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The 3+1-dimensional Einstein-Hilbert action is obtained from the 1-loop effective action on non-
commutative branes in the IIB or IKKT matrix model. The presence of compact fuzzy extra
dimensions K as well as maximal supersymmetry of the model is essential. The E-H action can
be interpreted as interaction of K with the space-time brane via IIB supergravity, and the effective
Newton constant is determined by the Kaluza-Klein scale of K. The bare matrix model defines a
pre-gravity action with 2 derivatives less than the induced E-H action, governing the cosmological
regime. The perturbative physics is confined to the space-time brane, which for covariant quantum
space-times includes all dof of gravity, as well as a tower of higher-spin modes. The vacuum energy
is given in terms of the symplectic volume form, and hence does not gravitate.

INTRODUCTION

Classical gravity is well described by general relativ-
ity (GR), which arises from the Einstein-Hilbert action.
However, this formulation is not well suited for quantiza-
tion. Among the many approaches to reconcile quantum
mechanics with gravity, string theory is perhaps distin-
guished by a sort of structural uniqueness. However, it
leads to a vast “landscape” of possible compactifications
to 3 + 1 dimensions. In this letter, we propose a possi-
ble resolution of this problem based on a certain matrix
model, which was proposed as a constructive definition
of string theory.

Our starting point is the maximally supersymmetric
IIB or IKKT matrix model [1]

S =
1

g2
Tr
(
[Y α̇, Y β̇ ][Yα̇, Yβ̇ ] + ΨΓα̇[Y α̇,Ψ]

)
. (1)

Dotted indices transform under a global SO(9, 1), and are

raised and lowered with ηα̇β̇ . Here Y α̇ ∈ End(H), α̇ =
0, ..., 9 are hermitian matrices acting on some (finite-
dimensional or separable) Hilbert space H, while Ψ is
a matrix-valued Majorana-Weyl spinor of SO(9, 1). We
will mostly ignore the fermions Ψ, although their pres-
ence is crucial for quantization.

The matrices Y α̇ are naturally interpreted in terms
of D-branes in target space. More specifically, we will
interpret them as quantized embedding functions

Y α̇ ∼ yα̇ : M ↪→ R9,1 (2)

of some brane(s) M, with semi-classical limit yα̇. The
Y α̇ will generically not commute, and their commutator

[Y α̇, Y β̇ ] ∼ i{yα̇, yβ̇} is interpreted as quantized Poisson
bracket on M.

The action (1) is known to have a variety of criti-
cal points, which can be interpreted as D-branes in tar-
get space carrying some B fields. The basic examples
are flat branes described by Moyal-Weyl quantum planes

R2n
θ ⊂ R9,1, where [Y α̇, Y β̇ ] = iθα̇β̇1l. Fluctuations

Y α̇ → Y α̇ + Aα̇ of such backgrounds are governed by

a non-commutative gauge theory [2], where Aα̇ is viewed
as gauge field on the background brane.

The quantization of this model is defined by the “ma-
trix path integral”

〈Y...Y 〉 =
1

Z

∫
dY dΨY...Y eiS Z =

∫
dY dΨeiS .

This oscillatory integral becomes absolutely convergent
for finite-dimensional H upon implementing the regular-
ization

S → S + iε
∑
α̇

Yα̇Yα̇ , (3)

which amounts to a Feynman iε term in the noncom-
mutative gauge theory. For block-matrix configurations
describing several branes, the path integral leads to in-
teractions of the branes consistent with IIB supergravity
[1, 3, 4] in target space R9,1, thus providing a direct link
with string theory.

We will focus on the perturbative physics around ma-
trix configurations describing a single noncommutative
brane M. Then the matrices End(H) ∼ C(M) can be
interpreted as quantized functions on M. Fluctuations
around the background can thus be interpreted as fields
on the brane, governed by a non-commutative gauge the-
ory. In particular, the model leads to 3 + 1 dimensional
physics onM3,1 branes. There are no fields propagating
in transversal directions, in contrast to standard string
theory.

