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We provide a setup by which one can recover the geometry of spacetime from local measurements
of quantum particle detectors coupled to a quantum field. Concretely, we show how one can recover
the field’s correlation function from measurements on the detectors. Then, we are able to recover
the invariant spacetime interval from the measurement outcomes, and hence reconstruct a notion of
spacetime metric. This suggest that quantum particle detectors are the experimentally accessible
devices that could replace the classical ‘rulers’ and ‘clocks’ of general relativity.

I. INTRODUCTION

A full theory of quantum gravity is arguably one of the
greatest challenges of modern theoretical physics. Ever
since general relativity was first proposed, different ap-
proaches have been attempted without no definite success
to date. One of the obstacles for a full theory of quantum
gravity lies in the fact that the current notions of time
and space are defined in terms of the spacetime metric,
which cannot be consistently quantized by usual means.

It is commonly accepted that at the Planck scale, no
experimentally verified theory provides a framework for
measuring space or time. At these scales the theory of
general relativity can be argued not to be valid anymore
since there is no notion of ruler or clock. Thus, any
method of introducing the notion of spacetime distance
must rely on the only theory suitable on these scales:
quantum field theory (QFT).

In recent pioneering work by Kempf et al. [IH3] it was
shown that the notion of distance could be rephrased in
terms of propagators of quantum fields. This rephrasing
of distance and time intervals in terms of QFTs then
allows one to write the observables of general relativity
in terms of measurable quantities of quantum fields, and
in the authors’ opinion represents great progress towards
our understanding of the relationship between these two
theories.

In this work we provide a physically realizable way
of recovering the geometry of spacetime by means of lo-
cal measurements of quantum field theories. The tools
we consider for locally probing quantum fields are the
so-called particle detector models, such as the Unruh-
DeWitt (UDW) detector [4HG]. These tools have been
successfully employed in the study of plenty of phe-
nomena in quantum field theory, such as the Unruh ef-
fect [4H8] and Hawking radiation [9, [I0]. Nowadays,
many protocols of relativistic quantum information have
been developed through the use of particle detector mod-
els, such as entanglement harvesting [ITH20], quantum
and classical communication [21H28] and quantum energy
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teleportation [29H32] to cite some. Moreover, particle
detector models have a natural connection with experi-
mental setups, being able model the interaction of atoms
with light [33H36] and nucleons with neutrinos [37, [38]
in more accurate ways than the typical models employed
in quantum optics (e.g. Jaynes-Cummings) and nuclear
physics. Particle detectors have also proven to be re-
spectful with fundamental principles of relativity theory
such as causality [39, [40] and general covariance [41] 42].

Although particle detector models can be used to ob-
tain local information about quantum fields, their re-
sponse is always a function of the m-point point cor-
relators of the field, and not only of its propagators.
This adds an extra difficulty to directly apply the re-
sults in [T, B] to the response of detectors. To address
this, in this manuscript we show that the metric can also
be rebuilt from the two-point function of quantum fields
that detectors can directly access [43]. This is due to the
fact that the short distance behaviour of the field cor-
relations in any physical state is only a function of the
proper distance between events. Thus, it is possible to
appropriately manipulate the two-point function in order
to recover the infinitesimal line element, or, equivalently,
the spacetime metric.

More concretely, we will extend the results in [43]
about explicitly measuring the field Wightman function
along the worldline of a particle detector to more gen-
eral scenarios. Specifically, we will show how to mea-
sure field correlators at timelike and spacelike separated
events with pairs of particle detectors. This provides an
experimentally accessible protocol to probe the two point
function of the field for any two close enough events.
Then we use these results to provide a protocol with
which the spacetime metric can be explicitly recovered
from measurements of probes that couple to a quantum
field. Moreover, we explicitly show that the short dis-
tance behaviour of the two-point function of a free real
scalar quantum field is independent of any of its spe-
cific properties, such as the field mass or the field state,
allowing for the measurement of spacetime separations
through the infinitesimal notion of distance provided by
the correlation function of quantum fields captured by
particle detectors. Finally, we also illustrate how the
protocol works and the metric is recovered from mea-
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surements of the field in several example scenarios in flat
and curved spacetimes.

This work is organized as follows. In Section [[I we
show how to recover the spacetime metric in terms of the
quantum field’s two-point function regardless of the field
state. In Section [Tl we discuss the UDW model and the
setup used to locally probe the quantum field. We apply
this setup to quantum field theories in curved spacetimes
and show how to locally recover the metric and spacetime
curvature in terms of the correlation functions between
different UDW detectors. In Section [V] we consider mul-
tiple examples and show explicitly how particle detectors
can be used to recover the metric of usual spacetimes,
such as Minkowski spacetime, hyperbolic static FRW and
deSitter spacetimes. We also consider with both point-
like and smeared particle detectors probing different field
states. The conclusions of our work can be found in Sec-

tion [V1

II. THE SPACETIME GEOMETRY IN TERMS
OF THE TWO-POINT FUNCTION OF
QUANTUM FIELDS

This section will be devoted to establishing the rela-
tionship between the spacetime geometry and the field
correlators as shown in [IH3]. In these references it was
shown that it is possible to recover the spacetime metric
in terms of the Feynman propagator (time-ordered vac-
uum two-point function) for a scalar field defined in a
curved spacetime. Here we write the results of [I] in an
explicitly coordinate independent formulation. We then
use this to extend some of the results of [IH3] showing
that it is also possible to recover the metric by means
of the (not time-ordered) two point function for any
field state. We will highlight that the reason why one
can recover the metric from both the Wightman func-
tion and the Feynman propagator is the specific depen-
dence of these on the spacetime interval between events,
something that is necessary for the fulfillment of the
Hadamard condition [44H48].

As a first step, before going through how to recover
the metric in terms of correlators and propagators, we
briefly review the basics of Synge’s world function and
Klein-Gordon quantum fields in curved spacetimes.

A. Synge’s world function

In this subsection we briefly discuss the properties of
Synge’s world function, o(x,x’). In a few words, Synge’s
function takes as input two sufficiently close events in
spacetime and returns one half of the squared geodesic
distance between them. That is, if Misa D =n+1
dimensional spacetime, with n > 2, and x,x’ € M are
two events that can be connected by a unique geodesic
v i [ug, ug] = M, Synge’s world function can be written

as

dy* dy”
du du’

) = Sz =) [ g o) 1)

Or, in the particular case where ~y is parametrized by its
proper time/length parameter s € [0,r] with v(0) = x
and y(r) = X/, we can write the simpler expression

o(x,x) = % (2)

The domain of ¢ is then the subset of M x M consisting
of points that can be connected by a unique geodesic. It
is important to notice that given x € M, there always
exists its normal neighbourhood: the largest open set
such that every point within it can be connected to x by
a unique geodesic. This implies that o(x,x’) is always
locally defined around each point.

