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Light propagation in Kerr spacetime
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We explicitly solve the equations for the propagation of an electromagnetic wave up to the subleading order

geometric optics expansion in the Kerr spacetime. This is done in two nontrivial steps. We first construct

a set of parallel propagated null tetrad in Kerr spacetime. Two of the components of such tetrad give the

propagation and polarization of an electromagnetic wave in geometric optics approximation. Then we use the

parallel propagated tetrad to solve the modified trajectory equation in Kerr spacetime. We obtain the wavelength-

dependent deviation of the trajectory of electromagnetic waves, which gives the mathematical description of the

gravitational spin Hall effect in Kerr spacetime.

I. INTRODUCTION

One way to study a black hole is from the light emitted by

the matter in the vicinity of the black hole. Such radiation has

to propagate a long distance through the strong gravitational

fields before reaching the observer. So, one needs to solve

the equation for the propagation of electromagnetic waves in

curved spacetime in order to extract the information contained

in astrophysical observations.

Solution of the wave equations, in general, in curved space-

times is a cumbersome task. A well-known and widely em-

ployed approximation technique developed long ago for this

purpose is geometric optics approximation [1, 2]. In this ap-

proximation, valid in the limit of an infinite frequency, we

reduce the wave equation to the ray equation and transport

equation along the ray. However, the geometric optics approx-

imation does not capture the wavelike behaviour, which is es-

sential for the wave of large but finite frequency propagating

in curved spacetime. For this purpose, geometric optics ap-

proximation is generalized by assuming it as the leading order

approximation of some perturbative expansion of the trajec-

tory and transport equation in terms of the inverse frequency

1/ω of the wave [3–5]. We call spin optics to this approxi-

mation up to the subleading order in 1/ω, and it is sufficient

to describe physical phenomena originating from the interac-

tion of spin with the extrinsic orbital angular momentum of

the wave [3, 5, 6]. An example of such a phenomenon we

discuss here is the gravitational spin Hall effect [7]. This arti-

cle is concerned only with extrinsic and not intrinsic angular

momentum.

The analogous phenomenon known as the spin Hall ef-

fect or optical Magnus effect is observed in condensed mat-

ter physics [11–13]. This effect results when light propagates

in an inhomogeneous medium, where the inhomogeneous

medium imparts orbital angular momentum, thereby interact-

ing with the intrinsic spin angular momentum of light [16].

This effect is well developed [17] and experimentally veri-

fied [12–15], thus serving as a basis for our calculation and

comparison.

Modified geometric optics was initially developed for sta-

tionary spacetimes in Refs [2, 3, 5]. Recently, it was devised
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for general spacetimes in Refs. [6, 8]. We have also devel-

oped the covariant formulation of spin optics in general space-

time in Ref. [9, 10], which yield slightly different results.

Using the tools developed there, we demonstrate the gravi-

tational spin Hall effect in the Kerr background analytically

and numerically. Electromagnetic waves from astrophysical

sources might pass through the vicinity of massive gravitat-

ing bodies, which act as gravitational lenses. The leading

order geometric optics expansion suffices if the characteris-

tic wavelength of electromagnetic waves is negligible com-

pared to the length scale of the inhomogeneities in spacetime

curvature from such bodies. However, subleading order cor-

rection from the geometric optics might be necessary when

studying gravitational lensing of electromagnetic waves with

wavelengths larger than the Schwarzschild radius of lensing

objects [18, 19]. In such a situation, wave effects must be ap-

propriately taken into account. To perform this task, we pro-

ceed in two steps. First, we construct the parallel propagated

null tetrad, which is the solution of the wave equation in the

geometric optics approximation. Then, we need to use that

tetrad to find the subleading order correction in the trajectory.

Propagation and polarization relations in the subleading order

are calculated explicitly in terms of this tetrad.

This article is organized as follows. In Sec. II, we describe

the general procedure of solving the parallel transport equa-

tions for null geodesics in Petrov type-D spacetimes admit-

ting an additional integral of motion [20], which is quadratic

in particle momenta. We then apply this procedure to find the

parallel propagated null tetrad in Kerr spacetime. In Sec. III,

we use this parallel propagated tetrad to find the leading or-

der deviation in the null trajectory from the geometric optics

approximation analytically and numerically. We then discuss

our results and conclude the article in Sec. IV.

