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A finite model of an elementary charge
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Abstract
We set up a model of an elementary electric charge where the noninvertible metric phase of first
order gravity supercedes the standard point singularity. A topological interpretation of the electric
charge is provided in terms of an index defined for the degenerate spacetime solution, being closely
related to the Euler characteristic. The gravitational equations of motion at this phase are found
to be equivalent to the laws of electrostatics. The associated field energy is finite and the geometry

sourcing the charge is regular.
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I. INTRODUCTION

A point particle model for electric charge is inherently singular, and is unsatisfactory for
several reasons. In Einstein’s general relativity, the point charge leads to divergences both
in the field energy and the geometry. Attempts towards alternative constructions that are
free of the infinity in the self-energy of the electron have a long history, highlighted by the

works of Abraham, Lorentz, Lees, Dirac, Born-Infeld[1-4] and so on.

The present work is concerned with developing a finite model of an elementary charge.
We adopt a geometric perspective, rooted firmly within classical first order gravity theory

which can exhibit invertible as well as noninvertible metric phases.

Firstly, we show that an (apparent) electric charge can be described by a non-invertible
metric phase of first order gravity. The solution to the field equations is worked out in detail.
The geometry outside this phase is locally equivalent to the Reissner-Nordstrom metric upto

a coordinate transformation, and hence corresponds to the Einstein phase.

Within this framework, the gravitational equations of motion provide a natural definition
for an emergent electric field at the zero-determinant phase. These equations are equivalent
to the laws of electrostatics. The associated three-geometry is shown to be regular. We also
analyze the field energy in the Hamiltonian form for the full spacetime. In contrast to the

point charge model, it is finite.

Finally, we unravel a topological interpretation of the electric charge in the first order
formulation of gravity. It is shown to have a one to one correspondence with a topological
invariant defined for degenerate spacetime solutions. This index is integer valued and is
closely related to the Euler characteristic, the latter being well-defined only for a non-

invertible geometry.

Let us now present our main ideas and results in some detail.

II. A CHARGED SPACETIME SOLUTION IN EINSTEIN GRAVITY

In Einsteinian gravity theory, the presence of an electric charge curves the spacetime.
For spherical symmetry, the relevant geometry is given by the electrically charged Reissner-

Nordstrom solution. To begin with, let us consider a closely related metric outside a radius
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where Q is a constant and R(u) is any smooth, monotonically increasing function satisfying

the properties below:
R(u) = Q,R™(u) =0 as u— uy (R — Q),

R™ (u) being the n-th derivative for any arbitrary integer n.

For the special parametrization R(u) = u, this geometry formally reduces to the extremal
Reissner-Nordstrom spacetime at R > (), () being the electric charge. However, such a
coordinate transformation does not satisfy the properties above. In other words, the charged

spacetime (I) is locally equivalent to the Reissner-Nordstrom solution everywhere except at

u=1uy (R=0Q).
The curvature 2-forms fields read:
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The only component that has a non-trivial limit as u — wug is R?3 — sin0df A d¢. In terms

of the radial coordinate R, the Electric field is manifestly Coulombic:

ER = R = % 3)

The determinant of the metric above goes to zero smoothly as the surface u = wug is
approached. Thus, the natural continuation that could be defined beyond this surface (at
u < up) must involve a noninvertible metric phase |6-10]. In the next section, we find the
appropriate noninvertible metric solution of the first order equations of motion in gravity
theory which allows such a (smooth) continuation.

This should be contrasted to the case where the full spacetime exhibits an Einstein phase
(det g, # 0) only. Since the associated spacetime metric there does not degenerate at

R = (@, it could only be continued to an invertible phase of first order gravity. Thus,
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the metric throughout must correspond to the (electrically charged) Reissner-Nordstrom
solution of the Einstein-Maxwell theory. In other words, an elementary charge is necessarily
associated with a point (curvature) singularity, or equivalently, a divergent (electrostatic)

self-energy, at least within the standard formulation of Einstein gravity.

