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We investigate the rotation of the polarization of a light ray propagating in the gravitational field
of a circularly polarized laser beam. The rotation consists of a reciprocal part due to gravitational
optical activity, and a non-reciprocal part due to the gravitational Faraday effect. We discuss how
to distinguish the two effects: Letting light propagate back and forth between two mirrors, the
rotation due to gravitational optical activity cancels while the rotation due to the gravitational
Faraday effect accumulates. In contrast, the rotation due to both effects accumulates in a ring
cavity and a situation can be created in which gravitational optical activity dominates. Such setups
amplify the effects by up to five orders of magnitude, which however is not enough to make them
measurable with state of the art technology. The effects are of conceptual interest as they reveal
gravitational spin-spin coupling in the realm of classical general relativity, a phenomenon which

occurs in perturbative quantum gravity.

I. INTRODUCTION

The gravitational field of a light beam was first studied
in 1931 by Tolman, Ehrenfest and Podolski [1], who de-
scribed the laser beam in the simplest way, namely as a
single light ray of constant energy density and without
polarization. Since then, various models for light beams
have been considered, such as in [2—4], all of them having
in common that the short-wavelength approximation is
used. This means that the light is either described as a
thin pencil or as a continuous fluid moving at the speed of
light and without any wave-like properties. Recently, we
studied the gravitational field of a laser beam beyond the
short-wavelength approximation [5]: The laser beam is
modeled as a solution of Maxwell’s equations, and there-
fore, has wave-like properties. In this case, there ap-
pear gravitational effects of light that were not visible in
the previous models, such as frame-dragging due to the
light’s spin angular-momentum, the deflection of a paral-
lel propagating test ray, and the rotation of polarization
of test rays. The latter is the subject of this article.
Effects of gravitational rotation of polarization were first
described in 1957 independently by Skrotsky [6] and
by Balazs [7]. In 1960, Plebanski found a coordinate-
invariant expression for the change of the polarization for
a light ray coming from flat spacetime, passing through a
weak gravitational field, and going to flat spacetime again
[8]. The gravitational rotation of polarization has been
studied for several systems: for moving objects, moving
gravitational lenses [9-11] and other astrophysical situa-
tions [12, 13], in the context of gravitational waves [14],
for rotating rings [15], for ring lasers [16] and for linearly
polarized lasers in a waveguide [17]. It was also treated
more formally in [18-20].

Rotation of polarization is well-known from classical op-
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tics, when light rays pass through certain media (see
e.g.[21]). For this, the medium needs broken inversion
symmetry, a property certain materials have naturally.
Such media with “natural optical activity” lead to differ-
ent phase velocities of right- and left-circularly polarized
light. The effect is “reciprocal”, i.e. when the light ray is
reflected back through the medium, the rotation of polar-
ization is undone. In contrast hereto is the Faraday effect,
which can be created even in isotropic media by applying
a magnetic field. Here, the rotation is “non-reciprocal”,
i.e. the polarization keeps rotating in the same direction
relative to the original frame when the light propagates
back along the path. In this article, we consider the ro-
tation of the polarization vector of test rays in the grav-
itational field of a circularly polarized laser beam in free
space. It turns out that the rotation of polarization con-
tains both a reciprocal and a non-reciprocal part. The
former can hence be interpreted as gravitational optical
activity and the latter as a gravitational Faraday effect,
also called Skrotsky effect.

The laser beam is described as a perturbative solution
to Maxwell’s equations, an expansion in the beam di-
vergence angle 6, which is assumed to be smaller than
one radian. The description of the laser beam and its
gravitational field is given in detail in [5] and summa-
rized below. We look at the rotation of the polarization
of test rays which are parallel co-propagating, parallel
counter-propagating, or propagating transversally to the
beamline of the source laser-beam, and consider a cavity
where the rotation of the polarization vector accumulates
after each roundtrip. We thus propose a measurement
scheme which may possibly be realized in a laboratory
in the future, when the sensitivity in experiments has
improved accordingly.

The description of the gravitational field of a laser beam
is reviewed in section II, and the calculation of the ro-
tation of light polarization in curved spacetime in sec-
tion III. In section IV, we calculate the Faraday effect for
test rays. As already mentioned, only the non-reciprocal
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part of the rotation which is not due to the deflection can
be associated with the Faraday effect, which is discussed
in section V. Considering a cavity in a certain arrange-
ment, the rotation angles acquired after each roundtrip
of the light inside the cavity sum up. This is the subject
of section VI, where we look at a one-dimensional cavity
and a ring cavity and discuss the possible measurement
precision of the rotation angle. We give a conclusion and
an outlook in section VII.

To keep track of the orders of magnitude, we introduce
dimensionless coordinates by dividing them by the beam
waist wo as 7 = ct/wo, & = x/wy, X = y/wo and
¢ = z/wy, where c is the speed of light. Greek indices like
@ refer to dimensionless spacetime coordinates and latin
indices like z® refer to dimensionless spatial coordinates.
For the spacetime metric, we choose the sign convention
(—,+,+,+), such that the Minkowski metric 7 in the di-
mensionless coordinates reads n = widiag(—1,1,1,1). In
the numerical examples and plots, we use the following
values: the beam waist wy = 10~%m, the beam diver-
gence § = 0.3rad (this determines the wavelength, which
is given by mfwg ~ 1 um), the polarization A = 1, and
the power of the source laser-beam, which is directed in
the positive z-direction, Py = 105 W.

II. THE GRAVITATIONAL FIELD OF A LASER
BEAM BEYOND THE SHORT WAVELENGTH
APPROXIMATION

In this section, we summarize the description of the laser
beam and its gravitational field presented in [5]. A laser
beam is accurately described by a Gaussian beam. The
Gaussian beam is a monochromatic electromagnetic, al-
most plane wave whose intensity distribution decays with
a Gaussian factor with the distance to the beamline. It
is obtained as a perturbative solution of Maxwell’s equa-
tions, namely an expansion in the beam divergence 6,
the opening angle of the beam, which is assumed to be
smaller than one radian. The electromagnetic four-vector
potential describing the Gaussian beam is obtained by
a plane wave multiplied by an envelope function that
is assumed to vary slowly in the direction of propaga-
tion, in agreement with the property that the diver-
gence of the beam is small. Corresponding to these fea-
tures, one makes the ansatz for the four-vector potential
Ao(1,6,%,C) = Ava(€,x,0¢)e'5 €~ where A is the am-
plitude and v, the envelope function.! The exponential
factor describes a plane wave propagating in (-direction
with wave number k = 2/(0wq), where wy is the beam
waist at its focal point. The laser beam propagates in
positive (-direction such that its beamline concides with
the (-axis. The beam is illustrated in figure 1.

1 More precisely, the complex-valued vector potential A we con-
sider is the analytical signal of the real-valued physical vector
potential, which is obtained by taking the real part of A.

Figure 1. Schematic illustration of the laser beam propa-
gating in the positive (-direction: The beam divergence 6
describes the opening angle of the laser beam and is assumed
to be a small parameter (smaller than 1rad), and the beam
waist wo is a measure for the radius of the laser beam at its
focal point. The intensity of the laser beam decreases with a
Gaussian factor with the distance from the beamline.

Like the four-vector potential for any radiation, A, sat-
isfies the Maxwell equations, which, in vacuum, are given
by the wave equations

(07 + 0F + 07+ 02) Au(m,6,x, Q) =0, (1)

where the Lorenz-gauge condition is chosen. Since the
envelope function varies slowly in the direction of prop-
agation, the wave equations (1) reduce to a Helmholtz
equation for each component of the envelope function,

(07 + 02 + 0705 + diwogc) val& X, 00) =0.  (2)

This Helmholtz equation is solved by writing the enve-
lope function as a power series in the small parameter
#. One obtains an equation for each order of the expan-
sion of the envelope function, with a source term con-
sisting of the solution for a lower order, where even and
odd orders do not mix. The beam is assumed to have
left- or right-handed circular polarization, which we la-
bel by A = +1.2 We define this to be the case if its
field strength, defined as Fo3 = 0,4 — 03A,, is an
eigenfunction with eigenvalue £1 of the generator of the
duality transformation of the electromagnetic field given
by Fop — —iea575F75/2, where €345 is the completely
anti-symmetric tensor with €y123 = —1. Our definition of
helicity is based on the invariance of Maxwell’s equations
under the duality transformation and the conservation of
the difference between photon numbers of right- and left-
polarized photons shown in [22] (see also [23-26]). For
0 = 0, this leads to the usual expressions for the field
strength of a circularly polarized laser beam.

It turns out that the energy-momentum tensor, which
one may expect to be oscillating at the frequency of the
laser beam, does not contain any oscillating terms when

2 The vector potential describing the laser beam thus depends on
the parameter A, and so do its energy-momentum tensor, the
induced metric perturbation and the effects we calculate in the
following sections. Therefore, these quantities can be thought
of as being labelled by an index A, which we suppress in the
following, except for appendix A, where we write the index A
explicitly.



circular polarization is assumed. The energy-momentum
tensor reads (see appendix A for the explicit expressions)

7= S pe(pops _ L, poops 3
af = 9 € a t'po 477045 Sp | ()

The power series expansion of the envelope function in-
duces a power series expansion of the energy-momentum
tensor and the expansion coefficients are identified as dif-
ferent order terms of T, 5 in 6.

Since the energy density of a laser beam is small com-
pared to the one of ordinary matter, one may expect its
gravitational field to be weak. The spacetime metric de-
scribing the gravitational field is thus assumed to consist
of the metric for flat spacetime 1,43 plus a small pertur-
bation hng. Terms quadratic in the metric perturbation
are neglected; this is the linearized theory of general rel-
ativity. In this case, the Einstein field equations reduce
to wave equations for the metric perturbation [27]
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where G is Newton’s constant and where the Lorenz-
gauge has been chosen. Like the envelope function and
the energy-momentum tensor, the metric perturbation is
expanded in the beam divergence,

o0

hap(€,x:00) =Y 0"h) (€, X, 6¢) . (5)

n=0

For a laser beam extending from minus to plus spatial in-
finity, the wave equations (4) result in a two-dimensional

Poisson equation for each hgl), with a source term con-
sisting of a term of the energy-momentum tensor of the
same order and a term proportional to hgnﬁ_m, where even
and odd orders do not mix. Details and the solutions for
the zeroth, the first and the third order, which are rele-
vant for our purposes, are given in appendix A.

