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Abstract

In this paper, it is argued that in gravity theories the local Lorentz
group can not be considered as a gauge group in the sense of Yang-Mills
theories, the Lorentz connection is not a gauge potential but an artificial
force, the inertial force. A genuine gravity theory should be a translation
gauge theory, though a unnormal gauge theory. All the three theories of
the Geometrical Trinity of Gravity are translation gauge theories. A real
gravity theory should get rid of ”gauging” Lorentz group. The covarianti-
zation of the teleparallel gravity is not necessary physically.

1 Introduction

In recent years the alternative formulations of General Relativity (GR) [1] in
terms of torsion and non-metricity have received considerable attention. They
not only provide novel and fresh perspectives at various aspects of gravity, but
also open new avenues to extend GR. Although the three “pictures” of GR
among the geometrical trinity of gravity are equivalent, the modified gravity
theories developed from them, such as f(R), f(T), f(Q) theories, are very dif-
ferent from each other. And despite a large number of reasonable ideas on these
theories, we cannot claim a definitive success of any particular approach in them.
The search for a viable modification to the theory of gravitational interactions is
anything but a simple task. Even a lot of modified gravity theories fail already at
the purely theoretical level before considering their potential phenomenological
applications. The rapid progress of experiment and theory has led to profound
changes in many ideas, but it has also created new confusions. New disagree-
ments arose over many basic concepts. For example, what is gravity? According
to the traditional view, ”gravity is the curvature of the spacetime”. However,
the teleprallel equivalent of general relativity (TEGR) [2,3] indicates that grav-
ity can be described by either a curved Riemann spacetime or a flat Witzenbock
spacetime with the torsion. Furthermore, the symmetric teleparallel equivalent
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of general relativity (STEGR) [4] or the coincident general relativity (CGR) [5]
demonstrates that the description of gravity needs neither the curvature nor the
torsion but only the nonmetricity.

TEGR and STEGR overthrow the dogma, "gravity is the curvature of
the spacetime”. The fundamental variable describing gravity is the metric or
the tetrad, which represent the gravitational potential. The gravitational field
strength is their first derivatives, the non-metricity or the torsion rather than
the curvature, since in general case curvature has nothing to do with either met-
ric or tetrad [6]. Therefore, it is asserted that geometrical description of gravity
is merely a matter of convention. There are equivalent formulations in terms of
different fields in different geometrical frameworks [7, 8, 9,10].

However, what is gravity? The question remains unanswered. It is generally
accepted that gravity is a gauge field. However, what is the gauge group of
the gravitational interaction? It is still far from consensus. An authoritative
view is that gravity is a translation gauge field [11], but it can only be really
understood in the context of Poincare gauge. The translation gauge approach
is not comprehensible as a stand-alone theory [12].

Usually, the teleprallel equivalent of general relativity is considered as a
translation gauge theory [2]. Recently, however, it is argued that gravity theory
as a translation gauge theory can not be formulated with precisely the structure
of a Yang-Mills type [13]. The translations is gauged in Lorentz gauge theory
completely different. In contrast to conventional gauge theories of gravity [14],
the Lorentz gauge theory is formulated based on a different approach akin to
parameterised field theories [15].

One of the very hot topics is about the issue of local Lorentz invariance
in modified teleparallel gravities. There are many discussions on the covariant
approach [16, 17] to these theories. The conclusions range all the way from total
denial [18] through an undecided stance [19] to taking it as the only consistent
version of the theory [20]. The recent discussion see [21,22], for example.

Various kinds of arguments and disagreements in gravitational gauge theo-
ries focus on gauging of the Lorentz group. Since 1956 Utiyama [23] introduced
gauged Lorentz group into gravitational theories the controversy about its role
has continued to this day. The key point is that different from other gauge trans-
formations, Lorentz transformation includes time in itself, and therefor includes
the dynamic effects of the reference frame. The Lorentz connection possesses
different physical meaning from other connections. The Lorentz connection
represents a force (inertial force), while other connections represent a potential.

Lorentz symmetry is a cornerstone of modern physics. The Standard Model
is formulated as a quantum field theory based on the global Lorentz symmetry
of Special Relativity. The fields is classified according to the representations of
the Lorentz group [24]. However, in all of these Yang-Mills type gauge theories
of particles the Lorentz group has never been gauged. In fact, in a relativis-
tic gravity theory, a global Lorentz group is enough, the gauging of it is not
necessary. Not only that, but it is the source of almost all the trouble.

The real sense of TEGR and CGR is getting rid of the local Lorentz group
or affine group, these two theories respectively propose a simpler geometrical



formulation of GR that is oblivious to the affine spacetime structure, thus fun-
damentally depriving gravity of any inertial character [5]. It is asserted that
the affine connection is the recognized as a purely fictitious force [25-28]. Espe-
cially, except in general relativity, in all other relativistic theories the Lorentz
connection has to do with inertial effects only [29]. In other words, the affine
connection, including the Lorentz connection as a special case represents only a
fictitious force, i.e. an inertial force rather than a genuine gravitational one.

Decades of discussion have brought to light many significant points, which we
intend to bring together into a unified view. This article will demonstrate this
point in detail. With this consideration, a series of fundamental concepts and
principles in geometry and gravity will be discussed. In Sec. 2, the geometric
tools for the formulation of gravity theories are reviewed. Especially, the affine
connection and the translation connection are introduced. The affine connection
has two patterns of manifestation, i.e. the frame ("internal”) patterns I'/ ;,, and
the coordinate ("external”) patterns (”internal”) T'*,,. The relation between
them is clarified. The torsion of a frame is defined. The relation between
torsion and curvature is clarified. Some conceptual remarks are proposed. In
Sec. 3, we argue that either the local Lorentz group SO(1,3) or the local
general linear group GL(4, R) can never be considered as a gauge group, since
their connection does not represent a potential of some force, but a force itself,
the inertial force. The genuine gravitational gauge group is the translation
group T*. The diffeomorphism or the Lorentz group implements the relativity
principle, whereas the translation group implements the gauge principle and
introduces the gravitational interaction. As a translation gauge theory, gravity
theories are classified as two kinds of formulations, the metric formulation and
the tetrad formulation, instead of the geometry trinity. In Subsec. 3.3, a concise
historical review is given to show how the various theories of gravity converge to
the translation gauge theory. In Sec. 4 some traditional ideas are reexamined.
Sec. 5 is devoted to conclusions.

2 Geometry

Let M be a 4-dimensional differentiable manifold with a tangent space T, M at
each point z € M. Consider a coordinate system {x*} on this manifold, and
also a coordinate system {y’} on the tangent space. Such coordinate systems
define, on their domains of definition, local bases for vector fields formed by the
sets of gradients {42;}, {0%1}7 as well as bases {dz"}, {dy’} for covector fields
or differential forms. The tangent space T, M is a fiber of the tangent bundle
with the the base manifold M and the structure group GL (4,R).

Any set of four linearly independent vector fields {b;} on T,,M will form a
base, and will have a dual {b'} satisfying b’(b;) = &%. These frame fields are
the general linear bases on T, M whose set is also a differentiable manifold, and
constitutes the bundle of linear frames, the principal bundle associated with the
tangent bundle. On the common domains they are defined, the members of a
base {b;} can be written in terms of the members of the other {0, = 6%}:



br = b1"0y, bl = blud:v“, and conversely, 0,, = blubl, dz* = br*b!. Any vector
V € T, M can be expressed as V = V' b; as wellas V = V*#0,. Notice that these
frames, with their bundle, are constitutive parts of the differentiable manifold
[6, 30]. The whole bundle space is locally the Cartesian product M x G, where
the structure group G of the bundle is the general linear group GL(4, R). Once
manifold M is endowed with a Lorentz metric g, one can define a sub-bundle
called the bundle of orthonormal frames, which consists of orthonormal bases
with respect to g, and with the Lorentz group SO(1, 3) as the structure group
[31]. Technically, the orthonormality condition for the frames is introduced with
the help of the soldering form [32].