We consider a spacetime manifold M with the metric gµν
of Lorentzian signature (−,+,+,+). The phase space is the

cotangent bundle T ∗M , whose points are written as (x, p).
Similarly, m̃ represents the complex conjugate of m. We use

the system of units with G = c = 1 and adopt the Einstein

summation convention. A semicolon (;) denotes the covariant

derivative, λ denotes the parameter of electromagnetic wave

curves and ẋ = dx/dλ. The curvature convention is adopted

from Ref. [1].

http://arxiv.org/abs/2301.08250v1
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II. PARALLEL PROPAGATED NULL TETRAD

In general, it is not straightforward to explicitly solve the

parallel transport equations. Fortunately, the Kerr geometry

has some remarkable properties, including the separability of

wave equations and the complete integrability of geodesics.

These special separability properties that permit the explicit

integration of the geodesic equations can also be used to pro-

vide an explicit solution to the problem of constructing a par-

allel propagated orthonormal tetrad. For timelike geodesics,

this was done by Marck [21] in two steps: 1) First, construct a

locally defined orthonormal tetrad along a null geodesic such

that two of its components are already parallel propagated. 2)

Then obtain the entirely parallel transported tetrad by rotating

along some spatial hypersurface. The rotation angle would be

the sum of two functions, one of r coordinates only and the

other of θ coordinates expressed in terms of elliptic integrals.

The procedure would be different for the null geodesic. Un-

like in this reference, we will not restrict ourselves to the static

orthonormal frame and will solve the equations of parallel

transport in general. This parallel propagated tetrad would

be useful in studying tidal effects near the Kerr black hole and

the gravitational spin Hall effect. They are also useful while

investigating particles and fields with spins [22]. In quan-

tum physics, the point-splitting method is used to calculate the

renormalized values of local observables in curved spacetime,

and it relies on the parallel transported frame. It also plays

a role in proving the peeling-off property of the gravitational

radiation [23–25].

Using the separation of variables on the Hamilton-Jacobi

equation, Carter found the existence of the fourth constant of

the Kerr spacetime, making the geodesic equation analytically

soluble [26]. This constant of motion is quadratic in particle

momenta [27] and has a direct correspondence with the rank

two Killing tensor. A rank two Killing tensor Kαβ is a sym-

metric tensor with vanishing symmetrized covariant deriva-

tive, ∇(γKαβ) = 0. The spacetime symmetry associated with

the Killing tensor of rank two and higher is known as hidden

symmetry.

Spacetime with some symmetries always has its counter-

part in the phase space. However, not all phase space sym-

metries are associated with the configuration space. Symme-

tries that can be reduced to the configuration space are explicit

symmetries of the spacetime, and those which do not have its

counterpart in the configuration space are hidden symmetries.

Explicit continuous symmetries are described by the Killing

vectors and hidden symmetries by the Killing tensors. Killing

tensors do not generate a spacetime diffeomorphism; hence,

they are not associated with the configuration space. How-

ever, the existence of these tensors could be realized from the

geodesic equations of motion.

Following Carter’s discovery, Penrose [28] and Floyd [29]

showed that there exists the Killing-Yano tensor fαβ in the

Kerr geometry, which resembles a square root of the Killing

tensor and obeys ∇(γfα)β = 0. Its Hodge dual hαβ = ∗fαβ
is again a two-form that satisfies

∇γhαβ = gγαξβ − gγβξα; ξα =
1

D − 1
∇βh

β
α, (1)

where ξα is the Killing vector and D is the spacetime dimen-

sion (for our case, D = 4). The object satisfying such an

equation is a closed conformal Killing-Yano two-form. The

wedge product of these two-forms is also a closed conformal

Killing-Yano tensor [30]. This quantity is called a principal

tensor by Frolov et al. [31]. The principal tensor describes

hidden symmetry of the spacetime, whose existence ensures

the complete integrability of geodesic motion (consequences

extend beyond this property; see Ref. [31]). We will show

below that the principal tensor hαβ also enables us to con-

struct a complete set of parallel transported frames along the

geodesics. In summary, the integrability of the geodesic equa-

tions is ensured by the existence of Killing tensor Kαβ , whose

square root resembles the Killing-Yano two-form fαβ . As a

result, we could also analytically solve the equations of par-

allel transport applied to an orthonormal tetrad along a null

geodesic congruence.

