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We present a spin-induced none-geodesic effect of Dirac wave packets in a static uniform gravi-
tational field. Our approach is based on the Foldy-Wouthuysen transformation of Dirac equation
in a curved spacetime, which predicts the gravitational spin-orbit coupling. Due to this coupling,
we find that the dynamics of the free-fall Dirac wave packets with opposite spin polarization will
yield the transverse splitting in the direction perpendicular to spin orientation and gravity, which is
known as the gravitational spin Hall effect. Even in a static uniform gravitational field, such effect
suggests that the weak equivalence principle is violated for quantum particles.

I. INTRODUCTION

The question whether the weak equivalence principle
(WEP) also holds for quantum particles has been re-
ceived an theoretical and experimental interest for a long
time [IHI0]. The WEP is one of the foundational assump-
tion of classical gravitational theory, which states that
free-fall point particles will follow mass-independent tra-
jectories. In classical physics the WEP is well-defined in
terms of spacetime trajectories, but in quantum physics it
is ill-defined because trajectories and even point particles
are vague concepts. Quantum particles bring in many
new properties distinct from classical point-like particles,
such as matter/anti-matter [ITHI3], spin [14H16] and in-
ternal structuresd), [7, [I7], which might raise objections
to the validity of the WEP and add new physics contents
to the WEP. Furthermore, WEP-test based on quantum
particle can offer vital clue to understanding the con-
nection between the quantum and gravitational theories.
For example, almost all theories trying to unify gravita-
tional theory and the standard model of particle physics
predict the violations of WEP [I8], 19].

The investigations on the WEP of quantum system
have a vast spectrum, from the effects described by the
simplest Schriodinger equation with gravitational poten-
tial to the effects originated from the quantization of
gravitational field [20H25]. However, theoretical litera-
ture frequently offers conflicting views on whether the
WEP of quantum system is violated or not. The major
reason for this unpleasant situation is that there is no
consensus about quantum version of the WEP’s notion,
which is still an open issue [26H28]. Quantum physic is
formulated on the distinct concepts (such as quantum
states, measurements and probabilities) from the classi-
cal ones. Naturally, the notions of quantum WEP can
not be transferred directly from the classical statements
of WEP and ought to be explained in the language of
these quantum concepts [29] [30].

In this paper, we take the notions of quantum WEP
introduced recently in Ref. [29] and [30]. In Ref. [29], the
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notion of quantum WEP is reconstructed as the state-
ment that the Fisher information about the mass of quan-
tum probe in free fall is the same as the free case with-
out gravitational field. To extract information of mass
through measurements of quantum probe’s position, the
Fisher information can be defined as

Fom) = [ da (e, 0P Baloglot@ 0] (1)

with the wave function ¥ (x,t) of the quantum probe.
The notion of quantum WEP based on Fisher informa-
tion is F4(m) = FJ(m), where FY(m) is the Fisher in-
formation in free fall and Ff(m) in the free case. In
other words, the gravitational field can not create more
information about the mass of free-fall quantum probe.

In Ref. [30], the notion of quantum WEP is put into the
following statement: The probability distribution of posi-
tion for a free-falling particle is the same as the prob-
ability distribution of a free particle, modulo a mass-
independent shift of its mean. For a static uniform grav-
itational field, both the above the notions of quantum
WEP are valid with taking no account of the internal
degrees of freedom of quantum probe. However, both
notions are invalid in the complex gravitational fields
such as gravitational gradient field [29] and gravitational
wave [31].

One of the interesting and important questions is that
how much the spin of quantum particle is important on
these two notions of quantum WEP. For this reason, we
consider the dynamics of a Dirac particle freely falling
in a static uniform gravitational field. An interesting ef-
fect is revealed that the free-fall Dirac wave packets with
opposite spin polarization are split transversely in the
direction perpendicular to spin orientation and the grav-
itational acceleration. Such effect is known as the gravi-
tational spin Hall effect [32]. Like the spin Hall effects in
other realms of physics, the gravitational spin Hall effect
is also originated from the spin-orbit interaction [33].