2.1 Affine geometry
2.1.1 Local general linear group G(4,R), affine connection

Let {bx} and {b} are two basis (frames) of T,,M. Any vector V € T, M can
be expressed as
V =VEbg = V'E,. (1)

Under the base transformation

e =Ax"br, A’ € GL(4,R) (2)

the components VX of a vector transform as
V/K _ VL (Afl)LK, (3)

where A™! is the inverse of the matrix A. Therefore, the vector V = VEbg is
usually called a cotravariant vector. Vectors VX defined at every points on M
form a field, which means that VE = VE (z) and At = Ax (x), as well as
bk = bk (z) and b, = bl (x) are functions of the coordinates x/ of z. Under
the transformation (1), the derivative transforms also:

V' =9, V(AT K 4 VG, (A7)

It is not covariant with (2) due to the second term. However, if there is an affine
connection ', = T¥ [, (x) defining the covariant derivative

D VK =9, VK 41K, VT (4)
and obeying the transformation rules
F/KI# _ (Afl)LKI\LJ#AIJ_'_ (Afl)J K(?#A]J, (5)

then
DV =D, vE(ATY), K. (6)

is covariant with (3), which is the reason for name of the ”covariant” derivative
D,.



The frame bundle is associated to the tangent bundle, I'* ;, u 1s the connection
of the frame bundle as well as of the tangent bundle.
Two examples:
i) Under a coordinate transformation z# — z'*, the coordinate basis trans-
forms as Py
0, — 0, =<—_9,.

I ox'

By the substitutions

ox”™ ox'*
L -1\ K L
Ag :}ax/)\,(A 1)J — axT’P JH:>PPVM7
(5) takes the form
oz 0x° Ox” _, ox'N %"

M= s T B B
YR 9xe Oz 0x'n 7T QT Qz'vOx'M
In this case the covariant derivative (4) takes the form
V.V =0,V +T,V?, (8)
for a vector V¢ and

vpVa = auva - FA#QV)\- (9)

for a 1-forms (covector) V.
ii) Considering the decompsition

by = bs"0,
as a transformation between {9, } and {b;}, by the substitutions
i = 00, 1K 1y =17,
(4) and (5) can be written as
Db’y = 0,b"y + T b7, (10)

and
I%,, =brPoub', + 61T 5,07, = b,° Db, (11)

The inverse relation is, consequently,
oy, =01,0,b" + 0,10 b =01,V b7, (12)

with
V#b]l/ = aubjy + Iwﬂpb[p. (13)



2.2 A special class of tensors

Under the base transformation

e =Axtbr, Ax*® € GL(4,R)
the covariant derivative of the vector

D, VK =9, vK + T8,V
becomes

D V'K =9, VK 415, Vi

On account of the transformation rules
F/K[ﬂ _ (Ail)L KFLJ#AIJ i (Afl)J Ka#AIJ,
the covariant derivative D#V’K can be transform to
D, V'K =0,

by a appropriate transformation Ag”.,

By the same way, the covariant derivatives of any (k, 1) type tensor Tt Tx ; ;|
D, Th1x; . ; can vanishes under some base transformation and, therefore,
form a special kind of tensor which could be called composite tensors. A com-
posite tensor is composed of two parts, a partial derivative and terms of the
connection, none of these terms alone are tensors.

2.3 Torsion and curvature

Suppose that {b;} spans a Lie algeba, the base vectors b; satisfy the commuta-
tion rule

[bre,br) = f xrbr, (14)
where
e =br"br” (9,67, — 0ub") . (15)

If ffrr = 0,the basis {bx} is holonomic and if fx # 0, {bx} is anholonomic.
The coordinate basis {0, } is holonomic, obviously. The dual expression of the
commutation relation above is the Cartan structure equation

1 1
db! = 5 fLreb? AbE = 5(3,,171# — 9! dat A da”. (16)
Definition: The two-form
1
db! = §T1Wda:“ A dz” (17)
with
TI;UJ = aublu - aublua (18)



is called the Cartan torsion of the basis {by}. It is simply determined by the
structure constants, f! k1, of the Lie algeba.
Now we have

e =br"br"T! ), (19)

and
[brc,br] = brtbr"T" ,,,br. (20)

The Cartan torsion is identified with the anholonomy of the frame. Therefore,
the holonomic basis {9, } is torsion free.

Since the basis {bx} are fields i.e. bx = bk (x), the ordinary derivative 9,
has to be substituted by the covariant derivative D,,, the Cartan torsion (18) of
{br} now becomes

TI,uv = Dubl,u - D,ublv = avbl,u - a,ublv + FIJVbJ,u - FIJ,ulelv (21)

which is called the torsion of the basis {bk}.
Recalling (11) we have

TP = br’T! ) =T, — T, (22)

Usually, T, is called the torsion of the of the connection I'?,,, although it

essentially belongs to the frame {bx}. The torsion essentially is the external

derivative of the frame {b’}. It reflect a character of {bx}, i.e. the anholonomy.
Using (4) and (8) we can obtain

V.V, V* =V, V, V= R, V*+T*,,V,\ V" (23)
and
D,D, V! -D,D, VI =R';, V7, (24)
where
RIJMV = RII‘JHV = auFIJu - aVFIJM + 1—‘IKMFKJV - FIKUFKJuu (25)
and

R\ = Rpguw = 0l — 0,13 + TP g, = T 00Ty, (26)
are called the curvature of the connections I'/ Kku and I'*g,,, respectively, which
are related each other by

R%g = b1 s R 5. (27)

In contrary to the holonimic basis {0,}, the basis {V,} and {D,} are an-
holonomic as indicated by (23) and (24). T*,,, R®,,. and R!,, are the the
measure of the anholonomy.



2.3.1 Remarks

1. We should carefully recognize different characters under different transfor-
mations of a same geometry object. For example, I'/ ;, is an 1-form under a
coordinate transformation, but is a connection under a frame transformation
not a tensor. I'“g,, is an 1-form and a connection not a tensor under a coor-
dinate transformation but is a scalar under a frame transformation. T)‘W is
an 1 rank contravariant and 2 rank covariant skew-symmetric tensor under a
coordinate transformation, and a scalar under a frame transformation. R’ Juv
is a 2-form under a coordinate transformation and a 2 rank skew-symmetric
tensor under a frame transformation. RATW is an 1 rank contravariant and 3
rank covariant tensor under a coordinate transformation, and a scalar under a
frame transformation.

2. All the transformations by — b} take place on the tangent space T, M.
Especially, although, the coordinate transformation z# — x'* take place on
the manifold M, the associated linear transformations 9, — Q'L take place on
the tangent space T, M. Therefore, the coordinate bases {0,} are the special
cases of the frames {br}, the connections I'”,,, are also the special cases of the
connections I'/ Ju- The covariant derivatives V,, are the special cases of the
covariant derivatives D,. V, acts on coordinate indices p,v, ... only and is
called the "external” derivative usually, although {9, } lie in T, M, while D,,
acts on indices I, J, ... and is called the ”internal” derivative usually. In this
sense, the distinction of the ”external” and the ”internal” is not exact well. The
torsion

TPW = pr - Fp;w

is the special cases of the torsion
T!,, = Db, — Db,

In some sense, RIJW can be called the ”torsion” of the connection ].—‘IJH, while
R, can be called the ”torsion” of the connection I'“g,,. The torsion 77, be-
longs to the frame {bx} rather than the connection I'?,,,,. The phrase "torsion”
means anholonomy or noncommutativity.

3. It should be emphasized that neither TIH,, nor RIJW belongs to the
manifold. The torsion T',, belongs to the basis {b;}, while the curvature
R! Juv belongs to the connection {I‘I JM}. Therefore, we can only say ”a curved
connection” or ”a flat connection” not ”a curved manifold” or ”a flat manifold”.
We can only say ”the torsion of a frame” not ”the torsion of a manifold”. There
is no such things as curvature or torsion of spacetime [30, p302] if the spacetime
is considered as a manifold.

4. The frame vector (or 1-form) fields on a manifold can be classified as
tow types: holonomic and anholonomic. The anholonomic vector fields can be
classified into two categories further: the first category can form a Lie algebra,
while the second category can not. For example, when R’ ;,, # 0, either {D,}
or {V,} do not form a Lie algebra.

