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We study spinoptics equations in the Schwarzschild spacetime. We demonstrate that using the
explicit and hidden symmetries of this metric one can explicitly solve the equations for complex null
tetrad associated with null rays representing photon’s and graviton’s motion. This allows one to
integrate the spinoptics equations both for the electromagnetic and gravitational waves. It is shown
that the main effect of the interaction of the spin of these fields with the spacetime curvature is
the tilt of the asymptotic planes of the massless particle orbit. The corresponding tilting angle is
calculated. It is shown that this angle grows when a null ray passes in the vicinity of the circular
null orbit located at r = 3M .

...
Alberta Thy 8-24

I. INTRODUCTION

Most information about the Universe is obtained by
observing electromagnetic and (since September 2015)
gravitational waves. Maxwell and gravitational wave
equations near black holes and in the cosmological back-
ground allow complete separation of variables and their
solutions can be presented in the form of an infinite series.
However, in practice using this representation for obtain-
ing concrete results quite often is rather complicated.
A powerful method of study high-frequency electromag-
netic and gravitational waves is a well-known geometric
optics approximation. The basic idea of this approach is
that when the wavelength of the radiation is much less
than other characteristic length parameters (such as ra-
dius of the beam of light, duration of the light pulse, the
curvature of the wavefront and the spacetime curvature),
one can approximate a solution by assuming that locally
it is similar to a monochromatic plane wave. Formally
this is achieved by expanding the wave solutions in the
inverse powers of the frequency and keeping a few lowest
order terms of this expansion.

In a general case, the short wave (or high frequency)
approximation is a powerful method of construction
of approximate solutions of linear differential equations
with spatially and time varying coefficients. It allows one
to find asymptotic solutions by reducing this problem to
study Hamiltonian dynamical systems. This method is
widely used in different areas of physics and has different
(historically motivated) names. In quantum mechanics
this method is known as a quasiclassical or WKB ap-
proximation. In wave optics it is known as a geometric
optics. It takes its origin with the paper by Debay in
1911 [1].

In the application to the wave equation, one searches
for a solution of the form Φ = aexp(iωS), where ωS is
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a fast changing function, called an eikonal, and a is a
slowly changing amplitude. The lowest order in 1/ ex-
pansion gives the Hamilton-Jacobi equationH(x,∇S) for
the Hamiltonian H . The corresponding Hamilton equa-
tions determine a set of null rays with tangent vectors
lµ = S,µ. Such rays form a Lagrangian submanifold in
the phase space, which can be used to find the eikonal
function for its given initial value. The subleading term
in the 1/ω expansion gives a transport equation which
allows one to find the amplitude a.
The application of the geometric optics to the propa-

gation of the high frequency electromagnetic and gravi-
tational waves in a curves spacetime gives the following
results: (i) Light rays are null geodesics, (ii) Polariza-
tion vector is perpendicular to the rays and is parallel-
propagated; (iii) The amplitude is governed by an adia-
batic invariant which, in quantum language, states that
the number of photons (or gravitons) is conserved (see
e.g. [2]).
A gravitational field can cause a rotation of the po-

larization plane of light. This phenomenon is known as
the gravitational Faraday effect (see e.g. [3–25] and ref-
erences therein). It arises due to interaction of spin of
the light with the curvature. As a result of the spin-orbit
interactions, the left- and right-handed circularly polar-
ized waves propagates slightly differently. Dependence
of photon’s trajectory in a gravitational field on its po-
larization is an analogue of optical Magnus effect (Hall
effect of light). The spinoptics is a modification of the
geometric optics approximation which allows one to take
into account this effect1. The spinoptics for the electro-
magnetic waves was discussed in [19, 29–34]. Spinoptic

1 Let us note that the equations of motion of a mas-
sive rotating object in an external gravitational field
(Mathisson–Papapetrou–Dixon equations) were obtained long
time ago [26–28] and have been studied in detail. However, these
equations do not allow a well defined limit when the mass of the
object tends to zero.
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approach for the gravitational waves in a curved space-
time was considered in [35–38].