For a finitely extended source beam, the solution of (4)
with time-independent energy-momentum tensor of the
source laser-beam can be calculated using the Green’s
function of the three-dimensional Poisson equation,

4 2 T N !
Cus / agayag T RG] g
c |2 — 2|

where & = (£, x, () and & = (¢, x/,{’). The solution (6)
is discussed in detail in [5].

hap =

III. ROTATION OF POLARIZATION IN A
WEAKLY CURVED SPACETIME

In this section, we explain the expression presented in
[8] for the rotation angle that the polarization vector of
a test ray acquires when propagating in a gravitational
field.

For a light ray propagating through a gravitational field
and starting and ending at spatial infinity, the rotation

angle of polarization within a plane perpendicular to
the propagation direction (in the following called ray-
transverse plane) is given by equation (5.33) in [8]. For
our set of coordinates, it takes the form

1 o0
= ﬁ / dr tgeabcabhca (7'7 01 + Tto)t(of , (7)
Wy J -0

where €4 is the Levi-Civita symbol in three dimensions
with €103 = 1, t& = 4*(70) is the initial tangent to the
curve describing the light ray parametrized by the di-
mensionless parameter 7, and the line o, + 7ty with
01 = (&0, X0,0) constant is equivalent to the spatial part
of the ray ~ including terms up to linear order in the met-
ric perturbation. Therefore, the evaluation of the metric
perturbation along the line o, + 7tg instead of « the ac-
tual, possibly deflected trajectory of a light ray in the
gravitational field of the source is justified as the correc-
tion would be of higher order in the metric perturbation.

The sign of the rotation angle A is chosen such that the
positive sign refers to right-handedness (handedness of
rotation as inferred from equation (5.20) of [8]). Equation
(7) was obtained using the formal analogy of Maxwell’s
equations in a dielectric medium and Maxwell’s equations
in a gravitational field and using geometric ray optics for
vectors. It is shown in [8] that the expression in equation
(7) is invariant under coordinate transformations that
approach the identity at spatial infinity. For equation
(7) to be valid, the metric perturbation and all its first
derivatives have to vanish at least as p~! for j — oo,

where p = /&2 + x2 + (2.

For a light ray that is not deflected by the gravitational
field, i.e. that does not change its direction of propaga-
tion, the ray-transverse plane is the same everywhere far
away from the laser beam, where spacetime is flat. How-
ever, when the light ray is deflected, this plane is tilted
after passing the gravitational field with respect to the
one before entering the gravitational field. Therefore,
the rotation of the polarization vector within the ray-
transverse plane given in equation (7) is superimposed
with a change of the polarization vector d& due to the
deflection of the light ray. The latter consists of a rotation
plus a deformation which depend on the initial polariza-
tion vector .3 It does not contribute to the gravitational
Faraday effect or the optical activity. An experimental-
ist who wants to measure these effect would thus have
to correct for the deflection effects. The change of the
polarization vector is illustrated in figure 2.

3 See section 6 in [8].
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Figure 2. Change of the initial polarization vector & of a
light ray «: The initial polarization vector & in the initial
ray-transverse plane (represented by the solid circle on the
left and the dashed circle on the right) is rotated by the angle
A into Ra& (dashed arrow on the right) due to the gravita-
tional field, where Ra is the corresponding rotation matrix.
Additionally, the deflection of the laser beam tilts the ray-
transverse plane into its final orientation (solid circle on the
right) such that it stays orthogonal to the tangent of the de-
flected laser beam. The tilt leads to an additional change 6@
of the polarization vector &. The rotation by the angle A
consists of a reciprocal part due to the gravitational optical
activity and a non-reciprocal part due to the gravitational
Faraday effect.

Another approach how to describe the rotation of po-
larization is described in appendix B. It agrees with the
results presented in this section.

For a linearly polarized test ray, the interpretation of
the rotation of the polarization vector is clear: For ex-
ample, for a test light-ray propagating in (-direction,
the polarization vector describing linear polarization
in ¢-direction, € = (1,0,0), is rotated into Raé =
(cos(A),sin(A),0), where Ra stands for the matrix ro-
tating by the angle A about the (-axis. For a cir-
cularly polarized test ray with helicity Aest = +£1
and with the corresponding polarization vector €y,.., =
(1, = Atesti,0)/v/2, one obtains Ra&y,,., = eMesthgy .
This means that the circularly polarized test ray acquires
the phase AiestA. In general, for an elliptically polarized
test light ray, the acquired phases of the circular compo-
nents lead to a rotation of the major axis of the ellipse
by an angle A.

IV. ROTATION OF POLARIZATION IN THE
GRAVITATIONAL FIELD OF A LASER BEAM

In this section, we investigate the rotation of the polariza-
tion vector of a test ray passing through the gravitational
field of a source laser-beam according to equation (7).

We consider different orientations of the test ray with re-
spect to the source beam: parallel co-propagating, par-
allel counter-propagating, and transversal test rays. We
find that the effect depends strongly on the orientation
of the test ray. In particular, we obtain that the order of

4

the metric expansion® that causes the rotation of polar-
ization depends on the orientation of the test ray.

The source laser-beam is assumed to propagate along the
(-axis, to be emitted at ( = « and absorbed at ( =
8. The parallel co-propagating test ray is emitted at
¢ = A and absorbed at ( = B and the parallel counter-
propagating test ray is emitted at ( = B and absorbed at
¢ = A. The test ray that is oriented transversally to the
beamline of the source laser-beam is emitted at £ = A
and absorbed at £ = B or vice versa.

In subsection IV A we focus on an ideal situation of in-
finitely long test rays. The source laser-beam is con-
sidered to be either finitely or infinitely extended. In
subsection IV B we look at finitely long test rays and a
finitely extended source laser-beam, and we discuss the
the long-range behavior of the rotation of polarization of
the test rays. In subsection IV C, we discuss the gravita-
tional coupling between the spin of the source laser-beam
and the spin of the test ray.

A. Infinitely extended test ray

For the infinitely extended test rays, the conditions for
the application of equation (7) are immediately seen to
be fulfilled for the finitely extended source beam, as the
metric perturbation and all its first derivatives vanish at
least as p—! for j — oo. This follows directly from the
Green’s function which is proportional to 1/p in three
dimensions.

For the parallel test rays, for an infinitely extended source
beam and an infinitely extended test ray it will always be
understood that the emitter and absorber of the test ray
are sent to infinity more rapidly than those of the source-
beam, i.e. |A],|B] > |af,|8] — oo, such that also here
the test ray indeed begins and ends in flat spacetime. For
the transversal test rays, for an infinitely extended source
beam and infinitely extended test rays, it is assumed that
|A| and | B| approach infinity fast enough for them to be
in flat spacetime.

Besides the strict validity of equation (7), the infinite
test-ray has also the advantage to lead to relatively sim-
ple analytical expressions for the rotation angles.

1. Parallel test rays

We start by looking at the rotation of the polarization
vector of test rays which are parallel co-propagating or
counter-propagating with respect to the source laser-
beam as illustrated in figure 3.

4 Generally, with the order of the metric expansion, we refer to the
order in #. Any higher order terms of the metric perturbation
itself are neglected in the linearized theory of general relativity.
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Figure 3. Schematic illustration of the rotation of the polar-
ization vector & (here it originally has only a component in
&-direction) of a parallel co-propagating test ray with tangent
44+ in the gravitational field of the laser beam.

The parallel co- and counter-propagating test rays are as-
sumed to have a distance p = /&2 + x2 from the beam-
line, and to travel from {( = —oo to ( = oo and from
¢ = o0 to ( = —o0, respectively. They are considered to
have transversal polarization described by the polariza-
tion vector w* = (0,w$,wX,0). The initial tangents to
their worldlines are given by ¥4 (1) = (1,0, 0, £(1— f%)),
where the ”+” corresponds to the co-propagating test ray
and the ”—" to the counter-propagating test ray. The
parameter f* ensures that 44 satisfies the null con-
dition. It is proportional to the metric perturbation,
which means that it does not contribute in equation
(7) and can be neglected in the following calculations.
Since the integration in equation (7) is along the line
01 + 7to = (€0, X0, £7), we can change the integration
variable from 7 to ( when neglecting terms quadratic in
the metric perturbation. Then, for the parallel propagat-
ing test rays we obtain (see equation (D1))

1 o0
Ay = —m /_Do dC(@X (h€C + hTE) — O (hXC + h‘rx)) :
(®)

Notice that the metric perturbation contains a factor w3,
such that AL is dimensionless. For the co-propagating
test ray, the contribution coming from the first order of
the metric perturbation cancels, and one obtains in lead-
ing order (the third order in 6)

GPy6?

'B 2 2
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where |u|? = (1 + (6¢)*)~!. Note that ¢ in (9)
parametrizes the source beam (i.e. corresponds to ¢’ in
(6)). The derivation of (9) (see appendix E for details)
uses an asymptotic expansion in 1/B, i.e. assumes that
B > |('], 10|, as well as a finite cut-off py of the energy
density in radial direction that is then sent to infinity.
The expression with py kept finite is given by (E15). For
an infinitely extended source beam, we can then simply
evaluate the limit &« — —oco and § — oco.  An alter-
native derivation that starts from an infinitely extended
source beam and an infinitely extended test ray is given
in appendix D.

The integrand in (9) decreases as a Gaussian with the
distance to the beamline. The Gaussian factor is the
same as the one that appears as a global factor in the
energy-momentum tensor of the source beam (see [5] or
appendix A), which implies that significant contributions
to A, for the infinitely extended test ray are only accu-
mulated in regions where the energy distribution of the
source beam does not vanish. In addition, (E15) shows
that there is no effect outside of a finite beam when a
cut-off of the energy-momentum distribution is consid-
ered.

The sign of the rotation angle in equation (9) depends
on A, which specifies the handedness of the light in the
source laser-beam. The dependence of the rotation angle
A, on the distance to the beamline is illustrated in the
upper graph of figure 4.

