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We consider the self-gravitating Dirac field with a scalar fermion self-interaction term. For strong
enough attractive fermion self-interaction, the maximum Arnowitt-Deser-Misner mass of soliton
solutions consisting of two fermions can exceed the limit of noninteracting Dirac stars classically,
and the ”particle-like” solutions of the system can exhibit multiplicity, multiple valid solutions
for a single set of parameters, that is inherent in the nonlinear Dirac field. We also find the
mass-scale separation in our system similar to that discussed in the Einstein-Dirac-Higgs system.
Interestingly, the system admits parity-violated solutions. The broken parity symmetry can be
restored by increasing the central redshift of the solution.

I. INTRODUCTION

The strong self-gravitating matter field, whose dynam-
ics can be affected by its own gravitational field, serves
as an interesting object in theoretical physics. Stan-
dard perturbation techniques to find a solution fail in
the strong gravitation regime, one has to consider the
back reaction of the matter field to the spacetime metric.
The self-gravitating classical electromagnetic field, the
so-called “geon”, was first envisioned and investigated by
Wheeler in 1955 [1]. The singularity-free, asymptotically
flat geon will oscillate and decay gradually, indicating
that it is unstable and not truly stationary [1, 2]. Brill et
al. suggested in Refs. [3, 4] possible gravitational geons,
but it was ultimately proved unstable in Ref. [5]. The
stable stationary scalar field geons, later called “boson
stars” (BSs), were first proposed by Kaup [6]. The local-
ized solution exists due to the non-zero mass of the scalar
field. The BSs are prevented from gravitational collapse
due to the Heisenberg uncertainty principle manifested
in the conservation of U(1) Noether charge. BSs with
repulsive or attractive self-interaction have been studied
in Refs. [7–9]. It is found that Newtonian BSs can col-
lapse into black holes for strong enough attractive self-
interaction [10].

The self-gravitating fermionic fields, the “fermion
stars”, are less investigated and are much more exotic
compact objects than the BSs, while the latter can mimic
a black hole [11] or serve as plausible dark matter can-
didates [12–14]. The pioneer work about neutrino geons
was done by Ruffini and Bonazzola [15], but did not pro-
vide a solution for the Einstein-Dirac equations. Lee and
Pang found explicit solutions for fermion soliton stars
while including an additional real scalar field acting as
a false-vacuum potential [16], and recent work has ex-
tended it beyond the thin-wall approximation [17]. Fin-
ster et al. found explicit numerical spherically symmetric
solutions (FSY solitons) of the Einstein-Dirac equations
for the first time [18], where two neutral fermions with
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opposite spins occupy the shell due to the Pauli exclusion
principle. The later works extend to couple the fermionic
field with the gauge field [19–22] and Higgs field [23]. The
inclusion of repulsive interaction of fermions can increase
the maximum Arnowitt-Deser-Misner (ADM) mass of
Dirac stars as shown in Ref. [24], similar to those of BSs
[7]. Different mass-radius relations of static and spin-
ning scalar, Dirac, and Proca stars with and without self-
interaction are investigated in Refs. [25–27]. In Ref. [28],
Liang et al. proposed possible hybrid Dirac-Boson stars.
The Einstein-Dirac system also allows wormhole solu-
tions in the presence of electromagnetic or phantom fields
[29–31]. The fermionic field in the Einstein-Dirac system
can also be canonically quantized using the semiclassical
gravity approximation [32], in which one can find addi-
tional multi-state solutions that are absent in Ref. [18].
The massless Einstein-Dirac equations admit infinite red-
shift solutions [33, 34], explaining the mass-energy spi-
ral in FSY solitons. The fermion ground states of the
Einstein-Dirac system become self-trapped at high red-
shift regions, which becomes more evident when the sys-
tem has many fermions [35]. The corresponding excited
state energy spectra show multivaluedness in forming a
loop if the fermion number is larger than four [36], accom-
panied by the multiplicity of excited states. The physical
mechanism of this energy spectra multivaluedness can be
partially explained by the appearance of fermion nodes
in the power law zone and the self-trapping of fermions
at high redshift regions. The existence of ground state
multiplicity of self-gravitating Dirac field has been found
recently in Ref. [23], where the fermionic fields are cou-
pled with the gravity and the Higgs field, but the ground
state energy spectra are always single-valued [37].

In this article, we consider the Einstein-Dirac system
with an additional scalar self-interaction of the type λΨ̄Ψ
between fermions similar to Ref. [24], where λ > 0 (λ <
0) represents the attractive (repulsive) self-interaction.
Here, we focus on the case of attractive interaction.
This model can serve as an effective field model for the
Einstein-Dirac-Higgs system and has no difficulty gener-
ating solutions of low central redshift [37]. We investigate
the behaviors of spherically symmetric “particle-like” so-
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lutions that consist of neutral fermions occupying a filled
shell. First, we find that a strong enough attractive self-
interaction can lead to the emergence of multiplicity for
the ground and excited states. This multiplicity only ex-
ists in the unscaled energy spectra and will disappear af-
ter rescaling. The rescaled energy spectra remain contin-
uous and single-valued, similar to the results in [23, 37].
The multiplicity of solutions for our system is inherent
in the nonlinear Dirac equations as mentioned in [38].
Thus, it has different physical implications from those
in Ref. [36]. Second, we find that the maximum ADM
mass increases as λ increases for large positive values of
λ and exceeds the limit for noninteracting Dirac stars
classically. While the maximum ADM mass decreases as
λ increases for small positive values of λ, which is why
Ref. [24] did not investigate the case of attractive self-
interaction. Nevertheless, we found it follows a similar
power law scaling with large values of λ as that discov-
ered in Ref. [24]. Third, and more interestingly, in the
case of λ > 0, we can only obtain the ground state with
the same parity for some range of central redshift, indi-
cating the spontaneous parity symmetry breaking. This
symmetry breaking is due to the local negative effective
mass of the fermionic fields and can be restored in the
high redshift regime.

The paper is structured as follows. In Sec. II, we intro-
duce our model of self-gravitating nonlinear Dirac field
and derive equations of motion. In Sec. III, we intro-
duce the numerical method to find normalized solutions.
In Sec. IV, we discuss the appearance of multivaluedness
in our system. In Sec. V, we present our numerical re-
sults and analyze the behaviors of different solutions in
different parameter settings. Sec. VI is our conclusion
and discussions.

