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Einstein’s general relativity can emerge from pregeometry, with the metric composed of more
fundamental fields. We formulate euclidean pregeometry as a SO(4) - Yang-Mills theory. In ad-
dition to the gauge fields we include a vector field in the vector representation. The gauge - and
diffeomorphism - invariant kinetic terms for these fields permit a well-defined euclidean functional
integral, in contrast to metric gravity with the Einstein-Hilbert action. The propagators of all fields
are well behaved at short distances, without tachyonic or ghost modes. The long distance behavior

of the metric.

I. Introduction
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In a modern view, quantum field theories are defined by
——functional integrals. For many models of particle physics
ne can employ an euclidean functional integral and con-

T tinue analytically to Minkowski signature. No well defined
B)functional integral is known for a continuum formulation
L~ of quantum gravity based on the metric field. Such a func-
tional integral would require the explicit specification of the
=1 microscopic or classical action. For a formulation in terms
of the metric any action involving only a finite number of
q_derivatives is problematic, however. The Einstein-Hilbert
action with a cosmological constant involves up to two
derivatives of the metric. The restriction to two derivatives
() is not compatible with a renormalizable theory. Further-
; more, the euclidean action is not bounded from below, such
that no corresponding euclidean functional integral can be
« defined. Adding invariants with up to four derivatives of
(\] the metric leads to a renormalizable theory [1-3]. Also the
euclidean action can be bounded from below for appropri-
. — ate signs of the couplings, such that an euclidean functional
>< integral can be defined. The problem arises now from the
presence of instabilities in the propagators in flat or weakly
curved geometries. In flat space, ghosts or tachyons cannot
be avoided for any finite polynomial momentum expansion
of the inverse propagator beyond quadratic order in mo-
menta. This implies that the addition of terms with a
finite number of derivatives cannot cure the problem.

qc

Quantum gravity based on the metric may be a non-
perturbatively renormalizable quantum field theory. This
is the case if the functional flow of a scale-dependent effec-
tive action [4] admits an ultraviolet fixed point. Asymp-
totically safe quantum gravity [5-10] is defined by choos-
ing this ultraviolet fixed point for a definition of the short
distance behavior of quantum gravity. The fixed point be-
havior permits to extrapolate this short distance behavior
to arbitrarily short distances or high momenta.

A fixed point corresponds to a scaling solution of an ex-
act functional flow equation [4]. Such scaling solutions have
been found for many approximated or ”truncated” forms

is governed by the composite metric and corresponds to general relativity. In particular, the gravi-
ton propagator is free of ghost or tachyonic poles despite the presence of higher order terms in a
momentum expansion of the inverse propagator. This pregeometry seems to be a valid candidate for
euclidean quantum gravity, without obstructions for analytic continuation to a Minkowski signature

of the scale-dependent effective action [11]. This makes it
plausible that an ultraviolet fixed point indeed exists, ren-
dering metric quantum gravity non- perturbatively renor-
malizable.

A functional integral can be defined formally as a solu-
tion of the exact flow equation. In practice, this is of little
help if the solution gets too complicated. This is presently
the case for the functional renormalization group approach.
The fixed point involves many invariants, and it is not clear
what approximation is needed in order to obtain a well de-
fined propagator for the graviton without ghost or tachy-
onic instabilities [12]. This explains why so far no proposal
for a simple classical action defining the functional integral
for quantum gravity has been formulated in this approach.

One possibility to avoid these problems is a formulation
of the functional integral in terms of fields different from
the metric. This approach stays within the setting of quan-
tum field theories. In analogy to quantum chromodynamics
(QCD) for the strong interactions in particle physics, the
short distance behavior - gluons and quarks in QCD - is
described by fields different from the metric. The metric
arises as a collective or composite field in an effective low
energy theory, in analogy to mesons and baryons in QCD.
This type of quantum field theory with an emergent met-
ric may be called ”pregeometry” [13]. The most radical
approach suggests to use only fermions as fundamental de-
grees of freedom [13-15]. In spinor gravity a formulation
with local Lorentz symmetry and diffeomorphism invari-
ance has indeed been achieved [16-18]. (For first formula-
tions with global Lorentz symmetry see ref. [19, 20].) The
vierbein and the metric have been constructed as compos-
ites of the fermions. While conceptually rather attractive,
practical computations in this purely fermionic setting have
not yet advanceed very much, due to the structure of the
action containing only invariants with a rather high num-
ber of fermions.

The present work proposes a formulation of euclidean
pregeometry as a SO(4) - Yang-Mills theory. Besides
fermions, which we do not discuss explicitly in the present
paper, the degrees of freedom of pregeometry are the six
gauge fields A,, of the SO(4) - gauge symmetry, and four
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additional vector fields e, which belong to the vector rep-
resentation of SO(4). A diffeomorphism invariant action is
based on the gauge invariant kinetic terms of the two sorts
of vector fields A, and e,. This model has been discussed
earlier [21, 22|, see also ref [23] for related ideas.

In the present paper we demonstrate that the euclidean
action involving the sum of the invariant kinetic terms for
A, and e, is bounded from below. The euclidean func-
tional integral is well defined for this type of pregeometry.
The short distance propagators show neither ghosts nor
tachyons. These stability properties may be expected since
only terms with two derivatives of the fields are included
in the effective action.

The metric is a composite field defined as a SO(4) - in-
variant bilinear of the vector fields e,. The vector fields
e, play the role of generalized vierbeins. In contrast to
Cartan’s geometry [24] the covariant derivative of e,, does
not vanish, however. This distinguishes the present ap-
proach from many formulations where the gauge fields are
associated to the spin connection which is a functional of
the vierbein [24-35]. In our approach both the vierbein
and the gauge fields contain propagating degrees of free-
dom beyond the ones contained in the metric. They are
crucial for the different short distance behavior. (For first
functional renormalization group investigations of Cartan
geometry see refs [36-38], and for alternative ideas on dif-
feomorphism invariant gauge theories cf. ref. [39, 40].)

The classical field equations have a solution with van-
ishing gauge fields A, and constant vierbeins e, leading
for the composite metric g, to a geometry of flat space,
9uv = 0. This solution entails a ”spontaneous symmetry
breaking” of the SO(4) - gauge symmetry. As a conse-
quence of this ”generalized Higgs mechanism” the gauge
bosons acquire a mass term and mix with the other vector
field e,. Linear combinations of both fields decouple from
the effective low energy theory, which can be defined for
momenta smaller than the gauge boson mass.

Field equations and effective low energy theory should be
discussed in terms of the quantum effective action which in-
cludes all effects of quantum fluctuations. We will not per-
form here a computation of the quantum effective action.
We rather make the assumption that the quantum fluctu-
ations generate for the effective action all terms allowed
by diffeomorphism and gauge symmetries. In particular,
this includes a term linear in the derivatives of the gauge
fields, and a cosmological constant. There are also addi-
tional terms with two derivatives of A,, as well as terms
with more than two derivatives that we neglect here.

The effective low energy theory is dominated by the
terms with a small number of derivatives. In leading or-
der this turns out to be general relativity for the metric,
with an Einstein-Hilbert action and a possible cosmological
constant that we assume to be very small, as required by
observation. General relativity emerges naturally from the
present formulation of pregeometry. Beyond the leading
Einstein-Hilbert term the effective low energy theory con-
tains terms with more than two derivatives for the metric.
An expansion in the number of derivatives yields at fourth
order an effective theory of the type of ref [1]. One may

therefore wonder what happens to the ghost instability in
the graviton propagator for this fourth order gravity.

In our formulation of pregeometry the graviton fluctua-
tion is a linear combination of fields contained in A, and
€. As a result of the diagonalization of the propagator
matrix we find that the dependence of the inverse gravi-
ton propagator on the squared momentum ¢ is given by a
function

m2

G (0°) = ?{(Z +1)¢* +m* — M?
(1)
2
- \/[(Z — 1)+ m? = M2 + 41 (m? MQ)Q} .

It involves three model parameters, namely m? which mul-
tiplies the kinetic term for the vierbein and determines the
effective mass for the gauge bosons, the coupling Z which
multiplies the gauge boson kinetic term and equals the in-
verse squared gauge coupling, and M? which multiplies the
term linear in derivatives and can be associated with the
squared Planck mass. The absence of ghost or tachyonic
instabilities is guaranteed for the parameter range

0< M?<m?, 0<Z<Z, (2)
with
M?2 M2\
ZC—W(“W) : ®)

For this parameter range the graviton propagator is well
behaved with a single pole at ¢> = 0 and without any
instability. The ghost in fourth order gravity is an artefact
of the truncated polynomial expansion [12].

The euclidean classical action can be continued analiti-
cally to Minkowski signature. The same holds for the gravi-
ton propagator (1). So far we have not found any obstruc-
tion to analytic continuation. We may therefore consider
our model of pregeometry as a proposal for a functional
integral for quantum gravity.

Our model of pregeometry is introduced in sect. II, where
we also show that flat space solves the classical field equa-
tions. Sect. III discusses the generalized Higgs mechanism.
It proceeds to a decomposition of the fluctuations around
flat space according to different representations of its sym-
metry. This is the basis for the stability analysis of the
classical theory which we address in sect. IV. There we es-
tablish that no ghosts or tachyons are present in our model.
In sect. V we turn to the quantum effective action and the
emergence of general relativity as an effective theory for
small momenta and curvature. The graviton propagator
is discussed in detail in sect. VI. Together with a stable
graviton our model of pregeometry also contains a stable
massive spin-two particle. Sect. VII turns to the sector of
scalar fields. Flat space is not the absolute minimum of
the euclidean action in the space of all possible field con-
figurations. It may, however, be the minimum in the space
of solutions to the field equations. In sect. VIII we add the
effects of a cosmological constant. Sect. IX finally discusses
our findings and possible extensions in various directions.



II. Pregeometry

Similar to the electroweak or strong interactions our
model is a non-abelian local gauge theory or Yang-Mills
theory. For our euclidean setting the gauge group is SO(4).
The particularity as compared to the gauge theories in par-
ticle physics is the presence of an additional vector field
e, (x) in the vector representation of SO(4). We restrict
the space of field configurations in the functional integral
to e = det(e,™) > 0, where e,™ is considered as a 4 x 4
- matrix. This allows for the definition of the inverse ma-
trix e,,*, and the construction of diffeomorphism invariant
kinetic terms for both the gauge fields A, and the vector
fields e,,.