A key observation in the spinoptics approach is a fol-
lowing. Let us consider a scattering of light by a mas-
sive object and assume that the emitter and detector
are located at far distance L from this body, while the
light passes close near it. In this problem besides the
small parameter of the wavelength λ = 1/ω there exists
a large length parameter L. In this situation even tiny
spin dependent corrections to the equations of motion
may become essential at large distance. To obtain the
equations of the spinoptics one considers right and left
circular polarized waves independently and develop high-
frequency approximation for each of these states. Using
these high-frequency expansions one searches for the he-
licity dependent 1/ω terms and includes these helicity
sensitive corrections into the eikonal equations. Such a
modification enhances of helicity-dependent corrections
and slightly changes the worldlines of the massless par-
ticles with spin. These worldlines still are null but not
geodesic anymore.

There exists two ways to derive the spinoptics equa-
tions:

• Substitute the ansatz for high-frequency circular
polarized waves into the field equations. After this
collect helicity sensitive terms and include them
into the eikonal equation [31–33].

• Substitute the ansatz for high-frequency circular
polarized waves into the field action, and use the
obtained effective action for deriving spinoptics
equations [39, 40].

Let us emphasize that the spinoptics equations obtained
by both methods are the same. However, the second
method is simpler and more transparent than the first
one.

In a general case the spinoptic equations are rather
complicated. Besides the equations for the propagation
of the null rays and scalar amplitude, there are also addi-
tional equations for the propagation of the vectors of the
complex null tetrads associated with the null rays. This
set of equations can be studied numerically. However,
there exists astrophysically interesting case when an ana-
lytic study of the spinoptics equations is possible. This is
a case of a black hole in an asymptotically flat spacetime.
In this paper we discuss solutions of the spinoptic equa-
tions in the Schwarzschild spacetime and demonstrate
how they can be solved. The Schwarzschild metric has
four Killing vectors. As a result, the geodesic equations
for particles and light are completely integrable and their
orbits are planar. Moreover, the solutions of these equa-
tions can be written in an explicit form in terms of the
elliptic integrals (for more discussion and references see
e.g. [41]). Besides Killing vectors responsible for the ”ex-
plicit” symmetry of the Schwarzschild spacetime it also
possesses a special, rank two, closed conformal Killing-
Yano tensor generating the ”hidden” symmetry. We shall

demonstrate how this hidden symmetry helps one to inte-
grate the spinoptics equations. We expect that a similar
approach can be used for solving the spinoptics equations
in the Kerr metric as well.
In section II we collect useful relations for the

Schwarzschild geometry, including expressions for the
generators of the hidden symmetries, which are used later
in the paper. In section III we discuss null rays and
complex null tetrads associated with them. Using an
approach similar to the method of Marck [42], we solve
equations of the parallel transport for such a tetrad when
a null ray is a geodesic. Spinoptics equations and their
solutions in the Schwarzschild geometry are discussed in
section IV. Section V contains a brief summary of the
obtained results and discussion.
In this paper we use sign conventions of the book [2]

and geometric units of c = G = 1. We also denote 4D
objects, such as 4D vectors and tensors, by boldface sym-
bols.

II. NULL RAYS IN THE SCHWARZSCHILD
SPACETIME

The Schwarzschild metric has the form

ds2 = −fdt2 + dr2

f
+ r2dΩ2 ,

dΩ2 = dθ2 + sin2 θdϕ2 .

(2.1)

It admits Killing vectors

ξµ = (1, 0, 0, 0), ζµ = (0, 0, 0, 1) , (2.2)

and a closed conformal Killing-Yano tensor hµν , which is
an antisymmetric rank two tensor satisfying the equation

hµν;λ = ξµgνλ − ξνgµλ . (2.3)

The form h is closed, dh = 0, and hence it has a potential
h = db. For the Schwarzschild geometry

bµ = −1

2
r2δtµ ,

hµν = 2b[µ,ν] = −r(δtµδrν − δrµδ
t
ν) .