Synge’s world function is particularly useful to talk
about expansions of tensors around a spacetime point.
o(x,x) can be differentiated with respect to each of its
arguments, and its derivatives can be used to extend the
notion of separation vector to curved spacetimes. In fact,
it is possible to show that the derivatives of o(x,x’) are
related to the initial tangent vector (i.e., at x) of the
geodesics that connect x and x'.

It is usual to denote differentiation with respect to the
first argument with no prime and differentiation with re-
spect to the second argument with primes. Namely, we
denote

Vo= a(x,x). (3)

'
Notice that both elements above can be seen as com-
ponents of a tensor of rank (0,1) that depends on two
spacetime points. However, each of the tensors in Eq.
lie in different tangent spaces. That is, V,0 € TxM,
while V,,0 € Tw M. Moreover, it is usual to denote
derivatives of the world function by adding an index to
o instead of explicitly writing the symbol V. We will use
this notation in the manuscript and simply denote

Ol = va/(f OB = VQV/g(J', (4)
and analogous expressions for higher derivatives. For a
detailed review of Synge’s World function, and the usual
conventions, we refer the reader to [49)].

As we mentioned above, Synge’s world function can
be used to obtain the tangent vector to the geodesics
that connect nearby points, thus generalizing the con-
cept of separation vector between them. More specifi-
cally, the vector o#(x,x’) € T, M is the tangent vector to
the geodesic that connects x and x” such that its squared
norm corresponds to the squared spacetime interval be-
tween these events. That is,

1
o= -olo,. (5)
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The vector o € TyM can also be used to build Rie-
mann normal coordinates around the point x. In fact,
ot (x,x") corresponds to the “position vector” of the point
x" in Riemann normal coordinates. Conversely, ot s
the tangent vector (at x’) to the geodesic that starts at
x" and reaches x, with squared norm equal to 20(x,x’).
Synge’s world function then allows us to write expres-
sions in terms of Riemann normal coordinates around an
event in completely covariant language, without explic-
itly relying on coordinate systems.

The notion of coincidence limit is of particular rele-
vance in this manuscript. The coincidence limit is the
name given to the limit of a bitensor that depends on x
and x’ when x’ — x. In essence, this limit brings a tensor
defined at different points to a tensor defined at x. Fol-
lowing the usual notation in the literature, we denote the
coincidence limit of a bitensor by brackets. For instance,

[Jaﬁ’] = ><h£>nx Oap’- (6)
Notice that Eq. @ is the coincidence limit of an object
that is a (0,1) tensor at x and a type (0,1) tensor at x’.
The limit yields a (0,2) tensor at x. The coincidence
limits of Synge’s world function will allow us to recover
the spacetime metric from the propagators and two-point
functions of a quantum field. We recall the following co-
incidence limit identities for Synge’s world function [49]:

[Ja] = [Uo/] =0 (7)
[0ag] = [0arp'] = Gap (8)
[O'aﬂ’] = [Ua’B] = —Jap; (9)
[Uaﬁ'yé] = [Uaﬁfy/&} = [O—a’ﬁ/'y’é’] = ;Ra('yé)ﬁv (10)
[Oapys] = %Ra(m)é' (11)

Notice that since the coincidence limit is always a ten-
sor at the point x, there are no primed indices on the
rightmost term of the equations above. As we can see in
expressions (8) and (9), it is then possible to recover the
spacetime metric at a point x by taking limits of deriva-
tives of Synge’s world function.

We end this section with two other examples of biten-
sors: the parallel propagator g® 5(x,x’) and the Van-
Vleck determinant, A(x,x’), defined in the same domain
as o(x,x'). The parallel propagator is defined as the
bitensor that maps a vector v € T, M to its parallel trans-
port at T,w M along the unique geodesic that connects x
with x’. It is intuitive that its coincidence limit reads
[ga/ 8l = 6%. The parallel propagator is related to Synge’s

world function via ¢ = g",gaﬁ , which can be seen from
the fact that tangent vectors to geodesics are parallel
transported. The Van-Vleck determinant A(x,x’) is de-
fined as

A(x,x') = det (—go"a(x7 x)o® g (x, x’)), (12)

and it naturally arises in expressions for Green’s func-
tions for different field equations of motions, as it is the

solution to the differential equation V,(Ac®) = 4A. Ad-
ditionally, it is important to notice that as x' — x, the
Van-Vleck determinant behaves as A =1+ O(0?).

B. The free real scalar field in curved spacetimes

In this subsection we will briefly review the quantiza-
tion of a real scalar quantum field in curved spacetimes.
We consider a D = n + 1 dimensional spacetime M with
a real scalar field ¢(x) associated with the Lagrangian

L= VT — 5 (m —€R) &, (13)

where m is the field’s mass, R is the Ricci scalar and &
determines the coupling of the field to curvature. Two
specific values of ¢ that are interesting are the confor-
mally coupled case with & = (D — 2)/4(D — 1) and the
minimally coupled case with £ = 0. The equation of mo-
tion that arises from the extremization of the action as-
sociated with the Lagrangian in is the Klein-Gordon
equation,

(V. V* —m? + ER)¢p = 0. (14)

We quantize the field by choosing a complete set of
solutions to the equation that is orthonormal with re-
spect to the (non-positive) inner product defined by the
continuity equation. We denote this set of modes by
{ur(x), uj,(x)}, and imposing canonical commutation re-
lations so that the field operator can be written as

— /d"k (uk(x)dk + u;;(x)dL) : (15)

where aj are the annihilation operators associated with
this mode decomposition. It is then possible to construct
a Hilbert space representation for the QFT, from the vac-
uum state |0), assumed to be the only state such that
ar [0) = 0. The Fock space associated with this mode
decomposition is then constructed by repeated applica-
tions of the creation operators d,Tc to |0). The creation
and annihilation operators satisfy the canonical commu-
tation relations,
[ay, ] = 0™ (k — K). (16)
In QFT there are two scalar distributions that are par-
ticularly relevant: the Feynman propagator, Gg(x,x’),
and the vacuum Wightman function, W(x,x’). These
are defined by the following expressions

(01T d(x)(x')[0) , (17)
(016 (x)$(x)]0) (18)

where 7T is the time ordering operation. As distribu-
tions, Gr(x,x’) and W(x,x") act on sufficiently regular

Gr(x,x)
W(x,x') =



functions f and g according to

Gr(f0) = [ aVaVI(gl)Grxx).  (19)
Wira)= [ avavieg W), (20)

where dV is the invariant spacetime volume ele-
ment. However, the integrals above are singular when
o(x,x") — 0, so that a regulator ie must be added which
indicates the contour in the complex plane will be taken
to solve the integrals and . After computing the
integrals the limit € — 0 can be taken, yielding a finite
result [46].

