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Abstract

It is well known that the dynamics of fermions on curved spacetime requires a spin connection,
which contains a part called contorsion, related to torsion of the spacetime. This is an auxiliary
field, without independent dynamics but fully expressible in terms of the axial current density of
fermions. Its effect is the appearance of a quartic interaction of all fermions in the action, leading to
a nonlinear Dirac equation involving all fermions present. Noting that the coupling of contorsion
to fermions is not protected by any symmetry, thus allowing for different couplings to left and
right-chiral fermions, we show that all fermions gain an effective mass when propagating through
fermionic matter. This may have an observable effect on neutrino oscillations. In particular we

find that different neutrino flavors can mix even if they have zero rest mass in vacuum.
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I. INTRODUCTION

The origin of neutrino mass is a mystery |1, 2]. The Standard Model of particle physics,
so called because it encompasses all the known elementary particles and the interactions
between them, explains the masses of elementary particles in terms of electroweak sym-
metry breaking and the vacuum expectation value of the Higgs field. The Higgs field in
the electroweak theory is a complex doublet whose potential reaches a local minimum for
a continuous range of configurations of the field, corresponding to a non-vanishing vac-
uum expectation value (vev) of the neutral scalar Higgs field. This is the phenomenon of
spontaneous symmetry breaking, which means that the vacuum is not invariant under the
symmetry transformations of the classical Lagrangian and the quantum Higgs field consists
of fluctuations around this vev.

In the Standard Model, it is the SU(2) x U(1) electroweak symmetry which is sponta-
neously broken in the vacuum. For the fermions, this symmetry is a chiral one. Let us focus

on the leptons, but what we say can be generalized to quarks quite easily. Left-handed com-

vy,

ponents of leptons pair up into doublets of weak isospin V., = while a right-handed
€r
component has never been observed for the neutrino and thus the right-handed electron eg
+
is by necessity a singlet. The Higgs doublet field & = ¢0 couples left-handed doublets
¢
to the right-handed singlet via the Yukawa-type interaction
— he (WepPep + €@V, ) . (1.1)
ot
For quantization, the Higgs doublet is expanded around its vev as & =
750+ H +1()

with ¢1, H , ( being quantum fields, i.e. fields with vanishing vevs. Then the Yukawa terms

can be written as

1 .
erer + erer) + Vopepd™ + €rverd” + —=(eeH +ieysel)| . (1.2)

V2

The first term, which provides the mass of electrons, thus owes its existence to spontaneous

_he %(

symmetry breaking. Since the Standard Model does not include a right handed component
for the neutrino, a mass term for the neutrino is not generated by the Standard Model

interactions.



But this is not completely true, as was first noted by Wolfenstein [3]. Interactions with
a medium results in effective masses for the neutrinos belonging to different lepton families,
leading to mixing and oscillations between the different neutrinos, an effect that has been
used to explain the solar neutrino problem, as well as the shortfall of electron-antineutrinos
coming from reactors. Neutrino oscillations occur because the mass eigenstates of the neu-
trinos are not identical with their flavour eigenstates. But the neutrino masses must be
non-vanishing as well as close to one another for this argument to explain neutrino oscilla-
tions in vacuum. In material media the effective mass of the neutrino is significantly modified
because of interactions. The change is different for the electron neutrino v, , which has both
charged-current and neutral-current interactions with the electrons in the medium, compared
to v, and v, which have only the second kind of interaction. This can enhance neutrino
oscillations significantly, depending on the distance travelled in matter by the neutrinos.

Let us first see what happens to neutrinos propagating in vacuum [9-11]. If the neutrinos
are all massless and thus degenerate eigenstates of the Hamiltonian, there will be no oscilla-
tion. Suppose however that the neutrinos have mass, different masses for different species,
and further that the mass eigenstates are not identical with the flavor eigenstates . Then
there will be mixing among neutrino eigenstates, which can be parametrized by a unitary
matrix. The neutrino field v; which appears in a doublet with a lepton [ is related to the

field v, whose excitations are mass eigenstates by this matrix U as [24]
L) = Z Uia|Var) - (1.3)
At time t, the flavor eigenstates are related Oté:O the mass eigenstates by
i) =Y e e Ug|var) - (1.4)
Then the probability of finding a vy at ti(rlne t in a beam that had started out as v is given
by
Py (t) = [(wrl(1))[°

