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Abstract

Wormbholes are intriguing classical solutions in General Relativity, that
have fascinated theoretical physicists for decades. In recent years,
gravitational Wormhole geometries have found a new life in many
theoretical ideas, especially in Holography. This is an introductory
and pedagogical review of Wormbholes and their recent applications in
Gauge-Gravity duality and related ideas.
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General Relativity allows for warping of the spacetime. This key feature
widely opens up a plethora of rather interesting geometries with curious
properties. Of these, Black Holes are an extremely interesting and ubiquitous
class of geometries, that has recently been directly detected by the Event-
Horizon Telescope experiments[l] 2], as well as by the gravitational wave
based experiments[3]. From early theoretical studies of Black Holes, specially



by Einstein and Rosen in [4], it was suggestive that a special geometric
structure that connects to asymptotic regions can exist for Black Holes, and
beyond.

In [5], such geometries structures were termed as “Wormhole”. Since
then, such geometries have been a constant source of inspiration and imag-
ination, both in science and science-fiction. In particular, since Wormholes
connect to two (or more) asymptotic geometries by a “throat region”, it has
long inspired extremely fast travel across remarkably large distances of the
Universe. However, upon further scrutiny, Wormholes generally tend to be ei-
ther unstable for such travels, or need to be supported by some exotic matter
field of which we are hitherto unaware. Nonetheless, these geometries bring
together foundational concepts in theoretical physics e.g. causality, locality,
chronology-protection and so on, and helps us sharpen them further.

These ideas and the corresponding technical history of the subject is
rather long, which we do not intend to visit here. Instead, in this review,
we will briefly touch upon a range of recent ideas, along with basic technical
discussions, where Wormholes play a crucial role. All of these recent advance-
ments are based on the framework of Holographyﬂ which posits an equiva-
lence between a quantum-gravitational system in (d + 1)-dimensions with a
Quantum Field Theory (QFT) in d-dimensions. Typically, at least in the
well-understood examples, the d-dimensional QFT is defined at the asymp-
totic boundary of the (d+ 1)-dimensional quantum-gravitational description.
In a semi-classical limit, in which the quantum-gravitational system can be
approximated by a classical geometry with quantum fields propagating inside
it, a putative Wormhole can connect otherwise disjoint asymptotic regions
of the spacetime. In the Holographic dual description, this implies a highly
non-local interaction between two identical QFTs, which are a priori defined
at two disjoint asymptotia.

A crucial aspect of the modern perspective on quantum gravitational dy-
namics comes from a (quantum) information theoretic framework. Within
AdS/CFT, this idea essentially stems from the so-called Ryu-Takayanagi
proposal[9, [10], in which a sharp statement was made connecting a geomet-
ric object in the bulk gravitational description to an inherently quantum
mechanical concept of entanglement in the boundary gauge theory. Not only
this idea connects quantum entanglement with the structure (emergence) of
spacetimeﬂ, it allows us to extract fine-grained physical observables of the
strongly coupled gauge-dynamics at the boundary, by performing entirely

'Early ideas of Holography were proposed in [6] [7]. This duality takes a particularly
sharp and precise form in [§], which is known as the AdS/CFT correspondence.

2For a recent set of such ideas, referred to as the ER=EPR conjecture, see [I1]. For
more general aspect of this connection and recent progress, see e.g. [12 [13].



geometric computations. Wormholes play remarkably crucial roles in Holog-
raphy, specially from the quantum information theoretic perspective.

Particularly, in the context of quantum dynamics of Black Holes in AdS,
extracting fine-grained physics is an extremely important problem. From an
entropic perspective, a radiating Black Hole keeps emitting Hawking quanta
which keeps unboundedly increasing the corresponding entanglement entropy
of the radiation. This is in stark contrast with an upper bound of the total
entropy of the Black Hole, which is given by the famous Bekenstein-Hawking
formula[I4) I5]. In a nutshell, this is the essence of the (in)-famous infor-
mation paradmﬂ that a consistent theory of quantum gravity is expected to
resolve.

It is expected that a fine-grained notion of entropy is able to probe deeper
into this dynamics. In fact, as argued by Page in [I7], entanglement entropy
is capable of capturing such fine-grained physics: For any unitary dynamics
entanglement entropy can increase with time only up to a point — known
as the Page time — before it begins decreasing again. A similar physics has
long been desired for the quantum dynamics of Black Holes. In a Holographic
context, on one hand, this would clarify how quantum information is encoded
in the quantum regime of gravity and equivalently in the quantum dynamics
of the dual strong gauge-dynamics; on the other, it will shed light on the
infamous Black Hole information paradox. Recent progress in [I8] [19, 20,
21], 22] has precisely extracted the desired Page-curve time-dependence of
entanglement entropy, as a fine-grained entropy, of the Black Hole radiation
degrees of freedom.

The above-mentioned models involve 2-dimensional (quantum) gravity,
in which much of the explicit calculations are under analytic control. Worm-
holes play an explicit and important role in producing the Page-curve dy-
namics for such models. Perhaps more broadly, these Wormholes generalize
the Ryu-Takayanagi prescription to include bulk quantum corrections to a
generic class of fine-grained entropies, known as the Renyi-entropy. To con-
struct a specific state (i.e. the corresponding density matrix) in any quantum
system, one requires the knowledge of all Renyi-entropies. Thus, Wormholes
emerge as an integral aspect in such state-construction.

In keeping with the theme, generic (Euclidean) Wormhole geometries
in AdS encode multi-partite entanglement properties in quantum gravita-
tional states. Geometrically, such Wormholes asymptote to multiple con-
formal boundaries on which the dual CFTs are defined. Furthermore, upon
carefully introducing a direct coupling between these copies of CFT's, geomet-
rically, renders the Wormholes traversable. In turn, this traversability can

3For more detailed account of this, see e.g. [16].



be viewed as quantum teleportation protocols. For recent progress in con-
nections between Holography and quantum simulators, we refer the Reader
to [23].

We simply want to impress upon the fact that Wormholes have found
a wide range of interesting applications, in the context of Holography, and
deserve further attention. In this article, we do not intend to review each
such application in detail. This is largely because it is a highly evolving field
of active research and each such topic deserves a review of its own. Rather,
we will focus on the basic features of Wormhole geometries as saddles of
Einstein-gravity and construction of such Wormholes in both Euclidean and
Lorentzian frameworks. In parallel, we will review key aspects of various
applications of Wormhole geometries in the contexts mentioned above. We
hope that this review will serve as a bridge between earlier literature on
Wormhole geometries in gravity and future work in quantum gravity from
a quantum information theoretic perspective. We will review technical as-
pects of Wormholes in detail, as well as quantitatively motivate new ideas in
quantum gravity that makes explicit use of them.

This review is divided into the following sections: In section 2, we begin
with a basic discussion of Euclidean instanton solutions in quantum mechan-
ics and quantum field theory. These instantons, in certain ways, are similar
to Euclidean Wormhole geometries which we review, in detail, later. In sec-
tion 3, we briefly introduce the basic statement of Holography, especially
of AdS/CFT correspondence. Section 4 is devoted to discussing Euclidean
Wormhole geometries, their role in extracting the Page-curve and multi-
partite entanglement structure. We provide a technical review on the con-
struction of multi-boundary Wormhole geometries which play a foundational
role in understanding the multi-partite entanglement structure in Hologra-
phy. The next section is devoted to Wormholes in Lorentzian framework.
In particular, we review the fate of energy-conditions for such geometries,
explicit and varied constructions of traversable Wormholes and their physi-
cal significance, Wormholes on the Brane and a phenomenon of Regenesis.
Finally, in section 6 we conclude with a list of broad and open directions
for future, including a list of puzzles that Wormholes raise. We have also
included a technical and supplementary discussions in an appendix.

This is an invited review article for an EPJC special volume: New Fron-
tiers in Holography. Other related articles in the same volume are on Quan-
tum Computational Complexity in [24], Quantum Information Scrambling
in [23] and Holographic spacetime, black holes and error correcting codes in
[25].



2  Quantum Mechanics

Let us begin the discussion with a simple model in Quantum Mechanics/[]]
Consider a particle in an unstable potential, denoted by V(q), where ¢ de-
notes the classical position co-ordinate of the corresponding particle. A pro-
totypical classical action is given by

S = /dtL )] = /dt (2 (Cj;) —V(Q)> , Vi) = m;qz—%f, (1)

with m? > 0, A > 0. Classically, there are two unstable maxima of the
potential, which are obtained by solving 9,V (¢)|,, = 0 with 33‘/(61)‘% <

0: g = +£+/m2/A. Choosing one minima will break the symmetry ¢ —
—q, spontaneously. Note that, a linear combination of both the minima
will manifestly restore the symmetry, although, such a configuration is not
physically meaningful in the classical regime.

To quantize the system, we consider the path integral:

~ [ Dapyessaen, @

where Dq(t) is some integration measure that we need not specify at this
point. As is well-known, the path-integral is not a well-defined object, since
the integrand is a widely oscillating function. Instead, we perform a Wick
rotation: ¢ — —i7, where 7 is the Euclidean time, and define the Euclidean
path integral as:

_ / Dy(r)e ) | = / dr (% (3_3)2+v<q>) . (3)

It is straightforward to check that follows from , by simple a substitu-
tion t — —it [
Now, vacuum correlation functions can be obtained by

(a(r)a(m) . / Da(r)a(r)a(m) ... q(m)e "0 | (4)

/ DeHlaml (5)

4This is a standard discussion, available in many text books, e.g. [26].

At this point, we are not specifying the boundary conditions on the functions ¢(7);
in fact, we have not yet specified the range of 7 yet. We can choose the integration
range as 7 € [—00, +00]. An alternative choice is to compactify the 7-direction, such that
T € [0, 27].




Thus, the quantum correlation functions can now be obtained by comput-
ing classical correlation functions of a one-dimensional statistical mechanical
system with an Euclidean action H]g|. This classical statistical mechanical
system is described by the corresponding Euler-Lagrange equation derived
by extremizing the functional H|[g|. The resulting equations of motion are:
2
% = —\g* +m?q. (6)

The simplest solutions of the above equation of motion are the static ones,
for which ¢(7) = 0,£4/m?/A. The corresponding on-shell energies of these
solutions are, respectively: Hon_shen = 0, [ d7(m*/4)). Note that, all three
solutions yield finite action when integrated over a compact support on 7,
but the latter two diverge on an infinite/semi-infinite lineﬁ

There is an obvious integral of motion for the equation in @, correspond-
ing to the symmetry under 7 — 7 + ¢ of the Euclidean action in , where
c is a constant. The integral of motion is given by

é’:—q—H /dT [- <—) —V(q)] | (1)

The solutions ¢(7) = £+/m?2/\ correspond to & = —m*/(4)). One can now
solve for a more general ¢(7) by setting £ = const, in , which yields:

dq _
dr

= \/7msech (tr—1)), with £€=0, (9)

2V (q) (8)

where 7y is an integration constant. This solution behaves as ¢ — £(1/2/\)m
as T = 19 and ¢ — 0 as 7 — 4o00. A pictorial representation is provided
in figure [I] In summary, we have three classical saddles: (i) ¢() = 0, (ii)
q(7) = £(\/2/A)m and (iii) the interpolating solution in @} Let us denote
them by ¢, ¢® and ¢®, respectively.

Suppose now, we want to evaluate the “classical” Euclidean path integral
n , subject to some boundary condition, i.e. we want to compute the
contribution of the classical configuration satisfying the condition. Consider

STf we compactify the 7-direction, the corresponding partition function in (5)) becomes
the thermal partition function. On a finite strip of 7, however, the Euclidean path integral
can be interpreted as the wavefunction of e.g. an excited state. In the limit of the infinite
strip length, this corresponds to the ground state wavefunction, for a system with a mass

gap.
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Figure 1: A schematic diagram for the instanton configuration. On the
left, we have the original potential, and on the right we have the inverted
potential. The instanton configuration of @D begins at 7 = —oo from ¢ = 0,
reaches ¢ = m/\/X at 7 = 79, and comes back to ¢ = 0 at 7 = +00. Exactly
similar configuration exists for the left half of the potential as well.



the boundary condition that lim, .1+, ¢(7) = 0. Without the knowledge of
the interpolating solution in @, i.e. ¢, the corresponding path integral
is obtained by a single saddle ¢ (7) = 0, taken twice. This yields a path
integral that consists of two identical contributions:

Z =T+ Zne=2N, (10)

where the subscript 00 denotes the corresponding boundary conditions are
imposed at 7 & co. Here NV is an unimportant numerical constant.
Subsequently, we can consider fluctuations around the classical saddle
¢V (1), let us denote them by d¢™). There are two copies of these fluc-
tuations, associated to the two terms in (10): Z,.[6¢'V] and Z_[6qV)].
These path integrals define correlators of the type: <(5q(1) e (5q(1)>+oo and

<(5q(1) e (5q(1)>7oo, and no correlation between the +o0o degrees of freedom

and the —oo degrees of freedom exists. Also, the degrees of freedom near ¢(?
saddles (as well as ¢® ones) are completely absent.

On the other hand, subject to the same boundary condition lim, 1, ¢(7) =
0, once we also include the interpolating saddles in @D, the corresponding
path integral now takes the form:

Z = ZJroo + Zfoo + Zinter s (11)
+o00

= e 2m*/A (12)

?

m3
Zinter = €XP - tanh (m(r — 7'0)):|

By construction, now the path integral yields a non-trivial correlator between
the +o00 degrees of freedom and the —oo degrees of freedom. Moreover, since
the interpolating part also goes through the ¢® saddle, the semi-classical
degrees of freedom around this saddle are also coupled, in an indirect manner.

More quantitatively, suppose we semi-classical quantize using . This
manifestly implies the following:

Here we have dropped oo in the subscript, for simplicity. Furthermore, J.
represent the corresponding sources, conjugate to the fields <5q§E1 ). The above
follows directly from the definition in (5[, which, in this case, simply yields
two unrelated semi-classical systems respectively localized at 7 — +o00. By

construction, any correlator of the form <5q$) e 5q(,1) . > = 0

"This is easily seen by e.g. computing
52 0 0z
0T+0T— 0J+ 6J-

since Z is independent of J+. Here, J4 are the corresponding sources.

0, (14)

8



On the other hand, if we begin with , the corresponding expectation
value is given by

Z[0q) = Zioo [0, Ti] + Z-oc [0¢'), T4 + Ziter [0¢%), T5] . (15)

Since §¢® asymptotes to (5q£_3 ), in the semi-classical theory above, we ob-
tain: <5q$)(5q(_1) . > # 0. In this sense, including the instanton-saddle in

@D introduces additional correlations in the quantum system that no longer
factorizes in terms of degrees of freedom near +o0o and a —oo. Note that,

one way to obtain a non-vanishing correlator of the form <5q$)5q(_1) .. .>, one
could begin with , with a simple modification:

2160 = 2. (5", ) + Z- (5, T) . Te= (16)
where J is an averaged coupling. It is suggestive that by averaging over the
local semi-classical systems near oo, one can induce a non-trivial correla-
tion function between the 4+ and the — degrees of freedom, similar to what
the interpolating solution does in . This is not an equivalence, but a
qualitative similarity. Later we will see this idea playing a sharper role in
the Holographic context, in which Wormholes play a crucial role.

3 Holography Basics

Before delving deeper into the physics of Wormholes, let us collect some basic
facts and features of Holography that we will assume for the subsequent
discussions in this review. The basic idea is that quantum gravity in an
asymptotically anti de-Sitter (AdS) geometry is described by a quantum field
theory (often a conformal field theory) defined on the conformal boundary of
AdS. A basic idea came from holographic proposals in [6, 7], and within string
theory it took a particularly sharp and precise form in terms of AdS/CFT, see
e.g. [8, 27, 28]. Over the years, these ideas have been generalized to a much
wider class of examples and are sometimes used as a consistent definition of
a theory of quantum gravity in AdS.