The Wightman function is particularly important in
order to define which quantization schemes can be asso-
ciated to physical vacuum states. It can be shown that
the expected value of the stress energy momentum ten-
sor in |0) can only be renormalized if the vacuum state
satisfies the so called Hadamard condition [44H48]. In
essence, (0T},,|0) can only be defined if the Wightman
function can be written as

i A1/2(X, X/)

W(Xv X,) = 871'2

+v(x,xX)In(o(x,x")) + h(x,x),

(21)
where A(x,x’) is the Van-Vleck determinant, o(x,x’) is
Synge’s world function, h(x,x’) is a regular function and
v(x,x) can be written as a power series in o(x,x’), whose
coeflicients are determined by the Hadamard recursion
relations [49,[50]. In this manuscript we will assume that
the vacuum defined by the mode expansion in Eq.
is a Hadamard state.

The Feynman propagator can also be related to the
Wightman function by

a(x,x)

Gr(x,x')=W(xx)0(t —t')+ W, x)0t —t)
= Re[W(x,xX)] +ie(t — ¢') Im[W (x,x")], (22)

where 6(t) denotes the Heaviside step function and
e(t) = 0(t) — 0(—t) denotes the sign function. In par-
ticular, due to the fact that the imaginary part of the
Wightman function goes to zero in the coincidence limit,
it is possible to formally write

lim Gp(x,x') = lim W(x,x), (23)
x/—x x/—x
where the equality has to be understood in a distribu-
tional sense.

C. The spacetime metric in terms of the
Wightman function

We start this subsection by reformulating the results
of [1] in an explicitly covariant way in terms of Synge’s
world function and coincidence limits. In [I] it was shown
that in a D = n + 1 dimensional spacetime, the metric

can be obtained from the Feynman propagator of Klein-
Gordon’s equation via the expression

D—-2

G =~ (F G - U) tim 20 (G )7

m 2 47D/2 X' —x Ozt Ox'v ’ ’

(24)

where Gp(x,x) is the Feynman propagator associated
with a given quantization framework. This result was
established by studying the short distance behaviour of
the Klein-Gordon equation with a Dirac-delta source. In
[1], the equation for the propagator was solved using Rie-
mann normal coordinates around a point.

It is possible to rewrite Eq. (C21) in [I] for the
short-separation behaviour of the Feynman propagator
in terms of Synge’s world function:

GF(X7 X/) = GO(U(X7 XI))(l + f(X, X/))7 (25)

where Go(0) is the massless Minkowski spacetime Feyn-
man propagator as a function of the half squared space-
time interval between events, o, and f(x,x') — 0 as
x' = x. Go(o) can be explicitly computed, and its short
distance behaviour is given by

r&-1) 1

Golo) = Sempr o

(26)

which corresponds to the Wightman function of a mass-
less scalar field in Minkowski spacetime. The fact that
the two coincide close to the coincidence limit is not sur-
prising as argued in Eq. .

Hence, by taking the 2/(2 — D)th power of Eq. (25),
one obtains the proportionality

(Gr(x,X) =P x o(x,X), (27)

where the remaining terms are negligible in the short dis-
tance limit. If one now wishes to recover the spacetime
metric, it is enough to compute the derivatives of Synge’s
world function with respect to its different arguments to-
gether with the coincidence limits in Eq. @[) In fact, by
differentiating with respect to x and x’, one obtains

s~ (LE-DYT
aﬂayl (GF‘(X7 X )) 2-D =~ W O'l“,/ 5 (28)
where the “~” symbol denotes that the expression above
is only valid when x' — x. By taking the coincidence
limit on both sides and isolating the [¢,,,/] term, we then
have

1{T(2-1 L 2
— gHV :[O-MV/] = 5 (Z(-L;_D/Q)> [8M6V/(GF(X7X/>)2—D]’

(29)
which establishes the result of Eq. (6) in [I] in an explic-
itly covariant manner.

We now shift focus to the vacuum Wightman func-
tion of a real scalar quantum field. In essence, in order



to write the metric in terms of the Wightman function,
we notice that—same as the Feynman propagator—the
Wightman function W(x,x’) for a massive field can be
written in terms of the massless (vacuum) Wightman
function in Minkowski spacetime (Go in Eq. (26)) added
to corrections that become negligible in the short dis-
tance limit. This implies that Eq. still holds when
one replaces the Feynman propagator Gg(x,x’) by the
vacuum Wightman function W(x,x’). This result can
also be obtained from Eq. (23), where we see that the
real part of Gp(x,x’) and of W(x,x’) is the same. Given
that the limit yields a real function (the components of
the metric g, are real), we obtain the desired result.
Namely, we can write the metric as the following coinci-
dence limit of the vacuum Wightman function,

D D3 R
Guv = _% (W) [aual/’(W(Xaxl))ﬁ]' (30)

We now discuss whether the assumption that the field
is in the vacuum state is necessary for this protocol. In
Appendix [B] we show that the Wightman function on
any normalized field state p4 can always be written as

W, (x,x) == <A(x)q3(x’)>
w

for a given set of functions F,, and G,,. We also show
that these functions are regular in the limit x’ — x. In
particular, this implies that they are negligible compared
to the (singular) vacuum Wightman function in this
limit. As discussed in Subsection [[TB] any Hadamard
state of a quantum field theory will be such that the
Wightman function can be written as in Eq. . As we
show in Appendix [B] the singular part of the Wightman
function of any state in a given quantization scheme is the
same as that of the vacuum. That is, using the quantiza-
tion scheme discussed in Subsection [TB] and under the
assumption that |0) is a Hadamard state, we can write

1({D(2-1)\""? 2
Juv = 2 <4(l7r2D/2)> (0,00 (W, (%, x'))77]

(32)
for any normalized field state py. In particular, this im-
plies that no matter the state of the field, it is possible
to recover the metric by means of the limit of Eq. .
This will be key in order for us to recover the geometry
of spacetime from local measurements of the quantum
fields.