A. Parallel transport along null geodesics

We consider an affine parametrized null geodesics C, with

tangent vector lα. Let hαβ be the principal tensor. Then,

defining

vα = hαβlβ −A(r, θ)lα, (2)

we obtain

v̇α = lα
(

−Ȧ+ lβξβ

)

, (3)

where Eq. (1) has been used to find this. Thus, the requirement

that vα be parallel transported gives

Ȧ = lβξβ . (4)

Now, using vα as a seed vector and defining the equation anal-

ogous to Eq. (2) enables us to construct another parallel trans-

ported vector immediately

nα = hαβvβ −B(r, θ)lα, Ḃ = vβξβ . (5)

The vector nα does not belong to the null plane of vectors

orthogonal to lα, because of which it cannot be used as a new

seed to construct equations like Eq. (2) to create new parallel

transported vectors.

We can define another parallel transported vector depend-

ing on particle momentum lα and position through the tensor

fαβ

uα = fα
βl

β, (6)

Then, this quantity satisfies the parallel transport equations if

and only if tensor fαβ satisfies the Killing tensor equation [32]

∇(αfβγ) = 0. (7)

If the tensor is completely antisymmetric, it is called the

Killing-Yano form [33]

∇(αfβ)γ = 0. (8)
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As fαβ = ∗hαβ is the Hodge dual of hαβ , the above two equa-

tions indeed hold, and hence fαβ is parallel transported along

the geodesics. This is because the Hodge dual of a closed

conformal Killing-Yano tensor is a Killing-Yano tensor and

vice versa. Corresponding vector uα is parallel propagated

and also perpendicular to the momentum of the particle

uαl
α = 0. (9)

Conversely, any skew-symmetric vector uα that is linear in

momentum and parallel propagated along and orthogonal to

any geodesic describes the Killing-Yano tensor fαβ . Thus, by

construction, vectors (lα, nα, vα, uα) are parallel transported

along the geodesic C. This property has been used to explicitly

construct the parallel propagated frame in Kerr spacetime [21,

34] and higher dimensions [35].

B. Application to Kerr spacetime

Let us take the Kerr metric in Boyer-Lindquist coordinates

ds2 = −
(

1− 2Mr

ρ2

)

dt2− 4aMr

ρ2
sin2 θdtdφ+

ρ2

∆
dr2+

ρ2dθ2 +
A
ρ2

sin2 θdφ2, (10)

where

ρ2 =r2 + a2 cos2 θ, ∆ = r2 + a2 − 2Mr,

A =(r2 + a2)2 −∆a2 sin2 θ. (11)

The equation of motions for null geodesics in Kerr spacetime

is

ṫ =
A− 2aMrζ

∆ρ2
, ρ4ṙ2 = R2,

ρ4θ̇2 =Θ2, φ̇ =
2aMr + (ρ2 − 2Mr)ζ csc2 θ

∆ρ2
, (12)

where η, ζ are constants of motion for the null geodesic tra-

jectory and

R2 =
(

a2 − aζ + r2
)2 −∆

(

(a− ζ)2 + η
)

,

Θ2 =a2 cos2 θ + η − ζ2 cot2 θ. (13)

One of the obvious choices of the parallel propagated or-

thonormal tetrad would be the unit vector tangent to the

geodesic

l0µ =

(

−1,
R
∆
,Θ, ζ

)

. (14)

Now, to calculate three others, we take the principal tensor of

Kerr spacetime in coordinates (t, r, θ, φ)

hαβ =









0 r a2 sin θ cos θ 0
−r 0 0 ar sin2 θ

−a2 sin θ cos θ 0 0 a
(

a2 + r2
)

sin θ cos θ
0 −ar sin2 θ −a

(

a2 + r2
)

sin θ cos θ 0









, (15)

and the corresponding Killing vector ξµ = (1, 0, 0, 0) related by Eq. (1). This allows us to calculate one of the parallel transported

vectors using Eq. (2)

vα =

(

A(r, θ)ρ2 + rR + a2 sin θ cos θΘ

ρ2
,−A(r, θ)R + a2r − aζr + r3

∆
, a(ζ cot θ − a sin θ cos θ)−A(r, θ)Θ,

− ζA(r, θ)ρ2 + ar sin2 θR+ a
(

a2 + r2
)

sin θ cos θΘ

ρ2

)

. (16)

Moreover, using Eq. (4) for the derivative of A(r, θ), we could also calculate A as