1. Diffeomorphism invariant Yang-Mills theory

Our starting point is a SO(4)-gauge theory with gauge
fields

A,umn = _A,unmv n, m=0,---,3, (4)

and field strength

F,uvmn - 8,LLAumn - a1/14,Ln7177, + A,umpAvpn - AvmpA,upn .

(5)

Here z = (m,n) is a double-index labeling the six gauge
bosons in the adjoint representation of SO(4). We further
include vector fields e, in the vector representation of
SO(4). Accordingly, the covariant derivative reads

Uw™=D,e," =06, —T%," + A, e, . (6)
These vector fields are restricted to obey
e =det(e,™) >0, (7)

where the components e,™ are considered as elements of a
regular 4 x 4 matrix. This permits the definition of inverse
vector fields e, ", with

e em” =0y, eme,” =0y, . (8)
We introduce a composite metric g,, as a bilinear in the
vector field and note that for e # 0 its inverse g"” exists,

9" Ggup = 6l . 9)

The connection I',,” in Eq.(6) is the Levi-Civita con-
nection formed with the composite metric g,,. Inserting
eq. (9) it can be expressed in terms of the vector field and
its derivatives. For D,e,”™ = 0 the vector field e¢,™ can
play the role of the usual vierbein. We will not impose
this constraint here such that the vector field contains ad-
ditional degrees of freedom.

The field strengh (5) and the covariant derivative (6)
transform as tensors. These tensors can be used as ba-
sic building blocks for the construction of invariant kinetic
terms for the gauge fields A, and the vector field e, ™.
We define a diffeomorphism invariant action

m, n
Guv = €y Cy 5mn7

S = /d4xe(LF + Ly), (10)

with gauge field kinetic term

A
LF = gF,uumnFHanv (11)

and vector field kinetic term

m2

Ly = = VU™ (12)

Here world (space-time) indices y, v are raised and lowered
with ¢/ and g, given by eq. (9), while “Lorentz indices”
m, n are raised and lowered with 6™" and d,,,. We can
convert, Lorentz indices to world indices by multiplication
with e,™ or e,” ,

UHVp = Uuumepm . (13)

For U,,™ # 0 the covariant derivatives commute with the
raising and lowering of world indices or Lorentz indices,
but not with the conversion from world to Lorentz indices,

DoUvp = (DoUp™) €pm + U™ Us o - (14)

Because of their analogous role to the vierbein in Cartan’s
geometry [24] we will call the vector fields e, ” generalized
vierbeins”, or simply ”vierbeins”.

Two different connections are present in our setting,
the gauge connection A,,,, and the geometric connection
I'.?. The tangent bundle and the gauge bundle are, a
priori, not related. For example, one can have the met-
ric corresponding to a sphere and nevertheless vanishing
gauge fields, A, = 0. This permits, for example, to have
massless fermions on a sphere [21]. A relation between the
connections can be formulated by the identity

Upvp = wpvp — Apwp (15)

with w,,, related to the ”spin connection” formed from the
vector field

1 m m m m
Wpvp = §{eum (Oper™ — Ove,™) + eum (Ope™ — Ope,™)

+epm (Ope, — Ove,™) } =e, e, " Wumn . (16)

This expresses the Levi-Civita connection in terms of the
vierbein by

Wuvp = Lpp”gov — €umOpue,™ . (17)
We observe the antisymmetry in the last two indices

Wppy = ~Wuvp s Appy = —Apvp s Uppw = —Upup . (18)
For a covariantly conserved vector field, U,,, = 0, the
gauge field equals the spin connection formed from the vier-

bein. This is the setting of Cartan’s geometry [24].



2. Boundedness of the action and euclidean
functional integral

The action (10) is bounded from below, S > 0, as long
asm? >0, Z > 0. In order to see this, we first show that
the composite metric has only positive eigenvalues. Since
guv is a real symmetric matrix, it can be diagonalized by
an orthogonal transformation O,

gpd :Op#OUUg;w = Opﬂeymaneun(Smn

=€,""€" 0mn , (19)

with €, = O,"e,™. The diagonal elements are indeed
positive (no sum over p)

oo =Y _(€,)*>0. (20)

m
For e > 0 one can exclude vanishing eigenvalues §,,,.
We next write for z = (m, n)

Fuumn — Faz 5 FuumnFuumn = Z FazGQBFBz 5 (21)

with o = (u,v), 8 = (p, o) double indices, and real sym-
metric matrix

GoP = grrgre =GP (22)

The expression L is positive semidefinite if G*? has only
positive eigenvalues. This is indeed the case, as can be
seen by diagonalizing G’ by an orthogonal transforma-
tion. We can chose the required orthogonal matrix as the
direct product of the matrices that diagonalize g*”, result-
ing in G** = g"*g"” > 0. The same argument shows
Ly > 0, with z = m in this case. With both Ly and Lg
positive semidefinite and e > 0, the action is indeed pos-
itive semidefinite, S > 0. The action vanishes precisely if
both Lr and Ly vanish.

With positive semidefinite classical action S an euclidean
functional integral can be defined by integrating over un-
constrained gauge fields and vector fields obeying the con-
straint (7). The constraint e > 0 is invariant under local
SO(4) - gauge transformations and diffeomorphisms. In
presence of these two local symmetries the action needs
a regularization, either by the usual gauge fixing proce-
dure for a continuous formulation, or perhaps by a lattice
formulation that still has to be found. We consider the ac-
tion (10) as a well defined and simple starting point for an
investigation of quantum fluctuactions in euclidean gravity.
The analytic continuation to a Minkowski signature will be
discussed in sect. VL.

Configurations with a constant vierbein and vanishing
gauge fields include the ”flat space configuration”

eum = 5:7 y  Guv = 5u1/ ) Aumn =0. (23)
These configurations yield U,,”™ = 0 and are therefore

minima of the action (10). They are solutions of the corre-
sponding field equations that we discuss in more detail in
sect. V.

III. Generalized Higgs mechanism

In order to understand the physical content of our model
at short distances we decompose the fluctuations of the
vector field and the gauge fields around flat space and
zero gauge fields. We work in euclidean flat space. An-
alytic continuation to Minkowski space can be performed
at the end. For sufficiently short distances one can ne-
glect any effects of a given geometry, as encoded in e, or
9uv, or of a given gauge field configuration A,,,,. For the
short distance limit the flat space configuration e, = 4",
Aumn = 0 is always an appropriate starting point for a
field-expansion.

The decomposition involves different representations of
the ”euclidean Lorentz group” SO(4) that cannot mix in
quadratic order. Mixing is observed, however, between
modes belonging to the same representation. This ren-
ders the discussion of stability somewhat complex. In the
present section we discuss the general structure of the mix-
ing and focus subsequently on the graviton propagator and
the scalar propagator in the next section. We will find a
stable graviton propagator without ghosts or tachyons.

The discussion will be extended in sect. V to the quan-
tum effective action by including a further invariant that
dominates a low momenta. The graviton propagator for
this extended setting is discussed in sect. VI, and scalars
are addressed in sect. VII.

Due to spontaneous symmetry breaking by the non-
vanishing value of the vierbein e, = ;" mass terms are
generated for the gauge bosons. This ”generalized Higgs
mechanism” differs from the usual Higgs mechanism since
the agent of spontaneous symmetry breaking is a vector
field and not a scalar field. The mode decomposition re-
veals the detailed structure of the generalized Higgs mech-
anism by focusing on the effects for the propagators of the
various fluctuation modes. The mode mixing is a charac-
teristic feature of this generalized Higgs mechanism.

1. Fluctuations in flat space

The field equations derived from the action (10) admit as
a solution flat space, e, = 0", g = 0y, With vanishing
gauge fields A, = 0. This solution will be found to
be stable, as may be expected since it corresponds to the
minimum of the action. For a more detailed investigation
of the stability for various modes we expand in quadratic
order in H,,,, and A n,

1
e = 0 4 S Hiu 6 (24)

The standard kinetic term for the transverse gauge fields
reads in momentum space

[ete =7 [ Aum(-0) (5" - ¢'¢") A, (). (25)

This dominates the high momentum behavior and ensures
stability in this range. For the discussion of fluctuations
world indices are raised and lowered with 0** and 0, .



In quadratic order the covariant kinetic term Ly for the
vierbein contains three pieces Ly = ngl) + Lg) —|—L§J3). The
first piece is a kinetic term which reads, with 9 = 979,

2
+2H) (9267 — 99, ) HOP 4Hﬁ>auapH<A>pu} .

Here H') = (H,, + Hy,)/2 and HSY = (H,, — H,,)/2
are the symmetric and antisymmetric parts of the fluctu-
ation H,,. The second piece acts as a mass term for the
gauge bosons. Without mixing effects (see below), it would
generate an equal mass for all gauge bosons

2
= mTAMMAW". (27)
Finally, the third piece is a type of source term for the
gauge bosons,

eLg)

eL) = —J,,,, AP (28)
with

2
Jup = = (0 H) +0,HE) —0,HE)) . (29)

The field value e,™ = 0" breaks the SO(4)-gauge sym-
metry spontaneously. Similarly to the Higgs mechanism,
this spontaneous symmetry breaking generates a mass term
for the gauge bosons. In contrast to the Higgs mechanism
the field e,™ is a vector, not a scalar. Flat space pre-
serves a global SO(4)-“Lorentz” symmetry of simultaneous
SO(4)-gauge rotations and SO(4)-coordinate transforma-
tions. It is this residual symmetry that we employ for the
mode expansion.

