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The equations of motion of massive test particles near Kerr black holes are separable in Boyer-Lindquist
coordinates, as established by Carter. This separability, however, is lost when the particles are endowed with
classical spin. We show that separability of the equations of motion can be recovered to linear order in spin by a
shift of the worldline derived with the use of the hidden symmetry of Kerr space-time. Consequently, the closed-
form solution of the motion is expressed in a way closely analogous to the solution for spinless particles. This
finding enriches the understanding of separability and integrability properties of the dynamics of test particles
and fields in Kerr space-time, and is particularly valuable for modeling inspirals of rotating compact objects into
massive black holes.

Introduction.– Upcoming space-based gravitational-wave ob-
servatories such as LISA, TianQin, or Taiji [1–4] will de-
tect signals from various sources, including intermediate- and
extreme-mass-ratio inspirals of compact objects into massive
black holes [5, 6].

These detections will allow to test general relativity in the
strong fields near massive black holes [7]. To achieve this and
other scientific goals [6, 8], we must generate gravitational-
wave templates sourced by these inspirals. Black hole per-
turbation theory is typically used to generate waveforms from
large mass ratio systems [9, 10], modeling the lighter body’s
motion as corrected geodesic motion in the space-time of the
massive black hole. Since astrophysical compact objects have
significant spins, accurate waveform generation must account
for both bodies’ spins [9]. The leading order spin effects are
captured by the motion of a spinning particle in the space-time
of a Kerr black hole.

Kerr space-time exhibits the so-called hidden symmetry
[11]. This property leads to the separation of the geodesic
equation [12] and various field equations, including the Klein-
Gordon, Dirac, and Teukolsky equations [13, 14]. Moreover,
even for the trajectories of spinning particles in the linear-in-
spin regime, it was proven that there exist sufficient number
of constants of motion to achieve integrability [15–19]. Fur-
thermore, the solution of the Hamilton-Jacobi equation for the
spinning-particle Hamiltonian was constructed perturbatively,
reducing the equations of motion to first order [20, 21].

Nevertheless, the equations of motion were not shown to
be separable and remained unsolved analytically for generic
orbits until now. Analytical expressions exist only for funda-
mental frequencies of motion [22] while trajectory solutions
have been obtained by numerically or semi-analytically calcu-
lating Fourier coefficients of the non-geodesic corrections to
the orbits [23–25].

In this Letter, we introduce a coordinate shift of the spin-
ning particle trajectory to a virtual worldline associated with
a geodesic whose constants of motion are near those of the
spinning particle. Consequently, the transformed equations of
motion become separable, allowing the trajectory solution to
be expressed using existing closed formulas for geodesic mo-
tion [26–28].
Notation.– We use geometrized units with 𝐺 = 𝑐 = 1 and

the metric signature (−, +, +, +). Space-time indices are de-
noted by lowercase Greek letters; spatial indices by lowercase
Latin letters. The Riemann tensor is defined as 𝑎𝜈;𝜅𝜆−𝑎𝜈;𝜆𝜅 ≡
𝑅𝜇𝜈𝜅𝜆𝑎𝜇, where the semicolon indicates the covariant deriva-
tive and 𝑎𝜇 is a covector. Round brackets around indices
𝑇(𝛼𝛽...𝛾) denote total symmetrization.
Motion of spinning bodies in curved space-time.– In the pole-
dipole approximation, spinning bodies in curved space-time
follow trajectories governed by the Mathisson-Papapetrou-
Dixon (MPD) equations [17, 29, 30]

𝐷𝑝𝜇

d𝜏
= −1

2
𝑅𝜇𝜈𝜌𝜎𝑢

𝜈𝑆𝜌𝜎 , (1a)

𝐷𝑆𝜇𝜈

d𝜏
= 𝑝𝜇𝑢𝜈 − 𝑢𝜇𝑝𝜈 , (1b)

where 𝑝𝜇 and 𝑆𝜇𝜈 are the linear and angular momenta, 𝜏 is the
proper time, 𝑅𝜇𝜈𝜌𝜎 is the Riemann tensor, and 𝑢𝜈 ≡ d𝑥𝜈/d𝜏
is the four-velocity tangent to the worldline 𝑥𝜈 (𝜏). We use
the Tulczyjew-Dixon [17, 31] spin-supplementary condition
(SSC) 𝑆𝜇𝜈 𝑝𝜈 = 0 to fix the worldline and to relate the four-
momentum and four-velocity [17].

The spin magnitude 𝑆 =
√︁
𝑆𝜇𝜈𝑆𝜇𝜈/2 and the mass 𝜇 =√︁

−𝑝𝜇𝑝𝜇 are conserved due to the choice of the SSC. We de-
fine the specific spin tensor as 𝑠𝜇𝜈 = 𝑆𝜇𝜈/𝜇. For an extremal
Kerr black hole, the spin magnitude is 𝑆 = 𝜇2. For compact
objects such as black holes or neutron stars, the specific spin
magnitude 𝑠 = 𝑆/𝜇 satisfies 𝑠 ≤ 𝜇 = 𝜖𝑀 , where 𝜖 is the
mass ratio 𝜇/𝑀 . We neglect terms starting at quadratic order
in spin, which corresponds to truncating at linear order in the
small mass ratio. Then the four-momentum and four-velocity
are parallel at leading order, i.e. 𝑝𝜇 = 𝜇𝑢𝜇. After defining the
specific spin vector 𝑠𝜇 ≡ −𝜖 𝜇𝜈𝜅𝜆𝑢𝜈𝑠𝜅𝜆/2, 𝑠𝜇𝜈 = 𝜖 𝜇𝜈𝜅𝜆𝑢𝜅 𝑠𝜆,
where 𝜖 𝜇𝜈𝜅𝜆 is the Levi-Civita pseudotensor, we can write the
equations of motion as

𝐷2𝑥𝜇

d𝜏
= −1

2
𝑅𝜇𝜈𝜅𝜆𝜖

𝜅𝜆
𝜌𝜎𝑢

𝜈𝑢𝜌𝑠𝜎 , (2a)