(2.4)

Its dual is the Killing-Yano tensor

kµν =
1

2
eµναβh

αβ . (2.5)

It obeys the equation

kµ(ν;λ) = 0 . (2.6)

In the Schwarzschild metric this tensor has the following
form

kµν = r3 sin θ(δθµδ
ϕ
ν − δθνδ

ϕ
µ) . (2.7)
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Using kµν one can define the symmetric rank two
Killing tensor Kµν

Kµ
ν = k α

µ kνα = r2[δµθδ
θ

ν + δµϕδ
ϕ

ν ] . . (2.8)

We also define other rank two tensors

Hµ
ν = hµαhαν , K̃µν = hµαkαν , H̃µν = kµαhαν . (2.9)

Simple calculations give

Hµ
ν = r2[δµtδ

t
ν + δµrδ

r
ν ] ,

K̃µ
ν = H̃µ

ν = 0 .
(2.10)

Consider a vector uµ and use it define two new vectors

uµk = kµνu
ν , uµh = hµνu

ν . (2.11)

Since tensors k and h are antisymmetric, both these vec-
tors are orthogonal uµ

uµu
µ
k = uµu

µ
h = 0 , (2.12)

while relations (2.10) imply that they are also mutually
orthogonal. In the next section we use this observation
for construction of the complex null tetrad associated
with null rays.

III. NULL RAYS AND COMPLEX NULL
TETRAD ASSOCIATED WITH THEM

Consider a null geodesic xµ = xµ(λ) in the
Schwarzschild spacetime and let λ be an affine param-
eter. The tangent vector to this worldline can be written
in the form

lµ = ẋµ =
(E
f
,
R
r
,

Θ

r2 sin θ
,

Lz

r2 sin2 θ

)
,

R = ±
√
E2r2 − L2f, Θ = ±

√
L2 sin2 θ − L2

z .

(3.1)

Here and later a dot means a derivative with respect to
affine parameter λ. For a null geodesics the following
quantities

E = −ξµlµ, Lz = ζµl
µ, L2 = Kµν l

µlν , (3.2)

are integrals of motion which have the meaning of the
energy, azimuthal angular momentum and the square of
the total angular momentum, respectively. Relation (3.1)
shows that at a regular point (t, r, θ, ϕ) of the spacetime
there exists only one null geodesic with parameters E,
Lz, and L

2 passing through it. Signs ± which enter the r
and θ components of lµ are independent. They have the
value +1 if in the motion of light the corresponding co-
ordinates increases, and their value is −1 in the opposite
case. The change of signs occurs at the corresponding
turning points, where either R or Θ vanish. Using rela-
tion

ṙ =
dr

dλ
=

R
r

(3.3)

one obtains

λ = λ0 +

∫ r

r0

rdr

R
. (3.4)

Our goal now is to construct a complex null tetrad
associated with a null geodesic ray. For this purposes we
define two vectors

ẽµ1 =
1

L
hµν l

ν , eµ2 =
1

L
kµν l

ν . (3.5)

As it was shown earlier, these vectors are orthogonal to
lµ and are mutually orthogonal. The factor 1/L in the
definition of these vectors is chosen so that they satisfy
the following normalization conditions

ẽµ1 ẽ1µ = eµ2e2µ = 1 ,

ẽµ1e2µ = ẽµ1 lµ = eµ2 lµ = 0 .
(3.6)

In the Schwarzschild spacetime the vectors ẽµ1 and eµ2
have the following components

ẽµ1 =
( R
Lf

,
Er

L
, 0, 0

)
,

eµ2 =
(
0, 0,

Lz

Lr sin θ
,− Θ

Lr sin2 θ

)
.

