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In pregeometry a metric arises as a composite object at large distances. For short distances we
investigate a Yang-Mills theory with fermions and vector fields. The particular representation of the
vector fields permits to formulate diffeomorphism invariant kinetic terms. Geometry and general
relativity emerge at large distances by spontaneous symmetry breaking inducing masses for the
gauge bosons. We propose here a model of pregeometry for which the difference between time and
space, as reflected by the signature of the metric, arises from spontaneous symmetry breaking of the
local SO(4, C)-gauge symmetry. For a euclidean metric all fields have a standard propagator at high
momenta. Analytic continuation to a Minkowski-metric is achieved by a change of field values. We
conjecture that a quantum effective action of this type is consistent with unitarity and well behaved

in the short distance limit.

1. Introduction

The short distance behavior of quantum gravity remains
an important open problem. If one formulates quantum
gravity in terms of a fundamental metric degree of freedom,
F)one can obtain a renormalizable and asymptotically free

model involving up to four derivatives [1-3]. It is not uni-
(\J tary, however, since it contains ghost degrees of freedom. A
consistent perturbative quantum field theory on this basis
'Uremains elusive, despite interesting recent developments [4—
|. If an ultraviolet fixed point of quantum gravity exists,

I asymptotic safety [7—12] should lead to a consistent unitary

hort distance behavior. In particular, it should establish a
—consistent short distance behavior of the graviton propaga-
tor. There has been progress in this direction [13-15], but
I the issue is rather complex and it seems fair to say that up
>to now no convincing understanding of the short distance
— graviton propagator has emerged in this approach.
LO) ' These difficulties of the pure metric formulation make
it tempting to ask if different degrees of freedom at short
1 distances could lead to a simpler description. Superstring
Fitheories are a rather maximal approach in this direction,
O involving “infinitely many particles“ at short distances. At
= tree level the short distance behavior of the graviton propa-
[\ gator and graviton scattering find a consistent and satisfac-
S tory picture. Unfortunately, no non-perturbative approach
*== to superstrings is available for an inclusion of the effects of
fluctuations of the graviton. Since graviton fluctuations
appear to play a crucial role for all other approaches to
quantum gravity, this shortcoming turns the string solu-
tion for the short distance behavior of gravity to at best a
partial answer.

On the other hand, a rather minimalistic approach to
“pregeometry” tries to formulate the short distance behav-
ior of the gravitational theories in terms of fermionic de-
grees of freedom [16-18]. In spinor gravity [19-22] the vier-
bein, metric and spin connection are all described as com-
posite objects built from fermions. These theories possess
beyond diffeomorphism invariance a local gauge symme-
try that includes the local Lorentz transformations [19, 20].
Practical computations in this approach to quantum grav-
ity are not sufficiently advanced, however, in order to as-
sess the consequences for the short distance behavior of the
graviton propagator.

In this work we follow an intermediate approach to pre-
geometry. Pregeometry formulates the short distance be-
havior of a gravitational theory in terms of degrees of free-
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dom different from the metric. The metric emerges as a
composite object. We formulate here pregeometry as a dif-
feomorphism invariant Yang-Mills gauge theory. Besides
the gauge bosons A}, it contains fermions ¢, and vectors
e;, in suitable representations of the gauge group. They are
coupled to the gauge bosons by standard covariant deriva-
tives in their respective kinetic terms. These kinetic terms
involve up to two derivatives and lead at short distances to
a standard form of the propagator.

In this paper we construct an effective action for which
the inverse propagator for all physical bosonic modes grows
for large momenta ~ ¢* = ¢,q". This is the standard
behavior for massless or massive particles. Avoidance of
ghosts or tachyonic instabilities is therefore much easier
than for higher-derivative theories as Stelle’s gravity [1]. If
a renormalizable theory can be built on this type of prege-
ometry, it would constitute a good candidate for an ultra-
violet completion of quantum gravity.

Indeed, for an expansion around flat space we find a
range of parameters for which no instability in the form
of tachyons or ghosts occurs for the graviton. The gravi-
ton propagator is given by a momentum dependent func-
tion Ggray(¢?) multiplying an appropriate projector on the
transversal traceless metric fluctuations that involves the
index structure. We obtain for the inverse function
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Here M? is the (reduced) squared Planck mass and m?
corresponds to the squared mass for the gauge bosons after
spontaneous symmetry breaking. These free parameters of
our model have to be in the range 0 < M? < m?2.

A third parameter Z of our model multiplies the kinetic
term for the gauge bosons. It has to obey the restriction

M? M2\t
O<Z<—2(1— ) . (2)
m

m2

In this case the only pole of Garay(¢®) in the complex g>-
plane occurs for ¢> = 0. One can analytically continue
this propagator from euclidean flat space with positive ¢
to Minkowski space with ¢ = —¢2 + ¢ without any ob-
struction. In the complex go-plane in Minkowski space the
poles occur for real gy = i\/q5 , typically accompanied by
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branch cuts on the real axis for ¢ > |¢?| + ¢%, with |¢?|
a positive value different from zero of the order m?. In
addition, other modes of our model correspond to stable
massive particles for euclidean flat space. We expect that
this carries over to Minkowski space by analytic continua-
tion.

For low momenta the inverse graviton propagator admits
a polynomial expansion in ¢2,

M2 2 1 M2

G (€)= —— + 7
For a truncation at the order ¢* the graviton propagator
(2) shows a ghost instability. This ghost is not present for
the full expression (1). It therefore is an artefact of the
truncation.

For the momentum range |¢?| < m? the metric appears
as a composite object which dominates the dynamics. The
low momentum effective theory is described by general rel-
ativity with the Einstein-Hilbert action based on the curva-
ture scalar. Expanding the low momentum effective theory
in powers of derivatives or momenta one recovers Stelle’s
gravity [1] in a truncation in fourth order in derivatives.
This is reflected in the expansion (3). The ghost observed
in this truncation turns out to be an artefact of the approx-
imation [23]. Tt is not present in our model of pregeometry
if the full momentum dependence of the graviton propaga-
tor is taken into account.

We propose that a pregeometry based on a Yang-Mills
gauge theory could serve as a starting point for a quan-
tum theory of gravity. For the particular case of a gauge
group SO(1,3) - local Lorentz symmetry — or the euclidean
counterpart SO(4), the vector field e,™ plays the role of a
generalized vierbein, m = 0...3. For this case our approach
follows the discussion in refs. [24],[25] see also [26]. We
discuss the euclidean setting with gauge group SO(4) in
detail in appendix A. Our approach in the main text will
be more general. We concentrate on the complexified or-
thogonal group SO(4,C), which does not favor a particular
signature a priori.

An important role is played by the non-vanishing co-
variant derivative of the generalized vierbein D,e,™. The
square of this tensor can be used for the construction of a
diffeomorphism invariant kinetic term for the vierbein. In
the limit where this covariant derivative vanishes general
relativity is recovered. Our approach employs two different
connections. One is the gauge connection and given by the
gauge fields, the other is the geometric connection given by
the Levi-Civita connection expressed in term of derivatives
of the vierbein. The geometric connection is torsion free
and there is no non-metricity. This is the standard setting
for Yang-Mills theories coupled to gravity. The two con-
nections correspond to different fiber bundles — this was
historically the reason why for this version of generalized
gravity chiral fermions could be obtained from dimensional
reduction of higher dimensional theories with compact in-
ternal space [24].

In this language there seems at first sight only little over-
lap with formulations of metric affine gravity with torsion
and/or non-metricity, for which a dynamical spin connec-
tion plays the role of the gauge bosons of the Lorentz-group
[27-38]. We will see, however, that it is possible to choose
a different geometric connection with torsion and a van-
ishing covariant derivative of the vierbein that brings this
particular version of pregeometry much closer to versions

of metric affine gravity. Furthermore, for a subclass of field
configurations the bundle structure of the gauge sector can
be identified with the one relevant for geometry. Some as-
pects are also similar to the gauge theory in ref. [39, 40].

Within a more general setting a model is specified by the
choice of the gauge group and the representation for the
fermions ¥ and vector fields e,. One possible choice for
the gauge group could be the Lorentz group SO(1,3), with
¥ in a spinor representation and e, in a vector represen-
tation. For euclidean gravity, the gauge group is instead
SO(4), and we discuss this choice in detail in appendix
A. For these rather minimal settings the time-space asym-
metry of SO(1,3), which corresponds to the signature of
the invariant tensor 7., = diag(—1,+1,+1,+1), has to
be postulated a priori. It will determine the signature of
the composite metric. We pursue here an extended set-
ting that admits both Minkowski space and euclidean flat
space as possible field configurations. The observed time-
space asymmetry arises from spontaneous symmetry break-
ing that selects Minkowski space, or a corresponding cos-
mological solution, dynamically [19, 20, 41]. For alternative
ideas in this direction see ref.[42],[43].

For the gauge group we choose SO(4,C). This extends
the orthogonal transformations in four dimensions to com-
plex infinitesimal transformation parameters, thereby dou-
bling the number of generators and gauge fields. Both
SO(4) and SO(1,3) are subgroups of SO(4,C). The vector
field e, is in the complex four component vector repre-
sentation, m = 0...3, corresponding for each p to eight real
components. We may call it a ”complex vierbein“. The
fermions are complex four-component Dirac spinors or two
component Weyl spinors. The six complex (or twelve real)
gauge fields A, = —A,,,, belong to the adjoint repre-
sentation. One could restrict the discussion to real gauge
fields and real vierbeins by considering the gauge groups
SO(1,3) or SO(4). Many points of our discussion can di-
rectly be taken over to these simpler cases. A discussion of
euclidean quantum gravity for the gauge group SO(4) and
real e;" can be found in ref.[44]. Our setting will be more
general and involve additional degrees of freedom. Larger
gauge groups with an SO(1,3)-subgroup, or both SO(1,3)
and SO(4)-subgroups, are also possible.

Analytic continuation is usually thought as a map be-
tween two different quantum field theories, in our case
from euclidean gravity based on SO(4) to Minkowski grav-
ity based on SO(1,3). In the present approach analytic
continuation can be realized within a given theory, by con-
tinuously changing the complex vierbein field [45]. This
offers new prospects of exploring the configuration space
of the quantum effective action of our theory by analytic
continuation in field space starting, for example, from flat
euclidean space and reaching Minkowski space. We will es-
tablish stability of the theory in euclidean space. Analytic
continuation in field space suggests that this carries over
to Minkowski space.

Any non-vanishing expectation value of the vierbein
breaks spontaneously both the local gauge symmetry
SO(4,C) and the gauge symmetry of diffeomorphisms. For
suitable constant vierbeins a global symmetry SO(1,3) or
SO(4), together with translation symmetry, remains pre-
served, corresponding to the symmetry of Minkowski space
or euclidean space. Analogously to the Higgs mechanism,
the ”spontaneous breaking“ of the gauge symmetry pro-
vides mass terms for the gauge bosons — for the simplest



case an equal mass m for all gauge bosons. The effective
low momentum theory for momenta |¢?| << m? turns out
to be general relativity.

A composite metric emerges as a bilinear in the vier-
beins, g, = Re(e,”e,"0mn). In the presence of suit-
able invariants the solutions of the field equations lead
to vierbein-configurations for which the complex vierbein
bilinear G, = e#meynémn assumes real values. This
does not imply real vierbeins, however. Since G, is
SO(4,C)-invariant, all vierbeins related by local SO(4,C)-
transformations lead to the same real G,,. Fluctuations
for which G, becomes complex are suppressed, however,
by mass terms. They are absent in the effective low-
momentum theory. The bosonic physical degrees of free-
dom in the low-momentum effective theory are all con-
tained in the real metric g,,.

Local gauge symmetries are never spontaneously broken
in a strict sense. This feature is manifest if we formulate the
effective low-momentum theory in terms of vierbeins. By
simple field-redefinitions the vierbein can be chosen to be
real, with a metric given now by g, = e, €, 1)y, where
Nmn has the signature appropriate to SO(1,3) or SO(4), de-
pending on the particular solution of the field equations. In
the effective low-momentum theory the gauge fields A
equal the spin connection w,,,, which is formed in the
usual way from derivatives of the vierbein. They are no
longer independent degrees of freedom. Local SO(1,3)-
symmetry or SO(4)-symmetry is still manifest, acting on
the vierbein and fermions. The degrees of freedom in the
vierbein that lead to the same metric are gauge degrees of
freedom. The effective low-momentum theory also remains
diffeomorphism invariant. In the presence of suitable in-
variants within pregeometry, the low-momentum effective
theory is general relativity, with the Einstein-Hilbert ac-
tion involving the curvature scalar formed from g,, sup-
plemented by higher derivative terms.