II. MODEL SET UP

We consider a nonlinear Dirac field minimally cou-
pled with Einstein’s gravity and work with Planck units
ℏ = c = G = 1, where the Planck length lp =

√
ℏG/c3

and the Planck mass mp =
√
ℏc/G. In this article, we

adopt the most negative metric signature (+−−−). The
corresponding action of the system can be formulated as
follows,

S =

∫ ( 1

16π
R+ Ld

)√
−g d4x. (1)

where Ld = Ψ̄( /D −m)Ψ + λ
2 (Ψ̄Ψ)2 is the Lagrangian of

nonlinear Dirac field, the first term of Ld represents the
free Dirac field minimally coupled with gravity, the sec-
ond term represents the self-interaction of the fermions,
where λ denotes the strength of the interaction. The
positive (negative) λ represents the attractive (repul-
sive) interaction. We choose the simplest form of non-
linear self-interaction as in Ref. [21] for convenience.
/D = iγµDµ = iγµ(∂µ + ωµabγ̂

aγ̂b/4), where γu are the

generalized Dirac matrices in curved spacetime satisfying
{γµ, γν} = 2gµν , Γu = ωµabγ̂

aγ̂b/4 are the spin connec-
tion matrices, γ̂a are the Dirac matrices in flat spacetime
satisfying {γ̂a, γ̂b} = 2ηab, ωµab are spin connection co-
efficients. We can transform the gamma matrices γ̂a in
flat spacetime into γµ using the tetrad field eµa.
We shall find the stationary spherically symmetric so-

lutions of the system. The metric tensor is defined as a
diagonal form in spherical coordinates

gµν = diag{1/T (r)2,−1/A(r),−r2,−r2 sin2 θ}, (2)

where T (r) and A(r) are real functions of radial coordi-
nate r only.We choose the same tetrad field as in Ref.
[18]

eµa =


T 0 0 0√

A cos θ
√
A sin θ cosφ

√
A sin θ cosφ 0

− sin θ/r cos θ cosφ/r cos θ cosφ/r 0
0 − sinφ/ sin θ cosφ/ sin θ 0

 .

(3)
The spin connection coefficients ωµab can be computed
conveniently by the formula

ωµab =
1

2
ecµ(λabc + λcab − λbca), (4)

where λabc = eµa(∂νebµ − ∂µebν)e
ν
c .

The equation of motion of the system can be derived
by variation of the action (1) with respect to Dirac field
Ψ and the metric gµν ,

/DΨ−mΨ = −λ(Ψ̄Ψ)Ψ, (5a)

Rµν − 1

2
gµνR = 8πTµν , (5b)

where the energy-momentum tensor

Tµν =
1

2
Re(Ψ̄ iγµDνΨ+ Ψ̄ iγνDµΨ)− gµνLd. (6)

Unlike in Ref. [24], here we consider N(≥ 2) neu-
tral fermions occupying a filled shell with self-interaction.
The total angular momentum of N neutral fermions
should be zero to maintain the system’s spherical sym-
metry. We can describe the wavefunction of fermions as
the Hartree-Fock state [39]

Ψ = Ψ±
j,k=−j ∧Ψ±

j,k=−j+1 ∧ ... ∧Ψ±
j,k=j , (7)

where Ψ±
j,k are wavefunctions with different parities, j =

{ 1
2 ,

3
2 ,

5
2 , ...} are half integers representing the total angu-

lar momentum of a fermion. k is the projection of the
total angular momentum on the z-axis, and the fermion
number N is an even number satisfying N = 2j+1. Ψ+

j,k

is the wavefunction with even (odd) parity if N/2 is even
(odd). While Ψ−

j,k is the wavefunction with odd (even)

parity if N/2 is even (odd) [39].
We use the fermionic field ansatz similar to that in [39]

and assume the wavefunction of each fermionic field Ψ+
j,k
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has the following form, analogous to the electron orbit of
the hydrogen atom

Ψ+
j,k = e−iωt

√
T (r)

r

(
χk
j− 1

2

α(r)

iχk
j+ 1

2

β(r)

)
, (8)

where α(r) and β(r) are real functions to be determined,
ω is the oscillation frequency of the system, χk

j− 1
2

are

eigenstates of the operator σσσ ·LLL+1, where σσσ is the Pauli
vector and LLL represents the orbital angular momentum.
The eigenstates χk

j± 1
2

can be described by superpositions

of spherical harmonics Y l
m(θ, ϕ)

χk
j− 1

2
=

√
4π(j + k)

2j
Y

k− 1
2

j− 1
2

(
1
0

)

+

√
4π(j − k)

2j
Y

k+ 1
2

j− 1
2

(
0
1

)
, (9a)

χk
j+ 1

2
=

√
4π(j + 1− k)

2j + 2
Y

k− 1
2

j+ 1
2

(
1
0

)

−

√
4π(j + 1 + k)

2j + 2
Y

k+ 1
2

j+ 1
2

(
0
1

)
. (9b)

The extra
√
4π factors in Eqs.(9) are introduced to en-

sure that the eigenstates χk
j− 1

2

are normalized to fermion

number N

j∑
k=−j

χ̄k
j± 1

2
(θ, ϕ)χk

j± 1
2
(θ, ϕ) = 2j + 1 = N. (10)

Substituting Eq. (8) into Eqs. (5), we can obtain the
following coupled ordinary differential equations (ODEs)
of α(r), β(r), A(r), and T (r)

√
Aα′ =

Nα

2r
−
(
ωT +m− λV

)
β, (11a)

√
Aβ′ =

(
ωT −m+ λV

)
α− Nβ

2r
, (11b)

rA′ = 1−A− 8πNωT 2(α2 + β2)

−4πr2λV 2, (11c)

2rA
T ′

T
= A− 1− 8πNT

√
A(αβ′ − βα′)

+4πr2λV 2, (11d)

V =
NT

r2
(α2 − β2), (11e)

where the prime denotes the differentiation with respect
to the radial coordinate. The terms λV and 4πr2λV 2

appearing in Eqs. (11) contributes crucial effects to
our findings mentioned in the introduction. Eqs. (11)
are highly nonlinear ODEs describing the self-gravitating
fermions with self-interactions, in which it is hard to find
an analytical solution. Therefore, we seek numerical so-
lutions in this kind of system. We will introduce the
numerical method to solve Eqs. (11) in the next section.

III. NUMERICAL METHOD

We expand the Eqs. (11) around small r to find regular
solutions of the coupled ODEs (11). We recover the same
small r expansion in the first few terms as in Ref. [36]
for fermions number N ≥ 4 since the contribution to
self-interaction comes from the higher-order terms.