(3.7)

To obtain the fourth vector of the tetrad we proceed

as follows. Vectors ẽα1 and eβ2 determine a 2D surface.
We denote

Σµν = eµναβ ẽ
α
1 e

β
2 . (3.8)

The 2D plane determined by bi-vector Σµν is orthogonal

to the plane spanned by ẽα1 and eβ2 . It contains two null
vectors which are the eigenvectors of Σµν . One of them,
with the eigenvalue −1, is the vector lµ. We denote the
other one, with the eigenvalue +1, by ẽµ3 . It has the form

ẽµ3 =
( Er2
2fL2

,
rR
2L2

,− Θ

2L2 sin θ
,− Lz

2L2 sin2 θ

)
. (3.9)

By construction, this vector is orthogonal to vectors ẽα1
and eβ2 . We choose ẽµ3 to be future directed and normalize
it by the condition

ẽµ3 lµ = −1 . (3.10)

We use the constructed four vectors lµ, ẽµ1 , e
µ
2 , ẽ

µ
3 to

define a complex null tetrad parallel propagated along
the null geodesic. Let us note that vector lµ is parallel
propagated by definition. Let us show that the vector eµ2
is also parallel propagated along the null geodesic. One
has

lαe2µ;α =
1

L

(
kµν;αl

αlν + kµν l
αlν;α

)
= 0 . (3.11)

The last equality for a geodesic null ray follows from the
definition of the Killing-Yano tensor (2.6).
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Similarly, one has the following relation for the vector
ẽµ1

lαẽ1µ;α =
1

L

(
hµν;αl

αlν + hµν l
αlν;α

)
= − 1

L
(lαξ

α)lµ .

(3.12)
Thus, the vector ẽµ1 is not parallel propagated. However,
it can be ”improved” by adding to it a vector proportional
to lµ

eµ1 = ẽµ1 − Φlµ . (3.13)

One can check that if the function Φ satisfies the equation

dΦ

dλ
≡ lαΦ,α = − 1

L
lαξ

α =
E

L
, (3.14)

then the vector eµ1 is parallel propagated along the ray2.
A solution of this equation is as follows

Φ = Φ0 +
E

L

∫ r

r0

dr
r

R
=
E

L
(λ− λ0) + Φ0 , (3.15)

Using the constructed vectors we define the following
complex null tetrad (l,m, m̄,n) where l is given by (3.1)
and the other vectors are defined as follows

mµ =
1√
2
(eµ1 + ieµ2 ) ,

nµ = ẽµ3 − Φẽµ1 +
1

2
Φ2lµ .

(3.16)

Here and later a bar denotes a complex conjugation. One
can check that the vector n is parallel propagated along
the ray. These vectors are normalized as follows

lµn
µ = −1, mµm̄

µ = 1 , (3.17)

the other scalar products vanish. We call set of vectors
(l,m, m̄,n) a complex null tetrad associated with the
null ray.

IV. SPINOPTICS IN SCHWARZSCHILD
METRIC

A. Spinoptics equations

We discuss now the spinoptics equations in the
Schwarzschild spacetime. These equations have the form
[33, 39, 40]

Dlµ = wµ, wµ =
σ

ω
(κ̄mµ + κm̄µ) ,

Dnµ = 0, Dmµ =
σ

ω
κnµ ,

κ = iRµναβm
µlνmαm̄β ,

(a2lµ);µ = 0 .

(4.1)

2 A similar method for construction of the couple of vectors which
are parallel propagated along null and timelike geodesics in the
Kerr geometry was described by Marck [42, 43]. See also [44].

Here σ is the helicity which takes the value ±1 for pho-
tons and ±2 for gravitons. In the leading order, that is in
the limit ω → ∞, these equations describe null geodesic
rays with a parallel propagated complex null tetrad. We
consider the terms standing in the right-hand side of the
equations (4.1) as perturbations and use spinoptics equa-
tions to find how this perturbation affects the null rays.
Namely, we start with a null geodesic with a tangent
vector l0 and uses the relations (3.1), (3.7), (3.9) and
(3.16) to calculate the complex null tetrad (l0,m, m̄,n)
associated with l0. Using this tetrad one calculates the
quantity κ which enters the right-hand side of equations
(4.1). Since the parameter κ/ω is small, using the un-
perturbed tetrad for the calculation of κ is sufficient for
calculation of the first order correction to the null ray in
the adopted approximation.
Using the expressions for (l0,m, m̄,n) derived in the

previous section one obtains a following expression for κ

κ =
3
√
2i

2r5
ML2Φ . (4.2)