The full theory is actually much simpler than the low-
momentum effective theory. The inverse propagators of all
physical degrees of freedom grow ~ ¢? for large momenta.
One may consider the analogy to strong interactions in
particle physics. The metric corresponds to the pions, or
more generally mesons, in the effective low-momentum the-
ory (chiral perturbation theory). The degrees of freedom
of pregeometry correspond to the gluons, for which the
short distance behavior becomes simple due to asymptotic
freedom.

Embedding a pure metric formulation as an effective low-
momentum theory in a more complete theory of pregeome-
try sheds light on the origin of the complexity that is appar-
ent in a pure metric formulation of asymptotic safety. One
can always formally integrate out all degrees of freedom
except for the composite metric. As a result, a simple lo-
cal action for pregeometry takes the form of a complicated
non-local action for the metric in the range of momenta
¢> >> m?2. This is due to the presence of additional de-
grees of freedom in the range of high momenta. In our
analogy one could formally use mesons also for momenta
of 100 GeV or larger. The resulting effective action would
be awfully complicated, obscuring the simplicity of QCD
with gluons.

The present paper can be considered as a starting point
for an investigation if this type of pregeometry can lead to
a consistent quantum field theory. One has to find out if a
simple action with parameters in the range appropriate for
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a stable theory can be considered as a good approximation
to the quantum effective action. This will need functional
renormalization group (FRG) investigations since not all
couplings are dimensionless small parameters and a free
short distance theory is not expected for gravitational in-
teractions. First FRG - investigations for models with vier-
beins and an independent spin connection are already avail-
able [46-48] and would need to be focussed on our proposal.

If our proposal leads to a consistent quantum field the-
ory, this does not imply that it is the most fundamental
formulation of pregeometry. In spinor gravity the vierbein
and the gauge fields arise as composite objects formed from
fermions. One can reformulate a purely fermionic theory by
adding composite fields, as well known from the Nambu-
Jona-Lasinio model for strong interactions or from solid
state models as the Hubbard model. If spinor gravity is a
consistent quantum field theory, also its reformulation with
composite fields, which takes the structure of the present
model of pregeometry, must be a consistent quantum field
theory.

In sect. 2 we discuss the basic setting of our proposal for
a SO(4,C)-gauge theory with diffeomorphism symmetry.
We introduce the diffeomorphism invariant kinetic terms
for the complex gauge fields and vierbeins. Sect. 3 inves-
tigates the mode expansion around flat space. Flat space
solutions are stable, and the short-distance behavior of the
inverse propagator for most physical modes is proportional
to ¢2, without any tachyons or ghosts. At this stage there
are still a few physical modes that do not have a kinetic
term, and therefore admit no well defined propagator. In
sect. 4 we introduce a complex pseudo-metric as a bilinear
of the vierbeins. Additional invariants can be formulated
in terms of the pseudo-metric. This includes a type of po-
tential. In the presence of these additional invariants all
physical degrees of freedom have a well behaved propaga-
tor. Furthermore, solutions with a real pseudo-metric are
singled out, allowing for a definition of a real metric and
an understanding of its particular significance.

In sect. 5 we turn to the low momentum effective the-
ory. We describe the emergence of general relativity. The
stability of the propagators is investigated in sect. 6. In
particular, we find the well behaved graviton propagator
(1). The ghosts in four-derivative gravity are understood
as truncation artefacts. The discussion in sect. 7 points to
the tasks that need to be accomplished for establishing the
proposed pregeometry as a consistent quantum field the-
ory. An extended appendix A performs the field decompo-
sition for fluctuations around flat space. It establishes the
propagators for all modes and defines the low-momentum
effective theory as the theory for the massless modes. In
particular we compute the graviton propagator and find a
consistent form for a suitable range of parameters. This
appendix partly recapitulates material of ref.[44] for con-
venience of the reader.

2. Local SO(4,C)-gauge symmetry

Since we do not want to treat time and space differently
a priori, we start with a local gauge symmetry that con-
tains both SO(4) and SO(1,3) as subgroups. The SO(4)-
subgroup will turn out to be relevant for field configu-
rations that lead to a euclidean metric, while SO(1,3) is
the relevant subgroup for field configurations leading to



a Minkowski signature. There is no difference between
the coordinates z° = ¢ and z*. These coordinates may
parametrize R* and are kept fixed. A particular ge-
ometry will only arise with a composite metric g, (x),
r = " = (2°,2%). The signature, which can differentiate
between time and space, is only fixed by the expectation
value of this metric. The simplest gauge group containing
both SO(4) and SO(1,3) as subgroups is the complexified
orthogonal group SO(4,C).

Complex vierbein and gauge transformations

A basic object of our discussion is a complex vierbein
e,™. It can be considered as a complex 4 x 4-matrix, with
spacetime index p = 0...3, and Lorentz index m = 0..3.
With respect to general coordinate transformations (dif-
feomorphisms) it transforms as a covariant vector, and it
is also a vector of SO(4,C), with infinitesimal transforma-
tion

de, " = —e, e, =" e, (4)
We raise and lower Lorentz indices with §”" or d,,,, such
there is actually no difference between upper and lower
Lorentz-indices. The infinitesimal transformation parame-
ters €., are complex and antisymmetric,

Emn = —€nms € = EmpoT. (5)

There are six independent complex or twelve indepen-
dent real parameters, corresponding to the generators of
SO(4,C).

Real parameters g,,,, generate the euclidean subgroup
SO(4). Under this subgroup the real and the imaginary
parts of the vierbein transform separately, such that e,™
consists of two independent vector representations. For the
subgroup SO(1,3) — the Lorentz group — the parameters
€or = —€o are purely imaginary, while 5, are real, where
k,l = 1..3. We may define a “Minkowski vierbein” by

multiplication of the zero component with —i,

(M)O _ .0 MKk _ , k

eV =—ie,”, )" =e (6)
The “Minkowski transformation parameters”,

™M) (M)

. : (M)
Eop. = —Epo = l€ok = —iEko, €5 = ik, (7)

are real and antisymmetric for the subgroup SO(1,3). We
can write eq. (4) equivalently as

5e®)m — _O)n (O)m, (8)

mn

where for Minkowski parameters we employ 7™ and 7y,

for raising and lowering indices,

Nmn = Umn :dlag(ilv 15 17 1)5

MmO om ODE _ (D0 (9)

k 0

=1gg = —ig .

More generally, the Lorentz indices of all Minkowski quan-
tities are raised and lowered with 7, e. g. e,(%[L) = e(l\;{) " -

For the SO(1, 3)- subgroup the real and imaginary parts of

e(l\ﬁ)m transform independently, in contrast to SO(4).

By taking suitable combinations of purely imaginary and
real £,,, one obtains the other SO(n,4 — n)-subgroups of
SO(4,C). We will not discuss these possibilities here since
they do not seem to play a role for observations.

In general, a SO(4, C)-vector E,, transforms as

0Em =¢,,"En, (10)

m
and a second rank tensor H,,, as
0Hmn = €,F Hpn + €,,F Hump. (11)
In particular, d,,, or ™" is an invariant tensor
§(mn) = €mPOpn + €, 0mp = Emn + Enm = 0. (12)

Another invariant is the totally antisymmetric tensor

In a Minkowski formulation with

HNW = —Hoo, HQOY = iHyo,

(13)
Y = iHow, HYY = Huy,
one has
5H7(nl\:'lz) — E(M%PH(%[T)} + E(R/TIL)PH(BQP (14)

The Minkowski formulation is not a different theory, but
rather a simple rewriting by choosing other conventions for
real and imaginary components of e, and gy

Complex gauge bosons

The gauge bosons of the SO(4, C)-symmetry group are
described by complex fields A,pmn = —Aunm. This dif-
fers from the usual description of the compact gauge group
SO(4) in terms of real gauge fields. Complex gauge fields
are not per se something new. For example, the charged
gauge bosons of the weak-interaction gauge symmetry
SU(2) = SO(3) are denoted by complex fields VVHi in an
appropriate basis.

The real parts of the complex gauge bosons are the gauge
bosons of the subgroup SO(4) of SO(4,C). The SO(4)-
gauge transformation with real gauge parameters ¢,,"” re-
main within the subspace of real gauge bosons. We can
again define an equivalent Minkowski formulation for the
gauge bosons by multiplying fields with one lower Lorentz
index equal zero by a factor 7,

AR = iduoe,  AGY =idAure, ALY = A, (15)

The real parts of Aﬁ%% are the gauge fields of the sub-
group SO(1,3). Correspondingly, the SO(1,3) - gauge fields
with one zero Lorentz index are purely imaginary in the

euclidean formulation. This property can be understood
most easily by noting that real gauge parameters E(ann in
the Minkowski formulation generate transformations that

) or gauge fields AL%Z, in

the Minkowski formulation invariant. Real AL%Z, are trans-

formed among themselves by the real 5(1\%” which span the

SO(1,3) - subgroup.

leave the space of real tensors H, 7(7%

Analytic continuation

For the purpose of analytic continuation from euclidean
geometry to Minkowski geometry we define a family of
complex vierbeins

0

e, 0 =¢¥ B0 ok _ (B)k (16)



with real ¢ F)Lm. We can view analytic continuation as a
map in the space of vierbeins

m /I'm 10 _ _ip, O 1k k
e, e, €, =e%e,, €, =e, . (17)

Changing ¢ from zero to /2 changes e,* = e(E) Otoe’ 0=

n
ie(E,zo, such that the Minkowski form of the transformed

vierbein equals the original vierbein
e’(%{)m =e,". (18)

This can be used for analytic continuation from euclidean
to Minkowski space [45]. We emphasize that this version
of analytic continuation keeps the coordinates z* fixed. It
is purely achieved by a change of field values of the vier-
bein, and the associated metric, which will be a composite
of vierbeins. Analytic continuation in momentum space
from flat euclidean to Minkowski space is realized for q°
I QW = " qu ¢ =", qu = —i0, = —izl, by
a change of the value of the composite inverse metric g”.
For flat space one has g"¥ = §*¥ or g" = n*¥ for euclidean
and Minkowski signature, respectively.
Analytic continuation of the inverse vierbein e,,” maps
" — e7e . As a consequence, one has for ¢ = 7/2
oM 5 et = —igy P (19)
The Minkowski formulation of the analytically continued
euclidean vierbein therefore again equals the original vier-
bein in the euclidean form,
e/(%/[):“' — Z‘eolﬂ — e/(]g)#. (20)
Analytic continuation also concerns the gauge fields.
Similar to the inverse vierbein it multiplies the components
of A,mn with one Lorentz index taking the value zero by
a factor e=%. For ¢ = 7/2 this results in the map

Ao = Aty = =i AL

E
pk%’ At = Ay = A,(ucl)- (21)

Again the Minkowski version A;SWAQ of the transformed
gauge field equals the euclidean version of the original
gauge field. As a consequence, the analytic continuation
of the gauge bosons for the SO(4) subgroup are the gauge
bosons of the subgroup SO(1,3).

Analytic continuation only concerns the Lorentz indices.
For contractions with vierbeins as A,,,, the phase factors of
analytic continuation drop out. The metric will transform
non-trivially due to contraction with the tensor 6™, such
that the phase factors of ¢,™e," are not cancelled in this
case.

Invariant action

The inverse vierbein e, is defined as the inverse com-
plex matrix
e, e , 0 = 0., e,le, =dn. (22)
With respect to diffeomorphisms it is a contravariant vector
which transforms under SO(4, C) as

de, =e,," et (23)

n

m

" is invariant

The determinant of the complex matrix e

e =det(e,”), de=0. (24)

With respect to diffeomorphisms e transforms as a den-
sity (similar to /g in a metric formulation). Therefore an
action S,

S = Z/d% L, (25)

is invariant under both diffeomorphisms and SO(4,C)
transformations if all L,, are invariant under SO(4,C) and
transform as scalars under diffeomorphisms.

Fermions and gauge fields

A Dirac fermion transforms with respect to SO(4, C) as

(W - L Emnzmnw’ (26)

where the SO(4, C) generators X™" and X" can be con-
structed from the commutator of Dirac matrices v™

Aty =0m s X = =2y (27)

We can again define Minkowski quantities by

FMO = a0y

E(M) 0k — 71'20]6 E(M) kl Ekl

1
E(M) mn _ 7_[,7(M)m7,_y(M) n]7

4
o= Loy mny,
Denoting
T ="et = M melD (28)

one finds for the euclidean vierbein e,,* = ¢¥, that y#=0 =

7%, while for a Minkowski vierbein e( e = M one has
~#=0 = _i~9  In the following we employ the euclidean
notation.