𝐷𝑠𝜇

d𝜏
= 0 . (2b)

Constants of motion.– We consider motion of spinning bodies
in Kerr space-time where the line element in Boyer-Lindquist-
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Definition Property

𝑓𝜇𝜈 (Eq. (4)) 𝑓𝜇𝜈;𝜅 = 𝑔𝜅𝜇𝜉
(𝑡 )
𝜈 − 𝑔𝜅𝜈𝜉 (𝑡 )𝜇

𝜉
𝜇

(𝑡 ) =
1
3
𝑓 𝜈𝜇 ;𝜈 = 𝛿

𝜇
𝑡 𝜉

(𝑡 )
(𝜇;𝜈) = 0

𝑌𝜇𝜈 =
1
2
𝑓𝜅𝜆𝜖

𝜅𝜆
𝜇𝜈 𝑌𝜇 (𝜈;𝜌) = 0

𝐾𝜇𝜈 = 𝑌𝜇𝜅𝑌𝜈
𝜅 𝐾(𝜇𝜈;𝜌) = 0

𝜁 𝜇 = 𝐾𝜇𝜈𝜉
(𝑡 )
𝜈 𝜁 (𝜇;𝜈) = 0

𝜉
𝜇

(𝜙) = 𝑎
−1𝜁 𝜇 − 𝑎𝜉𝜇(𝑡 ) = 𝛿

𝜇

𝜙
𝜉
(𝜙)
(𝜇;𝜈) = 0

TABLE I. Definition and properties of the conformal Killing-Yano
tensor 𝑓𝜇𝜈 , primary and secondary Killing vectors 𝜉𝜇(𝑡 ) and 𝜁 𝜇 ,
Killing-Yano tensor 𝑌𝜇𝜈 , Killing tensor 𝐾𝜇𝜈 , and azimuthal Killing
vector 𝜉𝜇(𝜙) .

like coordinates (𝑡, 𝑟, 𝑧 = cos 𝜃, 𝜙) reads

d𝑠2 = −Δ

Σ

(
d𝑡 − 𝑎(1 − 𝑧2)d𝜙

)2
+ Σ

Δ
d𝑟2

+ Σ

1 − 𝑧2
d𝑧2 + 1 − 𝑧2

Σ

(
𝑎d𝑡 − (𝑟2 + 𝑎2)d𝜙

)2
(3)

with Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2 and Σ = 𝑟2 + 𝑎2𝑧2.
The Kerr space-time has a hidden symmetry represented by

a conformal Killing-Yano tensor

𝑓𝜇𝜈d𝑥𝜇 ∧ d𝑥𝜈 = − 𝑟 d𝑟 ∧
(
d𝑡 − 𝑎(1 − 𝑧2)d𝜙

)
+ 𝑎𝑧 d𝑧 ∧

(
𝑎d𝑡 − (𝑟2 + 𝑎2)d𝜙

)
.

(4)

From this tensor one can derive Killing vectors 𝜉𝜇(𝑡 ) and 𝜉𝜇(𝜙) ,
Killing tensor 𝐾𝜇𝜈 , and Killing-Yano tensor 𝑌𝜇𝜈 . Their defi-
nitions and properties are listed in Table I.

Due to these symmetries, the following quantities are con-
served to O(𝑠) [15–17]

𝐸 = −𝜉 (𝑡 )𝜇 𝑢𝜇 + 1
2
𝜉
(𝑡 )
𝜇;𝜈𝑠

𝜇𝜈 , (5a)

𝐽𝑧 = 𝜉
(𝜙)
𝜇 𝑢𝜇 − 1

2
𝜉
(𝜙)
𝜇;𝜈 𝑠

𝜇𝜈 , (5b)

𝐾 = 𝐾𝜇𝜈𝑢
𝜇𝑢𝜈 − 2𝑢𝜇𝑠𝜌𝜎

(
𝑌𝜇𝜌;𝜅𝑌

𝜅
𝜎 + 𝑌𝜌𝜎;𝜅𝑌

𝜅
𝜇

)
, (5c)

𝑠∥ =
𝑌𝜇𝜈𝑢

𝜇𝑠𝜈√︁
𝐾𝜇𝜈𝑢

𝜇𝑢𝜈
. (5d)

These represent total specific energy, total specific azimuthal
angular momentum, a Carter-like constant, and the projection
of the specific spin vector onto the orbital angular momentum.
Geodesic order.– When the spin magnitude is zero, the MPD
equations reduce to the equations of motion of a geodesic,
which were shown to be separable by Carter [32]. The com-
ponents of the geodesic four-velocity 𝑢𝜇g can be expressed as

Σ
d𝑡
d𝜏

= 𝑇
(𝐸,𝐽𝑧 )
𝑟 (𝑟) + 𝑇𝐸𝑧 (𝑧) + 𝑎𝐽𝑧 , (6a)(

Σ
d𝑟
d𝜏

)2
= 𝑅 (𝐸,𝐽𝑧 ,𝐾 ) (𝑟) , (6b)(

Σ
d𝑧
d𝜏

)2
= 𝑍 (𝐸,𝐽𝑧 ,𝐾 ) (𝑧) , (6c)

Σ
d𝜙
d𝜏

= Φ
(𝐸,𝐽𝑧 )
𝑟 (𝑟) +Φ

𝐽𝑧
𝑧 (𝑧) − 𝑎𝐸 , (6d)

where the functions on the right hand side can be found in
[26] and the Supplemental material [33]. After reparametriza-
tion with Carter-Mino time 𝜆 defined as d𝜆 = Σ−1d𝜏 [32, 34],
Eqs. (6) separate into radial and polar parts and can be solved
analytically. The analytical solution in terms of Legendre el-
liptic integrals and Jacobi and Weierstrass elliptic functions
was found in [26–28].