One can also check, that the vector wµ in the equations
(4.1) is of the form

wµ =
σ

ω

3ML2Φ

r5
eµ2 . (4.3)

Let us note that the affine parameter is not uniquely
defined and its choice allows a rescaling λ → Aλ. It is
convenient to perform the following scaling transforma-

tion λ̂ = Eλ. Similarly, we rescale the other parameters.
We use a ”hat” over the objects for their values after this
rescaling. One has

λ̂ = Eλ, l̂µ =
1

E
lµ, ŵµ =

1

E2
wµ ,

ℓ ≡ L̂ =
L

E
, ℓz ≡ L̂z =

Lz

E
,

Φ̂ = EΦ =
1

ℓ
(λ̂− λ̂0) + Φ0 ,

R̂ =
1

E
R = ±

√
r2 − ℓ2f ,

Θ̂ =
1

E
Θ = ±

√
l2 sin2 θ − ℓ2z .

(4.4)

To simplify the formulas, in what follows we omit ”hats”.
This means that in order to use the earlier obtained for-
mulas it is sufficient to put there E = 1 and substitute
L and Lz by ℓ and ℓz, respectively. For the light ray
scattering by the black hole the quantity ℓ is the impact
parameter of the ray. In this ”new” parametrization the
equation (4.3) takes the form

wµ = ψeµ2 , ψ = σλ
3Mℓ2Φ

r5
. (4.5)

We use here the wavelength λ = 1/ω instead of the fre-
quency ω.
For the problem under the consideration the calcu-

lations can be further simplified. For a unperturbed
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geodesic motion in a spherically symmetric geometry the
orbits are planar. Without loss of generality one can as-
sume that a chosen null ray l0 lies in the equatorial plane.
For this choice

θ = π/2, ℓz = ℓ, Θ = 0, eµ2∂µ =
1

r

∂

∂θ
. (4.6)

The unperturbed null ray orbits are defined by the fol-
lowing equations

dt

dλ
=

1

f
,
dr

dλ
=

R
r
,
dϕ

dλ
=

ℓ

r2
. (4.7)

For our choice, when θ = 0 corresponds to the ”north
pole” of the black hole, the vector e2 is directed down
with respect to the equatorial plane, in the direction of
the increase of the angle θ. Relation (4.5) implies that the
photons and gravitons with positive helicity during there
motion near the black hole will be slightly deflected in
the down direction with respect to the equatorial plane,
while the particles with negative helicity are deflected in
the opposite direction.

B. Solving the equation

To study how the helicity affects the motion of a pho-
ton or graviton we write the vector of their 4D velocity
in the form

lµ = lµ0 +Ψeµ2 . (4.8)

Here lµ0 the unperturbed 4D velocity for the geodesic mo-
tion and Ψeµ2 is a perturbation due to the spin-curvature
interaction. To find Ψ we shall use the spinoptics equa-
toions. In this approximation Ψ = O(1/ω). Since the
vector eµ2 is orthogonal to lµ0 , one has lµl

µ = O(1/ω2).
This means that in an adopted approximation the vector
lµl

µ is the null vector.
Let us denote D = lµ0∇µ, then one has

Dlµ = DΨeµ2 . (4.9)

Using equations (4.1) and (4.5) one obtains

dΨ

dλ
= ψ . (4.10)

We consider now an application of the obtained re-
sults to the scattering of light by a non-rotating black
hole in the spinoptics approximation. We assume that a
null geodesic ray is sent from the infinity with the some
impact parameter ℓ. In the absence of the spinoptics
corrections it moves along a null geodesic in the equa-
torial plane. We assume that the parameter ℓ is large
enough so that the null ray passes near the black hole at
the some minimal radial distance rm > r0 and after this
propagates back to the infinity. We choose coordinate ϕ
so that ϕ = 0 at r = rm. We also put the affine parame-
ter λ̃ equal to zero at this point. Our goal is to find how

the shift function Ψ changes during this motion. Since ψ
depends on r, one should integrate (4.10) together with
the radial equation for the unperturbed null geodesic.
Let us denote

