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We study propagation of high-frequency electromagnetic and gravitational waves in the grav-
itational field of a rotating black hole. Due to the interaction of the spin of the field with the
spacetime curvature, the standard geometric optics approximation that is used for obtaining the
approximate high-frequency solutions of the wave equation should be modified. The corresponding
modified spinoptics equations show that the worldline of the spinning massless particle is still null,
but no longer a geodesic. We demonstrate that using the hidden symmetries of the Kerr metric
one can obtain the corresponding spinoptics equations in the leading order of a 1/ω expansion in
an explicit form. We focus on the case of the spinning massless fields scattering in the region near
the equatorial plane. We demonstrate that the asymptotic planes of the corresponding null ray’s
motion are slightly tilted. We study this effect and its dependence on the spin of the black hole.
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I. INTRODUCTION

In this paper, we study the propagation of high-
frequency electromagnetic and gravitational waves in the
gravitational field of a rotating black hole. In the stan-
dard geometric optics approximation, both Maxwell’s
equations and the equations for gravitational waves in
a curved spacetime reduce to studying a dynamical sys-
tem with the Hamiltonian of the system describing mo-
tion of massless particles. Such particles move along
null geodesics, and the polarization vectors describing
the spins of the particles are parallel propagated (see e.g.
[1]).

The interaction of the spin of a massless particle with
the spacetime curvature modifies its motion. A corre-
sponding worldline is still null, but not a geodesic. To
describe this effect, a modification of the geometric optics
approximation, known as the spinoptics approximation,
was developed. Spin-optical effects connected with the
spin of a rotating black hole were described and studied
in [2–4]. The covariant spinoptics equations for high-
frequency electromagnetic waves were formulated in [5–
8]. Similar spinoptics equations for high-frequency grav-
itational waves in a curved spacetime were considered in
[9–12].

The starting point of the spinoptics approximation is
similar to that of geometric optics. Namely, one searches
for an approximate high frequency solution in the follow-
ing form

Aµ = ℜ
[
amµ exp(iωS)

]
, for EM waves ,

hµν = ℜ
[
amµmν exp(iωS)

]
, for grav. waves .

(1.1)

Here ω is the frequency parameter, a is a real ampli-
tude, S is an eikonal function, and mµ is a normalized
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complex null polarization vector. Such solutions describe
circularly polarized waves. These waves are characterized
by fixed helicities. Changing the polarization vector mµ

to its complex-conjugated form transforms one circular
polarization to the opposite one. To obtain spinoptics
equations, one proceeds as follows

• Use the high-frequency ω ansatz (1.1) for circu-
larly polarized waves, making sure to distinguish
between helicities, and get the high-frequency ex-
pansion.

• Single out helicity-sensitive terms in the high-
frequency expansion.

• Include 1/ω helicity-dependent terms into the
eikonal equation.

More recently, it was demonstrated that the spinop-
tics equations can be obtained from an effective action
[13, 14]. In this approach, one substitutes the ansatz
(1.1) for the high-frequency circular polarized waves di-
rectly into the action describing the field. Keeping the
first two terms of its high-frequency expansion one ob-
tains a reduced action. This action is a functional of the
amplitude, complex null polarization vector, and eikonal
function. It was shown that by varying this functional
over these variables one obtains the spinoptics equations.
The solutions for the spinoptics equations in the

Schwarzschild spacetime were obtained and analyzed in
[11, 15, 16]. The main new spinoptical effect described in
these papers for circularly polarized photons and gravi-
tons passing near the black hole is the following. At a
far distance from the black hole, both the incoming and
outgoing orbits of the massless particles are planar. How-
ever, these in- and out-planes are tilted with respect to
each other. The spinoptic equations in the Kerr space-
time were recently discussed by Dahal [17]. This au-
thor used solutions for parallel propagated vectors along
null geodesics in the Kerr metric [18–21] to present the
spinoptic equations in an explicit form and analyzed so-
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lutions of these equations in the leading order of the pa-
rameter M/r.

In this paper, we study the spinoptics equations in the
Kerr spacetime. We generalize the results of [17] in two
ways. First, we obtain an explicit analytic expression for
the helicity-dependent “driving force” acting on the null
rays due to the spin-curvature interaction, not only on
the equatorial plane but outside of it as well. Second, for
the null rays in the vicinity of the equatorial plane, we
use the method of perturbations to integrate the spinop-
tical equations and obtain the tilting angle describing
the deflection of the asymptotic orbit plane for outgoing
rays with respect to the original orbit plane for incom-
ing rays. We study the dependence of this angle on the
spin parameter of the rotating black hole for both types
of the ray’s trajectories, namely prograde and retrograde
rays. We demonstrate that in the absence of rotation
of the black hole, the obtained results reproduce the re-
sults presented earlier for the Schwarzschild black hole
in [15, 16]. The new result is the study of how the spin
of the rotating black hole modifies the tilting angle for
photon and graviton scattering by the black hole.

The paper is organized as follows. In Sec. II we collect
useful formulas for the Kerr metric and generators of its
hidden symmetries. In Sec. III we construct a tetrad as-
sociated with the congruence of geodesic null rays in the
Kerr geometry. Geodesic null rays and their associated
tetrads in the equatorial plane are discussed in Sec. IV.
The spinoptics equations in the Kerr spacetime, both in-
side and outside of the equatorial plane, are derived in
Sec. V. In Sec. VI, we discuss the scattering of high-
frequency circularly polarized electromagnetic and grav-
itational waves propagating in the vicinity of the equa-
torial plane of a rotating black hole. Sec. VII, contains
summary of the obtained results and their discussion.
There are three appendices that contain additional ma-
terial, which is used in the main part of the paper.

Throughout this paper, we use the sign conventions
of the book [1] and geometric units of c = G = 1.
We also denote four-dimensional objects, such as four-
dimensional vectors and tensors, by boldface symbols.

II. THE KERR METRIC AND ITS
SYMMETRIES

A. Dimensionless form of the Kerr metric

The Kerr metric in Boyer-Lindquist coordinates is

dS2 = −
(
1− 2Mr

r2 + a2 cos2 θ

)
dt2 +

r2 + a2 cos2 θ

r2 − 2Mr + a2
dr2

− 4Mra sin2 θ

r2 + a2 cos2 θ
dtdϕ+ (r2 + a2 cos2 θ)dθ2

+
(
r2 + a2 +

2Mra2

r2 + a2 cos2 θ
sin2 θ

)
sin2 θdϕ2 .

(2.1)

Here M is the mass of the black hole and a is its spin
parameter. We choose a to be positive and require it to
satisfy the condition 0 ≤ a ≤M .
The mass M of the black hole determines a length

scale. It is convenient to use it to define dimensionless
parameters 1

ρ = r/M, τ = t/M, α = a/M , (2.2)

and rewrite the metric in the dimensionless form

dS2 =M2ds2 , (2.3)

where

ds2 = −
(
1− 2ρ

Σ

)
dτ2 +

Σ

∆
dρ2 − 4ρα sin2 θ

Σ
dτdϕ

+Σdθ2 +
(
ρ2 + α2 +

2ρα2

Σ
sin2 θ

)
sin2 θdϕ2 ,

Σ = ρ2 + α2 cos2 θ, ∆ = ρ2 − 2ρ+ α2,
√
−g = Σsin θ .

(2.4)
The larger root of the equation ∆ = 0 determines the

position of the outer horizon

ρh = 1 +
√
1− α2 . (2.5)

The black hole’s outer ergosphere is determined by find-
ing the largest root of the equation gττ = 0, and is located
at

ρe = 1 +
√
1− α2 cos2 θ . (2.6)

B. ZAMO frames

There exists a convenient frame of reference in the Kerr
spacetime. This frame is an orthonormal tetrad tied to
the coordinates ρ and θ. It has the form

E(τ) = Eµ
(τ)∂µ =

√
A

∆Σ

( ∂
∂τ

+Ω
∂

∂ϕ

)
,

E(ϕ) = Eµ
(ϕ)∂µ =

√
Σ

A

1

sin θ

∂

∂ϕ
,

E(ρ) = Eµ
(ρ)∂µ =

√
∆

Σ

∂

∂ρ
,

E(θ) = Eµ
(θ)∂µ =

√
1

Σ

∂

∂θ
,

(2.7)

where

A = (ρ2 + α2)2 −∆α2 sin2 θ . (2.8)

1 In the absence of rotation, that is for the Schwarzschild metric,
one often uses the gravitational radius rg = 2M instead of M in
order to obtain dimensionless quantities.
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The world line of an observer that is at rest in this frame
is orthogonal to a τ=constant hypersurface. This local
observer rotates with respect to infinity with angular ve-
locity

Ω =
2αρ

A
, (2.9)

and has zero angular momentum [22–24]. The frame
(2.7) associated with this zero angular momentum ob-
server (ZAMO) is called a ZAMO frame.