Ȧ(r, θ) = −1, or A(r, θ) = F(r) + G(θ), (17)

where

F(r) = −
∫

r2

R dr; G(θ) = −
∫

a2 cos2 θ

Θ
dθ. (18)

Now, we have all the ingredients that allow us to integrate Ḃ appearing in Eq. (5), from which one can express B in terms of A
as

B(r, θ) =
1

2

(

r2 − a2 cos2 θ −A2(r, θ)
)

. (19)
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Thus, using Eq. (5), we could calculate another parallel transported vector

n0α =

(−4A(r, θ)
(

2rR+ a2 sin 2θΘ
)

− 4A2(r, θ)ρ2 + 2ρ2
(

a2 cos 2θ − 3a2 + 4aζ − 2r2
)

8ρ2
,

2A2(r, θ)R + 4r
(

a2 − aζ + r2
)

A(r, θ) + 2ρ2R
4∆

,
1

4

(

2A2(r, θ)Θ + 2aA(r, θ)(a sin 2θ − 2ζ cot θ)− 2ρ2Θ
)

,

8a sin θA(r, θ)
(

r sin θR +
(

a2 + r2
)

cos θΘ
)

+ 4ζA2(r, θ)ρ2 − 4ρ2
(

ζa2 sin2 θ +
(

a2 + r2
) (

ζ − 2a2 sin2 θ
))

8ρ2

)

. (20)

To calculate the last parallel transported vector, we need the Hodge dual of hαβ . It is given as

∗ hαβ =









0 −a cos θ ar sin θ 0
a cos θ 0 0 −a2 sin2 θ cos θ

−ar sin θ 0 0 r
(

a2 + r2
)

sin θ
0 a2 sin2 θ cos θ −r

(

a2 + r2
)

sin θ 0









. (21)

From Eq. (6), the final parallel transported vector is

uα =

(

ar sin θΘ− a cos θR
ρ2

,
a cos θ

(

a2 − aζ + r2
)

∆
, ζr csc θ − ar sin θ,

sin θ
(

a2 sin θ cos θR− r
(

a2 + r2
)

Θ
)

ρ2

)

. (22)

These null trajectories lµ0 and polarization vectors m0µ =
(vµ + iuµ)/2 constitute the solutions of electromagnetic

wave equations in the geometric optics approximation (see

Ref. [6]).

III. TRANSVERSE DEFLECTION DUE TO THE SPIN

HALL EFFECT

After constructing the Fermi transported (parallel propa-

gated) null tetrad, we study the spin Hall effect on the Kerr

spacetime. Let us consider the lensing object described by

the Kerr geometry with mass M and angular momentum per

unit mass a. The geometric optics approximation is valid

only when the characteristic wavelength of the waves is much

smaller than the horizon radius (1/ω ≪ M+
√
M2 − a2) [36,

37]. To get the subleading order correction of the null trajec-

tory, we substitute the above relations into the propagation

equation (see Appendix B) [10]

D2xα

Dλ2
= − i

ω
Rα

βµν l
β
0m

µ
0m̃

ν
0 . (23)

The results are cumbersome in general, but a numerical solu-

tion is possible. However, restricting ourselves near the equa-

torial plane considerably simplifies calculations, and we will

present our results on the transverse deflection of the light ray

trajectory there. At the equatorial plane θ = π/2, η = 0 and

D2t

Dλ2
= 0,

D2r

Dλ2
= 0,

D2θ

Dλ2
= −3M(a− ζ)A (r, π/2)

ωr6
,

D2φ

Dλ2
= 0. (24)

where A (r, π/2) = F(r). Integrating this equation gives

θ̇ = −3M(a− ζ)

ωr

∫ F(r)

r3R dr

∣

∣

∣

∣

η=0

, (25)

where the integration constant is chosen to be zero as the term

containing it gives divergent results on integration. Thus, the

deflection of light rays in the θ-direction as it passes close to

the lensing object of mass M and angular momentum aM
could be calculated using the relation

dθ =
θ̇

ṙ
dr = −3M(a− ζ)r

ωR

∫ F(r)

r3R dr

∣

∣

∣

∣

η=0

dr. (26)

This result for the transverse deflection is very similar to that

for the Schwarzschild spacetime given in Ref [9]. However,

the difference comes from the appearance of the a − ζ term,

instead of ζ only, which tends to cancel the magnitude of the

spin Hall effect depending on the angular momentum of parti-

cle ζ and hole a. Explicitly, for the Schwarzschild case, a = 0
and η = 0

F(r) = −
∫

r2
√

r4 −
(

1− 2M
r

)

r2ζ2
dr. (27)