= Ui UaUisUrs
a,B

cos ((Ea — Eg)t — dwag) (1.5)

! This assumption represents departure from the Standard Model. It is justified a posteriori by the observa-
tion of neutrino oscillations [4-8]. The price of this assumption is the introduction of additional dynamical
degrees of freedom, at scales beyond current limits of experimental observation, to protect electroweak

gauge symmetry.



where ¢yo5 = arg (Ul’f UiaUjsUrg ) . The neutrinos are ultrarelativistic and start with the
same spatial momenta, so we can write their energies as I, ~ £ 4 7. We can also replace
the time of travel ¢ by the distance of travel = and write
. (m2 —m?)x
PVl/Vl (t) = Z ‘Ul/aUlaUlEUl’B} COS <a2—Eﬁ — (bll’aﬁ . (16)

O67/3
Clearly there will be no mixing and no oscillation if the neutrinos have vanishing mass

in the vacuum. On a curved spacetime however, geometry provides a contribution to the

Hamiltonian, changing this conclusion.

II. FERMIONS IN CURVED SPACE

The dynamics of fermions in curved spacetime requires a spin connection, which specifies
how the covariant derivative operator acts on spinors. The spin connection involves the
Dirac matrices 7/ defined on an “internal” flat space, isomorphic to the tangent space at
each point. In the presence of spinors it is convenient to describe gravity in terms of the
spin connection Af;’ and tetrads e/

o
Einstein-Cartan-Kibble-Sciama (ECKS) gravity [12-15]. The Greek indices correspond to

in a formulation that sometimes goes by the name of

spacetime and Latin indices belong to the internal space, the tetrads relating the metric g,
of spacetime with the Minkowski metric n;; (— + ++) of the local tangent space through
the relations 77se}e;) = g, -

In terms of these variables, the action of gravity plus (one species of) fermion can be

written as
i, - - o
/ leld*x { Fujefe + 5 (0" el Div = (v el D)) +imgy| . (2.1)
where F'is the curvature of the connection D = d + A, while the covariant derivative of a
fermion has been written as sz/) = ,ﬂ/} — 1A1J01J1/J. The cotetrad e is defined as the
inverse of the tetrad eu and satisfies efe], = 0. The tetrads and the spin connection are

taken to be independent fields. Extremizing the action with respect to the spin connection

and performing some index manipulations we find an expression for the spin connection,

AU—w +8 u b [k, 0 ULLQ/J. (2.2)
Here wf;] is the part of the spin connection built purely out of tetrads,
1
wiJ =3 [efegKeaw&leJ]ﬁ + e[ﬁlaue"w + eo‘”eg]euK&leﬁK] ) (2.3)

4



In the absence of spinorial matter the spin connection is fully described on shell by w, Ly

which in the metric formulation corresponds to the Levi-Civita (unique torsion-free metric-
compatible) connection and is related to the Christoffel symbols as I',, = e50,el +efe, Jwi‘]
The spin connection is not affected by the presence of bosonic fields if they are minimally
coupled to gravity.

If we now extremize the action with respect to the tetrads, we will get an equation into
which we insert the solution for A{f obtained above and contract with tetrads to produce
Einstein equation

1

Rl“/ — §gHVR = /'iTﬂy, (24)

where R, and R are the Ricci tensor and scalar calculated using wi‘] (or alternatively from

the metric), while the stress-energy tensor 7),, is now quartic in the fermionic field,

Ty (10, ) = % (Mwwi — py8be] + w” S vk o], v+ (4 V))

4

3K

+img,u Py —
In writing the last term we have used the identity [yx,o7s], = 2er7x17"7° . The Dirac

equation in the presence of gravity is thus
275 ek 0, + €906l v ehah + 0,ehA Y + 2myp — A”e“K Vk,015], =0. (2.6)
Inserting the expression for A{;’ into this equation, we can write it as

Ve O — —w’ e o b + map 42 (@/)7]751/)) v’ =0. (2.7)

This is the nonlinear Dirac equation that governs the motion of a fermion in curved space-
time. This equation has been known for a long time in various contexts for spacetimes with
torsion [16-19]. Often this equation is written in “Planck units” in which Planck mass and
Planck length are the units of mass and length respectively, so the x in the nonlinear term
is replaced by unity.