C. Explicit and hidden symmetries

The Kerr metric ds2 admits two Killing vectors

ξ = ∂τ and ζ = ∂ϕ . (2.10)

It is also invariant under the reflections θ → π − θ, and
{τ → −τ, ϕ→ −ϕ}.

A zero-mass free particle in a curved spacetime moves
along a null geodesic. Consider the null geodesic xµ =
xµ(λ), and let lµ be its null tangent vector

dxµ

dλ
= lµ . (2.11)

Let λ be a dimensionless affine parameter. Then one has

lν lµ;ν = 0 . (2.12)

For geodesic motion in the Kerr spacetime there exist
three conserved quantities: energy, projection of the an-
gular momentum in the direction of the black hole’s spin,
and mass. For massless particles, which we consider in
this paper, the mass vanishes and one has

E = −ξµlµ, Lz = ζµlµ, gµν l
µlν = 0 . (2.13)

Let us note that an affine parameter is defined up to a
transformation λ → Aλ + B, where A and B are con-
stants. We use this freedom and put A = E and B = 0.
As a result the relations (2.13) take the form

1 = −ξµlµ, ℓz = ζµlµ, gµν l
µlν = 0 , (2.14)

where ℓz = Lz/E is the dimensionless impact parameter.
In the rest of the paper we shall use the affine parameter
that gives us these dimensionless normalizations of our
conserved quantities.

In 1968 Carter demonstrated that the geodesic equa-
tions in the Kerr metric are completely integrable [25].
According to Liouville’s theorem, complete integrabil-
ity of an n-dimensional dynamical system requires the
existence of n independent commuting integrals of mo-
tion (see e.g. [26]). Carter showed that, in addition to
the three integrals of motion given by (2.14), there ex-
ists a fourth integral of motion, which received the name
Carter’s constant. This integral of motion has the form

Q = Kµν l
µlν , (2.15)

where Kµν is the Killing tensor obeying the equations

Kµν = K(µν), K(µν;λ) = 0 . (2.16)

Later Penrose and Floyd [27] showed that this tensor is
the “square” of a rank two antisymmetric tensor kµν

Kµν = k λ
µ kνλ . (2.17)

The tensor k is called a Killing-Yano tensor, and it sat-
isfies the equation

∇(λkµ)ν = 0 . (2.18)

The dual of k is called a principal tensor, that is a rank
two closed conformal Killing-Yano tensor h

hµν =
1

2
eµναβk

αβ , (2.19)

where eµναβ is the Levi-Civita tensor, with eτρθϕ =
√
−g.

The tensor hµν is antisymmetric and obeys the equation2

∇λhµν = gλµξν − gλνξµ , (2.20)

where ξµ = 1
3h

νµ
;ν . One can check that dh = 0, and that

ξ coincides with the Killing vector ∂τ .
Since h is a closed two-form, it can always be locally

described by some potential b

hµν = ∂µbν − ∂νbµ . (2.21)

In the Kerr metric in Boyer-Lindquist coordinates, the
potential b is

bµ = −1

2

(
(ρ2 − α2 cos2 θ)δτµ

− α(ρ2 sin2 θ − α2 cos2 θ)δϕµ

)
.

(2.22)

The corresponding rank two closed conformal Killing-
Yano tensor is

hµν =ρ(δτµδ
ρ
ν − δρµδ

τ
ν ) + α2 sin θ cos θ(δτµδ

θ
ν − δθµδ

τ
ν )

+ α sin θ cos θ(ρ2 + α2)(δθµδ
ϕ
ν − δϕµδ

θ
ν)

+ αρ sin2 θ(δρµδ
ϕ
ν − δϕµδ

ρ
ν) .

(2.23)
Using the inverse Hodge duality transformation, one

gets

kµν = −1

2
eµναβh

αβ . (2.24)

2 The existence of a closed conformal Killing-Yano tensor is a
generic property not only of the four-dimensional Kerr metric,
but also of solutions of higher dimensional Einstein equations de-
scribing higher dimensional rotating black holes. This tensor is
a generator of the hidden symmetries, and it is often called the
principal tensor. Using the principal tensor, one can construct a
tower of Killing tensors, which guarantee that the geodesic equa-
tions in such a spacetime are completely integrable. A discussion
of this subject and additional references can be found in [20, 21].
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In the Kerr metric it has the following form

kµν =− α cos θ(δτµδ
ρ
ν − δρµδ

τ
ν ) + αρ sin θ(δτµδ

θ
ν − δθµδ

τ
ν )

− α2 sin2 θ cos θ(δρµδ
ϕ
ν − δϕµδ

ρ
ν)

+ ρ sin θ(ρ2 + α2)(δθµδ
ϕ
ν − δϕµδ

θ
ν) .

(2.25)
Using (2.17) one finds

Kµ
ν =


−α2 0 0 α sin2 θ(ρ2 + α2)
0 −α2 cos2 θ 0 0
0 0 ρ2 0
−α 0 0 ρ2 + α2 sin2 θ

 .

(2.26)
In addition to this Killing tensor, we can also construct

a conformal Killing tensor H from our principal tensor

Hµν = h λ
µ hνλ . (2.27)

In the Kerr metric it has the form

Hµ
ν =


−(ρ2 + α2 sin2 θ) 0 0 α sin2 θ(ρ2 + α2)

0 −ρ2 0 0
0 0 α2 cos2 θ 0
−α 0 0 α2

 .

(2.28)
One has

Hµν = Kµν − 1

2
gµνK

α
α . (2.29)

We also define the following two tensors, which will be
useful in what follows. The first one is

H̃µ
ν = hµλkνλ = αρ cos θδµν . (2.30)

The second tensor is

Hµ
ν = Hµ

αH
α
ν . (2.31)

In the coordinates (τ, ρ, θ, ϕ) it has the following compo-
nents

Hµ
ν =


ρ4 + Pα2 sin2 θ 0 0 −Pα sin2 θ(ρ2 + α2)

0 ρ4 0 0
0 0 α4 cos4 θ 0
Pα 0 0 −α2(P − ρ2 cos2 θ)

 ,

(2.32)
where P = ρ2 − α2 cos2 θ.

III. NULL GEODESICS AND ASSOCIATED
NULL TETRADS

A. Parallel transport

Our main goal is study the propagation of polarized
light in the Kerr spacetime. In the geometric optics ap-
proximation, light rays are null geodesics. The worldline
of such a ray is described by the equation xµ = xµ(λ).
For an affine parametrization, its null tangent vector

lµ = dxµ/dλ satisfies (2.12). We always assume that
l is future-directed. In what follows, we shall use a set
of vectors (l,n, e2, e3) associated with the null ray. We
require that the vectors of this associated tetrad are par-
allel propagated along the null ray. They should also
satisfy the following normalization conditions

lµnν = −1, eµ2e2µ = eµ3e3µ = 1 , (3.1)

where all other scalar products vanish. The first of the
relations in (3.1) implies that the null vector n is also
future-directed.
To construct the vectors (l,n, e2, e3), we follow the

prescription described in [28]3. We start by defining the
following three vectors

eµ2 =
1√
Q
kµν lν ,

ẽµ3 =
1√
Q
hµν lν ,

ñµ =
1√
Q

(
hµν ẽ3ν + γlµ

)
.