5. Flat connection



Curvature is a composite tensors, it can vanish under appropriate transfor-
mation. When
I
R Juv = 0

the connection I'Y;,, is called a flat connection or an uniform (homogeneous)
connection. When
I
Ry #0

the connection I'? ;,, is called a curved connection or a ununiform (unhomoge-
neous) connection.
If
I, =0,

(5) leads to
5= (A1), Koun,. (28)

A simple calculation shows that the curvature of I'"X;,, vanishes, so I"% 1, is flat
connection. This means that a flat connection appears with a local GL(4,R)
transformation A;” (z).

As specific examples the flat connection [5]

ox"  0%x”
M, =" 29
" ox™ Ox'vox'+ (29)
appears with a coordinate transformation z# — z'#, the flat connections
T*,, =brPoub, . (30)
and
FIJH = bluaubJU . (31)

appear with transformations from the general basis {br} to the coordinate basis
{0}, and from the coordinate {J,} to the general basis {br}, respectively.

As a complex tensor, the curvature distinguishes from other tensors which
can not vanish under any transformation. The curvature belongs to a connec-
tion rather than the manifold. There can exists not only one connection and
curvature on a manifold.

2.4 The translation group and the translation connection

In the tangent space T, M, a vector V corresponds to a point y, the components
VI of the vector correspond to the coordinates y! of the point on T,M. In
addition to the basis transformations there is another kind of transformations,
the translation on T, M [33],

y' =yt =yl +el (@), (32)
The derivatives 9, = 9/0z* and d; = §/0y’ are related each other by

8 = (8ﬂy1)81,81 = (8]17‘“)8#.



Under the translations y’ — y'!, a vector V' transform as
vl vl =yl
while the derivative 8HVI , transforms according to the rule
0.Vt =0,V + 0,70,V

If there is a translation connection B! » which defines the covariant derivative

WOV = (9.y” + B7,) 0,V (33)
and satisfies the transformation rule,

B, =B~ 0,7, (34)
then we have
oy’ o,v'" + B 0,V =0,y"0,V! + B ,0,V!,

i.e.

nOVT = p OV (35)

which means that hLO)VI is covariant with V! under the translation.
Considering the two transformations simultaneously, the linear transforma-
tion and the translation,

y' =yt = Ayl + £, (36)

we must take D,y instead of 9,y!, and then have

hVT = (Duy’ +B7,) 0,V = 0,y +T7 kg™ + BY,) 0,V
(h(O)Ju +1—\JKHyK> o,v1
= n',a;vI (37)
where
W= nO Ty = 0uy" + Ty’ + BY 1. (38)

A local translation transforms trivial frame 9,y’ to a nontrivial frame RO u

and introduces a gauge potential (translation connection) B%,. At the same
time, a local frame transformation introduces a gauge potential (affine connec-
tion) I'l;,. As thus, the general frame h!, is given by a combination of the
connections PIJM and BIM.

The covariant derivative operators

by = B0y (39)
constitute an anholonomic basis with the dual

W = hitdy' (40)
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satisfying
h* (h,) = hi*h? dz! (05) = bk, 6% = hyth!, = 68 (41)

The Eq. h, = hl,0; leads to

dr = hi'h,, (42)

and
[huu hl/] = fAthA (43)

with
fA,uv = hl,uh(]v (8Jh1>\ - 8IhJ)\) ’ (44)

where hr* is the reciprocal of h! 1
The two-form

1
dh* = §T’\Wd:v“ A dz” (45)

with
TA,uv = hIkTI,uv (46)

is the torsion of the basis {h,}, where
T'., = Dyh', — Dbty = 0,h" ), — 9,h'y, + T b =T b, (47)

Using
hl, =0y’ + Ty + B,

we have

™, =-R;.y’ +D,B', - D,B,. (48)

This formula relates the curvature R’ Juv to the torsion 7! e

It should be emphasized that the torsion T7,, belongs to the basis {h,},
while the curvature R! Juv belongs to the connection {I‘I Jﬂ}. The torsion T n
belongs to the translation transformation 74, while the curvature R’ Juv belongs
to the linear transformation GL (4,R)

Since the general frame h', is a combination of the connections I'! j,, and
BI#, it’s torsion TIW includes naturally both the ”torsion “ RIJW of FIJ# and
the ”torsion” FIW = D,,BI# — D#BI,, of BI#. There are two special cases:

i) If ' ;, = 0, we have

™, =0,B",-0,B",=~-F,,. (49)

The anholonomy of k!, := 9,y + B!, is due to BY,,.
ii) If B!, = 0, we have

TI;,W = _RIJHVyJ' (50)
The torsion 17 uv Of h! u is proportional to the curvature R! Juv- The anholon-

omy of h!, := 9.y’ + T ;,y”7 is due to I' ;.
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2.5 Metric geometry

In addition to the affine structure, the manifold M can be endow with a metric
structure by a tensor field of type (0,2), i.e. the metric tensor g. The tangent
space T, M of the manifold is a vector space. The metric tensor g defines the
scalar product g (u,v) of two vectors u and v and the modulus g (v,v) of a
vector v. For the bases {br}, {0,,}, respectively, we have

g (br,by) = g1 (), (51)
and
g (0us 0v) = Gy () - (52)

If gry = diag (—1,1,1,1) = n; 4, {br = Or} is called a Lorentz frame or a tetrad.
Therefore the metric tensor can pick out tetrads from general frames on T, M.

In the case
hlu _ QLyI _i_FIJ#yJ +BI#,
it gives
g (hu,hy) = g (h1,0r,07,85) = B! uh? Lgrs (2) = o) (2) (53)
with
Qfﬁ) () = 91500y 0y’ + Tk, 07 Loy™y* + 0y’ T k™

+auyIFJLuyL 4 8nyBI# 4 8,uyIBJU
+I7 Ly B + T gy B, + BB ) (54)

Like the frame h',,, gff,l,) is also the combination of the connections B’, and

FIJ#. However,
i) when B!, = 0, it depends on only I'! ;,:

9 () = Ouy"ovy” + T w0 Loy™ y" + 00y’ T k™ + 0,y' T Luy") g1,
(55)
ii) when I'! ;,, = 0, it depends on only B ,:

gfﬁj) (CL‘) = (auylany + 6uyJBIu + auyIBJV + BIHBJV) grJj, (56)

iii) when B, =0, T, =0,
9 = grs0uy" oy’ . (57)

If gr7 = diag (—1,1,1,1) = 075, {0r = br} is a Lorentz frame or a tetrad,
the transformations {Ax%} constitute a Lorentz group SO(1,3). Now we get
a sub-bundle i.e. the bundle of orthonormal frames. It consists of orthonormal
bases {01} with respect to n; ;, with the Lorentz group SO(1, 3) as the structure
group. In this case,

wl, =o' + 1!y + B,

12



will be denoted as

elu = uyl + WIJuyJ + BIH (58)

with the Lorentz connection w’ ;,. The corresponding curvature
RL{;JWJ = MWIJV - auwIJu + WIKHWKJU - WIKUWKJM (59)
is called the Lorentz curvature which is related to the affine curvature Rg,,
by
Rp gy = e1”e” s Ry s, (60)

with
r*,, = 610‘8#6[,, + ejawl(]#e‘],,. (61)

The covariant derivatives Vg4 of the metric g4p define the non-metricity
Quap = Dpgap = 0ugaB — l—‘CAHQCB - l—‘CBMQAC- (62)

For the coordinate basis {0, }, non-metricity is
Quap = Vugas = 0ugop — I apgps — I’ sugap- (63)

Once a metric field is defined on the manifold, the affine connection I';,n5 =
9u I o3 can be decomposed into three parts:

Pua,@ = {auﬁ} + KuaB + Luaﬁv (64)
where
fans} = 3 (Ougs + 030 — Dugs) (65)
Kyop = 5 (Do + Top — Tua). (66)
Lyap = % (Quap — Qaus — Qpan) » (67)

are referred as the Levi-Civita connection, the contortion and the disformation,
separately.
The equations