For the counter-propagating test ray, we obtain in leading
order (the first order in 6)

A_=-)

8GPy0 [P 2 a
D8 [t o)

for the finitely extended source beam and the infinitely
extended test ray. Equation (10) is derived with the same
limiting procedures as (9). Its version with finite radial
cut-off of T}, is given in (E8). The integrand in equa-
tion (10) decreases in the same way as the one in equa-
tion (9) with the same Gaussian factor with the distance
to the beamline that can be found as a global factor in
the energy-momentum tensor of the laser beam. We find
that there are no significant contributions to the rota-
tion angle A_ outside of the energy distribution for an
infinitely extended test ray (see equation (E8)) when in-
troducing a cut-off of the energy-momentum distribution
in transversal direction. The dependence of the rotation
angle A_ on the distance to the beamline is illustrated in
the lower graph in figure 4. The two orders of magnitude
larger values for A_ compared to those for A, arise due
to the factor 62/8 present in the expression for A, but
not in the one for A_ (compare equations (9) and (10)).
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Figure 4. The absolute value of the polarization rotation

angle Ay (upper graph) for a parallel co-propagating light
ray and A_ (lower graph) for a parallel counter-propagating
light ray as a function of the transversal distance p from the
beamline. The blue (dashed-dotted) line gives the rotation
angle for the infinitely extended source beam and test ray.
The green (unbroken) line gives the rotation angle for a source
beam with emitter and absorber at { = —200 and ¢ = 200, re-
spectively, and infinitely extended test ray. The red (dashed)
line gives the numerical values for the same extensions of the
test beam and a finitely extended test light-ray with emit-
ter (absorber) and absorber (emitter) at ( = A = —600 and
¢ = B = 600, respectively, for the co-propagating (counter-
propagating) beam. For the parameters given in the introduc-
tion, the factor 8GPy/c’ is of the order 1037, The plots show
good agreement between our results for finitely and infinitely
extended beams close to the beamline.

2. Transversally propagating test rays

The transversally propagating test ray is described by the
initial tangent 4+ = (1,4(1— f%),0,0). Due to the same
argument as before, we do not have to take into account
the parameter f*. For the rotation angle of the polariza-
tion vector, we obtain for the infinitely extended source
beam and infinitely extended test ray (see appendix D
for the detailed derivation) including terms up to first
order
Apeax [T o, 0 [~ (1)
t+ = :l: ng / . dg 3Xh7_< + 2711]8 - dg 8Xh£<

cd
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cd

(11)
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Let us denote the first term in equation (11) as AE(Q
and the second term as Ai?. Then, we find that Aii) =
%"aXAE?. One might think that the symmetry of the
beam geometry implies that AE(Q should vanish at { =0
as the term is independent of the helicity of the source
beam. However, the symmetry is broken due to the di-
rection of propagation of the source laser-beam. This can
also be seen from the fact that only the 7(-component of
the metric perturbation contributes to the effect, which
would vanish for a massive medium at rest (see for ex-
ample the Levi-Civita metric for an infinitely extended
rod of matter [28]). The effect is similar to the deflec-
tion of a transversally propagating test ray, which is both
deflected radially towards the laser beam as well as in (-
direction [1]. To illustrate the (-dependence of Agi), a
numerical evaluation and a comparison to results for a
finitely extended source beam (see the following subsec-
tion) are given in figure 5.
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Figure 5. First order contribution (corresponding to the
leading order effect of gravitational optical activity) to the
rotation angle A,+ for the polarization vector of an transver-
sally propagating test ray with A = +1: The blue, continu-
ous line corresponds to the infinitely extended source beam,
and the red, dashed line corresponds to the finitely extended
source beam, emitted at a« = —200 and absorbed at 5 = 200.
The test ray runs from £ = A = —600 to { = B = 600 at
x = 10. We find that the results for the infinitely extended
source beam and test ray can be used to describe the effect
in the case of the finitely extended source beam and test ray
to some approximation for (-positions that are in between
emitter and absorber, but far from them. It can be seen that
the rotation decreases fast at the ends of the finitely extended
source beam.

The first and the second term in equation (11) are fun-
damentally different in their dependence on the variable
X, which can be interpreted as the impact parameter of
the scattering of the test light-ray with respect to the
source beam. Aii) is proportional to the same Gaus-
sian function of x that appears as a global factor in the
energy-momentum tensor of the source beam for £ = 0,
which means that it vanishes if there is no overlap of the
source beam and the test ray in the same way as in the
case of Ay and A_ above. Instead, the first term in
equation (11) vanishes at x = 0 and saturates for large



values of x at a finite value, see figure 6 for plots showing
numerical values for the first term in (11) and for the
finitely extended source beam.
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Figure 6. The rotation angle A, (zeroth and first or-
der) for the polarization vector of an transversally propagat-
ing test ray: The blue, plain line corresponds to the infinitely
extended source beam, and the red, dashed line corresponds
to the finitely extended source beam, emitted at & = —200
and absorbed at 8 = 200. For the finitely extended source
beam, the test ray is emitted at £ = A = —600 and absorbed
at £ = B = 600. In the first plot, |A,+| is given as a function
of the coordinate ¢ along the beamline for x = 10. For the
parameters given in the introduction, the factor 8GPy/c® is
of the order 10737, We find that the results for the infinitely
extended beam approximate those for the finitely extended
beam for (-positions in between emitter and absorber that
are far from emitter and absorber. It can be seen that |A,+|
decays quickly outside of the range of the finitely extended
source beam and test ray in contrast to |A,+| for the infinitely
extended ones that always overlap. In both cases, the maxi-
mal effect is obtained close to ¢ = 0. In the second plot, the
angle A,+ is given as a function of x at ¢ = 0. For large val-
ues of Y, it reaches a constant value for the infinitely extended
source beam and test ray (undashed, blue) and decreases for
the finitely extended source beam and test ray (dashed, red).
A dependence on x as 1/x? is found for larger values of x
using a multipole expansion presented in appendix F.

Up to numerical factors of order 1, the prefactors in equa-
tions (9), (10), and (11) can be interpreted as the ratio
of the power P, of the source laser-beam to the Planck
power E,/t, = E2/h, where E, = \/hc® /G is the Planck
energy, which explains the smallness of the effect.

B. Finite vs. infinite source beams and test rays
and the long range behavior

For potential future experiments, finitely extended test-
rays are relevant. It may even not be possible to realize
extensions of the test ray much larger than that of the
source beam or one may need to know details about the
decay of the effect for large distances from the beamline.
It should then be kept in mind that (7) holds for test rays
that begin and end in flat spacetime. This is a condition
which can be fulfilled only approximatively for a finitely
extended test-ray. Furthermore, only under this condi-
tion has the rotation of the polarization a clear physical,
coordinate-invariant meaning. To give a physical mean-
ing to the rotation angle for a finitely extended test-ray, a
physical reference system may be considered that extends
from emitter to absorber. To this end, matter properties
of the reference system like its density and stiffness have
to be taken into account to obtain a reliable result. This
is very similar to the considerations we made in [29] for
the frequency shift of an optical resonator in a curved
spacetime. We do not follow such an approach in this
article.

Here we rather focus on the question under which con-
ditions equation (7), when integrated over a finitely ex-
tended test ray, leads to results comparable to those of
the infinitely extended test-ray. We will find that suf-
ficiently close to the beamline the results from the fi-
nite integration can be very close to those of an infinite
test-ray, which suggests that the latter, rigorous results
with clear physical meaning, also remain valid for ex-
periments using a finitely extended test-ray close to the
source beam. The situation is quite different, however,
in the far field, where results from the finite source beam
and the infinitely extended one, both evaluated using (7),
can differ siginificantly. This can be shown with a multi-
pole expansion based on equation (6) or by numerically
evaluating equation (6). The basic expressions for the
numerics are given in appendix C and the multipole ex-
pansion is performed in apendix F. Here we briefly dis-
cuss both approaches and the main results.

The numerical values for the rotation angle for finitely
extended test rays and source beams presented in fig-
ure 4 are obtained from equations (C6) and (C7). The
derivative in equation (7) acting on the metric perturba-
tion is shifted to the energy-momentum tensor by pulling
it into the integral, using the symmetry of the function
|# — &'| to replace the derivative for an un-primed co-
ordinate by a derivative for a primed coordinate and
partial integration. The resulting expressions are eval-
uated using Python and the scypy.integrate.quad and
scypy.integrate.romberg methods. The results for the
finitely extended beam and those for the infinitely ex-
tended beam are very similar close to the beamline, see
figure 4. The region in the &-x-plane containing most
of the energy of the source beam can be defined by a
drop of its intensity by a factor e~2, which implies a ra-

dius w(¢) = /1 + (6¢)? of that region. In standard no-



tions w(() is called the width of the beam as a realistic
beam is never infinitely extended in the transversal direc-
tion and is usually considered to extend only on length
scales of the order of w(¢). Equations (9) and (10) imply
that there is only a significant rotation angle accumu-
lated along an infinitely extended test ray if the latter
overlaps with the region bounded by the source beam’s
width, as the integrands in equations (9) and (10) are
proportional to the same Gaussian function that can be
found as a global factor in the energy-momentum ten-
sor of the source beam. In the following, we will call
this situation an overlap of the test light ray and the
source beam. That A_ and A, are only non-zero for
an overlap of test ray and source beam is confirmed by
equations (E15) and (E8), where a cut-off of the source
beam’s energy-momentum distribution is considered. For
0¢ > 1, we find that w({) = 6¢. Therefore, a test ray
at p > 1 overlaps with the source beam only in regions
where |6¢| > p. For the infinitely extended source beam
and test ray, there is always an overlap, but it does not
need to be the case if at least one of the two beams has
finite length.

Note that for large values of 6¢, the energy-density of
the source laser-beam is proportional to (6¢)~2 (while
transversally it decreases as a Gaussian with the distance
to the beamline). The same is true for the integrands in
equations (9) and (10). Therefore, AL in equations (9)
and (10) are approximately proportional to 1/(6¢) evalu-
ated at the boundaries of the regions where test ray and
source beam overlap. For the infinitely extended beams,
this implies that the rotation angles in equations (9) and
(10) are approximately proportional to 1/p for large p.
The proportionality of A_ and Ay to 1/p holds as well
for finitely extended source beams if p < —fa or p < 0.
For larger values of p, there is no overlap of test ray and
source beam (this is illustrated in figure 7 and figure 8).
Then, A_ and A, decay proportional to e~ /p? and
e==P" | respectively, where & = 2/(6a)? for a > —f or
¥ = 2/(0B)? for B > —a, as shown in equation (E11)
and equation (E17), respectively.

Figure 7. Illustration of the overlap of the test ray with the
source laser-beam: A test ray may overlap with the source
laser-beam only if the latter is long enough. In the illustra-
tion, the path of the test ray is labelled by v and starts and
ends at A and B respectively for the short source laser-beam
(starting and ending at o and f3 respectively) or at A" and B’
for the long source laser-beam (starting and ending at o’ and
B’ respectively).
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Figure 8. The function —d_ (the integrand in equation (10))
for the polarization vector of the parallel counter-propagating
light ray is plotted as a function of the coordinate along the
beamline ¢ for a distance from the beamline p = 10. The
blue (unbroken) line gives the rotation angle for the infinitely
extended source beam and test ray as in equation (10). The
red (dashed) line gives the numerical values for a finitely ex-
tended source beam with emitter and absorber at o« = —200
and 8 = 200, respectively, based on (6). It can be seen
that d_ decays quickly outside of the range of the finitely
extended beam in contrast to d_ for the infinitely extended
source beam, which continues to decay like 1/¢? for large ¢
just as the source beam’s energy density. The region left of
the steep descent around ¢ ~ —70 and the region right of the
steep ascent around ¢ ~ 70 correspond to the overlap regions
of source beam and test light-ray. In the case of an infinitely
extended source beam, these regions are infinitely extended.
In the case of a finitely extended source beam, the overlap
regions end at the end of the source beam as can be seen with
the steep ascent close to { = —200 and the steep descent close
to ¢ = 200 for the red (dashed) curve.