(3.2)

Using the relation

Hµν l
µlν = Kµν l

µlν = Q , (3.3)

one can show that eµ2e2µ = ẽµ3 ẽ3µ = 1. Using (2.30) one
also gets e2µẽ

µ
3 = 0. The vectors eµ2 and ẽµ3 are evidently

orthogonal to l. One also has

lµñ
µ = −1 . (3.4)

It is evident that ẽµ3 ñµ = 0. One also has

eµ2 ñµ =
1

Q3/2
H̃µ

λh
λν lµlν = 0 . (3.5)

The last equality follows from (2.30). One can check that
the vector ñ is null provided

γ =
1

2Q3/2
Hµν l

µlν = − P

2
√
Q
. (3.6)

The constructed tetrad (l, ñ, e2, ẽ3) possesses the re-
quired normalization conditions (3.1), but only two of
its vectors, l and e2, are parallel propagated along the
null ray l. This property of e2 can be demonstrated as
follows. Let us denote

D = lα∇α . (3.7)

3 Let us note that a similar method allows one to obtain a set of
parallel propagated vectors along timelike geodesics. The paral-
lel propagated vectors for null and timelike geodesics were first
constructed by Marck [18, 29]. For the generalization to the case
of higher-dimensional rotating black holes, see [19, 28]. Addi-
tional information on this subject can be found in [20, 21].
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Then

De2µ =
1√
Q

(
lαlνkµν;α + lαlν;αkµν

)
. (3.8)

Equation (2.18) implies that the first term in the right-
hand side vanishes. The second term in the right-hand
side also vanishes since lµ is a tangent vector to a null
geodesic.

Using property (2.20) of the principal tensor

Dhµν = lµξν − lνξµ , (3.9)

one can show that

Dẽ3µ =
1√
Q
(ξ · l)lµ = − 1√

Q
lµ , (3.10)

where in the last equality equation (2.14) was used.
Therefore, the vector ẽ3 is not parallel propagated. How-
ever, it is easy to “upgrade” it to get a parallel propa-
gated vector e3. Namely, let us denote

eµ3 = ẽµ3 +Φlµ, Φ =
1√
Q
(λ+ λ0) , (3.11)

where λ is the affine parameter along the null geodesic
ray, and λ0 is a constant. Then it is easy to check that
the vector eµ3 is parallel propagated.

Similarly, one can show that the vector

nµ = ñµ +Φẽµ3 +
1

2
Φ2lµ (3.12)

is parallel propagated along the null ray. One can also
check that the vectors of the tetrad (l,n, e2, e3) satisfy
the normalization conditions (3.1)4.

B. Geodesic null rays in the Kerr spacetime

Using relations (2.14) and (2.15), one can find compo-

nents of the vector lµ = (τ̇, ρ̇, θ̇, ϕ̇) tangent to the null
geodesic xµ(λ) in terms of its integrals of motion

Στ̇ = −α
(
α sin2 θ − ℓz

)
+
ρ2 + α2

∆

(
ρ2 + α2 − ℓzα

)
,

Σρ̇ = ϵρ
√
R ,

Σθ̇ = ϵθ
√
Θ ,

Σϕ̇ = −
(
α− ℓz

sin2 θ

)
+
α

∆

(
ρ2 + α2 − ℓzα

)
.

(3.13)

4 Marck constructed a similar tetrad in the Kerr-Newman space-
time in [18]. He first found the vector e2 by utilizing the Killing-
Yano tensor. He found the two other vectors of the tetrad by
“educated guesses”. The method proposed in [28] was used by
Dahal [17] to construct the parallel propagated tetrad in the Kerr
metric. It should be emphasized that the vectors of his tetrad
(l,n,u,v) in his notation differ from the vectors of our tetrad
by the normalization they chose. The vector l has dimensions
of [Length−1], while the vectors u and v have dimensions of
[Length2] and the vector n has the dimension of [Length3]. As
a result, their normalization conditions differ from those given in
(3.1).

Here

R =
[
ρ2 + α2 − αℓz

]2
−Q∆ ,

Θ =Q−
(
α sin θ − ℓz

sin θ

)2

.

(3.14)

A dot over a variable signifies its derivative with respect
to the affine parameter λ. Since

√
Θ enters in the equa-

tions of motion, Θ should be non-negative, so that Q ≥ 0.
This set of equations determines a congruence of null
geodesics with fixed parameters ℓz and Q. For complete-
ness, we have also included the covariant form of the vec-
tors contained in this tetrad in Appendix A. The affine
parameter λ as a function of ρ and θ is defined as follows

λ = ϵρ

∫ ρ ϵρρ
2dρ√
R

+

∫ θ ϵθα
2 cos2 θdθ√

Θ
. (3.15)

In what follows, we focus on null geodesics which de-
scribe a photon being scattered by the black hole. Any
such geodesic has one radial turning point at R = 0. The
sign parameter ϵρ takes the value ϵρ = −1 for the incom-
ing branch of the null ray before it reaches the turning
point. After this point, for the outgoing branch ϵρ = +1.
Similarly, ϵθ = −1 for motion with a decrease in θ, and
ϵθ = 1 for the part of the trajectory where θ increases.
Null geodesics in the Kerr geometry and their properties
have been discussed in many publications5.
The parameters ℓz and Q are directly related to the

impact parameters of the photon trajectory, which we
denote by αθ and αϕ. Namely, consider a ZAMO located
at a far distance ρ0 from the black hole along an angle θ0.
Assume that this observer measures the directions of the
photons relative to the center of symmetry of the asymp-
totic spacetime. Let us denote the following components
of l in the ZAMO frame (2.7)

l(θ) = Eµ
(θ)lµ and l(ϕ) = Eµ

(ϕ)lµ . (3.16)

Then it is possible to show that in the limit ρ0 → ∞, the
two impact parameters have the following limits

αθ = lim
ρ0→∞

ρ0l(θ) = ±
(
Q−

(
α sin θ − ℓz/ sin θ

)2)1/2

,

αϕ = lim
ρ0→∞

−ρ0l(ϕ) = − ℓz
sin θ0

.

(3.17)

A photon with the parameters (αθ, αϕ) is represented
by a point in the image plane [24]. In particular, the
photons with impact parameters passing at the wedge
of the black hole shadow surface are represented by an
image of the black hole’s shadow.

5 See e.g. [1, 24, 25, 30]. An early review of the theory of geodesics
in black hole spacetimes and a rather complete set of the corre-
sponding references can be found in [31]. Additional information
and references to more recent publications can be found, e.g., in
[32].
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C. Null tetrad associated with a null geodesic ray

Using the expressions for the vectors eµ2 , ẽ
µ
3 and ñµ

given in (3.2), one find the following explicit expressions
for these vectors in the Kerr spacetime

eµ2 =
1

Σ∆
√
Q

(
α cos θ(ρ2 + α2)ϵρ

√
R− αρ∆sin θϵθ

√
Θ,

α∆cos θ
(
(ρ2 + α2)− αℓz

)
,

− ρ∆sin θ
(
α− ℓz

sin2 θ

)
,

α2 cos θϵρ
√
R− ρ∆csc θϵθ

√
Θ

)
,

ẽµ3 =
−1

Σ∆
√
Q

(
ρ(ρ2 + α2)ϵρ

√
R+ α2 sin θ cos θ∆ϵθ

√
Θ,

ρ∆
(
(ρ2 + α2)− αℓz

)
,

α∆sin θ cos θ
(
α− ℓz

sin2 θ

)
,

αρϵρ
√
R+ α∆cot θϵθ

√
Θ

)
,

ñµ =
1

2Q

(
α(α sin2 θ − ℓz) +

ρ2 + α2

∆
(ρ2 + α2 − ℓzα),

ϵρR,−ϵθΘ,(
α− ℓz

sin2 θ

)
+
α

∆
(ρ2 + α2 − ℓzα)

)
.

(3.18)
The parallel propagated versions of vectors ẽ3 and ñ are
obtained by using equations (3.11) and (3.12).

One can check that the constructed tetrad satisfies the
relation

eµναβl
µnνeα2 e

β
3 = −1 , (3.19)

and hence it has right-handed orientation.

Let us consider a null ray being scattered by the black
hole. Its orbit has one radial turning point. We denote
its coordinate by (ρm, θm), where θm is the value of θ
at the radial turning point, not to be confused with its
angular turning point where Θ = 0. To fix an ambiguity
in the choice of the affine parameter λ, we put its value
equal to zero for a radial turning point in the equatorial
plane and write its the expression (3.15) in the form

λ = ϵρΛ(ρ) + F (θ) ,

Λ(ρ) =

∫ ρ

ρm

1√
B
,

F (θ) =

∫ θ

θm

ϵθα
2 cos2 θdθ√

Θ
,

B =
R
ρ4

=
(
1− α(ℓz − α)

ρ2

)2

− Q

ρ4
∆ .