R%Buv = auraﬁv - &,I‘O‘ﬁ# + Fapurpﬁu - Fapvrpﬁw
and

Map ={a"s} + Klap + LFap

leads to
Repuw = Ry v + Ricpuw + RE v + 0 g (68)
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where

R({l}ﬂw = u{s®} =0 {8} + L "0 = {0 {670} (69)

%(5#1/ = QLKO‘@, - avKaﬁu + Kapquﬁv - KapVKpﬁw (70)
Ripuw = 0uL%y —0,L% + L%, L g, — L%, L gy, (71)
Gaﬂuv = {pau} Kp,@u - {pau} Kpﬂu + Kapu {Bpu} - Kapv {Bpu}

+ {Pau} Lp,@V - {pav} LPBH + Laﬁu {ﬂpu} - La/w {ﬂpu}
TR oL gy = Ko LP gy + L%, K5y = L g K. (72)

The (Levi-Civita) Riemann curvature R, g,,,, is only a constituent part of the
affine curvature Rfg,,. Since R?} puv depends on the metric g,,, in terms of
{g“v}, it is referred to as the curvature of the metric. On the other hand, since
{u’v} can be rewritten as

(w0} =™ o7 (b (,0)b” o) + b7 (W81 b7 oy = 01 (W0 107)) ,  (73)

the curvature R‘{"} suv can also be called the curvature of the frame {bs}.

3 Gravity as a translation gauge theory

3.1 Transformation groups in gravity theories

Transformation theory is the essence of the method of modern theoretical physics.
In particle physics various transformation groups are directly related to the clas-
sification of particle and interactions between them. In relativistic physics the
Lorentz group SO(3,1) is related to the special relativity principle, while the
diffeomorphism to the general relativity principle. In Yang-Mills type theories a
global transformation group corresponds to a conservation law. Its localization
(gauging) leads to a interaction, the gauge field which is called the connection in
the geometric language. The conservation current is the source and the charge
of the interaction. The connection represents the potential of the gauge field
while the curvature represents its field strength. These statements constitute
the so-called the gauge principle. It should be noted that the gauge principle
is not applied to Lorentz group. In other words, in Yang-Mills type theories
the Lorentz group does not appear as a gauge group in spite of its crucial role
in the theory. Moreover, in special relativity, the Lorentz group appear as a
gauge group neither. The special relativity principle means the relativity of
the velocity of a reference system. A global Lorentz transformation represent a
uniform motion of a reference system relative to another one. A local Lorentz
transformation generally represent a accelerating motion of a reference system
relative to another one. For these reasons a global Lorentz transformation can
be called an inertial transformation, while a Iocal Lorentz transformation can
be referred an accelerating transformation i.e. a noninertial transformation.
By a localization a Lorentz group is gauged and a corresponding connection
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is introduced. However, this connection does not represent a potential of some
force, but a force itself, the inertial force. ”In other words, there is no physical
gauge field corresponding to the local Lorentz group [29].” On this account the
local Lorentz group is not a gauge group in the Yang-Mills sense.

As a general coordinate transformation, a diffeomorphism is inevitably asso-
ciated with a transformation of the coordinate basis, a GL(4,R) transformation.
This is a local (gauged) transformation naturally. The concept of the nonin-
ertial transformation can be extended to local GL(4,R) transformations and
coordinate transformations. In the transformation

e =Ax"br, A’ € GL(4,R)

Ax! represents the relative ”velocity” of bl to br, while J,A kL the relative
”acceleration”. If 9,A;7 # 0, the transformation is a noninertial transforma-
tion. For the coordinate transformations, if % # 0, the transformation
a# — /P is a noninertial transformation too [42].

In these cases the affine connection I'! Ju OF r uv represents a inertial force
rather than a potential. Especially, the flat connections (28, 29, 30, and 31) in
subsection 2.3.1 represent the inertial forces accompanying the corresponding
transformations rather than a potential. In this sense a diffeomorphism or a
local GL(4, R) is not a gauge group in the Yang-Mills sense.

The localization of a Lorentz transformation transforms a uniform relative
motion of reference systems to an accelerated one, thereby promotes the special
relativity principle to the general relativity principle. This promotion involves
only the inertial force and has nothing to do with gravity. Einstein used gen-
eral coordinate transformations to include the accelerated relative motion of
reference systems and attained the general relativity principle, then used the
equivalence principle to involve gravity. However, as a fictitious force, the iner-
tial force can not be identified with a real one, the gravitational force.

In Newton mechanics an inertial force has to be introduced in an accelerated
system in order to hold the second law of motion. In GR a connection is
introduced to play the role of an inertial force in a local GL(4,R) or SO(1,3)
transformation.

From the eq.

el =0 +wl sy’ + B,

we can see that I‘IJMyJ and BIH have the same dimension, if BIM represents
a potential, I'/ ;, must represent a field strength, i.e. force. At the same time,
the eq.

F#aﬁ = {aﬂﬁ} + K#aﬁ + L#aﬁ

indicates that if {,*s} represents a force, a field strength, according to Einstein,
I'* 3 must represent a force, too. According to it transformation property, I'* 3
is frame dependent, therefore, can only represent a fictitious force, a inertial
force.

We conclude that either the Lorentz connection or the affine connection can
only represent a force rather than a potential, and therefore, neither SO(1, 3)
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nor GL(4, R) can be considered as a gauge group in the Yang-Mills sense. The
gauge group of gravity cannot be anything but the translation group 7.

In GR, Ko =0, Lo =0, Tpap = {ans} R%TW = R?}TW, the curvature
of the affine connection reduces to the curvature of the Levi-Civita connection.
In this case, the connection is not a independent variable but the derivative of
the metric g,,,. The metric is the sole fundamental variable which is the gravi-
tational potential, while the connection I' ;a3 = {aus} is the gravitational field
strength. Einstein did not differentiate the gravity from the inertial force, the
coordinate system from the reference system [42]. It is Einstein who was the
first to associate transformation with interaction, although the general coordi-
nate transformation is not the gravitational gauge transformation.

It was only after the discovery of the gauge principle and Cartan’s tetrad
some years later that it was possible to find the genuine gravitational gauge
group, the translation group 7. The gravitational potential is represented by
the connection B, of T4, the gravitational field strength by its ”curvature”
F,, =0,B", —09,B!,.

Both tetrads h(IF)M = Oy Jox* + T ;,y’ and h{B)H = Oyl Jox* + B!, are
anholonomy, but have different physical meaning. h{r)# represents an acceler-
ated reference system, while h{ pyu Tepresents a gravitational field (potential).

This indicates the double meaning of the tetrad h', [3].
The formula
hlu — Hyl-f-l—‘IJuyJ-i-Blu
indicates that both the translation connection Bf » and affine connection ! Ju
are included in hf n which are the basis of affine transformations. And the

torsion T, includes both the curvature R’ ;,,,, as well as the ” curvature” F),,, =
o,B', —9,B!, of B! :
le,u = _RIJ;,wa"i_DuBIM _DHBIV
= -R'yuy'+o,B' ), -0,B", +1",,B", -T",,B’,.

One can finds that although T7%,, = 0,R!;,, = 0, the gravitational field
strength Fl,jH = 8,,BIH - 8HBIV = I‘IJHBJ,, - ].—‘IJVBJM # 0. However, since
the connection I' Ju is not a tensor, it can be transformed by a frame trans-
formation such that makes F’ vu = 0. This is just the so called equivalence
principle.

The introduction of diffeomorphism and SO(1, 3) is due to the requirement
of the general relativity principle. As in Newton mechanics, the introduction of
accelerated reference systems is necessarily accompanied by inertial forces. In
order to exclude this kind of fictitious forces from the dynamics, in GR
the inertial force is identified with gravity directly, the curvature of the affine
connection appears in Einstein’s equation only as the second derivative of the
gravitational potential g,,. In TEGR [1,2] and CGR [4] the connection w’ s, or
r wv is directly supposed to equal zero.