We introduce the conjugate Dirac spinor 1 which trans-
forms as

op = smnwz’"" (29)

such that v is invariant. With ~° = —70y14243,
{¥°,4™} = 0, [¥°,¥™"] = 0, a Dirac spinor decomposes
into two Weyl spinors

e

¢i2

_ 1_

i=00F). (30)

We want to impose local SO(4, C)-gauge symmetry. For

the construction of a kinetic term for the fermions we need
a covariant derivative involving gauge fields,

Dy = 0,9 — anZ’””z/J (31)

There are six complex gauge fields A, pn = — A pm corre-

sponding to twelve real gauge fields. Their SO(4, C) trans-
formation involves an inhomogeneous part

A mn = € Appn + .7 Apmp — Oplmn, (32)

such that

5(Dyt) =~ gemn S (D) (33)



The bilinear
E,™ =ipy™ Dy (34)
has the same transformation property as the vierbein

SE,™ = —E,"e,™. (35)

n o cn
We observe that our construction is compatible with the
possibility that in a more fundamental theory as spinor
gravity the vierbein is the expectation value of a fermion
bilinear, e,™ = (E,™).

Eq. (35) allows us to construct a gauge invariant kinetic
term for fermions

Ld} = E,umemu = Z.’l/_)’ymemu Dlﬂ/} = “/;/7“ Dlﬂ/} (36)

With respect to general coordinate transformations ¢ and
1 transform as scalars, Aumn and D, as covariant vectors
and e,/ as a contravariant vector. Thus L, is indeed a
scalar. The Grassmann variables ¢ and 1) are independent.
For given values of the vierbein one can combine them into
a complex Grassmann variable. The associated complex
structure depends on the signature [45]].

Field strength and kinetic term for gauge bosons

For the construction of a gauge invariant kinetic term for
the gauge fields we introduce the complex field strength
Fuumn = auAllmn - auAumn + Aum

PAypn — AP A

ppn-
(37)
It is an antisymmetric tensor with respect to diffeomor-
phisms and with respect to SO(4,C),
OF uvmn = € Fuvpn + €. Fuvmp- (38)
An SO(4, C) invariant tensor is obtained by multiplication
with the vierbein

Fuvpe = Fuvmnepmean = —Foupo = —Fuvop- (39)

Contracting Lorentz-indices with the vierbein is a rather
general way to obtain SO(4, C) invariance. We note, how-
ever, that Fj, . transforms differently as compared to
Fumn since the transformation coefficients €,,” are com-
plex. Constructing an invariant tensor F, _ _ involves con-

vpo
tractions with the complex conjugate Vlel;bpem e,eg".
Having at our disposal SO (4, C)-invariant terms, we need
to construct scalars with respect to diffeomorphisms. For
this purpose we define the complex pseudo-metric as a bi-

linear of the complex vierbeins,

m n v
Guw=c¢€,"€, 0mn, G"

GMVeV

_ n, vsmn
=e,Me, 0M",

i _ n
e ' G =e,

GG =6,",

m _ gmn 6nm:€

H— oMy
en =e , vm:*

(40)

The pseudo-metric is a symmetric complex tensor which is
invariant under SO(4, C)-transformations. It can be used
to lower and raise space-time indices

F,"7 = G" G Flaps. (41)
(Care is needed for the index position of objects carrying
both world and Lorentz-indices, cf. eq.(40).)

A kinetic invariant for the gauge fields can be con-
structed as

ZF rwv o
F* 8 Fp P FVHG_P
ZF * s B YR py o6
= ?F,u.vpa aﬁ'y§G © G G p G .

Lp=
(42)

The real positive parameter Zp plays the role of an inverse
squared gauge coupling, as in usual Yang-Mills theories.
The kinetic term can be brought to a standard normaliza-
tion by a rescaling Amn = v ZrAJ,,,. The renormalized
field Aff with standard normalization enters the covariant
derivative of the fermions, as well as all other covariant
derivatives, in the form 0, — Z, 1/2AR =0y — gA , with
g the gauge coupling. For 1arge Zr the gauge couphng is
small. The theory is weakly interacting and perturbative
methods may, at least partially, apply. The invariant Lg
is not the only possible invariant constructed with up to
two derivatives of the gauge fields. Other invariants can
be found by different index contractions and different com-
binations of F*F', F'F, F*F*, and will be discussed later.
They also include an invariant which is linear in F'.

Kinetic term for vierbein

We next need a kinetic term for the complex vierbein

field e,™. For this purpose we employ the SO(4,C)-
invariant tensor
Up = —Uppr = {eum dpe,™ — dve,™) (43)
+evm (Ope,™ — 8#61) ) = epm(Ove,™ — e, ™)} — Ay
where
App = A#mneymepn. (44)

It can be related to the covariant derivative of the vierbein
[24],

U, ™= Due," = due,™ —T,, e, + A" e, . (45)

Qv

Here I' 7 is constructed from e,™

G

via the pseudo-metric
3

1
T VU = §G0p(3#GVp + aIJG,u.p - aPGHV)' (46)

"
It generalizes the concept of a geometric connection to a
complex composite pseudo-metric. A SO(4,C) invariant
tensor obtains as

UHVP = eme#Vm = Uuymémnepn (47)
= eomOue,” = Luwp + Appu,
where
1
Lup = §(GMGVP +0,Gpp — 0,G ). (48)
Inserting G, = eume,” one finds eq. (43).
We define a kinetic invariant for the vierbein by
m?
Ly = ?(U*” urr+uthru,t,) (49)
m’ s s
— Q vkY Yy * Lo YV *py
78UWPU sy (GHYGTPGPY + GFHEGYP G,



Again, this is not the unique possible invariant and we will
supplement other invariants later.

At this point we may briefly summarize our geometric
setting and clarify the relation to other formulations of
metric affine gravity [33-36]. Consider first the case of real
vierbeins e,™, real gauge fields A;n, and therefore also
a real metric g,, instead of G,,. We employ two differ-
ent connections, the metric connection I',,”, which is the
Levi-Civita connection expressed in terms or the vierbein,
and a gauge connection, given by the gauge fields A,mn.
In principle, the corresponding fibre bundles need not to
be related. This is the usual setting for Yang-Mills theo-
ries coupled to gravity. The geometric connection shows
neither torsion nor non-metricity.

We could introduce a different connection

B, =T,+U,". (50)

With this new geometric connection the vierbein is covari-
antly conserved,

Dye,”™ = 0ue,™ — B, e, + A", =0. (51)

7 w ntv

The connection B,,,* leads to torsion
B,"-8B,"=0,"-U,,", (52)

while non-metricity is still absent, according to

Duguw = Dudoo — Uy + U ) = Uy + Upps) = 0,
D,guw = (Dueum)epm + (Dﬂepm)el,m =U,p + U, =0.

(53)

We find it more convenient to keep the usual language of
Yang-Mills-theories without torsion and D,e,™ # 0. This
setting is extended to complex vierbeins, gauge fields, G,
and I' P. The usual product rules for covariant deriva-
tives apply, where I'* appears for each world index of a
generalized tensor, and A,™, for each Lorentz-index. An
example is

DMUVpU = DH(Umeeam) (54)

= (DMUme)eam + Ul/meM(eam)’

where the left hand side only involves the geometric con-
nection. We observe that index conversion and covariant
differentiation do not commute,

eo'mD#Uupm = D#Ullpa - Uumeuam : (55)

3. Solutions of field equations and mode
expansion

The field equations derived from an action based on
Lr + Ly + Ly admit flat space as a solution, both with
euclidean and Minkowski signature. In order to investi-
gate the stability of the high-momentum fluctuations of our
model we can employ a mode expansion around these flat
space solutions. We base this analysis first on L+ Ly + Ly
and add further invariants subsequently.

Field equations and solutions

The field equations obtain from the action
S = /d% e(Ly + Lr + Ly) (56)

by variation with respect to 1, e, " and Apn. For the
fermions one finds the Dirac equation

7 Dyt = 0. (57)

Since fermions have no expectation values we omit L, in
the following. (Incoherent fermion fluctuations can provide
for source terms to the field equations for the bosonic field.
We will omit this here.)

The field equation for the gauge fields reads

e(Dul” mn — Jumn) =0, (58)
where
DyF? i = OuF" iy = UL EY (50)
L Fl i + Au P EY i + AP Y -
For the vierbein one obtains
e(D,UY,™ - K,™) =0. (60)

The source terms Jym, and K, vanish for Fj ., = 0
and u,™ =0. This is realized for A, = 0 and e,
independent of z. In this case one also has D, F",,,,, =0,
D,U",™ = 0. As aresult we find a family of solutions with

constant vierbein and vanishing gauge fields

0,6, =0, Apmn = 0. (61)

In particular, this includes flat euclidean space e,™ = 0",

as well as flat Minkowski space e(l\f)m =4,

For any given choice of a non-vanishing constant vierbein
the gauge group SO(4,C) is spontaneously broken. Also
diffeomorphism symmetry is spontaneously broken. For
flat euclidean space the vierbein e,™ = ¢} is left invariant
by global SO(4)-transformations which combine particu-
lar SO(4, C)-transformations with suitable general coordi-
nate transformations. In case of flat Minkowski space this
global symmetry group is replaced by the Lorentz group
SO(1,3). The difference between space and time is a result
of spontaneous symmetry breaking [41]. We observe that
also e, =0, Gy =0, Aumn = 0 is a solution of the field
equations.

Stability of flat space

For an investigation of stability we expand the action
(56) around a flat space solution with constant €, and

Aumn = 0. Choosing the parametrization

1
m __ sz m - V= m
e, " =€, +2Hu e, (62)
we expand in second order in H and A. Since Fmy, is at
least linear in A we can employ in eLp the lowest order
H = 0 for the vierbein and replace covariant derivatives by
partial derivatives

eLp = %G*Wévﬁ(aﬁ;ﬂg — 9,40,
X (00 Ag,” — d5Aa,").

(63)



Here the indices are changed with €,™ and G, For eu-
clidean flat space one has G** = §** and € = 1. For

constant real G, the expression

I W O G g}

(64)

yields in momentum space, with ¢? = g, = .. G"", a
positive kinetic term both for the “real” and “imaginary”
gauge bosons

ZFe * 2 Ay
/IeLF_ 4 / ppo’( G" _q'u‘

Decomposing A into its real and imaginary parts A,,, =
AR, upo +1A1 upe and using a multi-index z = (x, p7 o), X =
(R, 1), z = 1...12, this yields for euclidean space, €, = §,",
standard kinetic terms for all twelve gauge bosons A7

ZF z (.2 v
/IeLFTE/qAM(q 5 — gt

The sector of gauge fields alone is stable as in usual

gauge theories. In the quadratic approximation it describes

twelve massless free photons. In flat Minkowski space one

has G = n* and € = i. The expressions (64), (65)

remain the same, with indices raised and lowered with 7.
For Ly we need Uy, in linear order in H and A

q")A,. (65)

q")A;. (66

1
Vo = {aﬂngj) +9,HS) — 8,,H$;)} — Ay, (67)

where we have decomposed H,, = Hu‘TC_T'm, into its sym-
metric and antisymmetric parts

1
A
Hl(lu) = §(H#V -

HG) —

1
v §(HHV +HV#)5

H,.). (68)

The quadratic approximation to Ly contains three terms,
Ly = LS) + Lg) + Lg). The first term is a kinetic term

for H
(y _m- (A wEr(A)p
LY 32{(6H O H A
(GPH(SJ" _ avHﬁi))*(@pH(S)uy _ GVH(S)“’J)
+ (8#H(A)Vp)*(8pH(s)“ -9, H(S)up) (69)

+ (O HA ) (0, HE)Y — 9" HS) )+c.c.}

For real G v and using partial integration this simplifies to

Lo my
16

+ 2H )" (0264 — 079,) HSew (70)
+ [QHMﬁ)*a”apH(S PE 4 c. c.]},

(A)x 2 A)p
W)aH(

where 9% = Gwaua".
The second term is a mass term for the gauge boson
== (A*VAM+CC) (71)
For real Guu this provides a mass for all twelve gauge
bosons

LY = —A* AP =

pvp

m2 Y YallZ
5 D ALALGH, (12)

where the last identity holds for euclidean space. For
€ # 0 the pseudo-metric C_v',“, has no zero eigenvalues. All
gauge bosons acquire a mass. For euclidean flat space all
twelve gauge bosons have the same mass m. The massive
gauge bosons are a direct consequence of the spontaneous
breaking of the SO(4, C)-symmetry by a constant vierbein
e, # 0, € # 0. The local symmetry is broken completely,
with no local unbroken subgroup left. Therefore all gauge
bosons become massive. The mechanism is the analogue
to the Higgs mechanism, with the difference that e,™ are
covariant vectors and not scalars.
The third part is a source term for the gauge bosons

2
ngg) = —%{A;”p(aﬂ}[(/})/’ + apH(S)uV
— 9, HOWP) 4 ¢, c.} (73)
1
= fi(A*“m”J#mn +c.c.).

The source,

G* & ve* (aaH(A)p+apH(S)a -9, H(S)ap)

Jﬂm" = jizes m
(74)

is the linear approximation to eq. (58).