The behavior for large distances from the beamline and
finitely extended test rays can be analysed with a mul-
tipole expansion, assuming that the source term in the
form of the derivatives of the energy-stress tensor can
be effectively cut-off at w(¢). This is presented in ap-
pendix F. One finds that for Ay the lowest contributing
moment is a quadrupole leading to a 1/p3 decay for fi-
nite B = —A. At the same time, the prefactor of these
terms decay as 1/B? for B > p. Higher multipoles lead
to an even faster decay, both with p and B. Hence, in the
case of a finitely extended source beam and an infinitely
extended test ray that does not overlap with the source
beam, one expects to recover the fast decay of AL with
p obtained in equations (9) and (10). However, a resum-
mation of the multipole expansion would be needed to
find out its functional form. This is beyond the scope
of the present investigation. Nevertheless, the analysis
makes clear that Ay sensed by a finitely extended test
ray in the far-field regime is not captured accurately by
the results from the idealized infinitely extended test ray
for the cases considered.

For the transversal test ray, the y-dependence of A+ for
x > 1 changes drastically for the finitely extended source
beam compared to the infinitely extended one. In partic-
ular, the result that the first term in equation (11) does



not vanish for large distances from the beamline turns out
to be an effect of the infinite extension of source beam
and test ray. Alternatively, this can also be seen as fol-

lows: As AE(Q is of zeroth order, it remains present when
describing the laser beam in the paraxial approximation,
in which the gravitational field of an infinitely extended
source beam has the form hgg = hgz = —hgo o In(p) (see
[3, 30] and consider an infinite pulse length or see [2], con-
sider an energy distribution localized to the beamline,
and subtract the Minkowski metric from the resulting
spacetime metric). From equation (7) and for a transver-
sal infinitely extended test ray, we immediately obtain a
rotation angle proportional to the first term in equation
(11). On the other hand, the solution for the gravita-
tional field for a finitely extended source beam can be
found in [1]. In appendix G, using this solution and
an infinitely extended test ray, we obtain the radial de-
pendence of the rotation angle as 1/x, and for a finitely
extended test ray, we find that the rotation angle is pro-
portional to 1/x? for large x. This is corroborated by the
multipole expansion, where we find a monopole contribu-
tion responsible for the 1/x? behavior to zeroth order in @
for x > B. As function of B = —A it saturates for large
B (i.e. B > x) and gives a 3/x behavior, see appendix F.
Since AEB = %@CASP, we find that Ai? decays as 1/x?
for finitely extended source beams and test rays and as
1/x? for finitely extended source beams and infinitely ex-
tended test rays. The corresponding multipole expansion
is given in appendix F.

C. Rotation of polarization and gravitational
spin-spin coupling

The rotation angles AL as well as the first order contri-
bution to A+ are proportional to the helicity A of the
source laser-beam. As explained in the end of section III,
the rotation angle is equivalent to a phase for circularly
polarized test light rays, which is given by —A¢est A. This
phase contains the product of the helicities of the source
laser-beam and the test ray, Aiest- Therefore, the phase
depends on the relative helicity of the two beams. This
is gravitational spin-spin coupling.

We can consider the source beam as its own test beam,
Atess = A, such that st Ay = C4 where Cp > 0 is
a function that increases monotonously with the end of
the source beam at ¢ = 8 (see (9)). Since C enters as
a phase Exp(iCy ), it can be combined with the global
plane wave factor at the end of the beam ( = 3 as
Exp(i®) where ® = 2(8—7)/0+C,. This leads to the lo-
cally modified wave number k = 93® = (24 095C) /0
at ( = 8. Effectively, this leads to the interpretation of
a locally modified dispersion relation and an effectively
reduced speed of light. This self-interaction effect is pro-
portional to the intensity of the electromagnetic field. It
is reminiscent of the apparent modification of the speed
of light found in [31] based on the eikonal approxima-
tion of the solution of the relativistic wave equation of a

light-beam in its own gravitational field.

V. FARADAY EFFECT AND OPTICAL
ACTIVITY

The electromagnetic Faraday effect is a non-reciprocal
phenomenon. Non-reciprocity means that the effect does
not cancel when the test ray propagates back and forth
along the same path. We investigate this feature for its
gravitational analogue.

The rotation angle given in equation (7) is defined with
respect to the propagation direction. Therefore, the ab-
solute rotation accumulated on the way back and forth
through spacetime seen by an external reference system
at the starting point of the test ray’s trajectory at spatial
infinity is given by the difference between the rotation an-
gle acquired on the outbound trip and the one acquired
on the way back. For a tangent vector tf with tJ = 1
and t§ = dog, with m € {£,x,¢} and d = +1 for out-
bound and d = —1 for back propagation, we obtain from
equation (7) the rotation angle

(oo}
_ 2% / 7 empedy(hom + dhor) ,  (12)
Wy J—o0

and therefore, the Faraday rotation becomes

1 (oo}

AF = —5 dT €mpeObher - (13)

Wy J—o0
We find that the gravitational Faraday effect is given by
the spacetime-mixing component of the metric perturba-
tion h.r. In contrast, the first term in (12) containing a
purely spatial component of the metric perturbation does
not depend on the propagation direction and cancels on
the way back and forth. This is the gravitational optical
activity.
For the rotation due to the gravitational Faraday effect
after one roundtrip for the parallel test ray, we obtain
from equation (8) to leading order

AT —A A

0 [~ (1) 1
- _W/wdg(athf — o) . (14)

o J_
Adding the rotations due to the transversal back and
forth propagation leads to (the explicit expression is iden-
tical to twice the positive contribution of the first term
in equation (11)),

1 oo
Al = Ap — A = W/ de o,hY . (15)

0

which means that the effect is of zeroth order. The con-
tribution of gravitational optical activity is given as (to
leading order and for one direction of propagation)

Ay +A_
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for the parallel test rays, and
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for the transversal test rays.

From the vanishing of A} in first order in the metric per-
turbation, we deduce that the first order contributions of
optical activity and the Faraday effect to the polarization
rotation accumulated along a parallel co-propagating test
ray have the same absolute value and cancel each other.
In contrast, the two contributions add for the counter-
propagating test ray. This situation can be compared to
the result of Tolman et al. [1], which states that a test ray
is not deflected in the gravitational field of a source light-
beam if it is parallel co-propagating, while it is deflected
if it is parallel counter-propagating. It is the motion of
the source of gravity that breaks the symmetry; its mo-
tion with the speed of light leads to the extreme case of
equal absolute values of the two effects.

VI. TEST RAYS IN CAVITIES

In a one-dimensional cavity containing light that prop-
agates back and forth, the effect associated with grav-
itational optical activity cancels while the gravitational
Faraday effect adds up. In a ring cavity or an optical
fiber coiled around the beamline, the full polarization
rotation is accumulated and the gravitational Faraday
effect represents the leading order effect. For the case
of a transversally oriented ring cavity, a situation can be
created in which the Faraday effect vanishes and only the
gravitational optical activity accumulates.

A. Parallel linear cavity

We consider a cavity consisting of two mirrors between
which the light propagates back and forth, with the axis
of the cavity oriented parallel to the beamline and at a
distance p from the beamline. The setup is illustrated in
figure 9.

Figure 9. Schematic illustration of the parallel cavity in the
gravitational field of the laser beam: The source laser-beam
starts at o and ends at §. The test ray propagates on the
worldline v between the mirrors A and B of the cavity. The
Faraday effect adds up after each roundtrip, while the rotation
associated with gravitational optical activity vanishes.
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Up to third order in 6, the light travels undeflected from
¢ = A to ¢ = B and picks up a small deflection of zeroth
order in # when travelling from ¢ = B to ( = A. The
deflection vanishes when the light ray propagates at the
center of the source beam, at p = 0. In this case only
the angle due to the Faraday effect accumulates. For
one back and forth propagation, it is given by equation
(14). Letting the light propagate during the time 7 =
LF/(mc), where F is the finesse of the cavity, the total
angle of rotation is given by Acay,1— = AL _F/(27). For
a cavity of finesse F' = 10° [32] and the parameters given
in the introduction, the rotation angle is of the order
of magnitude Agay,1— ~ +1073?rad. For a cavity at
distance p > 0 from the center of the laser beam, the
effect is smaller, and one has to take into consideration
the deflection when the test ray is counter-propagating
to the source laser-beam.

B. Transversal linear cavity

Rotating the parallel cavity by ninety degrees, we obtain
a transversal cavity, as illustrated in figure 10. Anal-
ogously to the parallel cavity, one finds that the total
angle of rotation is given by Ac,y +i- = AL~ F/(2m).
For a finesse of F' ~ 105 and the parameters given in the
introduction, it is of the order £10732 rad.

Figure 10. Schematic illustration of the transversal cavity in
the gravitational field of the laser beam: The test ray prop-
agates along the worldine -, marked as a red line, and is
reflected at the mirrors A and B. The source laser-beam is
emitted at ( = a and absorbed at ( = 8. The Faraday effect
adds up after each roundtrip, while the rotation associated
with gravitational optical activity vanishes.

C. Ring cavity

In order to measure the polarization rotation including
the contribution due to optical activity for the transversal
light ray, we consider a ring cavity: The light propagates
from A at (§x,¢) = (—o0,x1,0), to B at (§,x,() =
(OO,Xl,O), to C at (€7Xa C) - (007)(2,0), where X1 and
X2 have opposite sign, to D at (§,x,¢) = (—o0, x2,0)
and back to A. The oo can be replaced by distances
from the beamline much larger than 8. The polarization
rotation accumulated when propagating from A to B and
from C to D add up. The setup is illustrated in figure 11.



Figure 11. Schematic illustration of the ring cavity setup:
The test ray propagates along the path v and is reflected at
the mirrors A, B, C and D. The source laser-beam is emitted
at ¢ = a and absorbed at ¢( = 8. A similar situation can be
created with a test ray in a wave guide that is wound many
times around the source beam.