It is worth noting that it is not straightforward to try
to recover the spacetime curvature directly via further
differentiation from the Wightman function by using Eqs.
and (11). This is so because repeated differentiations
of a scalar bitensor with respect to the same point require
covariant derivatives. Thus, we would need to have prior

knowledge of the connection in order to perform these
computations. However, it is true that the spacetime
curvature can be written as

3(T(Z-1))" ¢ .
Rare)s = (EL;D/Q)> [Va0s V05 (W (x,X)) 571,
(33)

which comes from Eq. . The equivalent computa-
tions that come from Egs. and are also valid,
but again, require prior knowledge of the connection to
compute the right hand side. The same is true if one
tries to differentiate (W (x,x’ ))% twice with respect to
the same argument and employ Eq. to recover the
metric: we would need to know the Christoffel symbols
in order to obtain the metric through this procedure.

III. LOCALLY PROBING A QUANTUM FIELD

In this section we will consider multiple particle detec-
tors probing a real scalar quantum field so that the infor-
mation they obtain can be used to extract the spacetime
metric. In [43] it was shown how to use one particle de-
tector to recover the two-point function of a real scalar
field between two timelike separated events using detec-
tor measurements. Here we will review this concept and
extend it by showing how to use two detectors to recover
the two-point function of the quantum field for spacelike
separated events in terms of the correlations acquired by
the detectors.

A. The Setup

Consider a real scalar quantum field ¢(x) in an (n+1)-
dimensional globally hyperbolic spacetime M. Let ¥; be
a foliation of M by a family of Cauchy surfaces, where
t denotes a future oriented timelike coordinate. We will
consider a set of particle detectors that undergo timelike
trajectories z;(7;) in M, where 7; is denotes their respec-
tive proper times. We use the convention that at >, the
7; parameters also take the value 0, in order to simplify
future computations.

We assume all detectors to be two-level quantum sys-
tems with the same proper energy gap ). Their free
Hamiltonians (generating translations with respect to
their respective proper time 7;) are given by

H; =Q6} 67, (34)

where 6? are the raising and lowering operators for each
detector two-level system. We further assume the detec-
tors to couple with the same coupling strength A to the
field, according to the following scalar interaction Hamil-



tonian weight[T}

hi(x) = A (x) f1i (1) B(x), (35)

where fi;(1;) = %o + 775 is the monopole mo-
ment of the ith probe, A;(x) is a function that controls
the spacetime localization of the interaction of the probes
with the field.

We will assume the probes to start in their ground
states |g;)(gi| = 6; 6], and the field to be in an arbitrary
state py so that the 1n1t1al state of the full system will be
given by

po = Q57 61 @ py. (36)
i
We are interested in computing the final state of the sys-
tem, given by

p=UpU", (37)

where U is the time evolution operator,
U =Texp <—i/dV iL[(X)) ) (x) = Zﬁl(x)

where dV is the invariant spacetime volume element. To
proceed, we employ a perturbative approach, by means
of the Dyson expansion, U=14+0UY+0U® + . where
we assume each of the U®) terms to be of order k in the
coupling constants A\. The U® terms are explicitly given
by

U = AVy..dVi Th(x)...hr(xi), (39)

where T denotes the time ordering operation. With this,
the final state of the system after the interaction will be
given by

(oo}
p=po+y ", (40)
k=1
where
k A~ A
ﬁ(k) - Z U(l)ﬁOU(k_l)T. (41)
1=0

For simplicity, we will work under the assumption that
the initial state of the field py is a zero-mean Gaussian
state (e.g., vacuum, squeezed vacuum, thermal states,
etc), so that the two-point function of the system will be
enough to fully describe it.

I The Hamiltonian weight is related to the Hamiltonian density as

follows b (x) by br(x) = /=ghs(x).

The next step to compute the final state of the detec-
tors after the interaction, pp, is to evaluate the partial
trace over the field’s degrees of freedom, p, = try(p).

The state of the field-detectors system after the inter-
action, to second order in perturbation theory, is given by
p = po+p? +O(\*), where the second order correction
is

PP =N / dVAV'A(x)A(X) (42)
ik

(6 = ¢ ()i ()2 H(x)9(x )
= i) 5 (71 $(x)pd (X')
+ 00 = 0P ()i () S X)X )

partial tracing over the field’s degree of freedom, we ob-
tain

Azz/dwv Ki(9AL6) (B6006))

(9<t—t>uz<n>uk(m o) — ()Y () (43)
00t = O fs(m)in (1) ) (44)
And we have

R R . 6= iQ(Tif‘r’) Z— k
#z‘(Ti)ﬂk(ch)Po = {® " m

®m;£z k O-mo-;zak g eIQ(TrH—k)
(45)
s— at —iQ(Ti—T]) i=k
AN T P 7_/ — ®m0'm0'm€ ’. ,
pO,u’L( Z),uk( k:) ®m¢k7i &%&%&;&;6_19(7—1—"_7—/@)
(46)
fur(77,) pofui(T;) = Qi &%&;ﬁj&;eﬂﬂimﬂ)v@ =k
RIPRET Rpns 067 o7 7m0
(47)

i m#i
2 st (st st ot e Ve
+>\§ ®Um0'm(0k0i Lik—0y, 6 Nik—6,,6; Niy),
i#k m#ik
where

Lar =[AVaV AL () 0 (B003¢) ), (49)
Nk =[ VAV R p0Me ()0 — ) (3.

The terms associated to each individual detector are
given by the diagonal terms

L = /dVdV’Ai(x)Ai(x')e_iQ(”_Ti,)<¢§(x)é(x’)>. (50)



These terms are precisely the excitation probability of
each of the individual detectors. These probabilities were
thoroughly studied in [43], where it was shown that it is
possible to reconstruct the two-point function for the ob-
servable (ﬁ(t, x) for timelike separated events in terms of
the transition probabilities of the detector and the proper
time separation of the events.