For bound orbits, the motion is periodic in Carter-Mino
time with radial and polar frequencies Υ𝑟 ,𝑧 and average rates
of change of 𝑡 and 𝜙 Υ𝑡 ,𝜙 . The coordinate-time frequencies
are given as Ω𝑟 ,𝑧,𝜙 = Υ𝑟 ,𝑧,𝜙/Υ𝑡 .
Parallel transport.– In the linearized regime with nonzero
spin, the spin vector affects the trajectory solely through the
O(𝑠) spin-curvature term in equation (2a). Thus, it can be
evolved only at leading-order accuracy, which corresponds to
parallel transport of the vector along a geodesic. Using the
solution for a parallel transported tetrad 𝑒𝜇

𝐴
found by Marck

[35], the spin vector is thus expressed as

𝑠𝜇 = 𝑠∥𝑒
𝜇

3 + 𝑠⊥
(
𝑒
𝜇

1 cos(𝜓) + 𝑒𝜇2 sin(𝜓)
)
. (7)

This form corresponds to a component 𝑠∥ parallel to 𝑒𝜇3 and

another component 𝑠⊥ ≡
√︃
𝑠2 − 𝑠2∥ precessing around 𝑒𝜇3 with

phase 𝜓(𝜏). The tetrad legs 𝑒𝜇
𝐴

are constructed as follows.
The zeroth leg is the four-velocity, but in the linear regime we
can take the geodesic four-velocity 𝑢𝜇g defined in Eqs. (6) with
the constants of motion of spinning particle from Eqs. (5).
Therefore, the four-velocities 𝑢𝜇 and 𝑢𝜇g are O(𝑠) close. The
other components are obtained from 𝑢

𝜇
g and the Killing-Yano

tensor 𝑌𝜇𝜈 as [21]

𝑒
𝜇

1 =
1
𝑁1

(
𝐾 (𝑌3)𝜇𝜈 + 𝐾 (2)𝑌 𝜇𝜈

)
𝑢𝜈g , (8a)

𝑒
𝜇

2 = − 1
𝑁2

(
(𝑌2)𝜇𝜈 − 𝐾𝛿𝜇𝜈

)
𝑢𝜈g , (8b)

𝑒
𝜇

3 = − 1
√
𝐾
𝑌 𝜇𝜈𝑢

𝜈
g , (8c)

where

𝑁2
1 = 𝐾 (3)𝐾2 −

(
𝐾 (2)

)2
𝐾 , (9)

𝑁2
2 = 𝐾 (2) + 𝐾2 , (10)

𝐾 (𝑛) = (−1)𝑛 (𝑌2𝑛)𝜇𝜈𝑢𝜇g 𝑢𝜈g , (11)

(𝑌𝑛)𝜇𝜈 = 𝑌 𝜇𝛼𝑌 𝛼𝛽 . . . 𝑌 𝛾𝜈︸               ︷︷               ︸
𝑛

. (12)

2
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The explicit form in Boyer-Lindquist coordinates is available
in the Supplemental Material [33].

With our choice of 𝑒𝜇1 and 𝑒𝜇2 , the evolution equation for 𝜓
reads

d𝜓
d𝜆

= −
√
𝐾

(
(𝑟2 + 𝑎2)𝐸 − 𝑎𝐽𝑧

𝐾 + 𝑟2 + 𝑎 𝐽𝑧 − 𝑎𝐸 (1 − 𝑧2)
𝐾 − 𝑎2𝑧2

)
. (13)

The phase 𝜓 as a function of Carter-Mino time in terms of
Legendre elliptic integrals was given in [27], where 𝜓 is de-
fined with an opposite sign. The corresponding Carter-Mino
frequency is Υ𝜓 .
Worldline shift.– We now transform to a worldline 𝑥𝜇 (𝜏) for
which the equations of motion become separable. The world-
line is defined as 𝑥𝜇 = 𝑥𝜇 + 𝛿𝑥𝜇, where 𝛿𝑥𝜇 = O(𝑠) is a
displacement vector which reads

𝛿𝑥𝜇 = 𝑠∥𝛿𝑥
𝜇

3 + 𝑠⊥
(
𝛿𝑥
𝜇

1 cos(𝜓) + 𝛿𝑥𝜇2 sin(𝜓)
)
, (14)

where the vectors 𝛿𝑥𝛼𝑎 , 𝑎 = 1, 2, 3 along with 𝑢𝛼g form a basis
of the tangent space and are given as

𝛿𝑥
𝜇

1 = − 1
𝑁1

(
Q (1) ( 𝑓 3)𝜇𝜈 + Q (2) 𝑓 𝜇𝜈

)
𝑢𝜈g , (15a)

𝛿𝑥
𝜇

2 =
𝑎𝑟𝑧

𝐾𝑁2

(
( 𝑓 2)𝜇𝜈 − Q (1)𝛿𝜇𝜈

)
𝑢𝜈g , (15b)

𝛿𝑥
𝜇

3 = − 1
√
𝐾
𝑓 𝜇𝜈𝑢

𝜈
g , (15c)

where

Q (𝑛) = (−1)𝑛 ( 𝑓 2𝑛)𝜇𝜈𝑢𝜇g 𝑢𝜈g . (16)

The Boyer-Lindquist coordinate components and some other
properties of 𝛿𝑥𝜇𝑎 are presented in the Supplemental Material
[33].

Vectors 𝛿𝑥𝜇𝑎 are defined similarly to the Marck tetrad, using
the conformal Killing-Yano tensor 𝑓𝜇𝜈 instead of the Killing-
Yano tensor 𝑌𝜇𝜈 (with an additional factor 𝑎𝑟𝑧 = 𝑓𝜇𝜈𝑌

𝜇𝜈/4 in
𝛿𝑥
𝜇

2 ). The normalization factors for the Marck tetrad are used
in the definition of 𝛿𝑥𝜇𝑎 . Consequently, the vectors 𝑢𝜇g , 𝛿𝑥

𝜇
𝑎 are

mutually orthogonal, but the lengths of 𝛿𝑥𝜇𝑎 are not normal-
ized to 1.