However, one important point often gets overlooked or at least is not explicitly mentioned,
which is the fact that every fermion field must be included in the matter action and therefore

all fermions will be present in the expression for spin connection,

AiJ = wIJ Z ’l/}f YK, 0 ’l/}f ) (28>



where the sum is over all species of fermions present in the universe. This term will also
appear in the nonlinear Dirac equation for each type of fermion,
K 1J _puK 31K N 5
b~ ol et my+ S (S d ey |t =0. (29)
f
It is instructive to derive this equation from the perspective of a spacetime with torsion.

If we start from a spin connection written as A/ = w!’ 4+ Al7 | we find that
FLI(A) = Fi(w) + 0uA + [wp A] + nxcc AEAL (2.10)

This A is known as contorsion, and by extremizing the action with respect to it we find that
the only nonvanishing variations come from the fermionic part of the action and the last

term of F[/(A), so that the equation of motion for A is
K _
AiJ = —eff wa [VKaaqu@/)f- (2.11)

We can insert this solution for A into the Einstein equations and the Dirac equation, which
are then exactly the same as we have found above. Furthermore, if we substitute this expres-
sion in the action, the resulting Einstein equations and the Dirac equation are also exactly
the same as found above. In general, inserting a solution into the action gives incorrect
results. In this case however, the antisymmetrized covariant derivative of A contribute to a
total derivative in the action, so A is an auxiliary field (see Appendix).

The action of gravity with fermions is thus

5= [leldz |5

v 4 7 a 7 2 n
FU( Jeres + 5 > (¢f7K6’f< Diwy = (bpy™ el D)t + 2mf¢f¢f>
7

1
+ o nKLAIKA eres + < Z AU?/}f 7 UIJ] ?/Jf] ,

(2.12)

where we have written ﬁ;{w o — Yo . Thus what we have is nothing more than

u
general relativity with fermions. The contorsion A is an auxiliary field which enforces the
interaction of spacetime geometry with fermionic fields but does not propagate. In the
absence of fermions A vanishes, irrespective of any bosonic fields present as long as they are

minimally coupled to gravity. Again this is all very well known, but writing the action in

this form draws attention to another aspect which seems to have been overlooked.



The invariance of this action under local Lorentz transfomations means that A transforms
homogeneously under them. In particular, the last term of the above action is invariant on
its own. Since A does not transform inhomogeneously, the coupling of A to fermions is
not like the coupling of a gauge field to fermions. The transformation of fermions does not
affect that of A, so their coupling is not protected by any invariance. This way it is more
analogous to the coupling of a real scalar field to fermions — the coefficient of ¥¢1) can be
freely set by hand. But unlike a scalar field, A can couple chirally to fermions — it couples
to the left-handed neutrinos irrespective of whether or not there are right-handed neutrinos
in the universe. So there is no reason why different species of fermions cannot be coupled
to A with different coupling strengths, analogous to the Yukawa coupling of fermions to a

scalar field.

Therfore we propose that the generic form of the action of fermions coupled to gravity

must be, not Eq. (Z12]), but

5= /\e|d4

b (W)elel + 3 Z (dff’y ehc Diby — Wy el Djwy)' + 2mf¢f¢f>

1 1 . -
o N A erel + 3 ZA{;’e‘;{ (AfLQ/}fL VS ons] L+ Aprtrr {’VKJIJLWR)]
!

(2.13)

where we have taken into account the possibility that the tensor currents due to left and
right-handed fermions, which transform independently under local Lorentz transformations,
may couple to A with different coupling constants Asz, and Asp, respectively. Even though
in this form the action appears to be a philosophical departure from how fermions have
always been treated in general relativity, it is in fact a generic form which must inevitably
appear when fermions are put in curved spacetime, unless the coupling constants Ay are set

to zero by fiat. Furthermore, since A leads to a torsion
C A[P« eu Jej — 5 IJKL aeuJeuK Z@Z)f’}/L’YEwa) (214)

which is totally antisymmetric and thus does not affect geodesics, all particles fall at the
same rate in a gravitational field and the principle of equivalence is not violated by these

coupling constants.