The rotation of polarization after one roundtrip is given
by twice the expression in equation (11) for x; ~ 1
and x2 ~ —1. For x1 > B, xo > —f and o = —f, we
have shown that the effect decays as 3/x? in appendix F.
As the first term in equation (11) corresponding to the
gravitational Faraday effect is of zeroth order in 6, it does
not depend on the beam waist for the fixed wavelength
given by mwy. This means that the beam has to be long,
but it does not need to be focused. Again for a finesse of
F = 10° and the parameters given in the introduction,
the rotation is of the order of magnitude A+ F/(27) ~
10732 rad.

For x; = 0 and x2 = —oo or at least —y2 very large,
we find that the polarization rotation due to the Fara-
day effect vanishes (see also equation (E22)) and the ro-
tation due to gravitational optical activity remains (see
also equation (E23)). Then, the accumulated effect is by
one order smaller than that due to the Faraday effect at
X1 =x2> 1.

A ring cavity can also be used to amplify the rotation
angle of the polarization the parallel co-propagating test
ray acquires: Since it is not deflected, one can let the
light ray pass through the gravitational field N times
just in the direction of propagation of the source beam,
such that the effect is amplified by a factor V.

D. Measurement precision of the rotation angle

The rotation angle A is experimentally inferred by mea-
suring the additional phase difference that the right- and
left-circularly polarized components of the test ray ac-
quire when propagating in the gravitational field as ex-
plained in the end of section III. The measurement pre-
cision of the phase ® = — A5t A is restricted by the shot
noise. Using classical light, the minimal uncertainty in
a phase estimation cannot exceed the shot noise limit,
which is of the order of magnitude §® ~ ﬁ’ where n

n
is the number of photons of the light inside the cavity and
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M the number of measurements [33]. For a cavity res-
onator driven by a laser with frequency w/(27) and power
Py,, we find a number of photons n = Py, Ty /(fiw), where
Ty is the average time a photon spends in the resonator.
Therefore, the number of measurements that can be per-
formed with n photons in an experimental time Ti is
given as M = Tiot/Tay, giving nM = Py Tior/(hw),
which is the total number of photons passing the cav-
ity in time T}ot.

The measurement precision becomes thus better by in-
creasing the power of the driving laser and lowering
its frequency. For cw-laser beams with power Py, =
100 kW [34],5 for a wavelength of approximately 500 nm
and a total experimental time of about two weeks, i.e.
Tiot ~ 10%s, the minimal standard deviation is given by
8¢ ~ 10~ rad. Its order of magnitude does not change
when using a squeezed (single mode coherent) state with
the currently maximal squeezing of 15dB [36]° and ana-
lyzing the uncertainty with the corresponding quantum
Cramér-Rao bound [37].

The Cramér-Rao bound is a tight bound on the uncer-
tainty of an unbiased phase-estimation that can in prin-
ciple be achieved in a highly idealized situation, where
all other noise sources such as thermal noise, electronic
noise, seismic noise etc. are neglected. The sensitivity
can be increased by using more than one mode, but with-
out entangling the modes or creating other non-classical
states no gain in sensitivity at fixed total energy is pos-
sible [38].

For a more practical benchmark of current state-of-the-
art measurement precision, consider the LIGO observa-
tory. It obtains a sensitivity for length changes of their
arms of the order of 1072°m (strains of the order of
10723 (Hz)~/2 on an arm length of the order of 10°m
[39]), which corresponds to a phase sensitivity of the or-
der of 107! rad at about 1000 nm wavelength. Another
obstacle is that the source-laser power of 10'® W that we
considered here can so far only be reached in very short
pulses, which means that an extension of our analysis to

5 Of course the power of the driving laser cannot be unlimited as
the cavity mirrors have to withstand the heating due to scattered
light. The finesse F' ~ 106 leads to a circulating power in the
cavity of the order of 1019 W, which leads to a necessary size of
the beam at the mirrors of the order of 1m [35]. Assuming the
transversal setup described in section VI, the waist of the test
ray has to be smaller than the waist of the source beam and the
divergence angle of the test ray must be smaller than one radian
to ensure a complete overlap of the focal regions of the source
beam and the test ray. We assumed a waist of the source beam of
the order of 10~% m, which implies a maximum waist of the test
ray of the same order. Furthermore, the divergence angle of the
test ray below one radian implies that the distance between the
mirrors of the test ray has to be of the order of several meters.
The situation for the longitudinal cavity turns out to be even
more challenging. However, the given parameters serve as an
upper limit of what would be possible in the near future.

Note that this degree of squeezing has only been reached for
much a smaller beam power of the order of mW, which would
actually lead to a decrease in the sensitivity.

(=2}



pulsed source beams will be required when one day sub-
stantially larger powers and more sensitive measurements
might become available. We conclude that the angles due
to the gravitational Faraday effect of the order of mag-
nitude A ~ 10732 rad cannot be measured with current
and near-future technology.

VII. SUMMARY, CONCLUSION AND
OUTLOOK

We analyzed the rotation of polarization for a test ray
propagating in the gravitational field of a laser beam.
We distinguished the non-reciprocal contribution to the
rotation due to the gravitational Faraday effect from the
reciprocal contribution associated with the gravitational
optical activity. As the rotation angle is equivalent to a
phase for circularly polarized test rays, the precision of
the measurement of the effect investigated in this article
is limited by the shot-noise limit when using classical
light. With this analysis we found that the rotation of
polarization of a test ray induced by the gravitational
field of a circularly polarized source laser-beam is too
small to be measured with state-of-the-art technology.
The effects are of fundamental interest, however.

For an infinitely extended (or at least very long) test ray
propagating parallel to the source beam, we found that
the local rotation picked up by the polarization vector
of the test ray is proportional to the energy density of
the source beam. In that case, we concluded that ef-
fects are only present for an overlap of the test ray and
the source beam’s region of highest intensity bounded by
its width. Using the approximation of an infinitely ex-
tended source beam, such an overlap is always present
for parallel propagating test rays and we find a decay
of the integrated rotation angle with the inverse of the
distance to the beamline of the source beam. In the re-
alistic situation of a finitely extended source beam, this
dependence on the distance remains approximately valid
as long as there is a significant overlap. However, for
the finitely extended source beam, there is no overlap
for distances from the beamline larger than the exten-
sion of the beamline multiplied by the divergence angle
of the source beam. Above that limit, we find that the
polarization rotation picked up by a parallel propagating
infinitely extended test ray decreases as a Gaussian with
the distance to the beamline of the source beam. For a
finitely extended test ray far from the beamline of the
source beam, we find that the effects decay with the in-
verse of the third power of the distance using a multipole
expansion. However, a finitely extended test ray begins
and ends in regions with non-vanishing gravitational ef-
fect of the source beam. Hence, the interpretation of the
rotation angle is not straight forward. To overcome this
problem, a physical reference system could be considered
that extends or is moved from the beginning to the end
of the test ray.

For transversally propagating test rays, the situation is
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different: The leading order effect decreases with the in-
verse of the distance from an finitely extended source
beam for an infinitely extended test ray and with the in-
verse square for a finitely extended test ray. Therefore,
of the effects investigated in this article, the rotation of
polarization of a transversal test ray should be the easi-
est to detect, while we reiterate that a detection will not
be possible in the near future. It is interesting to note
that the effect remains there also in the geometric optical
limit and is independent of the source beam’s helicity.
Only the gravitational Faraday effect contributes to the
leading order effect for the transversal test ray. The grav-
itational optical activity induces the next to leading order
term, and it decays one order more strongly with y than
the gravitational Faraday effect.

It has been shown that for light passing through or be-
ing emitted from a rotating spherical body [6, 7] or a
rotating spherical shell [12], one obtains a rotation of the
polarization proportional to the inverse of the square of
the distance to the rotating object. On the other hand,
when the light ray is only passing by these objects or
any stationary object, there is no rotation of polariza-
tion [40, 41]. However, if these objects are in motion,
it has been shown that the polarization is rotated (for a
moving point mass [42], for gravitational lenses [10, 41],
for a moving Schwarzschild object [9], for moving stars
[8]). As the laser beam, although its spacetime metric is
stationary, consists of an energy-distribution in motion,
our results agree with the literature in the sense that the
rotation of polarization is non-vanishing.

As another interesting fundamental insight, we found
that to first order in the divergence angle 6, the polar-
ization vector of a parallel counter-propagating test ray
rotates, while this is not the case for a co-propagating
test ray. We argue that this asymmetry is due to the
propagation of the source laser-beam. This is similar to
the deflection of a parallel test ray by the gravitational
field of a laser beam which is non-zero for a counter-
propagating ray and vanishes for a co-propagating ray
[1].

The gravitational field of the laser beam depends on its
polarization. This is in agreement with the gravitational
field of a polarized infinitely thin laser beam or pulse de-
rived in [3] and the gravitational field of a polarized elec-
tromagnetic plane wave presented in [43]. However, the
gravitational field in the models [3, 43] does not depend
on the direction of linear polarization and neither on the
helicity of light in the case of circular polarization. This is
in contrast to gravitational photon-photon scattering in
perturbative quantum gravity discussed in [44]. In [5], we
showed that the gravitational field of a laser beam con-
sidered as a proper perturbative solution of Maxwell’s
equations beyond the short wavelength approximation
does depend on the helicity of the laser beam. In the
present article, we showed that, accordingly, the polar-
izations of two light beams couple gravitationally; two
circularly polarized light beams inflict on each other a
phase shift depending on the relation between their he-



licity. This is gravitational spin-spin coupling of light
(see [45] for a general review on gravitational spin-spin
coupling).