2. Decomposition of vierbein fluctuations

For an analysis of the kinetic term (27) for the vierbein
we employ the decomposition which orders the scalar fluc-
tuations into a physical and a gauge degree of freedom [41],

HO) = Ly + Ouky + Ouky

uv
1 9,0, 9,0,
+§(5“"‘ 7 )” g (B0
and
H = by + 0 — Oy - (31)

Here t,,, by, £, and 0, are all transversal,

0"t = 0"t = 0"buy, = 0"by, =0,

0Ky = 0"y, =0, t,f=0. (32)
The kinetic piece reads in momentum space

m2
/ Ly’ = 16 / {Qtw(—q)qzt“”(q) + by (—0) 0" (q)
T q
+2 (ku(—a) = (=) ¢* (v () —+"(q))

+ Zo(-ao(a)}. (33)

The factor ¢* for ,, —~, is a consequence of the particu-
lar normalization of these fields. Indeed, we can absorb a
factor 4¢* in a dimensionless normalization of , and .
All kinetic terms are then positive and increase ~ ¢2. The
kinetic term ngl) does not involve the combination &, + v,
and the scalar w. Similarly, Ly does not involve the lon-
gitudinal components 0" A, of the gauge fields. These

fields correspond to gauge degrees of freedom.

3. Decomposition of gauge field fluctuations

In flat space we need no longer to distinguish between
world and Lorentz indices. Covariant derivatives become
partial derivatives. We decompose the linear gauge fields
A, into transversal modes B,,,, and longitudinal modes

vps
AWP = By + auLva auBqu =0. (34)
Using the projector
v v aﬂau v v
Pu:‘su_wv 8“P#:O, P#&,:O, (35)
we can write
B, = P;L’Ag,,p = PZBU,,,) . (36)

The transversal fluctuations can be decomposed as

B, = ZEUPUT(‘PHUUT — Purvs)
1
+§(Pzwwp = Pupwy) + Dy (37)

where v, and w, are (reducible) four-vectors. The de-
composition of the remaining part D,,, into irreducible
representations is given by

1
Dy = 5(8VE#P - 8PEW) + O#VP : (38)

The transversal traceless symmetric tensor F,,,, obeys

O"Eu =0, 0"E, =0, Eu,=E,, (39)

and Cy,, is subject to the constraints

Cuvp = —=Cpupv, 0"Clup =0,
M Cup = 0"Cuyp =0,

vpo
M7 Clip = 0,

PG’T UPCHVP =0. (40)

We have introduced here a further projector

B, v

oT - #(8081}67’3 - 8781/55- - 80'8’)6: + 87'8,)5;) ’ (41)

which obeys

TQBPQBVPZP Upv P Vp:?’a

P oT vp

- 1
o'P "= 5(8955 —9"0P) . (42)
This results in the identities

PUT VPDMUP = (5UE,” - 8TE;,LO') ] (43)



and

Py "P(0vEup — 0pEyy) = (05 Eyr — 07 Epig) - (44)

We can therefore see C},,,, as a projection,

Cuvp = Dywp — P,

vp

" Dyerr - (45)

Out of the 24 components A,,, six degrees of freedom
L,, = —L,, are longitudinal degrees of freedom. Thus
there are 18 transversal modes B,,,. The four modes v,
correspond to the totally antisymmetric part Ay, ), while
the four modes w, account for the trace A,,,0*". There
remain 10 modes for D,,,,,. The projector P eliminates half
of them, and the traceless transversal symmetric tensor
E,,, accounts indeed for five modes. The other five modes
correspond to C),,, = —C},,, which indeed is subject to
19 constraints. The vectors v, and w,, can be decomposed
into transversal vectors and scalars

Uy = Uth) + 8#17,
B“US) =0,

w, = wl(f) + 0w,
Hwh) =0. (46)

The irreducible representations of the transversal modes
B, are 2 x 5+2x 342 x 1. In particular, the scalar part
of By, reads

o 11 i
B = Dr D 4 = (8,0, —

nrp T 28,uvp T 3 5HP6VU~}) . (47)

Finally, the six longitudinal modes are two triplets
Ly, =M,,~+ 0,1, —0,l,, (48)
with
"My, =0"M,,=0, 0"l,=0. (49)
4. Generalized Higgs mechanism

In contrast to spontaneous symmetry breaking by a
scalar field the expectation value of a vector field leads to a
mixing of the gauge field fluctuations and the vierbein fluc-
tuations. This particular feature of the generalized Higgs
mechanism is due to the ”source term” ngg). It is our aim
to separate the various physical modes. For this purpose
we have to diagonalize the inverse propagator which cor-
responds to the second functional derivative of the action.
In other words, we have to find the field combinations for
which the quadratic expansion of the action in the fluctua-
tions becomes diagonal. We end this section by writing the
quadratic expansion of the action in terms of the various
fields appearing in our decomposition. In the next section
we will proceed to the diagonalization.

The source term ngg) mixes the gauge fields A,,, and
the vierbein fluctuations H,,,. In quadratic order one finds
from eqgs. (28)(29)

/eL(3

2

_m vp( 92 r7(A s
_ T/m{L P(a HA +0,0"HS) —

m/A“”” 0, HY +0,HS —0,H S )
0,0"HS))  (50)

2
420 B“””H(S)} R /(Yl +Y;) .

x

The longitudinal part Y; concerns the mixing effects for
the longitudinal gauge bosons. By use of the decomposi-
tion (31),(48), this results in

Y, = M"P9%b,, + 20"0* (K — V) - (51)

The transversal part Y; accounts for the mixing of the
transversal gauge bosons. For its evaluation we decompose
the tensor d,B*"* into its traceless symmetric, antisym-
metric, and (modified) trace parts

. . 1 -
9,BM"P = BOw | gl 4 gpm/b , (52)
with
B(S),uu B(S)u,u B(S)“U(S#V:O, B(A)#U:_B(A)V# ,
8BS 49, BWr = ¢ (53)
Comparing with the expansion (37) we identify
s _ Loz pyww _ L ey @)
B = —58 EM . B = 55 0,05
b= 0% . (54)

The components C),,,, do not appear due to the identity
”Cpup =0, (55)

which follows from eqs. (42) (43).
(s

Inserting also the expansion (31) for H, W), the transver-
sal part of eq. (50) reads
Y= (2B 4 Zpw) g — _prore 4+ 2eote (56)
t= 3 o = ot 3w .
We observe that the twelve transversal gauge field fluctua-
tions v, w® | &, C,,, do not appear in LEJS). They do not
take part in the mixing and simply acquire a mass from
Lg). Also the four gauge modes r,, +y, and u are absent.
For a discussion of the inverse propagator we also have
to decompose the gauge boson mass term Lg),

2 2
9 m y m . u
Lg,) = TAM PAuvp = T(BH "Buvp — L paQLup)

m 1 ., y 3o

= T{—§E pa2Eup + cH PCMUP + U(t)M’UI(Lt) — 5’(}82’1}
1 2

5wl — Z00%E — MM, + 2049, } .

(57)

(1)

The corresponding expression for L;;’ is given by eq. (33)

20 1
iy :m—{——twa%w — b 9%,
N N ) _ 492
5 (6 =)0 = ) = s0D%a |



5. Mode mixing

Taking things together, Ly involves a couple of indepen-
dent pieces

2
m
Ly = T{LtE + Low + Lons + Ly + L1y, } (59)

They can be diagonalized separately. For the transversal
traceless symmetric tensors t and E one has

1
Lip = =5 (" + B*)0(ty + ) . (60)
while in the scalar sector o and w are connected
1 N a2 _
Loy = _6(0 —2w)0% (0 — 2w) . (61)
The sector for the longitudinal gauge bosons involves
1
Loy = —Z(b*“’ —2MH")9* (b — 2M,,) ,  (62)
and

Lt = (6 =+ 20904 = 7+ 20) . (63)

N =

The remaining part L/ involves only mass terms for the
gauge bosons and no mixing

3 4
L, = C"PC, + vWHolt) — 56626 + §w<t>“wfj> . (64)

The kinetic term for the gauge bosons (25) contributes
only for the transversal gauge bosons,

VA Z
Lp = _ZAWP(?QPHUAUVP - _ZBWP(?QBWP : (65)

The decomposition is similar to the transversal part of
eq. (57), replacing m? by —Z0?,

Z {1
Lp= Z{ E"P9*E,, — C*PO*Cpyyp — v 10?01

2
3 4 ) 2 (66)
~ ol a2, (t ~ o4~

+§v<9 U — §w( ko wa) + gwa w} .

At this point we have expressed both Ly and Lg in
terms of the fields of our decomposition. The transition
to momentum space is straightforward. The pieces ~ ¢*
are artefacts of the particular normalization of fields in our
decomposition. They can be absorbed by a momentum
dependent rescaling which makes all fields in the decompo-
sition of the vierbein dimensionless, and gives all fields in
the expansion of the gauge fields the canonical dimension of
mass. The high momentum behavior for all modes is then
~ ¢2, as appropriate for an action that contains only two
derivatives. The different blocks can now be diagonalized
separately.

IV. Stability of classical theory

In this section we diagonalize the propagator. The ques-
tion of stability of the classical theory can be read off di-
rectly from the form of the propagators. Flat space is stable
if there are neither ghosts nor tachyons and all modes are
described by massive or massless particles. Stability of flat
space extends to stability of the high-momentum modes for
arbitrary ”background configurations” of the gauge fields
and vierbein.

1. High momentum limit

Before proceeding to the diagonalization of the inverse
propagator it is instructive to discuss the limit ¢ — oco. In

this limit Lg) and Lg’) can be neglected. The infinite mo-
mentum limit becomes a good approximation for ¢? > m?.
In consequence, the leading short distance behavior is well
described by an action based on Ly + Lg), evaluated for
the flat space solution. This is a free theory with inverse
propagators for the physical fluctuations proportional to
¢%>. No instability occurs. For this free theory the ana-
lytic continuation to Minkowski space is straightforward.
We therefore consider our pregeometry based on a Yang-
Mills theory as a candidate for an ultraviolet completion
of quantum gravity.