α(r) = α1r
N/2 +O(rN/2+2), (12a)

β(r) =
1

N + 1
(ωT0 −m)α1r

N/2+1 +O(rN/2+3) ,(12b)

T (r) = T0 −
4πT 2

0α
2
1

N + 1
(2ωT0 −m)rN +O(rN+2) ,(12c)

A(r) = 1− 8πωT 2
0α

2
1

N

N + 1
rN +O(rN+2) . (12d)

The case N = 2 is special as the expansion is related to
the strength λ of the self-interaction

α(r) = α1r +O(r3), (13a)

β(r) =
1

3
(ωT0 −m+ 2λT0α

2
1)α1r

2 +O(r4) , (13b)

T (r) = T0 −
4

3
πT 2

0α
2
1[2ωT0 −m

+6λα2
1T0]r

2 +O(r4) , (13c)

A(r) = 1− 16

3
πT 2

0α
2
1(ω + λα2

1)r
2 +O(r4) . (13d)

The asymptotic flat boundary conditions are as follows

lim
r→∞

α(r) = 0, (14a)

lim
r→∞

β(r) = 0, (14b)

lim
r→∞

A(r) = 1− 2M

r
, (14c)

lim
r→∞

T (r) =
(
1− 2M

r

)− 1
2

, (14d)

where M represents the Arnowitt-Deser-Misner (ADM)
mass of multi-fermion soliton solutions. To find solutions
to Eqs. (11), we set the mass m of the fermionic field and
T0 to one, the initial position of integration r0 = 10−5,
and keep α1 fixed, then shoot for the numerical localized
solutions by varying frequency ω. We only need to apply
the shooting method to the function α(r), the function
β(r) will converge automatically.
The Noether charge corresponding to U(1) symmetry

of the fermionic field is equal to fermion number N and
can be calculated by the integration of the conserved cur-
rent Ψ̄γµΨ that is normal to the spacelike hypersurface
H

N =

∫
H

Ψ̄γµΨnµ

√
−hd3x, (15)

where nµ =
√
gtt(1, 0, 0, 0) is the future-directed timelike

vector normal to the spacelike hypersurface H, and h is
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the determinant of the induced metric on the hypersur-
face. Then, we can naturally define the fermion density
as

nf = Ψ̄γµΨnµ =
NT (α2 + β2)

r2
. (16)

Eq. (15) leads to the normalization condition of the
fermionic field

4π

∫ ∞

0

(α2 + β2)
T√
A
dr = 1. (17)

Similarly, the Komar mass, which is the Noether charge
of time translation symmetry, can be calculated by [40]

MK =

∫
H

√
−hnµK

ν(2Tµ
ν − Tδµν)d

3x

=

∫ +∞

0

4πN√
A

[2ωT (α2 + β2)−m(α2 − β2)]dr, (18)

where Kν = (1, 0, 0, 0) is the timelike Killing vector. The
form of Eq. (18) demonstrates that terms about self-
interaction cancel out and have no explicit contribution
to the Komar mass. However, the self-interaction of the
fermionic field can contribute to the energy-momentum
tensor Tµν and implicitly affect the local property and
density distribution of the fermionic field. Additionally,
the Komar mass should coincide with the ADM mass
in asymptotically flat spacetime for our stationary solu-
tions. Numerically, the difference between the Komar
and ADM mass is kept less than 10−5 to ensure that
the obtained solutions are accurate. The radius of the
fermions R is defined by enclosing 99.9% of the ADM
mass

R

2
[1−A(R)] = 0.999M. (19)

It is not easy to implement boundary conditions (14)
directly in the numerical computation. Therefore, we
apply the rescaling technique proposed in Ref. [18] af-
ter obtaining a solution numerically with the following
weaker boundary conditions

lim
r→∞

(
1− 2M

r

) 1
2

T (r) = τ < ∞, (20a)(
4π

∫ ∞

0

(α2 + β2)
T√
A
dr

) 1
2

= κ < ∞. (20b)

The rescaling relations are as follows

α̃(r) =

√
τ

κ
α(κr), (21a)

β̃(r) =

√
τ

κ
β(κr), (21b)

Ã(r) = A(κr), (21c)

T̃ (r) = τ−1T (κr). (21d)

We can verify that rescaled fields α̃(r), β̃(r), Ã(r), and

T̃ (r) still satisfy Eqs. (11) if we rescale the mass m and
energy ω as follows

m̃ = κm, ω̃ = κτω. (22)

Accordingly, the Komar mass (18) should be rescaled as
well

M̃K =
τ

κ
MK . (23)

We can obtain one-parameter family solutions by varying
α1 and define the central redshift of the solution z =
T (r0) − 1 as the physically relevant parameter to study
the energy spectra [33]. In the following sections, we
omit the tilde of rescaled quantities when presenting our
numerical results for convenience.
As mentioned in Ref. [23], it is computationally con-

suming to find normalizable solutions of the Einstein-
Dirac equations in multivalued regions. Here, we use
the ODE solving package DifferentialEquations.jl of Ju-
lia [41] to generate solutions efficiently. We use “Vern9”,
an explicit 9th order Runge-Kutta method ODE solver
with adapted time steps, to solve the Eqs. (11) with high
numerical accuracy.

IV. MULTIPLICITY OF SOLUTIONS

As discussed in the previous section and Ref. [18], so-
lutions of the Einstein-Dirac equation can be classified by
different parities [19], with the even (odd) parity denoting
the even (odd) sum of node (zero) numbers n in functions
α(r) and β(r) if N/2 is even, and the odd (even) parity
denoting the even (odd) sum of node numbers n in func-
tions α(r) and β(r) if N/2 is odd, e.g., n = 0, 2, 4, 6, ... for
odd parity and n = 1, 3, 5, 7, ... for even parity if fermion
number N = 2. We can set the unscaled fermion mass
m = ±1 to find solutions with different parities numer-
ically. Ref. [36] investigates the fermion states with an
even number of nodes. They find that if the number of
fermions is larger than four, there are multiple legitimate
nth excited states, which are characterized by n nodes of
the fermion wave functions for a single value of unscaled
α1. The multiplicity of solutions persists after rescal-
ing. The rescaled excited energy spectra can form a loop
around high redshift regions due to the self-trapping of
fermions. The loop might extend to the infinite redshift
region with increasing fermion number.
Nevertheless, some of these states are not literally ”ex-

cited” since their energies can be lower than the ”ground
state” (zero node) energy after rescaling in the oscillation
regions. However, this classification of different families
of solutions is reasonable for the reason that the states
with the same node number are continuously connected.
For noninteracting Dirac fields coupled with gravity, the
emergence of the multivaluedness is controlled by the
discrete number N . For our system, the unscaled en-
ergy spectra can also develop multivaluedness for both
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FIG. 1. (a)-(d)The number of nodes in α(r) as a function of unscaled energy ωu for different numbers of fermions and different
strengths of self-interaction. Here, the dashed line in both pictures represents the omitted infinite tower of node numbers. The
above figures are only sketches since the lengths of some tiny plateaus are enlarged for better illustration.

the ground state and the excited state for strong enough
fermion self-interaction. We should emphasize here that
the multiplicity of solutions also exists for the nonlinear
Dirac equation in the flat spacetime, which has already
been discussed in Ref. [38]. The coupling with Einstein’s
gravity somehow reduces the parameter range that shows
multivaluedness. This suggests that the multivaluedness
discussed here and in Ref. [36] might have different ori-
gins.