(3.20)

The expression for Λ(ρ) can be written in the following

useful form

Λ = ρ−
∫ ∞

ρ

[ 1√
B

− 1
]
dρ+ λm ,

λm = Jm − ρm, Jm =

∫ ∞

ρm

[ 1√
B

− 1
]
dρ .

(3.21)

At large ρ one has

Λ = ρ+ λm +O(1/ρ) . (3.22)

IV. GEODESIC NULL RAYS IN THE
EQUATORIAL PLANE

A. Null geodesics in the equatorial plane

In this section, we consider null geodesics and null
tetrads associated with them in the equatorial plane of
the Kerr metric. For this case, many relations are greatly
simplify. First, let us write down the dimensionless Kerr
metric in the equatorial plane

ds2 =−
(
1− 2

ρ

)
dτ2 +

ρ2

∆
dρ2 − 4α

ρ
dτdϕ

+ ρ2dθ2 +
(
ρ2 + α2 +

2α2

ρ

)
dϕ2 .

(4.1)

It is easy to show that the black hole ergosphere crosses
the equatorial plane at ρ = 2.
We also have the following nonzero components of the

Riemann tensor in the equatorial plane

Rτρτρ =− 2∆ + α2

∆ρ3
, Rτθτθ =

∆+ 2α2

ρ3
, Rτϕτϕ =

∆

ρ3
,

Rτρρϕ =− α(3∆ + 2ρ)

∆ρ3
, Rτθθϕ =

α(3∆ + 4ρ)

ρ3
,

Rρθρθ =− ρ

∆
, Rρϕρϕ = − (ρ2 + α2)2 + 2∆α2

∆ρ3
,

Rθϕθϕ =
2(ρ2 + α2)2 +∆α2

ρ3
.

(4.2)
Let us now look at the null geodesics6. For null

geodesics in the equatorial plane, Θ = 0, implying that

Q = (ℓz − α)2 . (4.3)

Let us denote

B = 1− ℓ2z − α2

ρ2
+

2(ℓz − α)2

ρ3
. (4.4)

6 Useful information about null geodesics in the Kerr spacetime
can be found e.g. in [20].
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Then the tangent vector to a null geodesic in the equa-
torial plane can be written as follows

lµ = (τ̇, ρ̇, 0, ϕ̇) ,

τ̇ =
ρ(ρ2 + α2)− 2α(ℓz − α)

ρ∆
,

ρ̇ = ϵρ
√
B ,

ϕ̇ =
(ρ− 2)ℓz + 2α

ρ∆
.

(4.5)

Every null geodesic has no more than one turning
point. Such a turning point ρ = ρm, where B = 0, ex-
ists for null geodesics that come from infinity and then
bounce back to infinity. One can solve the equation B = 0
and get

ℓ±z =
±ρm

√
∆m − 2α

ρm − 2
, ∆m = ρ2m − 2ρm + α2 . (4.6)

We choose the direction of the rotation of the black hole
so that the dimensionless rotation parameter α is non-
negative, 0 ≤ α ≤ 1. It is possible to check that for
sign + in (4.6) the dimensionless impact parameter ℓ+z
is positive. This case corresponds to prograde motion
of the null ray. For sign −, ℓ−z is negative and exhibits
retrograde motion. For null rays which travel far away
from the black hole one has

ℓ±z ≈ ±(ρm + 1) . (4.7)

FIG. 1. A plot of ρ±m as a function of the dimensionless rota-
tion parameter α. The lower branch of the curve (solid) gives
ρ+m for prograde null rays, while the upper branch of the curve
(dashed) gives ρ−m for retrograde null rays.

Simple analysis shows that, for ρm > 2, ℓ+z as a func-
tion of ρm has a minimum at some critical value ρm = ρ+m,
while ℓ−z has a maximum at ρm = ρ−m, where [20]

ρ±m = 2 + cosχ∓
√
3 sinχ, χ =

2

3
arcsinα . (4.8)

This relation is displayed graphically in Fig. 1.

B. Associated null tetrad

On the equatorial plane, the vectors e2, ẽ3 and ñ de-
fined by (3.18) take the form

eµ2∂µ =(1/ρ)∂θ ,

ẽµ3∂µ =− ϵρρ(ρ
2 + α2)

√
B

(ℓz − α)∆
∂τ − ρ2 − α(ℓz − α)

(ℓz − α)ρ
∂ρ

− ϵραρ
√
B

(ℓz − α)∆
∂ϕ ,

ñµ∂µ =
1

2(ℓz − α)2

(( (ρ2 + α2)(ρ2 − α(ℓz − α))

∆

− α(ℓz − α)
)
∂τ + ϵρ

(
ρ2
√
B
)
∂ρ

+
(α(ρ2 − α(ℓz − α))

∆
− (ℓz − α)

)
∂ϕ

)
.

(4.9)

The relations (A4) in appendix A give the expressions of
these vectors in the ZAMO frame.

FIG. 2. A plot of λm = Jm − ρm as a function of ρm for pro-
grade photon scattering trajectories in the equatorial plane,
where α = 0 (solid), 0.5 (dashed), 1 (dotted) enumerates each
line going from right to left.

In the equatorial plane, the function F (θ) equation
(3.20) for the affine parameter λ vanishes, and one has

Λ = ρ−
∫ ∞

ρ

[ 1√
B

− 1
]
dρ+ λm ,

λm = Jm − ρm, Jm =

∫ ∞

ρm

[ 1√
B

− 1
]
dρ .

(4.10)

One can see how the parameter λm behaves for prograde
and retrograde rays in Figs. 2 and 3, respectively. For
large ρ, one has

Λ = ρ+ λm +O(1/ρ) . (4.11)

For rays propagating far from the black hole where
ρm ≫ 1, one can use the approximate value of the impact
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FIG. 3. A plot of λm = Jm−ρm as a function of ρm for retro-
grade photon scattering trajectories in the equatorial plane,
where α = 0 (solid), 0.5 (dashed), 1 (dotted) enumerates each
line going from left to right.

parameter given in (4.4). Then

B ≈ ρ̂2 − 1

ρ̂2
[
1− 2

ρ̂(ρ̂+ 1)

1

ρm

]
,

1√
B

− 1 ≈
( ρ̂√

ρ̂2 − 1
− 1

)
+

1

(ρ̂+ 1)3/2(ρ̂− 1)1/2
1

ρm
.

(4.12)

Here we denote ρ̂ = ρ/ρm. Using (4.10), one can write

λm/ρm =

∫ ∞

1

[ 1√
B

− 1
]
dy − 1 . (4.13)

The integral in this expression can easily be taken ap-
proximately. Calculations give

λm/ρm ≈ 1/ρm . (4.14)

Thus, for large ρm, the parameter λm has the limit
λm = 1. The plots for λm shown in Figs. 2 and 3 are
in agreement with this asymptotic property of λm.

The parallel propagated versions of the vectors ñ and
ẽ3 can be found by using (3.11) and (3.12). We write the
function Φ which enters these relations in the following
form

Φ =
ϵρΛ(ρ) + λ0
ℓz − α

. (4.15)

The parameter λ0 is a constant that should be defined
by the initial conditions of the corresponding problem.

Using expressions (A4) for the decomposition of the
tetrad (l,n, e2, e3) in the ZAMO basis one can find the

following relations valid in the asymptotic domain ρ→ ∞

lµ =
(
Eµ

(τ) + ϵρE
µ
(ρ)

)(
1 + 1/ρ

)
+ ℓzE(ϕ) + ... ,

nµ =
1

2

(
Eµ

(τ) − ϵρE
µ
(ρ)

)
+

1

2
∆λ2lµ

+ ϵρ∆λE
µ
(ϕ) +O(1/ρ) ,

eµ2 =Eµ
(θ) ,

eµ3 =ϵρE
µ
(ϕ) +∆λlµ +O(1/ρ) .

(4.16)

Here,

∆λ =
λ0 + ϵρλm
ℓz − α

. (4.17)

We see that λ0 = λm is a natural choice for scattering,
as the null tetrad vectors e2 and e3 for incoming rays
will “coincide” with the ZAMO basis vectors Eθ and Eϕ

as ρ → ∞. This choice is adopted at some points later
in the paper.