Beyond the leading approximation the action (10) also
entails interactions. First, there are the gauge interactions
mediated by the gauge field A,. The effective gauge cou-

pling g, with a = ¢g2/(47), is given by

4
a=—. (67)
It vanishes in the limit Z — oco. For large Z a perturbative
treatment of the gauge interactions becomes possible.
In contrast, the vierbein-mediated “gravitational inter-
actions” cannot be switched off. We can use scaling
fields [22]

G = k2, (68)

~ m __ m ~ 1.2
e =ke,",  Gu =kgu,

with k some “renormalization scale”. As a result one finds

S = ﬁ & (%F#mangmn + %ﬁwmﬁpgm) GG,
(69)
with
U™ = Dyue,™ = kU™, (70)
and dimensionless coupling
v = % . (71)

A multiplicative rescaling of €,™ does not change the Levi-
Civita connection I',, in the covariant derivative (6). It
only results in a multiplicative rescaling of ﬁm,m. As a
result, v is not a free parameter - it can be set to any
arbitrary value by a rescaling of €,". In contrast to the



gauge interactions, the gravitational interactions do not
switch off in the limit v — 0. Using the freedom of field-
rescaling the only remaining free parameter for the classical
theory is the gauge coupling a.

2. Diagonalization of the propagator

Let us next consider the full classical action based on
Lr + Ly. With an appropriate normalization, the inverse
propagator for the gauge boson fluctuactions C, v®, w(®
and v is the standard one for massive particles in momen-
tum space

(72)

This is the inverse propagator of a particle with mass
m/ VZ. No instability occurs in this sector.

For the traceless transversal tensors in the t — F - sector
the inverse propagator matrix takes the form

2 2 2 2
_ qQ (Zg+m* ,m
PZGIZZ( qmz m2)- (73)
The only zero eigenvalue of P occurs for ¢> = 0. The

eigenvalues of P are given by

2
=L (24> +2m* + V22T +4mT) . (T4)

These eigenvalues have dimension mass®. We can switch
to the more usual normalization for bosonic fields for which
the boson fields have dimension of mass and the inverse
propagator has dimension mass squared. This can be
achieved by a momentum dependent renormalization of the

q m .
fields, Eru, = §EW, q = VI, tru = Etw, resulting
in the renormalized inverse propagator matrix

Zq? +m? mq)
P = AN 75
w= (PO (75)

The ¢- dependence in the renormalization of E corresponds
to the standard normalization of gauge fields A, noting
A ~ qF, while the normalization of ¢ provides a canonical
mass dimension to this field.

Poles in the propagator correspond to vanishing eigen-
values of Pr. The condition for the existence of propagator
poles reads

det Pp = Zq¢* =0. (76)

We conclude that the only possible poles of the propagator
occur for ¢ = 0.

For the renormalized fields the eigenvalues of Pg for gen-
eral values of ¢? are given by

1
Ar = 5{(2 + 1)¢* +m? -

+V(Z 12"+ 2(Z + D@Pm® + m4} .

They correspond to the inverse propagators after diag-
onalization and describe the propagation of independent
modes.

For the high momentum behavior, ¢> > m?, this yields

2
Z(q2+%) for Z > 1
Ay = 5 (78)
q2+1TiZ for Z <1,
and
2
— Znil for 7 >1
A= 2 . (79)

The apparent zeros in these approximate expression cannot
correspond to poles in the propagators since eq. (76) tells
us that all possible poles occur for ¢> = 0. Near the pole
at g2 = 0 one finds

_ Zq!

A= , A =mP+ (Z4+ 1) . (80)

‘m?
Again, the apparent zero in A, is a ”fake pole”, since the
only possible poles for ¢> = 0 are associated to A_. The
function A4 (¢?) has no zero. No propagating particle is
associated to this mode.

The zero of the inverse propagator at ¢ = 0 corresponds
to a double pole in the propagator. A propagator 1/¢*
leads to a ”secular instability” after analytic continuation
to Minkowski space. It does not pose any problem for a well
defined euclidean functional integral. A double pole can be
considered as the boundary between stability and instabil-
ity. The stability for low ¢? should be discussed within the
quantum effective action once quantum fluctuation effects
are included. We will see below that additional terms in
the effective action modify the behavior for ¢ — 0.

For the other limit at large ¢ one may assume that the
short distance behavior of the effective action is close to
the classical action. The short distance fluctuations in the
t - E - sector are stable.

We next turn to the remaining part in the sector of phys-
ical scalar fluctuations. In the w — o - sector the inverse
propagator matrix

2

m

R Y
=3 . (8)

2 ’ 4

has the same structure as eq. (73), up to an overall fac-
tor 4/3 and a rescaling of o by a factor (—2). The poles in
the propagators are therefore the same as in the sector of
transverse traceless tensors (¢, ). Together with eq. (72)
for the scalar v we observe in the scalar sector one massive
particle and one massless particle with a double pole. The
scalar @ is a gauge degree of freedom of diffeomorphisms
and does not appear in the quadratic action.

The sector of transversal vectors contains several inde-
pendent blocks. The vectors v® and w(®) from the expan-
sion of the transversal gauge field fluctuations correspond



to massive particles with propagators given by eq. (72). A
third physical vector fluctuation is given by the combina-
tion

1

Sp = 5(”# =)+l (82)
Its inverse propagator P = m?q* obtains from L,.; in Ly
as given by eq. (63). A canonical normalization of this
vector field absorbs in P a factor m?¢?. We end with a
massless vector particle with normalized inverse propagator
Pr = ¢?. The transverse vector fluctuations contain also
two gauge degrees of freedom, one from diffeomorphisms
and the other from the SO(4) - gauge symmetry. We may
take them as r,, and [, at fixed s,,. Only the physical mode
s, appears in the quadratic action.

The fluctuations C' describe one more massive particle
with inverse propagator given by eq. (72). What remains is
the sector of antisymmetric tensor fluctuations, consisting
of the longitudinal gauge bosons M and the antisymmetric
vierbein fluctuations b. For the longitudinal gauge bosons
there is no contribution from L. The inverse propagator
matrix in the M — b - sector obtains from Ly in eq. (62)

2,2
q m 4 —2

After proper renormalization of the fields this becomes

2 _
Pr=( " T (84)
-mgq ¢
One eigenvalue A of this matrix corresponds to the phys-
ical fluctuation

1
Ty = ibw - M, . (85)

Only this physical mode appears in Ly through Lp; in
eq. (62). It corresponds to a massive particle with inverse
propagator

Ay =¢*+m?. (86)

The other eigenvalue A_ is zero for all ¢2, corresponding
to det P = 0 or det P = 0. This is the gauge mode of
local SO(4) - gauge transformations. Indeed, these gauge
transformations, applied to a "vacuum state” A, = 0,
ey = 0, do not only shift the longitudinal components
of Aymn, but also rotate e, contributing infinitesimally
to Hﬂf). For this reason the gauge modes can be taken as
linear combinations of L,, and b,,. We use the freedom
in the precise parametrization of the gauge mode to take
the fluctuation L, at fixed physical fluctuation s, .

In total we observe 9 massless physical modes (t—FE, w—
o, s), 15 massive physical modes (v, w®), 4, C, r) and 10
gauge degrees of freedom (k, u, I, M). We recall that the
gauge fluctuations have to be taken at fixed physical modes.
One linear combination in the ¢ — E-sector and in the w —
o-sector (6 modes) correspond to physical modes that do
not describe a propagating particle. Similar to Einstein

gravity one expects that due to non-local projectors not
all of the modes (t — E, @ — o, s,v®, w®, &, C, r)
are propagating particles [41]. This reduces the number
of modes corresponding to physical propagating particles
below 24.

3. Short distance completion for euclidean gravity

Taking things together, for the action Ly + Ly the prop-
agators of the physical fluctuations around euclidean flat
space (excluding the gauge modes) have the following prop-
erties:

(i) In the complex ¢*- plane all poles occur on the neg-
ative real axis, including ¢? = 0.

(ii) For the massive modes with location of the poles at
gy = —m; the residuum is always positive, as re-
quired for standard stable massive particles.

(iii) For real ¢? > 0 the inverse propagator is positive for
all modes, increasing ~ ¢ for ¢ — oo.

(iv) At ¢®> = 0 there are degenerate poles, with eigenval-
ues of the inverse propagator ~ ¢*. These massless
modes are linear combinations of gauge boson - and
vierbein-fluctuations. The behavior ~ ¢* can be con-
sidered as the boundary of the region of stability.

We can consider this model of SO(4) - pregeometry as a
valid candidate for the ultraviolet completion of euclidean
gravity.

Furthermore, their is no obstruction for analytic contin-
uation to a Minkowski signature. Investigating the propa-
gator for a Minkowski signature in the complex ¢ - plane
one finds besides the poles branch cuts for ¢& > |¢%| + §2,
with positive non zero |g.|? to be discussed in more detail in
sect.IV. Such a setting is rather promising for a consistent
description of quantum gravity.

V. Effective action and emergence of
general relativity

The action (10) may be considered as the microphysical
or classical action which is used to define a functional in-
tegral. Quantum fluctuations will lead to a macroscopic or
effective action. The quantum effective action is the gen-
erating functional of the one-particle-irreducible Green’s
functions. It includes all fluctuation effects. The field equa-
tions obtained by variation of the effective action are exact.
They replace the field equations obtained from the classi-
cal action. The second functional derivative of the effective
action is the inverse propagator in an arbitrary background
of fields.

With a proper definition (and in the absence of anoma-
lies) the effective action has the same symmetries as the
classical action. In general, this invariant functional of the
fields contains infinitely many invariants. The arguments
are now macroscopic fields, corresponding to expectation



values of microscopic fields in the presence of arbitrary
sources.

We do not attempt to compute the effective action I' in
this paper. We rather make an ansatz for its form which is
consistent with the symmetries. In practice, we replace S
by I' and add further invariants. The parameters m? and
Z are replaced by renormalized parameters which include
the effects of the quantum fluctuations. For the additional
invariants we investigate a derivative expansion up to sec-
ond order in the derivatives. It may be possible to include
some of the additional invariants into the classical action.
We will leave it open here if they are also part of the clas-
sical action or if they are generated only by fluctuation
effects.

1. New invariants

At low momenta a derivative expansion of the effective
action is often a good guide. We will next add to the
action (10) further invariants with up to two derivatives,

r:/d4xe(LF+LU+U+LR+LG). (87)

The term without derivatives is a cosmological constant
U. We will first neglect it here for simplicity, such that
flat space remains a solution of the field equations. This
may be motivated by the observation that in the present
universe flat space is a very good approximation. For early
cosmology this may no longer hold. We discuss the effects
of U # 0 in sect. VIII.