The propagation of all fluctuations on such a M3,1

brane is governed by a universal dynamical metric spec-
ified below. We will demonstrate that the dynamics of
this geometry is governed by an Einstein-Hilbert term
which arises in the one loop effective action of the IKKT
model, assuming the presence of fuzzy extra dimensions
K. More specifically, we assume a background brane with
product structure

M3,1 ×K ⊂ R9,1 , (4)

where K is a quantized compact symplectic space (such
as a fuzzy sphere) supporting finitely many dof, cf. [5, 6].
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KINEMATICAL SETUP

We consider matrix configurations Y α̇ = (Y ȧ, Zi)
which describe a noncommutative brane M×K ⊂ R9,1

embedded in target space. Here

Y ȧ ∼ yȧ : M ↪→ R3,1, ȧ = 0, ..., 3 (5)

describes a quantized 3+1-dimensional space-time M
embedded along the first 4 coordinate directions, and

Zi ∼ zi : K ↪→ R6, i = 4, ..., 9 (6)

describes a compact quantum space K embedded along
the transversal directions. Dotted Latin indices ȧ, ḃ =
0, ..., 3 indicate frame-like indices transforming under the
global SO(1, 3) symmetry of the model. The Hilbert
space is assumed to factorize as H = HM ⊗ HK, where
HK ∼= Cn corresponds to the compact space K. The
matrix d’Alembertian 2 = [Y α̇, [Yα̇, .]] then decomposes
as

2 = [Y ȧ, [Yȧ, .]] + [Zi, [Zi, .]] = 2M + 2K . (7)

The detailed structure of K will be irrelevant1. We only
require that the internal matrix Laplacian 2K has a pos-
itive spectrum,

2KλΛ = m2
Λ λΛ , m2

Λ = m2
Kµ

2
Λ (8)

with eigenmodes λΛ ∈ End(HK) enumerated by some
discrete label Λ. We then expand the most general mode
φ ∈ End(H) into the finite basis of Kaluza-Klein (KK)
modes

φΛ = φΛ(x)λΛ (9)

with φΛ(x) ∈ End(HM), which satisfy

2φΛ = (2M +m2
Λ)φΛ . (10)

Therefore the φΛ mode acquires a mass m2
Λ on M, as in

standard KK compactification.
Now consider the quantum space-time M defined by

Y ȧ. To understand the kinematics, we consider the semi-
classical regime where commutators [., .] ∼ i{., .} can be
replaced by Poisson brackets, and define

Θȧḃ = −i[Y ȧ, Y ḃ] ∼ {Y ȧ, Y ḃ} . (11)

Then the matrices Y ȧ define a frame as follows

Eȧµ := {Y ȧ, xµ} (12)

1 in the simplest case K could be a fuzzy sphere S2
N , and more in-

teresting spaces leading to interesting low-energy gauge theories
have been considered, cf. [6, 7].

where xµ are local coordinates onM. All fluctuations in
the matrix model are governed by a kinetic term of the
structure

Tr([Y ȧ,Φ][Yȧ,Φ]) ∼
∫
d4x
√
|G|Gµν∂µφ∂νφ (13)

in the semi-classical limit Φ ∼ φ. This defines the effec-
tive metric on M:

Gµν = ρ−2 γµν , γµν = ηȧḃE
ȧµE ḃν , (14)

for a uniquely determined dilaton ρ [8]. To capture the
geometry in the matrix model, it is useful to consider the
following “torsion” tensor

T ȧḃµ := −{Θȧḃ, xµ} = −Eȧν∂νE ḃµ + E ḃν∂νE
ȧµ (15)

using the Jacobi identity. This can be understood as
torsion tensor of the Weizenböck connection∇(W )Eȧ = 0
[9], cf. [10]. We replace the frame indices with coordinate
indices by contracting with coframes EȧσEḃκ defined via

EȧµEȧν = δµν , and obtain

T µ
σκ = Eȧµ(∂σEȧκ − ∂κEȧσ ) . (16)

This becomes more transparent in terms of the 2-form

T ȧ =
1

2
T ȧ
µν dxµdxν = dθȧ (17)

where

θȧ := Eȧµdx
µ (18)

is the coframe one-form. Therefore the torsion 2-form is
nothing but the exterior derivative of the coframe. In the
matrix model framework, the first form in (15) is most
relevant; for a more detailed discussion see [9, 11].