V. SPINOPTICS IN KERR METRIC

A. Spinoptics equations

A ray describing photon motion in the geometric op-
tics approximation is a null geodesic. In the spinoptics
approximation, due to the interaction of the photon’s
spin with the curvature of spacetime, its worldline is still
null but no longer a geodesic. As a result, the paral-
lel propagated null tetrad associated with these rays will
slightly differ from the null tetrads associated with null
geodesics. In order to distinguish these two different
tetrads we need to change our notations. We use the
subscript 0 to indicate that the corresponding tetrad is
associated with the null geodesics. Thus from now on,
this tetrad, discussed in the previous sections will be de-
noted by (l0,n0, e02, e03) , while the other (non-geodesic)
tetrad is (l,n, e2, e3). We shall also use the complex null
vectors

mµ
0 =

1√
2
(e0µ2 + ieµ03), m̄µ

0 =
1√
2
(eµ02 − ieµ03) . (5.1)

The parallel transport equations have the form

D0l
µ
0 = D0n

µ
0 = D0m

µ
0 = D0m̄

µ
0 = 0 , (5.2)

where D0 = lα0∇α.
In the spinoptics approximation null rays obey the fol-

lowing equation [7]

Dℓµ = χΥµ, D = ℓα∇α ,

Υµ = iRµναβℓ
νmαm̄β , χ =

σ

Mω
.

(5.3)

The term χΥµ on the right-hand side of the equation
for a null ray is nothing but its four-dimensional accel-
eration induced by the interaction of the spin with the
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spacetime curvature. For χ = 0, it vanishes and the rays
are geodesics. Equation (5.3) has the same form as Equa-
tion (B9) discussed in Appendix B. As it is demonstrated
in this appendix, using the freedom of choice of a com-
plex null tetrad, one can choose it so that the following
equations are satisfied (B20)

Dlµ = χΥµ = w0l
µ + κ̄mµ + κm̄µ ,

Dnµ = w0n
µ, Dmµ = κnµ .

(5.4)

In the high-frequency approximation, which is adopted
in this paper, the parameter χ is small, and therefore the
deviation of the corresponding null ray from the geodesic
one is also small. To find the corresponding approximate
solution, we shall use the method of perturbations. In
this approximation, it is sufficient to use the complex
null vectors that are parallel propagated along unper-
turbed null geodesics in the right-hand side of (5.3). It
is also convenient to use parallel propagated vectors e02
and e03 instead of m0 and m̄0 (see (5.1)). Under these
assumptions, the ray equation (5.3) takes the form

Dlµ = χ(ψ0l
µ
0 + ψee

µ
02 + ψ3e

µ
03) , (5.5)

where

ψ0 = −Rµναβn
µ
0 l

ν
0e

α
02e

β
03

ψ2 = Rµναβe
µ
02l

ν
0e

α
02e

β
03

ψ3 = Rµναβe
µ
03l

ν
0e

α
02e

β
03 ,

(5.6)

where Rµναβ is the Riemann tensor for the Kerr metric.
Calculations for ψa give the following expressions

ψ0 =
α cos θ

Σ5

(
Σ2

(
3ρ2 − α2 cos2 θ

)
− 3QΦ2

(
5ρ4 − 10ρ2α2 cos2 θ + α4 cos4 θ

))
,

ψ2 =
3ρQΦ

Σ5

(
ρ4 − 10ρ2α2 cos2 θ + 5α4 cos4 θ

)
,

ψ3 =
3α cos θQΦ

Σ5

(
5ρ4 − 10ρ2α2 cos2 θ + α4 cos4 θ

)
.

(5.7)

B. Null ray deviation equation

In the presence of the “driving force” χΥµ, the null
rays propagate slightly differently than geodesic rays with
χ = 0. To derive an equation describing their deviation
from a corresponding null geodesic, we proceed as follows.
Let us denote the tangent vector to an “accelerated” null
ray by lµ, and the corresponding null geodesic with χ = 0
by lµ0 . Let O be a point on a null geodesic. We consider
a one-parameter family of null rays for which the tangent
vector l at O coincides with l0, and which have an ac-
celeration equal to vΥµ. We assume that v ∈ [0, χ] (see
Fig. 4).

0

0
l

l v

O

v

0v

FIG. 4. Congruence of null rays spanned by perturbing a
geodesic null ray with a small acceleration vΥµ, governed by
small parameter v.

This set of rays covers a two-dimensional surface

xµ = xµ(λ, v) , (5.8)

where λ is a canonical parameter along a null ray, so that

lµ =
∂xµ

∂λ
. (5.9)

Denote

pµ =
∂xµ

∂v
. (5.10)

Then the deflection δxµ(λ) of a point with parameter λ
along the null ray with acceleration vΥµ from a point
with the same λ on the geodesic ray (v = 0) is

δxµ(λ) = vpµ . (5.11)

A schematic drawing of the setup is shown in Fig. 4.
Since partial derivatives with respect to λ and v com-
mute, one has

lαpµ,α = pαlµ,α . (5.12)

This relation remains valid if the partial derivatives are
changed by the covariant derivatives

∇pl
µ = ∇lp

µ . (5.13)

For a pair of commuting vectors l and p, one has

∇l∇pl
µ −∇p∇ll

µ = Rµ
αβγ l

αlβpγ . (5.14)

This relation directly follows from the definition of the
Riemann tensor. Using (5.13), one can write the first
term in the left hand side as ∇l∇pl

µ = ∇l∇lp
µ, while

the second term is

∇p∇ll
µ = pα(vΥµ);α = Υµ + vpαΥµ

;α . (5.15)

Using definition (5.11) for the displacement vector δxµ,
and putting v = χ, one gets

D2
0δx

µ −Rµ
αβγ l

α
0 l

β
0 δx

γ = χΥµ . (5.16)
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In this relation we omitted any terms that were higher
than first order in χ. We also denote D0 = ∇l0 , and
identify δxµ as a displacement of the null ray with ac-
celeration χΥµ from a corresponding null geodesic. Let
us note that for Υµ = 0, equation (5.16) is simply the
standard deviation equation for null geodesics.

VI. TILTING EFFECT NEAR EQUATORIAL
PLANE

A. Tilting effect for rotating black holes

2
X

FIG. 5. Displacement of the null ray near the equatorial
plane.

We now apply the general equation (5.16) for the de-
flection of null rays in the spinoptics approximation to
the case where these rays propagate close to the equato-
rial plane. Namely, we demonstrate that the spinoptics
effect results in the shift of the ray originally sent along
the equatorial plane Π away from it. This is schemati-
cally illustrated in Fig. 5. The line γ shows a geodesic
null ray propagating along Π, while γ′ is a similar null
ray but it follows the spinoptics approximation.

Let us denote

Aµν = Rµαβν l
α
0 l

β
0 ,

Υµ = ψ0l
µ
0 + ψ2e

µ
02 + ψ3e

µ
03 .

(6.1)

Then equation (5.16), written in dimensionless form,
reads

D2
0δx

µ −Aµ
νδx

ν = χΥµ . (6.2)

Calculations show that on the equatorial plane the only
non-vanishing tetrad components of Aµν are

Aµνn
µ
0n

ν
0 =

1

ρ5
(
3QΦ2 − ρ2

)
,

Aµνe
µ
02e

ν
02 = −Aµνe

µ
03e

ν
03 = −3Q

ρ5
.

(6.3)

For null rays propagating near the equatorial plane θ =
π/2, the angle ϑ = π/2 − θ is small. The vector eµ02

is directed along θ, while −eµ02 is directed along ϑ, and
hence it points towards the upper side of the equatorial
plane. We denote by X2 the following displacement of
the ray

X2 = −δxµe02µ = ρϑ . (6.4)

By contracting equation (6.2) with e2µ, one gets

d2X2

dλ2
+

3Q

ρ5
X2 = −χψ2 . (6.5)

In the equatorial plane, one has

ψ2 =
3QΦ

ρ5
. (6.6)

Relations (4.16) imply that for λ0 = λm, when ∆λ = 0,
the polarization vectorm0 for the incoming radiation has
the standard form

m0 ≈ 1√
2ρ

(∂θ + i∂ϕ) . (6.7)

We use this choice and write the function Φ, which enters
(6.6), in the form

Φ =
1

ℓz − α
(ϵρΛ(ρ) + λm) . (6.8)

Using equations (6.6) and (6.8) one gets

ψ2 =
3(ℓz − α)(λ+ λm)

ρ5
. (6.9)

Figs. 6 and 7 show ψ2 for α = 0.5 and several values of
ρm for both prograde and retrograde rays, respectively.