The particular field content with a vierbein permits an
invariant that is linear in the fields

M2
LR:_TFMUMU . (88)
Indeed, contraction of the field strength with the inverse

vierbein yields a scalar which is invariant under SO(4) -
gauge transformations.

F = F," = Fmne™e™ . (89)

The presence of Ly in the effective action is a crucial in-
gredient for the emergence of general relativity.

Further invariants with two derivatives can be con-
structed by use of the contractions F' and

Fuy = Fup” = Fupmne,™ €, (90)
namely
A B
Lg= EFHVFMU+EF2 . (91)

We omit here Lg in order to keep the discussion simple.
The invariants in L do not change the qualitative aspects
for a suitable range of A and B. They may become impor-
tant for quantitative early cosmology.
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2. Field equations

The field equations obtain by variation of the effective
action (87) with respect to Ay, and e,. For a given ef-
fective action I' they are exact, including all effects of quan-
tum fluctuations. Approximations occur only because the
effective action is not known precisely. For a model that is
thought to describe quantum gravity these field equations
have to lead, after analytic continuation to Minkowski sig-
nature, to the gravitational field equations that we use on
Earth or for the description of black holes.

The field equation for the gauge fields is given by

Z D, Frvmn — jemn (92)
with ”source” or ”current”

:m2Uumn o M2(Umun _ ynem

+ UL~ U

Jrmn
(93)

From the identity D, D,F/"™" = 0 one infers that solu-
tions of the field equations need a covariantly conserved
current,

D, JHm™ =0 (94)

The field equation for the vierbein can be split into sym-
metric and antisymmetric parts. The one for the symmet-
ric part reads

M2
5 Fuw + Fupy = Fgp) = T+ 18, (95)

where the r.h.s. involves the symmetric tensors

) _m’

Hv T(DPU}LUP + DpUulu‘p + U#TPUVTP

1 oT
- §U pUa'Tpguu) )
and

Z o Lo opmn
T;Sllj) - E(F,up Fllpmn o ZF ! demng#y) : (97)

We observe that Tﬁf) is traceless
gTE) =0. (98)
The antisymmetric part yields
m?*D,U? ., + M*(F,, — F,,) =0. (99)
An interesting class of solutions is characterized by
(100)

Uwp=0,  Due," =0.

In this case one has Fj,,,c = Rups. The field equa-

tions (92) and (95) become
D,RM" =0,
1
M? (R, — §R9uu) =T

nv

Z aT 1 opT
T;lej) = E(R,up Rvpcr‘r - ZR P an-png;w) , (101)



while eq. (99) is obeyed identically. The second equa-
tion (101) is Einstein’s equation with an effective energy
momentum tensor reflecting the effects of higher curvature
invariants. Taking the trace,

R=0, (102)
the Bianchi identity implies
DT =0, (103)
or
(R Rorpy) =AD" Ry ) Rygryp - (104)

A particular solution is flat space, R,,ps = 0.
For momenta and curvature much smaller than m
eq. (100) becomes a valid approximation, with corrections

2

suppressed by factors R/m? or D?/m?. Furthermore, Tﬁf)
can be neglected. One ends with Einstein’s equation in vac-
uum. The coupling to elementary particles, that we do not
discuss in the present paper, adds an energy momentum
tensor as for general relativity.

3. Emergent general relativity

For a discussion of the low energy effective theory the
invariant Lr will become dominant. For U = 0 this is the
leading term in an expansion in derivatives. We will there-
fore consider an effective action based on Lr + Ly + Lp.
This will reveal the emergence of general relativity with
the Einstein-Hilbert action dominating the long distance
physics.

For the construction of an effective theory at low mo-
menta ¢? < m? we write

Apvp = wuvp — Upup s (105)

and solve the field equation for the tensor U,,, as a func-
tional of the vierbein e,™ which is kept fixed. If the in-
variant Ly dominates, the solution is simply U,,, = 0.
The vierbein is then covariantly conserved, D,e,™ = 0,
and the gauge fields cease to be independent degrees of
freedom, given by A,mn = Wumn.

For the field strength one finds

FHVpO’ = Ruupa - Vuupa’ ’ (106)

with R, - the curvature tensor constructed from the met-
ric gu,. It involves two derivatives of the vierbein. The
tensor

Viwp” =em® (DU,,™ — D,UL,™) (107)
:D#pra _ DUU,upa _ U,uUTvaT + UUG'TU“pT

provides for a kinetic term for U,,, through Lr. In the
presence of Lp the action contains a term linear in U and
U,vp = 0 is no longer an exact solution. This linear term
arises from the second term in the expression

A
z {RWPO.RWP” — 2Ry VP + Vi per VWPU} .

Lp=3
(108)
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After partial integration we can replace

2R, po VIP? — —4U,," D, R"P ., (109)
such that the term linear U,,, involves covariant deriva-
tives of the curvature tensor. Similarly, a linear term arises
from Lg,

M2

Lrp=——7(R-V.,"),

5 (110)

with R the curvature scalar.

The low momentum effective theory becomes valid if the
derivatives of the curvature tensor are small as compared to
m3. In this case the quadratic term for U,,,, is dominated
by Ly and one finds for small M?/m? the approximate
solution

Z g
UPWP = _WD RUPWP' (111)
Insertion into Lrp and Ly yields a term

~ (Z?/m?)(DRDR) with six derivatives that we may
neglect for the low momentum effective theory. For M?
of the same order as m? the result changes quantitatively,
but not qualitatively. As a result, we can use U,,, = 0
and find the effective action for low momenta

M? Z
5= e{‘?‘” gRWRW} |

With e = /g, g = det(g,. ), the low energy effective action
only involves the metric. General relativity emerges in this
limit.

Indeed, the first term in eq. (112) constitutes the
Einstein-Hilbert action and we can associate M with the
(reduced) Planck mass. The second term involves the
squared Riemann tensor. Since it contains four deriva-
tives of the metric its influence at momenta ¢ < M?/Z
will be suppressed. We conclude that for most practical
purposes, except perhaps for very early cosmology or the
vicinity of the singularity in black holes, our model predicts
precisely the field equations for general relativity. Since
general relativity is compatible with all present tests of the
gravitational interactions, the same holds for our model of
pregeometry.

(112)

4. Stability for low momenta

The issue of stability arises on two different levels. The
first concerns the properties of the classical action. This
topic is related to the question if the euclidean functional
integral is well defined. It typically concerns the micro-
scopic or high momentum physics. We have discussed this
issue in sect. IV. The second topic concerns the stability
of solutions of the field equations. Since the relevant field
equations obtain by variation of the effective action this
part of the stability discussion concerns the effective ac-
tion. In particular, for the stability at momenta below the
Plank mass the term Lp will play an important role. We
therefore extend the stability discussion of sect. IV to an
effective action based on Lr + Ly + L.



In contrast to Ly and Ly the invariant Ly is not a square
and can therefore take negative values. Since L is linear in
g, it cannot modify the leading behavior ~ ¢? for large ¢2.
In the infrared limit of small ¢° it can play an important
role, however. One expects that it dominates the behavior
near massless propagator poles at ¢ = 0.

We need to expand

2

eLp = —Teem“e””Fﬂymn (113)
in quadratic order in H and A around ey = 521 s Ay = 0.
Since F),umn is a least linear in A,,,,,, according to eq. (5),

we need the vierbein in linear order in H,

eeMH eV — §mpgny

(114)

+ %Hpc, R T L

The linear term 0, A,
and therefore vanishes.

In quadratic order one finds two contributions, Lrp =
L(l) + L(2)

Ky BUAH K is a total derivative

2
eLld = —MTHP,,{(aHA,, 0,4, )67 (115)

— (O, 0= 0, A, 1) 5T (DA, P = D, A, )5

and

M2
2 v v
eL? = _T{A“ ALY — A, PPA,, } (116)

The first term involves the term linear in A, in I and the
linear term (114), while the second corresponds to the term
quadratic in A, in F.

For the first term we observe that only the transversal
gauge bosons contribute to F},,my in linear order,

eL$) :MTQHPU{M"&MBU Y 0, B~ 7B, " }
—MTQHPU{ (%y)d + %8;(30 )1} _ BSor _ g(A)ap
_ gaaw(t)p _ 505)%3} ) (117)
The decomposition yields
eL :MTQ{gwa% + %EP“&%U,) (118)

1 2
+ 3000, + Sw O (x,

—’m)}-

This contributes to the mixing between transversal gauge
bosons and vierbein fluctuations, similar to eq. (56). As it
should be, the gauge modes x, + 7, and u do not appear.

g g5
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The second term decomposes as

M? (1
eLg) = T{ZEW@QEW + Cup O
2 oo 2o 1 @ 25
T SwOrufd) — 26020 + vl - 3
4
+§w #62 ehvpoy, t)(i) Mpa}' (119)

The different contributions of eL g can be listed as follows

M2
elLr = T(ALtE—I—ALm;,+LUM+LML+L0+L{,) . (120)
In the sector of transversal traceless tensors we find a
further contribution to the ¢ - E mixing and the term
quadratic in F,
1
ALip = E" 9%, + §EW62EW : (121)
It has the opposite sign as compared to the contributions
from eq. (60). In the scalar sector a term

g(wa% — wO*W) ,

adds to eqs.(60)(61) further contributions. The term

ALy = (122)

Loy = M7y t)a (bpo — 2M ) + v(t)“vl(f)

(123)

can be combined with Ly in eq. (62), involving the same
physical combination b,, — 2M,, = 2r,,. It induces a
(t)

new momentum-dependent mixing between r,, and v,’.
Similarly

4

4
Ly = gw(t)“az(mu —Yu+20,)+ §w(t)“wg)“ (124)

combines with L., in eq. (63). It mixes the physical
transversal vector fluctuations s, and wff).
ing parts,

The remain-

Le =2C,,,C""" | Ly = —300%0 , (125)
add mass terms to the gauge boson fluctuations C' and o.

Adding the contributions of Lz to the ones from Ly + Lg
the stability discussion can again be performed separately
for different blocks. We need to compute the propagators
from a diagonalization of the individual blocks. Stabil-
ity depends on the behavior of these propagators. In the
next section we will compute the propagator in the trans-
verse traceless tensor sector which describes the massless
graviton and a massive spin-two particle. In the following
sect. VII we turn to the scalar sector. Some of the other
blocks are rather simple, but we leave a detailed description
to future work.