III. THE NON-INVERTIBLE PHASE

This phase in vacuum is defined by any degenerate tetrad solution of the first-order

Lagrangian formulation [7]:
L= EMVQBEIJKL€£€iRa5KL(W) (4)

The basic field variables are the tetrad and connection, and the indices p and I label the
spacetime and local Minkowski coordinates, respectively. Given metric (), a natural choice

for its continuation at R < @) (u < ) to this phase is the following:
ds® = 0 + F?(u)du® + R*(u)(d6? + sin® 0d¢?) (5)

The internal metric is 1y = diag(—1,1,1,1). In general, degenerate space-time solutions of
first order gravity could exhibit torsion even in the absence of matter fields (e.g. fermions).
For our purposes here, it is sufficient to consider the case of vanishing torsion: TWI =
sDp(w)e," =0.

Note that even though the tetrad fields are not invertible, the nontrivial part of the metric
above may be used to define a set of triad fields ¢! = ¢! (i = [1,2,3], a = [u,0,¢]) along
with their inverses é¢ (é%¢] = 57, ébék = o?).

The vacuum theory defined by () corresponds to the following set of field equations:

vo I J vo I JK
Eu 661JKLeuTm :O, Eu ﬁeUKLeVRaﬁ :O (6)

For zero torsion, the first set above is satisfied trivially. It is straightforward to see that the

corresponding general solution for the connection fields is given by:

/ /
w'? = (—%) df, w® = —cosfdep, w3 = % sin Od,
wOi _ gikek = gl (7)

where &, = &, is a symmetric matrix and we have defined w,” = £’ in the last equality.

Among the second set of field equations in (@), all components are satisfied identically except
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u=1t,I =0, which reads:

o 2 N\ N1 .
€abc€ijk€;Rbcjk =0= ?R (%) + (%) - §[gilgkk - 5lk5ki]R2 -1 (8)

Rather than working with the most general solution for &£! in eq.(T), we shall use a

particular solution in order to be explicit:
£, =X, (9)
where \ is a constant. Insertion of this into eq.(8]) implies:
2R (R'\'  (R\? ...,
bl el ) 1=
(E) +(F) —were -0

This has the following solution:
R/
V1- 9+ \R2

With this, the solution for the four-metric finally becomes:

F=

R (u)du?

L+ XRu) - ;2

ds®* =0+ + R*(u)(d6? + sin? Odp?). (10)

IV. ELECTROSTATICS FROM DEGENERATE GEOMETRY

The nondegenerate part of the four-metric solution (I0) naturally defines an emergent

(spatial) three-geometry. This three-metric exhibits an R ® S? topology, having an inner

boundary v = u, (R = R,) defined by the relation 1 — R% + gz = 0, where the geometry
is nevertheless regular. Within such an effective description, the geometric (gravitational)
fields are completely given by the associated triad ¢/, and the (torsionless) spatial connection
components @¥(¢) = w¥. The remaining components of the spacetime connection w®, which

7
a’

are not determined by the emergent triad fields €', are not part of this geometry. Hence,
these should be interpreted as matter fields. Clearly, these must encode the emergent electric
field sourcing the apparent electric charge () as measured at a large radial distance R > Q).

To this end, we consider the equation of motion involving w%, given by the u =¢,I =1

component of the second set in eq.(d):
eepe) Ry =0 = Dy(@) [ esjnel&l] (11)
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where the three-covariant derivative is defined with respect to the spatial connection &% (é).

Let us now project this equation along a three-vector n’ in the internal space, leading to:

O [E(Eie™ — &len'] = & [Ene™ — &'ef] D(@)n’

K3 K3

(12)

This precisely is equivalent to the Gauss’ law 0,[éE°] = ép in electrostatics, implying the

following definitions for the emergent electric field and the charge density, respectively:

1 |
B = §(gikéak —&'en’ = in[aéz]wb()ku

1 ~a, AN AN AT
p= §(€ike b &%) Dy(w)n (13)

where we have defined: n® = n’é?. Note that the expression for the emergent U(1) electric
field is gauge-invariant. Also, it satisfies €2°9,E}, = 0 trivially, as it should.