High momentum limit

The short-distance limit corresponds to momenta go-
ing to infinity. For smooth “background” vierbeins and
pseudo-metrics €, (), Gy, () one can neglect in this limit
the dependence on x and approximate them by constant
e, and G uv, as discussed previously. In the high momen-
tum limit we can also neglect the source term and the mass
for the gauge bosons. For the euclidean theory we find in
this limit a consistent theory for twelve photons. The high
momentum limit may be associated to ¢/m? > 1.

The kinetic term L;}) for the complex vierbein fluctu-
ation H,, needs a more detailed discussion. We consider

real G, and decompose H(,,) and H(,, as [49]
S
HY) =T+ 0,K, + 0,K,

1/ 9,0, 9,0,
+3 (GW - 52 >S+ 52 U, (75)
HY) = By + 0,0, — 0,0,
with
Ty = "Ty, =0, T,,G* =0, 9By, =0"B,, =0,
MK, =0, 9"C, =0, (76)
and
MH(S) = 0°K, +0,U, o"H[) =0d°C,,
(0705 — 9,0" H D) = 0°T ), + 00, K, (77)
1 -
+ g(GWZ?Q —9,0,)8.

Inserting these relations yields in momentum space yields

2
8) _/ T {QT*VqQTMu 4 BzquBpV
! (78)

2
+ 2(K;, — C;)q“(K“ —CH*) + gS*qQS} .



In euclidean space all terms are positive, diverge for ¢ —
oo, and vanish for ¢> — 0. These are standard kinetic
terms for both the real and imaginary parts of 1},,, B,
K, — C, and S. (The increase ~ ¢* for K, — C,, is due
to the normalization. By a different normalization of K,
and C, the kinetic term increases ~ q%, as expected for

an action involving two derivatives.) We observe that LS)
does not involve the combinations K, + C,, and U.

We could add further kinetic invariants formed by dif-
ferent contractions of indices. For example, the vector

U, =G"Upyp
1 A A (S s
= 5(5#1{,5,) +0,G*HS) — " H) — A", (79)

1
3 (0,8 — 0*(K, — C,)] — A",

involves the scalar S and the vectors K,—C, and A“u o An

invariant term ~ U;‘ Ur+ UPU*p modifies the kinetic term,
mass term and source term for these fields. We observe
that U, does not involve the fields K, + C,, or U. The
same holds for the antisymmetric combination

U'u,l/p - Uyup = (aﬂeym — 31,6 m)epm —

m Apvp + Avpp

1
= Q(GMHVP — O Hyup) = (Apwp — Avpp)

1
- Q{GMTI’P - aVTup + auBup - &,BMP (80)
+ ap[alu,(KV - Cl/) - al/(K,U« - Cﬂ)]}
1 - _
+ 5 (Gup0uS = Gup0S) = (Ao = Aupp)-

In fact, with the linear expansion

1
Uwp = 5 {aPTHV - aVT#P + 8uBVp
— 00K, — C,) — 9,(K, — C)]  (81)

1, - _
+§(GW('),)S - GW&,S)} — Auup,

it is clear that the fields K, + C, and U can never ap-
pear in quadratic order in any invariant constructed from
U,wp- The mode decomposition of the gauge fields A,,,, is
performed in the appendix A.

Physical and gauge modes

At this stage several fields do not have a kinetic term
and therefore no valid propagator: (i) The longitudi-
nal components of the gauge bosons. These are the
gauge degrees of freedom of the local SO(4, C)-gauge group
for a pure Yang-Mills theory without additional matter
fields. (ii) The real part of the transversal vectors K, + C),
and the real part of U. These four degrees of freedom are
the gauge degrees of freedom of diffeomorphisms. (iii) An-
other four degrees of freedom are the imaginary parts of
K, +C), and U. We will see in the next section that these
fields actually acquire a kinetic term if we include addi-
tional invariants.

4. Invariants for the pseudo-metric and
composite metric

A metric is a real symmetric second rank tensor that is
invariant under generalized Lorentz transformations, in our
case invariant under SO(4,C). In our case it can be con-
structed as a bilinear of the complex vierbein. In our com-
plex formulation the SO(4,C) invariant vierbein-bilinears
form a complex pseudo-metric. The imaginary part of the
pseudo-metric constitutes an additional tensor which per-
mits the construction of a diffeomorphism invariant poten-
tial for the pseudo-metric as well as further kinetic terms.
As a consequence, real metrics can be singled out as min-
ima of the potential. This includes metrics with different
signature. The difference between space and time can arise
from spontaneous symmetry breaking. The additional ki-
netic terms provide for a well behaved propagator for all
physical excitations.

Complex pseudo-metric

We define here the metric g,, as the real part of the
pseudo-metric G,

(e, e," + e, e )omn.  (82)

v °w v

DN | =

1 *
Guv = Q(GHV + G,ul/) =
A second SO(4, C)-invariant tensor is given by the imagi-
nary part of the pseudo-metric,

i .
wul/ == _5(0;,“/ - Gy‘y)a (83)

such that
Guv = guv + 1wy, (84)
The inverse metric g, obeys, as usual,
9" gup = 0b. (85)
Using the relation
GH = g —ighPw,. G = g"" — iG*Pw,.g°",  (86)

we can convert the raising of indices with G, into the
more usual raising with ¢g"”, and similarly for the lowering
of indices by use of eq. (84). With

G = g" —iG"Pw,e GV +ut = gM" — it +ur (87)
one has
uh = (whf + iu“p)wp". (88)

For small w,,, the tensor u/" vanishes in linear order in w,
u" = whw,” + O(w?), and we can often neglect it.

Potential

We can construct real scalar invariants W; from w,,, as

_ wp Ykvo kU m
Wi = wuwpee GG =w,"w,", (39)
. * U P, kO o
W = w;,"w, w,7w,".

This allows us to supplement in the action a potential term

Sy = / diz eV (W, Wa), (90)



with
B Moo A2 o
V=mW +’Y2W2+—2 Wi +—2 W3+ .. (91)

We will discuss other terms, as a constant 1 or a term
linear in wH“7 later. For v4 = v = 0, A1 > 0, A2 > 0, the
potential is positive, V' > 0, whenever Wy # 0 or Ws # 0.
Its minimum occurs in this case for W; = W3 = 0. We can
consider w,,” as the elements of a complex matrix W, with

Wi =te(W*W), Wy =te(WWW*W).  (92)
One can evaluate the traces in a basis where W’ = DI/AVD_1
is diagonal. For the particular case where both W’ and
(W*)" are diagonal,

W' = diag()\;), W™ = diag(\}),

L (93)
W*W' = diag(|\i[?),
one has Wy > 0, Wy > 0. More generally, in the subspace
of configurations G, for which Wi > 0, W5 > 0 the po-
tential has its minimum at W; = Wy = 0 for all 1 > 0,
Y2 > 0.

Expanding in small w,,, one has Wy ~ w2, Wo ~ w?. In
the vicinity of a real euclidean “background metric” G =
0, one finds Wy > 0,

W= (wu). (94)

J78%
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This differs from an expansion around Minkowski space,
G = Ny, where W can take negative values (k,l = 1...3)

Wi = Zwil + wgy — 2 Zw?)k' (95)
kol k

In this case the configuration G, = nu, wu = 0, corre-
sponds to a saddle point if v # 0.

Spontaneous time-space asymmetry

The presence of a potential modifies the field equations.
Arbitrary constant €,™ are no longer solutions. Solutions
of the field equations are found for constant vierbeins for
which the pseudo-metric G, is real,

Gu =G,y wp, = 0. (96)
In this case, one has
2% oV oV
owy, 7 0Gu, 7 de,m ©7)

The condition (96) singles out the subspace of real pseudo-
metrics. It still contains metrics g,, with arbitrary signa-
ture.

Two metrics with different signature are continuously
connected in the space of all complex vierbeins. For exam-
ple, the Minkowski metric G, = 1,,, can be obtained from
the euclidean metric G, = 1., by a phase change of euo
that corresponds to analytic continuation (16). This con-
tinuous change of phase does not remain, however, within
the space of solutions of the field equations. Within the
space of real G, every continuous path from 6,, to 1.,
has to pass through the point where det(G),,,) = 0 or e = 0.
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The difference between time and space is generated by
spontaneous symmetry breaking [41], with euclidean and
Minkowski signature of the metric corresponding to dif-
ferent extrema, for which different subgroups of SO(4,C)
remain unbroken. For all constant complex vierbeins that
lead to a real constant G, = g, both the potential and
the action vanish, V' = 0, S = 0. This still provides for a
continuous family of solutions corresponding to flat direc-
tions of the potential V.

Conditions for flat space solutions

The condition for flat space to be a solution of the field
equations is the absence of terms linear in the fields in
an expansion around flat space. Since we are mainly inter-
ested in this case here, we have not included a cosmological
constant, corresponding to an invariant piece in the action

Svo = Vi / e (98)

x

As for standard gravity, a flat space solution requires V) =
0, since e involves a term linear in H. A term (98) is

irrelevant for momenta much larger than Vol/ LIt plays
no role for the stability issue at high momenta. For low
momenta and cosmology the cosmological constant should
be included. In order to keep the focus of this paper simple
we set here Vy = 0, however.

Similarly, the particular role of real G, would not hold
if the potential eV’ contains a term linear in w,,. Potential
candidates would be terms that are linear in the scalar

y=w, G =wl = triv. (99)

Expanding around an arbitrary real metric g, G =
Guv + Wy, the real part of y is indeed linear in w

1 1
§(y+y*) = §wW(G”“+G*V“) = wg""+O(w?). (100)

In contrast, the imaginary part is of the order w?,

- §(yfy )= *gww(GW — G = —w,, w4+ O(w?),
(101)
where we employ the relation (87). If we impose on S/e a
discrete symmetry
e, " e (102)
a term linear in y 4+ y* cannot appear in the potential. The
combination

1 * Z * v 3%
S+ == (G — GLL)(E™ + G™)

: (103)

is odd under the discrete symmetry, since eq. (102) implies

Gu < G, (104)
Supplementing eq. (102) with A,m, < Ay, the invari-
ants Lr and Ly are invariant under this discrete transfor-
mation.
A constant term Vj in the potential also induces in the
expansion of elp a term linear in w,", since
e Low 1 VI K WE v
e=¢€ 1+§H# - <(H,"H, = HPH)) |+ ..

. (105)



and

i v * i v, *
wuu = _§G M(GIMJ - GHV) = _§G M(H;SIS/) - H;SSV) )

(H," —H,") (106)

i
2

implies

1 i

e=¢ 1+Z(H#“+H;“)+§w#“ + ... (107)
In the presence of a term linear in w, * in eV the solutions
of the field equation typically lead to a pseudo-metric

G = e (Guv + 1), (108)
with real g,, and w,,. This modifies the relation (82)
between the metric g, and the pseudo-metric G\,,. We
avoid here a discussion of this complication by choosing
couplings for which the term linear in w * in an expansion
of eV vanishes.

n

Further kinetic invariants

The tensor w,, allows also for the construction of fur-
ther kinetic invariants. They will provide the missing ki-
netic term for the imaginary part of K, +C), and U. The
covariant derivative

Yiwp = Dywy,y = Opwy, — FW‘Tw(,p — Fup”ww (109)
transforms as a tensor. Here I' 7 is constructed from G,
or e, according to eq. (46). We can add to the action an
invariant eLy with (k = k)

2
K *U v *
Ly = ?(Yu pY“Vp—i—YH pY |
K

(110)

[

= Y*

Y Yam GG (G + G,

In a quadratic expansion around a constant real G, we

can omit I' 7, such that the term linear in H reads

Yiwp = Opwyp = wup

i * *
758#((;’1’/) o Gup) =Y,
7; *
Lo, - L") = 0, )
=9, Im {Tup + 0K, +0,K,

1/ 4 0,0
+ g(Gl/p 62P)S+

0,0
0]

(111)

In contrast to U, in eq. (81) , this expression con-
tains the imaginary part of K, separately, as well as the

imaginary part of U.

Mode expansion of complex vierbein

We express the complex field fluctuations by real fields,
corresponding to the real and imaginary parts

Ty =ty +isu, Ku=nr,+iA,,
S=oc+ir, U=u+iv, (112)
B, =bu, +iduy, Cu=vu+1id,.
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In terms of these fields Ly reads in momentum space
/d4w eLw = /éHQ{S“”(—q)qQSW(q) + 20 (=q)g* Nu(q)
q

+ 2r(-a)ra) + o(-a)a(@). (13)

For the fields s,,, and 7 this term simply adds a contribu-
tion ~ k2 to the term ~ m? from eq. (78), such that the
inverse propagator for s, is ~ (m?/8 + k%)g?, and for 7 it
is ~ (m?/24 + k%/3)¢*. The scalar field v acquires now a
standard inverse propagator ~ x2¢?, curing the deficiency
of an action based only on L. For the vector fields A, and
0, we observe a mixing, with an inverse propagator given
by a matrix

m? 2 m”
Py =¢° ( 16 ;:2% m]26> , (114)
16 16
where the first line and row correspond to A,, and the

second to d,,, and we have absorbed a factor 2¢? in a stan-
dard normalization of the vector fields. For x # 0 both

eigenvalues )\(iv) of Py /q? are positive, )\(iv) > 0, such that
stability is assured for all vector fields. The absence of
a kinetic term for the combination A, + J,, in an action
based solely on Ly is cured for x # 0. The kinetic terms
in the sector (tuu, buw, Ky, Yu, 0, ) are not affected by Lyy.
In particular, the gauge degrees of freedom &, + vy, and u
do not appear in the quadratic action.