VI. Graviton propagator

We are now in a position to discuss the propagator of the
graviton. In the low momentum limit we expect an inverse



propagator ~ ¢? according to the emergence of general
relativity discussed in the preceding section. Also for high
¢* one has a propagator ~ ¢? according to the findings
of sect. VI. This momentum region is not affected by the
addition of Lg, which is a subleading correction for ¢ >>
M?2. One expects some smooth interpolation between the
two limits. In the view of later analytic continuation we
discuss the graviton propagator for arbitrarily complex ¢2.

1. Inverse propagator for transversal traceless
tensors

Our model has two fields transforming as transverse
traceless tensors, namely ¢, and F,,. They mix, and the
graviton has to be identified with one of the eigenmodes of
the inverse propagator matrix. In the presence of Lg the
renormalized inverse propagator matrix (75) in the t — F -
sector is replaced by

(126)

This matrix is the central quantity for the discussion of the
graviton propagator. In addition to the massless graviton
it will describe a massive particle with mass ~ M. For
M — 0 both excitations are massless, as found in sect. IV.

The poles of the propagators or zero eigenvalues of Pg
occur for

=0, ¢=-4*, (127)
with
(128)

This is seen easily from the condition det(Pr) = 0. No
other poles of the propagator are possible. For M? — 0
the second pole moves to zero,

M? M?
2
-—(1-23). 129
W= (1- = (129)
A stable particle requires p? > 0, or
0<y<1l, 0<M?*<m?. (130)

Otherwise one encounters a tachyonic instability. The con-
straint (130) is a first condition for stable gravity.

The inverse particle propagators are given by the eigen-
values of Pg,

Ay = l{(Z +1)¢* + m? — M? (131)

2

+ \/[(Z— 1)¢% + m? —M2}2 —1—431—22(m2 — M?)? } :

All properties of the propagation of transverse traceless
tensor modes in flat space are encoded in these two eigen-
values. For suitable ranges of parameters we will find that
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the eigenvector to A_ describes the massless graviton, while
the eigenvector to Ay accounts for a stable massive particle.
At long distances only the graviton will matter.

2. Graviton

Indeed, for ¢*> — 0 the eigenvalue A\_(q?) is the inverse
propagator for the massless graviton, corresponding to a
Taylor expansion

M2q2 M2 q4

A = " —i—(Z—W)W—F
M?¢> + Zg* + ...
=y (132)

The factor (m? + ¢?)~! may be absorbed by a normaliza-
tion which makes the graviton fluctuation dimensionless.
The expansion (132) reflects the low-momentum effective
action (112). For the other eigenvalue one has

A (2 =0)=m* - M?*. (133)
For M? > 0 and M? < m? only a single pole remains at

¢*> = 0. The degeneracy of the double pole in eq. (80) is
lifted.

Near the second pole at qf) = — 2 one finds for
—(Z+ D)4+ m?-M?* <0, (134)
or
Y
4 Zc 5 Zc = — 135
< T (135)
a negative A_ for ¢? near —pu?,
1 Atm2
A= - (241 )@ +ut) . (136
mi —5(Z+ 2 (¢° +n7) (136)
Indeed, for Z < Z., the combination m? is positive,
2 2 2 2 2 L1
my = (Z+1)py"—m*+M* =m y(l—y)(E—i) . (137)
The coefficient A; is given by
1
At_(l—y)<Z+1—(Z+Z)y> . (138)

Here we have always assumed the range 0 < y < 1 re-
quired by stability according to eq. (130). With the condi-
tions (130) and (135) the eigenvalue A_(g?) therefore has
a single zero, located at g2 = 0. There is no tachyonic or
ghost pole in the graviton propagator.

For large |¢?| one obtains

. q> for Z > 1
lim A\_ = 5
200 Zqg* for Z <1,
Zq* for Z >1
lim A =20 rg” (139)
q2——o0 q for Z <1.



For Z < Z. the function A_(g?) remains negative and real
for the range of real ¢? with —p? < ¢? < 0.
In contrast, for Z > Z. the graviton propagator A~*(¢?)

has a second pole at g2 = —p2, with a behavior for ¢? near
—u? given by
A (¢%) = Bl(q® + %) , (140)
where
1 Aym? Zy
Bi=5(z+1+75) = . aa
‘T2 m y—Z(1-y) (141)

For Z > Z. one has m? < 0 and B; < 0. The negative pref-
actor of g% + u? corresponds to a negative residuum at the
pole at ¢> = —p2. This indicates a ghost instability. A sta-
ble theory with a well behaved graviton propagator for all
momenta therefore requires the ”stability condition” (135),
Z < Z..

With this condition the graviton propagator has only a
single pole in the complex ¢2- plane at ¢> = 0. In the stan-
dard normalization with dimensionless metric or vierbein
fields the graviton propagator is given by

4

Gerav(q®) = (m2+ A ()

(142)

This is the graviton propagator (1) mentioned in the intro-
duction. For ¢? near zero it reads, cf. eq. (132),

2

4 —1
(1 +Zq—) .

rav H=—— 14
Gg (q ) M2q2 M2 ( 3)

While the truncated propagator has a ghost pole at ¢* =
—M?/Z, this pole is not present in the propagator (142).
It is therefore an artefact of the truncation [12].

3. Massive spin-two particle

In the stable range for Z < Z. an approximate form for
A; (¢?) in a range of momenta in the vicinity of the pole at
¢ = —p? is given by

Ao = Bilg? + 1) (144)
With m? > 0 one infers B; > 0. The eigenmode A (¢?) cor-
responds to a stable massive spin-two particle, with mass
w1 and positive residuum at the pole B, >o.

In the stable range both eigenvalues of the inverse prop-
agator matrix (126) correspond to stable modes. There is
no instability in this sector. At ¢> = 0 one finds a positive
value of Aj,

A (A =0)=m?—M?. (145)

2

For the boundary case M? = m? one observes a second

stable massless particle, with

A =2¢°, M =¢*. (146)

In this limit Z. diverges.

14

The condition of stability Z < Z. corresponds to a lower
bound for p?,
p? >mi(1—y)?*. (147)

For fixed m? and Z, this amounts to a lower bound for M?
or y

(148)

If for a given m? and Z one starts at M? = 0 and switches
on M? continuously, the double pole at ¢ = 0 for M? =0
first turns to a ghost instability since the condition (148)
will be violated for small enough y. Once y reaches the crit-
ical value saturating eq. (148) the pole jumps from A_ to
A4 and the sign of the residuum changes correspondingly.
This explains why the massive spin-two particle cannot be
found as a small deformation in the vicinity of a massless
graviton. The massive particle pole is outside the range
of validity of a polynomial expansion in ¢? for the inverse
propagator.

4. Analyticity

Analytic continuation can be discussed on different lev-
els. On an overall level one has to specify how all fields are
analytically continued. This includes the gauge fields, such
that the gauge group SO(4) is analytically continued to the
non-compact gauge group SO(1,3). We will describe this
procedure in a separate paper. In the present paper we
discuss analytic continuation on the level of propagators
in flat space. This amounts to a discussion of the behav-
ior of propagators in the plane of complex ¢? or complex
qo- Analytic continuation interpolates from the euclidean
relation ¢2 = q'q, = g2 + @2 to the Minkowski relation
¢ = —q2 + ¢2. Tt requires that there exists a continuous
path between the two limits in the complex plane that is
not obstructed by non-analyticities as poles or branch cuts.

For an overall picture of the g?-dependence of the two
eigenvalues A1 (¢?) we further note that at a critical value
q> < 0 both eigenvalue can coincide

A(@2) =A-(ad) .

This occurs when the square root in eq. (131) vanishes,
determining

2 _
et _ _(117@)2{2+1—2y¢\/ﬂ \/Z—y} - (150)

m2

(149)

The condition for the existence of intersection points is Z >
y. For Z = y, which belongs to the stable region, Ay (¢?)
and A_(q¢?) touch each other at g2 = —m?. For Z > y one
has a finite region ¢2 < ¢ < q(i for which the argument
in the square root of eq. (131) becomes negative. In this
region Ay (¢?) and A_(¢?) have a non-vanishing imaginary
part for real ¢*>. (For Z — 1 one has ¢> — —o0, qi —
—m?/4, while for Z # 1, Z > y both ¢? and qi are
finite.)



The region with an imaginary part of A+(¢?) occurs al-
ways beyond the location of the second pole of the propa-
gator, q., < —p?. This is visible from

:@_32:_:@_22 T (151)
with
_ L (e FZ o). v="0 (152
o= o (07 @=1pw), =15, ()
where
b:2(1—y)2+(Z—1)(1—y—:1—22)
—(1-y[@+n0-y+Zz-1Y. (15

The argument of the square root being smaller than b2,
both x4 and z_ are positive since b > 0.

In the complex ¢2- plane the graviton propagator has a
cut for real negative ¢*, extending from ¢ to g7, . Except

for the pole at ¢> = 0 this cut, the graviton propagator is
analytic, decaying ~ |q|~2 for large |g|. Nothing obstructs
analytic continuation from euclidean space to Minkowski
space. We can therefore extend our analysis to a Minkowski
metric, g, = N and ¢> = —¢3 + ¢*. In the complex
qo - plane the graviton propagator has two poles at gy =
:l:\/(j'_Q. It inherits the cuts on the real gg - axis, extending
from ¢f = |¢> |+ ¢* to |¢2, | + ¢*. The prescription for
the usual infinitesimal ¢ - terms is dictated by analytic
continuation. This graviton propagator is well behaved in
Minkowski space, without any instability.

In summary of this section both stability condi-
tions (130) and (135) are necessary for a stable graviton
sector. If realized, the massless graviton is accompanied
by a massive spin two particle which is stable as well. This
is an example how a pair of massless and massive spin two
particles can be obtained in a rather simple setting. No
problem of consistency or stability is visible in this sector.