FIG. 6. Driving function ψ2 for prograde rays as a function
of λ for α = 0.5 and ρm=10 (solid), 15 (dashed), and 20
(dotted).

Let us note that if one puts λm = 0 in (6.9), then the
ψ2 = ψ2(λ) would be an odd function of λ and its plot
would cross the λ axis at λ = 0. Due to the presence of
the factor λm, the point where ψ2 = 0 is slightly shifted
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FIG. 7. Driving function ψ2 for retrograde rays as a function
of λ for α = 0.5 and ρm=10 (solid), 15 (dashed), and 20
(dotted).

FIG. 8. Close-up view of driving function ψ2 for prograde
rays as a function of λ for α = 0.5 and ρm=10 (solid), 15
(dashed), and 20 (dotted).

FIG. 9. Close-up view of driving function ψ2 for retrograde
rays as a function of λ for α = 0.5 and ρm=10 (solid), 15
(dashed), and 20 (dotted).

to the point λ = −λm. To make this more visible, we
present plots similar to 6 and 7 with magnified resolution

of the region close to the origin, which are given by Figs. 8
and 9, respectively.
The equation (6.5) should be accompanied by the equa-

tion for ρ = ρ(λ)

ρ̇ = sign(λ)
√
B . (6.10)

Since this equation is singular at the radial turning point
ρ = ρm, we shall use the second order equation obtained
from (6.10) by differentiating it with respect to λ

ρ̈ =
ℓz − α

ρ4

[
(ρ− 3)ℓz + (ρ+ 3)α

]
. (6.11)

Using (6.4), (6.9), (6.10), and (6.11) one obtains the fol-
lowing equation for the titling angle ϑ

ϑ̈ = −1

ρ

[
2ρ̇ϑ̇+

ℓ2z − α2

ρ3
ϑ+ χψ2

]
. (6.12)

Let λin be a large negative parameter. For the adopted
value λ0 = λm, one has the following initial conditions
for the incoming rays

ρ0 = λin, ρ̇0 = −1, ϑ0 = 0, ϑ̇0 = 0 . (6.13)

Solving (6.11) and (6.12) obtains a function ϑ = ϑ(λ),
which in the limit λ → ∞ determines the asymptotic
tilting angle for the outgoing trajectory of the null rays.

FIG. 10. A plot of ϑ(λ) for prograde rays with fixed rotation
parameter α = 0.5 and varying ρm=10 (solid), 15 (dashed),
and 20 (dotted).

In Figs. 10 and 11, we see how ϑ(λ) behaves for some
fixed value of α and varying values of ρm, for both pro-
grade and retrograde rays, respectively.
In the asymptotic region where λ → ∞, ρ̇ ≈ 1, and

equation (6.12) reduces to

ϑ̈ ≈ −2ϑ̇

ρ
. (6.14)

This gives ϑ̇ ≈ C/ρ2, and

ϑ ≈ ϑ∞ − C

ρ
. (6.15)
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FIG. 11. A plot of ϑ(λ) for retrograde rays with fixed rotation
parameter α = 0.5 and varying ρm=10 (solid), 15 (dashed),
and 20 (dotted).

FIG. 12. A plot of χ−1 ϑ∞ as a function of ρm for prograde
photon scattering in the equatorial plane, with α = 0 (solid),
0.5 (dashed), 1 (dotted).

FIG. 13. A plot of χ−1 ϑ∞ as a function of ρm for retrograde
photon scattering in the equatorial plane, with α = 0 (solid),
0.5 (dashed), 1 (dotted).

Here C is a constant of integration, and ϑ∞ is the
asymptotic value of the tilting angle. By integrating
equations (6.11) and (6.12), one can find the asymptotic
value of this tilting angle.

We perform these calculations for the values α = 0,
α = 0.5 and α = 1 of the dimensionless rotation param-
eter α. For each of these values, we find ϑ∞ as a func-
tion of the parameter ρm, which is the radial coordinate
of the radial turning point of the ray trajectory. These

plots for prograde and retrograde rays are presented in
Figs. 12 and 13, respectively.
For χ > 0 the asymptotic tilting angles ϑ∞ for pro-

grade and retrograde rays are correspondingly negative
and positive. This means that after scattering, the pro-
grage rays with positive helicity are reflected from the
equatorial plane to the lower “half-space”, that is, to the
“south pole” black hole direction. The deflection of the
positive helicity retrograde rays is in the opposite direc-
tion.
The plots 12 and 13 show that the absolute value of the

tilting angle ϑ∞ decreases with the growth of the parame-
ter ρm. This is quite natural since the rays with larger ρm
values pass at larger distance from the black hole where
the curvature is small. In Appendix C, the asymptotic
values of the tilting angle ϑ∞ for prograde and retrograde
rays with large parameter ρm are obtained. It it is shown
that

ϑ∞ ≈ ∓ 8χ

ρ3m
. (6.16)

This expression does not depend on the rotation parame-
ter α. The dependence on α is present only in the higher-
order terms of ϑ∞ expansion over 1/ρm.
Comparing the plots for prograde rays in Fig. 12, one

can see that for a given parameter ρm, the absolute value
of the asymptotic tilting angle decreases with an increase
in the rotation parameter α. For retrograde rays the sit-
uation is different: the asymptotic tilting angle increases
with an increase in the rotation parameter α. This de-
pendence of ϑ∞ on the rotation can be explained as fol-
lows. The rotation dragging effect forces the prograde
rays to “move faster” near the black hole, so that they
spend less time in the domain of high curvature. For ret-
rograde rays, the effect is the opposite. For both types
of rays, the asymptotic tilting angle formally grows in-
finitely when the parameter ρm reaches its limiting value
ρ±m (see (4.8)).

FIG. 14. A plot of χ−1 ϑ∞ as a function of ℓz for prograde
photon scattering in the equatorial plane, with α = 0 (solid),
0.5 (dashed), 1 (dotted).

Figs. 14 and 15 show a similar picture, except that
they are dependent on the normalized impact parameter
ℓz = Lz/M instead of the normalized minimum trajec-
tory radius ρm = rm/M .
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FIG. 15. A plot of χ−1 ϑ∞ as a function of ℓz for retrograde
photon scattering in the equatorial plane, with α = 0 (solid),
0.5 (dashed), 1 (dotted).

B. Tilting effect for non-rotating black holes

It is instructive to consider the case of a non-rotating
black hole, where the spinoptics equations are greatly
simplified. In dimensionless coordinates (τ, ρ, θ, ϕ), the
Schwarzschild metric is

ds2 = −
(
1− 2/ρ

)
dτ2 +

dρ2

1− 2/ρ
+ ρ2

(
dθ2 + sin2 θdϕ2

)
.