B. Measuring the two-point function of the
quantum field

In this subsection, we will review how to extract the
two-point function of a scalar quantum field extending
the results [43] for timelike separation and generalizing
these results to the case of spacelike separated events.

1. Timelike separated events

As discussed above the two-point correlation function
of a quantum field in timelike separated events can be
recovered from the excitation probability of a single par-
ticle detector interacting with the field twice [43]. As
mentioned in Subsection[[ITA] this probability for the ith
detector interacting with the field is given by the term
Li;.

The L;; term depends on the spacetime localization of
the interaction between the detector and the field. For
simplicity, we assume a very fast switching modelled by
a delta Couplingﬂ (see, e.g., [52]) between the detector
and field twice at two different times, at 7, = t1 and at
the latter time 7; = to. This translates into the following
choice of spacetime smearing function

Ai(x) = 0(x = zi(t1)) /v =g + 6(x = zi(t2)) /v=g. (51)

In Appendix |A| we show that this choice for A;(x) splits
L;; into two different kinds of terms: The local terms at
each of the interaction times and the ones that depend

2 It is important to think of the delta coupling as a mathemat-
ical approximation for very fast switching. We remark that a
delta coupling can introduce divergences in the model (that were
studied in detail in [43] 51} [52]). However, these divergences can
appear in the local terms associated with each interaction, and
do not play any role in the correlations between detectors that
we will use for the purpose of recovering the metric. If e.g., very
sharp Gaussians are used instead of Dirac deltas we would ob-
tain basically the same results for the correlations while keeping
the system divergence-free at the price of complicating the cal-
culations beyond the scope of the paper. For all purposes, one
can think that we take any spacetime smearing function A(x) cen-
tered at x; with unit integral and consider the family of spacetime
smearings 77%A(x/'q) in the limit n — 0.

on the field correlations 7, = t; and at 7; = to. Namely,
Li; =P;(x1) + P;(x2)
+eos(QAY Re (d(x1)dlx2))  (52)
+ sin(QAt) Im <¢3(x1)¢3(x2)>

where At = to —t; and P;(x) denotes the excitation prob-
ability of the detector after a delta coupled interaction at
the event x.

Now, if one wishes to obtain the two-point function,
one must subtract the probabilities for the single inter-
actions P;(x) from the total probability after the two in-
teractions. To do this we require that the two-point func-
tion can be considered to be the same during the total
time duration of the experimemﬂ where all the measure-
ments necessary to obtain the the individual and joint
probabilities occur, as argued in [43]. Under these as-
sumptions, it is possible to use Eq. to express the
field’s correlations in terms of experimentally accessible
quantities:

cos(QAL) Re <g2>(x1)¢3(x2)> + sin(QAt) Im <¢3(x1)¢3(x2)>
:EufPi(xl) 7PZ(X2) (53)

Notice that in order to extract both the imaginary and
real parts of the Wightman function between the events,
it would be necessary to perform experiments with de-
tectors of different energy gaps, so that QAt can take
the values of n7 and (n + %), which will give the real
and imaginary parts of the Wightman function, respec-
tively [43]. Finally, notice that this derivation assumes
pointlike localized detectors, but the same result can be
obtained with sharply smeared detectors. As long as the
smearing scale is much shorter than any of the other rel-
evant scales, Eq. will still hold approximately. This
is not just ‘in principle’ but rather a practical state-
ment. Indeed, in Section [[V] we will show an example
of how smeared detectors are able to accurately recover

the spacetime metric from their correlations.

2. Spacelike separated events

In this section we will discuss how to extend the tech-
niques of [43] to measure the two-point function of a
quantum field for spacelike separated events by using
pairs of detectors. In particular we will obtain the two-
point function of the field in terms of the correlation

3 This assumption is not very restrictive in many relevant setups,
such as in quantization schemes associated with time translation
symmetries when there is a timelike Killing vector field. The
reason is that if one performs an experiment and waits enough
time for local perturbations to propagate away one can repeat
measurements in (locally) identical conditions.



function of probes that interact at different spacelike sep-
arated events.

We start by computing the correlation function of dif-
ferent probes whose interaction region is located around
different points. First, notice that for ¢ # k, we have

tr(ppo; o) = —A2 Mk (54)
tr(ppo; o) = —A2M, (55)
tr(ppo; 6y ) = XL (56)
tr(ppd; 67) = N2Liw = N2L3, (57)

where M, == Ny, + Nj,. With this we can compute the
correlation function for the monopole moments [i; at a
given spatial slice ¥ defined by t = t3. At time tg, the
ith detector will have a value of its proper time 7; = TZ-O,
which corresponds to the point of their trajectory that
lies in Xo. Using p;(79) = €27 65 + e797 67 the cor-
relation function between detectors 7 and k gives

C(i, k) = tr(pofui () fu (7)) (58)
— 2)\2 Re(eiQ(T?—T,?)Eik o eiQ(T?+T£)Mik)~

This form of the detector-system two-point function is
computed explicitly in Appendix [A]

We now reduce this expression to the case where each
detector interacts with the quantum field with a delta
coupling. The ith detector switches on its interaction
at the point x;, such that x; and x; are spacelike sepa-
rated for all ¢ # k. We label the proper time where the
interaction takes place for each detector as t; = 7;(x;),
such that z(t;) = x; (See diagram in Fig. [I)), so that
it is possible to write the correlation function between
the detectors in terms of the two-point function of the
field. Formally, this corresponds to the choice of space-
time smearing A;(x) = 6 (x — x;)/y/—g. We obtain the
following expression for the correlation function

C(i, k)= 4\ Zsin(Qt; +-70)) sin(Q(tk+TO))Re<q§(xi)q§(xk)>
= 4N sin(Q(t;+70)) sin(Q(tr+70)) <¢Z(xz)¢?(xk)> ,
(59)

where 79 = (70 + 7)) /2. Notice that we can remove the
‘Re’ from the equation since the two-point function is
real. This is because the microcausality of the quantum
field theory implies that the commutator of ¢(x) with it-
self at different spacelike separated points must vanish.
In particular, this means that the detectors two-point
correlator in Eq. is proportional the field two-point
function. This allows one to recover the two-point func-
tion of the field in terms of observables of the probe sys-
tem for spacelike separated events.