Covariant quantum spaces. For 3+1-dimensional
noncommutative branes M, the tangential fluctuations
cannot provide the most general metric dof. Transversal
fluctuations are presumably suppressed in the presence
of K. Furthermore, the presence of an antisymmetric

tensor field θȧḃ on space-time is problematic. These is-
sues are resolved for covariant quantum spaces, which
are twisted bundles over space-time with a 2-dimensional
fuzzy sphere S2

n as fiber [12–14],

M
loc∼= M3,1 × S2

n (19)

embedded in the matrix model via 3+1 generators Y α̇.
For example, a FLRW space-time is realized by

Y α̇ =
1

R
Mȧ4 (20)

acting on a doubleton irrep Hn of so(4, 2). One can
then expand the fluctuations into harmonics φsm =
φsm(y)Ysm on S2

n, so that [12]

2M = 2M3,1 +m2
s, m2

s =
s(s− 1)

R2
. (21)
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Here R is a large (cosmological) scale parameter. Due
to the twisted bundle structure, the Ysm turn out to be
spin s modes on space-time. This leads to a finite tower
of higher-spin excitations for s ≤ n, which provides all
degrees of freedom of gravity in 3+1 dimensions [12]. The
above discussion for frame and torsion generalizes easily,
in terms of higher-spin valued frame and torsion. We will
ignore their higher-spin contributions in the following,
and focus on the geometric sector.

ONE-LOOP EFFECTIVE ACTION

We wish to compute the 1-loop effective action on
a background of the above type, in the weak coupling
regime. We first ignore the internal fiber S2

n of covariant
quantum spaces, which will be included later. The one-
loop effective action of the IKKT model for some given
matrix background Y α̇ is defined by

Z1 loop[Y ] =

∫
1 loop

dY dΨeiS[Y,Ψ] = ei(S[Y ]+Γ1loop[Y ])

in terms of an oscillatory Gaussian integral around Y .
Taking into account the fermions and the ghost contri-
butions, this leads to [1, 3, 15]

Γ1loop[Y ]=
i

2
Tr
(

log(2 +M
(V )

α̇β̇
[Θα̇β̇ , .])

− 1

2
log(2 +M

(ψ)

α̇β̇
[Θα̇β̇ , .])− 2 log2

)
. (22)

Here the trace is over hermitian matrices in End(H), and

M
(ψ)

α̇β̇
= 1

4i [Γα̇,Γα̇]

(M
(V )

α̇β̇
)γ̇
δ̇

= i(δγ̇
β̇
ηα̇δ̇ − δ

γ̇
α̇ηβ̇δ̇) ,

(23)

are SO(9, 1) generators acting on the vector or spinor
representation, respectively. The 2 log2 term arises from
the ghost contribution. Using the expansion

log(2 +O) = log2 +
∑
n>0

1

n

(
2−1O

)n
(24)

and observing that the first 3 terms in this expansion
cancel due to maximal supersymmetry, the leading non-
trivial term is the 4th order term given by [15]

Γ1loop
4 =

i

8
Tr
((
2−1M

(V )

α̇β̇
[Θα̇β̇ , .]

)4− 1

2

(
2−1M

(ψ)

α̇β̇
[Θα̇β̇ , .]

)4)
(25)

dropping O(2−5) contributions. In these expressions,
2→ 2− iε arising from (3) is understood.