The best understood examples are in the class of SU(NN) gauge theo-
ries with an N? degrees of freedom at the conformal boundary of the AdS-
geometry. The gravitational dual is described by Einstein-gravity in an AdS-
geometry. We will mainly use this framework and our discussion will be
confined within classical or semi-classical gravitational physics in AdS. A
special case appears in AdS,, where the dual QFT is a quantum mechanical



system with N Majorana Fermions that are interacting via random coupling,
see e.g. [29, B0, 31 B2]. We will also explicitly use this example. There are
other dualities as well, for example, when the boundary QFT is an O(NV)
vector model in which case the holographic dual is description is given in
terms of infinite number of higher spin fields in the bulk, see e.g. [33], 34} [35].
We will, however, not review the latter case in this article.

Qualitatively, the essential premise in the following classical gravity ac-
tion:

Stotal = Sgravity + Smatter ) (17)

where Sgavity is the standard Einstein-gravity action, with a negative cosmo-
logical constant and Sy atter 1S @ generic matter contribution. Inverse Newton’s
constant plays the role for the gravitational action Sgravity, and we work in
the limit Gy — 0. From the perspective of the boundary QFT, this sets
the number of degrees of freedom N? ~ G]_\,1 — 00. In this limit, gravity is
purely classica]ﬂ and by introducing a quantum matter field in the matter
action Shatter, We explore a semi-classical description.

The basic gravitational ingredient is an AdSy,-BH geometry, which ex-
tremizes the action (17)), in the absence of any matter source. The most
familiar metric for this solution is given by

, L? ,  d2? - 5 B 2\ ¢
ds —;(—f(z)dt +%+;d9&i> , f(z)-l—(;) . (18)

where L is the curvature of the geometry, zy is the location of an event-
horizon. The dual QFT is defined on the RY¢ along {¢, z,}-directions. The
presence of the horizon assigns a temperature to the QFT-state, with T =
d/(4mzy). The conformal boundary is located at z — 0; this radial coordinate
is related to the corresponding energy-scale in the dual QFT.

Given the geometry, a generic bulk field corresponds to a gauge-invariant
operator in the boundary. For example, the boundary QFT stress-tensor is
dual to the metric, a conserved current is dual to a bulk gauge field, a scalar
deformation of the boundary QFT is dual to a bulk scalar field, etc. Thus,
one can use the gravitational description to compute correlation functions of
such gauge-invariant operators in the boundary QFT.

Furthermore, a precise notion of quantum information in the boundary
QFT is realized in the bulk description as well. For example, given a density

8Note that, in general arbitrary higher derivative terms can be included in the gravi-
tational action. However, these are parametrically suppressed by inverse string length or
Planck length. Thus, as long as we discuss physics well below such scales, it is consistent
to turn all of them off.
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matrix p of a particular state in the boundary QFT, one can bi-partition the
Hilbert space by looking at a spacelike sub-region A: H = H4 ® H 5, where
A is the complement of the region A. Subsequently, one defines a reduced
density matrix: ps = Trjz(p), and a corresponding von Neumann entropy:
Sa = —Tra(palog pA)ﬂ These entropies encode quantum entanglement,
and therefore quantum information, structure of the given QFT. Gravita-
tionally, the von Neumann entropy can be calculated by the Ryu-Takayanagi
prescription[9, [10]:

_ Area(ya)

S
A 4GN )

(20)
where 74 is a co-dimension two minimal-hypersurface in the geometry, sat-
isfying: (i) 0ya = 0A, (ii) va is homologous to A, (iii) 4 is defined on the
same time-slice as A. While the above prescription holds for static states, it
is further generalized to arbitrary time-dependent state in [36]. For further
extensive review on this, we refer the reader to [37].

Before leaving this section, let us note that it will be important to go be-
yond the classical limit and therefore consider a correction to : a quan-
tum corrected RT-formula. This can be obtained by computing entangle-
ment between quantum fields in the bulk region, separated by the classical
RT-surface. The relevant quantity to compute is the so-called generalized
entanglement entropy, using the prescription of [3§]:

Area (4)

S, = mi
4 = min 1Cn

+ Shulk | (21)
where Spux is the entanglement between quantum fields partitioned by the
surface v4.

One needs to carry out an extremization of the above functional and
subsequently choose the minimum of the extrema. For each given v, Spunx
contributes to the generalized entropy functional and therefore alters the cor-
responding extrema. One needs to therefore analyze all possible v4, subject
to the homology condition, and subsequently carry out the extremization.
This is a technically difficult problem and only a few cases are hitherto an-
alytically tractable. We will not make any explicit technical use of this
functional, but it will play an important conceptual role.

9More generally, one defines a class of entropies, called Renyi entropy:

S§ = —log[Tra (pa)] - (19)

1—n

11



4 Euclidean Quantum Gravity

We will now discuss instantons in Euclidean (Quantum) Gravity, specifically
solutions that are categorized as wormholes. Before discussing that, it is
incumbent that we define, at least operationally, the Euclidean Quantum
Gravity action. As usual, the naive Lorentzian path integral is ill-defined
and we can Wick rotate to define an Fuclidean path integral accordingly.
This is defined as[39]:

1

1
Z:/Dge_s[g}, Slg] = / dPry/g (R —2A) — — Kd°'s +C |
M 871G Jam

167G

where G is the D-dimensional Newton’s constant, R is the Ricci-scalar, A is
the cosmological constant, K is the trace of the second fundamental form on
the boundary and C'is a constant that can be tuned to achieve a convenient
on-shell configuration, e.g. in flat space S[g] = 0. The boundary term in
, known as the Gibbons-Hawking term, renders the variational problem
well-defined and only contributes when OM ## (). Because this action is
linear in the curvature which has no lower bound[:G], the Euclidean action is
not bounded from below, unlike in ordinary QFT. One way to get around
this issue is to define the Euclidean path integral by first separating the
space of metrics into different conformal classes and integrating over a finite
Ricci-scalar metric in each class, for more details see e.g. [40], [41].

In this article, however, we will not delve into these issues. Rather, we
will focus on the saddles of the Euclidean action, in particular the wormhole
configurations. In a theory of quantum gravity, it is expected that topology-
changing process take place, by simple quantum tunnelling. In particular,
such topology-changing processes have been extensively investigated in the
literature, within the context of potential loss of quantum coherence in quan-
tum gravity, see e.g. [42), 43, 44, [45, 46]. The prototype of such topology
changing process involves a Planck-scale baby Universe branching out from
a parent Universe, see figure [2| for a representative processes.

In Lorentzian signature, the total spacetime is connected and therefore
the corresponding Cauchy surface is also connected, and thus the baby Uni-
verse is not causally independent from the parent Universe. However, in

0For example, Ricci-scalar transforms non-trivially under a conformal transformation,
= _ 02, .
under G, = Q°g,.:

R=Q2?R—(D—-4)(D—-1)Q7%9,0"Q—2(D - 1)Q3¢"'V,9,Q , (23)

and by choosing a rapidly oscillating conformal factor, 2, the Ricci-scalar can be made as
large as one wants.

12
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Baby Universe

Parent Universe

Figure 2: A schematic cartoon of a baby Universe popping out of a parent
Universe.

Euclidean signature there is obstacle in having the baby Universe configura-
tion. Therefore, one can now explore the solution space of Euclidean Gravity
(equivalently, the saddles of the Euclidean Quantum Gravity path integral),
for such configurations. From now on, we will refer to these configurations
as Wormholes, motivated by the picture in figure

The simplest of all is, of course, pure Einstein-gravity. Hawking showed
in [43] that there exists no such Wormbhole saddle in pure gravity. However,
Giddings-Strominger showed in [47] that one-parameter family worth of Eu-
clidean Wormbhole solutions indeed exist if we add a generic massless-spinless
axion field as a matter sector. We will momentarily review how this construc-
tion works, for now, let us assume they exist and ponder over the physical
meaning of these configurations.

From the definition of the Euclidean path integral, and the prescription
of integrating over the conformal class of metrics (reviewed above), it is
clear that the full quantum gravity calculation must take these Wormhole
saddles into account. While it is not completely understood how this may
work in detail, we can already make qualitative statements, following the
suggestion by Coleman[45]. We draw the basic motivation from figure
in which the Euclidean Wormhole has two asymptotic regions, on which
two classes of (gauge-invariant) operators are defined, denoted by @;(x) and
D ;(y). These two asymptotic regions are separated by a length fwy. Now,

13
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Figure 3: A schematic cartoon of how Wormholes configurations may exist.
On the left, the Wormhole begins and ends on the same asymptotic Universe,
on the right, the Wormhole connects two asymptotic Universes. In the first
case, an effective non-local description emerges within the same Universe,
while in the latter, operators living on the two Universes couple through the
Wormbhole connecting them.

14



physics at length-scales > fwy will receive a non-trivial contribution from
the Wormbholes, in that they will introduce an effective coupling of the form:

Sun = =5 3 [ aPad 010010 1)

which is an inherently non-local interaction. Thus, the Euclidean path inte-
gral receives a non-trivial contribution, which we rewrite as follows:

Zwh = e 5WH = exp (—%Z/dedDyC’Ul@[(x)@J(y)>
1,J

\/\(/1? / (da]exp (—%alc”ou) exp <_ / deZI:a[@I(x)) ,
(25)

where {a;} are auxiliary parameters, and Cy; is a symmetric matrix[']

Let us pause and take stalk of how the physical interpretation has changed
in going from to (25). Clearly, in (25)), (i) the resulting action is local, (ii)
there are additional parameters {a;} with each «;0; term, which are then
integrated out with a Gaussian distribution, (iii) the additional parameters
{as} are spacetime independent and therefore does not break the Poincaré
symmetry[”’] The integral over a distribution of the couplings {ar} suggests
that there is an “ensemble averaging” over a class of quantum systems, each
member of which is characterized by a specific choice of «;j.

1Tn deriving this identity, we have used the Gaussian integration result:

2
/da exp (—;Ca2> exp (—aA) = exp (;40> %T ) (26)

where A and C are constants. The above result is valid for a single variable «. This
readily generalizes to an array of aj, in which case C; becomes a symmetric matrix and
the number C on the RHS, under the square root, is replaced by det[C]. The C~! in the
exponential argument is replaced by C’I_J1 matrix.

2Note that this is not necessarily true for a global symmetry. For example, action
in is invariant under O; — —@;, however is not, unless we also demand that
ay — —ag simultaneously.
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4.1 General Framework for Wormhole Solutions: Eu-
clidean

To find Wormhole solutions, we need axion matter field{”|

1 1 1
S=—|[d" —R+ =0,,¢00" — PR, PR 27
2&2/ mﬂ( T o000+ oy iy e (20
where ¢ is a scalar field, § is a constant coupling and F),, . is a (D — 1)-form,
which can be dualized to a scalar:

Fy...)\ = eu...u)\eil&ba)\A' ) (28)

where A is the corresponding scalar. This is known as the axion-field and
since it is defined as a dual to a (D — 1)-form, the corresponding kinetic sign
has a wrong signature. In general, from an Euclidean compactification of a
supergravity (or stringy) system, one obtains the following action:

SA = %}{2 dDZE\/E |:—R + %GlJﬁuquIa”ng s (29)
where (Gr; is the metric in the space of scalars. There is no constraint on
the sign of G, and this is crucial to allow us Wormhole solutions in the
Euclidean signature, as we will see momentarily.

Consider that the Euclidean Wormhole connects two maximally symmet-
ric geometries in d = (D — 1)-dimensions, denoted by ;. Clearly, ¥, can be
either R? (i.e. an Euclidean plane), an S? (i.e. a round sphere) or a H? (i.e. a
hyperbolic plane). Let us assume that the full Wormhole geometry obeys a
“left-right” symmetry, and hence it admits a natural slicing in terms of the
transverse direction, which we denote by r. The corresponding geometric
data can be written in the following manner:

ds®* = N(r)dr® + a(r)*dx3 (30)
¢r=¢1(r) . (31)
Here we can further gauge-fix to choose N(r) = 1. The geometry above can

be interpreted as a homogeneous and isotropic Euclidean cosmology, with a
Euclidean time r. Einstein equations now yield:

a/2 k? GIJ(¢I>/(¢J)/ )

@2 a2 2D-1)(D-2) L2
(471G (")) — 5 Gorea(8”)(&F) =0 (33)

—0, (32)

13See e.g. the discussion in [48].
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where, k = 1,0, -1 for £, = S, R? HY, respectively; the ' = &£ s = 0,1
for asymptotically flat or anti de-Sitter geometry, and L is the corresponding
curvature scale.

One can rewrite the equations of motion, in the following form:

/ C /
=kt Gt o e = @+ Vo) = @)
C
por Gri(o") (¢7) (35)

where C' is a constant of motion["] The nature of the solution now depends

crucially on C; we sketch various possibilities below:

(i) C' > 0: In this case, Veg(a) — —oo, as a — 0, and therefore a’ — 0.

This clearly is a singular limit and we do not expect any physical solution to

exist in this case.

(ii) C' = 0: This can be exactly solved readily to obtain:
vi  kL* ﬁ)

et :l: _TT _——_— L
a(r) (age e e

(36)

where ag is an integration constant. Clearly, as r — oo, a(r) — £oo, which
is consistent with having an asymptotically flat, as well as an AdS-geometry.
For an asymptotically flat spacetime, we want a(r) — r* as r — oo, while
for an asymptotically AdS-geometry we need a(r) — /% as r — oc.

However, if we want a Wormhole solution connecting the asymptotia,
there must exist a point = r, such that a’(r.) = 0. We observe that setting
k + $a(r.)? = 0, this condition can be achieved. For asymptotically flat
geometry, i.e. with s = 0, this occurs only for the trivial case of k£ = 0; but
for an AdS-geometry, i.e. with s = 1, this can be achieved for £ = —1. On
the other hand, if k£ = 0, then an exact solution can also be found:

a(r) = e*"7 (37)
which also satisfies a’(r,) = 0 at a(r.) = 0. In this case, a Wormhole may be
constructed by gluing the two branches of the solutions at a(r,) = 0, see the
discussion in [49)].

(iii) C' < 0: This is the most interesting case. Let us write C' = —2(D —
1)(D — 2)a2P~* < 0, which yields an equation of the form:

/ 2 S 2 a3D74
a (’I“) =k+ ﬁa(r) - m s (38)

4This integral of motion comes from the fact that the effective action, obtained by
substituting the geometric ansatz in , and in , is independent of r, it only
depends on functions of r. Therefore, there is a conserved Hamiltonian.
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which can be solved in terms of hypergeometric functions. For our purposes,
it is enough to notice that, as r — oo, we get:

a(r)=+Vkr, s=0 & k=0,1, (39)
a(r)y=¢e¢71, s=1 & k=1,0—1, (40)

where s = 0 corresponds to asymptotically flat and s = 1 corresponds to
asymptotically AdS spacetime.

Now, the condition d'(r,) = 0 can be satisfied for all cases, provided the
RHS of has a vanishing point. This appears to hold generically since the
RHS has one positive term, one definitely negative term and one term that
can take both positive as well as negative Values.ﬁ However, the following
choices are not allowed: (i) £ = 0 and s = 0, i.e. between asymptotically
flat geometry with planar boundaries, (ii) k = —1 and s = 0, i.e. between
asymptotically flat geometry with hyperbolic boundaries.

Before concluding this section, a few comments are in order. Wormbhole
configurations lead to various conceptual issues, that become sharp contra-
dictions in the context of AdS/CFT correspondence. In this context, the
main conceptual problem Wormhole configurations lead to can be summa-
rized in the following way:

(i) Wormholes can be arbitrarily separated, and therefore the bulk ampli-
tudes will not factorize. In terms of the dual gauge theory this implies that
the corresponding correlators do not satisfy cluster decomposition.

(ii) In standard AdS/CFT, the dual gauge theory is local and therefore it
should obey cluster decomposition.

Clearly, (i) and (ii) are in direct contradiction with each other.