We conclude that the invariants based on the imaginary
part wy, of the pseudo-metric play an important double
role. First, the combination of the terms Lz + Ly + Lw
renders for a euclidean metric a well behaved propagator
for all physical fluctuation fields in the limit of large ¢2. All
fields except for the gauge degrees of freedom have a stan-
dard kinetic term with positive coefficients. If interactions
remain under control for large ¢2, such a theory is expected
to have a well behaved short distance limit. Second, the
potential V' selects a subsector with a real metric. The real
part g, and the imaginary part w,, of the pseudo-metric
G behave differently.

Real metric limit and real gauge field limit

An interesting limit is the “real metric limit” achieved
by taking k — oo, 7; = 00, \; = 00. Expanded around a
euclidean metric g, (),

Guv(@) = g () + iwp (z), (115)
all field configurations that lead to a small w,, # 0 have
a divergent positive action if e is real, positive, and differ-
ent from zero. We may therefore define an effective theory
that discards all fields for which w,, # 0, setting them
to zero in the effective action. This imposes a non-linear
constraint in the space of complex vierbeins. All vierbeins
that are related by SO(4,C)-transformations lead to the
same pseudo-metric. (The pseudo-metric G}, can be used
to characterize orbits of SO(4, C)-transformations.) Out of
the 16 complex components of e, only ten can lead to dif-
ferent G,,,,. The constraint G7,, = G, eliminates ten real
degrees of freedom, such that ten real degrees of freedom
are left. They correspond to the ten degrees of freedom of
Guv- Only six of them are physical, since four degrees of



freedom correspond to a diffeomorphism transformation of
the “physical metric” [50] .

The real metric limit can be supplemented by a “real
gauge field limit”. For this purpose we consider the invari-
ant

Z
Ly = _I(F*VUﬁFuUpU)(F;Ha'piFuﬂap)'

—55 (116)

It is similar to the invariant Lp in eq.(42), but only in-
volves the imaginary part of F},* 7. For real G, this in-
variant only involves the imaginary part of A,,,, similar
to eq. (63). The kinetic term for gauge bosons leading to
imaginary A,,, is multiplied by Zp + Z1, while the one for
the gauge bosons leading to real A,,, remains multiplied
by Zp. For Zy — oo the imaginary part of A,,, decouples
effectively from the other fields since the gauge coupling
(Zp + Z1)~Y/? goes to zero. Different gauge couplings for
different gauge bosons of the group SO(4,C) may be sur-
prising at first sight. This effect arises since the kinetic
term for the gauge bosons is directly affected by the value
of the vierbein and the associated spontaneous symmetry
breaking from any e,™ # 0. (The kinetic term vanishes
for e, # 0 due to e = 0.) A similar effect is known
for grand unified gauge theories where scalar expectation
values breaking the symmetry can give rise to different ki-
netic terms and therefore different gauge coupling for gauge
bosons belonging to different subgroups [51, 52]. We notice
that the fields that decouple are the gauge bosons corre-
sponding to imaginary A,,,. For complex vierbeins this is
not equivalent to imaginary A, mn.

Mass split for the gauge bosons

Another invariant for imaginary fields is given similar to

eq. (49) by

2
Ly=-22@ —u,» ) Ut —Urt ey (117)
Besides a contribution to the kinetic terms for the imag-
inary parts in Hg and H,4 similar to eq.(70) and corre-
spondingly eq. (78), and a contribution to the source term
similar to eq. (73), this term contributes a mass term for
the gauge bosons with imaginary A,,, similar to eq. (71).
The squared mass for these bosons is given by m2+m?,. For
m?% — oo these bosons not only decouple as for Z; — oo,
but also have a divergent mass. They can be discarded
from the effective theory. Combining the real metric limit
with the real gauge field limit Z; — oo, m?% — oo, all con-
figurations that do not lead to real G, and real A,,, can
be omitted from the effective theory.

In this limit our model is very similar to a model of
euclidean gravity with real vierbeins and real gauge fields
A for an SO(4)-gauge group. Such a model shows the
acceptable ultraviolet behavior of a Yang-Mills theory with
massless vector-matter fields e, and fermions. Restrict-
ing our setting from the beginning to real e,™ and Ay mn,
the inverse propagator for both the physical gauge and
vector-matter fields increases ~ ¢ for large ¢2. The action
based on Lp + Ly is positive, with a minimum at S = 0
corresponding to a constant €, and /me = 0. One may
therefore employ numerical Monte-Carlo simulations for its
investigation. It will be interesting to see if this model is
asymptotically free. The unusual features of this gauge
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theory are the appearance of the inverse vierbein in the ac-
tion, and the additional invariance under diffeomorphisms.
It remains to be seen if a quantum field theory of this type
shows acceptable features for euclidean quantum gravity.
If valid, one may obtain a model for quantum gravity with
Minkowski signature by analytic continuation.

Despite many similarities with the euclidean gravity
model above the real metric and real gauge field limit of
our SO(4, C)-invariant pregeometry shows also an impor-
tant difference. The reason is that the constraint of real
G andreal A;,,, does not enforce real e, and real A ,;n.
A real metric with Minkowski signature and imaginary e HO
obeys these constraints as well. The real metric and gauge
field limit describes simultaneously theories with a different
signature of the metric. If we take very large but finite pa-
rameters K, ¥;, A;, Z1 and m?,, small imaginary fluctuations
around a euclidean metric lead first to a sharp increase of
L, while the action develops an imaginary part due to the
prefactor e. This holds, for example, if we follow the path
of analytic continuation given by eq.(16). For ¢ = m/2,
however, the terms V', Ly, L1, L; vanish again since G,
is again real. The effective theory describes simultaneously
the euclidean signature and the Minkowski signature ob-
tained by analytic continuation. Both “branches”, as well
as other branches with different signatures, are actually
continuously connected at the configuration e, = 0.

For a real metric g,,,, we can consider standard real met-
ric fluctuations

G = Juv + Py (118)
They are connected to the vierbein fluctuations by
1
huw = Re[H) + T H Hp. (119)

This is the reason for the chosen normalization of H,,,.

5. Low momentum limit and the
emergence of general relativity

Even in the real metric and the real gauge field limit our
theory remains a pregeometry. At short distances the de-
grees of freedom are vierbeins and gauge fields. These con-
stitute a larger number of physical degrees of freedom than
the ones contained in the metric. For high momenta the
composite metric field does not play any apparently crucial
role. This changes in the long distance or low momentum
limit, for which standard general relativity emerges. In this
limit we can still use a vierbein e, and a gauge field A;n.
The gauge field will equal the spin connection w,yy,,. These
objects will be directly related to the metric, however, and
do not describe any longer independent fluctuations. Gen-
eral relativity emerges as the effective low energy theory.
In the presence of a suitable invariant in pregeometry one
obtains the Einstein-Hilbert action for the composite met-
ric.

Freezing of the gauge bosons

For momenta much smaller than m? the mass term (71)
for the gauge bosons dominates over the kinetic term (63).
The gauge bosons are “frozen” and cease to be relevant



propagating degrees of freedom. This does not mean, how-
ever, that we can set A, = 0. The reason is the source
term (73) which forbids solutions A, = 0 for inhomoge-
neous vierbeins, d,e,™ # 0.

If we neglect for a moment the kinetic invariants for the
gauge fields, the field equation for the gauge fields reads

Upp = 0. (120)
From eq. (43) we infer that A,,, becomes a function of the
vierbein, A,,, = wu,(€),

1 m m m m
wvp(e) = 5{6;“”(69@1/ - aVep )+ evm(apeu - auep )

—epm(0ve,™ —0ue, ™)} (121)

For A = w(e) the covariant derivative of the vierbein van-
ishes

(122)

For real e, and wymn eq.(121) is the expression of the
spin connection in Cartan’s geometry [27]. In our context
this generalizes to complex e, and wym,. With eq. (121)
the gauge fields are no longer independent degrees of free-
dom, only the vierbein remains as a relevant bosonic de-
gree of freedom. In the real metric limit we may choose
for a euclidean signature of g, real vierbeins e,™. For

(M) m
m

a Minkowski signature we can choose real e corre-

)

sponding to imaginary e HO. Then wf%%l is real.

Low momentum effective theory

We next include the kinetic invariants for the gauge
fields. We can write the gauge fields A,,,, as a difference
between the (generalized) spin connection w,,,(e) and the

SO(4, C)-invariant tensor U,

Apvp = wpvp — Upwp. (123)
The inhomogeneous transformation part of A,,, cancels
for the difference A,,,, — wuvp(e). Instead of the indepen-
dent gauge fields A,,,, we could choose the tensor U,,, as
a field variable. In terms of U, the kinetic invariant Lp
reads

Z
Lp = ?F(R;;"; VIRV, R, (124)
with
Vuup 7 = emU(D#Ume — D,,U#pm). (125)

Here the complex curvature tensor R, ,, is constructed
from the complex connection I',,” in eq. (48) in the usual
way. It only depends on the pseudo-metric G,,,. Eq. (124)
can be derived directly from the commutator of covariant
derivatives of the vierbein [24]

(DuDy — Dy Dye,™ = F,, ™ e," — R,,7 e, =V,,,™

we nCp wv pCo 7
(126)

inserting into eq. (42) the relation
F,ul/pa = R,uvpa - V,uvpo’- (127)

The low momentum limit can be formulated in a more
concise way by considering the field equation for U,,,,,, eval-
uated for a given fixed e, (z). The term Lp contains a
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kinetic term (DU)? for U as well as a mixed term ~ RV.
(We omit here indices for simplicity.) Employing partial
integration the mixed term turns to a source term U DR
linear in U, with source containing covariant derivatives
DR of the curvature tensor R. The relevant mass scale
m is set by Ly ~ m2U?. If the curvature tensor varies
only smoothly on a length scale set by m ™!, the influence
of the source on the solution for U becomes small. To a
good approximation the field equation for U has the solu-
tion U ~ DR/m?, which vanishes for m? — oco. Inserting
this solution into Lg yields

Z
Lp="IR;

8 ny po

2 2
o (ZFRD R) |

3 (128)
Also Ly turns out of the order Z%R D?R/m?. The condi-
tion for the neglection of the second term in eq. (123), and
therefore for the applicability of the low momentum limit,
can be formulated as

Zp DR
‘Fi (129)

R } < 1.

For an effective theory at low momenta the invariants
with a small number of derivatives play a leading role. The
term with no derivatives, the potential V in eq. (91), only
affects the imaginary part of the pseudo-metric. The field
equations have solutions G, = G,*“, = Gy Wy = 0,
cf. eq. (96). For these solutions the pseudo-metric and the
curvature tensor R, are real. The terms Ly + L reduce
in the low momentum limit to a metric theory with action
(e = /g) involving the squared Riemann curvature tensor

Z
Sp = ?F / VIR pe R1PO. (130)
xr
Emergence of Einstein-Hilbert action
There exists an invariant with one derivative

M? M?
Lr = 7T(em#enyFuumn + C'C') - 7T(Fuumj + C-C')

= fMT2(R7VW M4 c.c), (131)
with curvature scalar
R=R,". (132)
In the low momentum limit we can neglect
Vi, "=e (DU, — DU,™). (133)

For low momenta the leading term in Lg therefore reduces
to the Einstein-Hilbert action

Sk = —MTQ/\/ER. (134)

This term dominates over Sg in eq. (130) for |R/M?| < 1.

This low momentum limit of our SO(4, C)-gauge theory
is simply Einstein’s general relativity. The parameter M
can be identified with the (reduced) Planck mass. We no-
tice the presence of two mass scales m and M. For m > M
the low momentum limit can be taken in two steps. In the
first step the condition (129), together with real metric
solutions, leads to an intermediate effective action which



depends only in the metric and involves up to four deriva-
tives

M? Z
5 :/ ﬁ{‘?“ 8 Rwo—AR“”“}- (135)

In leading order in M?/m? the coefficient Z equals Zp.
In a second step for R/M? < 1 the second term can be
neglected, resulting in Einstein’s gravity.