In summary, the diffeomorphism or the Lorentz group implements the rela-
tivity principle, whereas the translation group implements the gauge principle
and introduces the gravitational interaction.
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3.2 Two kinds of formulations of gravitational theories

Gravitational dynamics can be derived from different actions and for different
choices of the dynamic variables. In order to develop a gravitational the-
ory, first of all we ought to choose a dynamic variable to describe gravity. This
variable must have a well transformation character. The potential Bf u is not
covariant under the gauge transformation. Instead, the very suitable variables
are the metric g,, or the tetrad h!, which are simple functions of B!, and
covariant under all of transformations. This gives rise to two formulations of
gravitational theories, the metric formulation and the tetrad formulation. In
order to derive the field equation a Lagrangian is needed as the start point. As
customary of modern field theories, the Lagrangian is chosen to be a quadratic
form of the field strength T)‘H,, or Q)‘W. At the same time the relativity prin-
ciple requires that the Lagrangian must be a scalar, the field equation must be
a tensor equation under the corresponding transformation. A genuine gravity
theory should get rid of the inertial force. Therefore, the affine or Lorentz con-
nection can not appear in the Lagrangian as an independent dynamic variable.
Such that there is no motion equation of the affine or Lorentz connection, un-
less some constraint equations. For this reason, the curvature can appear in
the Lagrangian only in a linear form at the most. The Lagrangian of the gravi-
tational field should be a covariant quadratic form of the first derivative of g,
or h!, (el,).
Guided by Ockham’s Razor Principle, we seek the simplest Lagrangian.

3.2.1 Metric formulations

Einstein’s genius was choosing the metric Lagrangian [34]

Lo = V30" (Lo}~ % aa)), ™

which is a quadratic form of the field strength {,*,} of the potential g,,,. How-
ever, Lg is not a scalar. Instead, Hilbert chose Ly = /—gR which is related
with Lg by
Ly =—Lg+ 0,B (75)
with
B* = V=g (g™ {u"} —g" {u" D), (76)
Dropping the total divergence 0,B® from Ly gives Lg. Therefore, they give

the same field equation.
The gravitational Lagrangian Ly gives the field equation

1 o 1 leg
RHV - §Rguu = (6Z5V - §gHVgp ) Va {P)\U} = TP“” (77)

where T'),,, is the energy-momentum of the source matter. Comparing (74) and
(77) with the Yang-Mills Lagrangian

iz

1
L= -FMF'
4 I
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and the gauge field equation
VVFIMU = Jluv

one finds that the connection {g*,} corresponds to the field strength F;*”,
while g¢,, corresponds to the Yang- Mills field potential. As it is known, in
electromagnetism and Yang-Mills theory, the connection A! u Tepresents the
gauge potential, while the curvature F’,, = 9,A!, — 9, A", represents the
force (field strength). The position error (wrong placement) of the potential
and the field strength is the origin of all the trouble and confusion in GR. It can
never been formulated as a Yang-Mills type gauge theory. We can also say that
GR is a "nonnormal” gauge theory. The "nonnormality” is that the connection
{s%,} represents the field strength rather than the potential. However, it is this
”nonnormality” that leads to the equivalent principle: the gravitational field
strength can be canceled by a suitable coordinate transformation. This principle
makes GR differ from any normal gauge theory.

In addition to Ly there is another choice of the gravitational Lagrangian.
We can rewrite Einstein’s Lagrangian into a covariant form by replacing 0xg,.
with Qxu = Vaguy. This means that we suppose I'?,, # {,,”,}, Qe # 0 and
replace

1 o
{MPV} = 59’) (augau + al/gau - 6,;9”1/) 5
with ]
Lp,uv - _§gpa (v,uga'v + vacr,u - Vcrg,uu)

in Lg. As thus we get the Lagrangian
Lo = V=99"" (L%l va — L%aLl’ )
= V" (- 1o+ 50w+ 10u 0" — Qa0 | T8)
where

Qu = Quaaa @M = Qa“a- (79)

Then we now compute the variations with respect to the metric g,, and
the independent connection I'”,,, we arrive at two sets of field equations.
Variations with respect to the metric yield equations that resemble the Einstein
field equations:

Do (V=9I (g) L po) = /=g (" +T"), (80)

where

apuvpo 1 174 (on ov g UV (o3 174 (6% av g
77 (9) = 46797 +9779" = g77g") 63 + (9" 9" — 29 9™) 35
+ (979" — g"797%) 05 + (g7“g"" — g"7 g™"") 65}, (81)
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2
_ngguo' (LXUALVTp - LU}\TLXPO' + LV)\(TLXTP - LXUTLVP)\) ; (82)

1
th = <_gmj9ﬂ7 - gm-gyg) (LPATLAUp - LApALPTU)

2 6Ly
V=9 6,9”1/ ,
while variations with respect to the connection give a new set of field equations
which determine the connection I'”,,,

TH = (83)

V=GP = — A, (84)
where
1 1 1 1/~
Pp,uu = _ZQp,uu =+ §Q(upu) + Zng,uu - Z (ng,uu + 5€MQV)) ) (85)
1 0Ly,
A = 2 %m
P 2 5I\QHV (86)

The source term A,*" is often referred to as the hyper-momentum, following a
commonly used notation [35].

As expected, the field equations (84) are only algebraic equations of I'*,,,,
which means that they are not motion equations but constraint equations.
Therefor the connection I'*,,, is not a independent dynamic variable. By a
gauge fixing I'*,,, = 0, we reach a purified gravity theory [36] i.e. CGR,
which ”fundamentally deprives gravity of any inertial character” and
"realises gravitation as a gauge theory of* translations”.[5].

The fixed gauge I'*,,, = 0 means L,n3 = —{apus}, in this case the La-
grangian Lo goes back to the Einstein’s original Lagrangian Lg, while the Eq.
(80) become the Einstein equation (77). Therefore we have gone back to GR.
The so-called coincident GR is nothing but GR. The distinction is only the ge-
ometrical interpretation yet. In GR, the curvature of the connection {,”,} is
called the spacetime curvature, the spacetime is a Riemann manifold. In CGR
the curvature Ry, of the connection I'”, is called the spacetime curvature,
the spacetime is a Minkowski space, although the curvature R‘{l} Buv of the Levi-
Civita connection {,,”,} does not vanish. The gravitational field is unique, but
the geometries describing it can be different. The question is who represents the
spacetime? I'”,,,, or {,”,} (i.e. guv)?

3.2.2 Tetrad formulations

If we choose B! » as the fundamental variable to describe gravity, the torsion,
i.e. the field strength of it can be used to construct the Lagrangian. As the
simplest quadratic form of the field strength it is given by [19]

1
ﬁT:566]JKL€I/\6J/\KKM/\KL]W. (87)
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is €77k 1, the Levi-Civita symbol, K ¥, is the contortion. Rewriting it in terms

of the torsion T”,,,, we have

iz
1 p pv 1 p vp PV
L =e ZT w "™ + §T T o =Tp T, (88)

where e = det (elu).
The variation of L1 with respect to B!, gives the field equation:

1
Oy (GS]UP) = 56 (f[p + @]p) , (89)
where 1
g = L0 T T, (90)
and
et[p = 266])\S#VPT“V)\ - QIPLT (91)

is the energy-momentum tensor of gravitation and e©®,” is the source energy-
momentum tensor.
Since
I _ I I .J I
€ u=0uy +w iy’ + B,

includes w? ;,,, the variation of L7 with respect to w’ 5, gives the field equation:

8 (GH]JHUPU)

1 J
&uMN)\ T MVT i

e {107 4+ 10,7717} {—5@15% (5;53 - 5;53) T L (533KH - 5ﬁBK,,) } 77,

+ 0r (e (T 07 4+ 07} 6y (8703 = 6700 ) yVT 0 )

AMN)\
where ) )
7777 (e) = (ZWIJQUV + 56106}1} B eIVeJU) 9" (93)
oL
AV = -2 94
M 5wMN>\ ( )

The equation
™, =-R.y’ +D,B', - D,B,.

indicates that (92) is a second order differential equation of w’ ;,,, i.e. a motion
equation of w™ . However, in the case

RIJMV =0,

(92) degenerates to a fist order differential equation, which means that it is no
longer a motion equation but a constraint equation on w’ Ju and w! Ju 1s no
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longer a dynamic variable either. In this case, L is exactly the Hilbert La-
grangian up to a divergences, and (89) is equivalent to Einstein’s equation. The
theory becomes a teleparallel gravity theory. In the case w!;, = 0, we obtain
TEGR which was proposed as an alternative formulation of general relativity
by Einstein [37].