This contradiction can be stated in a more quantitative way[48]: Consider
the dual gauge theory on a compact Euclidean time, with a long period .
This corresponds to the low temperature regime of the theory. In this limit,
a generic two-point function in the gauge theory, between two generic local
gauge-invariant operators (); and ¥y are given by

(01D2)qpr = Y e P (Ei|O1|E;) (E;| 0| Ey)
i

~ {0]04]0) (0]D2[0) + O (e772F) (41)

where AFE is the mass gap.ﬁ On the other hand, the Wormhole effective

15Tt appears that for £ = 0 and s = 1, an arbitrarily small value of ag can also satisfy
the equation a’(r.) = 0, and thus a Wormhole geometry can be obtained for an arbitrarily
small value of the matter field contribution[49].

16The ground state can also be degenerate, but with a finite degeneracy.
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action will yield a contribution of the following form:
(0105) 1y = / [dale™ 321050 (010, [0),, (0]0a0),, + O (e P25) . (42)

Clearly, and will yield different answers for the same physical ques-
tion.

4.2 Euclidean Wormbholes & Black Hole Information

As the first application of Euclidean Wormholes, we will briefly review its role
in addressing the Black Hole information paradox. To do so, let us recall the
basic issues related to an information paradox in Black Hole physics. There
is a wide variety of perspectives on this, over which we will not belabor.
Instead we refer the interested Reader to e.g. [50, 51] for a review on recent
progress. Our discussion here will be based on the premise of [50].

The core issue is to understand precisely how the information inside of an
event horizon comes out of it. This is a dynamical question that requires us
to address this issue in a completely time-dependent framework. However, a
version of the information paradox and what it implies to resolve the same
can be provided in a completely static set up, following the pioneering work
in [52]. Based on this, we will now review this idea.

4.2.1 FEternal Black Holes & Thermofield-Double State

We begin with a discussion of the eternal AdS-BH and the corresponding
thermo-field double (TFD) state in the dual CFT. Standard AdS/CFT states
a duality between an asymptotically AdS gravitational background and a
corresponding state in the boundary CFT. Specifically, an AdS-BH geometry
is dual to a thermal state in the CF'T. This description naturally generalizes
for the corresponding thermo-field double (TFD) state as well.

Given two copies of the same quantum mechanical system, for which the
individual Hilbert spaces, Hr, g, are spanned by the Hamiltonian eigenbasis
)1 r, the TFD state is defined as:

1
ITFD) = — > e PP ny @ n)g (43)

where E, is the corresponding energy of the |n)p, g state and 3 is a real-valued
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parameterﬂ This state can be prepared as the ground state of a suitably
chosen Hamiltonian, see e.g. [53] for an explicit Hamiltonian interaction in
(0 4+ 1)-dimension and [54] for a generalization in higher dimensions. In
particular, we will review the basic construction of [53] later.

It is now easy to check a few basic features of the TFD-state. These are:
(i) TFD is a pure state. This is easily seen, since pipp = prrp, where
(ii) Upon partial tracing over, e.g. the left degrees of freedom, one is left with
a reduced density matrix which is mixed: ps = Try, (prep) = e PHr  Clearly,
% # Pp-
(iii) There is a choice in the total Hamiltonian with which the TFD-state can
evolve. We can either choose to evolve the TFD state with H = Hy, — Hg, or
H = Hy, + Hy. Under these two Hamiltonian time-evolution, the TFD state
behaves qualitatively differently. For example:

) 1 )
[TFD(1) = e ™ TED(0) = —= 3 e~? /% =0 n)yn)s = [TFD(0)) .

TFD(t)) = e | TFD(0)) = % S e P 2 HA )y, Iy £ [TRD(0)) .

Thus, TFD is a ground state for H, but not for H. In later sections, we will
make explicit use of the TFD-state.

The discussion above applies for any quantum mechanical system, includ-
ing quantum field theories as pointed out by [55]. For a large N Holographic
CFT, specifically in the context of AdS/CFT, the CFT TFD-state is dual to
the eternal black hole in AdS, as proposed in [52][F see also [57] for earlier
ideas along similar directions.

An information paradox can now be phrased in this framewowork[52].
Suppose, we perturb the TFD-state by inserting a hermitian operator @ in
CFTg, supported by a real-valued perturbative coupling ¢ < 1. In this de-
formed TFD-state, suppose we measure the expectation value of an operator

"More precisely, the TFD state is given by

ITFD) = % zn:e*WEn)/ﬂn)L ® n*)r , (44)
)k = Oln)k | (45)

where © is an anti-unitary operator, such as the CPT-transformation. However, for our
purposes, this aspect will have no consequences and hence we ignore this feature.
8For a different perspective on the gravitational dual of the TFD-state, see [56].
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(1, in CFTy,. This is given by
(TFD| (1 + €Or) O (1 + €OR) [TFD) = (1) ppp, + 2€ (OLOR) pep + D(€?) ((47)

where we have used [y, Or] = 0, since there is no explicit coupling between
the left and the right CFTs.

The O(e)-term in can be obtained from Holography, using basic
AdS/CFT dictionary, by computing geodesic distances between the points
where Oy, are inserted. This geodesic distance grows linearly with time, as
e.g. one holds Dy at a fixed time and sends @, to very late times t > f.
Therefore we obtain: (D1 Og)rpp ~ exp [—At/S], where A is an order one
constant. Clearly, this correlator decays exponentially at late times and all
initial data are lost to a final thermal state. From the dual CF'T perspective,
however, this is not expected to happen since we begin with a pure state and
the evolution is unitary. Instead, the late time behaviour is expected to be:
(OLOR)rpp ~ exp[—BS], where B is an unimportant numerical constant
and S is the entropy of the thermal state to which the late time CFT state
approaches. However, they are not arbitrarily close to each other, once S
is fixed. In particular, at times ¢t > (S, the gravity calculation yields an
answer infinitesimally close to the thermal answer, but the CFT calculation
does not.

An equivalent way to restate the same phenomenon is to notice the fol-
lowing, with reference to figure [4] This is essentially based on the work in
[58, [59], see also [60]. Suppose an observer, denoted by the green dot on
figure [d] measures the Hawking quanta emitted from the eternal AdS black
hole. To design an evaporating black hole in AdS, a transparent boundary
condition is imposed on such quanta at the conformal boundary. This is
denoted by gluing a Minkowski patch to the AdS-BH patch in the Penrose
diagram in[4] These radiation quanta are denoted by the arrows in figure [4]

At a constant time-slice, the observer is in contact with a constant time-
slice of the Minkowski patch that acts as a thermal bath to the observer.
Effectively, counting Hawking quanta for such an observer is equivalent to
computing the corresponding entanglement entropy of the boundary sub-
region, with the thermal bath. This is a well-defined calculation that can
be addressed explicitly using the Ryu-Takayanagi formula, briefly reviewed
in section [3} Qualitatively, this boils down to an intuitive understanding
of what we have described above for the 2-point correlator. Pictorially, at
t = 0, both the pink quanta are accounted for by the bath, and none of
the green quanta are observed. At a later time, when the bath is denoted
by the green curved lines in figure [4 only the pink quanta on the left and
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singularity

singu.tari.(:v

Figure 4: A pictorial representation of how an information paradox is realized
within the framework of eternal black holes. The green and the red quanta
are the Hawking pairs that can be detected by a measurement carried out
at the boundary. These observations are made at regions denoted by green
solid lines on the figures.
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the green quanta on the right are detected. Therefore, entanglement entropy
increases, as time increases. A detailed calculation yields an ever-increasing
entanglement entropy without any bound. However, the eternal AdS-BH has
a finite entropy 25gy, which should upper bound the entanglement entropy.
This is a precise form of the information/entropy paradox in the eternal
framework.

A resolution of the paradox above has been solved by generalizing the
entanglement entropy prescription in , to a quantum-corrected version of
the Ryu-Takayanagi proposal. See [38,61]. Although the physical description
is Lorentzian, all relevant calculations can be done in the Euclidean frame-
work. In particular, the Euclidean Wormholes play a salient role in eventually
upper bounding the growth of the entanglement entropy and thereby resolve
the paradox. We will not discuss formal aspects of the quantum-corrected
RT-prescription, instead we will demonstrate with an example how Euclidean
Wormbholes achieve this upper bound in the entanglement entropy computa-
tions.

4.2.2 Fine-grained Entropy & Information Resolution

The basic ideas were proposed and explored in detail in [20, 21], 22]. We will
heavily draw on the subsequent works in [58, 59]. The prototypical model in
which these aspects are best demonstrated is the so-called Jackiw-Teitelboim
(JT) gravity, coupled to an End-of-the-World (EOW) Brane. Spacetime
is demanded to end on the EOW Brane, which will only provide certain
boundary conditions on the bulk classical fields. The combined action is
given by

S = SJT + SBrane )

(48)

one i (e [ 0) [ [ o

SBrane = T/dS )

where Sy is a constant that measures the extremal entropy of the extremal
geometry, M is the manifold on which the JT-theory is defined, with a
boundary OM, T is the tension of the Brane, h is the induced metric at this
boundary and K is the corresponding extrinsic curvature. This JT-action can
be obtained by dimensional reduction of a higher dimensional gravitational
theory, near the extremal limit of a charged black hole, see e.g. [62].

Note that the term proportional to Sy is purely topological and therefore
has no dynamics. The second term in the JT-action yields a rather simple
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dynamics. Variation of the scalar ¢ yields: R 4+ 2 = 0, i.e. two-dimensional
geometries with a constant negative curvature. The complete set of equations
obtained by varying the action in (48)) is given by

R+2=0 , (Rab + gabV2 — VaVb) ¢ =0, (51)
with n0,0=T, K =0 at EOW. (52)

The second line above simply provides a set of boundary conditions for the
fields ¢ and the geometry g., at the location of the EOW Brane. Further-
more, the asymptotic AdS boundary conditions are also needed:

1 1
d52‘8M26—2d72, %M:Z’ e—0. (53)

It is simpler and more illuminating to understand the solutions pictorially.
Without the Brane, i.e. when p = 0, only boundary conditions apply.
The bulk equations of motion can be solved to obtain:

72 4 12

r

ds?® = % (d7'2 + dr2) , = (54)
The scalar field can have a more general solution in the bulk, see e.g.[63] [32].
The metric describes the Upper Half Plane (UHP), and can be rewritten as
ds? = (1/r*)dzdz, where z = ir + 7. The UHP can subsequently be mapped
to the unit disk, by the Cayley transformation: w = f(z) = (z —4)/(z + 7).
Therefore, the Euclidean AdS, geometry can be simply drawn as a disk, as
shown in figure [5, where the dual quantum system lives on the boundary-
circle of the diskE For the sake of completeness, we have also explicitly
presented how the geodesics on the UHP map to geodesics on the Disk. These
geodesics are probes in the geometry. There are two kinds of geodesics in the
complex z-plane: (i) semi-circles, described by r* + 72 = R}, where R; is a
constant; (ii) vertical lines, described by 7 = R,, where R, is also a constant.
Under the Cayley map, these geodesics map to:

Rf —1 —2 R% —r2

(1) Relw] R} +1+2r’ mc] RP+1+2r (55)
2 2 1 2

(ii) Refw] = 10 mw] = —— 22 (56

(r+172+R%’ (r+1)* + R2

The corresponding geodesics are shown in figure o for Ry = 1 = Ry. We
do not want the EOW-branes to be described by 7 = const, since these
analytically continue to a space-like brane in the Lorentzian picture.

197t is straightforward to see, using the Cayley map, that 7 = 0 maps to |w|? = 1.
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.

z=4r+T

(UHP) Disk

Figure 5: The explicit map from the UHP to the unit Disk. With z = ir + 7,
the ODisk = S! is described by |w|*> =1 <= r = 0. There are two kinds
of geodesics on the UHP, described by the dashed blue semi-circles and the
dashed pink vertical lines. These map to the dashed blue and the dashed
pink geodesics on the Disk.

Figure 6: The AdS; geometry with an EOW-brane, as the fully back-reacted
solution. The brane is characterized by an index ¢ which captures the infor-
mation of the microstates.
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The EOW Brane itself is a back-reacting geodesic in the geometry which
intersects with the boundary of the disk at two points in the geometry, as
demonstrated in figure [ff The EOW Brane is obtained as a solution to the
equation K = 0. In the coordinate patch of , this equation takes the
form:

L+ (r2 ()" (1) =0 = r(r)==%(Ci—(r+ o))", (57)
in the gauge where worldvolume coordinate is identified with 7, and C 5 are
two constants of integration corresponding to the location of the origin and
the radius of the circle. The EOW-brane is described by circles intersecting
the Disk, as demonstrated in figure [6]

To model the basic features of Black Holes information paradox, let us
consider the following ingredients:

(i) We can assign a quantum number, denoted by an index ¢, which captures
all information about the quantum microstructure of the Black Hole. In
string theory, it is standard to consider a stack of k& D-branes, on which open
strings can end. The corresponding Chan-Paton factors can play the role of
such quantum numbers.

(ii) Assign arangei = 1,2, ...k, with k ~ €51 where Spy is the Bekenstein-
Hawking entropy of the Black Hole. This assignment clearly implies that the
EOW branes cannot be treated in a probe limit.

(iii) Declare that the outgoing Hawking radiation quanta are entangled with
the EOW brane degrees of freedom.

With the above ingredients, let us consider the following state:

1 <& _
W) = N ; [Vi)BH ® |i)R (58)

where |1;)pp is the microstate of the Black Hole and [i)g is a reference state
which will be accessed by an asymptotic observer. For our purposes, we
assume |i)gr form an orthogonal basis of the reference Hilbert space. The
state |¥) is a maximally entangled state between the Black Hole degrees of
freedom and the reference degrees of freedom. The asymptotic observer, who
resides at the time-like conformal boundary of the AdS-geometry, can now
calculate the entanglement entropy of the reference state.

This entanglement entropy calculation can be explicitly performed, by us-
ing the Holographic prescription of computing generalized entropy functional [3§].
The computation consists of two parts: The area of the Ryu-Takayanagi sur-
face, and the bulk entanglement entropy between degrees of freedom across
this surface. Since the RT-surface is a co-dimension two surface, in 2d-
geometry we have two options: (i) RT-surface is an empty set, (ii) RT-surface
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Figure 7: Two candidate RT-surfaces are shown here. On the left, the surface
is an empty set, on the right it is a point, located at the bifurcation point.
In both pictures, the dark shaded regions are excluded from the geometry.

is just a point in the bulk. In the latter case of (ii), this bulk point is located
at the bifurcation point of the Lorentzian Black Hole geometry, see figure

In the first case, the RT-surface area yields a vanishing result and the only
contribution comes from the bulk entanglement between the EOW degrees of
freedom and the reference state and thus behaves as ~ log k. In the second
case, one calculated the “area” of the RT-point in the bulk, which is given
by the dilaton field at the bifurcation point. This is easily seen from the
JT-action which has an explicit ¢ R-term, and the value of ¢pirurcation Sets the
value of the corresponding Newton’s constant. The resulting contribution
equates the Black Hole entropy Sgy. The so-called Island rule then dictates
that the correct entanglement entropy is given by: min (log k, Spr). There-
fore, potentially, there can be a competition between the log k behaviour,
which monotonically increases as a function of k, and Sgy which remains
constant. If k < e84, this transition never happens since log k is always the
minimum of the two. This justifies the choice of k > %81,

This transition can be derived from the gravitational path integral[58],[59],
which we will briefly review in the rest of this section. Given the state in
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, the reduced density matrix for the reference state is obtained by

Lk
pr = Trpu ([U)(V]) = z Z ) IR (Wil ¥5)BH (59)

where, now, we will use AdS/CFT to compute the amplitude (¢;|v;)pn.
This is obtained by calculating the on-shell gravity action, for the solution
of , and the boundary conditions in (53]). The required calculation
is pictorially summarized in figure |8 which yields: (¢;|¢;)n = 9;;Z1, where
7y is the corresponding value of the on-shell Euclidean gravity action.@ This
yields:

k
Zy

where Sg is the von Neumann entropy (or the entanglement entropy) of the
reference state. Subsequently, we can calculate the n-th Renyi entropies by
evaluating Tr(p) = . Note that, if we use pRin, without making
any reference to the bulk gravitational picture, then this is given by

Sy =

! Tr (log p) = ik logk , (61)
—-n —1

in which we have only kept track of the k-dependent contributions. We will
momentarily see that this is only a partial answer of what one obtains from
the gravitational path integral.

