x-operator

The Hodge operator defined on differential forms on the manifold .# requires a metric g on
A . According to the reductive Cartan geometry G/H at hand, g = h @ mﬁ the Killing form
Kqy(p,¢') = Tr(ady, o ady) on g splits into two parts:

Ky:hxbh—Rand Kp:mxm—R (2.2.1)

where the trace is performed with respect to the generators J.,a < b and Mam

Let  and ¢ be real scalars. In this case we choose h = kK as the metric on the Lie algebra
g and g = (wyh = k(wy K. It corresponds to the pullback of the m-part of the Killing form
on g by wy the m-part of the Cartan connection up to the factor (.

For a manifold .# of dimension m = 4 with Lorentzian Cartan geometry defined by the

mutation (2.1.1) with ky = 1/¢ and ko = k/¢:

6k
Kqo(p,¢') = Ky(en, ) + Km(om, ©n) = 3 Tr(gep) + 2%, ©p)

C 6]{: a
377ac77bd90hb30;) ¢+ ﬁﬁan‘P:ﬁ (2.2.2)
. 6k
with Kn(Mg, M) = Ky ap = 72 "lab and thus, for any vector fields X,Y on .,
6krC 6kK( _
9(X,Y) = nG(enKn)(X, V) = D8 (5(X), 6(Y)) = “8Sg(X,Y)

where g = £*n corresponds to the metric usually defined in the tetrad formalism.
Let w € Q" (4 ,g) be an r-form on .# with values in g. Its local trivialization in a given
chart is:

1

W = =Wy g AN AT N LN (2.2.3)
r!

6In this Section, one denotes g the mutated algebra g’ defined in (2.1.1)) and p ~m
In full generality, one has Tr(ady, o ady) = (m — 1) Tr(pyel) + 2kika(m — 1)n(ey, ©})-

7



Let €4y45...a,, b€ the Levi-Civita symbol in dimension m, such that €12 ,, = 1. From the
metric g and its determinant |g|, one can define a Hodge star operator  that acts on w as:

1
=1 V09l @ 0 g A (2.2.4)

In order to stick with the standard literature, the volume form on .# is denoted
1 1
dvol = +/|g|d™z = +/ |§|m5u1u2mumdmm AdxP2 A .. ANdatm = msala%amﬂal AB2 N NBY™.

2.3 Associated action

In the remainder of this article we relate the Levi-Civita symbol to the Levi-Civita tensor ac-
cording to the relations:

- —lpg o -1
Eabed = 8#1#2#3#45 luéﬁ Miﬁ l,ugﬂ Ms and 5abcd _ 6#1#2#3#418 au1ﬁbugﬁcpgﬁdp4'
The trace Tr will be used to compute the Pontrjagin number associated to the g-valued
_ / 2k /
curvature Q. Here, Vip, ¢’ € g = b &m, Tr(0¢’) = —nactaty 05" + 5 avPnsm = Kol ¢)/3,
0 _
By combining linearly the invariant polynomials Pf (Q—h) and Tr(Q%) (corresponding respec-
70

tively to deformations of the Euler and Pontrjagin numbers of R with deformation k§) with

the Pontrjagin number @ (see (1.5])) associated to €2, one can build the action (for e,r,y real
numbersﬂ)

Salel =r0@) + [ (PHGY) +ydet( + 52

_ 0 Qb = i _ Y _
—r@(Q)Jr///[(ePf(%)—SWT(Qhﬂh)) —///Z(ePf< )+rP(Q)—@TY(Qth)>
e — _
= Qab QCd——TQ Q) — LT A Q
| (i A5 = g5 1@ 0) - o (0, 1)
:/ ( € 28abcd(Rab/\Rcd+2kRab/\£Cd+k2£ab /\é-Cd)
L \2(4T)
1 2rk
+Q((TJFy)(Rab/\Rab+2kRab/\§ab) 72 Ta/\Ta))
€ a Ci 4 Qa v 24k
z/( 2(aabcde Rd—l——\/]g!Rb,,,B tu g=1 d4 \/\;d‘l)
L \2(4T)
1 a a “1v _e 2rk a
+ 53 (r+y)(R "ARabUQ\/I?R b BB e dabd4x)—€—2T /\Ta))

(2.3.1)

Let 7%, i = 0,1,2,3 be the Dirac gamma matrices. We define a nondegenerate sesquilinear
form on C* : (¢, x) = ¢T4%x = ¥x. This form allows us to define a symmetric metric on C* as

R0 = 5 (6 X) + ().

Using the isomorphism ®. : so(n — 1,1) — spin(n — 1,1) between the Lorentz Lie algebra
s0(n—1,1) and spin(n—1,1), |17, p.192], whose action on the Lie algebra generators of so(n—1,1)
is given by:

1

*narnbsfyafyb 5 (232)

1
*(Jrs)abfyavb = 9

1_
*eat]rseb’)/a’yb = 4

(I)E(JT'S) - 4

8Complex numbers may be taken for example to describe a complex formulation |16, p.13] of Loop
2001 e

Quantum Gravity (LQG) with a complex Barbero-Immirzi parameter v = = .
200 —a5 T+ 2y



the covariant derivative associated to wy on the space of spinors reads Dy = d + ®.(wy) =

1
(Ou + 1% ab M’y“’yb)daz“. One can then construct the following matter action

ez a_b 36]{7254.2 el a b =
h (Z¢7hm,ab7 wmA*quwD): %Th (M/J,%w B A*Dh¢): ReSp

(2.3.3)

where ReSp corresponds to the real part of the Dirac action as described in |17, p.197] and * is
the Hodge star operator defined from g.

SulA, Bl :/

M

We are now in position to identify the different terms of Sg[A, 8] constructed above from the
invariant polynomials and the Pontryagin characteristic class with the action presented in |16||E
which, in our notation, reads:

Holst Pontrjagin
S'[w] = / <<a1€2 R® A «€qp +02l>RP A £4y + a3R™ A Ry (2.3.4)
VA N—
Palatini
FEuler Nieh—Yan Cosmological constant

+ R ARy + a5 (T ATy — PR A €gp) + gl eqpeaé™ N E™ ))

1
where the « is an internal Hodge star such that 3% = 55“%5“ as in |3, p.2|.

For G = 150(3,1) (k = 0) the action simplifies to the topological terms:

Euler Pontrjagin
— ¢ b d, THYaw
SG[W] = /% (msabcdRa A Rc + WRCL A Rab> . (235)

In this case, from the first Bianchi identity DQh = 0, and by neglecting boundary terms, the
equations of motion for A and [ require respectively a null spin density and a null energy-
momentum tensor as source terms and thus, turn out to be physically irrelevant.