The existence of the multivaluedness suggests that it is
impossible to numerically generate all ground state solu-
tions for a single value of α1 by a simple bisection method
based on the node number of wavefunctions. Neverthe-
less, we find that a single binary search can still yield a
valid solution, around which we can do a thorough energy
sweep to locate the remaining ones. This gives us ad-
vantages in generating ground-state solutions efficiently.
Fig. 1 shows the number of nodes in α(r) as a function
of the unscaled energy ω. The normalizable states reside
near the step corners, e.g., the location of one of the so-
lutions is shown by the red point in Fig. 1(a). We can
see in Fig. 1(a) that there is a multivalued region ap-
pearing in the ground state when N = 2 and λ = 500, as
shown by the one-node plateau near the red point. Fig.
1(b) shows a typical energy spectrum for excited states
when N = 8 without self-interaction of fermions, where
two infinite towers exist. There is no infinite tower on
the one-node plateau in Fig. 1(a), so the excited states
cannot reside in this plateau. For strong enough attrac-
tive self-interaction, a new two-node plateau featuring
the multivaluedness of the excited state will appear in
the one-node plateau, as shown in Fig. 1(c). Fig. 1(d)
exhibits two isolated one-node plateaus, implying a fur-
ther degree of multivaluedness. We should note here that
an infinite tower does not necessarily exist in multival-
ued regions for excited states of noninteracting fermionic
fields. However, we cannot find an infinite tower of node
numbers for our system. Unlike excited states of non-
interacting self-gravitating fermions, the rescaled ω − z
curve of the ground and excited states for λ > 0 is al-
ways single-valued and remains continuous for this kind

of multivaluedness. More interestingly, as shown in the
following sections, the ground state wavefunction β(r)
will develop a node while the function α(r) remains zero-
node, making the previous classification of different solu-
tions inappropriate. This development of the node in the
wavefunction is a sign of parity violation since solutions
of the system favor only one kind of parity in this case.
The transition between different parities is continuous as
we tune the parameter α1. Thus, we feel that the node
number nα of the function α(r) can be a better label for
different families of states. In this article, we define the
ground state as the nα = 0 state and the excited states as
nα = 1, 2, 3, ... states. In the next section, we will present
our numerical results and show that this feature of the
wavefunctions is related to the negative effective mass of
nonlinear Dirac fields, while the coupling with Einstein’s
gravity can suppress the parity violation.

V. NUMERICAL RESULTS

In this section, we investigate the behavior of ground
states and the excited states of Eqs. (11) for different
λ and fermion number N . We begin by studying the
ground state for two fermions.

A. N = 2 and nα = 0

Fig. 2 shows the energy spectra of the system with
different λ. We can see from Fig. 2(a) that a new trough
after the first spectra peak gradually develops with in-
creasing self-interaction and eventually becomes a new
minimum in the lower and lower redshift region. Mean-
while, the ground state energies in the low (z < 1) and
high (z > 100) redshift regions also decrease as λ in-
creases, except for some overlaps in the intermediate re-
gions of oscillation. Furthermore, the ground state ener-
gies of the case λ > 0 are lower than that of λ = 0 across
all redshifts. It has been proved that ω ∼ z1/4 as z → 0
for λ = 0 in Ref. [35], which still holds for λ > 0 but the
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FIG. 2. (a) The energy of two fermions ω as the function of the central redshift z with different strength of self-interaction λ.
(b) Replot the energy spectra in (a) that is multivalued for the unscaled energy. The dashed lines in the figure are rescaled
from the regions of multivalued energy spectra. (c1)-(c5) The fermion wavefunctions α(r) and β(r) at different points of the
λ = 1500 energy curve.

deviation from the scaling relation (or approximately, the
z << 1 region of λ = 0 spectrum) at the same redshift
becomes larger as λ increases. The effect of increasing λ
in sharpening the other minima of the curve is similar to
that of increasing the fermion number in Ref. [36]. We
know from the previous section that the unscaled fermion
energy spectra for strong enough (λ = 500, 1000, 1500 in
the case of N = 2) self-interaction can possess multival-
uedness that will not appear after rescaling. Thus, we
plot the energy spectra again for strong self-interaction
in Fig. 2(b) for better illustration and show the regions
rescaled from the multivalued regions by dashed lines.
We can see from the figure that the energy spectra is
single-valued and continuous. Interestingly, two discon-
nected regions are denoted by dashed lines lying around
the second and third maximum of the spectrum. In Ref.
[36], the authors must construct a ”redshift-like” param-
eter, which requires prior knowledge about the ω − z
curve to transform the energy spectrum into a single-
valued curve. Here, the central redshift of the solution
automatically becomes an ideal monotonic single-valued

parameter to parameterize the energy spectrum without
forming a loop. Combining Fig. 2(a) and (b), there must
be a threshold for the appearance of multivaluedness ex-
isting between λ = 200 and λ = 500. The accurate value
of this threshold is not easy to determine since one has
to sweep the entire energy curve to find whether the so-
lution shows multiplicity. Ref. [23] also discussed the
multivaluedness of the ground state for self-gravitating
fermionic fields coupled with the Higgs field through the
Yukawa term µhΨ̄Ψ1, where µ is the couple constant
and h is the Higgs field with the ”Mexican hat” potential
V (h) = λ(h2−v2)2. The fermions acquire mass mf = µv
by the Higgs mechanism and attract each other by ex-
changing a Higgs boson, which can be understood by the
effective attractive Yukawa potential VY = −µe−γmfr/r
at the lowest order, where γ is a scaling factor. Ref. [23]
finds the emergence of multivaluedness for small param-
eter v and ξ = 2

√
2λ/µ and shows that both smallness of

1 The discussion here adopts same notations as in Ref. [23].
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v and ξ imply strong coupling (large µ), which suggests
the multivaluedness of our system might have the same
origin as that in Einstein-Dirac-Higgs system.

It is interesting to study the behavior of wavefunctions
around the new trough of the curve as the wavefunctions
continuously evolve. We take the case of λ = 1500 as an
example and show in Fig. 2(c1)-(c6) the distributions of
wavefunctions α(r) and β(r) corresponding to points 1
to 5 in the Fig. 2(b). We can see that the amplitude of
wavefunction β(r) → 0 at the low central redshift region
(point 1), where both α(r) and β have a larger width.
The amplitude of these functions starts to grow as the
redshift increases. At the same time, the width of the
functions continues to decrease. The effect gets more
significant after entering the first trough (points 2 and
3). The peak of the function α(r) reaches maximum at
point 4, where the function β(r) almost overlaps with
α(r) except at the position r < 1. The fermionic field
density corresponding to point 4 is plotted in Fig. 3(a),
which shows high density in the outer radius. Recalling
that the solutions are spherically symmetric, this implies
a dense fermion outer shell that will become thinner after
going through the first trough of the curve. A new peak
in wavefunctions appears after leaving the second sharp
trough of the curve (points 5 and 6), as shown in Fig. 2
(c5) and (c6). We define the inverse participation ration
(IPR) Pα to characterize the extent of localization for the
function α(r),

Pα =

∫ +∞

0

α(r)4dr

/∫ +∞

0

α(r)2dr. (24)

Pα = 1/L denotes the fully delocalized state, where L
is the size of the system. A value of Pα close to one
corresponds to a highly localized state. We plot the IPR
of α(r) as the function of central redshift in Fig. 3(b).
We can see that the IPR of function α(r) is significantly
increased for λ = 1500 after point 2 compared to that
of the noninteracting case and reaches the maximum at
point 4. After that, the IPR drops and goes through
some small oscillations to the level of the noninteracting
case.