(6.17)
It is evident that this metric is invariant under indepen-
dent reflections of τ → −τ , θ → −θ and ϕ → −ϕ. The
non-vanishing ZAMO projections of the Riemann tensor
calculated on the equatorial plane θ = π/2 are

R(τ)(ρ)(τ)(ρ) =− 2

ρ3
, R(τ)(θ)(τ)(θ) = R(τ)(ϕ)(τ)(ϕ) =

1

ρ3
,

R(ρ)(θ)(ρ)(θ) =R(ρ)(ϕ)(ρ)(ϕ) = − 1

ρ3
, R(θ)(ϕ)(θ)(ϕ) =

2

ρ3
,

(6.18)
where now ∆ = ρ2− 2ρ. Note that we use the shorthand
of parentheses to denote these ZAMO projections. For
example,

R(τ)(ρ)(τ)(ρ) = RµναβE
µ
(τ)E

ν
(ρ)E

α
(τ)E

β
(ρ) . (6.19)

It is easy to see that these components are invariant un-
der the reflection ϕ → −ϕ. Under this reflection, the
Killing vector ζ transforms as ζµ → −ζµ. The tangent
vector l to a null geodesic ray is also invariant under this
reflection, provided that the corresponding angular mo-
mentum ℓz = ζµlµ changes its sign, ℓz → −ℓz. It easy
to check that on the equatorial plane ζµhµν = 0, hence
ζµẽ3µ = 0, while

ζµe3µ = Φ ζµlµ = Φℓz = λ+ λm . (6.20)

The last equality is obtained by using (6.8). The above
relation shows that under the reflection, we have eµ3 →
−eµ3 . Using the above relations one concludes that

ψ2 = Rµναβe
µ
2 l

νeα2 e
β
3 (6.21)

changes its sign under the reflection ϕ → −ϕ. This
means that the deflection angle ϑ∞ for prograde null rays

(ℓz > 0) is equal in magnitude but opposite in sign to the
deflection angle for retrograde rays (ℓz > 0).
As another check, one can also calculate the asymp-

totic behavior for ψ2 as ρ→ ∞. To do this explicitly, we
utilize equations (4.16) and (6.18), and substitute them
into equation (6.21), only keeping terms of leading or-
der in ρ. One finds that the only curvature terms from
(6.18) that contribute are R(θ)(τ)(θ)(τ), R(θ)(ρ)(θ)(ρ), and
R(θ)(ϕ)(θ)(ϕ), and we get

ψ2 =
3ϵρℓz
ρ4

+O(1/ρ5) (6.22)

This expression correctly reproduces the sign and value
of ψ2 at large distance from the black hole.
Let us note that in the absence of the “driving force”

ψ2, equation (5.16) reduces to the equation describing
null geodesic deviation. For discussion of this equation in
the Schwarzschild geometry, see e.g. [33] and references
therein.
As we already mentioned, the spinoptics scattering

problem in the Schwarzschild spacetime was considered
in a recent paper [15]. One can check that the accelera-
tion vector wµ of this paper coincides with the vector Υµ

evaluated for α = 0. The asymptotic expression for the
tilting angle for prograde rays obtained in [15] for large
ρm (after writing it in the units and conventions adopted
in the present paper) has the form

ϑ∞ ≈ −Cχ
ρm

, (6.23)

where C ≈ 7.12. This expression is similar to (6.16), the
only difference being that C = 8 in (6.16).

VII. DISCUSSION

In this paper, we discussed how the interaction of the
spin of a massless field with the spacetime curvature mod-
ifies its propagates in curved spacetime7. To describe
this effect, we used the spinoptics approach [5–8, 13, 14],
which is a modification of the well-known geometric op-
tics approach. In this approach, the problem of finding
an approximate high-frequency solution of the wave equa-
tion is reduced to the study of dynamical equations for
null rays and the null tetrads associated with them. In
the leading zero order of a 1/ω expansion, these equations
describe geodesic null rays, while the associated tetrads
are parallel propagated along them. In the spinoptics
approximation, these equations are modified by the in-
clusion of first-order 1/ω helicity-dependent corrections.
We focused on study of the spinoptics effect in the Kerr

spacetime describing the gravitational field of a rotating

7 Let us mention that this effect is quite similar to the effect of the
spin-curvature interaction of a spinning massive particle moving
in a gravitational field (see e.g. [34–36] and references therein).
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black hole. In the Kerr metric, the geodesic equations
and the parallel transport equations for the tetrad vec-
tors can be solved in an explicit analytic form [18]. In the
present paper, we used the method of solving the paral-
lel transport equations developed in [19]. (See also [17]).
The spinoptics effect is characterized by a small dimen-
sionless parameter χ = σ/(Mω). To describe the inter-
action of the spin of the massless field with the spacetime
curvature, we used the method of perturbations. Since
the “driving force” that describes this interaction is pro-
portional to χ, for the calculation of the driving force
one can use unperturbed null tetrads associated with a
corresponding null geodesic.

To describe a deviation of the “accelerated” null ray
from a geodesic one, we derived a ray deviation equation,
which is a natural generalization of the deviation equa-
tion for null geodesics. We used this equation to study
the propagation of null rays in the vicinity of the equa-
torial plane. We demonstrated that for the scattering of
circularly polarized waves, the asymptotic planes of the
orbits of incoming and outgoing null rays are different.
We calculated the corresponding tilting angles and stud-
ied their dependence on the ray impact parameter and on
the spin of the black hole. For a non-rotating black hole,
the result for the calculated tilting angle agrees with the
results presented in [11, 15, 16].

As we already mentioned in the Introduction, a recent
paper by Dahal [17] discussed some spinoptics effects in
the Kerr metric. Its main result was the calculation of
the tilting angle for scattering of null rays passing at
large distance from the black hole. Our results are a far-
reaching generalization of the results presented in [17].
In particular, we discussed and compared the asymptotic
tilting angles for the scattering of polarized light near the
equatorial plane for prograde and retrograde rays. This
allowed us to illustrate the dependence of the tilting angle
on the rotation parameter of the black hole.

Let us mention that there exist other interesting
spinoptical effects for the light and gravitational wave
propagation near black holes. If a small-size object emits
polarized radiation its image on the observer’s screen
evaluated in the spinoptics approximation, would be
slightly shifted. This shift depends on the helicity, and
for a given helicity, it also depends on the frequency of
the radiation. As a result, instead of a point-like image
of such an object, one observes a “colored” strip. This
“rainbow effect” is quite interesting feature of spinoptics.
Another spin-optical effect is an additional helicity- and
frequency-dependent time delay for waves propagating
near black holes. Let us also mention that an interest-
ing question is how the spinoptical effects can modify
the shadow of a black hole. We hope to address these
questions in a separate paper.

Appendix A: Covariant components of the null
tetrad vectors

For completeness, we give the covariant form of the
vectors of the tetrad (l, ñ, e2, ẽ3) associated with a null
geodesic in the Kerr metric. Written in the dimensionless
coordinates (τ, ρ, θ, ϕ) these vectors are

lµ =

(
− 1, ϵρ

√
R
∆

, ϵθ
√
Θ, ℓz

)
,

ñµ =
1

2Q

(
Σ− 2(ρ2 + α2 − ℓzα),

Σϵρ
√
R/∆, −Σϵθ

√
Θ,

(ρ2 + α2)(α sin2 θ − ℓz)

+ α sin2 θ(ρ2 + α2 − ℓzα)

)
,

e2µ =
1

Σ
√
Q

(
− α

(
cos θϵρ

√
R− ρ sin θϵθ

√
Θ
)
,

Σα cos θ

∆
(ρ2 + α2 − ℓzα),

− Σρ sin θ
(
α− ℓz/ sin

2 θ
)
,

sin θ
(
α2 sin θ cos θϵρ

√
R

− ρ(ρ2 + α2)ϵθ
√
Θ
))

,

ẽ3µ =
−1

Σ
√
Q

(
−
(
ρϵρ

√
R+ α2 sin θ cos θϵθ

√
Θ
)
,

+
Σ

∆

(
ρ(ρ2 + α2 − ℓzα)

)
,

+Σ
(
α sin θ cos θ

(
α− ℓz/ sin

2 θ
))
,

+ α sin θ
(
ρ sin θϵρ

√
R

+ (ρ2 + α2) cos θϵθ
√
Θ
))

.

(A1)

The expressions for the vectors of the parallel prop-
agated tetrad (l,n, e2, e3) can easily be obtained using
relations (3.11) and (3.12).

Note that

l[µ,ν] = 0 . (A2)

One can easily show that

lµ = U,µ ,

U = −τ + ℓzϕ+

∫
ϵρ
√
Rdρ
∆

+

∫
ϵθ
√
Θdθ .

(A3)

Note that we can also write the vectors (l, ñ, e2, ẽ3) in
terms of the ZAMO basis given in equation (2.7). In the
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equatorial plane, this amounts to

lµ =
A− 2ραℓz

ρ
√
∆A

Eµ
(τ) + ϵρρ

√
B
∆
Eµ

(ρ) +
ρℓz√
A
Eµ

(ϕ) ,

ñµ =
ρ
(
(ρ2 + α2 − αℓz)

2 + α2∆− αℓz(αℓz − 2ρ)
)

2
√
A∆(ℓz − α)2

Eµ
(τ)

+
ρ
(
2α(ρ2 + α2 − αℓz)− ℓzρ

2
)

2(ℓz − α)2
√
A

Eµ
(ϕ)

+
ϵρρ

3
√
B

2(ℓz − α)2
√
∆
Eµ

(ρ) ,

eµ2 =Eµ
(θ) ,

ẽµ3 =
ϵρρ

2(ρ2 + α2)
√
B

(ℓz − α)
√
A∆

Eµ
(τ) −

ρ2 − α(ℓz − α)

(ℓz − α)
√
∆

Eµ
(ρ)

− ϵρρ
2α

√
B

(ℓz − α)
√
A
Eµ

(ϕ) .