The new equations of motion are derived by transforming
the equations for the constants of motion (5) to the new world-
line. To do so, we employ Synge’s worldfunctions and paral-
lel propagators to transform the Killing vectors and tensor, the
four-velocity and the spin tensor (see Refs [36, 37]). Since we
work in the linear regime, several aspects are simplified. For
example, parallel propagators are 𝑔𝜇𝛼 (𝑥, 𝑥) = 𝛿

𝜇
𝛼 + O

(
𝑠2
)
.

Moreover, we do not have to transform tensors that are al-
ready multiplied by the spin tensor, since it would contribute
only to quadratic and higher terms.

The Killing vectors and tensor transform as

𝜉𝜇 = 𝑔𝜇𝛼

(
𝜉𝛼 − 𝜉𝛼;𝛽𝛿𝑥

𝛽 + O
(
𝑠2
))
, (17)

𝐾𝜇𝜈 = 𝑔𝜇
𝛼𝑔𝜈

𝛽
(
𝐾̃𝛼𝛽 − 𝐾̃𝛼𝛽;𝛾𝛿𝑥

𝛾 + O
(
𝑠2
))
, (18)

δxμ

uα

uμ˜

˜ xμ(τ0)

xμ(τ)

xα(τ0)

x̃α(τ)

FIG. 1. Worldline of the spinning particle 𝑥𝜇 (𝜏) (bold red) with
tangent vector 𝑢𝜇 (green) with the displacement vector 𝛿𝑥𝜇 (blue) at
point 𝑥𝜇 (𝜏0). This defines the new worldline 𝑥𝛼 (𝜏) (dashed cyan)
with the tangent vector 𝑢̃𝛼 (purple).

where 𝑔𝜇𝛼 (𝑥, 𝑥) is a parallel propagator1 which parallel trans-
ports vectors from 𝑥𝛼 to 𝑥𝜇. 𝜉𝛼 and 𝐾̃𝛼𝛽 denote the compo-
nents of the Killing vectors and tensor in the new coordinates.

The new four-velocity 𝑢̃𝛼 = d𝑥𝛼/d𝜏 is the vector tangent
to the shifted worldline 𝑥𝜇 (𝜏), as illustrated in Figure 1. The
original four-velocity 𝑢𝜇 = d𝑥𝜇/d𝜏 can be expressed as

d𝑥𝜇

d𝜏
= 𝑔𝜇𝛼

(
d𝑥𝛼

d𝜏
− 𝐷𝛿𝑥𝛼

d𝜏
+ O

(
𝑠2
))
. (19)

The original spin tensor 𝑠𝜇𝜈 can be expressed using the spin
tensor with respect to the new worldline 𝑠𝛼𝛽 as

𝑠𝜇𝜈 = 𝑔𝜇𝛼𝑔
𝜈
𝛽

(
𝑠𝛼𝛽 − 𝑢̃𝛼𝛿𝑥𝛽 + 𝑢̃𝛽𝛿𝑥𝛼 + O

(
𝑠2
))
. (20)

The spin tensor with respect to the new worldline acquires a
mass dipole that does not generally vanish in any frame. As
such, it cannot be associated with any of the classical supple-
mentary spin conditions. This is illustrated for fully parallel
spin in the Supplemental material.

After applying the transformations (17) – (20), the con-
stants of motion (5) and the normalization of four-velocity can
be expressed as

𝐸 = −𝜉𝛼(𝑡 )
(
𝑢̃𝛼 − 𝐷𝛿𝑥𝛼

d𝜏

)
+ 1

2
𝜉
(𝑡 )
𝛼;𝛽𝑠

𝛼𝛽 , (21a)

𝐽𝑧 = 𝜉
𝛼
(𝜙)

(
𝑢̃𝛼 − 𝐷𝛿𝑥𝛼

d𝜏

)
− 1

2
𝜉
(𝜙)
𝛼;𝛽 𝑠

𝛼𝛽 , (21b)

𝐾 = 𝐾̃𝛼𝛽 𝑢̃
𝛼

(
𝑢̃𝛽 − 2

𝐷𝛿𝑥𝛽

d𝜏

)
− 2𝑢̃𝛼𝑠𝛽𝛾

(
𝑌𝛼𝛽;𝛿𝑌

𝛿
𝛾 + 𝑌𝛽𝛾;𝛿𝑌

𝛿
𝛼

)
, (21c)

−1 = 𝑔̃𝛼𝛽 𝑢̃
𝛼

(
𝑢̃𝛽 − 2

𝐷𝛿𝑥𝛽

d𝜏

)
. (21d)

1 Here we use the indices 𝜇, 𝜈, . . . for the tensors in the tangent space at the
original point and the indices 𝛼, . . . , 𝛿 for the tensors in the tangent space
at the new point.
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We define an auxilliary vector

𝑣̃𝛼 = 𝑢̃𝛼
(
1 −

3𝑠∥𝐸
2
√
𝐾

)
+

3𝑠∥
2
√
𝐾
𝜉𝛼(𝑡 ) , (22)

to substitute for 𝑢̃𝛼 in Eqs. (21). After calculating the spin
terms in Eqs. (21), the perpendicular components of spin con-
taining the precession phase 𝜓 cancel out and the equations
can be reorganized into the relations2

−𝜉𝛼(𝑡 ) 𝑣̃𝛼 = 𝐸 +
𝑠∥ (1 − 𝐸2)

2
√
𝐾

≡ 𝐸̃ , (23a)

𝜉𝛼(𝜙) 𝑣̃𝛼 = 𝐽𝑧 +
𝑠∥ (𝑎 − 𝐽𝑧𝐸/2)√

𝐾
≡ 𝐽𝑧 , (23b)

𝐾̃𝛼𝛽 𝑣̃
𝛼 𝑣̃𝛽 = 𝐾 +

𝑠∥ (3𝑎(𝐽𝑧 − 𝑎𝐸) − 𝐾𝐸)√
𝐾

≡ 𝐾̃ , (23c)

𝑔̃𝛼𝛽 𝑣̃
𝛼 𝑣̃𝛽 = −1 . (23d)