While for general mutation p with parameters k, ¢, (recall the particular cases G’ = SO(4,1),50(3,2)

for k = —e = —1,+1, respectively) we compare S’ (2.3.4) and S (2.3.1)) and identify the 6 cou-
pling constants present in S’ via the system:

ek
gn2zz ~ N
(r+yk _ oy A
T2z~ (@27 as) R
T+ 2
] 2y:a3 az—a5=ﬁa3=—(1+g)a5
T & ok " (2.3.6)
=y _ v
(4m)? “ (r+y)e? s
rk 4202
T2z 95 r+y= (ag — as)
ek? K
( 327274 ~ 0
The solution of (2.3.6) in terms of the parameters e, r, k, and ¢ is:
2k 402
0= —Sap=—a
Y Y Y
_ — _J 2.3.7
2= e (r+y)z"? r ( )
a1 = %O{Q

9Since the metrics at the level of the Lie algebra and on .# are always defined up to the factors s
and ¢, we set k2 = % such that the overall factor is arranged to stick with the Dirac action given
in |17, p.197].

WThis reference is preferably chosen due to the freedom of the parameters whereas the action given
in [18][eqs (23-25)] is already more constrained.



and the resulting deformed topological gauge action reads:

5 Dy Yoo
Sglw] = rp(Q) + //[ (e Pf(%) -3 Tr(Qy A Q) (2.3.8)

Holst Bare Cosmological constant

- ( £ (R A BN B +9R™ A o A ) + 230 p G A 1
422 \4 g abed TY a b 327204 abed

Palatini
Pontrjagin Euler Nieh—Yan
"+ Y b e b d rk b

+ 7t BN Rar ot 5o BN R e = 1 (T AT = R A AB))-

As already noticed in |16], there are two contributions to the Barbero-Immirzi parameter -,

2
M One in front of R* A B, A By in the Holst

which is expressed here as v = =
209 — g r+ 2y
term and the other one in the Nieh-Yan topological term.

The equations of motion yield (neglecting boundary terms):

= R® — BN A abe R A ac = Te =
(2.3.9)
0%c[A, B ek . yk 1 3 %vlA, B
GA® T 8n 2£2T A B%abed + 2£2T NBy = F8ap = = (2.3.10)
where 7 and s are respectively the energy-momentum tensor and the spin density of matter.
1 3k _ 8%l 3
For y =0 and a1 = ~Tenc O identiﬁe 2 = A, and e T ]jl = 2AZ)TG such that

applying the Hodge star x to the first equation (2.3.9)) gives the Einstein equations with bare
cosmological constant Ay while (2.3.10)) reduces to the equation relating spin-density to torsion
of Einstein-Cartan gravity:

1
Ghe + Aonke = —5—Tek (2.3.11)
ai
1
TN /Bdgabcd = Tﬁab (2312)
a3}

One may notice that the previous identification allows to recover the value (up to the mutation
parameter k and sign convention) e/(3272) = —¢2/(64wGk) of the parameter « of |19, Sec II|
in front of the Euler density built out of R, leading to finite Noether charges and a regularized
Euclidean action as mentioned in [19,20].

Separating the energy-momentum tensor 7.t as 7. = TM,ck — PvacTlck With Tyac ck = —puactick
[21] the part related to the vacuum energy density pyac leads to:

1

Gre + AT]kC = _TTM,ck (2.3.13)
o1
1
TC A B%aped = —Sap (2.3.14)
2041
B0 Avac
—N 22
3k py 3k Amclep, . .
where A = Ag + Avae = —— _Pvac 08 TR Pvac _ Ao + 87 Gpyac is the effective cosmo-
2 204 02 ek

logical constant, and Ay,c is the vacuum contribution.
Let Aczp be the measured value of the effective cosmological constant A. Several situations
may occur depending on the theoretical predictions for pyac.

LAt this stage a remark is in order. Indeed, the [m, m] bracket occurring in the h-part of the curvature,
see which is related to the mutation parameters k, £ turns out to be related to the bare cosmological
constant Ag. This gives a physical interpretation of the mutation. See Section [ where the topological
features of the theory will be linked to the vanishing of the bare cosmological constant Ag.
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o If Avac > Acap, then, agreement with experiment could be attained by fixing the appro-
3k
priate value of Ag = 2 with & > 0, in particular, for £k = 1 & G = S0O(3,2) (AdS
spacetime), thus potentially allowing the use of AdS/CFT correspondence [22].

o If Avac < Acap, agreement with Agy, would require a mutation parameter & < 0. A
particular case is k = —1 & G = SO(4,1) (dS spacetime). Especially, pyac = 0 whenever
one imposes normal ordering as mentioned in [23].

e The last case is Avac = Aegp this either implies k = 0 & G = ISO(3, 1), which corresponds

3k

—5 — 0. In this limit, the contribution (2.1.9) to
the h-part of the Cartan curvature becomes small and the theory can be considered as
topological. This point will be discussed in detail in Section

to Minkowski spacetime or Ag = —

However, for £k = 0 we do not retrieve Einstein’s equations since the action consists solely
of the total derivatives corresponding to both the Euler and Pontrjagin densities of the
curvature R.

Remark. The equations of motion are the same as those of Einstein-Cartan gravity modulo the
boundary terms if y = 0. Even if they do not affect the classical equations of motion, the Euler
and Pontrjagin densities of R as well as the Nieh-Yan term (which are not present in usual
Einstein-Cartan gravity) could have non trivial effects in a path integral formulation of quantum
gravity when summing over all possible configurations as stated in |16, p.2]. The Nieh-Yan

via the

term also gives a non trivial contribution to the Barbero-Immirzi parameter v = 9
T2y

parameter 7.

Using the same relation as in |16] we can identify the Barbero-Immirzi parameter v =

2a e
LI , with our parameters. By replacing e, y and ¢ in the action we obtain:
20090 — g T+ 2y

— 3T Q 3T r Qp
S =rP(Q Pf(— — =) det(1 + — 2.3.15
ol = 0@ + [ (G PG + (g — 5)det(t+ 32) (2315)
Holst Cosmological constant
2 4AMNG A
= / 5 <R“b A BN Babed + (5 = VRN B A By =2 A B A B A B abea
M Y 3 6
Euler Pontijagin Nieh—Yan
3 b d 2Gr 3 b SAQGT b
————R¥ AN R%%apeq —(—— + — )R ARy — TNTy — R¥ A By A .
oA Eabed —( T Ao’y) . ( Ba A Bp)

Thus, by building an action from a linear combination of these invariant polynomials and the
Pontrjagin number associated to a manifold with Lorentzian Cartan geometry we retrieve the
Holst action with a bare cosmological constant Ay as well as the Euler, Pontrjagin and Nieh-Yan
densities of the curvature R and torsion T. According to |24], these three last terms should be
present in any quantum theory of gravity.

The main difference compared to the literature is that in our case the coupling constants
of the Euler and Pontrjagin densities are determined by the bare cosmological constant and
by, respectively, the coupling constant of the Palatini action and the Barbero-Immirzi (B-I)

+2y related

T
to the Pontrjagin density built from R with the parameter 8 of [19, eq.(26)|. In this case one
would then be able to identify (up to a sign convention) the last remaining physical parameter:

r
parameter as well as . Moreover, notice that one may identify the coefficient ag =

S 37 (l
N 2AOG"}/

+1). (2.3.16)
These dependencies on G, -y, Ag and r are interesting since a quantum version of the theory

may yield effects sensitive to the bare cosmological constant Ay in particular. We believe that
probing the bare cosmological constant in this way could be highly beneficial in constraining

11



the vacuum contribution to the cosmological constant Ay, since the two cases Ayvac = 0 and
A = Avac = 871G pyae bring about huge differences in the numerical value of Ag.