A photon starting from infinity and approaching the lensing

object within the closest distance of R0 has ζ ≈ R0, up to

leading order in M/r. We can now integrate, up to leading

order in M/r, to obtain the total deflection angle of electro-

magnetic waves in the θ-direction while passing near a lensing

object of mass M

θ = 2 (θ∞ − θ0) =
πM

2ωR2
0

. (28)
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This transverse deflection agrees with the result reported in

Ref. [38]. Note that this deflection is half the deflection of

gravitational waves due to the spin-orbit correction [9].

For comparison, we take the situation where the external

orbital angular momentum of the light is zero ζ = 0 and con-

sider only the angular momentum of the hole. ζ = 0 corre-

sponds to principle null rays with η = a2. As we want to

approximate up to the leading order expansion in M/r (pa-

rameter a should scale accordingly in the post-Newtonian ap-

proximation [39]), we could take η ≈ 0. Thus, we have an

electromagnetic wave propagating through an equatorial plane

θ = π/2 of a rotating lensing object. In this circumstance, we

have

F(r) = −
∫

r2
√

(r2 + a2)2 −∆a2
dr. (29)

We could substitute this into Eq. (25) to obtain θ̇. We have

θ̇ = −aM

ωr4
. (30)

This is the only nonvanishing subleading order contribution

(which could be confirmed by directly integrating Eqs. (24)).

So, from Eq. (B3), we could write subleading order compo-

nents of the propagation vector as

l1µ − bµ =

(

0, 0,−aM

r2
, 0

)

. (31)

Now, let us write l1µ − bµ = ∇Ψ for some Ψ. Then on inte-

gration, we obtain

Ψ = −
∫ θ

π/2

aM

r2
dθ = −aM

r2
(θ − π/2) ≈ aM

r2
cos θ, (32)

where we have used the result that −(θ − π/2) is the leading

order expansion of the cos θ near π/2. Note that the gradient

of this solution for Ψ also contributes to the radial trajectory.

However, this contribution is not on the leading order; thus,

the deflection along the θ direction in the subleading order

remains unchanged. As a result, the magnitude of the trans-

verse deflection due to the spin-orbit interaction would not be

affected. Thus

Ψ =
J · r
r3

, for |J| = aM, (33)

gives the gravitomagnetic scalar potential. In these settings,

which are not manifestly covariant, the dispersion relation

given in Eq. (B1) reduces to the form

l0 · l0 +
2

ω
∇Ψ · l0 = 0, (34)

which matches the dispersion relation given in Ref. [40, 41].

Although the magnitude of the transverse deflection matches,

other results, like the time delay, would differ from these cal-

culations (see above Eq. (33)). Also, note that deviation in

trajectory caused by the angular momentum of hole a is in the

opposite direction to the deviation by the particle’s angular

momentum ζ.

A. Numerical results

Let us take the propagation Eq. (23)

D2xα

Dλ2
= − i

ω
Rα

βµν l
βmµm̃ν . (35)

These are coupled second-order differential equations, and we

do numerical integration and plot the results. This calcula-

tion up to the subleading order approximation is facilitated

by the fact that we could substitute the leading order term for

each tetrad component. Every quantity here can be computed

in terms of the parallel propagated null tetrad. We thus can

solve these equations using Mathematica, for which we use

the default integration method, precision and accuracy. We

can show that these quantities (x(λ), l(λ)) are gauge invari-

ant [10], which thus makes our result gauge invariant. Fig. 1

shows the result of our numerical simulation depicting the

gravitational spin Hall effect in the Kerr background. We have

exaggerated the values of the parameters to make the effect

visible. The plots are for the rays of opposite circular polar-

ization s = ±1, along with the ray of spin-zero for reference.

The circularly polarized rays are not confined on the plane

even at the equator, even though the null geodesics can be re-

stricted on the plane in Kerr spacetime.

FIG. 1. Demonstrating the spin Hall effect in Kerr spacetime for

the black hole of mass M = 1 and angular momentum per unit mass

a = 0.9. Here, the red trajectory is for s = +1, the blue trajectory is

for s = −1, and the green trajectory is for s = 0 (geodesic curve).