Together with frame-dragging and the deflection of a par-
allel co-propagating test ray discussed in [5], the gravi-
tational Faraday effect and gravitational optical activity
are only visible when the source is treated beyond geo-
metric ray optics. It can be expected that angular orbital
momentum of light would contribute to the effects men-
tioned above (see [4] for an investigation of the gravita-
tional field of light beams with orbital angular momen-
tum).
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Appendix A: Metric perturbation (from [5])

In this appendix, we give the explicit expressions for
the metric perturbation as derived in [5]. The metric
perturbation is obtained from the electromagnetic field
of a circularly polarized laser beam given in [5], which
is determined by the vector potential A,(7,&,x,() =
Ava(g,x,eg)ei%@—ﬂ, where A is the amplitude, v, =
> 070 ™ is the envelop function, whose spatial com-
ponents, a € {&, x,(}, are given up to third order in 6
by

MO = e(o)vo (A1)
A1) _ () ey A2
v ? Vo ,
a €a 2\[ (g X) 0 ( )
NP A(©) A
v 5 ( 2u p ) (A3)
2O = (4w — i2p) ) (A4)
where p = 1/(1 + i6¢), the function v is given by
vo(€: X, 60) = pe ™", (A5)

and € = wo(1, =i, 0)/v/2, el = wg(0,0,1) and A =
+1 refers to the helicity. Since we work in the Lorenz
gauge, the 7-component of the vector potential is given
as
0 0

= 58TAT =3 (0cAe + 0, A6 + 000 Ac) . (AB)
The leading order is thus the usual expression for the elec-
tromagnetic field of the Gaussian beam in the paraxial
approximation. The higher orders are corrections to the

paraxial approximation. The corresponding components
of the energy-momentum tensor are given as T, = &,
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T;; = —Sj/c and Tj, = oj; for j,k € {£ x,(}. For
the vector potential of a circularly polarized laser beam
given by equation (A1), the energy density £, the Poynt-

ing vector S and the stress tensor components ;i up to
third order in @ are given as

erN=¢0 [1 (A7)

|22

L (1 @ - (- 3>p2>p2)] ,

52/c = E0fuP [(ece ) (A8)

62 2
vy Ax = 2|l ( (2

(O + M) (4 + 3% — 4|u|2p2)lu|2p2>)] ,

— p*)0CE +2(1 — p*)Ax

S3/e = A OB (€ - B0 (49)

92

=0 (6= 2 (20 - e - 2= oo

(6~ B (4 + 307 — 4|u|2p2>|m2p2))] ,

53 )e=&" = €0 Op|ul)? (A10)
%s 0)92|u| (6¢E +Ax)? (A11)
oy = EV | (€ — 0C)? (A12)
od = EONP | (0CE + M) (0CAx —€) . (AL3)

03
ogc = 58 /c = €O (OCE+ M)l P (A14)
93
R = 53/e+ AV L(E =0l (AL
ot =& = €D (bplu))? (A16)

where |p|? = 1/(1 + (0¢)?) and £©) = gquwiEZ|vo|?> =
2P |u*Exp(=2|p|*p?)/ (mc).

1. Field equations

The linearized Einstein equations take the form

Ay h“o) kw35 (A17)
Aggh D) = _ Otjg) , (A18)
Agdh)\(n) — KW} ;\é%n) 394ha[3 ? for n > 1(A19)
where tfynﬁ) are the coefficients of the power series ex-

pansion of the energy-momentum tensor in orders of 6,

ie. Tog = Y0, 0704,



2. Zeroth order

The metric perturbation in the leading (zeroth) order of
the expansion in the beam divergence is given by [5]

her = hee = —hee =10, (A20)

where the function 7(9) is given by

8GPyw? (1
10 = 22070 (2Ei(—2lu2p2) —log(p)> . (A21)
c
where Ei(z) = — [ dt ET_t is the exponential integral.

3. First order

The metric perturbation in the first order of the expan-
sion in the beam divergence is given by [5]
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0 B0 RV
PO o o —po
hi(l) = 5}\ 1 5)\ 1 ) (A22)
B Ix( )0 0 —IX( )
R
where the functions Ig‘ ™) and I;} = given by
1
120 = L aco, + xo,) 10
2
_ _2GP0wOE0C£ + Ax) (1 _ e—zwpz) . (A23)
Cap2
1
PO = — (A% — 060y 1
2 —
_ 2GPywg( A — 6¢x) (1 _efzw"‘p?) . (A24)
05p2

4. Third order

The only non-zero components of the metric perturbation
in the third order of the expansion in the beam divergence
are given by

pe = - G ((zwcg +30) + (— (46GE + 3AX) — 2% (30E + 22

—2p%(=2 + 3p7)(BCE + M) ||t + 81 (6CE + Ax>|u|6> eQWP?) : (A25)
= - C;CPS;”f ((49<x —3)¢) + < — (46¢x — BXE) — 2p*(30Cx — 2X8) |2

—2p%(=2 + 3p%)(0Cx — AE)|u|* + 8" (6Cx — Asmﬁ) eQ'“'Qﬂ"’> : (A26)
hee = C;fﬁ’f ((2945 + W) + ( — (2066 + Ax) = 20 (20C€ + M)l

—2p° (=24 3p°)(0¢E + M) |ul* + 8p* (0¢¢ + Ax)|u|6> 6‘2'“'2”2> , (A27)
R = if;;‘;g <<2e<x )+ ( — (200 — A — 29%(200x — X&) |uf?

—2p*(=2+ 3p%) (00X — X&) ul* + 8p* (BCx — A@W) e-2'“'202> : (A28)

Appendix B: Another approach to determine the
rotation of polarization (as described in [11])

Another result for the rotation of the polarization was
obtained in [11], where the polarization vector is parallel

(

transported through the gravitational field, again start-
ing and ending in flat spacetime. The angle of rotation



in the af-plane is given by

o0

Aus :/ d7 47T, 986 (B1)
— 00

where 7 is the parameter parametrizing the geodesic ~.

It is obtained as follows: The polarization vector w® is

parallel transported if

A0aw” + 4w TY, =0. (B2)

Integrating along the geodesic «y, the change of polariza-
tion is given by

Sw” :/ AT 4 0qw? = —/ dr ¥*w’T7 ;. (B3)
From the change of polarization, the angle of rotation in
the plane (7 is obtained by writing

(w4 dw)? = (g75 + A'yﬁ)wﬂ , (B4)

which has the form of an infinitesimal rotation. The ro-
tation angle is given by (B1). This result is coordinate-
invariant if the metric perturbation vanishes far away
from the source of the gravitational field. This is not
the case for the laser beam. However, in some cases the
result can be applied, as we will explain. Also, (B1)
describes a four-dimensional rotation. If the test light-
ray is deflected by the laser beam (as for the parallel
counter-propagating and the transversal light ray), one
has to be careful when applying this formula, as the ray-
transversal plane tilts when the light ray is deflected. In
our case, the formula can be applied. Indeed, it leads to
the same results as we obtain with equation (7): For the
parallel co- and parallel conter-propagating light rays,
one obtains (to third and first order in the expansion in
0, respectively)

Ay =- 29:3 /_ O; d(6¢) (ax (hg?g + hfg)
— ¢ (B2 + 1)) = anch)) (B5)

Ay =- 2303 [ 0; d(6¢) <6X (n&d =)
_&<@2_h9)). (B6)
The last term of the integrand in the above equation for
Agx vanishes when integrating from ( = —oo to { = oo,

as in our case hgy(00) = hegy(—00). Therefore, we see
that Ag‘x = A, and Al = A_. The same is the case for

the transversally propagating light rays: We find (up to
the first order in the expansion in )

A (0) 1) 1)

At = s de (8XhTC — 00, +00eh) )
0J—o0 (B?)

- L[~ 0) (1) 1)

AL = W/ dg( — O — 00, hE) —00chl) ) .
0J—o0 (B8)
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As B2(€ = 00) = h{l)(€ = —c0), we obtain ALy = Ay

and AL = A;-.

Appendix C: Derivation for finitely extended source
and test beams

Starting from the solution in equation (6) for the lin-
earized Einstein equations, we find with equation (8),
using the identity 8$aﬁ = —830@/@, and partial
integration (the energy-momentum tensor vanishes at in-
finity)

2G (B

Ay=-2" d / de’d’'d¢’
c A —o0

(6 (ax, (t&) + tfg)) — Oe (tgjg + tilx)))
+ 0% (0 (1 £ 42) = 00 (K2 £42))) . (C1)

The energy-momentum tensor of the finitely extended
beam is given by multiplying the expressions in appendix
A for the infinitely extended beam with the Heaviside
functions ©(¢ — a(p)) and O(8(p) — ¢), where a(p) and
B(p) describe the {-coordinate of the source beam’s emit-
ter and absorber, respectively. This truncation of the
energy-momentum tensor leads to a violation of the con-
tinuity equation of general relativity, which in our case
means neglecting recoil on emitter and absorber. This
corresponds to energy and momentum being inserted into
the system and dissipated from it, respectively, and can
lead to apparent effects close to emitter and absorber that
may not be present in practice. The best approximation
of reality by our model of the finitely extended beam will
be achieved for points far from emitter and absorber but
close to the beamline (see also [46] for a detailed analysis
of a similar situation).

When the surfaces of emitter and absorber are consid-
ered to match the phase fronts of the beam, they are
curved and, therefore, depend on p. This dependence

is of second order in 6. The derivatives in equation
(C1) lead to Dirac delta functions o/(p)d(¢ — a(p)) and
B'(p)d(B(p)—¢), and hence to evaluation of the integrand
at the surfaces of emitter and absorber, respectively, in-
tegrated over the transversal directions. For each term in
equation (C1), this contributes even higher order terms.
In the following, we restrict our considerations to the
leading order only (to first order for A_ and to third or-
der for Ay). Therefore, the contributions of the curved
surfaces of emitter and absorber can be neglected and we
set a and /3 to be constants. From the expressions given
in appendix A for the energy-momentum tensor, one sees
that t&) = —tSE) and t;lg = —tglx). The derivatives ap-
pearing in the expression for A4 of the first order terms
are given by

1

17— 7|

2 21202
Onte! = TCO\M|4( — Ax|pl*(BCE + Ax) + /\)e 2Aul®e% (02)

2 _ 2 2
Dty = TCO\W( — 4E|u(0¢x — A) — )\)e 2Arl*P" (C3)



and the derivatives of the third order terms are found to
be

P, -~ 2 2
ax(t23)+t<3>) ?3'“‘6/’26 2lpl?p (/\
+(=Alul +2/p)x(06E + X)), (C4)
_ P62 2o
=——_lulp"e ( A

+(=4lu +2/p")E(0¢x ~ X)) . (CB)

(3) (3)
85 (tXC —+ tTX)

Considering only the leading order terms in 6, we obtain
for the rotation angles of the parallel co- and the parallel
counter-propagating test rays

A= _866;5]30 2%9 /OO de'dx’ /B d¢'K (¢, X', ¢)
wwwbﬂmn“%%WW”,<%>

a =S ™ e [ accie v o)
(¢ (1 = (¢ [2p?)e 2O ()

where |u(¢")[* = 1/(1+ (6¢)?) and

B-C+ (P + (B~ C’)2)1/2>

A_C/+(p//2_|_(A_</)2)1/2 ’
(C8)

K, X', () =log (

with p = /(€ = €2 + (x — X)2.