Solving for A and inserting the solution back into the action as before, we get

5= [leld's |5

2 Fu W (W)erel + 5 Z (?/WK Diy — (b7 el Dlpy)T + me@/_)f@/)f)

2

3K _ _

16 (Z (A vy’ vrr + AfRWR%’V%fR))
f

(2.15)

This is the generic form of the action of fermions in curved spacetime, which we will use as
the starting point of further calculations below. It is in fact not meaningful to work with a
Dirac equation containing A, because A must always equal its on-shell value. Furthermore,
the quartic term is independent of the background metric, but must be included as long as
there is gravity in the universe. The only ways this term can be absent from the action are
if gravity is turned off (k — 0), or if the quartic couplings \; are assumed to be zero. This
term is suppressed by two powers of Planck mass compared to the mass term, but it could
still help avert gravitational singularities [20-23]. We will see that it can also in principle

allow neutrino oscillations even when the neutrinos are massless.

ITI. NEUTRINO OSCILLATIONS

In considering the propagation of neutrinos through normal matter, i.e. solar or stellar
cores or nuclear reactors, we need to take into account only the effects due to electrons and
three colors each of up and down quarks in addition to the quartic self-interaction of the
neutrinos. Weak interactions will be present of course, we will come back to the effect of
that in a while. Let us also restrict to only two types of neutrinos as before. The quartic

term relevant to our purpose is
3K B o
Lwr = ~1g > N (Zaiva) (757 vs)
O67/3

=23 A (ariva) (A by s + Aty ) | 4 (3.1)

where we have used the fact the neutrinos are left-handed, written \y = %()\ L—AR), A4 =
%()\ L + Ag) for the other fermions, and indicated by dots the terms which do not involve

neutrinos. Let us now suppose that the v, which appear in the above expression, i.e. those



which couple to A in Eq. (213)), are different from the flavor neutrinos. This is our point of
departure from the Standard Model, similar to assuming that mass eigenstates of neutrinos
are different from their flavor eigenstates .

Following Wolfenstein [3] we calculate the forward scattering amplitude of the a-type
neutrinos,

M = —%K (aviva) Mo { D A’ vs + Y vy by = Apady'%dp) ) o (3:2)

ﬁ f:e7p7n
where the average is taken over the background. In the second sum, the spatial components

of the axial current average to spin in the nonrelativistic limit, which for normal matter is
negligible. The axial charge is also negligible. Similarly, the spatial components of the vector
current average to the spatial momentum of the background, which can also be neglected.
Since neutrinos are ultrarelativistic, their density inside a finite volume such as a star is
bounded by the rate of production times the average density of the region, i.e. several
orders of magnitudes smaller than the density of electrons or baryons. Thus the average of
the neutrino term can also be neglected.

So what we are left with is the average of the temporal component of the vector current of
fermions, which is nothing but the number density of the fermions , (YO = —(w}q/;f) =
—nys. The contribution of the forward scattering amplitude to the effective Hamiltonian
density is therefore

0 o = Z Ay Z oVl Ve, (3.3)
f=epn a
where we have now dropped the subscript V' and absorbed a factor of \/% in the definition
of each of the \.

This term acts as an effective mass term for the neutrinos, with m, = A, p, where
p = Ay is a weighted density of fermions that is the same for all neutrinos. With two
species of neutrinos, we find [m3 — m3| = p*|A\2, — A2 |. The mixing matrix takes the form
mo appears to violate gauge invariance. We note however that the symmetry violating terms are

suppressed by factors of Planck mass and disappear in the flat space limit Kk — 0; we can expect that
any potential problem due to symmetry violation will appear when these terms, and thus the energy

momentum density, are of order unity in Planck units. So we will ignore this issue for the moment as we

are interested in energy densities far below that.

We are being a bit sloppy here — the “density” of the fermion field is the time component of j* = e Pyl
If the spacetime allows a 3+1 decomposition of the background metric as g,, = (—A? + h;;) , the volume
measures can be related as v/—¢ = AWh, and e? 9 )\_16(} , where 07 is the Kronecker delta. In this case
0

7% = —A~19Te) which is integrated over three spatial dimensions against the volume measure MWh. We

have assumed this decomposition.



cosf sinf . ) ) ]
U= , so the probability of conversion of one particular flavor of neutrino

—sin@ cosf
into the other becomes

(3.4)