Z =

√
1− ℓ2

r2
f . (4.11)

A turning point r = rm of the unperturbed null ray for
a given impact parameter ℓ is defined by condition

ℓ2

r2m
(1− 2M

rm
) = 1 . (4.12)

To find a shift function Ψ one can use the following set
of the first order equations

dr

dλ
= ±Z ,

dΨ

dλ
=
Aℓλ

r5
, A = 3σλM .

(4.13)

Here sign ”minus” in the first equation is used for the
incoming part of the trajectory, while the sign ”plus” is
used for the outgoing part. It is convenient to choose the
initial conditions at the turning point. However, the first
of the equations (4.13) is singular at it. We use the fol-
lowing standard trick to overcome this problem. Instead
of the first order equation for r = r(λ) we use its second
order version, which is obtained by its differentiation over
λ. The obtained set of equations is

d2r

dλ2
=
ℓ2

r3
(
1− 3M

r

)
,

dΨ

dλ
=
Aℓλ

r5
.

(4.14)

We chose the initial conditions in the form

r|λ=0 = rm,
dr

dλ

∣∣
λ=0

= 0, Ψ|λ=0 = 0 . (4.15)

One can further simplify the set of equations (4.14) by
writing them in the dimensionless form. For this pur-
pose we use the gravitational radius 2M as the standard
length scale and change the parameters which enter the
equations as follows

r̃ = r/(2M), ℓ̃ = ℓ/(2M), λ̃ = λ/(2M) ,

λ̃ = λ/(2M), Ã = A/(2M)2 =
3

2
σλ̃, Ψ̃ = Ψ/Ã .

(4.16)

The corresponding dimensionless form of the equations
is

d2r̃

dλ̃2
=
ℓ̃2

r̃3
(
1− 3

2r̃

)
,

dΨ̃

dλ̃
=
ℓ̃λ̃

r̃5
,

dϕ

dλ̃
=

ℓ̃

r̃2
,

dt̃

dλ̃
=

r̃

r̃ − 1
.

(4.17)
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For completeness, we added here two unperturbed equa-
tions for the evolution of t̃ and ϕ coordinates.
The dimensionless impact parameter ℓ̃ is related to r̃m

as follows

ℓ̃ =
r̃
3/2
m√
r̃m − 1

. (4.18)

It is easy to check that ℓ̃ has a minimum equal to ℓ̃0 =
3
√
3/2 at r̃0 = 3/2. This is an unstable circular orbit of

the null ray r = r0. For the impact parameter ℓ̃ slightly
larger that ℓ̃0 the unperturbed ray revolves around the
black hole before it escapes to infinity.

Equation for ϕ = ϕ(λ̃) in (4.17) is invariant under si-

multaneous change of signs of λ̃ and ϕ and this coordi-
nate monotonically increases from its asymptotic value
ϕ = −ϕ∞ at λ̃ = −∞ to ϕ = ϕ∞ at λ̃ = ∞. In the
domain far from the black hole the incoming and outgo-
ing rays move practically along the straight line parallel
to the radial line with the angles ϕ = ±ϕ∞ and at the
distance ℓ from them. We also put Ψ̃ = 0 at the turning
point. Then this function monotonically increases from
some asymptotic value −Ψ̃∞ to Ψ̃∞.
Integration of a system of the first three equations in

(4.17) allows one to obtain quantities ϕ, Ψ̃ and r̃ as func-

tions of λ̃. The plots of ϕ(λ̃), Ψ̃(λ̃) for different choices
of the parameter r̃m are shown at Fig. 1 and Fig. 2, re-
spectively.





FIG. 1. Ψ̃ as a function of λ̃ for the values r̃m = 1.8 (red
solid line), r̃m = 2.0 (blue dashed line) and r̃m = 3.0 (brown
dash and dotted line).