. ) 3a .
One can also see that the coupling constant of the Euler density —jRab/\RCdeabcd obtained

via the equation of motion (2.3.9)) for the tetrad S matches perfectly with what has been de-
scribed in |12} section III| such that the gauge action S (2.3.15) is invariant under the "duality

symmetry" consisting of the exchange R « ?O B A (. Tt is worthwhile to notice that since

by construction S is quadratic in the curvature, S turns out to be invariant under the (more
general) duality symmetry €2 <> —€Q which splits as:

_ _ A _
Qh<—>—Qh:>R<—>?Oﬁ/\6
Q< —Qu=T/l+ -T/L.

(2.3.17)

and reduces to the case of [12] upon solely considering the h-sector of the curvature. Remark
that Sg is invariant under each of these transformations independently.

In addition, a direct comparison with the two perturbative expansion parameters o, given
in [18] yields:

 GAy r42y, m (r+2y)?
a_3(1—72)__ e T 2e(r+2y)2—¢€2
o GAy o r—+ 2y
PR 2 e -

As for k, the case of a dynamical ¢ will be studied in a forthcoming paper.

8o £ 3 3k
T 21 = 2A7TG and (? = 4 2 fixed. Upon identifying the
0 0

, only two degrees of freedom corresponding to the relative value of

We can now consider ¢ =

e
B-I parameter as v = ——

parameter as -y oy
the parameters r and y and to |k| (the absolute value of k) are left.

Remark. The Pontrjagin density and other terms described in (2.3.15)) correspond to the Chern-

G 3
Simons modified gravity [25] terms with a constant scalar field ¥ = —(—T + T)% and
m 07
potential term for 9, Sy = / V(¥), with:
M
Cosmological constant
1 2A0G A
V) = (= = 2501 R A A By — =2 eapeaB A B A B° A 5 (2:3.18)
¥ 3 12
FEuler Nieh—Yan
3 4M0G
—ﬁmb A R e —‘)3*0‘”” (T* ATy — R A Ba A By) .

The Chern-Simons term also occurs in Loop Quantum Gravity (LQG) and String theory as
mentionned in [25].

Let us collect some of the results in the table below:

k=-1 & G =50(4,1) for Ag >0
k=41 G=50(4,1),50(3,2)
{ {— 0o { Ao =0 } ~ Einstein-Cartan
v — 00
r=—2y=
k=1 & G =50(3,2) for Ag <0

(2.3.19)

Taking ry # 0 and r # —2y in the action (2.3.8]) secures the presence of the Barbero-Immirzi
part of the Holst action, together with the Pontrjagin density of R, the Nieh-Yan term and a
non diverging Barbero-Immirzi parameter.

12



3 Invariant polynomials and action for the Mobius group

G = SO(4,2)/{£I}

Another interesting example of geometry is given by the Mobius group G = SO(4,2)/{*I}
defined by the relation ¢’ Ng = N, g € G, with

0 0 —1
N=|0 n O
-1 0 0

H

,—/A ) )
and K = CO(3,1) xR** the maximal normal subgroup of G. A group element of K admits the
matrix representation:

€eH=CO(3,1) CR3:1*
¢ 0 0 1 @ %ﬂu T

Ks[lo A oo 1 “u | where AE53)01(3,})7ATUA—Z,l*CAeCO(3,+1),
00 ¢!/ \o o 1 weRY; a=uneR» and ( €R

where R* denotes the multiplicative group of positive real numbers.
The Lie algebra of G is g = 50(4,2) = g_1 ® go ® g1 with g1 ~ R¥! gy ~ ¢0(3,1) =
50(3,1) ® R and g; ~ R*>™*. The Lie algebra g turns out to be a graded Lie algebra [2], namely,

[90,80] C 90,  [80,9-1] C -1,  [91,80] Co1,  [g-1,81] Cao (3.1)
[9-1,9-1] = [91,01] = 0.

The generators of the above graded algebra are the same as the ones described previously in (2.1])
except for go ~ co(3,1) which is generated by the {J;3}’s and 14. An element of co(3,1) ~ g is
Yeo = %’yﬁé’Jab — 214 with v € 50(3,,1) and z € R.

3.1 The Mobius Lie algebra as a symmetric Lie algebra

Let us consider H = C'O(3,1) as structure group for the Cartan geometry to be discussed in this

part. This implies a geometry that differs from the whole isotropic Mobius group as introduced

in |11, Lemma 1.8,p.269]). It rather corresponds to SO(3,1) x RT (Lorentzx Weyl) the isotropic

part of the Weyl model which can be embedded into the Mébius model, see |11, middle p.277].
The following decomposition of the graded Lie algebra

b m s0(3,1)@®R
A~ —S N T
9="00 @01 G g1~ c0(3,1) aR>" & R (3.1.1)

of the Mobius group is reductive with respect to H and is also a symmetric Lie algebra g =
c0(3,1) ®m where m = gy ® g_1 ~ R>" @ R*»!. The commutation relations (see (3.1) and |14,
Example 5.2 and Chapter XI|) are given by

[90790] C 9o, [907m] Cm, [m7m] C 9o (312)

making g = go & m a symmetric Lie algebra.
According to the graded Lie algebra decomposition of g, let

Pg=P1DpoDp-1€8=01 D go D g1
for which we adopt the matrix presentation|

z a 0 0 a O z 0 0 0 0 O
Yg=p1Ppo®p_1=|(b ¢c a |]=100 a]+[0 c O |+|[b 0O (3.1.3)
0 b —z 000 00 —z 0b 0

12 Accordingly, the Killing form on g = b @ m is computed to be
Kg(p,¢') = Tr(ady, 0 ady) = n'Tr(cc’) + 2n(z2’ + n(b,d’) + n(a, b))

where n corresponds to the one coming from dimso(n —1,1) = n(n — 1)/2.
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with a,b € R¥! ¢ € 50(3,1), z € Rand @ = a’n,b = b'n € R*>!. It is worthwhile to notice

10 0
that E = [0 0 0 | € go the generator for dilation defines the grading of g by g; = {¢ €
0 0 —1

gs.t. [E,¢] = jo},j = 0,£1. Moreover, through the isomorphism g ~ R>'™ @ co(3,1) @ R®!,
one can also write |2]

@g:@l@@co@@fl:@1@(@50*@R14)@@71:C_lEB(C*Z]LL)@b-

Let us now consider the mutatiof™] g’ = y(g) = p(h S m) = h & pu(m) = h @ m’ given by:

z a O z a 0
pa=|b ¢ a | = py=plp)=|mb c a|egd (3.1.4)
0 b —=2 0 mb -z

where the scalar mutation parameters 71,172,792 are arranged such that p is a linear isomor-
phism, in particular, y192 = J17v2. Thus, it is merely a change of scale within the symmetric Lie
algebra which preserves the splitting m = g_; & g1 according to the graded structure.