6. Stable propagators

The invariants Ly and Lg are crucial for the emergence
of the effective low energy theory. In their presence the
propagating modes in flat space mix vierbein fluctuations
and gauge fields. This mixing is a key element for the tran-
sition from a stable high-momentum behavior to a stable
low-momentum behavior of the propagators. The inverse
propagators for the physical particles are not polynomi-
als in ¢2. They rather interpolate smoothly between two
different approximate polynomials for small and large ¢2,
thereby avoiding ghost or tachyonic instabilities as for the
graviton propagator in eq. (1).

Mode mixing and stability

The intermediate effective action (135) involves a term
with four derivatives, while our pregeometry is formulated
with terms involving only up to two derivatives. The origin
of this behavior is the relation (123), (121), which expresses
the gauge fields as derivatives of the vierbein. The action
(135) is known to be unstable, containing ghosts as char-
acteristic for higher derivative theories. If we start with
a stable pregeometry the instability of the effective theory
is an artefact of the low momentum approximation. Since
this issue is of wider interest for the relation between pre-
geometry and higher derivative gravity, we will sketch the
origin of the apparent instability in more detail. The is-
sue is unrelated to a complex vierbein and gauge fields —
it is the same for a theory with real vierbein and gauge
fields. The essence is the mixing between the gauge fields
and derivatives of the vierbein. We discuss this issue for
the graviton and scalar degrees of freedom in detail in ap-
pendix A, focussing on euclidean gravity. In the present
section we describe the general structure of the stability
issue.

Omitting indices the inverse propagator matrix or the
matrix of second functional derivatives of S takes in mo-
mentum space the form

2 2 2
Py = (P45 t). o)
This type of inverse propagator matrix characterizes the
different irreducible representations separately, with differ-
ent effective constants Z, m? and ¢. The first line and row
correspond in eq. (136) to the gauge bosons, the second to
the vierbein. The terms ~ m? arise from L7, including the
off-diagonal terms that reflect the source term ngg). The
term ~ Z reflects Lr. The term Lp induces additional
off-diagonal terms ~ M?2q that we include in ¢. The issue
of stability and the apparent instability of the low momen-
tum approximation can be discussed in terms of the simple

2 x 2-matrix P, with real Z >0, m?> >0, b > 0 and c.
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We first perform a general discussion of the propagator
P~! and turn to our specific model later. Poles of the prop-
agator in the complex plane for ¢? correspond to vanishing
eigenvalues of P. In turn, those are given by a vanishing

determinant
b— c? 9
m” | .
i)

In the absence of mixing, ¢ = 0, we recognize a massless
particle with pole at ¢> = 0 and a massive particle with
pole at ¢> = —m?/Z. For ¢ # 0 the massive particle pole
is shifted to lower values. All poles are on the real axis. A
stable particle obtains for

det P = bm?¢? <Zq2 + (137)

2

2 < b, (138)

while for ¢ > b one observes a tachyon instability. For

¢? = b poles can only occur for ¢% = 0.
We absorb a factor of m in the definition of the vierbein
field, such that all entries in Pr have the same dimension

Zq*> +m? —icm
PR(QQ)Z( I 1.

icmg bg? (139)

The eigenvalues of Pr obey

1
At = §{Zq2+m2+bq2i[(2q2+m2—bq2)2+4c2m2q2]1/2}.
(140)
The pole at ¢> = 0 corresponds to A_. Expanding \_
around ¢ = 0,

A= (b—c)g* +0(q"), (141)

yields a positive coefficient for ¢? if b > ¢2. This corre-
sponds to a stable massless particle. Similarly, for an ex-
pansion of A, around the location of the propagator-pole
at

(142)

one obtains

c? Z+b)c2\

(143)
This holds for

(Z +b)c* < b?, (144)

and the massive particles is stable in this case. Instabilities
occur for ¢ > b or (Z +b)c? > b?. For (Z + b)c? > b? the
massive particle pole is described by a second zero of A_,
while A4 has no zero. Eq.(143) holds now for A_, and
a < 0 indicates a ghost-instability. For the boundary case

(Z+b)c* = b® both A, and A_ are proportional /¢? — ¢2
for ¢ — qIQ).
Finally, for the boundary of stability ¢ = b one has

Ao = S Im? 4 (2400 £ [(m” + (2 +0)¢*) — 426" 7).

(145)
For Z = 0 this yields
)‘"r = m2 + qua

A =0, (146)



corresponding to a single stable massive particle with
squared mass m? /b, plus a flat direction. For Z > 0 one
finds for small ¢?

B Zbg*

A=

(147)

The eigenvalue Ay no longer has a zero.

We conclude that for positive Z and m? the parameters
have to obey two stability conditions (138), (144) in order
to avoid ghosts or tachyons. If these conditions are met no
instability occurs in the corresponding sector of excitations.

Impact of the invariant Lz and graviton propagator

Taking in our model only the invariant Ly corresponds
to the case ¢ = b, Z = 0. The action depends in this case
only on a particular combination of A and De, while the
direction in field space orthogonal to it is flat, cf. eq. (146).
Adding L introduces Z > 0. The inverse propagator ~ ¢*
corresponds to the four derivatives in eq.(130). Finally,
adding the term Lp induces additional non-diagonal ele-
ments such that

M2
c=Vb (1 — fW> , (148)
or
b—c2:(2f]\nf_22_f;]\444)b (149)

Furthermore, the contribution of Li to the gauge boson

mass term shifts m? in eq. (139) to m2. (For the general

stability discussion of this section we omit the index g.)
There is a stable massless particle for

fmr?

0<
m2

<2 (150)

corresponding to the graviton, cf. eq. (141). There is also a
massive particle with squared mass —qf) given by eq. (142),

2 _ 2_2fM2—f2M4/m2
my = —q, = 7 .

According to eq.(144) the massive particle is stable pro-
vided

(151)

Z < ! 1
; :

(- %)
For larger Z the massive particle becomes a ghost.
We conclude that there is a possible range of parameters
for which both the massless graviton and a heavy particle
are stable. No instability occurs in this sector. The inverse
heavy particle propagator obeys near the pole

Z((2x — 2?) 5 5 fFM?
)\ — + s —
+ 21‘71‘27%(17$)2(q mU) T

(152)

- (153)
This corresponds to the heavy degree of freedom related to
the tensor field U,,,,.

For the graviton we find in appendix A the values

M2
m‘?: (17y)m25 = Wv
bzla c= \/1_ya f: (1_ 1_yy)(1 y)7 (154)
zfﬂzl— 1—y.
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Insertion of these values into A_(¢?) in eq. (140) yields the
inverse graviton propagator (1). The conditions of stability
0<M?<m?and 0 < Z < Z.in eq. (2) correspond to
the stability conditions (150), (152).

Propagator in effective low momentum theory

The effective low momentum theory discards the heavy
degree of freedom related to U,,,. It only keeps the mass-
less field whose inverse propagator is described by A_(q?),

71 2 2
A= 2{m +(Z+b)q

—\/(mQ +(Z —b)g?)? +4bm?(1 — x)QqQ}

2 A b 2
_m +(2+ )q (155)

2 4bg?(Zg* + m?(2x — 2?))
x{l—s(q )\/1_ (m2+ (Z + b)q?)? }

with

e(q?) = sign (m* + (Z + b)¢®) . (156)
If the stability condition (152) is respected, we know that
the only zero of A_ in the complex ¢?-plane occurs for
¢®> = 0. Indeed from eq. (137) we infer that the only other
possible zero could be at ¢ = qf), as given by eq. (151).
Evaluating

m?+ (Z + b)qg

M) = SR (), (157)

we observe e(q7) = —1 if the condition (152) is obeyed.
With A_(¢3) < 0 the only possible zero is at ¢* = 0.

Expansion for small momentum and fake ghosts
Expanding A_(¢?) for small ¢2,

4
A_(q?) = b2z — 22)g® + b(1 — 2)2(Z — (szz2)b)#+...,
(158)
we observe for small z the structure of the low momentum
effective theory (135)
m>*A_(q%) ~ 2fbM?q* + Zbq". (159)
If one determines the propagator-poles in the low-
momentum effective theory (158) or (159) one finds be-
sides the stable graviton pole at ¢> = 0 a ghost pole at
¢> = —2fM?/Z. This is the usual ghost instability of
higher derivative gravity. This pole is a pure artefact of
the polynomial expansion of A_(g?). As we have seen, the
full expression for A_(g?) does not contain further zeros
and all excitations are stable if the condition (152) is met.
We observe that the fake pole occurs at q% as given by
eq. (151). If the condition (152) is violated, this zero is
indeed present in A_(¢?) and the model has a ghost in-
stability. On the other hand, if eq.(152) holds, the true
pole corresponds to a zero of Ay (¢?) and describes a stable
massive excitation.



Propagator for high momentum
For large values of ¢? we observe

Zq?, for
bg?, for

Z<b

160
Z >b. (160)

lim A_(¢%) = {

q?—o0

For both possibilities this momentum behavior is stable.
The mode A_ either corresponds to the gauge bosons
(Z < b) or the vierbein (Z > b). The limiting behavior
(160) clearly demonstrates that the term ~ ¢* corresponds
to a transient behavior, switching from A_ ~ ¢* for small
g% to A_ ~ ¢? for large ¢2, though with different coeffi-
cients. Any Taylor expansion describing such a crossover
will typically contain a term ~ ¢* in the small momentum
expansion.

General stability analysis

While the simple inverse propagator matrix (136) con-
tains all essential features, the complete stability analysis
of our model is more involved. First of all, for C_T'W = O
two fields Hy,, and 9,47, 0, A?, etc. can mix only if they
belong to the same SO(4)-representation. The elements of
the matrix (136) may depend on the SO(4)-representation
and one would like to require that for all mixings they lead
to a stable situation. Part of the stability analysis can be
found in appendix A.

Furthermore, our discussion reveals that a more accurate
treatment of the low-momentum effective theory should
omit the modes corresponding to A (¢?) after proper diag-
onalization of the inverse propagator matrix, rather than
simply setting U,,, = 0. The invariants Lr and Lg con-
tain terms linear in U,,, and one should insert the solution
of the field equations for U,,, in terms of G,,. This will
add higher derivative terms to the effective action (135),
corresponding to the momentum dependence of A_(g?). At
the present stage at least the excitations in the graviton
sector (traceless transversal tensor fluctuations of the met-
ric) should be stable for a suitable choice of parameters.
For Einstein gravity the physical scalar mode in the metric
is not bounded from below in euclidean flat space. Nev-
ertheless, this theory is stable due to the positive energy
condition in Minkowski space. The situation may be simi-
lar in our model. It will be an interesting task to find for
the various couplings multiplying invariants the range for
which the excitations in flat space are stable.

Emergence of general four-derivative gravity

Finally, in addition to Lr we can also construct invari-
ants involving different index contractions by forming the
tensor Fj,, = FMJV” and the scalar F' = F#“. Invariants
based on F;"F, " and F*F yield for the effective low-
momentum actions terms ~ R, R*” and ~ R?. These ad-
ditional terms modify the stability analysis quantitatively.
No qualitative changes are expected for a certain range of
couplings multiplying these invariants.

7. Discussion

We have proposed a model of pregeometry based on the
local gauge symmetry SO (4, C) and diffeomorphism invari-
ance. If this is a consistent quantum field theory, general
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relativity emerges naturally in the low-momentum limit.
Our theory is then a valid model for quantum gravity.

Four issues need a more profound clarification: (i) renor-
malizability, (ii) unitarity, (iii) stability, (iv) consistency
of Yang-Mills theories with non-compact gauge group, to-
gether with the associated questions of time-space asym-
metry and analytic continuation. We address these open
points in a short discussion.

In a quantum field theory the exact field equations, prop-
agators and interaction vertices are all derived from the
quantum effective action I'. This includes all effects of
quantum fluctuations. Our discussion of field equations,
solutions and stability may be taken over to an approxima-
tion to the quantum effective action which includes the cor-
responding invariants. In a quantum field theory the cou-
plings multiplying these invariants are “running” or scale-
dependent couplings. Instead of explicitly discussing the
dependence of propagators and vertices on the momenta
involved, it is convenient to introduce an infrared cutoff k
such that only quantum fluctuations with momenta ¢> > k?
are effectively included in the effective average action I'j.
This allows one to investigate the running of couplings in
an approximation with a finite number of derivatives, in-
stead of an explicit discussion of the non-localities related
to running couplings in dependence on external momenta.

We can consider the couplings Z(k), m?(k), M?(k) etc.
as k-dependent couplings. Their running with £ can be de-
rived from suitable approximations to an exact flow equa-
tion [53] for the k-dependence of I'y,. For k — 0 the average
effective action I'y equals the quantum effective action I'
since all fluctuations are included. For &k — oo no fluctua-
tions are included and I'y equals the microscopic or “bare”
action S. For an assessment if the proposed SO(4, C)-gauge
theory constitutes a renormalizable quantum field theory
one needs to understand the running of couplings. For
example, it is possible that Z(k — o0) — o0, in which
case the gauge interactions are asymptotically free. On
the other hand, it seems hard to turn off the interactions
of the vierbein in the ultraviolet (UV) limit k& — co. In
this case renormalizability can be achieved by asymptotic
safety if there exists an UV-fixed point for all dimensionless
couplings as m?(k) = m?(k)/k? etc. The issue of renormal-
izability involves then the establishment of the existence of
an UV-fixed point. Many features of asymptotic safety for
gravity, as predictions for parameters (renormalizable cou-
plings) in the standard model of particle physics, will be
similar for our model.