For the transversal test ray, we find along the same lines
(neglecting again the effect of the curved surfaces of emit-
ter and absorber as they are at least of second order in
6), using equation (D8),

Ay == df/ A ﬂ,|
Dy (itTC +oty) . (C9)

From the expressions for the energy-momentum tensor
in appendix A, we find that the derivatives in the above
equation are given by

8P,
01 = P02t (C10)
2P0
Onted = 2 |u (A~ 4lul*x)
2 2
—40¢Ex|pul?)e2m e (C11)

which leads to the rotation angle for the transversal test

ray
8GPy 1 [™ P
Ay = 050%/_ dg'dx’/ 'K (&, X', (')
(¢ (£ 4x + A1 = (¢ )

—40C'E'X |n(¢')[2) ) e 2O,

(C12)
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where the function K; is given by

Kt(glaxl,()
= log (B_€l+(X”2+(C_C/)2+(B—fl 2 1/2)
A—+(X"P+ (=) +A-))/2 )"
(C13)

where X" = x" — x.
For the numerical analysis, we transform the found ex-
pressions for the rotation angles into the cylindrical coor-

dinates (p’,(b’,(’) with ¢’ = arccos(¢'/p") or (p”,qﬁ”,(’)
with p” = /&2 + x"? and ¢" = arccos(¢'/p").

Appendix D: Derivation for infinitely extended
source and test beams

For the parallel test rays, we obtain from equation (7)
and to+ = Y4 (79) = (1,0,0, (1 — f*))

Ay = / AT ty€abcOphea (0L + Tto)tE (D1)
2w0
1 oo
- / A7 €cbey (hee (€, X0 £7) £ her (€, v, £7))
wy J—
1
=g ) dC( i (Pec + her) —3s(hxcihxr))-

The rotation angle for the parallel counter-propagating
test ray is thus given by (considering the leading order

only)
sug | (0 (0 -2)

— 0 (h2 - 1Y) -

From the expressions for the metric perturbation in ap-

pendix A, we see that h&) —thg), h;lg = —h(Tlx). For
the derlvatlveb in the above expression, we find

A_ =—

(D2)

S8GPyw?
= SN e (D)

(€)) 1
Oxhgl — Ochy

which leads to the rotation angle for the parallel counter-
propagating test ray

8GP)0 [ 2 2
A==\ 650 / d¢ |pfPe 2H " (D4)
Along the same lines, we find in leading order
6> [~ 3 ;)
Ay }ﬁ/ ac (o (nE +1t2)
3)
) (h +h§‘;g)) . (D5)



From the expressions for the metric perturbation in ap-
pendix A, one finds for the derivatives in the above ex-
pression

O (h + 1Y) = 0 (nE) + )
-

QGPQU)%

9|22
pl* (14207 |uf)e 200" (Do)

Then, the rotation angle for the parallel co-propagating
light ray is given by

GP093

Ay =) / dC |2 (1 + 202 |p?)e 2" (D7)

For the transversal test ray, we obtain from equation (7)
and v+ = (1,£1,0,0)

1 oo
Ati :W / dr tgﬁabcabhca (T7 oL + Tto)tg

0 J—c0

1 o0
+ m [00 d¢ (6Xh7'§ — 9894hTX)

1 o0
+ w0l / d€ (Oyhec — 00pchey) (D8)
0 J—oo

Considering the terms up to first order in 6, it is given
by

A =+ dga hey .

(D9)

1 [ 0
7/ de 9,h%) +

ng 2w, 2

From the expressions for the metric perturbation in ap-
pendix A, we obtain for the derivatives appearing in the
above expression

(0) 8GP01U0 X — 92|12 p2
o) = C5 p 5 (1— ezl (D10)
Oxhty =~ Z(agaxa6 + AP O (D11)

The first term in equation (D11) leads to an integration
over a derivative, which vanishes,

oo £=00
/ de 9,01 = 9, 1 =0.

E=—o00

(D12)

Then, we obtain for the rotation angle for the transversal
test ray

Atj: =4

47TGP()
= orf (\@Iulx)
)\2\/ 27TGP09 |/L|€_2|“|2X2 .

= (D13)
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Appendix E: Derivation for finitely extended source
beams and infinitely extended test rays

For an infinitely extended test ray and a finitely extended
source beam, we obtain

A_ = fﬁa lim
B%

1
W (t§C(€/u Xl7 C/) - tTﬁ(g/v Xl7 CI))

d(/ de'dy'd¢’

+ 2%, [T de'dy'd¢’
C4 EBgnoo _B C oo X

e (el ¢) = i (€1 0)

4 B , po(¢") ., 27 ,
=——48X/ ac [ s [ ao
Jim Kp(,xC. 0 ¢, O (0,0, C)
4G0 po(¢h) 27
73 dc’ do' o' d¢’
+ g/ C/ re ¢
hm Kp(&,x,¢ 0, ¢, )t (1)( Lé' (), (Bl

where cylindrical coordinates p’ = /&2 4+ x/2 and ¢' =
arctan(y’/¢’) are used and the function Kp is given by

Kp(&,x,¢ 0, ¢',()
P ey
= log _B_C,+<p,,2+(B+</)2)1/2

). @)

where p? = (£’ —€)*+ (X' — x)? = p"> +p* —2p'pcos(¢—
@), and po(¢’) = po/|p(¢’)| is the finite transversal ex-
tension of the beam that is related to the width of emit-
ter and absorber and pg is a constant. For /B <« 1,
—a/B <« 1 and po(¢’)/B < 1 for all (' € [a, ], we
obtain

Kp(p',¢'.¢)

B — C //2 + BQ(
B—

¢/B)2
IOg 1/2 +BQ( +C//B)2)1/2>

§2 +p”2/(2B( C’/B))>

~ log

”2/ 2B(1+(¢'/B))

1+§/B 4B? ,
g - )

10g< ay -

In order to evaluate the expression for A_, one needs to
take derivatives of the function Kg. One finds

B2
By log< p,,2> t& e log <4pn2> t<1> (E4)

2P, 72 s
= 20 pe 0 (3l 9y 4010 ) og (7).




Therefore, one finds for the following expression appear-
ing in the expression for A_,

po(¢ 27
o, / dpfp'/ d¢' lim Kp(p', o', ¢Sy
po(¢") ., 2m . b (D)
—85/0 dp p/o do BII_I>IIOOKB(/’7¢7C)’5X<

2P, po(¢")
= flu’l‘l/
e 0

27
/ d¢’ ()\plap/ + eg’aqy) log (p"2) . (E5)
0

1 =2\ |?p"?

dp' p'e

The term containing the ¢’-derivative vanishes under the
integral. With

2m
00, / dg'log (p + p* — 2pp cos(¢' — ¢))
0

log (p’2) for p<yp

=200y log (pg) for p>p
—in{ g PS0—amel—p). (@)
we obtain
2202 e /O " /0 T (E7)

e—2|u'\2p/2p/ap/ log (p//2)
2P\ po(¢")
=== Iu'lz/ dp' O(p' — p)dye 2
0

C
— _QPO)‘qu'P f,fm(c Vap e 210 p < po(¢)
c 0 2 p>po(¢))

_ efzm'ﬁpﬁ(c’)) ,

‘2 /2

= 2020 (') — ) (e

J

8G P,

A=)
cp

+0(08 — p/PO)( (

For py — oo, we obtain

p V2

V2p V2p
(erfe(tgﬁ>+ rfc (0 |>>, (E10)

where erfc is the complementary error function. For p >
05 and p > —0a, using the asymptotic expansion of the

A =—

(=0 — p/po) (i\rf (—) —erf(xfpo)> —e 203(-
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Finally, we obtain for the rotation of polarization for the
parallel counter-propagating test ray

A= —

P B
A8GC500 / ¢’ (ER)

_ N2 2
O(po — | |p) || (=200 —

which leads to equation (10) for pg — oco. We see that
A _ vanishes if there is no overlap with the beam, i.e. if
p > po(a) and p > po(B). For large p, there is only an
overlap for large ¢’ for which po({’) & ppf¢’ and |i/| =
|6¢'|~!. Evaluating the integral, we find

i)

fﬁ) i (m)) oo (gg—pom. (£9)

(

complementary error function, we obtain

A= 7/\2GP(2)6 <,862(p/9ﬁ)2 + |a|62(’1/9°‘>2> . (E11)

cSp

For A., it follows from equation (C1l) that in leading
order (third order in ), the rotation of polarization for



the parallel co-propagating light ray is given by

Ay =— 6 lim d{

C4 B~>oo

(E12)
o ! A 1
/ de'dy/d¢’ ﬁ@‘wtﬂg)
—(“)5 hm/ d¢
/ Al -
2G63 po(¢")
:_CTaX/ dC’/O dp’' p

/ d¢' lim Kp(p',¢,¢") ( <3>+t(7:?)

2G€36§/ /ﬂo(C) , /

/ dg! lim Kp(p,¢',¢) (¢ +42) .

0

o —o/| ( x¢ +tTX)

The relevant combination of derivatives of the function
Kp with the approximation given in equation (E3) is
given by

(E13)

B? (3) (3)
Oy log (4'0//2) ( +t )
B 3
—85 log ( //2) ( ( ) + t(3))

P _ 12 2
_ 771_72|/l/|6,0,26 2|p'|%p ()\plap/ —+ HC/6¢/> IOg (,Dllz) .