On the other hand, from the bulk perspective one can also calculate
Tr(pi). For n = 2, we need to evaluate: (1/k%) 7, [(¥i[1h;)[?. There are
two classes of configurations that contribute to this calculation, summarized
in figure [§] Restoring the factors of Z1, this can be evaluated to yield:

Tr (p) = 12 22 [disconnected + connected] , (62)
disconnected = kZ; , connected = k*Z, | (63)

where Z5 is the Euclidean on-shell contribution from the connected Wormhole
saddle. The factors of k£ arise by contracting the EOW indices, as explained
in the figure [§

20Tn principle, we can denote this on-shell action by Z;, 4.e. the on-shell value can be
indexed. However, this dressing will have no effect on our subsequent discussion, since we
can redefine the reference state basis |i) by absorbing the overall normalization. Hence we
ignore this possibility.
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Figure 8: To calculate purity by setting n = 2 , two candidate geome-
tries are shown. On the left, for the disconnected geometry the EOW-brane
index 7 is enforced on all dashed lines, which yields a single power of k, upon
summation. On the right, for the connected/Wormhole geometry, two dif-
ferent EOW-brane indices can be assigned, which yields a factor of &% upon
summation.
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Let us denote the intersection point between O(EAdS) and the EOW
Brane by o, which is assigned an index ¢. In the disconnected diagram,
in the summation above, all four o carry the same index; while, for the
connected diagram, a pair of ¢ carry the same quantum number. Thus, the
former yields a factor of £ upon summing over the indices and the latter
yields a factor of k% in the same process.

In general, Z; and Z; can be calculated using the explicit solutions. For
the JT-action, this is easily estimated from the purely topological terms in the
action in . The JT-path integral contributes ~ eX*°, where y denoted
the Euler characteristic of the corresponding bulk geometry and Sy is the
constant in front of the purely topological term in the JT-gravity. For both
connected and the disconnected geometries, y = 1, and the corresponding
ratio Zy/Z? ~ e=%. Therefore, the schematic form of is given by

Tr (p) = % +e™%0 (64)

—  Tr(p}) = % . k<e®™ . and Tr(ph) me ™, k> ef65)
The transition in the behaviour of purity, in the two regimes k > e and
k < €%, captures unitarity of the underlying quantum dynamics of the
Black Hole, albeit, in this case, for an eternal Black Hole. In particular, the
Wormhole geometry dominates large k regime and renders the fine-grained
information plateau at a non-vanishing value. Note that, the result in is
in direct conflict with what one would obtain by squaring the reduced density
matrix in (60) — the latter yields a contribution that one obtains only from
the disconnected bulk geometry and this contribution becomes arbitrarily
small for sufficiently large k.

This feature holds generally, for Tr(pf). Now, all gravitational saddles
with n-copies of the conformal boundary will contribute to this calculation.
The qualitative similarity can be understood by considering the contribu-
tions coming from two extreme cases: One in which the n-boundaries are all
disconnected in the bulk, and the other in which all n-boundaries are con-
nected by a Euclidean Wormhole saddle. This is pictorially demonstrated in
figure @, for n = 4. The former diagram contributes 1/k"~!, while the latter
contributes Z, /77, where Z, is the on-shell Euclidean action for the Eu-
clidean Wormhole connecting n-boundaries — a natural generalization of Zs.
Hence, Tr(p}) demarcates two distinet qualitative behaviour: for k < e,
Tr(ph) ~ 1/k" ! and for k > €%, Tr(ph) ~ e 0. Subsequently, the von
Neumann entropy is obtained from pf, using that computes Tr(log p}),
and then taking a limit » — 1. In this limit, the & < €% and the k > %
behaviours are given by log k and Sgy, respectively. Thus, one obtains the
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Figure 9: Pictorial representation of two relevant saddles in the computation
of Tr(pg). On the left, we have the completely disconnected geometry, and
on the right, it is the completely connected one. There are additional saddles
that also contribute to this computation, however, the above two are the two
extreme examples.
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expected fine-grained entropy curve, as depicted in figure E

Before concluding this section, let us dwell on certain puzzling aspects
of this computation. While it is remarkable that the Euclidean Wormhole
solutions are necessary to reproduce fine-grained entropies of an underlying
unitary theory, they also imply that, from the gravitational path integral:

(Vilv) = Z16y;5 (66)

k) =55 + 2 (67)
1
The second line above cannot be obtained from the first line, with the usual
notion of an inner product between states in a Hilbert space. The only
possibilities that resolve this appear to be the following: (i) Z, = 0 identically
for every gravitational theory, or, these saddles are always prohibited for
some generic reason@, (ii) gravitational path integral computes an averaged
quantity. While the first possibility is easy to understand, at present, it is
not clear how to formulate a general gravitational argument for this. The
second possibility is therefore worth visiting more carefully.

The latter requires us to replace the first line in , by:

(Vi|vy) = Z1655 + 7‘1‘]‘6_50/2 , (68)

where 7;; are random (or, even pseudo-random) variables, with a vanishing
mean and a non-vanishing standard deviation. At this point, we do not
need to make any assumptions about the higher moments of the distribution
function P[r;;] — that, therefore, can be chosen to be a Gaussian. Suppose
we declare that the gravity Euclidean path integral computes the following
J1drij] (4s];), with an appropriate measure for r;; — such as the one provided
by a Gaussian distribution. This yields: [[dr;] (Wi|t;) ~ i, as [[drij]ri; =
0. However,
Zy

Jaraliarsd i) = [largliars] (bt + rrse™) = 1+ 25 . (69)

2INote that, in the limit, & > 1, e5° > 1 such that k/e% is held fixed, the entire
summation over geometries can be carried out using a resolvent technique, since the sum
only consists of planar diagrams. This result then can be analytically continued in n,
which is non-trivial because of the presence of a branch cut. This discontinuity of the
branch cut in the resolvent integral yields the correct behaviour for the von Neumann
entropy. This is discussed in detail in [58].

220ne such potential reason could be that these Wormhole solutions are always unstable
saddles, and therefore the true path integral will never include them, instead will be
dominated by stable saddles.
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Ordinarily, in the standard lore of AdS/CFT, or Holography, there is no
such notion of averaging. For example, the celebrate duality between string
theory in AdSs x S° (or, in type IIB supergravity) and A/ = 4 super Yang-
Mills theory at the conformal boundary of the AdS; is a statement about
the equivalence between the gravity path integral and the gauge theory path
integral, without invoking any averaging. One may conclude therefore that
this gravitational averaging is somehow a low-dimensional effect.

Let us ponder over this issue, from a slightly different perspective. At
a mathematical level, the notion in is very similar to the celebrated
Eigenstate Thermalization Hypothesis (ETH) in the context of many-body
quantum dynamics. The idea here is the following: Given a quantum me-
chanical system, with a local Hamiltonian and its corresponding eigenbasis
|E;), the expectation value of a simple, g-local self-adjoint operator, 4, is
given by

(Ei|QalE;) = fa(E)di; + e 5 PPG (B, w) Ry (70)
1
EZQ(Ez"i_EJ)’ w:Ei—Ej, (71)

where fa,G 4 are smooth functions, R;; are pseudo-random variables, such
that

Rinji - 1 5 (72)
RijRj Ry Ry = d41 + 01 + e 5B, (E, Wi, wa, w3> ; (73)
~ E,+FE, +F E

E = i J+ k+ l wlez_E])WQZEJ_Ekawii:Ek_@A)

4 )
In the above, g4 is again a smooth function and encodes the non-Gaussianity
of the pesudo-random variables R;;. Furthermore:

fA(E) =Tr (p@A) ) with p= e_BH ) (75)
such that FE =Tr(pH) , (76)

and S(F) is the microcanonical entropy. Equation is used to find 3, for
a given E. It is important that one considers a sufficiently local operator O 4
for ETH, the Hamiltonian H is itself an exception to this since it contains all
possible interactions of the system and in this sense not sufficiently local.ﬁ

The ETH is a cornerstone in understanding thermalization of a closed
isolated system, in that it also defines a precise notion of thermalization in

23Upon evaluating the expectation value of the Hamiltonian, only the diagonal term in
ETH remains, the off-diagonal terms are identically zero.
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terms of the expectation value of a given operator. It is generally under-
stood that systems which thermalize, satisfy the ETH. Note that, ETH is
understood to hold for individual systems, even though there is a notion of
an averaging over random (or, pseudo-random) variables. From this per-
spective, the gravitational averaging in is similar. To push these ideas
further, note that non-Gaussianity in the ETH can be directly measured by
computing three-and-higher-point functions, e.g. (0,0,03) .., by inserting
a complete set of energy eigenbasis between the operators and repeatedly
using the ETH. This can be directly calculated by e.g. Tr(pd), which evalu-
ates the third moment of r;; in the gravitational picture, and so on. Note,
however, that even an exact Gaussian distribution would have reproduced
the expected fine-grained information.

4.3 Euclidean Wormholes & Entanglement

Recall our discussion in section 4.2 Such a TFD-state can be prepared in
the lab by designing an appropriate Hamiltonian of which the TFD-state is a
ground state. In general dimensions, for a quantum mechanical system that
satisfied the ETH (see e.g. equation ([70)), where, now, one takes a Gaussian
distribution for the R;j-variables), the (aproximate) TFD Hamiltonian takes
a particularly simple form:

Hypp = Hy, + Hg + Z OékAL-Ak ;o A= @1]3 - (Q@T ) (77)
k

where Hy, g are the original Hamiltonian for the left and the right theory, O, g
are local operators in the respective left and right systems. Note that, while
the operators () are themselves local, one needs a non-local interaction in
the Hamiltonian to directly couple the left and the right degrees of freedom.
In general, it is also possible to construct a similar TFD Hamiltonian whose
ground state is the TFD state itself, see [54] for more details.

Generalizing this idea further, let us note that given n-copies of a quan-
tum mechanical system or a quantum mechanical system partitioned into
n-subsystems. One can similarly construct an n-fold state of the combined
system. So, the full system consists of a tensor product of n Hilber spaces:
Hi®...H,, where the indices are just book keeping parameters for n-copies
of the same system; or, they keep track of n-partitions of a single system.
The corresponding n-fold state can be written as:

n—fold) = Y Ay,

i1...0n

nyp ... |nhy (78)
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where A;, ; are the corresponding coefficients. The entanglement structure
of such a multi-partite system is richer than a simpler bi-partition of it.

To better understand the differences, let us look closer at some basic
features of a bi-partition. Consider a bi-partition of a Hilbert space: H =
Ha®Hp and a pure, arbitrary state 1)) a4p € H. Suppose {|i)4} and {|u)p}
are orthonormal basis for H 4 and H g, respectively. So, a general state |1)) 4p
can be written as:

V) ap = Z iy aliys . |i)p = Z%MWB : (79)

I

Evidently, {|{)g} is not an orthonormal basis. Now, without any loss of
generality, we can choose {|i)4} such that the reduced density matrix py =
Trg pap = diag(pi,...pp), where D = dimH 4. Starting with the state in
, and computing the reduced density matrix will yield: (i|j)p = Dibij-
Therefore, {\/pili)p} is an orthonormal basis for Hpz. Thus, the original
bipartite state in (79)) can be written as:

V) ap = Zp3/2|i>A|i,>B , (80)

where {|i) 4} and {|i’) 4} are orthonormal basis for H 4 and Hp, respectively.
This is known as the Schmidt decomposition. With this decomposition, it is
now natural to demarcate entangled states and separable states. For exam-
ple, given a bi-partite state, if the number of non-zero eigenvalues of either
reduced density matrix ps or pp is larger than one, the the corresponding
bi-partite state is entangled. Similarly, if there is only one non-vanishing
eigenvalue of the reduced density matrix, then the bi-partite state is separa-
ble. This is intuitive, since in the Schmidt decomposition, for an entangled
state, we will have more than one terms in the RHS of 7 whereas for a
separable state, there will be only one term.

One important difference between a bi-partite state and a multi-partite
state is that a multi-partite state does not admit a Schmidt decomposition
in generalﬂ and therefore it is subtle to define notions of entangled states
and separable states. Let us explore a bit more with an instructive example.
Perhaps the simplest yet richest example of a three-partite system is the
so-called Greenberger-Horne-Zeilinger (GHZ) state, which can be written as:

1
V2

24In genral, the Schmidt decomposition of a muti-partite state is possible only if by
tracing out any subsytem one obtains a separable state.

IGHZ) = — (|000) + [111)) . (81)
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If we trace out any one of the three sub-systems, the resulting reduced density
matrix takes the form: (1/2) (|00) (00] + |[11) (11]), which is a classical mixed
density matrix. On the other hand, suppose we rewrite the basis of the third
sub-system, by introducing |0) = \% ([4+)+1]—)) and |1) = \% ([4+) = |-)),
and subsequently measure by projecting on the |+) or the |—) state. This
will yield a reduced density matrix of the form: (|00) + [11)) ({00 + (11]),
which is a maximally entangled one. Thus, even for this simple three-partite
state it is clear that the pairwise entanglement structure is somewhat subtle
and richer.

4.4 Multi-boundary Wormbholes: Explicit Constructions

Motivated by this, it is natural to explore multi-partite entanglement struc-
ture in AdS/CFT. The simplest is the TFD state itself, which is dual to
the eternal Black Hole in AdS[52]. The eternal Black Hole geometry is a
Lorentzian background, with two asymptotic conformal boundaries in which
two copies of the same CF'T are defined. For a multi-partite state, the natu-
ral candidate is a geometry with n conformal boundaries, corresponding to a
tensor product of n copies of the CF'T Hilbert space. Though, these geome-
tries are inherently Lorentzian, to prepare such a state in the gravitational
theory, one considers the standard Hartle-Hawking approach: Consider the
Euclidean gravitational path integral and look for Wormhole saddle solutions
with the desired boundary behaviour. Along a moment of time-symmetry,
both the Lorentzian and the Euclidean contain a hypersurface of vanishing
extrinsic curvature. The Hartle-Hawking state can be constructed by gluing
the Euclidean section with the Lorentzian section along this hypersurface.

To be more precise with the explicit construction, let us consider AdSs,
in which the Wormbholes can be explicitly constructed by extensive use of the
symmetry of the system. Let us begin with an elementary review of AdSs
and its isometries: It is well-known that an AdS3; geometry can be described
by a hypersurface embedded in a (2 + 2)-dimensional Minkowski geometry.
The hyperboloid is defined by

=P -+ 2+, (82)

embedded in R??, with a curvature set by ¢. There are various ways of
defining a local co-ordinate on the AdS hyperboloid, let us focus on the
Poincare patch below:

ds?  —dt* + dx? + dy?
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The ¢ = 0 surface has an induced metric ds?* = (1/y?)(dz? + dy?), that
describes a hyperbolic 2-manifold, denoted by HZ2. The full AdS; has an
SO(2,2) = SL(2, R) x SL(2, R) isometry, and by quotienting it with a dis-
crete subgroup, I', one generates non-trivial but locally AdS3; geometries.
Typically, the sub-group is chosen to belong to a diagonal SL(2, R)ﬁ The re-
sulting quotient H?/T is a smooth Riemann surface with genus g and bound-
aries b, denoted by (g,b). Correspondingly, the action of I on the entire
AdS; geometry is realized by its action on the ¢ = 0 slice. This ensures that
both the Lorentzian and the Euclidean geometries admit a similar quotient-
ing method. In the case of Euclidean AdS3; geometry, the isometry group
is SO(3,1) = SL(2,C) and I" belongs to a diagonal SL(2, R). This ensures
that the analytic continuation, after quotienting by I', remains real. In this
section, we will review how multi-boundary (Wormhole) geometries can be
constructed using this quotient procedure, following mainly [64].