To make the effect visible, we have chosen an exaggerated value of

the characteristic frequency 1/ω = 0.7. The light source is on the

equator θ = π/2 with an arbitrary initial position φ = 7π/4 and

r = 20 and emits light at time t = 0. The initial wave vector of

these ingoing light rays is given by Eq. (14) with a negative sign of

R and a positive sign of Θ. This initial condition corresponds to the

parameter λ = 0, and we continue the propagation up to λ = 50. We

chose the constants of motion for the trajectory η = 0 and ζ = 50.

It is also interesting to consider the principal null rays, for

which ζ = 0. Although such rays do not encounter the grav-

itational spin Hall effect in Schwarzschild spacetime, this is

not true for Kerr spacetime. All null trajectories generally un-

dergo the gravitational spin Hall effect in Kerr spacetime. The

deviation for the principal null trajectories is shown in Fig. 2.

Observation of Fig. 1 and 2 shows that the deviation in the

trajectory caused by the angular momentum of the particle ζ
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is in the opposite direction to the deviation by the angular mo-

mentum of the hole a. Also, as the rays are scattered at a finite

angle, the separation between the rays increases with increas-

ing distance, there is no reintersection of rays. The gravita-

tional spin Hall effect is caused by the interaction between the

spin and orbital angular momentum of a particle. When the

particle crosses the distance of closest approach, neither its

spin nor orbital angular momentum change direction, which

causes the spin-orbit interaction effect to only grow (compare

Fig. 1 with the figures in Ref. [8]). So, this effect is visible at

large distances from the lensing object.

FIG. 2. Demonstrating the spin Hall effect for the principal null rays

(corresponding to ζ = 0 and η = a2) in Kerr spacetime. To make

the effect visible, we chose the angular momentum per unit mass

a = 0.99 and the helicity s = ±2 (positive sign for the red and neg-

ative sign for the green trajectory). We have shown in Ref. [9] that

propagation Eq. (23) holds for the gravitational waves also, which

have the helicity of two after we take account of the difference in the

helicity. Other values of the parameters/coordinates are precisely the

same as in Fig. 1. Because of infinite gravitational blueshift, geo-

metric optics approximation holds near the horizon regardless of the

gravitational field strength. This assumption also plays an important

role in deriving the Hawking radiation [42].

IV. DISCUSSIONS AND CONCLUSION

We have presented our numerical work to obtain the precise

prediction of the gravitational spin Hall effect by solving the

trajectory equation for the electromagnetic waves propagating

in the Kerr spacetime. The trajectory equation was derived

using WKB expansion, where both the phase and amplitude

were expanded in inverse powers of an expansion parame-

ter ω. This expansion in both the phase and amplitude was

necessary because the requirement to use the parallel propa-

gated null tetrad in the geometric optics approximation limits

the flexibility of its transformation. Generalizing to the sub-

leading order requires using the Fermi-transported null tetrad,

which also constrains its transformation properties, resulting

in an observer/gauge independent spin Hall effect. This result

of observer-independence was proved in Ref. [10]. Thus, the

spin Hall effect is distinct from observer/emitter-dependentef-

fects (Wigner rotation and gravitational Faraday rotation) that

occur in the geometric optics regime, which could be miti-

gated by some encoding schemes (see Ref. [43]).

Additionally, the gravitational spin Hall effect results from

the interaction between the spin and orbital angular momen-

tum. Neither spin nor orbital angular momentum changes di-

rection as light rays pass the distance of the closest approach,

thus causing the spin-orbit interaction effect to grow, not de-

crease. As a result, the initially divergent trajectories between

the rays of different frequencies do not reconverge, which is

confirmed by numerical investigations.

Although weak, it is possible to observe the gravitational

spin Hall effect: first, the angular deviation, although small,

can be observed at sufficiently large distances. Second, a weak

quantum measurement technique could detect the spin Hall

effect even if the spatial separation between the two circularly

polarized light rays in opposite directions is smaller than their

wavelength [44].
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Appendix A: WKB approximation

When the typical wavelength of the wave, propagating on

approximately flat spacetime, is very small (but nonnegligi-

ble) with respect to the length scale of its amplitude and wave-

length variations and the inhomogeneity of the spacetime cur-

vature where it travels, then spin optics correction is required.

We could formulate spin optics by using the WKB expansion

Aα = aαeiωS , (A1)

where aα is the complex amplitude, and ωS is the real phase.