QA)\Q
P.onv = sin® 26 sin? (p x) ,

4F
where AXN? = [X2) — A2,

This result is qualitatively different from the usual formula for neutrino oscillations in
vacuum. We have not included a mass term for the neutrino in vacuum — all contributions
to neutrino mass comes from the quartic interaction of the neutrino with fermions including
itself. The actual background geometry of the spacetime does not contribute to the effective
mass, at least for small curvatures, for which the leading order result of the forward scattering
amplitude is sufficient. Thus a neutrino propagating through vacuum does not oscillate into
different flavors. Oscillation occurs only in the region where there is a fermion density and
stops when the neutrino leaves that region. This is exactly like what happens for oscillation
due to weak interactions, except for the fact that leptons and baryons all contribute to the
effective mass of neutrinos. The coupling constants A are in principle measurable by looking
at different media, such as stars with different baryon densities, or nuclear reactor cores,
and measuring the corresponding oscillation lengths of neutrinos.

A non-vanishing Ay for any fermion requires that the left-handed component of the
fermion does not couple to torsion with the same strength as the right-handed component.
Thus chiral symmetry is broken by torsion, or alternatively, by the quartic term which has
its origin in spacetime geometry. Not only neutrinos, but all fermions get a contribution to
their masses from this geometrical mechanism. Even if we assume that the contribution to
effective mass is of the same order for all fermions in the same background matter density,
the mass of very dense stars can be significantly larger than what is calculated from their
baryon count. This can be expected to affect stellar models, dark matter estimates, and

cosmology.

IV. WEAK INTERACTIONS

Neutrinos passing through matter will also interact with it via electroweak gauge fields.
In this case, if we look at the effective four-fermion interaction at lowest order, only the

interactions with electrons are relevant. This is because the weak interaction couples flavor

10



eigenstates of the neutrinos with other fields; v, couples to electrons via both charged and
neutral currents, while v, couples to electrons only via the neutral current. The modifica-
tion of the mixing angle due to weak interactions in normal matter is straightforward to
calculate [24], as we show in outline below. The effective Lagrangian due to the charged

current interaction can be written as

Fre ==L (Ger (1 =) (e = 7)) (@.1)

V2
where a Fierz identity has been used. The (elastic) forward scattering amplitude provides
the contribution to the Hamiltonian, v2Gp <@Z_1671(1 — 75)we> (VerY1Ver) =~ \/QGFTLEVZLVGL.
Normal matter does not contain muons, so v, does not have a charged current interaction.

Both flavors of neutrinos have the same neutral current interactions, so that the contri-

bution appears as a common term to the Hamiltonian,

Vie=V2Gr > ny [[?fL — 2sin2 0y Q' ] , (4.2)

f=epn
where I:{L is the third component of weak isospin for the left-handed component of the
fermion f and @) is its charge. For electrically neutral normal matter, the electron and
proton contributions cancel each other and we are left with only the neutron contribution,
equal to —v/2Gpn, /2 for both types of neutrinos. The Hamiltonian, diagonal in the space

of mass eigenstates, can thus be written in flavor space as

Am? [ —cos@ sinf V2Grn, 0
H=HI+— + g . (4.3)
4E sinf cosf 0 0
Here we have written H, for the common terms in the Hamiltonian, and Am? = |m3—m?| =
p? | A2, — X2 | . The effective mixing angle 0, including the effects of both the geometric and
weak contributions, is thus given by
Am? sin 20
Am? cos 20 — 20/2Gpn.E

tan 20 = (4.4)

This formula is for ultrarelativistic neutrinos, and thus valid only in regions where matter
density is not too high. For regions with low matter density and n. ~ n, > n,, and n, — 0,
we find that the right hand side is proportional to n. . For three generations of leptons we can
make similar substitutions into the standard formula for neutrino oscillations. For neutrinos

passing through regions where the matter density is not constant (MSW effect [3, 25, 126]),

11



nonlinearity introduces additional complications particularly for very large matter densities,
since effective masses of neutrinos and thus Am?, can vary greatly in such situations. We

will not attempt to do that calculation here.

We conclude by making a couple of final remarks. The effective fermion action appears to
be nonrenormalizable by power counting because of the quartic term. We have not worried
about this issue here because the quartic couplings contain in them a factor of v/ and thus
must vanish in the flat space limit. So the counterterms in curved spacetime will have to
involve curvature, so the question of renormalizability cannot be addressed without a theory
of quantum gravity [27]. The second point is about the size of the quartic term. Neutrino
masses are extremely small, but does the factor of \/x which we have absorbed in the As
make them too small? We think that this question cannot be answered purely theoretically.
Unlike in the case of weak interactions, where the energy required to create W-boson pairs
from the vacuum sets the scale of the four-fermion interaction (and the oscillation formula
can be calculated directly from quantum field theory [28]), here the scale is not related to the
quantum dynamics of A, which does not in fact have any dynamics. Therefore the coupling
constants A are free and can be set only by comparison with experimental data, not from

any theoretical argument.