Evaluation of the trace. We will evaluate the trace
over TrM ≡ TrEnd(HM) using the basic formula [4]

TrMO =
1

(2π)4

∫
M×M

ΩxΩy
(
x
y

∣∣O ∣∣xy) (26)

where Ω = d4xρM is the symplectic volume form. Here∣∣x
y

)
:= |y〉〈x| ∈ End(HM) (27)

are string modes in terms of coherent states |x〉 on the
symplectic space M. This formula is exact for homo-
geneous quantum spaces, and follows from group invari-
ance [4]. As a symplectic manifold, we can assume that
M is equivalent to a 4-dimensional quantized homoge-
neous space such as R4

θ; the extra S2
n factor on covariant

quantum spacetime will be taken into account later.
String modes are useful to evaluate the trace over

End(HM), because they enjoy approximate localization
properties in both position and momentum [4, 16]. In
particular,

2(|y〉〈x|) ∼ (|x− y|2 + L2
NC) |y〉〈x|

[Θȧḃ, .](|y〉〈x|) ∼ δΘȧḃ(y, x)|y〉〈x|

δΘȧḃ(y, x) = Θȧḃ(y)−Θȧḃ(x) . (28)

where |x− y| is the distance in target space R9,1, and

L2
NC = det(θȧḃ)1/4 (29)

is the scale of noncommutativity. Thus 2 measures the
length of the string modes, which are responsible for
UV/IR mixing in non-SUSY models [17].

We can therefore evaluate the 1-loop integral approxi-
mately as follows

Γ1loop
4 =

i

4

1

(2π)4
TrK

∫
M×M

ΩxΩy
3V4[δΘ(x, y)]

(|x− y|2 + L2
NC)4

(30)

where [4]

V4[δΘ] = δΘα̇β̇δΘα̇β̇δΘγ̇δ̇δΘγ̇δ̇ − 4δΘα̇β̇δΘβ̇γ̇δΘγ̇δ̇δΘδ̇α̇

= −4tr(δΘ4) + (trδΘ2)2 . (31)

Here δΘij → [Θij , .] is understood for the contributions
of K. On a product space M × K, this leads to the
following contributions

V4 = VM4 + V K4 + VMK4 . (32)

The most interesting term is

VMK4 = 2δΘȧḃδΘȧḃ[Θij , [Θij , .]] (33)

which is responsible for the interaction between M and
K, and gives rise to a gravity action on M. There are
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no other contributions, since the mixed components of
the Poisson tensor [Y ȧ, Y i] = 0 vanish. The contribution
of K in (25) can be evaluated for the product states (9),
noting that

[Θij , φΛ(y)λΛ] = φΛ(y)[Θij , λΛ] . (34)

We assume for simplicity that λΛ is a common eigenvec-
tor of both 2K and [Θij , [Θij , .]] in End(HK). Then

[Θij , [Θij , λΛ]] = m4
KC

2
ΛλΛ , (35)

where m2
K is the KK mass scale, and C2

Λ > 0 are numer-
ical constants depending on the structure of K.

To compute VMK4 , we need to evaluate
(
δΘȧḃδΘȧḃ

)
on

the string states, recalling that δΘȧḃ stands for [Θȧḃ, .].
Since the integral (30) is convergent due to the 1

|x−y|8

behavior, only “short” string states with |x − y| ≤
LNC contribute, which capture the low-energy sector of

End(HM). Then [Θȧḃ, .] ∼ i{Θȧḃ, .} can be evaluated in
the semi-classical regime, but the approximate relations
(28) need to be refined. This is achieved by recognizing
that short string states correspond precisely to localized
Gaussian wave packets on M≈ R4

θ:

e
i
2k
µθ−1
µν y

ν ∣∣y+ k
2

y− k2

)
=: Ψk̃;y

∼= ψk̃;y(x) =
2

πL2
NC

eik̃xe−|x−y|
2
g .