From Fig. 2(c4)-(c6), we observe the significant over-
lap between functions α(r) and β(r). If α(r) ≃ β(r), the
second term of Komar mass (18) can be close to zero.
Therefore, the change of fermion mass can barely affect
the value of Komar mass, leading to the mass-scale sep-
aration. This means that the ratio between ADM mass
(or equivalently, Komar mass) and fermion mass M/m
can be significantly lower than the fermion number N .
The mass-scale separation has been investigated in Ref.
[23], where the authors attribute the reason to the sign
switching of the Higgs field. Here, We can define the
overlap integral Sαβ to characterize the overlap between
two functions

Sαβ =

∫ +∞

0

α(r)β(r)dr

/∫ +∞

0

α2(r)dr. (25)
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FIG. 3. (a) The fermion density at point 4. (b) The IPR of
α(r) as a function of central redshift z for λ = 0 and λ = 1500.
The IPR of α(r) for λ = 1500 increases significantly after
point 2 compared to that of the noninteracting case.
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FIG. 4. (a) The ratio between ADM mass M and the fermion
mass m as a function of central redshift z for different inter-
action strength λ. (b) The overlap integral Sαβ of functions
α(r) and β(r) as a function of central redshift z for different
interaction strengths λ.

The more overlap between the two functions, the closer
the value of Sαβ is to one. We first plot the ratio M/m
as the function of redshift for λ = 0, 1500 in Fig. 4(a).
The mass ratio as λ = 1500 is close to the noninteract-
ing casee in the low redshift regime (points 1 and 2).
It drops significantly after point 3 and reaches the min-
imum M/m ≈ 0.4427 around point 4. After point 4,
the mass ratio grows to a large value close to that of
the noninteracting case (point 5) and then goes through
damped oscillations to the approximate equilibrium value
of M/m ≈ 1.3022. This can be explained by the large
change rate of fermion mass in this region, which will
be discussed in the next paragraph. We plot the overlap
integral Sαβ as a function of redshift in Fig. 4(b). We
can see that the value of Sαβ starts to grow around point
2 but not around the expected point 3. This could be
due to the slow growth of the fermion mass in the low
redshift region. The value of fermion mass at points 2,
3, and 4 are 0.2145, 0.1422, 1.8033, respectively, confirm-
ing our speculation. The value of Sαβ continues growing
after point 3 and reaches a value close to one (points 4,
5, and 6). The corresponding mass ratio after point 4
experiences large damping oscillations.
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FIG. 5. (a) The fermion mass m of the ground state as a function of central redshift z for different interaction strength λ. (b)
The ratio between fermion radius R and RISCO for various λ. (c) The ADM mass M as the fermion energy ω for various λ
using the same units as in Ref. [24]. The dashed parts of the curve represent the unstable regions. The black line represents
the case of λ = 0. Here, µ is the fermion mass in SI. It differs from m, which is in the unit of Planck mass mp. (d) The fermion
binding energy Eb as the function of the fermion mass m. The six red points on the curve correspond to the points in Fig.
2(b).

We plot the mass-radius relations of fermions for dif-
ferent λ corresponding to Fig. 2(a) in Fig. 5(a). We
can see that the curve takes two more turns before en-
tering the spiral. The mass-radius spiral in high red-
shift regions becomes much more flattened, resulting in
drastic oscillations of the fermion mass. The maximum
fermion mass can become larger than the Planck massmp

for strong enough attractive self-interaction. In contrast,
the fermion mass for a noninteracting Dirac star never
surpasses the Planck mass. At low redshift region, the
mass-radius relation follows the scaling law m ∝ R−1/3

[36] as in the noninteracting case. The deviation from
the scaling law becomes larger as the strength of the in-
teraction increases. The black points in Fig. 5(a) repre-
sent the infinite central redshift limit of each mass-radius

spiral (The infinite redshift power law solutions are dis-
cussed in Appendix.A). The strength of the attractive
self-interaction cannot be arbitrarily strong since the sys-
tem will become unstable and collapse into a black hole
if the radius R of fermions defined by Eq. (19) becomes
smaller than the radius RISCO = 6M of the innermost
stable circular Keplerian orbit (ISCO). Fig. 5(b) shows
the ratio between fermion radius and radius of ISCO as a
function of central redshift. As we can see, the stronger
self-interaction will squeeze the fermions into the region
with a smaller radius of only a few Planck lengths. The
dashed critical line R = RISCO intersects with the curves
except for the case of λ = 0 and 100. Additionally, the
limit of R for large central redshift solutions is slightly
below the critical line. This tells us that the bounded
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FIG. 6. (a)-(b) ADM mass Mmax as a function of the
strength of fermionic attractive self- interaction λ. The
red open circles represent the numerical results. The
black solid line in (a) ((b)) represents the fitting rela-
tion Mmax = 0.709223 exp(−0.00926009λ)m2

p/µ (Mmax =
0.0367514λ0.522738 m2

p/µ) for small (large) values of λ.

soliton solution for strong attractive interaction is unsta-
ble under perturbations and vulnerable to collapse.

In Ref. [25], the authors obtained the maximum ADM
mass

Mmax ≈ 0.709m2
p/µ (26)

for Dirac stars supported by noninteracting fermionic
fields, where µ is the fermion mass in the SI unit. Ref.
[24] obtained a scaling law of the maximum of ADM mass

Mmax ∼ 0.415
√
|λ̄|m2

p/µ (27)

for Dirac stars supported by repulsive (λ̄ < 0) interact-
ing fermionic fields when |λ̄| ≫ 0, ignoring the case of
attractive interaction for the reason that the maximum
ADM mass will decrease. To compare to the results in
Ref. [24], we plot the ADM mass M as the function of
fermion energy ω in Fig. 5(c), adopting the same units2

as in Ref. [24]. The black (colored) line in Fig. 5 (c)
represents the energy-mass spiral of the noninteracting
(interacting) self-gravitating fermionic field. We confirm
the relation (26) in the Ref. [25]. We can see that the
energy-mass curve for λ > 0 can intersect with itself for
strong enough attractive self-interaction, which is similar
to the result in Fig. 5 of Ref. [27]. While here we find
that Mmax increases as λ becomes larger and can exceed
the limit of 0.709m2

p/µ for strong enough attractive inter-

action (Mmax ≈ 0.950m2
p/µ, 1.352m

2
p/µ, 1.678m

2
p/µ for

λ = 500, 1000, 1500, respectively). However, the radii R
for all three solutions that reach maximum ADM mass
are less than the corresponding RISCO, implying possible
instability. It should be emphasized here that the curves

2 Although the unit of λ [l3pmpc2] in this paper is different from

that of λ̄ [4πℏ3/m2
pc] in Ref. [24], it is easy to verify the simple

relation λ̄ = λ/4π, implying they are in the same order.