Note that, each isometry is in one-to-one relation with a Killing vector in
the geometry. The identification “by an isometry”, or “by a Killing vector”
implies that we identify all points in the orbit of the corresponding group ac-
tion. For example, given a Killing vector £, we consider {e®},cg, as the cor-
responding one-parameter sub-group. Each Riemann surface (g,b) — which
has (6g + 3b — 6) parameters, will correspond to a particular Wormhole ge-
ometry. Among these, (3g 4 2b— 3) are lengths of minimal, non-intersecting,
periodic geodesics and 3g + b — 3 are the so-called twist parameters[65].
Among these, the Black Hole horizons correspond to the length of the peri-
odic geodesics, and the remaining parameters belong to the interior degrees
of freedom[65].

The structure of Riemann surfaces has been extensively used in [65] 66]
to construct the (g,b) Riemann surface, then lifting it to beyond the t = 0-
slice. The simplest example of this is the construction of a (two-sided) BTZ
geometry, as described in figure The construction methods in [65], 66] are
patchy, piece-wise. Following [64], we will now describe a global approach of
constructing the Wormhole geometries, by explicitly constructing the Killing
vectors corresponding to that would yield a three-boundary geometry.

Towards that, we begin with the Killing vectors in —, att =0
slice, and redefine the following basis on H?, subsequently presenting also
their lift to the full AdSs-geometry (therefore, defined for all values of t):

Jr=0(0,+0;) — Jr=Jiz— Jos, (84)
JD = z@z + 282 — jD = —J12 R (85)
1 .

Jg = 7 (2282 + 2285) — Js=—Jiz— Joz . (86)

25Guch discrete groups are known as Fuchsian groups.

37



Figure 10: The Riemann surface obtained by quotienting the upper half-
plane by dilatation: (¢,x,y) ~ e*™(t,x,y), as described in equation ((170)).
The fundamental domain is bounded by the red semicircles, while the fixed
point of the identification is the center of the semicircles. This is the t = 0
slice of the two-sided BTZ. This figure is taken from [64].

Here, the tilde stands for the lifted Killing vectors. It is easy to check that
the tilde Killing vectors form an sl(2,R)-algebra. To identify the precise
transformation in terms of the Killing vectors, note that e®/7, e®/> and e"’/s
correspond to translation, dilatation and special conformal transformation.
The inversion transformation can be constructed as Z, = e®/Te/s/aea/r

Let us unpack how these transformations act on geodesics on H?. The
geodesics are obtained by extremizing the functional:

dy (dm) 2
I= /— 1+(— , 87
y i (87)
that leads to the following equations of motion:
1dx 1
_— =
ydy \/1+ (dz/dy)?

Here « is an integral of motion. There are two distinct classes of solutions

to :

(88)

a=0, x=constant , (89)
a#0, (x—c+y'=a?, (90)
i.e., straight lines and semicircles. To construct multi-boundary Wormholes,

we will need to carry out identification of the semi-circular geodesics. Now,
we can explicitly determine the action of the transformations discussed above,
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Figure 11: The three-boundary and one-boundary, one-genus Riemann sur-
faces as quotients of the two-boundary Riemann surface. The three-boundary
surface is obtained by “pinching” one of the boundaries into two, while the
one-boundary, one-genus surface is obtained by “folding” one of the bound-
aries onto the other. This figure is taken from [64].

on such geodesics, for example:

eIr/t . (931, VR — (2, — c)2> = <x2, VR — (29 —a— c)2> . ro =11 Hal)
ep (az‘l, VR — (2, — c)2> = (xg, V(e?R)2 — (z9 — eac)2> ,  xo = ez (92)

0)4 0)?
T, - <x1,\/R2 —x%) = (a:Q, (22) —x%) . T = —(C}L%Q) . (93)

Clearly, translations simply shift the semi-circles, dilatation scale up the
radius as well as the center of the semi-circles and Z,, for a = R/{ simply
flips the orientation of the semi-circle. We now have all the ingredients to
construct explicitly the multi-boundary Wormhole geometries.

Towards that, let us first generalize the BTZ identification figure, for
richer Riemann surfaces and in particular, a three-boundary Wormhole ge-
ometry. See figure [I1 The important point here is that, in order to create a
Wormhole geometry with a non-trivial genus and a boundary, one needs an
orientation-reversing isometry with which some quotienting needs to be car-
ried out. With the transformation rules discussed above, it is straightforward
to check that the following isometry:[64]

Ry
Y =

code /O vJ —c1Jr /L
@Zezt/e DZRl/ée 1T/7 _R_’
1

(94)
maps two oppositely oriented semi-circles centered at ¢; and co, with radii
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Figure 12: The fundamental domain of the three-boundary Riemann surface.
The color-coded dashed lines L; 5 3 are the minimal periodic geodesics, whose
lengths are the three physical parameters of the system. The variables A,
Ry, R, ¢, and ¢y represent parameters for the picture. This figure is taken
from [64].

R, and R», into each otherﬂ

A more elaborate and precise pictorial representation is given in figure
121 The dashed geodesics in figure [12] after the identification, become pe-
riodic and subsequently imposing the minimal (within the homotopy class)
condition, these become the Black Hole horizons.

In view of the discussion on transformations, the figure [12| can be gener-
ated with quotienting AdS3 by dilatation, followed by orientation-reversing
isometry. This is summarized by

@ _ ecng/feRjT/fefjs/ReRjT/fe—cljT/f ’ (95)

which can also be written as a single exponential, using the algebra of the
generators. Furthermore, it can also be shown that the three minimal peri-
odic geodesics yield three independent horizons. For more details, we refer
the reader to [64] 7]

It is natural to extend this construction to a Riemann surface (g, b), which
captures all physical parameters. We will now describe how this works for

26Demanding further that the quotient space does not contain any fixed point of @ leads
to: |1 — ¢a| > Ry + Ra, which can be implemented. Note that, without this constraint,
the fixed point of @ will result in a curvature singularity at the fixed point.

2TAs an example, the length of the minimal periodic geodesic for a two-sided BTZ
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Figure 13: The fundamental domain of the (1,1) Riemann surface. The
color-coded dashed lines L; » are non-intersecting periodic geodesics. In this
system, two of the physical parameters are lengths of the minimal periodic
geodesic, while the third physical parameter is a twist. This picture is taken
from [64].

(1,1)-Wormhole. This has also been explicitly constructed in [67, 68, [69],
however the full moduli space was not provided. The (1, 1)-Wormbhole is also
a two-step identification process, the logical steps are similar to the construc-
tion of the (0, 3)-Wormhole. We demonstrate the details of this identification,
at t = 0 slice, in figure[L3] Similarly, a (1,2)-Wormhole can also be generated
by quotienting with the appropriate Killing vector, following a similar logical
sequence. For further visual appeal, we have also demonstrated the details
of this identification, at ¢ = O-slice, in figure

The astute reader will notice that the crucial difference between the fig-
ures in (13| and [14]is whether the identifying circles are on the same side or on
the different sides of the center. Essentially, identifying circles on the same
side of the center increases number of boundaries, whereas identifying two
circles on the two sides of the center increases its genus. Thus, by repeating
this process, one can generate an arbitrary (g,b)-Wormhole. This strategy

geometry, from figure [[2] is given by

AR
0 g
Li=1¢ Y plog . (96)
Ro Yy

Other periodic geodesic calculations are similar in nature, but algebraically more involved.
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Figure 14: The fundamental domain of the (1,2) Riemann surface. Step (1)
is quotienting by dilatation. Step (2) is quotienting by a pinching. Steps (3)
and (4) are quotienting by foldings. This picture is taken from [64].

of using explicit Killing vectors can also be used to generate (g, b)-Wormhole
for a stationary geometry, i.e. in rotating multi-boundary geometryF_g] Hope-
fully, we have provided the reader with enough technology, as well as enough
examples based on which a particular construction can be carried out. We
will dwell no longer on the technical details of the construction, but move on
to discussing general lessons about multi-partite entanglement based on the
multi-boundary Wormhole geometries.

4.5 Multi-partite Entanglement from Multi-boundary
Wormbholes

We will now review entanglement properties based on the multi-boundary
Wormbhole geometries. These aspects have been explored in detail in [66] to
which we refer the interested reader for more details. We present a broad-
brush demonstration of how multi-boundary Wormhole geometries teach us
qualitative lessons about multi-partite entanglement in the dual CFT. The
primary tool for these computations is the Ryu-Takayanagi[9, [10] formula
and its generalization to the Hubeny-Rangamani-Takayanagi formula[36].
Consider the three-boundary example, where L, 5 3 parametrize the lengths
of three horizons denoted by H;s3 and B3 represent the three bound-
aries. As explained in [66], the HRT minimal surfaces are given by unions
of the horizon lengths. First, it is easy to see that there is a phase transi-
tion of the HRT-minimal surface at L3 = L; + Ly. Consider, for example,
L3 > Ly + Ly, the minimal surface for By U By is given by H; U Hy and thus

Z8Though, in practice, the tractable examples are (0, 3)-Wormhole and (1, 1)-Wormhole,
as demonstrated in [64].
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S(B;3) = S(By U Bs) ~ (Ly + Ly). For Ly < Ly + Lo, however, the minimal
surface is given by Hjz and therefore S(By U By) = S(Bs) ~ L. in this limit,
there is vanishing entanglement between B; and B, since the corresponding
mutual information vanishes: I(Bj : By) = S(B;)+ S(By) —S(B1UBy) = 0.
Thus, for Ls > L; + Ly, the entanglement is purely bi-partite/”] while multi-
partite entanglement exists for Lg < Li + Ls.

From a purely CFT-perspective, by tracing out the Bs-degrees of freedom,
one obtains the following reduced density matrix:

po =D gl h s pivsy = D Al . (O7)
k

igilj!

It has been argued in [66] that in the limit Ly — oo, the reduced density
matrix is obtained by a sphere partition function with four holes, in an
anlaogue of the t-channel. The upshot is, in this limit, p;o factorises: p1o =
p1 ® po. Thus, By and B, are completely unentangled. The Holographic
picture above further promotes this unentangled behaviour for any finite
L3 > L1 + Ly. This is in stark contrast to a GHZ-state, in which no such
regime exists such that the entanglement structure becomes purely bi-partite.
Thus, although multi-boundary Wormhole geometries indeed encode multi-
partite entanglement, they are unlike the GHZ-states.

5 Lorentzian Wormbholes

We will now focus completely on the Lorentzian description, in terms of
specific solutions of (semi)-classical gravity. In this context, “semi-classical”
would imply the existence of a matter stress-tensor which can arise from the
expectation value of a quantum matter, in a suitable state. This stress-tensor
is then fed into the classical Einstein-equations which are subsequently solved
to obtain an on-shell geometric data. Such examples are far too many to
enlist them here, rather we make explicit reference to some in later sections.

The history of Lorentzian Wormholes is quite rich. Let us begin our dis-
cussion, stepping back almost a hundred years, with the discussion of the
Einstein-Rosen bridge. Much of what we discuss here is standard knowl-
edge, see e.g. [T0] on which we will heavily draw. We will also begin our
discussion with an asymptotically flat space-time and subsequently discuss
asymptotically AdS space-times.

In terms of mutual information, one obtains: I(B; : Bs) = 0, I(B; : B3) = 25(By)
and I(Bs : Bs) = 25(B2) in this regime.
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; Area = 167 M?

Figure 15: Einstein-Rosen bridge, as described by the metric in (99)). The
throat is located at © = 0, where the area cross-section minimizes.

Let us begin with Schwarzschild geometry in an asymptotically flat space-
time in (3 4 1)-dimensions:

-1
ds® = (1 - ¥> dt* + (1 — %) dr? +r2dQ? (98)

where M is the mass of the Black Hole and d2? is the metric on the round
unit-sphere. Here r € [0,0c]. Let us rewrite the geometry in (98), by intro-
ducing a new co-ordinate: u? = r — 2M, which yields:

2

ds? = —————
s u?z +2M

dt* 4+ 4(u* + 2M)du? + (u® + 2M)?dQ2* (99)
where u € [—00,400]. Clearly, the patch in covers the r € [2M, o0]
of twice. Let us note the following salient features of the patch in
(99): (i) There are two asymptotia, as u — oo, (ii) The metric has a
symmetry under ©v — —u, (iii) Given any time-slice, the u = const surface
has an area A(u) = 4m(u? + 2M)?, which is minimized at v = 0. This
is pictorially summarized in figure This is what qualitatively defines a
Wormbhole, known as the Einstein-Rosen bridge. Of course, we have merely
introduced a co-ordinate system but have not really done anything new to
the Schwarzschild geometry.
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Guided by the above features, consider a static, spherically symmetric
geometry with an event-horizon:

ds® = —e (1 — b(r))dt* + +r2dQ* (100)

.
1 —b(r)
where the horizon is located at b(ry) = ry. We imagine that an appropriate
matter field sources the geometry in . As before, we can introduce a
new co-ordinate system u? = r — rg, which yields all the Wormbhole features
listed above. As above, we have also introduced a new co-ordinate system
that makes manifest two asymptotic region at v — +o0o, which are connected
by a throat at u = 0. This, however, does not mean that an observer can
travel from one asymptotic region to another, through the Wormhole.

Before discussing the traversability aspect of Wormholes, let us briefly
review a curious feature of Einstein-Rosen bridges in AdS-BH geometries,
which plays a ubiquitous role in many physical questions. In this part, we
will closely follow [71]. Consider an AdS,.;-BH geometry:

d?"2 ) ) 7”2 Md—2
oy T s S =1 T

Chas
where fpqg is the AdS-curvature scale and M is the mass of the black hole.
Consider a bulk slice, denoted by ¢ = ¢(r), whose volume functional is given
by

ds* = —f(r)dt* +

(101)

d
-

Vol = 2olgar [ dn 2T T OVE = FOOROVE 02

Tmin
Here 7pmin max are hitherto unspecified. The corresponding equations of mo-
tion are:
E? 1

t'(r)? = . with r=\, 103

W Ty e B )

where F is an integral of motion that results from the translational invariance

of the volume functional Vol;, under t — t+const. The corresponding volume
is obtained as:

Tmax T2(d71)
Vol = / dr , (104)
v JER T ()

where 7, is the turning point, defined by E? 4+ r**=Df(r)| = O and 7y
is the horizon, defined by f(ry) = 0. Note further that the combination

30This is also the location where % — 00.
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Figure 16: Various bulk slices of the eternal AdS-BH geometry. These slices
are anchored at tg on the right boundary and on t1, on the left boundary. For
E < 1, the turning point is located near rg and therefore the corresponding
slice is close to the 1, g = 0 one, as shown by the dotted black horizontal line.
For F > 1, the turning point asymptotes to r, and therefore corresponds to
1, r — 00, as shown by the orange slice.
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r2[@=D|f(r)| has a maximum whose location is denoted by 7. Clearly, for
E? > rfn(dfl)| f(rm)]|, there is no solution for r,. For very small values of E,
r. & ry, since it approximately satisfies 72V f(r)| = O(E?) < 1. On the
other hand, for maximum allowed value of E, r, — r,,. The former limit
represents close to the ¢, g = 0 slices, while the latter limit yields ¢;, g — oo.
Furthermore, in this limit, the integral in has a logarithmic divergence,
as a function of E, and therefore most of its contribution comes from the
T« & Ty region. This is pictorially demonstrated in figure [16]

Now, the integral in can be split into two parts: one between r,
to rg and the other between ry to oo. The integral contribution coming
from the latter part yields a divergent answer due to an infinite volume of
the AdS-space. Thus, upon a suitable renormalization, this piece does not
have an interesting contribution. The former region of [r, ry| is interestingly
non-trivial. To quantitatively establish this, let us introduce the Kruskal co-
ordinates of [71] and rewrite the metric in (101)) as:

ds® = _f%{é:))ZeXp [—f(ru)re(r)] dudv + r2dQ3_, (105)
! Y exp[—fr T = A
w= e[S rn()] L= ep =] L dr = S (106)

The coordinate transformation above can be used to obtain uy, as a function
of E, see figure [L6] This yields[71]:

f’(TH) TH \/E2 +T2(d71)f(7a) - F
— /r dr VE? + 2@ f(r)

which also has a similar log-divergence as ' > 1. An identical formula holds
for log vg. The denominator inside the integrand above yields a similar loga-
rithmic divergence in F. Therefore, Vol is proportional to log ur, and log vg.
The proportionality constant can also be found out, since all transformations
are explicitly known. This yields: Vol ~ |t + tg].