Let us now apply the general construction above to the special case where the field is
non-trivial only along the radial direction. This may be achieved by choosing the vector n'
to be normal to the internal two-sphere: n* = (1,0,0). Using eq.([@) and transforming to
the radial coordinate R inside the phase boundary (at u < ug), the resulting emergent field

then reads:

Ef =)\ 1—%+>\2R2, E’=0=FE"° (14)

Continuity of the field across the phase boundary u = ug fixes the dimensionful constant as
A= é The static field E¥(R) at R < @Q is not Coulombic, even though the field outside
the phase (outer) boundary is. It vanishes at the inner boundary R = R,. This is a crucial
difference compared to the point charge model.

In the limit u — uy as one approaches the phase boundary, the electric flux through the

two sphere reads:

1 2 1 . 2
JR— Ea = — g 1
/e d“z En, =0 /. dfdesinR* = @), (15)

which is the same as the apparent electric charge defining the invertible phase at R > Q).

V. FINITENESS OF FIELD-ENERGY

Let us consider the Hamiltonian form of the electrostatic self-energy for an electrically

charged configuration in a fixed curved spacetime. For the invertible phase, the relevant



part of the Lagrangian density is the Maxwell term: L,, = —ieF *PF,5. We shall use the
standard reparametrization of the metric () in terms of lapse (N) and shift (N®) variables,

the latter being trivial in this case:
I _ I Iar _ _ I _
e, = NM*, e,M; =0, qup = eyepr, € =N\/q (16)

Using the expression for the canonical momenta 7¢ = —ef"* = N,/gE® in terms of the

electric field £, the Hamiltonian for a vanishing magnetic field (F,, = 0) reads:

N3
H= 2\/C_IqabE“Eb (17)

In obtaining this expression, the Gauss’ law has already been implemented as a constraint.
The electrostatic energy associated with the invertible phase at () < R < oo is then equal

to the Hamiltonian H upto a normalization:

Q
H= /d% H= %/dR do do sin R*(E®)? = 27 [%] =27Q) (18)

[e.e]

The non-invertible phase at R < @), on the other hand, has no electrostatic energy in the
sense above. This fact is reflected by the fact that the Hamiltonian density (7)) vanishes as
the lapse IV goes to zero (smoothly) with ¢,, and E being finite, as is the case here. Thus,
the degenerate phase with a vanishing lapse does not contribute to the self-energy in this
limiting sense.

To emphasize, our geometric model of an electric charge exhibits a finite self-energy at
the classical level. This is in contrast to standard electrostatics where an infinite amount of
energy is needed to assemble a finite charge within a point. This divergence is precisely what
gets reflected in the Hamiltonian evaluated for a (extremal) Reissner-Nordstrom geometry

0
defining the whole spacetime 0 < R < oo: H =27 [%ﬂ — 00.

oo

VI. REGULARITY OF GEOMETRY

At this stage a relevant question is, whether the emergent three-geometry above could
be singular, even though the field-energy itself is manifestly not. An explicit evaluation of

all the three-curvature scalars, however, shows that the geometry is in fact regular. For
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instance, let us display the scalars upto quadratic order at R < @) explicitly:

1 (=2R [ R\ R \?
ab _ _— _ )\2 2 1] =
R <ﬁF(ﬁF) (Gar) s ) :

3Q?
ab o
R“Rap = 5.

Finally, since torsion is trivial, the corresponding three-scalars such as those below vanish:

abc abc
€ Tabc = O = TabcT .

Hence, there is no curvature or torsion singularity in the three-geometry.

VII. TOPOLOGICAL INTERPRETATION OF ELECTRIC CHARGE

For vanishing spatial contortion K,” at the degenerate core, the parity odd topological
invariants, given by Nieh-Yan and Pontryagin numbers, are both trivial. The only other
gravitational invariant is the Euler index (parity even), which is not well-defined for a de-
generate spacetime.