in Fig. 5(c) represent families of solutions with varying
fermion mass µ and the fixed U(1) Noether charge N .
Those same curves can also be seen as families of solu-
tions with fixed fermion mass µ and the varying U(1)
Noether charge N (with unit m2

p/µ
2) [26]. Thus, the

maximum ADM mass of self-gravitating nonlinear Dirac
fields can exceed the limit for a noninteracting Dirac star
in the classical sense. We also observe that for small val-
ues of λ, Mmax decreases as λ increases, indicating the
existence of minimum of Mmax for small λ, as shown in
Fig. 6. In this case, Mmax approximately follows an
exponential scaling

Mmax ∼ 0.709223 exp(−0.00926009λ)m2
p/µ (28)

≈ 0.709223 exp(−0.116377λ̄)m2
p/µ

For large value of λ, a power law scaling similar to (27)
approximately applies

Mmax ∼ 0.0367514λ0.522738 m2
p/µ (29)

≈ 0.137998 λ̄0.522738 m2
p/µ,

but with a smaller prefactor. The dashed parts of the
curve in Fig. 5(c) denote the unstable regions where the
binding energy Eb = M−Nm is positive. We can see that
there are two unstable regions in the energy-mass spiral
for λ > 0. The first unstable region appears after the first
maximum of the spiral but does not extend to the infinite
central redshift limit, contrary to the noninteracting case.
The second unstable region, which is also finite, resides
in the highly dense spiral, as shown in the inset. We plot
the binding energy Eb as a function of fermion mass m
in Fig. 5 (d) for λ = 1500. The six red points in the
figure correspond to the points in Fig. 2 (b). We can see
that a large portion of the curve is negative. Unlike the
results in Ref. [23] where the bound states exist for strong
enough coupling at arbitrary central redshift, there is
a small region showing unbound solutions at the lower
redshift region in our system, as shown in the inset of Fig.
5 (d). The positive binding energy is only a necessary
condition for stable solutions. A special treatment of
linear analysis similar to Ref. [18] should be applied here,
but it is outside the scope of this paper.

B. N > 2 and nα > 0

The effect of self-interaction on the excited states only
has quantitative differences with that of the ground states
shown in Fig. 2. Fig. 7 displays energy spectra of the
first excited states for different λ. We can see that the
curve only gets slightly distorted and does not form the
trough as in the ground state when λ = 500. A new
trough of the curve forms when λ = 1500 and 2000. The
unscaled excited energy spectra below λ = 1500 do not
exhibit multivaluedness, unlike the ground state spectra,
indicating a much larger threshold for the emergence of
multivaluedness. Higher excited states also show a much
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FIG. 7. (a) The fermion energy ω of the first excited state as the function of redshift z for different λ. The black point on the
curve denotes the infinite redshift solution (we use the solution for z > 2 × 105 as approximations) (b) The fermion energy ω
as a function of redshift z for different excited states. (c) The mass-radius relations for various λ for the first excited states.
(d) The fermion binding energy Eb of the first excited states as a function of the fermion mass m. The inset shows a small
unstable region in the lower redshift regions.

slighter distortion of the energy curves at the first trough
amid the sharpening around the other maxima and min-
ima of the curve, as shown in Fig. 7. Fig. 7(c) displays
the mass-radius relation of the first excited states corre-
sponding to Fig. 7(a). It can be seen that the excited
state has a larger minimum of the radius and a smaller
maximum of the fermion mass compared to those of the
ground state for the same value of λ. Fig. 7 shows the
binding energy of the excited state as a function of the
fermion mass. It also shows a small, unstable region for
the lower central redshift. Whereas the infinite redshift
solution is unstable in this case since its binding energy
is positive.

For the same strength of self-interaction, adding more
fermions to this system can also reduce the multivalued-
ness and the distortion of the energy spectra at the lower
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Energy spectra of nα = 0 states for different N when λ = 500

FIG. 8. The ground state energy spectra for different fermion
number N when λ = 500.
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FIG. 9. (a) The odd parity ground state solution obtained from wavefunction ansatz (8). The inset in the figure clearly
shows the existence of the node in the function β(r). The corresponding parameters are (z,m, ω ≈ 0.4895, 0.8333, 0.2639).
(b) Abs(βmin) as a function of the central redshift z for different fermion number N and strengths of interaction λ. Point A
denotes the position where the effective mass meff(r) starts to possess negative values. Point B represents the maximum of the
solid red line. Point C denotes the transition of solution with different parities in high redshift regions. (c) The ground state
energy spectrum for N = 4 and λ = 1500. (d) The distribution of meff at different points.

redshift, as shown in Fig. 8 (In Fig. 8, only the case
N = 2 exhibits multivaluedness for unscaled energy spec-
tra). We can see that the first trough after the first max-
imum almost disappears when N = 8, which is similar to
the results in Fig. 7(b). Meanwhile, troughs after that
become sharper if the fermion number N increases, as
in the noninteracting case at the higher redshift regions.
From previous discussion, we know that the appearance
of the first trough in the energy spectrum is related to the
strength of fermion self-interaction. The similarity of the
behaviors at the lower redshift regions shown in Fig. 7(b)
and Fig. 8 can be explained by the quantum-originated
pressure that counterbalances the self-attraction between
fermions. At the lower redshift regions where the gravity
is weak, solutions at higher excited states are more de-
localized, and solutions that include more fermions have
larger quantum degenerate pressure due to the Pauli ex-
clusion principle. Although our fermion wavefunctions
are semi-classical, we believe the same effects can be
found for a fully quantized fermionic field [32].

In Sec. IV, we discussed the reason for using the node
number nα of function α(r) to label different families of
states. The evidence of the existence of the one-node
ground state is shown in Fig. 9(a). The inset in the fig-

ure clearly shows the existence of a zero and a negative
minimum in the function β(r) for N = 4 and λ = 1500.
A solution with different parity can be found by sim-
ply setting m = −1 in the noninteracting Einstein-Dirac
equations as explained in Ref. [18], which leads us to
understand this behavior by the effective mass of the
fermion

meff = m− λ(Ψ̄±Ψ±) = m− NλT (α2 − β2)

r2
. (30)

Then, the original equation of motion for the Dirac field
(5a) becomes

( /D −meff)Ψ
+ = 0. (31)

Note that Ψ− = γ5Ψ+, it is easy to verify that Ψ−
j,k

satisfies

( /D +meff)Ψ
− = 0. (32)

Thus, solutions of negative effective fermion mass can be
interpreted as solutions of positive effective fermion mass
with a different parity. The effective mass meff should be
negative in local regions for large enough λ, N and T (r)
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FIG. 10. (a) The first excited state energy spectra for different λ when N = 8 in the high redshift region. (b) The first excited
state energy as a function of unscaled parameter α1 when N = 8 and λ = 1500. The curve is single-valued.