The gravitational spin Hall effects or similar effects
have been reported in various physical systems such
as the Dirac field [B7H4I], the electromagnetic/light
waves [42HAT7] and gravitational waves [48] [49]. Most
of the studies present the polarization- or helicity-
dependent ray trajectories of motion which suggest the
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gravitational spin Hall effect. However, many results of
these studies are inconsistent with each other due to the
dependence upon different methods or models. Besides,
the similar effects of Dirac field discussed in the liter-
ature, the gravitational spin-orbit coupling are mainly
in the charge of interaction between spin and gravity
through the gradient or torsion of the gravitational field.

In this paper, with the help of Foldy-Wouthuysen
transformation [50], a gravitational spin-orbit coupling is
derived from the Dirac equation in a static uniform grav-
itational field (without gravitational gradient and tor-
sion), which also yields the gravitational spin Hall effect
even the gravitational field is so simple. Additionally, un-
like the semi-classical approach where the external (po-
sition) degrees of freedom treated as a classical variable,
we analyze the dynamical evolution of the wave packets
of Dirac particle and show the entanglement between the
internal (spin) and external (position) degrees of freedom
in its full quantum-mechanical form. More importantly,
we find that both the notions of quantum WEP men-
tioned earlier are unacceptable to the gravitational spin
Hall effect presented in this paper, and so the gravita-
tional spin Hall effect of Dirac particle can be treated as
a new probe of quantum WEP’s notion.

The content of the paper is organized as follows: First,
using the standard Foldy-Wouthuysen (F-W) transfor-
mation leads to a gravitational spin-orbit coupling from
the Dirac equation in a static uniform gravitational field.
Then, from the Schrédinger equation in the F-W pic-
ture, we consider the dynamical evolution of the Dirac
wave packets, and find that the gravitational spin-orbit
coupling plays a key role in the gravitational spin Hall ef-
fect going against the notions of quantum WEP. Finally,
discussion and summary are presented.

II. DIRAC EQUATION IN A STATIC
GRAVITATIONAL FIELD AND
FOLDY-WOUTHUYSEN PICTURE

Let us start with Dirac equation in a curved space-
time [51I], which describes the dynamics of a spin-1/2
particle in a gravitational field (A =c¢ = 1),

(i7*Dq —m)yp = 0. (2)

Hereafter Latin indices, (a,b,c...), denote local flat-
spacetime indices and run from 0 to 3. Greek indices,
(s, v, .. .) denote curved-spacetime indices and run from
0 to 3. Three-vectors are denoted by bold letters and
their components are labeled by Latin indices from the
middle of the alphabet, (7, j,k,...). Einstein summation
convention is used. The spacetime metric g,, and the
local flat metric 7,5 are connected by the tetrad field
Juv = € Mae,jbnab, which satisfies the orthogonality condi-
tions et e, = 04, e tey = §%. We adopt the flat metric
Nap = diag(+, —, —, —). The covariant derivative D, for

FIG. 1. Schematic diagram to display gravitational spin Hall
effect of Dirac particle. Static Dirac particles carrying spin
along the y axis fall freely in a static uniform gravitational
field. The gravitational acceleration g is along the z axis.
The splitting of Dirac particles with opposite spin polarization
occurs in the z-direction.

the spinor field is given by

Eap
D,=¢e"D,, D,=0,— e o

“w
Here 04y = i[Va,5]/2 with [... ,...] denoting the commu-
tator, and the spin connection obey wﬂab = —wuba which

can be expressed as

wﬂab _ euae)\bl—wz)\ _ €>\b8M€Aa
with the affine connection I', and the tetrad field. The
affine connection is constructed by the so-called Christof-
fel symbol Fi“/ = 0" (0u9vo +0vGop — s gy )/2 from the
spacetime metric g,,,. Throughout this paper, we choose

the Dirac representation of gamma matrices:

I 0 ; 0 o\ .
70:<0 _I>’ ’Y:(U’L O),z:1,2,3

where ¢ is the Pauli matrices.