(A4)

Appendix B: Non-geodesic null ray’s congruence

Consider the congruence of null rays xµ = xµ(λ, yi),
where λ is a parameter along a null ray, and yi, with
i = 1, 2, 3, are parameters that “enumerate” the rays.
Denote by lµ the tangent vectors to the rays

lµ =
∂xµ

∂λ
. (B1)

If a ray obeys the equation

Dlµ = Alµ, D = lα∇α , (B2)

then its integral line is a geodesic.
Let us change the parametrization

λ→ λ̃ (B3)

and denote b = dλ̃/dλ. Then

lµ = bl̃µ , (B4)

and equation (B2) takes the form

D̃l̃µ =
1

b
(A− D̃b)l̃µ, D̃ = l̃α∇α . (B5)

Taking b to be a solution of the equation

D̃b = A , (B6)

one gets

D̃l̃µ = 0 . (B7)

We call such a choice of the parameter λ along null rays
“canonical”.

Let us consider a congruence of non-geodesic null rays,
and denote by (l, n̂, m̂, ¯̂m) a complex null tetrad along
the null rays that satisfies the following normalization
conditions

lµn̂
µ = −1, m̂µ

¯̂mµ = 1 . (B8)

The other scalar products between the tetrad’s vectors
vanish. For a general congruence of non-geodesic null-
rays, one can write

Dlµ = ŵ0l
µ + ¯̂κm̂µ + κ̂ ¯̂mµ . (B9)

The term containing n̂µ in the right-hand side of this re-
lation vanishes because of the normalization conditions
given in (B8). The coefficient ŵ0 is real, while κ̂ is com-
plex.
Similarly, using the conditions in (B8), one can write

the following relation

Dm̂µ = µ̂0l
µ + iµ̂m̂µ + κ̂n̂µ . (B10)

Here µ̂ is real and µ̂0 is complex.
There exists a set of transformations that preserve

the direction of l and the normalization conditions (B8),
which can be used to simplify relations (B9) and (B10).
These transformations are

1. mµ → mµ + βlµ, m̄µ → m̄µ + β̄lµ ,
nµ → nµ + βm̄µ + β̄mµ + ββ̄lµ ,

2. mµ → eiφmµ, m̄µ → e−iφm̄µ ,

3. lµ → αlµ, nµ → α−1nµ .

Here α and φ are real and β is complex.
We first apply transformation (1), and write

m̂µ = m̌µ + βlµ, ¯̂mµ = ¯̌mµ + β̄lµ ,

n̂µ = ňµ + β ¯̌mµ + β̄m̌µ + ββ̄lµ .
(B11)

As a result of this transformations the equations (B9)
and (B10) take the form

Dlµ = w̌0l
µ + ¯̌κm̌µ + κ̌ ¯̌mµ ,

Dm̌µ = µ̌0l
µ + iµ̌m̌µ + κ̌ňµ .

(B12)

The coefficients on the right-hand side of these relations
are

w̌0 =ŵ0 + ¯̂κβ + κ̂β̄ ,

µ̌0 =µ̂0 + iµ̂β − βŵ0 − ¯̂κβ2 −Dβ ,

µ̌ =µ̂− κ̂β̄ + ¯̂κβ ,

κ̌ =κ̂ .

(B13)

One can see that the coefficient µ̌0 can be put equal to
zero if β satisfies the following equation

Dβ = µ̂0 + iµ̂β − βŵ0 − ¯̂κβ2 . (B14)



16

We use this choice of β and write the second equation of
(B12) as follows

Dm̌µ = iµ̌m̌µ + κ̌ňµ . (B15)

We now apply the second transformation (2) and write

m̌µ = eiφmµ . (B16)

If we choose the phase parameter φ to satisfy the equa-
tion

Dφ = µ̌ , (B17)

then we can present (B15) as follows

Dmµ = κnµ , (B18)

where κ = κ̌e−iφ and nµ = ňµ. In these notations, the
first equation in (B12) becomes

Dlµ = w0l
µ + κ̄mµ + κm̄µ . (B19)

where w0 = w̌0.
Let us summarize. Using transformations 1 and 2 from

List B one can find such complex null tetrad (l,n,m, m̄)
in which the equations of motion of the null tetrad prop-
agated along the null rays l take the form [7]

Dlµ = wµ, wµ = w0l
µ + κ̄mµ + κm̄µ ,

Dnµ = w0n
µ, Dmµ = κnµ .

(B20)

One can also use transformation (3) to cancel the param-
eter w0 from these equations.

Appendix C: Scattering with large impact parameter

Here we discuss the scattering of rays with large im-
pact parameter ℓz in the vicinity of the equatorial plane
of the Kerr black hole. For large ℓz, the dimensionless
radius of the radial turning point ρm is also large. To
find the solutions of (6.5) in this regime, we introduce
the following new variables

ρ̂ = ρ/ρm , ℓ̂z = ℓz/ρm , λ̂ = λ/ρm ,

Y = −ρmX2/(3χℓ̂z) .
(C1)

Then (6.5) takes the form

d2Y

dλ̂2
+

3ℓ̂2z
ρ̂5

Y

ρm
=
λ̂+ λ̂m
ρ̂5

. (C2)

Using equations (4.7) and (4.14), one has

ℓ̂z ≈ ±(1 + 1/ρm), λ̂m ≈ 1/ρm . (C3)

Let us write a solution of (C2) in the form

Y = Y0 +
1

ρm
Y1 + ... . (C4)

Then

d2Y0

dλ̂2
=

λ̂

ρ̂5
. (C5)

For large ρm, one has can find a relation between λ̂ and
ρ̂ by using Eq. (4.12). We put ρ̂ = coshµ, and therefore
we find that

λ̂ ≈ sinhµ+ (1/ρm) tanh(µ/2) . (C6)

In the leading order λ̂ ≈ sinhµ and so (C5) takes the
form

d2Y0
dµ2

− sinhµ

coshµ

dY0
dµ

=
sinhµ

cosh3 µ
. (C7)

A solution of this equation is

Y0 = −1

3
tanhµ+ c1 sinhµ+ c2 , (C8)

where c1 and c2 are integration constants. The boundary
condition Y0(µ = −∞) = 0 implies that

Y0 = −1

3
(tanhµ+ 1) . (C9)

Then for µ → ∞ one has Y0 = −2/3. This according to
Eq. (C1), at zeroth order

ϑ = −3χℓ̂z
ρ2m

Y0
coshµ

. (C10)

This means that for Y0 the tilting angle is ϑ∞ = 0.
Substituting the obtained solution (C9) and now tak-

ing (C2) to first order in the perturbation (C4), one ob-
tains a differential equation for Y1

(sinhµ+ coshµ+ 1)2

cosh5 µ(coshµ+ 1)
=
d

dµ

[ 1

coshµ

dY1
dµ

+
1

3 cosh4 µ(coshµ+ 1)

]
.

(C11)
One can solve this equation to obtain Y1 explicitly. As
before, the condition that Y1(µ = −∞) = 0 restricts our
two constants of integration, and we have

Y1 =
4

3
(coshµ+ sinhµ)− 1

4
tan−1(sinhµ)

− tan−1(tanh(µ/2)) +
1

3
tanh(µ/2)

+
tanh(µ/2)

tanh2(µ/2) + 1
− 2 tanh(µ/2)

3
(
tanh2(µ/2) + 1

)2
− 1

4

sinhµ

cosh2 µ
− 2

3

1

coshµ
+

2

3
− 5π

8
.

(C12)

One can show that only the first term in parentheses on
the right-hand side of this expression after its division by
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coshµ remains finite as µ→ ∞, and one has Y1/coshµ→
8/3. This allows us to find ϑ∞, which has the form

ϑ∞ ≈ ∓ 8χ

ρ3m
(C13)
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