1 1
Let us choose v; =71 = 7= Ay = 7

The Lie bracket on g’ is thus given by the commutator:

(where £ and ¢ are non-null real numbers)

i 1 1
z 7& 0 Z/ ?C_L/ 0
/ 1 1 1
[, 0']= || 70 1c A v 1(;/ 7 (3.1.5)
0 ZZ) —z 0 Zl_)l —Z/
1
1 W(ab’ —a'db) El(zci’ —zZa+ad —ade) 1 ﬁ(&a’ —ada)
= z(z’b—zb'—&—cb'—c’b) [c,c’]+w(bé’—b'&+a5’—a'l_)) ?(ca’—c'a—z’a—i—za’)
1 - - 1 - - - - 1 - -
ﬁ(bb’ —b'b) Z(bd —ble— 2z +2'D) @(ba’ —Va)
1
—(ab — a'b) —(za' —Za+ad —dc) 0
o v
1 1 - -1
= Z(z’b—zb’+cb'—c’b) [c,c’]—|—W(bd’—b’d+ab’—a’b) —(ca’ —cda—2'a+zd)
1. T
0 Z(bd —be—zb +2'b) W(ba’ —ba)

A Cartan connection w with this G/H Cartan geometry can accordingly be decomposed as:

0 e 0 0 0
T A0 0 A 1
— a a —e 0
W=wy Pm=woPw1 Pw_1=(0 A 0 |+ 0 0 le +w | e
0 0 —)\ o 0 1_
0 0 76
1_
1 1
=B =\
0 E/B

13See Definition given above.
14n that case, the Killing form on g’ = h @ m’ can be easily computed by performing the scale
transformations b — v1b and a — 2a into the expression for K, so that

Ky (p,¢") =nTr(cd) + 2n (zz’ + 7172 (n(b, a’) + n(a, b’))).
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where wy, is the soldering form, A = %AabJab = %AZ”dw“@Jab corresponds to the spin connection
and 8 = f%, = () dz" ® e, is the tetrad used to define the metric of the tetrad formalism
g =nB,p0). a=a% = ayjdzt @ eq can be interpreted as a secondary tetrad. Finally,
A = Adxt is the R-valued (dilations) part of the connection. Also, @ = ae, = ajjdz* ® €, and
B = pleq = B dat ® éq.

Remark. The geometry modeled on the present 8-dimensional quotient G/H describes in general
an 8-dimensional manifold .# invariant under Lorentz transformations (elements in SO(3,1))
and dilations (elements of the multiplicative group R*) with soldering form . In the next
section, we will see how we can obtain a description of a 4-dimensional submanifold .# of M by
imposing a condition on the soldering form (the m-valued part of the Cartan connection).

- 1
The curvature Q = dw + i[w, w] of w then reads:

1 1_
—1I —1I
L 1f ¢ 10 S0 10 g 10
Q=%eWm=|-6 F —-0O|=(0 F 0 |+]-6 0 -1 (3.1.7)
14 I l o
0 1@ R 1(:) 0
© ‘
d)\—i-i_/\ﬁ l(d‘+>\/\‘+‘/\A) 0
1 @’ li/ ) 104 ’ 1
= Z(dﬂ—/\/\ﬂ—i—A/\ﬁ) dA+§[A,A]+w(BA@+aAB) ?(doz—i—A/\a—F)\/\a)
1, - - _ 1 -
0 Z(clﬁJrﬁAA—A/\ﬁ) —d)\+w5/\a
with:
1 _
so-part: F:R+W¢ withp=08ANa+aAp
h-part 1
dilation: f:d)\JrW&/\ﬁ
(3.1.8)
H=da+ANa+\Aa, D=da+anA—ar
m-part

O=df+ANB—=ANB=T —AAB, O=T+BAX

(see e.g. [26]). For further use, it is worthwhile to notice that the [m,m] C b contribution to Q
is given by

L [ANB 0 0
1 (@, ) =7 Bra+ang 0 . (3.1.9)
0 BN«

The Bianchi identities are given by D2 = dQ+[w, )] = 0 and, on account of the identification
(3.1.1)), splits into the identities for each sector

so-part: dR+ [A, R+ 77 (dp + [A, @] + BAII-TIAB+aNO-OAG) =0

h-part _
dilation: d(@aAB)+an© —-1LIAE=0

dO+(A—-—XMNANO+(dXN—R)AB=0
dIl+ (A+ X)) AT — (d\— R) A = 0.

m-part

Remark. If we choose a Cartan geometry such that © = 0, f = 0 and Ric(F) = 0, [11, Chapter 7,
Def 2.7] then, as described in |27, p.52|, II and @ become, respectively, the Cotton and Schouten
tensors, while F' would correspond to the Weyl tensor. These tensors constitute the building
blocks of conformal gravity.
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3.2 Characteristic poylynomials for G = SO(4,2)/{£I} and asso-
ciated action

Recall the Levi-Civita symbols and tensors are still linked via the relations:

-1 -1 -1 -1 bed b d
Eabed = €M1M2N3M4B P«éﬁ ﬂgIB Hgsﬂ /ﬁé and gabed — 6#1#2#3#4IB a,u:lﬁ ,u,gﬂ 0“35 "

The trace Tr used to compute the Pontrjagin number associated to the g-valued curvature  is
given by

/ 2 1 !/
Tr(pe') = —Nacap Lot + 2preph + @nab(soilsol” + ¢p)) = Ky(p, ) /4

in view of the decomposition (3.1.3)) and m below.

Taking a linear combination of the type ([1.6)) made_ of the invariant polynomial in F' (the
Pfaffian for the so-part) and the Pontrjagin number #(2) yields the action:

P(Q)
— _
F Q Qp
Sglw] = / (ePf(7=) + rdet(1 + =) +ydet(1 + -=)) (3.2.1)
Y 27 27 2m

where .#; is either the 8-dimensional manifold M defined by the Cartan geometry G/H or a
—~ k
4-dimensional submanifold .# C .# defined by the identification o = 5 I6;

F
Remark. The Pfaffian of F', that is Pf(z—) is null if dim/(.4;) # 4.
m

For the time being we focus on the case of an integral on .#; = .# corresponding to the
action:

Sglw] = rP(Q) +/ (e Pf(ﬂ) + ydet(1 4+ %?))

M 27
F T
:////<6Pf(27r) o (Q/\Q)—8—Tr(Qh/\Qh)) (3.2.2)
e T ~ = _ —
= ////(2(4 )2€abchab A FCd — 8?'111‘(9 A Q) - W Tr(Qh N Qh))
_ € ab cd ab cd ab cd
_/,/, e )25abcd(R AR +£€/R A ¢ (w) 5% A )
1 ab
+aa(rru(r AR“”M (0)2 ¢ bu)
=0

4r
- @nabH“ ANOY —2(r +y)f A f))

_ € b d 4 ~ b -1 d 4
_//ﬂ(%lﬂ(gabcdRa AR 4+ —\/|gleabeas™ P R?,, BT BT o ¢, B dhe

124
16 ~ asicss b —1 po d —1ps 4
+ 02012 ‘g‘€abcd€ @ u2ﬂ 51 ,u4/8 Szd x)
1 4 _
+ 87T <(T + y) (Rab /\ R(Lb + |g|€rlslr282Rab’r‘181/8ClLLla dpLQ 1“7‘12/8 1M2 ncandbd ‘r)

4r
- wnabr{“/\@” —2(r+y)fAf)>.