This system of equations is formally identical to the relations
for a geodesic with the constants of motion (𝐸̃ , 𝐽𝑧 , 𝐾̃) and
four-velocity 𝑣̃𝛼. As such, 𝑣̃𝛼 can be expressed using Eqs. (6)
with (𝐸̃ , 𝐽𝑧 , 𝐾̃) instead of (𝐸, 𝐽𝑧 , 𝐾). Finally, we can express
the components of the new four-velocity 𝑢̃𝛼 from (22) using
the components of 𝑣̃𝛼 as

d𝑡
d𝜆̃

= 𝑇
(𝐸̃,𝐽𝑧 )
𝑟 (𝑟) + 𝑇 𝐸̃𝑧 (𝑧) + 𝑎𝐽𝑧 −

3𝑠∥ Σ̃
2
√
𝐾
, (24a)(

d𝑟
d𝜆̃

)2
= 𝑅 (𝐸̃,𝐽𝑧 ,𝐾̃ ) (𝑟) , (24b)(

d𝑧
d𝜆̃

)2
= 𝑍 (𝐸̃,𝐽𝑧 ,𝐾̃ ) (𝑧) , (24c)

d𝜙
d𝜆̃

= Φ
(𝐸̃,𝐽𝑧 )
𝑟 (𝑟) +Φ

𝐽𝑧
𝑧 (𝑧) − 𝑎𝐸̃ , (24d)

where we introduced a deformed Carter-Mino parameter

d𝜏
d𝜆̃

=

(
1 −

3𝑠∥𝐸
2
√
𝐾

)
Σ̃ (25)

and where Σ̃ = Σ(𝑟, 𝑧).
The term in Eq. (24a) originating from the Killing vector

𝜉𝛼(𝑡 ) that contains the function Σ̃ is proportional to the equa-
tion for the geodesic d𝜏/d𝜆 and the solution can be writ-
ten using the geodesic solution for proper time. Thus, the
final trajectory can be expressed using the geodesic trajec-
tory with shift in the constants of motion, displacement vec-
tor 𝛿𝑥𝜇 = (𝛿𝑡, 𝛿𝑟, 𝛿𝑧, 𝛿𝜙), and geodesic proper time from the

2 See the Supplemental Material [33] for a Mathematica notebook contain-
ing the calculations.

Killing-vector term, as

𝑡 (𝜆̃;𝐶) = 𝑡g (𝜆̃; 𝐶̃) −
3𝑠∥

2
√
𝐾
𝜏g (𝜆̃; 𝐶̃)

− 𝛿𝑡 (𝑟g (𝜆̃), 𝑧g (𝜆̃), 𝜓(𝜆̃)) , (26a)

𝑥𝑘 (𝜆̃;𝐶) = 𝑥𝑘g (𝜆̃; 𝐶̃) − 𝛿𝑥𝑘 (𝑟g (𝜆̃), 𝑧g (𝜆̃), 𝜓(𝜆̃)) , (26b)

𝜏(𝜆̃;𝐶) =
(
1 −

3𝑠∥𝐸
2
√
𝐾

)
𝜏g (𝜆̃; 𝐶̃) , (26c)

where the “g” subscript denotes geodesic quantities which can
be found in [26–28], 𝐶 = (𝐸, 𝐽𝑧 , 𝐾) and 𝐶̃ = (𝐸̃ , 𝐽𝑧 , 𝐾̃).
Here, 𝑡g ( ; ), 𝑥𝑘g ( ; ), and 𝜏g ( ; ) do not refer to any par-
ticular worldline, but must be understood purely as functional
expressions.

Similarly, the Carter-Mino-time frequencies of the trans-
formed coordinates can be expressed using the geodesic quan-
tities as

Υ𝑡 (𝐶) = Υ
g
𝑡 (𝐶̃) −

3𝑠∥
2
√
𝐾
Υ

g
𝜏 (𝐶̃) , (27a)

Υ𝑘 (𝐶) = Υ
g
𝑘
(𝐶̃) , (27b)

Υ𝜏 (𝐶) =
(
1 −

3𝑠∥𝐸
2
√
𝐾

)
Υ

g
𝜏 (𝐶̃) . (27c)

This holds even for the time and azimuthal frequencies be-
cause the shifts 𝛿𝑡 and 𝛿𝜙 are purely oscillatory. However, ra-
dial and polar motion is not periodic in 𝜆̃ since the frequency
spectrum contains the other frequencies from the shift 𝛿𝑟 and
𝛿𝑧. Coordinate-time or proper-time frequencies can be calcu-
lated analogously to the geodesic case by dividing the Carter-
Mino time frequencies by Υ𝑡 or Υ𝜏 .
Relation to other results.– The Carter-Mino-time frequencies
(27) are different from the frequencies calculated by Drum-
mond and Hughes [24] and Piovano et al. [25], which we de-
note ΥDH

𝜇 . The reason is that while in [24, 25] the relation
for Carter-Mino time reads d𝜏 = Σd𝜆, here we use the re-
lation (25) after the transformation to 𝑥𝜇 and with the factor
(1 − 3𝑠∥𝐸/(2

√
𝐾)). Therefore, the relation between our pa-

rameter 𝜆̃ and Carter-Mino time in [24, 25] reads

d𝜆
d𝜆̃

=
d𝜏
d𝜆̃

(
d𝜏
d𝜆

)−1
=

(
1 −

3𝑠∥𝐸
2
√
𝐾

)
𝑟2 + 𝑎2𝑧2

𝑟2 + 𝑎2𝑧2
. (28)

The explicit expression can be found in the Supplemental Ma-
terial. The frequencies then transform as

Υ𝜇 =

〈
d𝜆
d𝜆̃

〉
ΥDH
𝜇 . (29)

where the angle brackets denote averaging. After this trans-
formation, the frequencies calculated in [24] agree with our
approach up to linear order in spin.