since meff → m if α, β → 0. Note that we are also deal-
ing with localized solutions of Eqs. (11), it is sufficient
to consider the local effective fermion mass. We use the
absolute value of function β(r)’s minimum Abs(βmin) to
characterize the effect of the negative fermion mass. We
plot Abs(βmin) as a function of redshift z for different
fermion numbers N and strength of interaction λ in Fig.
9(b). We can see that the values of Abs(βmin) for all
cases reach maxima in the low redshift regions and grad-
ually decrease to zero in the relativistic regime (z > 1)
that displays stronger gravity. This tells us that solutions
with different parities can smoothly transform into each
other as the central redshift increases. The βmin becomes
more negative for the same N if λ increases. However,
increasing the fermion number N for the same λ does
not show this trend. The N = 8 red dotted line is lower
than the N = 6 red dashed line and even lower than the
N = 4 red solid line in some regions. Further increas-
ing the fermion number can suppress the effect of parity
violations. As we can see from 9(b), the N = 10 black
dashed line and N = 12 black dotted line are both lower
than the N = 4 red solid line for the same interaction
strength. This might be explained by the much stronger
gravitational effect for the system with more fermions.
The point A is the location where the effective mass meff

starts to exhibit negative values. Notice that there is
still a small region where the solution shows a different
parity while the effective mass meff is positive for all r,
the reason behind this is unclear. Point B is the maxi-
mum of the line N = 4, λ = 1500 corresponding to the
solution in Fig. 9(a). Point C is the approximate tran-
sition point between solutions with different parities in
the high redshift region. The location of three points in
the energy spectrum is shown in Fig. 9. We can see
that point B is sitting around the second maximum of
the curve. It should be emphasized here that the effec-
tive mass meff(r) always has negative part after point
A since the function T (r) can increase without bound
for the same value of N and λ. Therefore, the effective
fermion mass can only partially explain the parity tran-
sition of the solutions. We show the distribution of meff

for these points in Fig. 9(d). It can be seen that meff

has a smaller value at point C although the correspond-
ing solution’s broken parity symmetry has been restored.
We have also verified that there is no parity transition in
another branch of solutions found by setting m = −1.
From the above discussion, we conclude that the sys-

tem favors solutions with a different parity when its cen-
tral redshifts are located at ranges around z = 1, sug-
gesting a possible parity violation. Whereas the origi-
nal Eqs. (5) are invariant under parity transformation,
the system can experience spontaneous parity symmetry
breaking by tuning the central redshift. In fact, the so-
lutions with broken parity symmetry can be found for
the nonlinear Dirac equation in flat spacetime(See Ap-
pendix. B). The coupling with gravitation suppresses the
symmetry-breaking effect and restores the original par-
ity at a strong gravitation regime, resulting in the disap-
pearance of node of the ground state(value of Abs(βmin)
decreasing to zero), as shown in Fig. 9(b).
Finally, we discuss how the interaction can affect the

loop structure in excited spectra discovered in Ref. [36].
Fig. 10(a) shows the energy spectra of nα = 1 states
for different strengths (repulsive or attractive) of inter-
action whenN = 8. We can see that the loop structure in
the excited energy spectrum gradually shrinks and disap-
pears, and the sharp minimum becomes smoother as the
repulsive interaction increases compared to the noninter-
acting case. The ω− z becomes single-valued in the end.
Confirming the conclusion in Ref. [36] that the folding of
excited energy spectra is due to the fermion self-trapping
effect. In comparison, the results for the case of attractive
interaction are subtle. The entire energy spectra shift
to the lower energy regime while the multivalued loops
also shrink slightly but do not disappear. Surprisingly,
we find that the multiplicity of excited state solutions
in the high redshift regime disappears when λ = 1500.
As a result, α1 becomes an ideal quantity to parameter-
ize the excited spectrum, as shown in Fig. 10(b). The
first narrow trough in Fig. 10(b) corresponds to the loop
structure of the red line in Fig. 10(a). We also find
multiplicity of ground state solutions for λ = 1500 and
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N = 8. It shows another hint that the multiplicity of
excited solutions around the loop structure could have a
different origin from that in the ground state. We specu-
late that the multiplicity around the loop structure is due
to the quantum degenerate pressure between fermions,
since adding more fermions in this system can induce a
further degree of multiplicity of solutions, while this mul-
tiplicity can be reduced by increasing the strength of the
attractive self-interaction between fermions.

VI. CONCLUSION AND DISCUSSION

In this paper, we investigate the behaviors of local-
ized semi-classical spherically symmetric solutions for
Einstein-Dirac equations with the scalar nonlinearity of
spinors and focus on the case of attractive interaction,
where the fermionic fields are represented by the first
quantized wavefunctions. We find the multiplicity of so-
lutions for ground or excited states in this system for
strong enough interaction, similar to that in the Einstein-
Dirac-Higgs system [23]. The threshold of the interaction
strength for the appearance of excited state multiplicity
is much higher. This multiplicity of solutions is inher-
ent in the nonlinear Dirac solutions and does not imply
the multivaluedness of the corresponding rescaled energy
spectrum (Fig. 2(a)-(b)). We suggest the origin of this
multiplicity of solutions in our system is different from
that in Ref. [36] since we can eliminate this multiplicity
of excited states found for fermion numbers larger than
4 by increasing the strength of attractive fermion self-
interaction (Fig. 10).

The curve of fermion energy vs. central redshift can
develop a new trough in low redshift regions, indicating
the instability of the solutions. The fermion density con-
tinuously evolves through this trough and becomes much
denser at the outer radius (Fig. 2 and Fig. 3). This new
trough can gradually disappear by increasing the index of
excited states and the fermion number in the system (Fig.
7 and Fig. 8). We also find a similar mass-scale separa-
tion between the fermion mass and ADM mass of the so-
lution as in the Einstein-Dirac-Higgs system (Fig. 4). In
our system, this mass-scale separation can be explained
by the increase in overlap between the two spinor com-
ponents. The maximum ADM mass of solutions in our
system can exceed the limit for noninteracting Dirac stars
for strong enough fermion self-interaction in the classical
sense (Fig. 5). The corresponding radius is less than the
innermost circular Keplerian orbit and thus vulnerable
to collapse. However, if the strength of attractive self-
interaction is small, the maximum ADM mass decreases
as self-interaction becomes stronger. The Mmax exhibits
different scaling laws with small and large values of λ
(Fig. 6). The nonlinear Dirac equations can show par-
ity violations for strong enough attractive interactions,
which can be explained by the negative effective mass
of fermions (Fig. 9). The coupling of nonlinear Dirac
equations with Einstein’s gravity can restore the parity

symmetry, behind which the mechanism is unclear.
In conclusion, we have found some novel behaviors,

e.g., parity violation of solutions, of nonlinear quan-
tum matter coupled with Einstein’s gravity at the semi-
classical level, and clarified some issues (multiplicity of
solutions) in the previous works. In future works, it is
worth investigating if the Einstein-Dirac-Higgs system,
where the fermion mass is produced by the Higgs field,
can show similar parity violations. Extending the present
system to a fully quantized version is possible [32]. An-
other direction is to consider the “Dirac stars” in the
modified gravity framework, similar work has been done
on the “boson stars” [42, 43].
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Appendix A: Infinite redshift power low solutions