Again, the term containing the derivative with respect to
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¢’ vanishes under the integration over ¢’ and we obtain

P po(¢) 2m
_L|M/|6/ dpl /3/ d¢l
e 0 0

e*2|“,|2p/2p’8p/ log (p//2)

)

= @\u’|4/po dp' ©(p' — p)pdye 210"

c 0
= BA I dpt o e s p < po(¢)

c 0 2 p > po(C)

-P(]>\ 4 po(¢") 2 2 /2
— 22t n(c) ~ )2 [ del e

P
+(p2@*2|u'\2p2 _ po(g’)2e2u'2po(c')2>]

P\ 1 po(¢") oy, 112 12

=~ lu'POlp(¢') = p) [ 5/ dp Dye 20
P

i e po(C’)QeQW"ZPO“')Q)]

P >\ ol 1122
= =21 PO (¢) = p) (1 + 20w Ppt)e2 e
—<1 20 Ppo(¢))e 2 Pl (E14)

Finally, the rotation of polarization for the parallel co-
propagating light ray is given by

3 B
A+:)\GPO(9 / ac
c [e%
O(p0 — |||’ ((1 -+ 20y [Pp?)e 201

—(1+ 2,03)6‘2"3) :

(E15)

which leads to equation (9) for pg — co. In this case, we
find that

a=-E(1-0,)a(ven (E16)

o=1

Again, we find that Ay vanishes if there is no overlap
with the beam, i.e. if p > po(a) and p > po(5). For
po — 00, p>> 0F and p > —0Oa, we find

GPy63 1 1\ o pme
A, = \—9 — (p/0B)
M <ﬂ<p2+(9ﬂ)2>e

o) 2002
a<p2 + (9@)2>e

GPo (1 _, 2 1 2
~ A7 | Zem2(0/08)” L~ p—2(p/0a) E17
2¢° (56 + |Oz| € ( )

For A+ for a finitely extended source beam and an in-
finitely extended test ray we obtain, considering only the



leading order contribution,

1
:‘:ﬁ

= / ac / de'dy’
p<po(¢’)

im0, 5 (€' O

AlY = dga n

(E18)
J

Kt,B(f X C

—)(1+ (2 (- /(B
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where the function K; p is given by

Kt,B(Elv X/a C/)

=1lo <B_§/+
S\SB— g+ (P (0P

(E19)
ARSI 1 A
+B+EP)7?)

and where Y/ = x’ — x. For B> 1, we obtain

~o)”

B-¢ +
~ log

—) (1 (2 (- OB =€)

2 /

B—¢ +
= log 172
(B &+ B+)(1+ 7+ (- ))/(B+€7)

“B—¢+(B+E)(1+ 2+ (- )/ B+¢))

= log

Q

R

Q

0g

(B+£’ 4B?
(vrrt=cr)-

With the derivative of K; p with respect to x,

4B?
Oy log (

B X=X

Borrc-op P

we obtain for the zeroth order of the rotation of polar-
ization of the transversal test ray

AGP, ([?
Ag@:;i; / dc’ / a¢'dy’  (E22)
e a <po(¢’)

X=X
X"+ (C— ()2

|MI|2672“”/‘2/712

Note that for x = 0, the integrand is anti-symmetric in
x’ and AU s ) vanishes. For the first order contribution, we

find
4GP,
Al = Gc 0 / dc’ / de'dy’
a p<po(¢’)

X' (x —x')
X=X+ (-

_ 2 /2
E |/ [*e=2 1" (E23)

For x = 0, the integrand is symmetric in x’ and Aii)
does not vanish.

(" + (€ =¢)*)/ 2B —5’)))
”2+ (€=¢)%)/2(B+¢)

-/

(E20)

(

Appendix F: Multipole expansion of the far field for
finitely extended source and test beams

For the finitely extended source beam, one can get ana-
lytical approximations of A in the far field. For simplicity
we assume here that the source beam extends from —f
to B, and the probe beam from —B to B. The maximal
radial extension of the source beam, reached at {’ = &3,
is then given by p’ = #3/+/2. This is the maximum scale
on which all components of the energy-stress tensor and
its derivatives fall off like a Gaussian (for smaller values
of |¢’| the decay is even faster). Far field means then
that the probe beam should be a distance p > 038/v/2
from the source beam when passing parallel to the source
beam. A much shorter distance of order p ~ 1 suffices
for the transversal beam passing at the beam waist for
being in the far field regime.

From egs.(6,8) we obtain, after shifting derivatives to the
prime-coordinates and partial integration,

2G [P |

[0, (Tee (7 >iTrs< )
= 0 (T (#') + Tr(@)]

For the partial integration we assume once more that
we are in the far-field, so that boundary terms are

(F1)



exponentially suppressed through the Gaussian factor
exp(—2|pu|?p?). The source term relevant for A_ is given
to first order in 6 by (see Appendix A, egs.(A22)

e

S_(p',{') = 15 12X (Tec (&) — Tre (7))

~0e/ (T (&) = Tra(@))]
B 26_2ﬁ)\( +92c/2 _2p/2)
- (1 +02</2)3 : (F2)

Manifestly, S_ enjoys azimuthal symmetry It is then

useful to expand the function 1/|Z — &'| as (see e.g. [47]
p. 93)
1 = rl
A = Z Tl+1 Py(cos ) P(cosd) (F3)

=0

where P, are the Legendre-polynomials, r- (rs) is the
smaller (larger) of |x\ and |Z'|, and ¥ (¢¥') the angle be-
tween the z-axis and Z (2’). For calculating the far field,

we can set everywhere 7~ = r = |Z| and ro =1’ = |7|.
This leads to
ZN” (F4)

16GP00 Q‘” ¢

where the multipoles Q(_l) are given by
w_ [ [
Q, :/ dC’/ p/dpl (p/2 + C/Q)l/Q
-8 0
C/

)S-(p', <), (F5)

x Py(

and we have used that in cylinder coordinates 9 =
arccos(C/+/p? + ¢?), and correspondingly for . The
multipoles and their contributions to A_ can be calcu-
lated analytically. All odd multipoles vanish, and so do
the monopole and dipole contribution (I = 0,1, respec-
tively). A_ is then dominated by the quadropole contri-
bution | = 2. The correction due to higher order mul-
tipoles I = 4,6, ... decays quickly with [. We therefore
limit ourselves to listing the results for [ = 2,4,6. Note
that the direct dependence on ¢’ of 1/|Z — &’| (rather
than on ¢ as for the rest of the integrand) brings about
additional 6 dependence. Neglecting these higher order
terms, we find

Qv =" (F6)
QW =2 (51457, (F7)
0 = 35 302 15 — 4082 + 168%), (F8)
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and, with Q = 8\G P, /c?,
QB B

(2 _

Al = 7(32 + p2)3/27 (F9)
_ 2 3 _ 2
A(f):QB( 3+46°) (2B° — 3Bp?) ’ (F10)

16 (BQ _|_p2)7/2
A©) QB(15 — 4082 + 16534)
- 256
4 _ 2 2 4
(8B* — 40B%p* 4 15p*) (F11)

(BQ + p2)11/2

For A,, the lowest contributing terms are from the
derivatives of the third order of the metric. The expres-
sion for S_ is replaced by S, given by

S(p',¢)

P 02 8X'(T§C(f/) + TTﬁ(f/))
—0g (Tyc(F') + Try (7))

e PTEEEA (L= g2/ (L4 0C7))
(1 + 92C/2)3 ’

(F12)

Also here the monopole contribution (I = 0) and all con-
tributions with odd [, in particular the dipole contribu-
tion (I = 1) vanish. The lowest order non-vanishing con-
tributions are

G2
(+2) _ _516 7 (F13)
(+4) _ 522 (9—88%) (F14)
Q) — 30 15 307 sshy,  (F15)
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to be substituted into the expression corresponding to
(F5), i.e

Ay = iA(B

(F16)

QU
B 16GP09 ¢

This leads to

@ Q62 Bp
A+ - _T(BQ +p2)3/2 ) (F17)
A _ Q0%(—9 + 832) (—2B> + 3Bp?) (F18)

+ 128 (B2+p2)7/2 ’
A 002BB(15 — 3082 + 83%)

o 512

B* —40B?p? + 15p*
(8 0B%p* + 15p") (F19)

(B2_|_p2)11/2 ’

where we recall that €2 contains already one factor 6.
So both Ay fall off as 1/p® in the far-field due to the
quadrupole contribution. For fixed p, 5 that contribution
decays as 1/B for large B, i.e. B > p. This can be traced



back to the integral over ¢ in and would not be the case
for the monopole contribution.

For A,+ we start with the lowest, zeroth order in 0. It
is then useful to keep the derivatives of the energy-stress
tensor outside the calculation of the multipoles, as oth-
erwise the cylindrical symmetry gets spoiled. We find

<
A0 _ 8GP, (" Jed - Pl(\/p%r@) 0)(1)
= =T b B 3 XZ +C2)(l+1)/2Qti ?

— (p
(F20)

O)(l) / dC/ dp / l2+<—/2)l/2 ( p/f+<l2)

(F21)

_2 o2
1+62¢72

1T 924’2

Also here, all the odd-power multipoles (I = 1,3,5,...)
vanish due to the fact that the Legendre-polynomials of
odd order are odd, whereas the rest of the integrand in

Q(” is even in ¢’. The three lowest non-vanishing mul-
tipoles read

QOO _ {j (F22)

QY™ = 5(3 — 467, (F23)
(0)(4) _ 1 2 4

Q2" =15 815 — 405° +165%) . (F24)

The corresponding contributions to A+ at ¢ = 0 are

Bp

APO =02 (F25)
/BQ +X2
2 2
AQ@ _ iQBﬁ(i’» 48°)(2B% + 3x*) (F26)
t 24x3 (B2 + x2)3/2
_ 2 4
Ag(i)( y iQBﬁ(lE) 408° + 1683 )
640x°(B? + x2)5/2
(8B* +20B%x? + 15x%), (F27)

where Q = 8GPy/c®. We see that now there is a
contribution from the monopole that leads to a decay
as 1/x? with the minimal distance x from the beamline
when evaluated at ¢ = 0 and in the limit of y > B. The
next (quadrupole) term contributes a 1/x* decay. In the
limit of B — oo at fixed x, the monopole contribution
converges to a 3/x? behavior.

For the first order term in A,+, the contribution to the
Faraday effect, we obtain with the expressions for the
energy-momentum tensor given in appendix A, using the

22

symmetry of |Z—&'| and performing a partial integration,

2
N Gea / de / de’ dx’dg wt&
ﬁa AO GP05 ax/ dgag/ de'dy'
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1 ¢ 21’)%
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We neglect the second term as it is of higher order in 6.
For the first term, we find from the multipole expansion

of AE? for (=0

W) _ Mg BB(B? +2x%)
Ati 4 QX2(32 +X2)3/2 ’ (F29)
W@ _ M BBE—48%)
AlL Ao i S A A
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In a real experiment, it should be kept in mind that the
gravitational effects from emitter and absorber and the
power-supplies feeding them, as well as heat-radiation
from the absorber may lead to effects that mask the ro-
tation of the polarization of the source beam itself in the
far field, if their dipole- or monopole-contributions do not
vanish. If one wishes to evaluate these effects, a careful
modelling of the entire setup will be necessary.

Appendix G: The infinitely thin beam

The metric perturbation induced by an infinitely thin
beam of light that extends along the (-axis from —/j to
is given by the only non-zero components h,, = —h,¢ =
h¢e = h, where h is given as [1]

, _ AGPug < B—C+ (PP +(B-0*)"? )
T\ (P B O

G1)
Therefore, we find with equation (7) at ¢ = 0 and for
large x

A~ [ dean®
tiNim 7B€XTC

P, B
S <Ci R — (G2)
¢ xvB*+x?

where we considered a test ray extending from —B to B,
and

Ati ~ j:SGPO B

& X

(G3)

for the infinitely extended test ray.
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