15This ought to resemble a gauge fixing which amounts to freezing the degrees of freedom of the g;-
part to be those of the g_j-sector. It can be linked with [11, Proof of Proposition 3.1, p.285] where
the two tetrads are taken to be linearly dependent each other. To some extent, this selects a mutated
Weyl geometry within the mutated Md&bius one. One thus gets dim.Z = 11 — 7 = 4. One may also
consider manifolds of other dimensions by imposing other constraints that reduce the number of degrees
of freedom of the soldering form wy,.
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One can observe that unless a « 8 we do not retrieve the Palatini term nor the cosmological
constant term.

From the very construction of the action involving polynomials of degree 2 in the curvature
) the gauge action is invariant under the duality symmetry <> —Q E which can be split as:

F & —F
fo-f (3.2.3)

BoSfio o9

the action being invariant under each of these transformations. Particular transformations sat-
isfying [3.2.3] are:

Re—w(ﬁ/\a—ka/\ﬁ)

d\ < ——a A B (3.2.4)

{BH—;,QU{ e al e <—>—}}

k
Thus, upon identifying o = 3 B, the curvature entries reduce to

k _ kel
O=T—-AAB, H:§(T+)\/\B), 6= kB A B = k¢, F=R+7§ and f = d\

and the action ([3.2.2) reads:

e b o ed 2K K2R
Sg[w]:/ (2(4w)25abcd(Rb/\Rd+f,Rb/\fd—i-Wﬁb/\fd)

2kt k2 2rk
ab ab ab . ) ,
’I"+y R /\Rb“‘7R /\fab"i' 02 g /\gab)_wnabg A O —2(7‘—|—y)f ))
=0
2k¢ k202
- / 5€abed (R® A R + RO N €0 4 —-g® A £7)
A 2

2k(
Iz

8k IS 24k%  —
8abcd-Rab RCd + 7\/@Rab;wﬂ lﬂaﬁ ! bd4x + V |g|d4l’)

2rk

r+ ) (R A Ry + —— R A &43) — énabT“ AT = 2(r + y)d\ A dA))

2

oo
)

=
(o E,
(
g

I
§\

2(4 o 202
1 a 2k a — —1v
+ 87 ((T + y) (R b A Rab + — o |g|8 bR b,uuﬂ lﬂrﬂ ! sd4x)
ok
- %nabw AT = 2(r + y)dA A d/\)). (3.2.5)

The resulting action for k = 0 reads:

L ((r )R A Ry — 200 + y)dA A ). (326)

€ ab cd
Sc[w] /%{(2( cabed R AR+

47)?

and corresponds to the action (2.3.5) for G = ISO(3,1) < k = 0, up to the A\ kinetic term.
However, ignoring the boundary terms leaves the equations of motion unchanged if we keep the
same matter action as in the preceding example [2

While for k # 0, a direct comparison between S’ and S¢g (3 amounts to identifying

16Considering instead the action on .#; = M one finds the duality symmetry Q < v1Q.

k
I7Left hand side of this condition constrains k = 42 in the context of the identification a = §ﬁ.
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the 6 coupling constants present in S’ via the system:

ek
gr2ee
(r+y)k _ (o = 2k, =4
Tezep (@279 m‘w“;k%
r+y
872 =a3 Qa2 — 05 = @053 =—(1+ g)Oég,
e ok " (3.2.7)
= 0y =
(4) R P VT
Tk _ Arel
am2ep ~ ry = (0 — a5)
ek? ) K
3272(00)2 ~ °
The solution of (3.2.7)) in terms of the parameters e, r, k, £ and ¢ is:
2k 400
i
Yy Yy Y
= = = — — 3.2-8
Ty T e T M (328)
e
a1 = 2*0[2.
Hence, the resulting action reads:
Holst Bare Cosmological constant
Sele) = [ (g (5 BN B A g +UR™ N o A 50) + g s B 1A e
AT N4 — “ 32m2(00")? e
Palatini
Pontrjagin Euler Nieh—Yan
T+ Y pab e b d rk a ab )
R AR R¥ N R ————(T*NTy — R A By A
+ 87’[’2 ab + 2(471')2 Eabed 47’[’2££, ( a ﬁa 5b)

Dilation kinetic term

r+y

 4n?

This action corresponds to with the substitution k/¢? — k/(£') plus an additional

kinetic term for the dilations. We will show in the next two subsections that in the presence of
matter:

e Action ([3.2.9) gives back the equations of motion ([2.3.9)-(2.3.10).

k
e Adding the term — ﬁ%b:’ﬁ “AXA B in the action (3.2.9) leads to a second source of
T

curvature expressed in terms of the spin density of matter, torsion and their variations for
the Einstein equations.

X A dX ) (3.2.9)

3.2.1 Fermionic matter field action
Choosing the symmetric decomposition g = go @ m with m = g; @ g_; and go = h = co(3,1) we
compute the Killing metric:

KO K m

3
Kqo(0, ') = —4actbaplo i + Bpmek + 5mab(92191" + oielh) (3.2.10)

On the 4-dimensional submanifold .# defined by the gauge fixing o = g B, one has wy, = %M,
and one gets for the metrics
h(p,¢) = kKq(p, ¢') (3.2.11)

9(X,Y) = ((@nh)(X,Y) = r{(wpn L) (X,Y) =

on g:
8kkC

on 4 : o7

n(B(X),B(Y)). (3.2.12)
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1
If one considers the usual covariant derivative Dg, = (0),+ EAab’ ,ﬂa'yb)dx“, the matter action

similar to (2.3.3) is then given by EL

64K2K2(

anﬁb A EDgot)= ReSp . (3.2.13)

SulA, 8 = [ 1 (i b A xDeot) = [ 1 (it
M M
Let C; be the i-dimensional Clifford algebra. We can extend the isomorphism between
so(n — 1,1) and spin(n — 1,1) to the morphism ®. : gl(n,R) — Cy & Cy. Let M = M"e,é,5 €
gl(n,R). We define:

MTS b MTS b
O (M) = Mrsée(erés) = Téaeréseb’ya’y = Tnarnsb’y“'y (3.2.14)
Z My + > My’ + Z Ma(y (3.2.15)
a<b a>b

M,

= Z = Myo)y"y" + =2 (3.2.16)
a<b
+lifa<n-—1

where we used the relation (%)% = { . A particular case is the isomorphism

—lifa>n-1
between elements of the algebra go = so(n — 1,1) & R and those of spin(n — 1,1) & R which
corresponds to &, : so(n—1,1) ®R — spin(n — 1,1) & R. The action of ®. on the generators of
s0(n —1,1) and on the identity matrix which generates the dilation part of g is given by:

1 1 1 —2

(Pa(Jrs S ]ln) = Zéa(Jrs @ ]l)eb')’a'yb = Z((Jrs)ab @ éaeréseb(;m) @ Qnarnbs’y ’Y ) T
(3.2.17)
Thus, a more natural matter action SM with covariant derivative Dy = d 4+ ®.(wpy) =

1 1
d+ ®.(A—-Ay) = (0, + ZAab,u’YGVb - iAu)dl’M taking into account the full action of the

go = co(3,2)-valued part of the connection wy is:

ReSp

SulA, B, = //// he (i), hapY @l A Do) = ’§A? —% /ﬁ R (i), hapy by A (M), (3.2.18)

3.2.2 The total action

The study of the full action Sp = S+ Sy is left for future work. In the following we will restrict

ourselves to the study of the action St = Si; + Sy = Sg + Sm — f/// QUTZEITM,T“ AXA B
T

For k # 0 the equations of motion for 5, A and \ yield (neglecting boundary terms):

59%([;2;6’ A - = 3 QZ, (R + Mﬁ“ A BY) A Beabea + ];w( R® A Bynae + 20T A X — vfe A dN)

—Te= _(w (3.2.19)
53(%5[2;1?7 A QZK/TC A B%abed + lsw( —VAA Bo) A By = lgab (%’W

(3.2.20)

62&;& A 212£/Ta ABa=0= —W : (3.2.21)

Equation (3.2.21]) implies either v =0 or T* A 8, = 0.