ACKNOWLEDGMENTS

A. L. thanks P. B. Pal for useful discussions.

[1] H. Murayama, Prog. Part. Nucl. Phys. 57, 3 (2006). doi:10.1016/j.ppnp.2006.02.001

[2] S. F. King, J. Phys. G 42, 123001 (2015) doi:10.1088,/0954-3899/42/12/123001

[3] L. Wolfenstein, “Neutrino Oscillations in Matter,” Phys. Rev. D 17, 2369 (1978).
d0i:10.1103/PhysRevD.17.2369

[4] Y. Fukuda et al. [Super-Kamiokande Collaboration|, “Evidence for oscillation of atmo-
spheric neutrinos,” Phys. Rev. Lett. 81, 1562 (1998) doi:10.1103/PhysRevLett.81.1562
[hep-ex/9807003].

[5] Q. R. Ahmad et al. [SNO Collaboration|, “Measurement of the rate of ve +d — p+p+ e~

12


http://arxiv.org/abs/hep-ex/9807003

[10]

[11]

[12]

[13]

[18]

interactions produced by B solar neutrinos at the Sudbury Neutrino Observatory,” Phys.
Rev. Lett. 87, 071301 (2001) doi:10.1103/PhysRevLett.87.071301 [nucl-ex/0106015].

Y. Abe et al. [Double Chooz Collaboration], “Indication of Reactor 7. Disappear-
ance in the Double Chooz Experiment,” Phys. Rev. Lett. 108, 131801 (2012)
do0i:10.1103/PhysRevLett.108.131801 [arXiv:1112.6353! [hep-ex]].

F. P. An et al. [Daya Bay Collaboration|, “Observation of electron-antineutrino disappear-
ance at Daya Bay,” Phys. Rev. Lett. 108, 171803 (2012) doi:10.1103/PhysRevLett.108.171803
[arXiv:1203.1669 |[hep-ex]].

J. K. Ahn et al. [RENO Collaboration|, “Observation of Reactor Electron Antineu-
trino Disappearance in the RENO Experiment,” Phys. Rev. Lett. 108, 191802 (2012)
do0i:10.1103/PhysRevLett.108.191802 [arXiv:1204.0626! [hep-ex]].

B. Pontecorvo, “Neutrino Experiments and the Problem of Conservation of Leptonic Charge,”
Sov. Phys. JETP 26, 984 (1968) [Zh. Eksp. Teor. Fiz. 53, 1717 (1967)].

V. N. Gribov and B. Pontecorvo, “Neutrino astronomy and lepton charge,” Phys. Lett. 28 B,
493 (1969). doi:10.1016,/0370-2693(69)90525-5

S. M. Bilenky and B. Pontecorvo, “Lepton Mixing and Neutrino Oscillations,” Phys. Rept.
41, 225 (1978). doi:10.1016,/0370-1573(78)90095-9

E. Cartan, “Sur une généralisation de la notion de courbure de Riemann et les espaces a
torsion,” C. R. Acad. Sci. (Paris) 174, 593595 (1922).

T. W. B. Kibble, “Lorentz invariance and the gravitational field,” J. Math. Phys. 2, 212
(1961). doi:10.1063/1.1703702

D. W. Sciama, “The Physical structure of general relativity,” Rev. Mod. Phys. 36, 463 (1964)
Erratum: [Rev. Mod. Phys. 36, 1103 (1964)]. do0i:10.1103/RevModPhys.36.1103

F. W. Hehl, P. Von Der Heyde, G. D. Kerlick and J. M. Nester, “General Relativity
with Spin and Torsion: Foundations and Prospects,” Rev. Mod. Phys. 48, 393 (1976).
do0i:10.1103/RevModPhys.48.393

F. Giirsey, “General relativistic interpretation of some spinor wave equations,” Nuovo Cim.
5, 154 (1957) doi:10.1007/BF02812824