Here, ω is the characteristic frequency of the wave. We de-

note the square amplitude by a = (ãαaα)
1/2

, wave vector by

lα = S;α and polarization vector by mα = aα/a. Now, let us

expand both the wave and polarization vectors as

lα =lα0 +
lα1
ω

+
lα2
ω2

+ ..., (A2)

mα =mα
0 +

mα
1

ω
+

mα
2

ω2
+ .... (A3)

The necessity of expanding both the wave vector and am-

plitude comes from the fact that higher-order phase factors

like S1(λ) can not be absorbed into the leading-order am-

plitude mα
0 by transformation mα → eiS1(λ)/ωmα. This

is because geometric optics require using a parallel propa-

gated null tetrad, which constrains its transformation freedom

mα → eiS1(λ)/ωmα providing an additional restriction

dS1(λ)

dλ
= 0. (A4)

Next, we substitute this vector potential onto the Lorentz

gauge condition for electromagnetic waves, from which we

obtain

lα0m0α +
1

ω

(

lα0m1α + lα1m0α − i
(a;α

a
mα

0 +mα
0;α

))

= 0.

(A5)
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Again, substituting the vector potential into the source-free

electromagnetic wave equation, we obtain

jα =: mα
0 l0βl

β
0 +

1

ω

(

mα
1 l0βl

β
0 + 2mα

0 l1βl
β
0

− i
(

mα
0 l

β
0;β + 2mα

0;βl
β
0 + 2

a;β
a

mα
0 l

β
0

)

)

= 0, (A6)

up to the subleading order in ω. Let us now calculate an iden-

tically vanishing quantity, m̃0αj
α +m0αj̃

α

l0βl
β
0 +

2

ω
(l1β − bβ) l

β
0 = 0. (A7)

This relation can be considered as the generalization of the

dispersion relation of geometric optics. For simplification, we

have applied m̃α
0m0α = 1 and substituted

i

2
(m̃αmα;β −mαm̃α;β) = im̃αmα;β := bβ. (A8)

Appendix B: Equations of spin optics

To find the propagation equation of spin optics, let us start

with the generalized dispersion relation (A7) and express it as

1

2
gαβl

α
0 l

β
0 +

1

ω
gαβ (l

α
1 − bα) lβ0 = 0. (B1)

This relation can be viewed as the Hamilton-Jacobi equa-

tion for the subleading order phase function S, where S;α =
l0α + l1α/ω. The Hamiltonian function on the cotangent bun-

dle T ∗M , associated with the Hamilton-Jacobi equation, is

H(x, l) =
1

2
gαβl0αl0β +

1

ω
gαβ (l1α − bα) l0β

=
1

2ω2
gαβ (ωl0α + l1α − bα) (ωl0β + l1β − bβ) . (B2)

Hamilton’s equations of motion are

dxα

dλ
=

∂H

∂lα
= gαβ

(

lβ − bβ
ω

)

, (B3)

and

dlα
dλ

= − ∂H

∂xα
=

1

2
ẋµẋν ∂gµν

∂xα
+

1

ω
gµν ẋν

∂bµ
∂xα

, (B4)

where we have used Eq. (B3) in obtaining this. Now, we

could write the action whose solution from the variation prin-

ciple corresponds to the solution of the Hamilton-Jacobi equa-

tion (B1) (see Ref. [10])

S(x, l) =
∫

λ

(ẋαlα −H(x, l))dλ

=
1

2

∫

ẋαẋαdλ+
1

ω

∫

bαẋ
αdλ, (B5)

where Eqs. (B2) and (B3) are used for simplification. The

first term is the optical path length, and the second term re-

sembles the Berry connection of optics. Either the variational

principle δS = 0 or simplification of Hamilton’s equation of

motion (B4) yields the same equation [10]

D2xµ

Dλ2
+

1

ω
(bµ;ν − bν;µ) ẋ

ν = 0. (B6)

Further simplification of bβ;α − bα;β := kαβ gives

kαβ = −iRαβµνm
µm̃ν + i

(

m̃ν
;αmν;β − m̃ν

;βmν;α

)

. (B7)

After substituting this back into Eq. (B6), we obtain

D2xα

Dλ2
= − i

ω
Rα

βµνm
µm̃ν lβ0 ≈ − i

ω
Rα

βµν l
β
0m

µ
0m̃

ν
0 , (B8)

which is the propagation Eq. (23).
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