Here k̃µ = kνθ−1
νµ , and |.|g = L−1

NC |.| is the metric which
renders (M, ω, g) an almost-Kähler manifold. This pro-
vides an isometric identification of the low-energy modes
in End(HM) and L2(M), which can be checked explicitly
using the inner product of coherent states

〈x|y〉 = e
i
2y
µθ−1
µν x

ν

e−
1
4 |x−y|

2
g . (36)

Hence ψk;y are Gaussian wave packets of characteristic
size LNC centered at y. More abstractly, we can identify
the space of short string states with the cotangent bundle

(M×M)loc
∼= T ∗M

(x, y) 7→ (x, k̃), k̃ν = (y − x)µθ−1
µν .

The symplectic measure on M×M then reduces to the
canonical measure on T ∗M. This allows to rewrite the
trace formula (26) as follows

TrMO ≈
1

(2π)4

∫
M
dx

∫
dk〈Ψk,x,OΨk,x〉

=
1

(2π)4

∫
M

√
Gdx

∫
dk√
G
〈ψ(L)
k,x ,Oψ

(L)
k,x 〉 (37)

which is independent of L. The second formula applies
also in the commutative case, and

ψ
(L)
k;y :=

∫
d4z e−|y−z|

2
g

L2
NC
L2 ψk;z (38)

are Gaussian averages of the short string modes with size
L � LNC . These are approximately plane waves ψk ∝
eikx, which allows to evaluate [Θȧḃ, .] ∼ i{Θȧḃ, .} as

{Θȧḃ, ψk} = {Θȧḃ, xµ}∂µψk ≈ −iT ȧḃµkµψk
{θȧḃ, {θȧḃ, ψk;y}} ≈ −{θȧḃ, xµ}{θȧḃ, xν}kµkνψk;y

= −T ȧḃµT ȧḃνkµkνψk;y .

This is justified if the torsion T ȧḃµ (15) is approximately
constant on length scales L, which can be assumed in the
context of gravity. Putting this together, VMK4 acting on
the ψk;yλΛ is approximately diagonal, and reduces to

VMK4 [ψk;yλΛ] = 2m4
KC

2
ΛT

ȧḃµT ȧḃνkµkν ψk;yλΛ .

Hence the full trace reduces to the following local integral

ΓK−M1loop =
3i

4
Tr
( VMK4

(2− iε)4

)
=

3im4
K

2(2π)4

∫
M

d4x
√
G
∑
Λ

C2
Λ

∫
d4k√
G

TαβµTαβνkµkν
(k · k +m2

Λ − iε)4

where k · k = kµkνγ
µν , re-inserting the iε. The integral

over k can be evaluated using contour integration as∫
d4k√
G

kµkν
(k · k +m2 − iε)4

=
iπ2

12m2
ρ−4Gµν . (39)

Since the frame Eα̇µ and the torsion correspond to the
metric γµν = ρ2Gµν (14), it follows that

ρ−4T α̇β̇µT α̇β̇νGµν = T ρσµ T
σ

ρ νG
µν . (40)

Therefore

ΓK−M1loop = − c2K
(2π)4

∫
M

d4x
√
Gm2

KT
ρ
σµ T

σ
ρ νG

µν (41)

where

c2K =
π2

8

∑
Λ

C2
Λ

µ2
Λ

> 0 (42)

is finite, determined by the dimensionless KK masses (8).
This is recognized as gravitational action using the fol-
lowing identity obtained from (E.4) and (E.6) in [11]∫
d4x
√
GR = −

∫
d4x
√
G
(7

8
Tµσρ T

ρ
µκ Gσκ +

3

4
TνTµG

µν
)
.