Here we define a topological index for the degenerate geometry. This is necessarily non-
trivial for a nonvanishing electric charge at the Einstein (Reissner-Nordstrom) phase.

From the field-strength components associated with the noninvertible phase, the Euler
density is found to vanish (since R = AD(w)e’ = 0):

1
32m?

This, however, must be considered along with the possible boundary corrections, for which

EIJKLRIJ/\RKL =0. (19)

Ig

a suitable prescription is required. For the degenerate solution discussed earlier, g, = 0 at
R < @ and the time coordinate t ceases to evolve. This implies that we could consider a
spacetime which allows a smooth limit g, — 0 and is associated with a trivial (bulk) Euler
density as above. It is then possible to define the boundary correction to Euler invariant
based on this spacetime, before taking the degenerate limit g; — 0 at the end. The resulting
geometric (topological) invariant, if nontrivial, could be seen as a genuine characteristic of
the degenerate spacetime.

To this end, we define the following spacetime metric which reduces to the degenerate

geometry (I0) as e(t — t.) — 0 for some t,:

dR?
ﬂ + R2(d92 + Sin2 9d¢2)

ds® = —é*(t)dt* +
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The associated connection fields (torsionless) read:
—ij i 00
w? =w", " =0.

where w% are given by eq.(7). Note that the associated Euler density vanishes exactly as in
(@), since RY(w) = 0.
For evaluating the contribution of the ¢ = ¢, boundary to the Euler number, a relevant
variable is 017 = @ — w7 |11)):
07 =0, 0% = A’
Using the appropriate normalization associated with the radial direction, the boundary

correction (in analogy to the Euler boundary correction) may be defined as:

1 - 2
— HIJ/\RKL——QIJ/\QK /\QML
XB Wi S €IJKL { 3 M
2 /27r T Q R2 ( )
= —— d(b/ dﬁsin(?/ dR ———== 2 20
Q*Vr Jo 0 . 1 — % + g_z
where Vi = % % is the (dimensionless) proper volume of the three-manifold in
1-2+ 8

question. Importantly, this result is independent of e, which may now be taken to be zero.

Finally, the sum of the volume and boundary contributions to x leads to:
xX=xvtxp=0+2=2 (21)

It is interesting to note that this index is the same as the Euler characteristic of the
compact even-dimensional subspace without boundary, which happens to be a two-sphere
in this special case.

Importantly, the emergent electric field vanishes for A = 0, which implies a trivial y-
number. Thus, a nonvanishing (apparent) charge @) at the Einsteinian phase (R > Q)

essentially has a topological origin in the degenerate phase (R < Q).

VIII. CONCLUDING REMARKS

We have set up an alternative to the point model of an elementary electric charge. Such a
configuration is described by a noninvertible solution of first order field equations in gravity
theory. The emergent electrostatic energy as well as the geometry is finite, superceding the

generic divergences of a pointlike model.



We demonstrate that a nontrivial electric charge in the Einsteinian phase is in fact equiva-
lent to a nonvanishing value for a geometric invariant y analogous to the Euler index. These
two phases together, alongwith the associated solutions to the first order field equations,
define the full spacetime which is smooth everywhere. Thus, the electric charge acquires a
topological meaning in gravity theory. This configuration has vanishing torsion and does not
involve any magnetic charge or current |5, 12]. It could be interesting to investigate a pos-
sible realization of dyons or a (topological) quantization of charge within this formulation,
something that is beyond the scope of the present work.

It should be emphasized that the framework presented here is different from other in-
stances where charge could be an artefact of multiply connected geometries such as geons
or wormholes [13-15]. In general, these hardly have much to do with a degenerate tetrad
phase, and mostly thrive on nontrivial quantum physics.

To conclude, these new features mentioned above, alongwith the manifest role of degen-
erate spacetime solutions as a possible regulator of divergences, are intriguing enough as
they are. It seems to be an open question whether a generic connection between first order

gravity and elementary particles could be envisaged along these lines.
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