C. Tilting of orbit’s plane

Let us discuss now how a motion of the null ray changes
when the one ”switches on” the interaction of the spin
with the curvature. Let us assume that at r̃ = r̃m one has
lµ = lµ0 and hence the perturbed ray lies in the equatorial
plane Π0. As the result of the interaction of the helicity
of the massless particle with the curvature its worldline
for later and earlier time is shifted from this plane. In





FIG. 2. ϕ as a function of λ̃ for the values r̃m = 1.8 (red
solid line), r̃m = 2.0 (blue dashed line) and r̃m = 3.0 (brown
dash and dotted line).

the asymptotic domain Ψ is practically constant and the
vectors lµ0 and lµ has the following asymptotic form valid
for r → ∞

lµ0 = (1, l⃗0), l⃗0 = ±e⃗r ,

lµ = (1, l⃗), l⃗ = ±(e⃗r +Ψ∞e⃗θ)
(4.19)

Here e⃗r and e⃗θ are unit 3D vectors in the radial and θ
directions, respectively. A sign ”minus” stands for the
incoming ray, and sign ”plus” stands for the outgoing
one.

The incoming perturbed ray lies on the plane Π−, while
the outgoing ray lies on the plane Π+. Both of these

planes differ from Π0. The shift parameter Ψ̃∞ deter-
mines the tilting angle between these asymptotic orbit’s
planes and the equatorial one. This tilting angle Ψ∞ is

Ψ∞ =
3

2

( λ

2M

)
Ψ̃∞ . (4.20)

The quantity Ψ̃∞ is obtained by the integration of the
first two equations in (4.17) with the initial conditions

Ψ̃|λ̃=0 = 0, r̃|λ̃=0 = r̃m . (4.21)

Performing this integration and taking the limit λ̃ →
∞ one gets Ψ̃∞ as a function of r̃m. A plot of this func-
tion is shown at Fig. 3. One can see that this function
infinitely grows near r̃m = 3/2. This feature has a simple
and natural explanation. In this regime a null ray spends
some time revolving near the critical circular orbit and
the tilting angle parameter is accumulated during this
time.

V. DISCUSSION

In this paper we discuss spinoptics of electromagnetic
and weak gravitational waves in a spacetime of a static
spherically symmetric black hole. We demonstrated that
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FIG. 3. Ψ̃∞ as a function of r̃m.

the spinoptics equations can be presented in a quite sim-
ple form which allows a detailed study. This became pos-
sible since the Schwarzschild geometry besides explicit
symmetries generated by the Killing vectors also pos-
sesses a hidden symmetry. The generator of this hidden
symmetry is a rank two closed conformal Killing-Yano
tensor hµν . It and its dual Killing-Yano tensor kµν allow
one to construct two mutually orthogonal vectors which
are parallel propagated along a null geodesic. This result
is used to obtain a complex null tetrad associated with
the null geodesics, which are used in the spinoptics equa-
tions. Namely, a special projection of the Riemann curva-
ture tensor on the complex null tetrad vectors determines
the 4D ”force” acting on the null ray. In the spinoptics
approximation such a term describing the interaction of

the photon’s and graviton’s spin with the curvature is
proportional to 1/ω and in the adopted high-frequency
approximation is small. For this reason, one considers it
as a perturbation. This implies that for the calculation
of this term it is sufficient to use the complex null tetrads
associated with the unperturbed null geodesic.
As a result, this ”force” term can be obtained in an

explicit analytical form. It is shown that in this approx-
imation the corresponding ”force” is directed orthogo-
nal to the particle orbit’s plane. The obtained equations
describing this tilting orbit effect are integrated numer-
ically. Let us emphasise that this helicity dependent ef-
fect is present in the field of a non-rotating black hole,
and it is quite different from the well known effect of
the gravitational Faraday rotation induced by the black
hole rotation. The method of solving of the spinoptics
equations described in this paper for the Schwarzschild
geometry can be generalized to the case of the Kerr met-
ric, describing rotating black holes.
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