18Where we set k2( = ééi;z such that the overall factor is arranged to stick with the Dirac action given
in |17, p.197].
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For v = 0, one then recovers the usual equations of motion associated to Einstein-Cartan
gravity with a Holst action and bare cosmological constant term, and torsion 7 linked to the
spin density of matter.

In the other case, using the Hodge star operator lets us show that 7% A 5, = 0 is equivalent

W1
O requiring € aXlal vector part or torsion to vanils = = 9 = as 1S describe
t iring the axial vect t of torsion t ish (% 6Tb“” 41 = 0) as is described

in [28, Table 3|. The end result being that the new torsion 7. = Z9%_ + 6ﬁ)tc] can be expressed
solely in terms of 20 independent components instead of the usual 24. Here Z9_ is a 3-indices
tensor and t. is a 4-dimensional vector with respectively 16 and 4 independent components.

A very particular case satisfying T% A 5, = 0 is T' = 0, the equations of motion then become:

ek k k
w200 (Rab + M/Ba A Bb) A /Bd&zbcd + W (yR“b VAN anac —vfB. A d)\) =T (3_2'22)
vk

2

AN Bo N By = Sap (3.2.23)
T=0 (3.2.24)

where equation ([3.2.23)) links spin density to the scalar gauge fields for dilation:

2pp!
1 T gg b
Ae =B =~ ok 5% be - (3.2.25)
: . 201 . . . : e .
Using the relation v+ = ————— given in |16 p13|, we identify v = ———, with 7 the
200 — as r+ 2y
Barbero-Immirzi parameter.
8m2a 0! 3 3k 1
Provided we set e = Tttt . _om and /' = —— where oy = ————, applying the

k 200G A 167G’

Hodge star * to and replacing /\0 according to gives us the Einstein equations
modified by the Barbero-Immirzi part of the action with bare cosmological constant Ag and with
matter sources given by the energy-momentum tensor and a particular combination of derivatives
of the spin density of matter (the latter resulting from the presence of the dilation 1-form A of
the connection):

1 AOGT ab 1 1

Gre + (% 37 VR, € bk Mac + Nonke = —E(Tck + ID

ab jng
8u5 abv€

k) (3.2.26)
Remark. In this particular case the fact that Torsion is null implies that the Einstein tensor G,
is symmetric (see |29, p3] for more details). When taking into account that 7. is symmetric
as well, the anti-symmetricity of Oysababyz-:” v . implies that the energy-momentum tensor 7
sports an anti-symmetric part if 8M5“babys" g o 7 0. This confirms that we can consider a matter

Lagrangian that depends on the spin connection A as we explicitly did.

Separating the energy-momentum tensor 7., as Tox = Tar,ck — Pvacllck With —pyacner the part
related to the vacuum energy density pyac > 0 then leads to:

Gre + (% - 31 )Ra rssrsbknac + Ange = _E(TM,CIC + Eaﬂsa abugleck) (3227)
AAO Avac
3k ’_ Pvac 3k AT pyae

with A = Ag+Avac = 7 2, T on = Ao+ 87 G pyac the effective cosmological

constant, and Ay,c the vacuum contribution to the cosmological constant.
One can infer that changes in cosmological history of the rate of expansion of the universe
could be partly linked to spin-density variations in this way.
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If one does not assume 17" = 0 the EOM’s instead yield:

1 AoGr
GkC + (g - gﬂ_ )Rabrsgrsbknac + A077kc
1 1 1 Agr
= o (et T B30 o) (5 + (ores ™ ST ) (3.228)
—6t,=0
1 T > 2 1,y 2
A= (s T 2T 4+ =5 ,) = —(2TC, + ——5% 3.2.29
r = Geaggy T ety et ony ™ ) = 5 (5T e+ g 5 (3.2.29)
t* = 0. (3.2.30)
k. The s d 3 f 1 59 ab 1 Agr m n%s
Remark. The secondary source o curvature—m(ncsﬁy T o) (s “br+(2wG7_ﬁ)T et
3
in (3.2.28) is highly dependent on the value of Ay and r. One can for example tune r = n WG
oy

por

1
such that it is now dominated by the term —m(msﬂﬁﬁu + TC:NV)ﬁababrg .

In case v = 0 we retrieve the usual equations of motion (2.3.11))-(2.3.12). We will show in
the next section the action Sg + Sas is asymptotically topological in the limit Ag — 0.

20000 k
Replacing e = S = 5T o = 3k and y = ST in the action (3.2.9)), we

k 200G’ Ao 4AGy 2
obtain:
_ 3 F 3 r Qh
S = P(Q Pt —)det(l + — 3.2.31
ol = [ (PO + 51 PR + (g — 5)det(t+ 32) (3.2.31)
Holst Cosmological constant
aq 2 4AoGr
= / (2 (R“”Aﬁcwdsabcd +H(E = )R A Ba A By — OﬁaAﬁ”ABCAﬁdsabcd
Vi v 3m
Palatini
Euler Pontrjagin Nieh—Yan
3 2Gr 3 8AgGr
~ 2 Rab A Reey (22 R® A Ry — Te AT, — R A B A )
2 Sabed —( - Aofy) - ( Ba A\ Bo)
—_—————
29

a1

Dilation kinetic term

r 3
_ ( ) S —
87 167 AoGy

YA A d)\>

Remark. The interpretation with respect to Chern-Simons modified gravity remains, only the
potential term changes:

Cosmological constant Euler
1 2A0Gr Ao 3a
V(J) = (; - 3077 )arR™ A Ba A By — ;)2 S eapealBt A BY A BN B~ 4Al R A R g
Nieh—Yan Dilation kinetic term
4No0Gayr b r 3
—————(T*NT, — R A Ba A —(=— + ———)dAAd). 3.2.32
3r ( ¢ Pa Bb) (871'2 * 167TA()G’)/) ( )
Setting A = 0, we retrieve the action ([2.3.15)), namely:
Holst Cosmological constant
« 2 4AGr
Salw] = / ?1 (Rab A BN B%abea + (; - 307T )R A Ba A By — Oﬂa A B A B A B%aped
M
Euler Pontrjagin Nieh—Yan
3 2G 3 8AG
_mRab A RCdSGbcd —(TT + rw)Rab N Rab - Oﬂ_ ! (Ta A Ta - Rab VAN Ba VAN 5},)) .
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In particular, this shows that by imposing specific constraints on the components a and A\ of
the Cartan connection w for G = SO(4,2)/{£I}, one can recover the action for the subgroups
SO(4,1), SO(3,2), or ISO(3,1) already considered in Section Indeed, one has with the

respective constraints:

k
By sign(ktl'y = —, Ao = —% >0 ©G=50(4,1)
P=0anda=2pn { k=0 &G =1580(3,1)  (3.2.33)
sign(ktl') =+, Ag= —2—5 <0 & G=150(3,2).