This is a very intriguing feature. The eternal AdS-BH state is dual to
a TFD-state in the boundary CFT. Any local perturbation will thermal-
ize quickly with characteristic quasi-normal modes (on the one-sided black
hole patch), or stop evolving beyond the scrambling time. The classical
Einstein-Rosen bridge, however, will grow linearly in time, forever. In the
dual CFT-description this must correspond to some property of a large N
quantum mechanical system that grows for a parametrically long time, even
after thermalization. In recent years, this aspect has become a field in its
own right and the essential ideas revolve around a notion called computa-
tional complexity for generic quantum mechanical systems, that exhibit such

log ur, = log u, +

, (107)
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growth at a much longer time-scales. We will not delve into the details of
this idea, instead we will refer the interested Reader to the early ideas in
[72, [73, [74], and for a recent review in [75] and references therein.

There are physical constraints on how difficult it is to traverse a Wormhole
of the kind in ([108]). There are two ways to estimate this: (i) Assume that
such Wormholes are solutions of Einstein-gravity with some stress-tensor
and subsequently investigate constraints on the stress-tensor, (ii) Assume a
Wormbhole geometry and analyze constraints on geodesics of probe particles
in the same. We will discuss both approaches here.

5.1 Lorentzian Wormbholes: Energy Constraints
5.1.1 Energy Conditions on the Matter

We will closely follow the discussion in [visser]. Let us begin with a static
and spherically symmetric space-time of the following form:

ds? = =22 4 (1 — bo(r)) " dr? 4 r2dQ? | (108)
r—00 T—00

Here b4 and ¢4 are asymptotic data at the two asymptotic regions. These
are connected by a throat region in the interior. Note that this Wormhole
connects two Universes, but it does not have an event-horizon. The proper
radial distance can be defined as ¢(r) = + f:o dr/+/1 —by(r)/r. The Worm-
hole throat is characterized by a minimum of r(¢), which is denoted by 7.
Thus, the full geometry can be viewed as two branches of the metric data,
denoted by the subscripts 4, glued at r = ry.
The minimality condition at r(¢) = rg implies:

dr b(ro)
a1 =0 (110)
d*r L (b(re)

Suppose now, that the Wormbhole in solves Einstein-equations: G, =
(87GN)T,, where T, = diag (p, p,, p). Here p is the energy-density, p, is the
radial-pressure and j'is the transverse pressure (along the S?). Corresponding
equations of motion yield:

b+ 8tG N3P,
W =SrGypr?, ¢ = ST (112)
D—Dr
= (p+ o — 222 (113)
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Combining the Einstein equations, one obtains:

e b

8rGy (p+pr) = —— [e‘w <1 — —)}/ : (114)

r

Using conditions ((110)) and (111]), at the throat, one obtains:

=% (1 — 9)
T
To

b
Vr>rg, e (1——) >0. (116)

=0, (115)

r

Therefore, one arrives at the following conclusion:
3 drg such that Vr € [rg,ro £019] p+p. <O0. (117)

The condition in implies that the stress-tensor 7),, violates the so-called
Null Energy Condition (NEC), at least within the range [ro — dro, 7o + d7o) ]
The upshot is: in order to realize a Wormhole solution of classical gravity,
one must introduce some ezotic matter to support the same. Note that, we
have not yet addressed possible constraints that may appear from demanding
that a signal passes through such a Wormhole, to reach from one asymptotic
region to another.

The equations of motion in — generalize easily in an asymptot-
ically AdS-background and, in units of 87G'y = 1, these are given by

V' =1r*(p+Ae??) | (118)
I 1 3 _ A
“aea—yn VT (119)
AY ) A 2 A
— ) =¢ ¢ __— )=z — Ar?— _
(pr 1—b> (,0+Ae +pr 1—b> T(p Ar pr+1_b) .
(120)

Proceeding as above, in this case one obtains:

e === [ (1= D) - (e - ) e

While the first term on the RHS is always negative, the second term can
have both signs. It is therefore still possible to fine-tune the matter sector

3In fact, in this case, the stress-tensor violates all other classical energy conditions:
Weak Energy Condition, Strong Energy Condition and Dominant Energy Condition.
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in such a way that (p + p,) remains positive and NEC is satisfied. We will
see in the next section that by analyzing null geodesics, we can rule out this
possibility completely?]

5.1.2 Energy Conditions & Geodesics

We have already observed that it is non-trivial to have a static Wormhole
solution within classical gravity, and one is forced to consider some exotic
matter source to support it. This can be understood from a slightly different
perspective as well, by addressing whether a probe signal can pass through
the Wormhole which connects two asymptotic regions. Note that, in this
perspective, we assume the existence of Wormhole solutions with desired
qualitative features, but with no further specific details. Once again, we will
begin with asymptotically flat space.

Let us further assume that such Wormbholes are also traversable, i.e. we
can send null rays from one asymptotic region to the other one through this
Wormbhole. Consider a bundle of radial null geodesics that enter one mouth
of the Wormhole and exit the other. Intuitively, the area cross-section of this
null congruence should be initially decreasing as it approaches the Wormhole
throat region, subsequently, it should then be increasing as the second mouth
is approached. For a quantitative idea, let us begin with the Raychaudhuri
equation:

% = — R, k'EY — 207 — %@2 + 2w? (122)
where O is the expansion of the area of the null congruence, o is the shear
and w is the vorticity, k* is a null vector and X is the affine parameter. For
radial null geodesics, both 0 =0 = w.

For radial null geodesics, therefore, at the throat d©/d\ = 0 implies
R, E'EY = —1/2@2 < 0. This statement can be easily translated to a
statement about the stress-tensor in the Einstein equations by:

1
<RW ~ 39 R = SWGNTW) K = R kMk = (87Gy)T. k'K (123)

Therefore, at the throat, we must have: T),,k*k"” < 0, i.e. a violation of the
NEC. Thus, we arrive at a qualitatively similar conclusion as before.

321t is worth noting that various energy conditions in GR are important in proving
theorems. At the same time, explicit exception-examples are also known corresponding to
such energy conditions. For example, classical scalar fields violate strong energy condition,
Casimir energies violate NECs and can violate a weaker integrated energy condition, etc.
See [70] for a detailed account on many such examples.
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A more general constraint can be obtained by integrating the Raychaud-
huri equation in ([122)), for radial null inextensible geodesics. This yields:

A2 1 [ R
/ R K'EYdN = —5/ O%d\ — o[ , (124)
A1 A1

where, for inextensible null geodesics, we can send A\; — —oo and \y — 0.
For such geodesics, it is expected that ©(—o0) = 0 = O(+00)| Therefore,
we obtain: ffooo R kHEYdN = ffooo T, k*EVdX\ < 0. Thus, while the existence
of a minimum of the expansion of the radial null congruence implies a vio-
lation of the NEC, geodesic completeness of the Wormhole geometry further
implies the violation of the ANEC.

The ANEC violation can be further quantified[visser-book]| in terms of
two basic scales in the configuration: The length of the throat region and the
location of the throat. Starting with the metric in , the ANEC integral
is obtained to be:

1 o0 by(r b_(r)| dr
IANEC = ~ I Ca / [e“f’*m\/l -~ # +e =4 /1 - f )] — -(125)

Suppose that the ANEC violation occurs within a region [rg, R+| of the ge-
ometry. For, r > R, the static, spherically symmetric space-time sim-
ply takes a Schwarzschild form, due to Birkhoft’s theorem: by(r) = 2My,
e+ = ¢9£() /T —2M, /r. The integral in splits into two parts:
one within [rg, Ry] and the other within [R4,00]. The latter range always
yields an overall negative contribution to the ANEC integral. Consequently,
the ANEC integral in is upper bounded by the Schwarzschild-region
contribution. This yields:

(126)

1 [e=t+()  p=d—()
Iangc < — [ ]

oy | R TR

Here, Ry are scales associated with the length of the throat.

Similarly a lower bound for Ixngc can be obtained in terms of the location
of the throat. Recall that, by construction ¢4 (r) is finite-valued within
[ro,00]. Hence, 3 ¢ = min{¢.(r)} in the same range of r € [rg, 0.
Thus, a lower bound for the ANEC integral in is obtained by replacing
the integrands by e %" :

1 1

— e e 127
4Gy 1y [6 te (127)

IangC > —

33Gince these are inextensible, the expansion must vanish at the end points. Otherwise,
the geodesics will be expanding into something, and therefore be extensible.
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Finally, note that, the same analyses will through for asymptotically AdS-
geometry. The only use of the Einstein-equation has been made in ((123]),
which yields the same answer upon contracting with null vectors.

5.2 Traversable Wormbholes

From what we have discussed so far, a violation of ANEC is unavoidable
to obtain a Wormhole solution. Generally, this is a serious obstacle since
ANEC-violating non-pathological examples are unknown. Furthermore, such
a potential violation raises the possibility of violating topology-censorship
theorems in GR. Moreover, ANEC is expected to hold for QFTs in general.

Interestingly, there is a technical loophole. There exists a corner in which
ANEC violation is admissible, keeping all the above constraints unperturbed [76].
In summary, instead of ANEC one needs to consider SCAANEC (Self-consistent
Achronal ANEC). It is instructive to ponder over what each letter signifies in
this acronym. First of all, “Self-consistent” simply means that the geometric
data is on-shell, and in particular, the metric and various fields satisfy Ein-
stein equations. “Achronal” implies that no two points on the null geodesic
can be connected by a time-like geodesic. Therefore, the corresponding null
geodesic is the fastest path between the two said points. Examples of non-
achronal null geodesics are provided in figure [I7] Finally, ANEC is what
we have already encountered: this is simply an averaged version of the clas-
sical NEC. This averaging is expected in the quantum regime, since small
quantum violations can occur in the classical energy constraints.

The upshot is: traversable Wormholes can indeed be found as solutions
to Einstein-gravity with ANEC-violating, but SCAANEC-preserving matter
field. This is qualitatively represented in figure We will now review an
explicit such construction, within the context of AdS/CFT and discuss some
of its basic ramifications.

5.2.1 Traversable Wormholes: a UV-complete Example

Recent years have seen truly interesting and fresh perspectives in which
Wormbholes have played a key role. The explicit example that led to precise
and quantitative understanding of traversability and motivated subsequent
works in this direction is the Gao-Jafferis-Wall traversable Wormhole con-
struction in [77]F7 In this section, we will heavily draw on [77] and review

the GJW Wormbhole.

341t is worth mentioning that Wormbhole solutions in gravity are usually constructed with
exotic matter sources, e.g. in [78 [79] [80] [RTl [82, [83], [84], or in higher-derivative theories of
gravity, e.g. in [85] [86] [87] [8§].
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Figure 17: A schematic pictorial representation of non-achronal null
geodesics. On the left, the three green dots on the vertical line are connected
by the red time-like paths (denoted by I'y), but they are not connected by
null geodesics (denoted by I'yy) emanating from any of these points. If the
spatial direction is compactified, these green dots can now be connected by
null geodesics ', as shown on the right. However, the time-like red vertical
path remains the shorter of the two paths. Thus, I',, are not achronal.
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Figure 18: A schematic diagram demonstrating an ANEC-violating but
SCAANEC-preserving traversable Wormhole configuration. The red points
are connected by the Wormbholes, as well as by boundary time-like paths and
the latter is shorter than the former.

Before discussing some of the necessary and basic details, let us ssumma-
rize the construction. Consider an eternal Black Hole in AdS, e.g. the one
already discussed in section []. This is dual to the thermofield-double state
in the CFT xCFTRg system. Let us now deform the TFD state, by turning
on a relevant deformation at time t = ¢, of the following form:

5S = / dh(t, 2)On(t, 2)O1(—t, 7) | (128)

where O, g are defined in CFTy, . It is clear from that this coupling
breaks locality explicitly. In the dual gravitational picture, turning on ({128]
turns on a scalar field with an appropriate boundary condition, which in the
bulk of the eternal Black Hole, back-reacts and correspondingly deforms the
geometry. It turns out that one can tune this system such that a traversable
Wormbhole geometry is created by this scalar back-reaction.

Pictorially, consider figure [I9 A null ray along V' = 0 will begin at
t = —oo on the left boundary and reach at ¢t = 400 at the right boundary.
Any other null ray that begins at a finite time at the left boundary will end
up in the singularity. Thus, no signal can propagate from the left to the
right.
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CFTy, CFTr

Figure 19: Penrose diagram for the eternal Black Hole in AdS. The red
horizontal lines represent the singularity. The green arrow represents a sig-
nal that originates at the left boundary and propagates towards the right
boundary.

As was demonstrated earlier, a necessary condition for creating a traversable
Wormbole configuration is to arrange for a stress-tensor such that [ dUTyy <
0, where Ty corresponds to a matter field that propagates along the U =0
line in figure[I9 Let us consider throwing in a small matter field with a non-
vanishing Ty ~ O(€), where € bookeeps the smallness of the matter-field.
From FEinstein equations, one can easily obtain the linearized back-reaction
09, ~ O(€) as a result:

d—2|[(d-3 d-1
|:( 2 + L2 >(hUU+8U (UchUU))—Qr%I(‘?f]égM ZSWGNTUU(7129)

4 T

which is the only non-trivial component of the equations. Here rg denotes
the location of the horizon in the unperturbed geometry. Also, hyg is the
azimuthal component of the metric correction.

Since the perturbation is assumed to be small, in a long time limit (after
the scrambling time), we are expected to obtain a stationary state. This
implies that, at sufficiently long time-scale, dy should be identified with the
asymptotic Killing vector U0y = 0;. Stationarity implies that UdyTyy — 0,
and therefore, Ty ~ U~2 or faster as U — oo. This, in turn, implies that
every term in the LHS of should also have a similar fall-off behaviour.
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Integrating the two sides of ((129)), and using the above behaviour to drop
out certain boundary terms, we get:

° d—2{d—3 d-—1 o
0> 87TGN/ dUTyy = [ 5 + 3 :| / dU(ngU . (130)
—0o0 4 %} L —00

Thus, the ANEC violating matter-field will induce a particular signature in
the linearized metric correction, integrated over the null line V' = constant.

Before proceeding further, let us present an explicit example to demon-
strate that explicit analytical solutions can be obtained. Consider the AdS-
Schwarzschild geometry in (2 + 1)-dimensions:

4 1—-UV)?
§2 = —————dUdV + %d:ﬁ , (131)
(1+UV) (1+UV)

where we have written the metric in the Eddington-Finkelstein co-ordinates.
Suppose now, a matter is thrown along the U = 0 line into the geometry.
This will back-react and the back-reacted geometry, at the linearized order,
can be obtained as:

2 4 a-uvvy

$?=—— " JdUdV + dz? + 46(U)6gyydU? 132

where 0(U) is the delta-function and dgy s is obtained from linearized Einstein
equations. Clearly, this structure transcends dimensionality of the system.

Let us now look at the null rays in this back-reacted geometry. First,
we focus only on x = constant null geodesics. These rays are obtained by
solving:

ds* = 2gyvdUdV + dgypdU* =0 . (133)

Clearly, the leading order solutions to ({133 are simply U = const. and
V' = const. lines. The back-reaction will now deform these rays, specifically,
the V' = const. lines. The shift, at order (¢), to these null rays are obtained

by integrating ({133)):

U 1 U
AV(U) = — / Oguudl. _ / SquudU . (134)

oo 29UV _29Uv —00

This finally yields:

1 o 1 &
AV(+00) = =5 / Sapudl ~ —5— / TypdU <0, (135)
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AN Avio)

CFT, CFTx

Figure 20: A schematic construction of the traversable wormhole. The blue
lines represent the stress-tensor inserted on both boundaries at some time
t = ty, the green arrow represent a signal that is emitted at a sufficiently
past on the left boundary and reaches, due to the shift caused by the Ty
back-reaction, the right boundary at a sufficient future.
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where, in the last line, we have used gyy < 0 and that Ty violates ANEC.
This is pictorially demonstrated in figure [20f Therefore, with a sufficient
back-reaction, a signal originating at the left boundary can now reach the
right boundary.