When OJIJM = 0, we have

61# = 6(0)1# = QLyI + BI#,

and
1!, =08,e9, -9,e9, =9,B", -0,B", = -F,,.

The theory becomes the so-called pure tetrad teleparallel gravity theory. The
gravitational field strength F! uv is the anholonomy of the tetrad eI o

There is another choice Bf,, = 0 but w!;, # 0 for the Lagrangian L7,
which means T7,,, = —R!;,,y”. In this case, (92) becomes the field equation
of w! ;,y”7, which has the same form of the equation (89) of B!, with w’;, =0,
but obeys the different transformation law [39]. In this case w! ;47 amounts to
a ”potential” of the force CUIJH, while TIW to the strength. In this sense, the
inertial force w’ Ju can be identified with the gravitational force T! w = —F ! s
as expected by Einstein. It is in this case that w’ Ju can be expressed as a Lorentz
gauge potential [38] (but is not the gravitational potential which is w’;,y”
rather than OJIJM! In other words, CUIJH corresponds to rather than equals to
the gravitational potential! Note: the local Lorentz rotation dy! = ¢! (z) y”
is equal to a local translation dy! = ¢! (z)) and the curvature can be identified
with the gravitational field strength 77, = —R!,,y”. However, this case is
no longer belong to the teleparallel theories but Lorentz gauge theories [39],
since the Lagrangian L becomes

Lr=e Gnug“g’” + %efe‘z”g“A — eﬂ’fifg“) Rl R pary™y". (95)
Then General Relativity is not recovered, instead yielding a modified the-
ory where, for example, gravitational waves do not travel at the speed of light
[40]. In addition, in the Lorentz gauge theory there exists only the angular
momentum (AM) conservation with respect to the Lorentz symmetry, but the
energy-momentum (EM) conservation is absent [41]. In other words, the energy-
momentum is not the source of the field, the theory is failed to be a gravity
theory. Even in the Lorentz gauge theory, the angular momentum conserva-
tion corresponds to only a subgroup SO(3), whereas the conservation current
corresponding to Lorentz transformation is absent.

3.2.3 Remarks

In GRT?,, =0, Q”,, = 0, the connection I'”,,,, = {,”,,} is the derivative of the
metric g,, and not a independent variable. Only the metric g, is the dynamic
variable describing gravity.
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In TEGR CUIJH = 0, the connection I',,, = e;pel,j)H is the derivative of the
tetrad e! » and not a independent variable. Only the tetrad el u is the dynamic
variable describing gravity.

In CGR I'?,, = 0, the connection FIJ# = ell,(?“e,]” is the derivative of
the cotetrad e;” and not a independent variable. Only the cotetrad e;” is the
dynamic variable describing gravity.

Since gu, = nuel“e‘]u,we can say that in all these three cases only the
(co)tetrad is the dynamic variable describing gravity. Recalling e, = 9,y +
w!j.y7 + B, we can say that only the translation potential B, is the genuine
dynamic variable describing gravity.

At the same time, about the translation gauge potential, there are some
divergences, besides B’ u, the tetrad el u is also referred as the translation gauge
potential [11]. The tangent space coordinate y” is also referred as a coordinate-
scalar [10] and a dynamic field [15].

3.3 A concise historical review
3.3.1 Einstein’s approach

In the derivation of general relativity theory (GR) [42], Einstein started in flat
Minkowski space, went over to accelerated frames, and applied subsequently
the equivalence principle. The acceleration was described by using curvilinear
coordinates. Hereby he had to relax the rigidity of the Minkowski geometry
ending up with the Riemannian geometry of GR. In fact, Einstein had gauged
the group GL(4, R) but not the group SO(1,3). Einstein took the metric g,
as the gravitational potential and the Levi-Civita connection {,“,} as the field
strength. Einstein did not distinguish coordinate system from reference system,
initially. If he was aware of identifying the reference system as a Lorentz frame,
he might use a local Lorentz transformation in a flat Minkowski geometry to
attain an accelerated reference system. In this case, however, appears only
the inertial force, no gravity. In order to include gravity in a flat geometry,
teleparallelism and torsion must be introduced.

Teleparallel theories of gravity were originally proposed by Einstein in the
late 1920s [43-45]. In 1928 [43], he searched for a more general geometrical
framework than the Riemannian geometry to unify gravity and electromag-
netism. He considered replacing the metric tensor by tetrads h’ ws» Which are
related to the metric tensor through g,, = nuhluh‘]l,. He introduced a new
geometry by defining a new covariant derivative V,, which satisfies the condition

V,hit = 0. (96)

This corresponds a new connection
Fp;w = hlpal/hl,uv (97)
with a zero curvature. It is just the flat connection (30) found by Weitzenbock

first [46, 47]
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In 1929 [45], Einstein considered all torsional invariants consisting of the
torsion 7%, =I'?,,, —I'?,,, and showed that there is an unique combination of
three invariants

L = % (iTp#VTpW + %TPWTWP - TWVTU*“’) ’ (98)
which is just the Lagrangian of the teleparallel equivalent of general relativity
(TEGR). Apparently, Einstein had been close to completing this theory. How-
ever, his intention was to unify gravity and electromagnetism rather than de-
velop a new gravitational theory. After all, GR was invented with great success
by himself and there is no need to modified in his time. ” This naturally leads us
to the question of how would modern gravitational research look like if Einstein
had continued to work on the concepts surrounding absolute teleparallelism, or
if he had formulated GR in terms of torsion from the beginning (namely, TEGR)
[48]?” Tt is Einstein’s pursuit of the unified field theory and the finding of gauge
field theories that spawns various gravitational gauge theories and leads to the
translation gauge theory of gravity finally.

In 1960s and 1970s it became clear that Einstein teleparallelism can be a

successful theory as long as we consider it as a theory of gravity only. It is
Einstein who founded not only GR but also TEGR.

3.3.2 Gauge theories of gravity

Shortly after Yang-Mills theory was proposed, Utiyama applied the gauge idea
to gravity [23] by using the Lorentz group SO(1, 3) as a gauge group. However,
It is unsuccessful, since the current coupling to the Lorentz group is the angular
momentum current rather than the energy-momentum current. The energy-
momentum couples to the translation group T4.

Minkowski space has the Poincare group, the semi-direct product of the
translation group 7% and the Lorentz group SO(1,3), as its symmetry group.
In other words, Minkowski space is invariant under rigid (‘global’) Poincare
transformations. The corresponding field-theoretical currents are the material
energy-momentum and spin angular momentum currents, respectively. There-
fore, one may attempt to extend the gauging of the translations to the gauging
of full Poincare group thereby also including the conservation law of the angular
momentum current. The gauging, that is, the localization of the Poincare group,
yields the Poincare gauge theory of gravity (PG). Whereupon the Einstein-
Cartan theory [49,50,51] was proposed as a Poincare gauge theory of gravity.

In the general form of the Poincare gauge framework there exists 4 trans-
lational gauge potentials e,! (”gravitons”, “weak Einstein gravity”) and 6
Lorentz gauge potentials I',// ("rotons”, “strong Yang-Mills gravity”) which
couple to the momentum current and the spin current of matter, respec-
tively [52].

However, the rotons have not been observed so far, one has to try to
suppress them in the theory. There exist two possibilities of getting rid of
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the rotons: The Einstein-Cartan-Sciama- Kibble (ECSK)-theory of gravity or
Teleparallel gravity [11,53].

The ECSK field equations are equivalent to the Einstein equations. For
matter without spin the torsion vanishes, and the ECSK theory coincides with
GR.