8-dimensional manifold //A/ action

k —
In the case o # 55 corresponding to the 8-dimensional manifold .# (« is related to the special
conformal transformations) the action (3.2.1) becomes:

P(©)
Salw] = ///i (rdet(1 + %) +y det(1 + %)) (3.2.34)
_ ///;<_12;7r2(Tr(92)2 - 2TH(Y) - S (Te(@)? - 2TH(@)))

Study of action [3.2.34] shall be the subject of another article.

4 Topological total action

In this section we discuss the topological feature of the actions constructed according to the
combination we started with. In doing so, we have Consideredlﬂ the evaluation of some
invariant symmetric polynomials P(QQ) on the h-part of the Cartan curvature €2 which takes
values in a symmetric Lie algebra g = h @ m. One can establish the following

Theorem 4.1. Let H C G be Lie groups such that G/H defines a symmetric space with sym-
metric Lie algebra g = b @ m and 4 be a manifold of dimension m. Let w = wy © wy
be a Cartan connection associated to the Cartan geometry modeled on G/H with curvature
O =dw+ %[w, w| = Qy & Q. Let wy = tw with curvature Q0 = dwy + %[wt, wy).

Regarding the invariant polynomials P used in our construction two cases are in order:

Case 1. Let P € I™(G) be a G-invariant polynomial of degree n. Restriction of P to H yields
P e #"(H). One has

() dP(QF) = —nP([@m, ), A ") = n(n — 1) P([wm, U, 42, Q)

(b) PO+ > (Z) PO, Q%) = dQan—1(w) with Qap1(w) =n / 1 dtP(w, Q).
k=1 0

Case 2. Let P € 9" (H) be an H-invariant polynomial of degree n. This case encapsulates the
previous one if the G-invariance is not fully taken into account. One has

(¢) dP(Q) = —nP([wm, U], )

d O OnN— ON— 0 ON—
(d) %P( ty) = ndP (@, Q' Y 4+ nP ([t m, @), Q' Y+ n(n — 1) P(wy, [QUm, @tm), Q' 2).

19This ought to be considered as a "deformation" of the standard Chern-Simons theory.
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Proof. The proof relies on the ones used for the Chern-Weil theorem in [4] or for the Chern-
Simons theory related to our situation [10,[30]. Let us first compute

dP(Qp) = nP(d, Q)
= nP(th + [whv Qh] + [wrm Qm]> Q;_l) - np([wh> Qh]> Q - ) - np([wma Qm]a qu;_l)
= —nP([wm, U], %) (4.1)

In the middle equation, the first term vanishes thanks to the h-part of the Bianchi identity,
namely, dQy + [y, Q]+ [@@m, Q] = 0, the second term is nothing but adth(Qg’) which vanishes
by H-invariance. The third term will be under discussion whether P is G-invariant or if solely
its H-invariance will be considered.

According to the Chern-Simons theory, let w; = tw be an interpolating family of g-valued
connections, 0 < t < 1, with curvature Q; = ch &) th =dw; + = [wt,wt] together with the
Bianchi identity dQ; + [w, Q¢ = 0. One has = 40, = dw + [y, w]. The standard Chern-Simons
derivation leads, on the one hand,

d d - - ~
%P(Q”) = nP(aﬂt, QY = nP(dw + [w, @], QP (4.2)
and on the other hand,
ndP(w, 1) = nP(dw, Q') — n(n — 1) P(w, dQy, Q7 2). (4.3)

The use of the Bianchi identity for Q; in the right hand side, relies on the Ad-invariance of P,
which in our situation at hand, depends on either the G or the H-invariance of P.

Case 1. For P € "(@G), the Ad(G)-invariance tells us that
ade, P(w, Q) = Plwr, @], 07 = (n = D)P(w@, [oor, ], ) 7%) = 0 (4.4)
and a straightforward computation yields a link with
ndP(w, Q") = nP(dw, Q) ") — n(n — 1) P(w, dQy, 0 ?) + ade, P(w, Q")

= nP(dw + [Wt,W], Q?_1> — TL(TL — 1)P(YD, th + [wt, Qt], Q?_2)

= nP(dw + [wy, w], Q) = %P(Q”)

where the Bianchi identity for €; has been used. The transgression formula gives

1 1
PO = /0 %P(Q”)dt /0 ndP(w, A )dt = dQop1(w). (4.5)

Restriction of P € #™(G) to the subgroup H C G, requires to consider the h-part of the
curvature from the decomposition Q = Qp & Oy to obtain the polynomial P(Q”) Going back to
([@.1)), since P € #™(G), one can use the ad(m)-invariance,

adme(Qma Qgil) = P([wma Qm}a Qgil) + (n - 1)P(Qma [wma Qh]a QEL72) =0.

This latter relation allows to relax some conditions on torsion of the Cartan connection in order to
secure to be 0 (P(Q’hl) is closed) if one wishes to avoid to consider the [m, m] contributions.
Indeed, the Bianchi identity dQw + [h, Q] + [@m, Q] = 0 infers that [y, Qy] = 0 if the
covariant derivative of the torsion d{dy + [y, Q] = 0. One thus gets

(i) dP(Qf) = n(n — 1)P([wm, ), 4~

"2 Q)

1
Z( > P(y~ FOEY = dQop—1(w) with Qop_1(w) =n /0 dtP(w, Q1)

this last equation comes from (4.5 by considering the expansion of P(Q") = P((Qy & Qu)").
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Case 2. For P € #"(H), only the H-invariance can be taken into account. Accordingly, one
must restrict eqs(4.2)) and ([£.3)) to the Qy and € 5 components only and for which only the h-part
of the Bianchi identity, (D), = 0, can be used. Together with the result (4.1)), all in all, this

gives

(i) dP(Q) = —nP([@m, M), )

d = ~n— ~n— = ~n—
(17) %P( i) = ndP (o, QF Y 4+ nP ([t .m, @), Q' Y+ n(n — 1)P(wy, [Qm, Ttml, Qy 2)
where the last two terms could be gathered as the result of n adc, ,, P(@n, Qgil), see (4.4). But
since P € #™(H), the invariance of P under the m-part of the symmetric Lie algebra g no longer
holds true. O

As can be seen in (a), (b)(c) and (d), the vanishing of the [m, m] commutators removes the
obstruction to the Chern-Weil theorem in the case of symmetric Lie algebras. Furthermore, as
stated in |31}, Proposition 4.1] there is an equivalence between a symmetric Lie algebra g = h@m
with [m,m] C b and an abelian reductive decomposition g’ = h & m’ with [m’, m’] = 0 through a
mutation map and where m ~ m’ as h-modules, (i.e. [h,m] C m and [h, m'] C M’ and m ~ m’ as
vector spaces, see also |11, Lemma 6.4, p.220|). Exploiting this fact, one has

Corollary 4.1.1. Another way to reach conditions for the Chern-Weil theorem in both cases is
to consider the unique (up to isomorphismﬂ mutation g — g’ such that [m’,m’] = 0.