We need to still specify the most crucial aspect of the construction: How
one arranges < [dU TUU> < 0. The perturbative deformation above is per-
formed around the TFD-state, and suppose the corresponding deformation
operator is denoted by (). Then, schematically, we obtain a deformed state:
|ITFD) — (14 i€®)|TFD). The expectation value of the ANEC operator in
this deformed state is obtained to be:

</ dUTUU> ~ ze<[/ dUTUU,®]>TFD . (136)

At this level, it appears that by tuning the sign of € one can easily arrange
for an ANEC-violating configuration. However, this assumes that the RHS
of is non-vanishing.

We will now review why the last assumption above is non-trivial. First,
recall that time runs upwards/downwards on the right/left boundaryﬁ of
the eternal Black Hole in AdS, see e.g. figure [[9 The corresponding Killing
symmetry, i0;, is generated by the Hamiltonian H = Hy, — Hp, see e.g. the
discussion around equation . Also, recall that on V = 0 slice, 9, = Udy,
as we have already used in arriving the result in . Let us consider how
the ANEC operator transforms under 0.

Clearly, as U — AU, Tyy — A *Tyy and therefore [ dUTyy — ANt [ dUTyy.
Therefore, the ANEC operator is an eigenoperator of the U-dilatation oper-
ator, with an eigenvalue —1. Now consider:

[HL — Hp, / dUTUU] - {—i@t, / dUTUU] = —i {U@U, / dUTUU]

= / dUTyy | (137)

where, in the last line, we have used: [Udy, [dUTyy] = — [ dUTUU With
this, let us calculate:

(Hy, — Hg) / dUTyy|TFD) = [(HL ~Hy), / dUTUUl ITFD)

= / dUTyy|TFD) . (138)

35 Also true for the right/left Rindler wedges in figure

36This simply follows from the eigenvalue of [dUTyy operator, when acted upon by
the U0y dilatation. This relation holds for any state at the scale of scrambling-time or
higher when Udy [state) = 0, for any state.
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Note that: Hp — Hpg is hermitian and therefore its spectrum only contains
real eigenvalues. The equation above, therefore, can be satisfied only iff
J dUTyy|TFD) = 0. This implies, using : <f dUTUU> =0.

Physically, this identity follows from a cancellation of the ANEC inte-
gral between the contribution from U > 0 branch and the contribution from
U < 0 branch. This can be avoided by turning on the deformation in at
time ¢ = to. As is explicitly shown in [77], such a deformation indeed induces
an ANEC-violating matter-sector in the bulk. This is checked by comput-
ing the energy-momentum 2-point function and extracting the expectation
value of the ANEC-operator from this. Therefore, indeed, [77] constructs a
traversable Wormhole with the desired qualities. We will not discuss more
technical details related to this, and refer the interested reader to [77] in-
stead. Moreover, another review article in this series will also discuss these
aspects in more detail. We will now review other examples of traversable
Wormbholes in a similar context.

5.2.2 Traversable Wormbholes: Eternal & Others

In the previous section, we have demonstrated how a traversable Worm-
hole can be constructed by turning on a non-local coupling between the left
and the right boundaries of the TFD-state and thereby inducing an ANEC-
violating matter source. In this section, we will review some recent progress
in generalizing this in various interesting directions. We will begin with the
eternal Wormbhole construction in [53], in which the left-right Hamiltonian
interaction is always turned on. One begins with an action similar to the
one in in Lorentzian signature, with Sg..n. replaced by a generic mat-
ter action Spatter[X, 9], Where y denotes the matter-field. Subsequently, the
boundary conditions are exactly the same as in , except now the metric
is chosen in the global Lorentzian AdS: ds* = 1/(sin® o)(—dt* + do?).

As described in [53], the ++-component of Einstein equation, in the con-
formal gauge, yields:

-0y (sin2 08+¢) =T, sin*o

= = (sin’00,9)|"_ = / T,,sin*ods™ = / dX TTx+x4139)

the RHS of which is precisely the ANEC-integral introduced in section [5.1.2]

The LHS, on the other hand, is negative for a growing dilaton near the

boundary. Thus, to have a non-trivial solution to , we must introduce
matter field violating ANEC.

Similar to the GJW Wormbhole discussed in the previous section, this can

be done by introducing an explicit interaction at the boundary of the form
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[ dtDy,(t)Dr(t), where Oy, g are operators of the left and the right boundary
systems and ¢ is the time co-ordinate at the boundary. Note that the corre-
sponding coupling is time-independent, and hence this represents an eternal
set up. In [53], it is explicitly shown that such an interaction yields an
ANEC-violating matter field with free, massless bulk fermions. Equivalently,
from the perspective of the boundary theory, this corresponds to coupling
two copies of the so-called SYK model, with a relevant deformation. For
more details on the phase structure of this system, we refer the interested
reader to [53]. Note that, in dimensions higher than two, constructing eternal
Wormbholes appear subtle. In fact, there are no-go results that prohibit such
constructions, provided Poincaré symmetry is preserved[89].

We now shift gear towards a Wormhole construction in arbitrary dimen-
sions. Clearly, GJW-construction applies to general dimensions, however,
the underlying system is described either by a dual CFT e.g. N' = 4 SYM
theory in (3 + 1)-dimensions, or some scalar fields back-reacting on the eter-
nal black hole geometry. It turns out that traversable Wormholes can also be
constructed out of perhaps more earthy systems e.g. the standard model and
in asymptotically flat space-time. From an observational perspective, this is
highly relevant for constructing states in the lab, or on a quantum computer,
which are dual to a traversable Wormhole geometry. See e.g. [90} 9], 92] for
very interesting and related discussions. We will now review the pioneering
construction in [93].

The basic ingredients are a U(1) gauge field and a charged Dirac fermion,
coupled to Einstein-gravity in (3 + 1)-dimensions:

g— 1 / B/ =GR — —— [ dey=gF? + / doy/=git (Y — i) 6 (140)
167G N gf,m
Note that, one can also begin with a negative cosmological constant in the
action and essentially follow all the subsequent steps that we will review
below. For more details on this case, see e.g. [94]. The strategy of construct-
ing a traversable Wormhole, starting from the action in ([140)) comprises of
the following steps: (i) Ignore the Dirac field and construct a magnetically
charged black hole solution. This solution has a near-horizon AdS, x S?
throat, whose throat size is determined by the U(1)-flux of the solution. If
we begin with two oppositely charged magnetic black holes, then their re-
spective AdS, throats can be glued to each other. This throat approximates
the Wormbhole region. (ii) Now introduce the Dirac fermions such that they
contribute a negative energy and back-react on the geometry. This step is
essential to make the Wormhole traversable. The negative energy is supplied
by the lowest Landau levels of massless fermions in the magnetic field. (iii)
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Finally, this entire structure can be stabilized, at least to a desired extent,
by rotating the entire system.

While the general strategy is intuitively clear, an explicit construction
can be tedious and is perhaps best obtained by smoothly gluing various
approximate geometric patches. We will now briefly discuss various scales
associated with this construction and its subsequent generalizations. The
near-horizon magnetically charged Reissner-Nordstrom solution is described
by the metric:

dr?
r2 —1

d82 = T121 (_ (TQ — ]-) dt2 + + dQ%) ) Th = WGNQ ’ (141)

ym
where 7, is the horizon radius, () is the charge of the black hole, and the
AdS, throat has been written in the Rindler patch denoted by {¢,7}. In
the traversable Wormhole, the AdS,; throat will vary in size and this can
be captured by introducing simple variations to the metric functions above,
e.g. (r* —1) = (1 + 72 +7), r2dQ* — r}(1+ ¢)dQ?. Magnetic field, looping
through the S x R, creates localized Landau levels and yields @ number of
effective (1+1)-dimensional massless fermions and a negative Casimir energy,
which makes the Wormbhole traversable. In [93], it was shown that the energy
difference between such a Wormhole and two disconnected extremal black
holes is given by

r N:Q s 1
AE=—h__ — 142
Gy 6 (7r€+ out 45) ’ (142)

where ¢ sets the length of the Wormhole throat, d,, sets the separation of
the Wormhole mouths, Ny is the number of fermions and () is the magnetic
charge. Given , it is straightforward to extremize the energy-difference.
This becomes particularly simple in two limits: dy << £ and dg. > £, both
of which can be readily analytically solved to obtain a Wormhole biding
energy: Ehing ~ —NpQ/L.

The two mouths will gravitationally attract each other. However, if dgy
is large enough, instability due to this interaction can still yield a sufficiently
stable traversable Wormhole geometry for long enough. In [93], this merger
time is estimated as ~ di{j, while the transit time through the Wormhole
is ~ dyyt. Furthermore, additional ingredients can further increase stability
of this construction, e.g. simply having the two mouths rotate around each
other.

The construction above can be further generalized to a multi-boundary
traversable Wormhole solution, as is described in [95]. Qualitatively, given
the two-boundary traversable Wormhole geometry, one introduces a small
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Wormhole mouth. There are numerous possibilities, discussed in detail in
[95], in which this opens up a new throat and connects to a third boundary.
Perhaps the simplest is to consider a three-flavour fermion model, with three
distinct U(1)-gauge fields. Each flavour couples to one of the U(1)’s. Suppose
the large Wormhole mouths have charges (Q1, ¢2,0) and (—Q1,0, g3) and the
small mouth has the charge (0, —¢2, —¢3). In the limit |Q1] > |qa|, |¢3|, the
configuration is mechanically stable. The fermions, correspondingly, yield
the required negative energy. The basic point is: with a standard model like
ingredient, such multi-boundary traversable Wormholes can be created, for
long enough such that traversal affects are accessible. For a more detailed
account, we refer the reader to [95].

Alternatively, one can also begin with the multi-boundary Wormhole ge-
ometry of section and add a double-trace deformation, as discussed in
section This non-local boundary interaction provides us with the re-
quired ANEC-violating matter field in the bulk. This matter field eventually
renders the Wormbhole traversable. This approach has been explored in detail
in [96], to which we refer the reader for a detailed discussion on this. For
more explicit examples of traversable Wormholes, see e.g. [97, 98,99, 100], for
dynamical production of such geometries see e.g. [101, [102]. From the bound-
ary CFT perspective, such geometric solutions are understood as quantum
teleportation. Several interesting directions have been explored with this
theme, see e.g. [103, 104, 105] 106, 107, 108, 109].

5.2.3 Wormbholes on the Brane

Let us slightly shift gear and discuss possible Wormhole geometries outside
Einstein-gravity. These geometries emerge from specific probe D-brane con-
figurations in a given supergravity background, see e.g. [110} 1111, 1T2] 113
1T4), 175, 116, 117, 118] and [119, 120] for a review. In this section we will
briefly discuss them.

The basic premise is set with probe D-branes in a given supergravity ge-
ometry, following the pioneering work of [121]. This adds low-energy open
string degrees of freedom in a geometry obtained from the low energy limit
of the closed string spectrum. In the dual CFT, for example for the case of
N = 4 SYM, this introduces an N' = 2 hypermultiplet that transforms in
the fundamental representation of the gauge group. Schematically, the cor-
responding path-integral takes the form: ZgygraZprobe = ZAdjointZfundamental,
where the LHS is defined in the gravitational description. The probe action
is given by the Dirac-Born-Infeld (DBI) action:

SDBI = —Npr / dp+156_¢\/—det [QD* [G + B] + (QWQI)F] N (143)
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where Ny denotes the number of (p+ 1)-dimensional probes, 7, is the tension
of each such probe, {®, G, B} represent of the supergravity data, o/ is the
tension of the open string and F' is gauge field on the D-brane and ¢* denotes
the pull-back map.

Suppose the probe embedding is characterized by the classical on-shell
data {0;, F,;5} where a, b run over the worldvolume indices of the brane and i
runs over the transverse directions. Consider now the corresponding fluctu-
ation modes: 0; +00; and F,, + F,. At the quadratic order, the fluctuations
actions are obtained to be:

K 41, [ detG 1/ b
Sscalar = —5 d? 5 m V —detSS 8a501(3b501 + ... ,(]_44)

k p+1 det& v / ab qed
Svect,or - _E d 5 m _detSS S facfbd + ce ,(145)

S=¢'G—(F(¢*G)'F) . (146)

The emergent metric S is known as the Open String Metric (OSM).

A particularly interesting configuration consist of a probe D-brane, em-
bedded in an exactly AdS-background, with a worldvolume constant electric
field: ' = EdtAdx+..., where the ... represent other components that need
to be turned on to satisfy the equations of motion resulting from (143). The
supergravity background here is the vacuum solution (AdS), which is dual
to the ground state of the SU(NV) adjoint gauge theory. On the other hand,
the open string degrees of freedom propagates in a geometry with an event-
horizon and therefore the dual fundamental matter sector is in a thermal
state. There is a heat-flow due to this. However, in the probe limit, this low
is parametrically suppressed. For a detailed review on such constructions,
see e.g. [119, 120].

Here, we present the following observation. As discussed in detail in
[118], the scalar and vector (as well as fermion) modes propagate in a ge-
ometry with a horizon. Correspondingly, there is a two-sided Kruskal exten-
sion and a geometric notion of the TFD-state that we have discussed ear-
lier, for standard black hole geometries. Subsequently, as we have discussed
before, an Einstein-Rosen bridge connects the two sides of this maximally
extended geometry. The OSM-geometry or the conformal OSM-geometry
in which such semi-classical modes propagate have no a priori reason to
obey a null Ricci condition: n*R,,n” > 0, where n* is the null vector and
R, is the Ricci-tensor. This condition is important for traversability of the
corresponding Einstein-Rosen bridge. It is straightforward to check, using
the results in [II8] that indeed n*R,,n" > 0 appears to hold generally. A
particularly interesting case is an AdSs-background, where the OSM-metric
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yields n”R,,n” = 0. This yields, using (122): d©/d\ = —(1/2)©?. In this
case, even an infinitesimal violation of the null Ricci-condition can make the
Einstein-Rosen bridge traversable.

At present, there are no explicit traversable Wormhole construction on
such branes. Long, traversable Wormholes may be constructible making use
of the fermionic fluctuations (as part of the effective supersymmetric ) on the
D-brane, see e.g. [122]. We note that the possibility of a traversable Worm-
holes on the Brane has been implicitly hinted in [123] [124] [125], which pre-
dates the GJW-Wormhole construction. In these cases, a Holographic dual
description of a single EPR pair have been constructed, in terms of an open
string embedded in an AdS-geometry. An Einstein-Rosen bridge forms, due
to acceleration of the end-points of the open string. At a qualitative level, this
is similar to the framework above, since a constant electric field on a D-brane
will indeed accelerate open string end points. The non-traversable Worm-
holes in these cases have been viewed as explicit examples of the ER=EPR
idea of [II]. A slightly different manifestation of essentially the same basic
physics also draws a connection to the physics of Out-of-Time-Order cor-
relators (OTOCs) on such worldsheets, see e.g. [126], 127, 128, 129 130].
This brings us to a very interesting connection between OTOCs, quantum
regenesis and traversable Wormhole[I31], which we will briefly review now.

5.2.4 Traversable Wormholes & Regenesis

Traversable Wormholes can be understood as quantum teleportation in the
dual QFT. We will not review this aspect in detail, however, in this subsection
we will briefly touch upon a related aspect that bridges various topical ideas
of current research. This section will be based heavily on [I31] to which we
refer the interested reader for a detailed account. We will review only the
basic and salient aspects.