The frequencies Υ𝜇 are related to the frequencies derived
using the solution of the Hamilton-Jacobi equation in [22] ΥHJ

𝜇

as Υ𝜇 = (1 − 𝑠∥𝐸/(2
√
𝐾))ΥHJ

𝜇 .
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Comparison with numerically calculated trajectories.– We
verified the analytical formulas for the trajectories by com-
paring their result with trajectories calculated by numerically
integrating the MPD equations (1). Details of the matching
are given in the Supplemental Material. The comparison re-
vealed that our analytical result differs from the numerical one
by O

(
𝑠2
)
, which is consistent with the spin linearization.

Extensions of this work.– This work could be extended by ex-
amining the expressions (23) in tensor notation without eval-
uating the tensor components in coordinates. This may reveal
the connection between the (conformal) Killing-Yano tensor
and the shift transform. This would then facilitate the expres-
sion of the result for other space-times with hidden symmetry
such as the Kerr-NUT-(A)dS family in four and higher dimen-
sions [11, 12].

Another potential generalization would be to separate the
equations of motion of pole-dipole-quadrupole particles by
applying a second-order shift in 𝑠 [37]. There are enough
constants of motion for the integrability of the pole-dipole-
quadrupole system if the spin-induced quadrupole of the “par-
ticle” corresponds to the Geroch-Hansen quadrupole of a Kerr
black hole [38, 39].3 This suggests that separability is possi-
ble, though finding the appropriate shift vector may be chal-
lenging.
Uses of the analytical solution.– The most straightforward
use of our work will be to couple the analytical solution
to a Teukolsky solver in order to generate fluxes of grav-
itational waves sourced by the motion, similarly to Refs
[25, 41]. The analytical solution will evaluate faster than
semi-analytical ones, and there may be additional simplifica-
tions in the Teukolsky computation due to hidden symmetry.
Additionally, the solution can be used to compute the evolu-
tion of the Carter-like constant 𝐾 under radiation-reaction us-
ing methods akin to Sago et al. [42]. Finally, the test particle
solution will provide a limiting reference for spinning binary
dynamics at finite mass ratios [43, 44] and a classical limit for
scattering of quantum fields with non-zero spin [45, 46].
Open questions.– The separability of the Hamilton-Jacobi
equation for geodesic motion follows from the separability
of the scalar wave equation in Kerr space-time by taking an
eikonal (Wentzel–Kramers–Brillouin) limit. Conversely, the
Hamilton-Jacobi equation for the motion of spinning parti-
cles in Kerr is “almost” separable in Boyer-Lindquist coordi-
nates when a Marck-tetrad basis is used for spin components
[21]. Independently, the massive spinor wave equation in Kerr
space-time is separable in Kerr space-time [13]. What are the
interrelations between the previous (almost)-separability re-
sults for spinning particles and the current work? Can a canon-
ical transformation counterpart to our worldline shift yield a
fully separable Hamilton-Jacobi equation for spinning parti-
cles? Is there an eikonal limit of the spinor equation (such as

3 The value of the quadrupole also corresponds to N = 2 supersymmetry
along the wordline [40].

that in Refs [47, 48]) that would provide the corresponding so-
lution of the spinning-particle Hamilton-Jacobi equation? Are
such integrability and separability results limited to test fields
and particles in Kerr space-time, or do they also apply when
considering back-reaction on the background? These ques-
tions warrant future investigation.
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[41] V. Skoupý, G. Lukes-Gerakopoulos, L. V. Drummond, and
S. A. Hughes, Asymptotic gravitational-wave fluxes from a
spinning test body on generic orbits around a Kerr black hole,
Phys. Rev. D 108, 044041 (2023), arXiv:2303.16798 [gr-qc].

[42] N. Sago, T. Tanaka, W. Hikida, and H. Nakano, Adiabatic radia-
tion reaction to the orbits in Kerr spacetime, Prog. Theor. Phys.
114, 509 (2005), arXiv:gr-qc/0506092.

[43] E. Barausse and A. Buonanno, An Improved effective-one-body
Hamiltonian for spinning black-hole binaries, Phys. Rev. D 81,
084024 (2010), arXiv:0912.3517 [gr-qc].

[44] T. Damour and A. Nagar, New effective-one-body description
of coalescing nonprecessing spinning black-hole binaries, Phys.
Rev. D 90, 044018 (2014), arXiv:1406.6913 [gr-qc].

[45] Z. Bern, A. Luna, R. Roiban, C.-H. Shen, and M. Zeng,
Spinning black hole binary dynamics, scattering amplitudes,
and effective field theory, Phys. Rev. D 104, 065014 (2021),
arXiv:2005.03071 [hep-th].

[46] G. U. Jakobsen, G. Mogull, J. Plefka, B. Sauer, and Y. Xu,
Conservative Scattering of Spinning Black Holes at Fourth
Post-Minkowskian Order, Phys. Rev. Lett. 131, 151401 (2023),
arXiv:2306.01714 [hep-th].

[47] J. Audretsch, Trajectories and spin motion of massive spin-1/2
particles in gravitational fields, Journal of Physics A: Mathe-
matical and General 14, 411 (1981).
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Supplemental material to Skoupý & Witzany (2024) Analytic solution for the motion of spinning particles in Kerr
space-time

Functions in geodesic equations of motion

The functions appearing in the separated geodesic equations (6) in the main text are

𝑇
(𝐸,𝐽𝑧 )
𝑟 (𝑟) ≡ 𝑟2 + 𝑎2

Δ
𝑃𝑟 (𝑟) , 𝑇𝐸𝑧 (𝑧) ≡ −𝑎2𝐸 (1 − 𝑧2) , (S1)

𝑅 (𝐸,𝐽𝑧 ,𝐾 ) (𝑟) ≡ 𝑃𝑟 (𝑟)2 − Δ(𝐾 + 𝑟2) , 𝑍 (𝐸,𝐽𝑧 ,𝐾 ) (𝑧) ≡ (1 − 𝑧2) (𝐾 − 𝑎2𝑧2) − 𝑃𝑧 (𝑧)2 , (S2)