In the particular case of Minkowski spacetime, the
setup described here takes a rather simple form. If the
detectors are inertial and comoving, and the foliation ¥
is associated with their rest space, then ¢ can be chosen as
their proper time parameter. If we further assume that

Figure 1. The setup described in Subsection[[ITB 2] where two
pointlike detectors interact between the slices ¥ and X, .

both detectors interact at time ¢t = 0 and are measured
at a later time tg, Eq. reads

C(i, k) = 4\ sin?(Qto) <q3(xi)¢3(xk)> 7 (60)

where here x; and x; are assumed to lie in the slice X.

In particular, for smeared detectors, one would expect
that for sufficiently localized probes, holds approxi-
mately. In this case, Eq. , combined with Eq. (58)
implies that for any choice of measurement time ¢ in this
setup, we have

. 2 “ 1 -
sin (@) ($(x:)d(xe) ) = 5 Re (Lax — 2% My) (61)
in the limit where the size of the interaction region goes
to zero and the spacetime smearing functions are thought
to be nascent Dirac deltas. We can pick tg = nw/Q for
integer values of n, so that within the regime of validity

of Eq. , we have
Re Eik ~ Re Mzk (62)

In order to explicitly write the field correlator in terms
of the correlation function between the detectors, we use
Eq. again, but we now pick the measurement time ¢,
asto = (n+3)m /S, where n is an integer. We then obtain
a simple proportion between the detectors’ correlation
function at time ¢y and the correlation function of the
the quantum field,

(Bx)dlxe)) ~ &C(i,k) ~Re(Lu),  (63)

where we used Eq. and the approximation from Eq.
(62).

Therefore, as a summary of this section, we have shown
how it is possible to approximately recover the correlation

function of the quantum field using sufficiently localized
UDW detectors via Eqs. and .



IV. RECOVERING THE SPACETIME METRIC
THROUGH LOCAL MEASUREMENTS OF
QUANTUM FIELDS

In this section we will study in detail a setup that
allows one to explicitly recover the spacetime metric by
combining the results of Section [[I] and [[TI}

A. The general setup

We discussed in Section [l how one can obtain the
spacetime metric from the Wightman function. On the
other hand, the results of Section [[TI] show that it is pos-
sible to obtain the exact form of the Wightman function
in different points of spacetime if we have precise enough
measurements of the correlations between UDW detec-
tors. Putting these together, we can now show how it is
possible to recover the spacetime metric from local mea-
surements of quantum fields with particle detectors.

We propose the following setup in order to recover the
spacetime metric by locally measuring a quantum field
in different events:

1. Couple local probes to a quantum field.

2. Measure the correlation between the probes at dif-
ferent spacetime points.

3. From the correlation between the detectors, com-
pute the field two-point function between the cor-
responding events.

4. Compute the metric by taking the coincidence limit
in Eq. .

Although these steps might in principle seem simple, one
must be careful with their implementation. Indeed, in or-
der to obtain the spacetime metric with some precision,
the limit of step four needs to be taken with enough pre-
cision. This relies on coupling probes separated by small
enough spacetime intervals, so that the limit can be ap-
proximated well enough. In practice this requires signifi-
cant control of the probe systems. However, in principle,
it is possible to recover the spacetime metric with ar-
bitrary precision using this procedure, provided that the
probes are small enough and their coupling with the field
can be regulated with enough precision.

In the remaining subsections we will consider differ-
ent spacetimes with UDW detectors. We will consider
detectors that are either pointlike, or sufficiently small,
that couple fast enough to the quantum field. This al-
lows us to use the approximations and . We
will compute the (experimentally accessible) correlation
function between detectors placed in a local region of
spacetime separated by a coordinate separation L and
adapt Eq. to this discrete setup. In essence, given
that the interaction happens very approximately point-
likewise in spacetime, we will effectively have access to
the Wightman function associated to a discrete lattice

of points. We then take the discrete derivative of the
Wightman function using the points in the lattice given
by the center of the interaction of the detectorsﬂ

In our setup, we will assume that the experimentalist
can use a coordinate system z# = (29, 2%) to label the
events in spacetime where the measurements take place,
but does not have access to any local notion of space or
time separation. In other words, with this information it
is possible to label events, but it is not possible to com-
pute any physical spacetime distance. Mathematically,
this is saying that spacetime can locally be regarded as
a D-dimensional manifold, but that there is no known
spacetime metric. Our goal is to use particle detectors
that interact at events which are labelled with values of
a# = (2%, 2%), and from the read outs of those detectors,
infer a spacetime metric components in the lab coordi-
nates.

We consider a set of N™ detectors parametrized by
(31, ---»Jn) where each j; runs from 1 to N. For simplic-
ity, let us work under the assumption that the detectors
undergo trajectories associated to the coordinate system
x*, so that they move along the curves z* = xi = const.

Then, :CJZZ are the constants that determine the spatial
coordinates of each detector. This simplifying assump-
tion will allow us to easily compute the metric in the z*
coordinates.

We consider that each detector interacts Ny times with
the field. The time coordinate of the center points of the
interactions will be given by 2 = 2 , with j, running
from 1 to Ny, corresponding to the values of time where
the interactions happen. In this setup, we obtain a D-
dimensional lattice of points labelled by (jg,j1s - Jn) as
sociated to the events in which the detector interactions
take place. We can then apply the formalism described
in Section [[ITB| by choosing the surfaces ; as the space-
like surfaces determined by z° = const. This allows one
to obtain (from the readouts of the detectors) an approx-
imation to the correlation function of the quantum field
W (x,x") when x and x” are events in the lattice.

As discussed, to recover the spacetime metric we will
employ the discrete derivative of the Wightman function.
We can obtain it directly from experimentally measurable
detector data from the local measurements centered at
the points parametrized by j :== (jg,j1, s Jn). We denote
the coordinates of the interaction point (xJQO, lel, s 2l
by zf , so that after measuring the quantum field with
the particle detectors, we obtain W (x;,x() for all values
of the multi-indices j and [.