One key ingredient is the TFD-state, introduced in . Consider turn-
ing on a sufficiently local operator, denoted by J®, with a coupling ¢%, on
the right boundary at time ¢ = —t;. The corresponding expectation value
(TFD|J®(t)|TFD) # 0. However, since [J®, JV] = 0, for a sufficiently lo-
cal operator J~ on the left boundary, (TFD|J"(¢)|TFD) = 0. Suppose now
a deformation is introduced to the total Hamiltonian, similar to the GJW-
interaction:

k
H=H"+H® - %Z OLORS(t = 0) , (147)
=1

where {@?’L} are sufficiently local operators on the right and the left bound-
aries. Upon inserting a signal on the right boundary at —t = t; > t,, where t,
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is the corresponding scrambling time, a signal re-appears on the left bound-
ary due to the explicit interaction in (147)[103]. The scrambling time ¢, is
defined as the time-scale when ([0 (t;), @2(t2)]2> becomes of ¥)(1). Here Oy 5
are sufficiently local operators and the expectation value is computed in a
given state. This ([0,(t)), @g(tQ)]2> expectation value is given by a Time-
Order correlator and an Out-of-Time-Order correlator (OTOC); the limit
{[D1(t1), D2(t2))*) ~ D(1) is equivalent to setting OTOC ~ O(0).

Let us pause for a brief discussion on the scrambling time. Given a local
QFT, Lorentzian causality implies that any two space-like separated oper-
ators, outside each others light-cones, always commuteﬂ Conversely, any
commutator is non-trivial only inside the light-cone. For two given operators
D1(t1), Da(t2), the commutator-squared evaluates to:

[01(t1), Da(2)]? = O1(t1)Da(t2) D1 (t1)Da(t2) + Do (t2) D1 (t1) Da(t2) D1 (1)
— [01(t1)D2(t2)Da(t2)D1(t1) + Da(t2) D1 (t1) D1 (1) D2 (ta)] -
(148)

In the above expressions, we have suppressed the spatial directions since
our goal is to make statements related to time-scales. One can consider
the operators are spatially located at given points, but are not exactly co-
incident. The latter condition eliminates contact singularities.

Now consider a thermal state with a density matrix p = e ##. In
this case, the second line of the RHS of equation (148]) can be written as
TOCS@The other two terms can be written as OTOCs. At early times,
the operators (J; » are expected to commute yielding a vanishing expectation
value of the commutator-squared. At sufficiently late time, however, when
information of the operator (); becomes accessible to (5, and vice-versa, the
commutator-squared should approach an (1) number. This can be restated
in terms of the OTOC: at early times, the OTOC is expected to be an (1)
contribution, and at late times the OTOC is expected to approach zero.
Scrambling time is defined as: OTOC(t,) ~ 0. Often, an exponential decay
of the OTOC:s is observed for thermal states, which is subsequently identified

37Note that, even in the non-relativistic limit, for quantum systems with sufficiently
local interactions, there is an emergent light-cone that is defined in terms of the so-called
Lieb-Robinson bound[I32].

38For example:

(D1(t1)D2(t2)D2(t2) D1 (t1)) 5 = Tr (pD1(£1)D2(t2)D2(t2)D1(t1)) ~ Tr (pO1(t1)D1(t1)D2(t2)D2(t2))
(149)

where we have used p = e P QO(t) = 1D (0)e~H*t and O(t — i) ~ D(t). The last
condition assumes a periodicity condition on the operator (), with a period /.
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as a signature of an “early-time quantum chaos” @

Although the above ideas are cleanest for a thermal state, we can take
this as a working definition of scrambling time for a wider class of systems.
The essential physical understanding is that at the order of scrambling time,
an initial local information of the system becomes accessible at the scale
of the system size. This happens due to the Hamiltonian evolution, which
couples various local physics at subsequent larger time-scales. In particular,
for systems with a large number of degrees of freedom, scrambling time is
parametrically larger than a local dissipation time-scale.

With this slight detour, let us come back to the main result of [I31], which
they referred to as “regenesis” in the context of generic quantum chaotic
systems. We need two key features of the TFD-state: Given a hermitian
operator Jr, we get:

Jr |TFD) = Jy, <§) ITFD) , (150)
and e "' | TFD) = =" |TFD) , (151)

from which it follows that:

Jx(t) |TFDY = J;. (% - t) ITFD) . (152)

The last relation above entangles states on the right boundary at time ¢, with
states on the left boundary at time —¢. This basic property becomes very
important in what follows. For example, a two-point function of Ji, g in the
TFD-state is given by

(TFD|Jy,(t)Ja(—t')|TFD) = <TFD|JL(t)JL (t’+§) \TFD>

— <JL(t)JL (t’ + ?) >ﬁ ~ e~ 1Y (153)

where the second line above follows from standard expectation of thermal
two-point correlators, in the limit |t —¢'| > (/(2m). This two-point function
is non-vanishing at when ¢ ~ t'.

Given the TFD-state, consider perturbing the CFTg with [ dxdr Jr.
At the linear order, this deformation induces a non-vanishing expectation

39Note that, this “early-time chaos” applies till ¢, ~ log N, for a system with N > 1
degrees of freedom. The more conventional notion of “quantum chaos” is defined in terms
of level-repulsion of the corresponding quantum spectrum. This effect is visible at time-
scales ~ eV > log N.
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value for the one-point function (Jgr) # 0. When g = 0 in the interacting
Hamiltonian in (147)), we still have (J;,) = 0. Consider now turning on g # 0,
centered around ¢ = 0. Consider further that the source ¢r is supported at
a small time-window around ¢t = —t,. This ensures that the non-vanishing
one point function (Jgr) has long decayed before g could be turned on. Now
we obtain a non-vanishing one point function for (J;,), given by

(Ju(t), = <TFD|JL(t)yTFD> : (154)

’TﬁD> = ¢V et [ d'oorTr | TFD) (155)

Let us spell this out. From the definition of ’T FD>, it is clear that for

g =0, (Ju) = 0 since Jp, and Jr commute. For small values of ¢, we still
have [V, J] = 0, since Ji, and all individual terms in V' are sufficiently local
operators. At sufficiently later times, ¢ > t,, the effect of Ji, spreads across
the system size and therefore [V, Ji] # 0, which yields: (Ji), # 0. In light of
, any expectation value is peaked around t;, ~ —tg.

Consider the limit ¢ < 1, which means we can expand the exponential
in (155)) in powers of g. At n'-order, there are terms of the following form:

(Ju()y” = (TFDle™ " Jy () (OL(0))" Ju(tr +i5/2) (OL(i5/2))" | TFD) (156)

using the relation in (152). The RHS above is a manifest OTOC. For ¢, ~
tr > te, (JL(1)), (") _5 0 by definition. The remaining contribution in (154) is
obtained from terms of the following form:

(TFD|e Y Jp,(t1,) Jr(—tr)|[TFD) &~ (e7*") (Ji(tr)Jr(—tr)) ,  (157)
which finally yields:
(Ju(tL), = Cor(~tr) . tr > 1., (158)

for sufficiently slowly varying field ¢r. Here, C' is a constant that depends
on g. The bottom-line is: Physical information contained in ¢g, inserted
at —tg is contained in the one-point function of Jy, at t;, ~ tg. Thus, a
local information at sufficiently early times on the right-boundary emerges
as a local information at a sufficiently late time on the left boundary. This
happens, as emphasized in [I31], because of the entanglement structure of
the TFD-state, and the direct coupling of the left and the right boundary
degrees of freedom.
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6 Conclusion & Outlook

In this review, we attempted to catalogue a set of recent ideas, with sim-
ple and analytically tractable examples to elucidate them further, based
on explicit Wormhole geometries in both Fuclidean as well as Lorentzian
frameworks. To re-emphasize, Wormholes play an integral role in extracting
quantum dynamics of Black Holes, understanding properties of quantum en-
tanglement in quantum gravity and Holography[™] These features are most
transparent in low-dimensional systems: 2-dimensional and 3-dimensional
gravity.

Perhaps more interestingly, Wormholes raise rather intriguing puzzles as
well. The basic conundrum arises from Coleman’s perspective in [45], in
which one has to either sacrifice macroscopic locality at some level, or re-
interpret the defining path-integral of the system. In particular, [45] ad-
vocated a path-integral interpretation that involves an averaging over the
parameter space of the system, and restore locality. On one hand, such an
averaging procedure conflicts with an intrinsic unitary UV-complete descrip-
tion of e.g. in string theory [48].

This poses a puzzle which is yet to be completely reconciled with. Here we
will enlist various perspectives that one may adopt, at this point: The sim-
plest perspective is to assume that the Wormholes by an unknown mechanism
produce some of the desired physics of quantum gravity. From an Euclidean
quantum gravitational perspective, this is similar to the Gibbons-Hawking
analyses of Black Hole thermodynamics. The Euclidean gravitational frame-
work is ill-defined, yet it captures salient features of Black Hole thermody-
namics. This necessitates an alternative and a more thorough understanding
of the quantum dynamics of gravity in general. Such a framework, at present,
is lacking at this point.

A second possibility is that Wormholes capture quantum gravitational
aspects only in low-dimensional systems, and does not necessarily play any
role in higher dimensions. In many cases, specially for explicit examples of
AdS/CFT correspondence, higher-dimensional cases are at a much better
control, while the lower-dimensional examples are, at least, subtle. So, one
logical possibility is that Wormholes are a part of this subtlety in lower
dimensional Holography.

A third possibility is an admixture of the above two. Depending on the
physical question, Wormholes may or may not play a role. The rules of this
game is far from clear, at present. In part, a lot of recent research is devoted

40Let us emphasize that our discussion has not been, by any stretch of imagination,
inclusive of all ideas. For example, see e.g. [42] (43, 46}, [45] (47, [133] [134] for the so-called
“Wormbhole calculus”, which we have left untouched.
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into exploring and understanding these issues better. Let us collect some
thoughts and advances towards one particular such aspect.

As was elucidated by Coleman, Wormholes naturally provide an interpre-
tation in terms of a path integral that also performs an (ensemble) averag-
ing. This averaging is rooted in the non-factorizability discussed in section
4.2. Most recent works are motivated on this premise: For example, in two-
dimensional (quantum) gravity and its corresponding dual one-dimensional
quantum mechanical description, the role of ensemble averaging on partition
function, Rényi-entropy and the late-time behaviour of spectral form factor
is analyzed in [I35] 136]. The best known example of this duality exists be-
tween the so-called Jackiw-Teitelboim (JT) gravity and the low energy limit
of the so-called Sachdev-Ye-Kitaev (SYK) model — see e.g. [31], 32] for a de-
tailed account of this duality — in which the ensemble averaging is explicitly
realized.

Much less is explicitly understood in higher dimensions. However, recent
works in [137, 138, 139, 140] explore the role of Wormholes in AdSs, i.e. in
one higher dimension. It has been argued that pure gravity in AdSs3, which
is otherwise thought to not posses a Holographic dual description, can be
thought as the dual of an ensemble average of two-dimensional CFTs. Fur-
thermore, new Wormhole solutions were also obtained in higher dimensions,
which contribute non-perturbatively to the quantum gravity path-integral.
A systematic and complete understanding of higher dimensional Wormbholes,
along these directions will certainly be an important progress.

Even in the best understood low-dimensional examples, it is important to
understand how stable the relevant Wormhole solutions are. From a bottom-
up approach, stable Wormhole solutions can be constructed in low-energy
models, currently no explicit such stable solution exists in a UV-complete
gravitational theory, i.e. in supergravity models that one obtains in the low-
energy limit of string theory. In particular, [49] a thorough analyses have
been carried out of various such models, across various dimensions, and it
was found that the Wormbhole solutions always suffer from D-brane nucleation
instabilities. This instability is similar to the classic example of Wormhole
constructed by Maldacena-Maoz in [I41]. While this approach cannot rule
out the possibility of a stable Wormhole solution in a particular UV-complete
theory, since it is impossible to exhaust all the possibilities, it can provide a
constructive example with some luck and educated guesses. At present, how-
ever, an explicit example of a stable Wormhole in a UV-complete description
is lacking.

Given that Wormholes cannot be ruled out of consideration, an alterna-
tive perspective is to take them seriously to a logical extreme. The (unrea-
sonable) effectiveness of semi-classical (quantum) gravity can be thought of
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as encoding an averaged description of the underlying microscopic quantum
gravitational spectrum. In particular, [I42] proposes a statistical hypothe-
sis on the OPE coefficients of a dual two-dimensional CFT and relates this
proposal to the Wormhole contribution in Euclidean AdSs;. Furthermore,
[143] combines a generalized notion of this OPE-statistics in the presence of
a global symmetry with Wormholes to arrive at the desired conclusion that
global symmetries cannot exist in quantum gravity. At the very least, it ap-
pears plausible that even though Wormholes may not be the complete story,
they certainly encode some fine-grained quantum information of gravity.

It is worth mentioning that there are explicit examples in which Worm-
holes do not imply an averaging. For example, [144] explicit example of a
Wormbhole has been constructed in terms of the dual SYK-theory with frozen
coupling constants. These turn out to be “half-Wormholes” in that they do
not asymptote to multiple boundaries. Therefore, these Wormhole config-
urations have no non-factorizable correlators between the CFTs defined on
the left and the right boundaries.

From an observational outlook, recent work on traversable Wormbholes
have brought a fresh perspective. While such Wormholes are not designed
for exotic faster-than-speed-of-light travel, they represent a class of examples
that can be realized in a low-energy lab and explored further. In particular,
a suitable configuration and dynamics in an SYK-like system can be pre-
pared in the lab, which, using the Holographic duality, uncovers the physics
of Wormholes in an AdS-geometry. For example, in the SYK-like description
in the lab, such traversable Wormholes can be thought of as teleportation
protocols in the quantum mechanical model. This aspect brings together as-
pects of quantum gravity within the realm of quantum simulations on quan-
tum computers. See e.g. [103] 90, [145] 146, 147, 148, 149], for a theoretical
account and [I50] for an experimental outlook.

Let us conclude this review with a speculative remark. It is well-known
that Fuclidean instanton solution play an important role in understanding
the phenomenon of resurgence in quantum field theories, see e.g.[I51]. This
is an incredibly curious idea in which perturbative quantum physics around
one saddle encodes non-perturbative physics of some other saddle. Whether
Wormbholes can be relevant in such a structure in quantum dynamics of grav-
ity is an extremely interesting question to address.
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A Isometries of AdS;

Recall that AdSs; can be embedded in the R??:
ds* = —dv® — du® + dz° + di* | (159)
by the hyperboloid surface:
— -+ Py =0 (160)

where ¢ is the AdS curvature scale.

Now, choose a four-vector z* = (0,4, Z,y). AdSs has six linearly inde-
pendent Killing vectors that correspond to rotations and boosts in the (2+2)
spacetime. These are given by

0 0
Ja =z — 7(1—7 . 161
b= Toge ~ Tagp (161)
The Killing vectors form an so(2,2) algebra:
[Jaln ch] - nachd - 77aalch - 77chad + nbd‘]ac . (162)
In the Poincaré metric for AdSs:
ds?>  —dt* + da® + dy?
R s (163)
the Killing vectors are as follows:
02 412 4 22 4 2 tr ty
_ = = 164
Jo1 ( 57 )at+£ax+£8ya (164)
—0 + 12 4 22 4 P t ty
_ o + % 1
Jo2 < 57 )8t+£8x+£3y, (165)
J03 = —l'at — ta:): s (166)
J12 = —tﬁt — x&z — yﬁy s (167)
02— 12 — 2?2 tx
J13 = < i ) 8z — 7&5 — xyﬁy s (168)
—02 — 12 — 2% 9 tw Ty
- — 29, -2y, . 1
Jo3 < 57 ) 0y / Oy / Oy (169)
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Multi-boundary black holes are typically thought of as quotients of AdSs
by a discrete set of isometries in the group SO(2,2). For example, consider

the quotienting by the dilatation generator that acts as: e™2™12. (¢, z,y) =
e?™(t,z,y), and hence yields the identification:
(t,2,y) ~ 7202 (2, y) = ™ (t,2,y) | (170)

where k € R is a parameter of the identification. Similarly, given a Killing
vector £, and a parameter g, the identification sub-group is given by {e®¢}.
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