Φ
(𝐸,𝐽𝑧 )
𝑟 (𝑟) ≡ 𝑎

Δ
𝑃𝑟 (𝑟) , Φ

𝐽𝑧
𝑧 (𝑧) ≡ 𝐽𝑧

1 − 𝑧2
, (S3)

where

Δ = 𝑟2 − 2𝑀𝑟 + 𝑎2 , Σ = 𝑟2 + 𝑎2𝑧2 , (S4)

𝑃𝑟 = (𝑟2 + 𝑎2)𝐸 − 𝑎𝐽𝑧 , 𝑃𝑧 = 𝐽𝑧 − 𝑎𝐸 (1 − 𝑧2) . (S5)

Fujita and Hikida [26] use a modified Carter constant C, while we use the original Carter constant 𝐾 = C + (𝐽𝑧 − 𝑎𝐸)2. The
function Θ(cos 𝜃) in [26] is our 𝑍 (𝐸,𝐽𝑧 ,𝐾 ) (𝑧) when substituting 𝑧 = cos 𝜃.

Coordinate expression of the displacement vector

The components of the Marck tetrad we use in this work read

−𝑒0
𝜇d𝑥𝜇 = −𝐸d𝑡 + 1

Δ

d𝑟
d𝜆

d𝑟 + 1
1 − 𝑧2

d𝑧
d𝜆

d𝑧 + 𝐽𝑧d𝜙 , (S6)

𝑒1
𝜇d𝑥𝜇 =

−𝑟Ξ d𝑟
d𝜆 + 𝑎2𝑧Ξ−1 d𝑧

d𝜆√
𝐾Σ

d𝑡 + 𝑟Ξ𝑃𝑟√
𝐾Δ

d𝑟 + 𝑎𝑧Ξ−1𝑃𝑧√
𝐾 (1 − 𝑧2)

d𝑧 + 𝑎
𝑟 (1 − 𝑧2)Ξ d𝑟

d𝜆 − 𝑧(𝑟2 + 𝑎2)Ξ−1 d𝑧
d𝜆√

𝐾Σ
d𝜙 , (S7)

𝑒2
𝜇d𝑥𝜇 = −Ξ𝑃𝑟 + 𝑎Ξ−1𝑃𝑧

Σ
d𝑡 + Ξ

Δ

d𝑟
d𝜆

d𝑟 + Ξ−1

1 − 𝑧2
d𝑧
d𝜆

d𝑧 + 𝑎(1 − 𝑧2)Ξ𝑃𝑟 + (𝑎2 + 𝑟2)Ξ−1𝑃𝑧
Σ

d𝜙 , (S8)

𝑒3
𝜇d𝑥𝜇 = 𝑎

𝑧 d𝑟
d𝜆 + 𝑟 d𝑧

d𝜆√
𝐾Σ

d𝑡 + 𝑎𝑧𝑃𝑟√
𝐾Δ

d𝑟 + 𝑟𝑃𝑧√
𝐾 (1 − 𝑧2)

d𝑧 −
𝑎2𝑧(1 − 𝑧2) d𝑟

d𝜆 + 𝑟 (𝑟2 + 𝑎2) d𝑧
d𝜆√

𝐾Σ
d𝜙 , (S9)

where

d𝑟
d𝜆

= ±
√︃
𝑅 (𝐸,𝐽𝑧 ,𝐾 ) (𝑟) , d𝑧

d𝜆
= ±

√︃
𝑍 (𝐸,𝐽𝑧 ,𝐾 ) (𝑧) , Ξ =

√︂
𝐾 − 𝑎2𝑧2

𝐾 + 𝑟2 . (S10)

This tetrad is equivalent to the tetrad of Witzany [21] up to the signs of 𝑒1
𝜇, 𝑒2

𝜇, and 𝑒3
𝜇 and the order of 𝑒1

𝜇 and 𝑒2
𝜇, and to the

tetrad of van de Meent [27] up to the sign of 𝑒2
𝜇 and 𝑒3

𝜇.
Similarly, spacelike components of the tetrad (𝑢𝜇g , 𝛿𝑥

𝜇

1 , 𝛿𝑥
𝜇

2 , 𝛿𝑥
𝜇

3 ) can be expressed as

𝛿𝑥
𝜇

1 𝜕𝜇 =
1

√
𝐾Σ

(
𝑎

(
𝑎2 + 𝑟2

Δ
𝑧Ξ

d𝑟
d𝜆

+ 𝑟Ξ−1 d𝑧
d𝜆

)
𝜕𝑡 + 𝑎𝑧Ξ𝑃𝑟𝜕𝑟 − 𝑟Ξ−1𝑃𝑧𝜕𝑧 +

(
𝑎2𝑧

Δ
Ξ

d𝑟
d𝜆

+ 𝑟

(1 − 𝑧2)
Ξ−1 d𝑧

d𝜆

)
𝜕𝜙

)
, (S11)

𝛿𝑥
𝜇

2 𝜕𝜇 = −𝑎𝑟𝑧
𝐾Σ

((
𝑟2 + 𝑎2

Δ
Ξ𝑃𝑟 + 𝑎Ξ−1𝑃𝑧

)
𝜕𝑡 + Ξ

d𝑟
d𝜆
𝜕𝑟 + Ξ−1 d𝑧

d𝜆
𝜕𝑧 +

(
𝑎

Δ
Ξ𝑃𝑟 +

1
1 − 𝑧2

Ξ−1𝑃𝑧

)
𝜕𝜙

)
, (S12)

𝛿𝑥
𝜇

3 𝜕𝜇 =
1

√
𝐾Σ

((
𝑟
𝑟2 + 𝑎2

Δ

d𝑟
d𝜆

− 𝑎2𝑧
d𝑧
d𝜆

)
𝜕𝑡 + 𝑟𝑃𝑟𝜕𝑟 + 𝑎𝑧𝑃𝑧𝜕𝑧 + 𝑎

(
𝑟

Δ

d𝑟
d𝜆

− 𝑧

1 − 𝑧2
d𝑧
d𝜆

)
𝜕𝜙

)
. (S13)