VII. Metastability of flat space

In the presence of Ly flat space cannot be the minumum
of the euclidean effective action. For flat space one has I =
0. The curvature scalar R can take positive and negative
values, however. Since the term Ly is dominant for small
momenta, positive R and therefore negative Ly lead to
I' < 0. This issue is well known in Einstein gravity. In
Einstein gravity it leads to an unbounded Einstein-Hilbert
action such that the euclidean functional integral is not
well defined. For our model of pregeometry the functional
integral based on the classical action is well defined. This
extends to the high momentum behavior of the effective
action, and therefore the behavior for large |R|, which are
well behaved. The presence of Ly in the effective action
indicates, however, that flat space is a saddle point of the
euclidean effective action, but not a minimum.
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1. Scalar propagators

The metastability of flat space is visible in the propa-
gators for scalar fields. In the scalar sector one has three
physical scalar modes, namely o, w, v. The scalar u is a
gauge mode. The scalar v does not mix with the other
two physical scalars. It describes a massive particle with a
stable propagator

Gy ~ (Zg* +m? +2M?)~ (154)
as obtained from the action
3¢, 5 2 2
Sy = v(—q)?(Zq +m* +2M*)v(q) . (155)
q

The squared mass m? + 2M? is increased by Lg.
In the o — w sector one finds the inverse propagator ma-
trix

1
Zq + (m*+2M?)¢? —(§m2+M2) "

POP(g?) = (156)

wl

1
2 2\ 2 2
—(=m _|_M) -
(2 1 11
Restoring the normalization to scalar fields with dimension
mass the corresponding renormalized propagator matrix

becomes

) Z@+m2+2M? | —(m2+-2M2) L
Pl gy A 2T SO )
A\ -2y L g
m

Metastability is expected to become visible in the behavior
of one of the eigenfunctions for ¢> — 0. According to
the effective low energy theory being general relativity, the
physical scalar fluctuation in the metric should have the
”wrong” sign of the inverse propagator.

The zero eigenvalues of Pg occur for

2M*?
P=0, ¢¢=12=

(1+42y). (158)
For the range of stability of the graviton propagator, y > 0,
the second pole of the scalar propagator occurs for positive
q2, in contrast to q2 = —uz for the graviton sector. For

general ¢? the two eigenvalues of Pr are given by

As(g)? = %{(Z—l— 1)¢ + m2(1 + 29) (159)

+ \/[(z —1)g +m2(1+ 2;,)}2 +4(1 + 2¢)2m2g? } .

For ¢? near zero one obtains

A () = —dy® +... (160)

in contrast to the opposite sign of A\_ = yq¢? for the gravi-
ton sector. This is the expected behavior for the Einstein-
Hilbert action. The second zero at ¢? = v? also occurs for
A_, while Ay never vanishes. The mode corresponding to



M. does not describe a propagating particle. For A_(q¢?)
one finds for ¢? near 1/

A*(QQ) = Bd(q2 - VZ) )

with positive B,,

(161)

VA

By= """ . 162
Z+2y(1+ 2) (162)

The function A_(g?) has for positive ¢ a minumum in
the range between ¢> = 0 and ¢®> = v2. This reflects the
observation that the configuration with ey = 521, Apmn =
0 cannot be the minimum of the euclidean action. The term
L linear in F' is not positive definite and can take negative
values. The flat space configuration with vanishing gauge
fields is therefore a saddle point.

In contrast to Einstein gravity, where —(M?/2) [ R can
take arbitrary negative values, the behavior for large F' and
U is governed in our case by quadratic terms with positive
coefficients such that the euclidean action has a minimum.

2. Metastability of flat space

The euclidean action based on Ly + Lp involves two
squares of real tensors. Since we restrict the vierbein to
values for which the determinant e is positive, e > 0, the
effective action is positive definite, I' > 0. The minimum
occurs for I' = 0. This is realized by flat space and zero
gauge fields. Adding the invariant Lg, the flat space so-
lution with vanishing gauge fields becomes a saddle point.
As argued before, this follows from the simple fact that
F = F,, " can take positive and negative values. For
every M? # 0 there are therefore field configurations for
which the action becomes negative. Flat space remains
a solution, but is no longer a minimum of the euclidean
action. It is turned to a saddle point. For M? > 0 the
graviton sector is stable, i.e. the action increases to posi-
tive values I' > 0 for nonzero inhomogeneous small ¢, or
E,,. In contrast, the scalar direction has partially the op-
posite property. The action can decrease for nonzero small
values of the scalar fields o and v. Since the action for large
field values and large momenta is dominated by L+ Lp, it
remains bounded from below. The minimum occurs, how-
ever, for vierbein configurations and gauge fields different
from the solution e}’ = 6;” s Ay = 0.

We may decompose the squared field strength as

Z

3 Fuwpo F107 = QF 4 BE, FP AW, WHP? | (163)
with
- 1 .
Fuw=Fu— {Fow.  F@g"=0, (160
and
1
Wiwvpe = Fuvpe — §(QMJFW + gvoFup — GuoFop — GupFuo)
1
+ EF(gupgua’ - g,ua'gup)y
Wuupagyg = ul/pog#p =0. (165)
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The coefficients are given by
Z Z Z
g

_4_87 ﬁ:— ’7:

7 (166)

Combining

M2\ M4
LF+LR = a(F_E) _—+BFHVFMU+’YWHVPO—WHVPU 5
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(167)
the minumum of Lg + Ly occurs for
M? ~
F:E, MVZO? W;,Wpo':O' (168)

For configurations obeying eq. (168) the sum Ly + Lp is
negative. Since we can also achieve Ly = 0 by taking
Ajmn = Wumn, this demonstrates that the euclidean action
can become negative.

3. Open points

The interpretation of this saddle-point behavior for flat
space remains an open issue. We first note that in the
low-momentum effective theory the issue is the same as
for Einstein gravity. The action for the euclidean vier-
bein of Einstein gravity is also a saddle point, with scalar
fluctuations around flat space leading to a lowering of the
euclidean action. At least for the analytically continued
model in Minkowski space this is actually not a sign of in-
stability. Due to the positive energy condition Minkowski
space is stable in Einstein gravity. The scalar mode is actu-
ally not a propagating mode. Combined with the necessary
projectors the scalar propagator turns out to be given by
(7)1 instead of (¢?)~! [41]. There is therefore no pole
for ¢2 # 0. The scalar propagator accounts for Newton’s
potential, rather than being a physical propagating parti-
cle. We expect a similar behavior for our model, at least
for the region of momenta ¢> < m?. While in euclidean
Einstein gravity the action is unbounded from below, this
disease is cured in our settings of pregeometry.

For the discussion of stability this points to an important
difference between the classical action and the effective ac-
tion. For the classical action all field configurations are
included in the functional integral. A lack of boundedness
from below obstructs a well defined functional integral. For
the effective action we are concerned with the stability of
solutions of the field equations derived from it. Not all ar-
bitrary field configurations are reached by such solutions.
Einstein’s equation imply constraints that imply that the
scalar part in the metric cannot be chosen arbitrarily. It
is a generalization of Newton’s potential which is deter-
mined as a fixed functional of the other fluctuations. For
Minkowski signature this is the basic reason why the ap-
parent metastability of flat space does not induce any in-
stability of the solutions of field equations. One concludes
that on the level of the effective action not every instability
in the space of all arbitrary field configuration leads to an
instability of the field configurations that can be reached
by solutions of field equations.

It seems rather likely that these features also play a role
for the euclidean setting. The field configurations that can



be reached by solutions of the field equations include the
presence of conserved sources and arbitrary boundary con-
ditions. Nevertheless, the metastability for arbitrary con-
figurations in the scalar sector may not lead to metastable
solutions of field equations.

We may also ask what happens if one includes Ly in the
classical action. Now all field configurations are present in
the functional integral. The configuration minimizing the
euclidean action is not known in our setting. Naively, one
could minimize Ly+Lp+Lg by Aymn = Wumn, and achiev-
ing ' = R = M?/4a by a sphere with radius ~ M ~!. This
leads to Ly + Lp + Lr ~ M*, and [ e ~ M~*. The ac-
tion would be negative and of the order one. Much smaller
values of the action can be achieved for flat space with
gauge fields leading to a traced field strength F' ~ M?2. In
this case the action can be negative ~ M* even in pres-
ence of Lyy ~ M* > 0. The volume factor fm e diverges
for flat space, such that the euclidean action can be much
more negative than for the sphere discussed above. It is
a further interesting question if gauge field configurations
in flat space with F ~ M? could be phenomenologically
acceptable. This would require that these configurations
are invariant under the combined SO(4) - rotations which
leave the vierbein e,™ = ¢/ invariant, and that macro-

i
scopic translation symmetry is preserved.

VIII. Cosmological constant

The issue of metastability of the flat space solution con-
cerns partly the physics at low momenta and geometries
with large volumes. If we add a cosmological constant U in
eq. (87), it plays a central role for the behavior for ¢ — 0.
The cosmological constant U does not vanish for ¢> — 0, in
contrast to all other terms that involve derivatives. In this
section we include in the effective action a small positive
cosmological constant U > 0. We will see its profound im-
plications an the question of boundedness of the effective
action for euclidean gravity.

1. Spheres with vanishing covariant derivative of
vierbein

Let us consider a particular family of field configurations
for which the vierbein is covariantly conserved, while the
metric describes a sphere with radius L,

U,uvm =0 y F,uupa' = R,uvpcr y
1
Ryps = ﬁ(gupgw — GvpGuo)
3 12
Fu = Ruv = T30 F=R=15. (169)

The effective action (87) for this configuration is given for
La =0 by

2 Lt
=c(UL* —6M?*L* +327) .

I'(L) =cL* <U _OME 3Z> (170)
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Here we have employed

/e:cL4.

Adding L¢ will only modify the constant term in T'(L),
replacing Z by a similar constant.
The minimum of I'(L) obeys

(171)

UL —3M?=0, (172)
or
3M?
L2 = : 173
0= (173)

This corresponds to the solution of the Einstein equation

1 4U
MQ(RW - gRguu) =-Ugw, R= M2 (174)
At the minimum, the effective action is negative,
9M4
To=—c(ULy—32) = —c< i 32) : (175)

For a small ratio U/M* < 1 the effective action Ty takes
large negative values, and the contribution ~ Z can be
neglected.