R. Finkelstein, “Spacetime of the Elementary Particles,” J. Math. Phys. 1, 440 (1960) doi:
10.1063/1.1703678

F. W. Hehl and B. K. Datta, “Nonlinear spinor equation and asymmetric connection in general

13


http://arxiv.org/abs/nucl-ex/0106015
http://arxiv.org/abs/1112.6353
http://arxiv.org/abs/1203.1669
http://arxiv.org/abs/1204.0626

relativity,” J. Math. Phys. 12, 1334 (1971). doi:10.1063/1.1665738

[19] M. Gasperini, “Theory of Gravitational Interactions,” Cham, Springer (2013) doi:10.1007/978-

3-319-49682-5

[20] A. Trautman, “Spin and torsion may avert gravitational singularities,” Nature 242, 7 (1973).

[21] F. W. Hehl, G. D. Kerlick and P. Von Der Heyde, “General relativity with spin

and torsion and its deviations from Einstein’s theory,” Phys. Rev. D 10, 1066 (1974).

d0i:10.1103/PhysRevD.10.1066

[22] M. Gasperini, “Spin Dominated Inflation in the Einstein-cartan Theory,” Phys. Rev. Lett. 56,

2873 (1986). doi:10.1103/PhysRevLett.56.2873

[23] N. J. Poplawski, “Nonsingular, big-bounce cosmology from spinor-torsion coupling,” Phys.

Rev. D 85, 107502 (2012). doi:10.1103/PhysRevD.85.107502 [arXiv:1111.4595! [gr-qc]].

[24] Our notations and conventions regarding neutrinos follow: R. N. Mohapatra and P. B. Pal,

“Massive neutrinos in physics and astrophysics. Third edition,” World Sci. Lect. Notes Phys.
72,1 (2004).

[25] S. P. Mikheyev and A. Y. Smirnov, “Resonance Amplification of Oscillations in Matter and

Spectroscopy of Solar Neutrinos,” Sov. J. Nucl. Phys. 42, 913 (1985) [Yad. Fiz. 42, 1441
(1985)].

[26] S. P. Mikheev and A. Y. Smirnov, “Resonant amplification of neutrino oscillations in matter

and solar neutrino spectroscopy,” Nuovo Cim. C 9, 17 (1986). doi:10.1007/BF02508049

[27] E. Mielke, “Geometrodynamics of Gauge Fields,” Math. Phys. Stud. (2017). doi:10.1007/978-

3-319-29734-7

[28] P. B. Pal and T. N. Pham, “A Field Theoretic Derivation of Wolfenstein’s Matter Oscillation

Formula,” Phys. Rev. D 40, 259 (1989). doi:10.1103/PhysRevD.40.259

Appendix A: Calculation for Eq.(2.12)

Remembering that Af;’ and w[;’ are antisymmetric in the internal indices, we can write the

relevant portion of the action as

I = /d4x|e| (6[MA£f+ [w[M,Ay]D eltel

= /d4x le| (0,AL — (’LAiJ + wiKAf‘] - wl{KAff‘] + AinfJ — AlI,waJ) eife . (A1)
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Let us write the first, third and sixth terms of Eq. (Al together as

_ 7 0 AKJ _ AT KJ
A= ey (0,A] +w, k)7 — Ay gw, )

= 0Oy (61 €5AU) - Ai"df&ue"’] - AII/Je 0 ‘31 + eIer,uKAKJ — € el}AuKWKJ (A2)

Let us call efe4Al/ = A*. Then the first, third and fourth terms of Eq. (A2]) can be written

together as

= 0\ — A e40,elf + eIerHKAKJ

= 0\ — Al elefel Ouel + efeiw! el eg ALY

= 0, A" + A¥(ef0,e, +queKe’;)

= 0, A" + A°TY, = V, A" (A3)

The remaining terms of A are

Ay = —Aehd,ey — eIeZAVKwKJ
= —AFeleveld, el — eIeJAIKeaLeO‘KwﬁJ
= A Felletel0,el +A1K616KwJLeLe§
— MK eie (¢50ued + lyelet)

AIKeIeKT” =0.

In the last equality we have used the fact that A and w are antisymmetric in the internal
indices while I' is symmetric in its lower indices. Denoting the remaining terms of the

integral I together as B and proceeding the same way as above, we find that
B=V,A". (A4)
Thus we can write Eq. (AT as

I= 2/d4x\e|V“A“. Q.E.D. (A5)
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