In this paper, we discuss only a Dirac particle traveling
in a static uniform gravitational field. Following the no-
tion of [34] [35], we consider the static uniform spacetime

ds* = V2(dt)? — dx - dx (3)

where
V=1-gz (4)
Here the gravitational acceleration g along the positive
direction of z-axis. Under such metric, Eq. can be

rewritten in a Schrodinger-like form i0;1) = H1p. The
Hamiltonian has the form

H:b’mV—F%{V,owp}. (5)



Here o = %%, 8 =1° p = —iAV and {... ,...} denotes
the anticommutator.

Strictly speaking, the Dirac equation is self-consistent
only in the context of quantum field theory due to cre-
ation and annihilation of the particle-antiparticle pairs.
Fortunately, the effect of particle-antiparticle pair cre-
ation or annihilation is negligible in the non-relativistic
limit of the Dirac Hamiltonian. In order to obtain
the non-relativistic physical interpretation of the Dirac
Hamiltonian, there is a need of carrying out the F-W
transformation, which is a systematic way of separating
the positive and the negative energy states. In the F-
W representation, the Hamiltonian and all operators are
block-diagonal and the operators are exactly analogous
to the ones in the non-relativistic quantum theory.

We start from the Hamiltonian in the form

H=p8m+E+0 (6)
with
E=pm(V —1), O:%{V,a-p}, (7)

where £ denotes the even operator commuting with g,
EP = pE, and O denotes the odd operator, O = —p0O.

After two successive standard F-W transformations,
the Dirac Hamiltonian can be put into the form [52]

1 2 1 2
Substituting Eq. explicitly and performing the opera-
tor products to the first order of g and 1/m, we obtain

2 .
_ p iBg  BE-(g xp)
Hew = BV (m + Zm) + 2mp3 dm

)

where ¥ = (023,0%,0'2) is the spin operator (or
Yk = €40 /2). This F-W Hamiltonian is in agreement
with [36], and confirms the weak-field and non-relativistic
approximation of [35]. The last term on the right-hand
side of (9) describe a gravitational (inertial) spin-orbit
coupling, first introduced in [36]. This coupling plays a
crucial role in determining gravitational spin Hall effect
of Dirac wave packets in a static uniform gravitational
field, as we will discuss in the following section.

III. GRAVITATIONAL SPIN HALL EFFECT OF
DIRAC PARTICLE AND THE WEAK
EQUIVALENCE PRINCIPLE

In this core section of this paper, we analyze the full
quantum dynamics of the gravitational spin Hall effect
of Dirac particle in terms of quantum-mechanical pos-
tulates. We start from the Schrodinger equation in the
F-W representation @[)

Since Hpyw independent of time, the general solution to
Eq. can be represented as

P(x,t) = U(t,0)y(x,0), (11)

as the initial wavefunction (,0) is known. The wave-
function at some later time ¢ is governed by the time-
evolution operator U(t,0) = U = e~ 7tFw? on the initial
wavefunction.

Our motivation is to look for whether the WEP is vi-
olated if considering spin effect of Dirac particles in a
gravitational filed. For this purpose, let us consider Dirac
particles of opposite spin-polarization with the same ini-
tial mean position and momentum falling freely in our
static uniform gravitational field and compare their evo-
lution. For concreteness, the initial states of particles are
represented by the following normalized gaussian wave
packets, respectively,

Px(x,0) = (z,0)x+ (12)
with the normalized gaussian wave packet

2

é(x,0) = (a*m) "/ Exp| — ] (13)

and the spinors
(i 1007

(1i0 07
X+ 7 X VA (14)
Here the letter T' represents the standard transposition
operation. 14 (x,0) and ¢_(z,0) describe the particle
of spin along the positive and negative y-direction ini-
tially well localized in position and momentum with the
expected values (x) = 0 and (p) = 0, respectively, as
depicted in Fig..
We turn now to the calculation of the expected position
of the wave packets of opposite spin-polarization in a
uniform gravitational field:

() = (Y(@,t)|z](z,1) = <¢(w,0)|U‘1$U|¢($,0)(>~ :
15
There is a need for calculating the operator U~'xU, but
it is difficult to solve the exact solution because of the
non-commutation of operators. If considering the weak-
field and non-relativistic approximation, U~'aU can be
written via Baker-Hausdorff lemma [53] as
)
U 'zU = x+it[Hpw, ] — 5[7—[FW, [(Hew,x]]+--- (16)

Using @ and keeping operator products to the first order
of g and 1/m, we can deduce the following commutation
rules:

_iBVpr | igBE,

[IHFer] = m + am (17)
BV g3
[HFW7y} = _Zﬁmpz - ’mel’ (18)
_ iBVps | gB
[HFW7Z]__T+%’ (19)
[HFW7 [HFW7I] = [HFWa [HFWay] =0, (20)
[HFW7 [HFW7 Z} = —g. (21)



Substituting these commutation rules back into Eq.7
and performing the integration of with the initial
wave packets , we can get

EO)y =2 o)=L )
(W(H)+ = (y()- =0 (23
()1 = (=(1)) - = 59” (24

Such results can be rewritten in a compact form of 3-
vectors as

(x(t)x = (—%7 0, %gtzx (25)

where ¢ = +1 for particle’s spin along the positive y-
direction and o = —1 for particle’s spin along the nega-
tive y-direction, respectively. Without considering the
quantum fluctuations, the classical trajectory x(t) =
gt? /2 is recovered in the semi-classical limit & — 0.

From Eq., we can find that the wave packets of
opposite spin-polarized Dirac particles in free fall can be
split transversely in the direction perpendicular to spin
and gravity, as illustrated in Fig., which is known as
the gravitational spin Hall effect. Free-fall Dirac particles
with different spin orientations follow ‘different paths’.
Besides, unlike the classical case, the expected trajectory
of the quantum particle in free fall is dependent on its
mass, and the quantum particle with spin polarization is
able to fall freely in a different ‘path structure’. In these
senses, this effect implies a kind of violations of quantum
WEP induced by the spin of quantum particle.

Restoring explicit factors A and ¢, we can get the
transverse shift from the origin point along z-axis by an
amount

ox

hgt — h gt N A (v) _ A V/2g(2) (26)

“dme " dmce 4 ¢ 4
Here, A is the reduced Compton wavelength. Although
this effect originates from the wave feature of quantum
particle, the split is due to the geodesic deviation out of
gravitational (inertial) spin-orbit coupling, existing even
in a uniform gravitational field. In addition, this effect
implies the entanglement between the internal (spin) and
external (position) degrees of freedom of the wave pack-
ets.

In order to analyze the detail dynamical evolution of
wavefunction and the detail entanglement of the internal
and external degrees of freedom, we can try to look for
the solution of the wavefunction at time ¢t. The F-W
Hamiltonian can be written as

Hew = Hyp +Hy (27)

with defining the free Hamiltonian

2
Hf:ﬁm—kﬁf—m (28)

and the interaction Hamiltonian

Hyg = —pmgz — @{p272}

4m

_pX-(gxp)

i (29)

We can deduce the following commutation rules to the
first order in term of 1/m and g¢:

[(Hy, Hgl = igps, [Hy, [Hy, Holl = [Hy, [Hy, Hyl] :(0 )
30
Using these commutation rules and the Baker-Campbell-
Hausdorff (BCH) formula [54], we can factorize the time
evolution operator as

i i _i _1 2
U=e iHyt Z’H_qtNe 1’;‘-Lgte 3[Hy, Hglt e iHyt (31)