Nevertheless, the function I'(L) remains bounded from
below even for very small nonzero U/M*. For U > 0 flat
space is no longer a solution of the field equations. Instead,
we find a new solution of the field equations corresponding
to the sphere (169) with L? given by eq. (173).

2. Minimum of euclidean effective action

It is an interesting question if this solution corresponds
to the minumum of the euclidean action (87), or at least to
a minimum on the space of possible solutions of the field
equations. For this question we have to analyze fluctua-
tions around this solution. We present several arguments
suggesting that the solution (169), (173) could indeed be
the minumum of the euclidean effective action on the space
of possible solutions of field equations.

We start by discussing the subspace of fluctuations for
which the vierbein is covariantly conserved, U,,™ = 0. On
this subspace the effective action becomes

M? -
(176)
- 1
with R, = Ry, — iRgW and C.ps the Weyl tensor. We

assume a form of Lg for which the three coefficients «, S,
7 remain positive. With e = /g eq. (176) is a particular
form of metric gravity. We may discuss the question of the
minumum of T’ for arbitrary couplings U > 0, M? > 0,
a, 8,7 > 0.

Consider first the limit 8 — oo,y — co. The minimum
of I" has to obey in this limit R, =0, C,,,c = 0. Spaces
with these properties are maximally symmetric spaces. On
this subspace a minimum requires R > 0, and we end with



spheres. We have already found the minumum for the space
of spheres. We conclude that for § — oo,yv — oo the
minimum of the effective action is indeed given by a sphere
with radius determined by eq. (173).

We can consider an alternative limit with finite 5 and
7, taking now U, M? and a to zero. The effective ac-
tion is positive semidefinite and its minimum occurs for
maximally symmetric spaces. For spheres there is a flat
direction corresponding to L. Allowing for o > 0, the flat
direction remains present, c.f. eq. (170). Adding M? and
U the degeneracy is lifted, and T'(L) develops a rather deep
minimum for small U/M*. The large negative value of I'g
is due to the large volume of the sphere. For U/M* < 1 the
geometry of space is almost flat, as observed for the almost
de Sitter geometry of our present Universe for Minkoswsi
signature.

In the limit U/M* — 0 the geometry approaches flat
space. In this limit the graviton fluctuations around the
configuration (169), (173) remain stable. They still corre-
spond to massless excitations with a positive kinetic term.
This differs from graviton fluctuations around flat space
which develop a tachyonic instability for U > 0. Besides
the graviton, the only physical fluctuation that remains is
the scalar fluctuation of the metric. For flat space the effec-
tive action contains a term linear in the scalar fluctuation,
indicating a different minimum with I'g < 0. The config-
uration (169), (173) corresponds precisely to this required
new minimum for the scalar fluctuation.

In view of these arguments it seems rather likely that
the sphere could be on acceptable minimum for the ef-
fective action (176) for metric gravity, at least within the
space of configurations that can be reached by solutions of
field equations. For a pure metric theory the propagators
derived from this polynomial effective action show tachy-
onic or ghost instabilities for ¢? around M?2. This is of no
worry in our case since we have already found stability in
this momentum region for the full effective action (87).

Relaxing the restriction on configurations with vanish-
ing covariant derivative of the vierbein, it seems useful to
consider e, and U,,™ as variables, instead of e,™ and
Apmn. The term Ly provides for a positive quadratic term
for U,,™. Expanding around the sphere there is no term
linear in U,,™. The only terms linear in U, are from
L via eq. (109), and similarly from L¢. They vanish for a
covariantly constant curvature tensor. In principle, mixed
terms linear in U, and linear in fluctuations of the vier-
bein could turn the extremum characterizing the sphere to
a saddle point. This seems not very likely in the low mo-
mentum range, given that the vierbein fluctuations have to
generate covariant derivatives of the curvature tensor.

3. Realistic euclidean quantum gravity

All these arguments do not constitute a proof that the
sphere (169), (173) is the minimum of the euclidean ef-
fective action (87). If this sphere is the minimum for the
possible solutions of field equations, our formulation of pre-
geometry leads to a rather satisfactory state of euclidean
quantum gravity. The euclidean effective action is bounded
from below for U > 0, and the minimum corresponds for
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tiny U/M* almost to flat space. Its analytic continuation
to Minkowski signature would correspond to de Sitter space
with a tiny cosmological constant, close to the present Uni-
verse for U/M* ~ 107120,

With U/M* = 10712%) the overall view of the ground
state of euclidean pregeometry is a very deep minimum
with Ty ~ —10'%°, assumed by a sphere with huge ra-
dius in units of the Planck mass, LoM =~ 10°. The
four dimensional volume of the sphere is extremely large,
LiM* =~ 10*9) corresponding to the size of our ob-
servable Universe in Planck units, M*/H* ~ 10%%.
Field configurations with even larger volume L* will
lead to a huge positive action, due to the positive term
[, eU =~ (L/Lo)*(M*/U) ~ 10'°(L/Lg)*, which over-
whelms all other contributions to I'. Fluctuations with
effective volume L* substantially smaller than L3 change
the effective action only by a small relative amount AT'/Ty ,
suppressed by a volume factor L*/L3 .

4. Metastability

We may turn back to the issue of metastability. The
minimum of the effective action for scalar fluctuations, cor-
responding to the minimum of A_(¢?) in eq. (159), occurs
for U = 0 in the range ¢ ~ M?2. This range will not be af-
fected by a very small positive U/M*. Since the minimum
occurs for negative A_(g?), this type of scalar fluctuation
leads to an effective action that is lower than the one of
the sphere. The sphere is therefore not the absolute mini-
mum in the space of arbitrary field configurations. In the
momentum range ¢> > Ly % a tiny cosmological constant
does not change the situation as compared to flat space. It
seems likely that the scalar fluctuations that indicate an ap-
parent metastability of the sphere solution are constrained
fluctuations. The generalized Newton potential to which
they correspond has to be created by other ”propagating
fluctuations”. Together with the contribution of these fluc-
tuations this may lead to an increase of the effective action,
similar to the positive energy theorem for Einstein gravity
in Minkowski space. The sphere may the minimum in the
space of possible solutions of field equations.

IX. Conclusions and discussion

In this paper we have proposed an euclidean functional
integral for a model of pregeometry that contains quan-
tum gravity. The classical action is bounded from below
and all two-point correlation functions or propagators have
a simple short distance behavior without any instabilities.
The inverse propagators in flat space are for all physical
excitations proportional to the squared momentum ¢2 in
the limit ¢> — oco. Analytic continuation to Minkowski
signature does not encounter any problems, and there are
neither ghost nor tachyon instabilities in the high momen-
tum region.

The functional integral still needs a regularisation. Since
our model of pregeometry is a Yang-Mills gauge theory, the
situation is in many respects similar to other gauge theo-



ries. The particularity is the diffeomorphism invariance of
the classical action that should be preserved by the regu-
larization. Dimensional regularization may be one of the
possibilities, needing as all other continuum regularizations
the introduction of some type of gauge fixing. It will be
interesting to find out if a suitable lattice regularization
exists, with A4, and e, replaced by variables on the links of
a lattice. This may require lattice diffeomorphism invari-
ance [17, 42] for the discrete action, which should extend
to the usual diffeomorphism symmetry in the continuum
limit.

For low momenta it seems reasonable to expect that the
invariants consistent with the symmetries and involving a
low number of derivatives are present in the quantum ef-
fective action. It is sufficient that the term linear in the
derivatives of the gauge field is generated by the fluctua-
tions, with a coefficient M? > 0. In this case general rel-
ativity with the Einstein-Hilbert action for the composite
metric emerges as the effective low momentum theory. By
analytic continuation our model of pregeometry can then
describe quantum gravity.

It is straightforward to add fermions in our model. The
corresponding Grassmann variables 1 are scalars with re-
spect to general coordinate transformations and transform
as Weyl or Dirac spinors with respect to the SO(4) - gauge
group. The covariant derivative contains the gauge field in
the usual way. The gauge invariant kinetic term for the
fermions reads

Sy =i / Ty em Dot B =1
1
DM/) = 8#1/1 - §A#mn2mn1/) , (177)

with 4™ the euclidean Dirac matrices and ™" the SO(4)
- generators in the spinor representation,

mn 1 m n mn
=2l =20 (1T8)

With ee,,* being a polynomial in the vierbein,
eemt ~ e P g e el es? (179)
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this action does actually not involve the inverse vierbein.
Weyl spinors obtain by suitable projections.

It is possible that the vierbein arises from an even more

fundamental pregeometry as a composite fermion bilinear

e, = ipy" Db . (180)
Insertion of this expression into eqs. (177), (179) yields an
invariant term involving eight powers of the fermion fields
1. This is a gauge theory based only on fermions and gauge
fields. Finally, the gauge fields may also be expressed as
composites of fermions similar to ref. [43]. This results in
a type of spinor gravity with local ”Lorentz” symmetry
SO(4) and diffeomorphism invariance [17, 18]. While con-
ceptually rather interesting, it is clear that suitable tech-
nologies have to be developed for dealing with actions that
involve only multi-fermion invariants.

In the direction of a more realistic model for particle
physics coupled to gravity, one needs to include additional
gauge symmetries and corresponding gauge fields, as for
the standard model gauge symmetry SU(3) x SU(2) x U(1)
or some grand unified extension. Furthermore, scalar fields
are needed for a description of spontaneous symmetry
breaking. Interesting cosmologies can be obtained if the
parameters Z, m?2, M? become functions of a scalar singlet
field x, similar to variable gravity [44].

The central remaining issue with which we have not dealt
in this paper concerns the renormalizability of our model of
pregeometry. This involves an investigation of the depen-
dence of the couplings Z, m?, M? on some renormalization
scale k. More generally, beyond the three couplings men-
tioned explicitly, one needs to understand the dependence
of the whole scale-dependent effective action I'y, on k. This
question is a typical issue for functional renormalization
which can be addressed by suitable truncations of the ex-
act flow equation for the effective average action [4]. The
scale-dependent effective action should admit a fixed point
or scaling solution for k — oo, which remains sufficiently
simple and close to the proposed classical action. Only in
this case our model of pregeometry can be considered as a
fully satisfactory description of emerging quantum gravity.
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