HereR is the Ricci scalar of the effective metric Gµν , and
Tµdx

µ = − ? ( 1
2GνσT

σ
ρµ dx

νdxρdxµ) is the Hodge-dual
of the totally antisymmetric torsion, which reduces using
the eom of the matrix model to a gravitational axion ρ̃
[11]

Tµ = ρ−2∂µρ̃ . (43)
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Therefore we obtain the Einstein-Hilbert action with an
extra contribution from Tµ:

ΓK−M1loop =
2c2K

7(2π)4

∫
M

d4x
√
Gm2

K
(
4R+ 3TνTµG

µν
)

(44)

with Newton constant set by the compactification scale

1

16πGN
=

c2K
14π4

m2
K . (45)

Hence the Planck scale is related to the Kaluza-Klein
scale for the fuzzy extra dimensions K, which also serves
as an effective UV cutoff. Since the 1-loop effective action
is related to IIB supergravity, the gravity action in 3+1
dimensions can be interpreted as quasi-local interaction
of K and M via 9+1-dimensional IIB supergravity.

It turns out that ΓK−M1loop = c2m2
K > 0 (41) is positive for

the covariant FLRW space-time in [12]. Combined with
the bare action, the effective potential has the structure

V (m2
K) = −c2m2

K + d2

g2m
4
K at weak coupling, which has

a minimum for m2
K > 0. This indicates that K can be

stabilized by quantum effects.
Vacuum energy. The vacuum energy arising at 1 loop

from K is obtained using an analogous trace computa-
tion, leading to a result of structure

ΓK1loop =
3i

4
Tr
(V K4
24

)
∼ − π2

8(2π)4

∫
M

Ωm4
K

∑
Λs

V4,Λ

µ4
Λ

(46)

assuming 1
R2 � m2

Λ ∼ m2
K. Here V4,Λ is determined by

structure of K, and could a priori have either sign. Since
the symplectic volume form Ω on M3,1 is independent
of the metric, the 1-loop vacuum energy does not con-
tribute to gravity, in contrast to GR. This suggests that
no cosmological constant problem arises. Finally, VM4
(32) leads to a 4-derivative contribution ΓM1loop, which is
expected to be negligible for long wavelengths.

Covariant quantum space-time. The above compu-
tation extends straightforwardly to covariant quantum
space-times (19), leading again to the gravity action (44),
with cK modified as

c2K =
π2

8

∑
Λs

(2s+ 1)C2
Λ

µ2
Λ + s(s−1)

R2m2
K

≈ π2

8

∑
Λs

(2s+ 1)C2
Λ

µ2
Λ

(47)

assuming R2m2
K � 1. The vacuum energy (46) is also

slightly modified with the same qualitative features, and
does again not gravitate. More details will be given in a
forthcoming publication.

DISCUSSION

We have shown that the 3+1-dimensional Einstein-
Hilbert action arises at one loop in the IKKT matrix

model on suitable 3+1-dimensional banes, in the pres-
ence of fuzzy extra dimensions K but without target
space compactification. The vacuum energy is large but
does not gravitate, due to the symplectic structure of the
brane. Combining the 1-loop contribution (44) with the
bare action, the effective action for gravity up to second
derivatives in the frame has the form

Sgrav = −
∫

Ω
1

g2
ΘȧḃΘ

ȧḃ + ΓK−M1loop . (48)

The bare action has 2 derivatives less than the E-H ac-
tion and is hence interpreted as “pre-gravity” [18], which
should dominate at long (cosmic) scales. At shorter
scales the E-H term will dominate, leading to a cross-over
with GR. The mechanism works only in the maximally
supersymmetric model, where the gauge theory on the
brane is UV finite. The induced E-H action on M can
be understood as quasi-local IIB supergravity interaction
between K andM with negative binding energy, suggest-
ing that such configurations can be stable. It should be
possible to verify (meta)stability of such configurations
by numerical simulations in the matrix model, but this is
very challenging, cf. [19, 20] for related numerical work.

Finally, the presence of K leads to a non-trivial gauge
theory onM, and fermions coupling to chiral gauge the-
ories can arise from self-intersections of K [6, 7, 21]. This
may lead to physically interesting gauge theories coupled
to the above “emergent” gravity in a consistent quantum
framework.
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