Unitarity concerns to a large extent the properties of
the microscopic or classical propagators. All poles of
valid propagators should correspond to physical particles
rather than tachyons or ghosts. No poles in the complex
plane should hinder analytic continuation. The propaga-
tors should fall off sufficiently for |¢?| — oo and show no es-
sential singularities. If the high-momentum behavior of the
action is well approximated by the invariants Ly + Ly + L1
we have shown that these properties are obeyed in the short
distance limit. The propagators of all physical excitations
are proportional ¢=2 or (¢% +m?)~!. The question arises
if these properties hold for all momenta, including the low-
momentum limit.

This issue is closely related to the issue of stability of
small fluctuations around a given ground state or cosmolog-
ical solution. Stability concerns the behavior of solutions
of the field equations and therefore involves the properties



of the quantum effective action. A first discussion of sta-
bility is rather encouraging. For euclidean flat space we
have found for many modes that also for low momenta
the diagonalized propagators, corresponding to A1'(q?),
do not lead to tachyonic or ghost poles if the parameters
are in a suitable range. In this case the ghosts appear-
ing in a four-derivative approximation to gravity are fake
— they are artefacts of the approximation [23]. The impor-
tant question is therefore if the running couplings remain
within this “range of stability”. The issue of metastability
of euclidean flat space in the scalar sector seems similar
to Einstein-gravity where no instability occurs due to the
positive energy theorem.

The issues of renormalizability, unitarity and stability
can first be investigated in a simpler theory for euclidean
gravity. For this purpose the vierbein e,™ and the gauge
fields A,y can be taken real, and the gauge group is the
compact group SO(4). An extension to pregeometry with
gauge group SO(4,C) presumably relies strongly on the
properties of analytic continuation. We emphasize, how-
ever, that the theory with complex vierbeins and gauge
fields has additional degrees of freedom which will influence
the running of couplings and the properties of a possible
UV-fixed point.

Our first discussion of consistency of a gauge theory
based on the non-compact gauge group SO(4,C) is also
encouraging. For a suitable form of the effective action all
physical degrees of freedom have acceptable propagators
for large ¢> when expanded around euclidean flat space.
The propagators in Minkowski space can indeed be ob-
tained by analytic continuation. As well known from gauge
fields, the second functional derivative of the effective ac-
tion can change sign when continued from euclidean to
Minkowski space. This occurs for all components of fields
with an odd number of zero indices, due to contractions
with 7, instead of d,,. The issue is well understood for
gauge fields A} with a single world index and poses no
problem. Better understanding may be needed for objects
with several indices as H,,, or A,,,. Our description of an-
alytic continuation as continuation in the value of the com-
plex vierbein field gives an unambiguous prescription for
analytic continuation, including chiral fermion fields [45].
This provides for a solid starting point for a discussion of
stability in ground states with a metric signature different
from euclidean signature.

We have found a simple scenario how a real metric g,
arises as a composite field from complex vierbeins. This
definition is valid for a vanishing “cosmological constant”
Vb, or more generally the vanishing of a term linear in the
trace of the complex pseudo-metric. Adaptation to Vy # 0
needs additional work.

Even tough our proposal for pregeometry still has im-
portant open issues, it nevertheless also seems to lead to
important simplifications as compared to other scenarios
of quantum gravity based only on the metric, or associated
geometric quantities in discrete settings. A main advantage
is the simple form of the inverse propagator in the short
distance limit. It can be well described by an action con-
taining only two derivatives, avoiding issues of causality,
locality and lack of unitarity. Furthermore, the difference
between time and space needs not to be postulated a pri-
ori. Time-space asymmetry can emerge from spontaneous
symmetry breaking as a property of the ground state or
cosmological state.
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Appendices

A. Mode expansion and propagators for
euclidean pregeometry

In this appendix we discuss a simple version of prege-
ometry, based on the compact gauge group SO(4). The
vierbein and the gauge fields are here real fields, in con-
trast to the complex fields in the main text. The emergent
low-momentum effective theory will be euclidean gravity.
By analytic continuation we can reach an SO(1, 3)- gauge
theory. The emergent gravity is then general relativity with
Minkowski signature. The SO(4)-gauge theory discussed in
this appendix is a genuine euclidean quantum field theory
with a well defined functional integral, once regularized,
for example, on a lattice. As we have discussed in section
3, it can also be taken as a partial description of the "real
metric and real gauge field limit” of the SO(4,C)-gauge
theory.

Many results of the main text can be taken over by sim-
ply omitting the imaginary parts of the complex vierbein
and gauge fields. For the SO(4)-pregeometry the action is
real and bounded from below. This will allow us to dis-
cuss further aspects of our proposal of pregeometry based
on Yang-Mills theories. The number of degrees of freedom
being smaller than for the SO(4, C)-gauge theory, we can
also perform a simpler discussion of the mode expansion
and stability.

1. Mode decomposition

We decompose the fluctuations of the vierbein and the
gauge fields around flat space and zero gauge fields. We
mainly work in euclidean flat space. Analytic continua-
tion to Minkowski space can be performed at the end. The
decomposition involves different representations of the ”eu-
clidean Lorentz group” SO(4) that cannot mix in quadratic
order. Mixing is observed, however, between modes belong-
ing to the same representation. This renders the discussion
of stability rather complex. We discuss the general struc-
ture of the mixing and focus subsequently on the graviton
propagator and the scalar propagator. We find a stable
graviton propagator without ghosts or tachyons. The mode
decomposition of the vierbein can be taken over from sec-
tions 2, 3. We supplement this here by a decomposition of
the gauge fields.

We decompose the linear gauge fields A,,,, in flat space
into transversal modes B, and longitudinal modes L,,,

Auwp =Buvp+0uLy,, 0"Bu,,=0. (A1)
With
v v aﬂay v 1
Pﬂzéuf 57 8“Pu:0, Pu&,:(), (A2)
we can write
B, = P;L’Am,p = PgBm,p . (A3)



The transversal fluctuations can be decomposed as

Bivp = =€, (Puovr — Purvs)

vp

1
+§(PHVwP = Pupwy) + Dy

Dy = %(avEup - 8PEW) + pr ) (A4)
with transversal traceless symmetric tensor E,,,
o*E,, =0, ME, =0, E,=FE,, (A5)
and C,,, obeying
Cup=—Cupv, 0"Cuvp=0, e"P7CL,=0,
M Crp = 0" Crypp =0, P, "PCy, =0. (A6)

Here the projector

- 1
PU-,— vp — 2—82(6061/67/3 _arayég - aaapé‘llf +a7'ap65) ’ (A7)

obeys
B, 8P " =P, ", P, v =3,
O'P. " = %(8”65 - 0"y, (A8)
and
Pa‘r VPD#VP = (aaEuT - aTEM) )
P, "P(0,FE,, — 0yEu) = (0o Eur — 0:Euo)
Cuvp=Dyup—P,, " Dyor . (A9)

Out of the 24 components A,,, six degrees of freedom
L,, = —L,, are longitudinal degrees of freedom. Thus
there are 18 transversal modes B,,,. The four modes v,
correspond to the totally antisymmetric part Ay, ,, while
the four modes w, account for the trace A,,,6"". There
remain 10 modes for D,,,,,. The projector P eliminates half
of them, and the traceless transversal symmetric tensor
E,,, accounts indeed for five modes. The other five modes
correspond to C,,, = —C},,, which indeed is subject to
19 constraints. The vectors v, and w, can be decomposed
into transversal vectors and scalars

(t) + a#,d} ,

— ,® 5 _
vy =0, + 0,0, wy =w),

v =0, owh =0. (A10)

The irreducible representations of the transversal modes
B, are 2 x5+2x 342 x 1. In particular, the scalar part
of By, reads

1 1

Bip = 3oy’ 00 + 5Oy = 8,p0,0) . (A11)
Finally, the six longitudinal modes are two triplets
Ly, =M,,~+ 0,1, —0,l,, (A12)
with
"My, =0"M,,=0, 0"l,=0. (A13)

This decomposition can be performed equally for complex
fields, or separately for their real and imaginary parts.
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2. High momentum limit for real vierbein and
gauge fields.

In the following we focus the discussion by considering
the euclidean gauge group SO(4) with real gauge fields
Aumn and real vierbeins e, We expand around flat
space, €, = 4,;'. The source term Lg’) mixes the gauge
fields A, and the vierbein fluctuations H,, . In quadratic
order one finds from eq.

2
/ el = fmT Apve (@LHI(,;‘) +0,H faVng))

m? vp( 92 p7(A s s
= T/I{L P(OPHED + 0,00 HE) — 0,0"H()) (A14)

174 m2
+20,B" pH,S?} == / (Yi+Y:) .

For the longitudinal part ¥; we employ eqs. (75)-(77), (112)
Y, = M"P9%b,, + 20" 0* (K — V) - (A15)

For the transversal modes we decompose the tensor 9, B*"*
into its traceless symmetric, antisymmetric, and (modified)
trace parts

_ . 1=
9,BMP = Bk | pwy 4 FREE (A16)

with

B(S)#V:B(S)Vﬂ’ B(S)W(ngo, BAw _ _ pAvu

)

9, B 19, BWr = ¢ (A17)
Comparing with the expansion (A4) we identify
BS)w — _laQEMV BAu — lguupfa Uf)
) ) 9 P )
b= 0% . (A18)

The components C),,, do not appear due to the identity

0’Cup =0, (A19)
which follows from eqs.(A8),(A9). Inserting also the expan-

sion (75),(112) for Hﬁ) the transversal part of eq. (Al4)
reads

~ o 2
Y, = (QB(S)“”—i- gPWb) HS) = —B" 0%+ S60%0 .(A20)

We observe that the twelve transversal gauge field fluctu-
ations v, w®, &, C,,, do not appear in ngg). Also the
four gauge modes k, + 7, and u are absent.

Similarly, we can decompose the gauge boson mass

(2)
term L;”,

m2

L§12) = mTQAWPAWP = T(BWPBWP - LVP@QLVP)
— m—2{—lE”p@2Eu + e, 4+ eyt %552@
4 2 P rep " 2
+gw<t>ﬂw§f> - %wa% — MO My + 249",
(A21)



1)
and employ eq.(78) for Lg, ,

2
H_m 1 . 1 .
Ly = T {50 0Pt — 9 0P (A22)
Jrl(n“ — M (ko — ) — 10820} .
2 6

Taking things together, Ly involves a couple of indepen-
dent pieces

2
m
Ly = T{LtE + Low + Lot + Ly + L1} . (A23)

For the transversal traceless symmetric tensors ¢t and E one
has

1
Lip = —5(t" + EM)0* (ty + Eu) (A24)
while in the scalar sector o and w are connected
1
Loy =—5(0 = 20)0% (0 — 2u) . (A25)

The sector for the longitudinal gauge bosons involves

1
LbM = —Z(bl'w — 2M“”)02(bwj — QMMI/) ) (A26)

and

1
Ly = (kM =" + 21“)64(#;” — Y +2l,) .

s (A27)

Up to absorption of momentum-dependent normalization
factors the mixing takes the form of the terms m? in eq.
(136). The remaining part L/, involves only mass terms
for the gauge bosons and no mixing

3 4
L, =C"PCy, +v®Hp(® — 558% + §w<t>“w§f> . (A28)

The kinetic term for the gauge bosons (65) involves only
the transversal gauge bosons,

Z Z
Lp = _TFA“”P(?QP#"AWP — _TFBWP52BWP . (A29)

The decomposition is similar to the transversal part of
eq. (A21), replacing m? by —Zr0?,

Zr (1
Lp= TF{EE”Pa‘*EVp - C"P2C,,,, — vWHI%H)

4
+g€284f} -3

3. Stability

Let us consider an action based on Lr + Ly. With an
appropriate normalization, the inverse propagator for the
gauge boson fluctuactions C, v, w® and ¥ is the stan-
dard one for massive particles in momentum space

m2

P=G'=¢ )
q+ZF

(A31)
In the t — E - sector the inverse propagator matrix takes
the form
2 2 2 2
P:G—lzq—(ZFq m ’m2) . (A32)

4 m , m
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The only zero eigenvalue of P occurs for ¢ = 0, corre-
sponding to eq.(137) for ¢ = b. The eigenvalues of P are

2
Ay = %(ZFq2 +om? £ /2244 +4m4) :

Up to an overall normalization factor ¢*/4 this corresponds
to eq. (140) with b =m?/q?, ¢* = b. The different normal-
izations factors can be absorbed in a momentum dependent

renormalization of the fields, Fr,, = gEW, q = V1¢?],

(A33)

m . .
tRuy = 3@“,, resulting in

2 2
Py — (qu +m? mq)

A34
mg P (A34)

This equals eq. (139) for b = ¢ = 1, up to factors of
7 that do not affect the eigenvalues and have been used
in eq. (139) for a formal correspondence 0,, = ig,. The
q- dependence in the renormalization of ' corresponds to
the standard normalization of gauge fields A, noting A ~
qF, while the normalization of ¢ provides a canonical mass
dimension to this field. For the renormalized fields the
eigenvalues of Pr are (Z = Zp)

1
Ay = —{(Z+ 1)¢* +m?
2 (A35)

=V (Z =12 +2(Z + Dm? + mi |

For the high momentum behavior, ¢ > m?, this yields

2

Z(q2—|— n ) for Z > 1
Ay = Z -1
2 M for Z <1
q 1-7 )
2
q — m for Z > 1
A= Z -1 (A36)
Z(q2—1ﬂjz) for Z < 1.
Near the pole at ¢ = 0 one finds
Z4
A=h L =l (24D, (A37)

in accordance with eq. (147). In the @ — o - sector the
inverse propagator matrix

m

2 (207 M, —
P:; m2 m2 (A38)

T T

has the same structure as eq. (A32), up to an overall fac-
tor 4/3 and a rescaling of o by a factor (—2).