The ground state structure of the Einstein-Dirac equa-
tions with high central redshift can be classified into three
different zones [33]. The first one is the “core” zone lo-
cated at the center. The second one is called the “power-
law” zone that is continuously connected to the central
core zone. The energy ωT (r) ≫ m in the power-law re-
gion. There is also an “evanescent” zone in the outer
radius of the solution, where the wavefunctions α(r) and
β(r) decay exponentially and ωT (r) ≪ m. The bound-
ary between the power-law zone and the evanescent zone
is where ωT (R) ≈ m. One can find the power-law solu-
tion by the singular expansion of massless Einstein-Dirac
equations. Here, we can also find a similar structure
in our system’s ground states and the power-law solu-
tion, while there is an extra “wave-like” zone between
the core zone and the power-law zone characterizing the
self-trapping of fermions. The massless version of Eqs.
(11) are as follows

√
Aα′ =

Nα

2r
−
(
ωT − λV

)
β, (A1a)

√
Aβ′ =

(
ωT + λV

)
α− Nβ

2r
, (A1b)

rA′ = 1−A− 8πNωT 2(α2 + β2)

−4πr2λV 2, (A1c)

2rA
T ′

T
= A− 1− 8πNT

√
A(αβ′ − βα′)

+4πr2λV 2, (A1d)

V =
NT

r2
(α2 − β2). (A1e)
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A ground state solution with high central redshift for λ = 1500, N = 2
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An infinite redshift ground state solution for λ = 1500, N = 2
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FIG. 11. (a) The ground state solution of Eqs. (11) for large central redshift z ≈ 30468.5 when λ = 1500 and N = 2, with
m ≈ 0.679346 and ω ≈ 0.229131. The right (left) dashed black vertical line is the radius of r = R1(2). The wave-like zone near
r = R2 is a typical sign of self-trapping of fermions. The functions α(r) and β(r) are highly overlapped in the power-law zone.
(b) The corresponding infinite redshift ground state solution, with m ≈ 0.679302 and ω ≈ 0.229131.
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FIG. 12. The coeffecients Cα, Cβ , CA, and CT as a function
of λ when N = 2.

We seek the power-law solution of the following form

α(r) = αpr, β(r) = βpr, T (r) =
Tp

r
, A(r) = Ap, (A2)

Where αp, βp, Tp, and Ap are coefficients to be deter-
mined. Substituting the ansatz (A2) into Eqs. (A1), we
obtain the following constraints for the four coefficients.

√
Apαp −

Nαp

2
−NTpβpλ(α

2
p − β2

p) + Tpβpω = 0√
Apβp +

Nβp

2
−NTpαpλ(α

2
p − β2

p)− Tpαpω = 0

−1 +Ap + 4πN2T 2
p λ(α

2
p − β2

p)
2 + 8πNT 2

pω(α
2
p + β2

p) = 0

−1 + 3Ap − 4πN2T 2
p λ(α

2
p − β2

p)
2 = 0.

(A3)

Solutions of αp, βp, Tp, and Ap for λ = 0 are

αp =
31/4ω1/2√

6πN2(
√
3N − 2)

,

βp =
31/4ω1/2√

6πN2(
√
3N + 2)

,

Ap =
1

3
,

Tp =

√
N2

4
− 1

3
ω−1. (A4)

We cannot find the explicit expressions for these coeffi-
cients when λ > 0. However, we can prove that these
coefficients follow the same scaling law with ω as the re-
lations in (A4)

αp = Cα(λ,N)ω1/2,

βp = Cβ(λ,N)ω1/2,

Ap = CA(λ,N),

Tp = CT (λ,N)ω−1. (A5)

Substituting Eqs. (A5) into Eqs. (A3), we can obtain
compact equations for Cα, Cβ , CA, and CT√

CACα − NCα

2
−NCTCβλ(C

2
α − C2

β) + CTCβ = 0√
CACβ +

NCβ

2
−NCTCαλ(C

2
α − C2

β)− CTCα = 0

−1 + CA + 4πN2C2
Tλ(C

2
α − C2

β)
2 + 8πNC2

T (C
2
α + C2

β) = 0

−1 + 3CA − 4πN2C2
Tλ(C

2
α − C2

β)
2 = 0,

(A6)

which we solved numerically. For λ = 1500 and N = 2,
Cα ≈ 0.0824542, Cβ ≈ 0.0812967, CT ≈ 0.991926, and
CA ≈ 0.334222. Now, we can determine the boundary
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r = R1 between the power-law zone and the evanescent
zone in our system by the relation ω T (r) = λV +m. Sub-
stituting the power-law solutions (Combining Eqs. (A2))
and Eqs .(A5), we can obtain the radius

R1 = [1 +Nλ(C2
α − C2

β)]CT /m. (A7)

The boundary between the core zone and the power-law
zone is simply r = R2 = Tp/(1 + z).

Fig. 11(a) shows the ground state solution for λ =
1500 and N = 2 with high central redshift z ≈ 30468.5.
The α(r)/r, β(r)/r, r T (r) and A(r) are approximately
constant in the power law zone except near the bound-
ary of r = R2, where there is a wave-like zone. This
wave-like zone is a typical structure found in Ref. [35],
signaling the self-trapping of fermions. We can also find
a localized solution using the power law solution (A2) as
the initial condition. The result is shown in Fig. 11(b),
which matches the result in Fig. 11(a) pretty well in the
power-law zone and evanescent zone. No wave-like struc-
ture was observed in this case. We would also like to
show how the strength of self-interaction can affect the
power-law expansion in small r. Fig. 12 displays how the
coefficients Cα, Cβ , CA, and CT are changing with λ. We
can see that CT and CA only increase slightly as λ in-
creases, while Cα and Cβ get close to each other. The
close value of Cα and Cβ can explain the highly over-
lapped wavefunctions in the power-law zone for strong
self-interaction.

Appendix B: The solution of nonlinear Dirac
equations in the flat spacetime
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FIG. 13. The ground state for nonlinear Dirac equations (B1)
in the flat spacetime when λ = 1500 and N = 4.

The nonlinear Dirac equations in flat spacetime are as
follows

α′ =
Nα

2r
−
(
ω +m− λV

)
β, (B1a)

β′ =
(
ω −m+ λV

)
α− Nβ

2r
, (B1b)

V =
N

r2
(α2 − β2). (B1c)

We can find the normalized solution with the con-
straints

4π

∫ +∞

0

(α2 + β2)dr = κ2, (B2)

and the rescaled relations

α̃(r) = α(r)/
√
κ, (B3a)

β̃(r) = β(r)/
√
κ. (B3b)

Fig. 13 displays one of the solutions for positive fermion
mass m. We can see one node in the function β(r), indi-
cating it is odd parity symmetric.
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