In order to write the discrete derivative in a simple
way, we define the object

,0,1,0,...,0). (64)

4 We will explicitly analyze the effect of a finite region of interac-
tion in Subsection @



With this convention and the labelling z!' for the coor-
dinates of the events, given a scalar function f(x), it is
possible to write its discrete derivative as

of f41,) — f(x)

p - "
Quh |, Tipy, —

. (65)

Intuitively, Eq. compares the value of the function
J
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f(x) at nearby points and divides it by the step. In or-
der to recover the spacetime metric, we will compute the
derivatives of the function (W (x,x’ ))% Its discrete
derivative at (xj,x() with respect to its different argu-
ments can be written as

2

9 9 / W2 (x11,,%051,) = WEP (5,x01,) = WP (xi41,,x0) + WP (x5,%0)
r v 27D(X’X) X=X =~ - ke w F v v . (66)
xH Ox W= xy (xj-‘,-lu - N @Y, — )
[
This expression should give an approximate form for Eq. Guv
, so that we expect to recover the spacetime metric 3
in the case where the detectors are separated by small 2k Re(goo)
enough values of the coordinate separation x]” 1, ac]” . 1 Re(gio)
To simplify the formalism for a proof of principle, we Im(goo)

will assume the detectors to be separated by a coordinate 0 : 08 10 Im(gio)
distance L in all directions (including the time direction). -1 —
We can then rewrite Eq. using that the coordinates ol 9
of xj41, are ac;‘ + L1,. It is important to remark that ,

in this case, the parameter L does not represent physical
spacetime interval separation: it is merely a coordinate
parameter. However, continuity ensures that when the
coordinate separation between events go to zero, so does
the spacetime interval between them. For this reason,
Eq. will be used in the examples we study below, so
that we assume that the detector coordinate separation
is L in all directions in the coordinate system that deter-
mines their trajectories. It is then expected that if L is
small enough, Eq. will yield a good approximation
for the spacetime metric, once the numerical factor from
Eq. is included. In fact, as we will see in the follow-
ing examples, for pointlike detectors the metric will be
precisely recovered when L — 0, and very approximately
recovered for smeared detectors when the distance be-
tween detectors approach the detectors size.

B. Example one: pointlike detectors in Minkowski
spacetime

In this subsection we consider the spacetime (unknown
to the experimenter) to be (341) dimensional Minkowski,
with a quantum field quantized according to an inertial
frame. Then the quantum field can be written in terms
of the creation and annihilation operators as

b= [ (2 )
“ ) V2 \@emE T en)i k)

We then consider the inertial coordinate system
x = (t,x), and build the lattice of particle detectors in
a local region of spacetime according to Section [[TI} For

Figure 2. Estimation of the metric coefficients in terms of the
coordinate distance between detectors, L.

simplicity, in this first example, we consider detectors
that interact via delta couplings. In this case, we know
it is possible to recover the Wightman function of the
quantum field exactly, as was shown in Section [[TI, We
can then use Eq. to approximate the spacetime met-
ric. We obtain the estimates for the metric, as shown in
Figure[2] It is possible to see that the readouts of the de-
tector approximate the metric coefficients as the distance
between the detectors decreases. Moreover, the imagi-
nary part of the approximate (experimentally obtained)
metric goes to zero faster than the real components as
L — 0, so that we are only left with real expressions,
which yield the expected value g, = diag(—1,1,1,1).

C. Example two: hyperbolic static
Robertson-Walker spacetime

Consider the hyperbolic cosmological spacetime with
a constant scale factor a. Then the metric in comoving
coordinates coordinates can be written as

ds? = —dt? + a?(dx? + sinh?(x)(d6? + sin? 0dp?), (68)

We then reparametrize it using the conformal time pa-
rameter 1 = t/a, so that the coordinates read

ds? = a®(—dn? + dx? + sinh®(x)(d6? + sin? 8dp?). (69)



Quantizing a conformally coupled real scalar quantum
field ¢(x) with respect to the conformal time, we can
expand it in terms of creation and annihilation operators,

(70)

gula?

3F

Figure 3. Metric coefficients g,n, gnx, gxn and gy, in terms of
the coordinate distance between detectors, L in the hyperbolic
static Robertson Walker spacetime with choices of mass and
conformal parameters such that u = a.

R is the Ricci scalar, which is constant in this space-
time. The explicit expression for H,(Cl_)(x) can be found

in e.g. [53]. The vacuum Wightman function can then
be explicitly computed and reads
. Y, H() N2 2
W(x X,):lu(x XDH (ul(n = 1) = (x = X)°])
’ 8ma?sinh(x — x/)[(n —1)* — (x = x )2](71)

where H §2) is the Hankel function.

The results of particle detectors separated by a coor-
dinate distance [ in the (7, x) coordinates coupled to this
spacetime can be found in Figure [3] We then see that in
the limit of L — 0, we recover the exact metric coeffi-
cients.

D. Example three: deSitter spacetime

In this example we recover the metric of four-
dimensional deSitter spacetime by probing it with parti-
cle detectors. deSitter spacetime has a constant curva-
ture with scalar curvature, R = const. > 0. It is then
possible to write the Riemann curvature tensor as

1
Ruupo = ﬁ(gupgua - guagl/p)y (72)

where / is the curvature radius of the spacetime. This
will be the first example we investigate where the metric
components explicitly depend on the coordinates we use
to prescribe the detector’s trajectories.
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Figure 4. Metric coefficients obtained calculated from the cor-
relation function of the quantum field in deSitter spacetime.
The metric coefficients are plotted as a function of the co-
ordinate n/¢ of the detectors and we choose v = 9/4. The
detectors were separated by a coordinate distance L = e~ "5¢
in the top plot and L = e~ "*¢/2 in the bottom plot.

We consider conformal coordinates in deSitter space-
time, so that the metric can be written as

2

ds? = = (=dn® + da® + dy® + d2?) . (73)

The quantization of a real scalar field with respect to
the modes adapted to this coordinate system yields the
following vacuum Wightman function [53]:

1 1
W(x,x') = 612 ( — 1/2> sec(mv) (74)
2 2
o (Snd s Qo laaty
2 4dn'n

where we write x = (n,x) and X' = (1, x’). We define
An=mn—n"and Ax = x —x’. The parameter v contains
the information regarding the mass of the field and its
coupling to curvature. It is explicitly given by

9 m?2
y2:4—12<R+§). (75)

In order to recover the metric in this spacetime, we
consider delta-coupled particle detectors that undergo
trajectories defined by & = const., separated by a co-
ordinate distance L. We consider these detectors to in-
teract at conformal times which are multiples of L, as
detailed in Subsection [VA] In Fig. [4] we plot the met-
ric approximation for two values of L as a function of



7. As expected, when L — 0, we approximate the func-
tion +£¢2/n? with high precision. Also notice that the
method yields better approximations for larger values of
n/¢. This is due to the fact that at a given fixed value of
conformal time 7, the proper space separation between
neighbouring detector trajectories is given by %L, which
is smaller for larger values of n/¢.