If the spin of matter is suppressed, a Inonii-Wigner type group contraction
of the PG leads to a translation gauge theory i.e. the teleparallelism theory.
Teleparallelism has a number of unexpected and somewhat strange features.
After all, the vanishing of the curvature, which is the defining characteristics
of teleparallelism theory, is hard to digest from a purely GR point of view.
However, from the point of view of PG, this is self-evident, since the curvature
is the gauge field strength of the Lorentz group. The suppression of the material
spin, in turn, suppresses the Lorentz group as gauge group. For this reason it
may be considered that teleparallelism can only be really understood in the
context of PG. It is not comprehensible as a stand-alone theory [12].

By Noether’s theorem, energy-momentum conservation is induced by trans-
lational invariance of the Lagrangian of an isolated system. Following the idea
of the Yang-Mills gauge theory, we can recognize that the translation group 74
is the gauge group of ordinary gravity. This point was already made in the
beginning of 1960s by many well-known physicists [54-57].

Until after the 1970s, the early systematic descriptions of a translational
gauge theory of gravity begin to appear [58, 59]. Late in the last century this
theory achieved unprecedented development, a plethora of papers have been
published of which reviews see [2,3,22,60] for example.

Nevertheless, even after almost 100 years since the initial formulation of
Einstein, debates persist regarding the very foundations of teleparallel theories
of gravity. They primarily revolves around the nature of connections, since
these connections can be transformed to zero and hence effectively eliminated
from the theory. The main question then concerns whether to consider these
connections as a fundamental variable of the theory. It is declared even that
this teleparallelism scheme cannot be directly compared with nature [61].

Until the end of the last century, the situation is gradually becoming clearer
with the publication of an article [4]. People have come to realize that grav-
ity as described by teleparallel theory has noting to do with either curvature
or torsion. As a translation gauge theory, gravity can be formulated with nei-
ther the Lorentz connection nor the affine connection which represent only a
purely fictitious force [5,9,27,29,62] i.e. an inertial force rather than a genuine
force. The genuine gravitational force is represented by translation gauge field
strength. Formulating gravity as a translation gauge theory has been proposed
as the first principle of motion [63]. This is the most crucial Lesson teaching
us by the geometrical trinity of gravity [1], which leads to a series of profound
changes of fundamental concepts in gravity theories.
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4 Discussion

4.1 Covariantisation

In recent years the invariance of teleparallel gravity theories becomes a hot topic.
In the current literature, there are many discussions on the covariant approach
[16,17,21,22,64,65] to (modified) teleparallel theories. The conclusions range all
the way from total denial [18] through an undecided stance [8] to taking it as
the only consistent version of the theory [20].
In fact since
61# _ QLyI +w1(]#yJ _,’_BI#

the Lagrangian
1o w y Lop o pVL
LT =€ ZT l“/TP + §T p,yT P Tpp, T v

is invariant under both local Lorentz and coordinate transformations and then
the theory is covariant. However, in TEGR, a condition w’ Ju = 0 is proposed,
while in CGR a condition I'*),,, = 0 is proposed. In these cases, the covariance
is breaked, since, recalling 2.1.1, the introduction of the connections w’ Ju and
I'“,,, is to render the corresponding covariance. Therefore, in order to restore
the covariance they must be reintroduced by corresponding transformation. In
order to restore the local Lorentz covariance a connection

wh = (A7), R0,

must be reintroduced by a Lorentz transformation A;” (z) in TEGR [60]. In
order to restore the coordinate covariance a connection

o™ 92T

M= .
" ox™ Ox'+ox'v

must be reintroduced by a coordinate transformation z# — z'* (x) in CGR
[5,66].

It should be noted that this procedure of covariantisation in principle should
not change the physical content of the theory, since it just introduces a inertial
force using a noninertial transformation. The covariantized formulations is fully
equivalent to the initial one [67,68]. However, this fact has not been understood
well by the community [21]. It has generated confusion in modified teleparallel
theories and created the common belief that the covariant modified teleparallel
gravity cures all the problems associated with breaking the Lorentz invariance,
which is however not true [69].

Covariantisation procedures cannot work the same way as in TEGR when
modified teleparallel gravities are generically depend on the tetrad and the tor-
sion. Since the dependence on the Lorentz connection in generalized models
cannot be reduced to a surface term, the variation with respect to the Lorentz
connection does produce non-trivial equation of motion [60].
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However, it is proved that in any covariant teleparallel model this equation is
redundant, it coincides with the antisymmetric part of the equation of motion for
the tetrad field [17,19]. Therefore, any variation of the action with respect to the
flat Lorentz connection can be precisely compensated by an appropriate Lorentz
transformation of the tetrad. However, the latter is a legitimate variation of the
tetrad field which by itself must keep the action stationary, as is independently
ensured by the antisymmetric part of the tetrad equation of motion [70, 71].

Therefore, the local Lorentz invariance is not natural at all for the modified
teleparallel theories, the pure tetrad formulation i.e. TEGR is more funda-
mentally justified [68]. It is better suited to the geometrical meaning of the
Weitzenbock connection. At the same time, it is of course possible to rewrite
the formulation in terms of an arbitrary basis in the tangent space, thus getting
the covariant form; possible but by no means necessary [21].

The action of STEGR is identical to the historical I'T action of Einstein. It
lacks proper covariance under diffeomorphisms. Therefore, the simple general-
izations of the STEGR action break diffeomorphisms symmetry, the same way
as local Lorentz invariance gets broken in modified metric teleparallel models
[17,72]. We can covariantise it by introducing a connection I'* ,,, = %;—/:%
as in the case of CGR [66].

In numerous papers the covariant symmetric teleparallel theories are taken as
just a fully equivalent rewriting of the coincident-gauge ones, without rigorously
proving this statement. At the same time, some other works do treat modified
covariant STEGR and modified I'T" gravity as different models [73, 74]. There
is no consensus in the literature. Consequently, this raise the pertinent question
whether it is worthwhile pursuing the covariant approach [66].

These processes of covariantisation can be understood as a Stuckelberg pro-
cedure which in principle should not change the physical content of the theory.
The Stuckelberg trick is very artificial in its nature, and therefore should not
be taken as a must. It is asserted that the covariantized formulations is fully
equivalent to the original one but is not necessary either [68,21].

4.2 General Covariance Principle

Einstein’s GR includes two tasks: to extend special relativity principle to involve
accelerated reference system and to develop a relativistic gravitational theory.
It starts from two principles, the general relativity principle and the equivalence
principle. They are two different principles. The only link between them is that
both involve an accelerated reference system.

The general relativity principle can be narrated as such that equations for-
mulating physical laws are covariant under any transformations [42]. Tt is also
referred as the General Covariance Principle and has nothing to do with gravity.

However, in this case the general covariance alone is empty of any physical
content. As early as 1917, Kretschmann criticized it and asserted that any
arbitrary theory can be put into a generally covariant form, without changing
its physical content [75].
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In this sense ”the notion of general relativity does not in fact introduce any
postNewtonian physics; it simply deals with coordinate transformations. Such
a formalism may have some convenience, but physically it is wholly irrelevant.”
Therefore, ”general relativity is a physically meaningless phrase that can only
be viewed as a historical memento of a curious philosophical observation.” [76]

The only meaning of the general relativity principle is the realization of
the relativity of acceleration [77], an issue seldom recognized in the context of
general relativity (GR) [78-80].

There are only the two tenable positions [81]: either all frames in GR are
inertial (a viewpoint advocated by e.g. Anderson and Norton) or no frame is
inertial (as e.g. Synge and Fock had argued) [82]. A more reasonable suggestion
is using the concept of a inertial or non-inertial transformation instead of the
concept of a inertial or non-inertial frame. Only relative acceleration of bodies
is supposed to be observable. The acceleration of a frame is relative, while the
acceleration of a transformation is absolute.