Note that 𝑠⊥𝛿𝑥𝑧1 sin(𝜓) in the Schwarzschild space-time corresponds to Eq. (26) in [52]. Furthermore, 𝑠⊥𝛿𝑥𝑧1 sin(𝜓) also corre-
sponds to Eq. (3.81) in [25] in the near-equatorial limit in Kerr. The normalizations of the tetrad read

𝛿𝑥
𝜇

1 𝛿𝑥
1
𝜇 = 𝛿𝑥

𝜇

3 𝛿𝑥
3
𝜇 = 1 + 𝑟

2 − 𝑎2𝑧2

𝐾
, 𝛿𝑥

𝜇

2 𝛿𝑥
2
𝜇 =

𝑎2𝑟2𝑧2

𝐾2 , (S14)
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while the projections to the Marck tetrad read

𝑒𝐴𝜇𝛿𝑥
𝜇

𝐵
=

©­­­­­«
1 0 0 0

0 − 𝑎𝑟𝑧
𝐾

0
√

(𝐾+𝑟2 ) (𝐾−𝑎2𝑧2 )
𝐾

0 0 − 𝑎𝑟𝑧
𝐾

0

0 −
√

(𝐾+𝑟2 ) (𝐾−𝑎2𝑧2 )
𝐾

0 − 𝑎𝑟𝑧
𝐾

ª®®®®®¬
, (S15)

where 𝐴 is the row index and 𝐵 is the column index.
From the identity for the conformal Killing-Yano tensor in Table I we can simplify the expressions (19) and (20) for the

parallel part. In particular, it holds

𝐷𝛿𝑥𝛼3
d𝜏

= − 1
√
𝐾
𝑓 𝛼𝛽;𝛾𝑢

𝛽
g 𝑢̃
𝛾 = − 1

√
𝐾

(
𝜉𝛼(𝑡 ) − 𝐸𝑢

𝛼
g + O(𝑠)

)
, (S16)

𝑠
𝛼𝛽

∥ = 𝑠∥
(
𝜖 𝛼𝛽𝛾𝛿𝑢𝛾𝑒

3
𝛿 + 𝑢̃

𝛼𝛿𝑥
𝛽

3 − 𝑢̃𝛽𝛿𝑥𝛼3
)
= −

𝑠∥√
𝐾
𝑓 𝛼𝛽 . (S17)

Using this simple expression we see that the worldline does not corresponds to any SSC of the form 𝑠𝛼𝛽𝑉𝛽 = 0 with 𝑉𝛽 some
time-like frame vector. This is because the tensor 𝑓 𝛼𝛽 is non-degenerate for non-zero BH spin and thus there exists no 𝑉𝛽 that
could generally appear in the SSC. As such, the worldline 𝑥𝜇 will be interpreted as shifted away from the center of mass of the
spinning body in every observer frame.

The explicit expression for the transformation of the Carter-Mino time reads

d𝜆
d𝜆̃

= 1 +
𝑠∥√
𝐾

(
−3

2
𝐸 + 2

𝑟2𝑃𝑟 + 𝑎3𝑧2𝑃𝑧

Σ2

)
+ 2𝑠⊥𝑎𝑟𝑧

Σ2𝐾

(√
𝐾

(
Ξ𝑃𝑟 − 𝑎Ξ−1𝑃𝑧

)
cos(𝜓) −

(
𝑟Ξ

d𝑟
d𝜆

+ 𝑎2𝑧Ξ−1 d𝑧
d𝜆

)
sin(𝜓)

)
. (S18)

After averaging this expression over the radial and polar motion, the perpendicular part vanishes. The term proportional to Σ−2

cannot be separated and expressed analytically using standard methods.
The expression (S18) was used only for comparison with other results. For practical applications of our analytical solution,

such as the calculation of gravitational-wave fluxes, it is possible to work with the 𝜆̃ parametrization without the transformation
to 𝜆.

Comparison with numerical trajectory

In this Subsection we describe the comparison of our analytical results with numerical integration of MPD equations (1). For
the numerical integration we employed a Gauss-Runge-Kutta solver that was previously used in [41] to verify the trajectory of
Drummond and Hughes [24].

To compare the trajectories, we first need to find the initial conditions for the numerical solver. Because of the lineariza-
tion, initial conditions calculated using the analytical results do not satisfy the nonlinearized constraints like the SSC or the
normalization of four-velocity. Thus, we set the energy 𝐸 , the angular momentum 𝐽𝑧 , the initial coordinates 𝑥𝜇i , 𝑝𝑟i , 𝑆𝑟i , 𝑆𝜃i and
numerically calculated 𝑝𝑧i , 𝑆𝑡i and 𝑆𝜙i from the constraints.

Then we numerically calculated the trajectory at equidistant points in 𝜏 and compared the values with the values obtained from
analytical formulas (26). To find the values of 𝜆̃ corresponding to the grid in 𝜏, we numerically inverted Eq. (26c). The geodesic
part of the trajectory was calculated using the KerrGeodesics package of the Black Hole Perturbation Toolkit [49, 50].

Figure S1 shows the difference Δ𝑥𝜇 =
��𝑥𝜇N − 𝑥𝜇A

�� between the numerical trajectory 𝑥𝜇N and the analytical trajectory 𝑥𝜇A for
different values of the spin 𝑠. We can see that as the spin 𝑠 decreases, the difference between numerical and analytical result
decreases as O

(
𝑠2
)
, which is consistent with the linearization (the numerical error of the solver is negligible here).
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FIG. S1. Difference between numerically and analytically calculated trajectory for an orbit with 𝑎 = 0.95𝑀 , 𝐸 = 0.960146, 𝐽𝑧 = 2.48235𝑀 ,
𝐾 = 8.91513𝑀2 and 𝑠∥ = 𝑠/

√
2 = 𝑠⊥. The difference decreases as O

(
𝑠2
)

which is consistent with the linearization and grows linearly with

time which is caused by the O
(
𝑠2
)

differences in the frequencies.
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