For the longitudinal gauge bosons there is no contribu-
tion from L. This corresponds to the case Z =0, ¢ = b
in eq. (145). The inverse propagator matrix in the M — b
- sector obtains from Ly in eq. (A26)

(A39)

[\
—_
[ B N [



After proper renormalization of the fields this becomes

2
m —m
P = . 1)

The eigenvalue A_ is zero for all ¢2, corresponding to
det P = 0 or det Pr = 0. This is the gauge mode of lo-
cal SO(4) - gauge transformations. Indeed, these gauge
transformations, applied to a "vacuum state” A, = 0,
e, = 0,', do not only shift the longitudinal components

n
of A,mn, but also rotate e, contributing infinitesimally

to H,([S). For this reason the gauge modes are a linear
combination of L, and b,,. The combination correspond-
ing to the gauge mode is the one that does not appear in
the SO(4)-invariant tensor Uy,,. The other linear combi-
nation is a physical mode, corresponding to the eigenvalue
>\+ of PR

(A40)

Ay =@ +m?. (A41)
This corresponds to the standard propagator for a massive
particle.

4. Invariant linear in field strength

We next add the invariant Lg, cf eq. (131). In contrast
to Lr and Ly the invariant Ly is not a square and can
therefore take negative values. Since Lp is linear in g, it
cannot modify the leading behavior ~ ¢? for large ¢?. In
the infrared limit of small ¢? it can play an important role,
however. We well see that it dominates the behavior near
massless propagator poles at ¢? = 0.

We need to expand

2
elLr = —Teem”e"”men (A42)

in quadratic order in H and A around S 5}? s Ay = 0.
Since Fjpmn is a least linear in A,,,,,,, according to eq. (37),

we need the vierbein in linear order in H,
eeMHeV — §mpsnv

+ %Hpg (§mignv§ee — gmugnLGYT — §mP§TYGHT)

(A43)

The linear term 0,4, " — GVAH K is a total derivative
and therefore vanishes. In quadratic order one finds two

contributions, L = Lg) + Lg),

2
eL = —MTH,M{ (0.4, ™ —8,A,")§r° (Add)

— (OuA, 10— D, A, 10)6— (DA, 7 — DA, )67}
and

M2

For the first term we observe that only the transversal
gauge bosons contribute to Fj,,my in linear order,

{a,m4,,r—a, 4, (At5)

M2
eLy = Hn{070,B, 7" = 0,87~ "B, "}

]\42 2 1 apag ~ ~ ~
_ = £ cpo - _ nplS)op _ p(Aop
7 Hpa{<36 +3 P )b B B (A46)

—gaaww - aaapw} .
3
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The decomposition yields

M2 (2 1
eLyy = = { S0 + S B 0P,
(A47)

1 2
+§€Mupavl(lt)aybpg + g’w(t)an(H“ - 'Yu)} .

This contributes to the mixing between transversal gauge
bosons and vierbein fluctuations, similar to eq. (A20). As
it should be, the gauge modes x, +7, and u do not appear.
The second term decomposes as
M2 (1

eLg) = _{ZE“W?QEW + CupC¥PH

. (A48)

2 ¢ 2 .. 1 t 3 9~
+ §w(t)“w£) — §w82w + §v(t)“v£) — 50821)
4 vpo (¢
+ gw oL, — et vf)aUM,M} :

The different contributions of eL g can be listed as follows

M2
eLR = T(ALtE+ALU1I]+LU]\/I+LwL+LC+Lﬁ) . (A49)

Here
1
ALip = E™ 9%, + §EW82EW : (A50)
and
4 oo =02 -
ALyy = g(wa o — wo*w) , (A51)
add to eqs.(A24)(A25) further contributions, while
Loy = "0 0, (bpy — 2Mye) + v W0} (A52)

can be combined with Ly in eq. (A26), involving the same
physical combination b, — 2M,,,. Similarly

4 4
Loy = gw“)”a%# — Yy +2,) + §w(t)”wff)“ (A53)

combines with Ly, in eq. (A27). The remaining parts,
Lc =2C,,C""" | Ly = —309%0, (A54)

add man terms to the gauge boson fluctuations C' and o.

5. Graviton propagator

In the t — E - sector the renormalized inverse propagator
matrix (A34) is replaced by

(A55)

The poles of the propagators or zero eigenvalues of Pr oc-
cur for

=0, ¢=-47, (A56)
with
2 2
9 m M
=2y - = A
2 ZFy( v, y=_3 (ABT)



A stable particle requires p? > 0, or

0<y<1l, 0<M?<m? (A58)
Otherwise one encounters a tachyonic instability. The in-
verse particle propagators are given by the eigenvalues
of PR,

1
)\i:§{(Z+1)q2+m2—M2 (A59)

2

+ \/[(Z 1)¢? + m2 — M2)? +4%(m2 — M?2)2 } .

For ¢ — 0 one finds the massless graviton, correspond-
ing to

_ M2 q2 M2

sz

m? m

A

(A60)

m2

This reflects the low-momentum effective action (135).

Near the second pole at g2 = —p? one finds for
—(Z4+ D)2+ m? - M?*<0 (A61)
or
Y
Z< 7o, Zo=-Y_ A62
2 (A2
a negative A_ for ¢ near —u?,
1 Aym?
No=emios(241-E00 )@+t (A63)
2 my
with positive m? for Z < Z,,
2 2, a2 2 L1
= (Z+1)2—m?+M? = my(1—y) (=7 ) . (A64)
and
1
At:(l—y)(Z—i-l—(Z—i-Z)y). (A65)
Here we have always assumed the range 0 < y < 1 re-

quired by stability according to eq. (A58). For large |¢?|

one obtains

lim A_ =

q?—o0

q° for Z > 1
Zq* for Z <1,

A66
q2——00 q2 for Z <1. ( )

Zq? for Z >1

lim A = { @ lore
For Z < Z. the function A\_(¢?) remains negative and real
for the range of real ¢% with —u? < ¢> <0 .
For Z > Z, the graviton propagator A~! (¢>
pole at g2

) has a second
= —u?, with a behavior for ¢ near —pu? given

by
A(q®) = Bu(a* + 11?) (A67)
where
1 Aym? B Zy
Bt7§(z+1+ o~ ) A (AG8)
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For Z > Z. one has mf < 0 and By < 0. The negative
prefactor of q2 + /ﬂ corresponds to a negative residuum
at the pole at ¢> = —p2. This indicates a ghost instabil-
ity. A stable theory with a well behaved graviton propaga-
tor for all momenta therefore requires the ”stability condi-
tion” (A62), Z < Z..

With this condition the graviton propagator has only a
single pole in the complex ¢2- plane at ¢> = 0. In the stan-
dard normalization with dimensionless metric or vierbein
fields the graviton propagator is given by

4

Ggrav(q2) = m . (A69)

This is the graviton propagator (1) mentioned in the intro-
duction. For ¢? near zero it reads, cf. eq. (A60),

4 ¢\
M22(1+(Z y)M2) .

While the truncated propagator has a ghost pole at ¢? =

Garav(q?) = (A70)

—~M?/(Z — y), this pole is not present in the propaga-
tor (A69). It is therefore an artefact of the truncation
[23].

In the stable range for Z < Z. one obtains for \;(¢?)
for ¢% in the vicinity of the pole at ¢> = —u?,
Ay = Bi(q® + %) . (A71)
With m? > 0 this yields B; > 0. The eigenmode A (¢?)
corresponds to a stable massive spin-two particle, with
mass p and residuum at the pole B;' > 0. In the sta-
ble range both eigenvalues of the inverse propagator ma-
trix (A55) correspond to stable modes. There is no insta-
bility in this sector. At ¢ = 0 one finds a positive value of
)‘"ra
=m? - M?.

A (g? = 0) (A72)

2

For the boundary case M? = m? one observes a second

stable massless particle, with
ANy =2Z¢*, A =¢*. (A73)

For an overall picture of the g?-dependence of the two
eigenvalues A1 (¢?) we further note that at a critical value
q? < 0 both eigenvalue can coincide

A(g2) = A-(gd) .

This occurs when the square root in eq. (A59) vanishes,
determining

G _ _ (1 Z) {Z+1 2T/ —y /2 } (A75)

m2

(AT4)

The condition for the existence of intersection points is Z >
y. For Z = y, which belongs to the stable region, Ay (¢?)
and A_(¢?) touch each other at ¢ = —m?. For Z > y one
has a finite region ¢> < ¢ < q§+ for which the argument
in the square root of eq. (A59) becomes negative. In this
region \; (¢?) and A_(¢?) have a non-vanishing imaginary
part for real ¢°. (For Z — 1 one has ¢7 — —oo, q7, —
—m?/4, while for Z # 1, Z > y both ¢ and qi are finite.)

The region with an imaginary part of A+ (g?) occurs always



beyond the location of the second pole of the propagator,
ey < w2, This is visible from

:1—32:7:1—22 Ty, (AT6)
with
‘Ti:(z_%)Q(b:F bz—(Z71)2v2), v:%,
b:2(1—y)2+(Z—1)(1—y—:1—22)
=(1-y|@+D0-y+ZLz-1?]. (A

The argument of the square root being smaller than b2,
both x; and z_ are positive since b > 0.

In the complex ¢2- plane the graviton propagator has a
cut for real negative ¢°, extending from g2 to ¢7 . Ex-
cept for the pole at ¢g> = 0 and this cut, it is analytic,
decaying ~ |q|=2 for large |q|. Nothing obstructs analytic
continuation from euclidean space to Minkowski space. We
can therefore extend our analysis to field configurations for
which the metric is the Minkowski metric, g, = 1. In
Minkowski space one has ¢> = —¢? + ¢%. In the com-
plex qo - plane the graviton propagator has two poles at
qo = i\/(j’_Q. It inherits the cuts on the real ¢y - axis, ex-
tending from ¢ = |2 |+¢? to |g7, [+¢?. The prescription
for the usual infinitesimal i€ - terms is dictated by analytic
continuation. This graviton propagator is well behaved in
Minkowski space, without any instability.

We can map these results to the general discussion in
sect. 4. Comparing the inverse propagator matrix (A55)
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with eq.(139), and denoting the gauge boson mass m in
eq.(139) by mg in order to distinguish it from m as used in
this section, we can identify

m? =m? - M? =m?*(1 —vy),

7 b=1, c=+1—y.

(A78)
Here we disregard the factor i in the off-diagonal elements

of eq. (139) since they do not influence the eigenvalues
A+ (g?). The relation
F=b—y (A79)
identifies in eqs.(149),(153)
M fy o b= 2 2
r= " 1, % =2z—a°=y, (1—z)=1-y.(A80)

The stability condition (150) translates to (A58), 0 < y <

1, and the tachyon mass in egs. (151) and (A57) coincides,
2z — 2% 9

2 _ _
my = -—s—m, = [

——m (A81)

The stability condition for the absence of ghosts (152) is
equivalent to eq. (A62). For the inverse propagator of the
stable massive particle near the pole eqs.(153) and (A71)
are identical. The Taylor expansion for A_(¢?) for small ¢?
is identically given by eqs. (159) or (A60). These equations
actually determine the exact relation Z = Z — y between
Z and Z in eq.(135). The contribution ~ y arises from in-
tegrating out the heavy fields in the presence of Ly, which
modifies quantitatively the correction terms in eq. (135),
without changing the situation qualitatively as long as Z—y
stays sufficiently away from zero.
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