For some time, the idea of a reference frame was ambiguous, it was mixed
with the idea of a coordinate system. Nowadays, there is a clear distinction
between them. Coordinates are used to assign four numbers to events on a
spacetime. In the mathematical language a coordinate system is a chart on
the spacetime manifold, which is meaningless physically. On the other hand
a reference system can be considered as a simplified geometric representation
of the quantized measuring instruments. It determine the metric and various
physical objects. In general, the base of a coordinate system is holonomic, while
a reference frame is anholonomic.

4.3 The meaning of EP

Galileo’s experiment on the Leaning Tower of Pizza indicates that ”all bodies fall
the same way in a gravitational field”. This result is elevated to the Equivalence
Principle as one of the foundations of GR. [83].

This principle is not new in Newton’s theory of gravitation, new was Ein-
stein’s expression [84], where Einstein’s elevators displaces Galileo’s falling ob-
jects, a gravitational field is assumed to be equivalent to a corresponding accel-
eration of the reference system.

Since then this principle has been formulated in various different expressions.
According to the popular expression in the literature, this principle means the
equivalence of the inertial force with the gravity. However, the inertial force
has no source and is generated by a coordinate transformation and then can not
be equivalent to the real gravitational fields. To be considered as equivalence
is only due to the universal character of both them in common. It is the
universality that as a hint was used by Einstein towards general relativity.

Effects equally felt by all bodies were known since long. They are the inertial
effects, which show up in non-inertial frames, for examples, the centrifugal and
the Coriolis forces. On the other hand, the universality of free fall is the most
fundamental characteristic of the gravitational interaction [33]. However, as
mentioned above, inertial force and gravity are essentially two different kinds
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of force. And moreover, they follow different transformation rules, the inertial
force is a connection, while the gravitational force as a translation gauge field
strength is a tensor. It is because of this difference of transformation rules that
makes them can be equivalent or canceled each other by some transformation,
which is the essence of the equivalence principle. It is important to remark that
only an interaction presenting the property of universality can be described
by a geometrization of spacetime. Since both the inertial and the gravitational
force are universal they can be geometrized and canceled each other.
According to
Fuaﬁ = {auﬁ} + K“aﬁ + Luaﬁ

the affine connection I'*, s is not equal to the Levi-Civita connection {,*g}. In
GR, therefor, the torsion T#,3 = I'* 3 — I'* 3, can not vanish in spite of {,*g}
is torsionfree. Since Q*op =0, i.e. L*o3 =0, {o" 3} contains two parts:

{as} =T "ap — K" ap.

which are the inertial force I'*,5 and the gravitational force K*,z. However,

since they follow different transformation rules, an appropriate transformation

can leads to {4*3} = 0, which is just the equivalent principle in GR.
According to

T =Ry’ + D,B", — D,B',
and
17!, =D, - D, =0,k —0,h", + ! s’ — w7,
an appropriate Lorentz transformation satisfying
wlyuh?y —w! b’ = 0,h!, — 0,h",

can leads to
7!, =0.

This means that the inertial force w’ Ju cancels the gravitational force F’ 4 v =
d,h’, — 9,h!,, which is just the equivalent principle in TEGR.
In CGR,

Quas = Vugas =0ugas —1angos — I’ sugap
= Ougap —Tgap —Lapp-

indicates that an appropriate coordinate transformation satisfying
Ougap =Tpap + Tappu

makes
Vigas =0,
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which means that the inertial force I'o,, cancels the gravitational force 0,,gqg3.
This is the equivalent principle in CGR.

In Newton mechanics the inertial force appears when a reference system
is accelerated, in other words, it appears in an accelerating transformation of
reference systems. In special relativity, the inertial force appears in a local
Lorentz transformation as a Lorentz connection [29]. Therefore, the inertial
force appears in any relativistic theories, for example, Yang-Mills gauge the-
ories. However, apart from gravity, other three interactions do not have the
universality and then have nothing to do with inertial. There is no equivalence
principle for them. In fact, except the common universality, gravity itself has
also nothing to do with inertial force. One can developed a relativistic gravity
theory with neither the inertial force nor the equivalence principle as a field
theory.

As early as in 1960, John Synge confesses [85]: “. . . I have never been able
to understand this Principle.” “Does it mean that the effects of a gravitational
field are indistinguishable from the effects of an observer’s acceleration? If so,
it is false. ... The Principle of Equivalence performed the essential office of
midwife at the birth of general relativity, but, as Einstein remarked, the infant
would never have got beyond its long-clothes had it not been for Minkowski’s
concept. I suggest that the midwife be now buried with appropriate honours
and the facts of absolute space-time faced.”

The theoretical relevance of the equivalence principle is mere the indication
of the geometric nature of gravity. The modern view was stated by Bondi in
1979 [76]: “From this point of view, Einstein’s elevators have nothing to do with
gravitation; they simply analyze inertia in a perfectly Newtonian way.”

5 Conclusions

Gravitational theory stems from Galileo’s Leaning Tower of Pisa experiment
which reveals the two features of gravity: (a) the source and charge of gravity
is the mass; (b) gravity is universal. In fact (a) is the reason of (b), as shown
by Newton’s law of gravity. In modern gravity theories (a) is promoted as the
statement that the conservation current of gravity is the energy-momentum,
which directly leads to that gravity is a translation gauge field. The feature
(b) leads to the geometrization of gravity and the equivalence principle. The
equivalence principle is based on the universality of both gravity as well as
inertial force.

In Newton theory in order to render the second law of motion invariant under
a accelerated transformation an inertial force F' = ma must be introduced, in
GR in order to render all relativistic theories invariant under local Lore/zztz tgaPs—
formations an inertial force w®, = (Afl)J K9, Ar” or TA,, = %ET%
must be introduced.

Just like any other interactions, gravity essentially has nothing to do with
the local Lorentz group SO(1,3). Its localization amounts to an accelerating
transformation, the corresponding connection amounts to an inertial force rather

29



than a potential. Because of this, the local Lorentz group cannot be considered
as a gauge group in the sense of Yang-Mills theories. All it does is restore the
covariance of the theory. The covariantisation of the teleparallel gravity is just
a way to deal with issues of gravity in a non-inertial reference system and then
does not make any physical change in the theory.

The only link between gravity and the Lorentz group is the equivalence
principle, which is due to the universality of the connection as an inertial force.
Both gravity and inertial have one common character, universality which is
absent of other fundamental interactions. The root of the equivalence principle
lies in universality of gravity. The root of the universality lies in the Noether
theorem, according to which the energy-momentum is the current and source
of gravity. It is the universality of the energy-momentum that leads to the
equivalence principle and the difference between gravity and other interactions.

A pure gravitational theory ought to rid of inertial force. Neither Einstein’s
Lagrangian nor the teleparallel Lagrangian include the curvature. The only ex-
ception is the Hilbert Lagrangian which distinguish from Einstein’s Lagrangian
by only a boundary term. In fact, in all the three cases of the Geometrical
Trinity of Gravity, nether the affine connection nor the Lorentz connection is
independent but a function of the metric or the tetrad and their derivatives as re-
marked in 3.2.3. The fundamental variable describing gravity is the translation
connection BY,, its field strength is the derivative 9, B’,. The geometrization
of gravity requires it to be expressed by a geometric object including B’ u With
well transformation character. Einstein’s genius is choosing the metric g,, in
Riemann geometry and the tetrad ef, in Cartan geometry without knowing
B! u- Both of them are covariant under coordinate transformations as well as
Lorentz transformations. Einstein also constructed two simple and reasonable
Lagrangian (74) and (98), founded GR and initiated teleparallel gravity.

As a pure gravitational effect the expansion of the universe i.e. the receding
of galaxies and the fall of bodies from Galileo’s Tower should be caused by the
same kind of force. Nevertheless, the force causing the fall of bodies is sourced
by the energy-momentum of our planet, while the force causing the receding
of galaxies is sourced by the energy-momentum of the gravitational field itself.
This is the so called geometry dark energy. In the equations

Do (V=977 () LA po ) = V=g (" +T") , (80)

and
Oy (GSIUP): %e(t;”—i—@lp), (89)

t*” and t;” can be considered as the geometry dark energy. It is this
geometry dark energy that causes the accelerated expansion of the universe
in f(R), f(T), f(Q) theories [86-90].
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