In the Lorentzian case of Section 2| this mutation corresponds to setting either k1 or ko = 0,
thus obtaining the Minkowski geometry.

On the other hand, for the Lorentzx Weyl geometry embedded into the mutated Mobius
geometry which is a symmetric Lie algebra, the mutation map giving rise (up to isomorphism)
to an abelian reductive decomposition could be

z 0 0
b ¢ ma|eg’=bhom
z a 0 0O 0 —z
pg=|b ¢ a | — oy =plpg) = (4.6)
0 b —=z z Ya 0
0 c 0 e g/ — h @ m//
L 0 ’716 —z
where [m/,m'] = [m” m”] =0 and m ~ m’ ~ m” as h-modules. They correspond respectively to

(3.1.4) with 41 =42 = 0 or with 71 = 42 = 0.
Therefore, in the Lorentzian case, see (2.1.9)), or the mutated Weyl geometry (as a subgeom-

k
etry of the mutated Mdbius geometry) through the identification o = 5 B together with (3.1.9)),

we respectively have, on the one hand,

k (BAB O Ao (BAB O
02 0 0 3 0 0
Apl
lw , W = :_707/804/\517(]04
3 (> @] 0 0 0 0 0 0 32 ’
L 0 BAB 0O _ Do 0 BAB 0O
\ 0 0 0 0 0

20See |11, Lemma 6.4] and |31, Proposition 4.1].
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and, on the other hand,

k(ﬂ/\T—T/\ﬂ 0>: Ag <ﬁ/\T—T/\B o)

02 0 0 3 0 0
[wman]:

0 0 0 0 0 0
k _ _ Ao _ _
|0 BAT=TAB 0| =-2210 BAT-TAB 0
\ 0 0 0 0 0 0
Aol

= —305(&1 AT = B AT T

This shows that these [m, m] contributions to h can be rendered very small in the limit Ay — qﬂ
provided that the gauge fields and their derivatives have compact supports on .#. This leads to a
perturbative topological gauge theory in the parameter Ay corresponding to a bare cosmological
constant. This can also be seen as a physical implementation of the mutations.

For example, taking the Lorentzian geometry of section [2] we can build the total action: q
Stop = U(SG + SM) = U(SG + RGSD) (47)

2 4A0 Gr

where we tuned v such that v, v(—= —

3 ) tend towards 0. In this way, we retrieve (if we
™

assume . has no boundary or when neglecting boundary terms) the equations of motion of

section [2] with Ag — 0. Interestingly, we can make Ag — 0% such that we end up with a dS

or AdS spacetime. To some extent, this limit seems to correspond to the interpretation as a

"regulator" of the bare cosmological constant in the case of AdS spacetime [20].

Remark. One is still free to set v such that the coupling constants of the Euler, Pontrjagin and
r 3 vAor

61:Ghy " T622 T 320Gy 1202

non-vanishing values. While the other terms that perturb topological invariance asymptotically
vanish.

Nieh-Yan terms in the action are respectively —v and have

5 Conclusion

We have shown that a large class of models for gravitation, including the standard theory of
general relativity (modulo the topological Euler density associated to R in the action), can be
solely derived from invariant polynomials of the curvature. In particular, LQG with non-trivial
Barbero-Immirzi parameter can be obtained by adding the Pontryagin class to the Pfaffian of
the Lorentz-valued curvature. In general, only the part related to the Pontryagin class P(Q)
is invariant under the choice of Cartan connection up to the integral over .# of an exact term

according to the Chern-Weil theorem.

The following tables summarize the roles played by the different characteristic classes and
invariant polynomials involved in the actions for the Lorentzian and Md&bius geometries. These
geometries were studied through mutations allowing to study symmetric types of Cartan geome-
tries with group H. The parameters entering into the choice of mutation maps can be related to
a bare cosmological constant Ag.

3k

_ k _
Mutated Lorentzian Cartan geometry €2y = R + 5—25 AB: A= -

21Which is a good approximation if one considers Aexp, & Ag.
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Characteristic class / Terms Theory
Invariant polynomial
Q
Pf (2—6) Palatini + Ag + Euler of R MM gravity
iy
= . . Completion of MM gravity to LQG
() Nieh-Yan + Pontryagin of R with topological BI parameter
0
det(1 + 2—“) R%3,8, + Pontryagin of R | Completion of Palatini term to Holst
T
p . k. = 3k
Mutated Mobius Cartan geometry with o = 56, Qy=F+f: A= w7
Characteristic class / Terms Theory
Invariant Polynomial
F
Pf (2—) Palatini + Ag + Euler of R MM gravity
T
- Nieh-Yan + Pontrjagin of R Corr.lpletlon of MM gravity to LQG
P(Q) LA A dN with topological BI parameter
and dilational kinetic term
0
det(1 4+ 2*") R®3, 8, + Pontryagin of R Completion of Palatini term to Holst
T

Two classes of examples have been studied from which Einstein’s equations (with positive or
negative bare cosmological constant Ag) can be obtained.
s0(4,1) for Ag >0
50(3,2) for Ag <0
connection w defined on the H = SO(3,1)-principal bundle &?. The computed action gives the
Holst action together with the Euler, Pontrjagin, Nieh-Yan topological terms as well as a bare
cosmological constant term, see . The coupling constants of these topological terms are
entirely determined by the four parameters entering the Holst action (G, «y), the Nieh-Yan term
(r) and the bare cosmological constant Ag.

The first example corresponds to the case of a g = { -valued Cartan

The second example deals with the Mobius geometry. In this case restricting the geometry
to a 4-dimensional submanifold .# yields the same results as in the previous class of examples if
one drops out dilations. Adding to the original action an interaction T% A A A 8, between
dilations and torsion instead leads to Einstein’s equations (modified by the Holst term) with an
additional source term (due to the dilational part of the algebra) for the curvature depending on

i

. L . . 2rG ) i
a particular variation of spin density —Taus"babys Vk . and on torsion (if one does not assume

T = 0) when coupled to matter.

In these two classes of examples treated in the paper, the Pontrjagin number #(2) brings
about a topological contribution to the Barbero-Immirzi parameter via the Nieh-Yan density, it
also adds the other parity violating term (see |18}24]) corresponding to the Pontrjagin density
of the spacetime curvature R.

Finally, the last section addressed the issue of the topological character of the actions. It has
been shown that one can recover an action asymptotically invariant under the choice of gauge
fields with compact supports and perturbative expansion in the bare cosmological constant Ag.

In light of some recent developments in cosmology [32}33] regarding the Hubble tension, the
next step (explored in [34]) shall be to consider spacetime dependent mutations, thus leading to
a dynamical cosmological "constant".
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