Thus, the evolution of the wavefunction will become

,(/)i(w7 t) ~ e—i’)—[gte—%[Hf,’H,g]t?e_intwi(w’ 0)
= e~ Hote=3Mr Iy (a0, t)

= Mol T30y (1)

_ 1
= e Molypyy (z — 59752,75) (32)

. . )
Here 174 (z,t) = e=Ttrtyp (x,0) = e*””te*”%wi(w, 0)
describes the free evolution of the initial wavefunction

4 (x,0) without gravitational interaction, which can be
written explicitly as [55]

Vre(x,t) = (@, t)xs (33)
where
a’\3/4/ 5 it —3/2 x2 )
4 (34)
Again, e~ M9t can also be further factorized by the

BCH formula as

. . iBgt ;. 2 iBgt
e THat ezBmgztezf,fL {r ’Z}e%(f@pl*zlpz)

. iBgt 2 Bgt —Bgt
= elﬁngtefri {p ’Z}gifn 22816 4[75 %102

~ POt (1 4 I p? 2 )e O TR (35)

Inserting Eq. into Eq. by elementary calculation,
we can obtain the approximation of the wavefunction
Y4 (x,t) as follows

1, i
V(@) = eI (14 S (2 2)) [ ()
+Yr(v,t) +Ypx(v,t) — Ypx(u,t)| (36)
with
_ ogt gt 1 o
_ ogt gt 1 5



Equation confirms the evolution towards an entan-
gled state between the internal (spin) and external (po-
sition) degrees of freedom.

In fact, with the wavefunction for general time ¢ ,
straightforward calculation can verify the expected posi-
tion as

t 1
29 ’ Oa 7gt2)

(@(0)s = (ba (@, Dlelia(z0) = (-T2, 0, 5
(39)

The probability distribution of position

(I (w )1 + [pr (v, 7)) (40)

N

|¢:t(wat)|2 =~

In our case, since the mass dependence of u and v and the
spin-position entanglement, the probability distribution
is mass-dependent, and the functional mass-dependence
of probability distribution is different from that of the
free case in the absence of gravity. From this point,
we can conclude that the notion of quantum WEP in

Ref. [30] is invalid, even in a static uniform gravitational
field.

In addition, from the view of the Fisher information
framework, one can extract mass information of Dirac
particle in free fall with spin polarization, even in a static
uniform gravitational field, namely FJ(m) # FJ(m).
Thus it also imply the violation of the notion of quantum
WEP in terms of Fisher information. In this sense, the
gravitational spin Hall effect can be as a new probe to
test the quantum version of WEP’s notion.

IV. DISCUSSION AND SUMMARY

In conclusion, we have revealed the gravitational spin
Hall effect holding simultaneously quantum and gravita-
tional effects, even in a static uniform gravitational field.
For the free-fall Dirac wave packets with opposite spin
polarization, such remarkable effect suggests the trans-
verse splitting in the direction perpendicular to spin ori-
entation and gravity. In the F-W picture, we analyze
the dynamical evolution of the free-fall Dirac wave pack-
ets and show that the gravitational spin Hall effect pro-
duces the entanglement between the internal and exter-
nal degrees of freedom due to the gravitational spin-orbit
coupling. Interestingly, the gravitational spin Hall effect
manifest the violation of the quantum WEP’s notion pre-
sented recently, even in the very simple case of a static
uniform gravitational field.

To test the gravitational spin Hall effect will be of great
interest and importance for the possible observation of
the violation of WEP in the quantum realm. However,
as showed previously, the shift is an order of magnitude
smaller than the Compton wavelength of the Dirac par-
ticle. It does not seem feasible to detect this effect by
the current detectors. If the future detectors realizing
high spatial resolution and the free-fall particles traveling
enough time, possible future observations of this effect
could be as a new probe of WEP of quantum systems, so
as to clarify the notion of quantum WEP.
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