E. Example four: one-particle Fock states in
Minkowski spacetime

In this example we consider one-particle Fock
wavepackets in Minkowski spacetime instead of the vac-
uum to show with an example how the recovery of the
spacetime geometry is independent of the field state. We
consider the same setup as that of Subsection [[VB] with
the expansion of Eq. (67]). With respect to these modes,
a general normalized one-particle state |¢)) can be written
as

) = / dk f(k)al, |0) (76)

where f is an L?(R?) normalized function. The two-point
function of the field in the state |¢)) will be given by (see,

e.g., B3))
Wy (x,X') = Wo(x,x') + F(x)F*(x') + F(X)F*(x), (77)

where Wy(x,x’) is the Minkowski vacuum Wightman
function and

1 d3k pikox
Fo = oy [ i @

-1.0

Figure 5. Estimation of metric coefficients obtained using par-
ticle detectors in Minkowski spacetime when a massless field
is in a gaussian one-particle state. The metric coefficients are
plotted in terms of the coordinate distance between detectors,
L.

For a concrete example, we consider the field to be
massless (m = 0) and prescribe the momentum profile
function that defines ) as a Gaussian centred at k = 0
with standard deviation o,

1 k2

J) = e (79)
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We use delta-coupled detectors interacting in events sepa-
rated by a time/space coordinate separation of L. Figure
[B] shows the value of the approximated metric coefficients
obtained from the detector measurements as a function of
the separation between detector interaction events. This
allows us to recover the Minkowski metric in the limit
where L — 0. We also find that for larger values of
L the results begin to show state dependence (compare
Figs. and. This is expected since it is only when the
detectors are close to each other that the measurements
converge to the coefficients of the metric independently
of the state.

F. Example five: smeared detectors probing the
Minkowski vacuum

In this subsection we consider the example of non-
pointlike inertial detectors probing the vacuum of
Minkowski spacetime in order to recover the spacetime
metric. Unlike the point-like case, it is not possible to
recover the Wightman function of the quantum field ex-
actly using smeared particle detectors. However, if the
detectors are small, we can resort to the approximation
pointed out in Eq. (63). Although it is expected that
smeared detectors will provide a less accurate measure-
ment of the spacetime metric, these models represent re-
alistic physical systems that are not infinitely localized,
such as, for example, atoms interacting with the electro-
magnetic field [33H306] [64].

In this example we consider a lattice of inertial
Gaussian-smeared detectors labelled by j, whose interac-
tions are centered at sites x; such that spacetime smearing
function can be written as

No o (ngzj)z
Aj(x) = Z W» (80)
Jo=1
9uv
2_
L — Joo
Goi
0 ‘ ‘ mL gi
0.2 0.4 0.6 0.8 1.0
— Gj
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Figure 6. Metric coefficients extracted by gaussian smeared
particle detectors in Minkowski spacetime when the field is in
the vacuum state. We have chosen 2 = m, where m is the
mass of the field and o = 1072Q. The metric coefficients are
plotted in terms of the proper distance between detectors, L.
The vertical line on the left indicates o = 6L
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Figure 7. Metric coefficients extracted by gaussian smeared
particle detectors in Minkowski spacetime when the field is in
the vacuum state. We have chosen 2 = m, where m is the
mass of the field and ¢ = 1072Q. The metric coefficients are
plotted in terms of the proper distance between detectors, L.

where (x—x;)? = Oy (2 —a}') (2 —aY). For each detector

trajectory, we sum over the different interaction times j;.
Notice that this corresponds to an interaction that lasts
for a time equal to the light crossing time of the detector’s
spatial profile. We consider such interaction because Eq.
(63) is only expected to be valid in the limit ¢ — 0,
where we obtain A(x) — §(x —x;). This limit is only
true if the spatio-temporal profile of the interaction are
approximately equal.

In Fig. [6] we plot the approximated metric obtained
from detector measurements as a function of their coor-
dinate separation L, when one considers the approximate
Wightman function from Eq. (63). For detector separa-
tions smaller or comparable to 5o, the detectors’ space-
time smearings have a significant overlap, which makes
this regime unphysical. In Fig. [7] we show a scaled ver-
sion of the plot, where the approximated metric is shown
for smaller values of L, and the spurious behaviour for
small L. Nevertheless, the metric is accurately recovered
when L is between 50 and 100 even when one considers
smeared detectors.

V. CONCLUSIONS

We showed how one can recover the spacetime met-
ric through local measurements of quantum fields. More
concretely, we generalized the results of [43], showing
that it is possible to use particle detectors to obtain the
two-point function of a quantum field evaluated at both
timelike and spacelike separated events. Armed with this
knowledge, we mapped the (measurable) correlations ac-
quired by arrays of particle detectors to the two-point
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function of the field. With this data—and inspired by
the results of Kempf et al. [T, [B]—we were able to ac-
curately recover the spacetime metric as the detectors
separations become sufficiently small. We also showed
how due to the fact that all (reasonable) states behave
similarly to the vacuum at short scales, our result is valid
for any physical state of the quantum field.

We have fully analyzed several explicit examples where
pointlike detectors were used to recover the metric in flat
and curved spacetimes. Namely, we studied Minkowski
spacetime, the hyperbolic static Robertson Walker space-
time and deSitter spacetime. In all cases we found that
as the detector separation goes to zero, we recover the ex-
act metric at the location of interaction from local mea-
surements on the detector observables. We also studied
the case of finite-sized detectors in Minkowski spacetime,
where we found that it is possible to recover the metric in
the limit where the detector separation is small enough,
but larger than the detectors size. Even with Gaussian
smearings, when the separation is larger than 50, we are
able to recover the metric coefficients with great preci-
sion.

In summary, we were able to obtain a notion of space
and time intervals based on the measurement outcomes
of (in principle experimentally realizable) quantum par-
ticle detectors. This shares the philosophy of recent work
on the formulation of quantum reference frames [55H59],
where the notions of space and time separations between
observers are formulated in terms of shared quantum re-
sources.

Finally, as outlook, we conjecture that these explo-
rations together with the pioneering work in [1I [3] could
pave the way for a formulation of causal structure ex-
clusively in terms of local quantum probes. These quan-
tum particle detectors are the measurement devices that
should perhaps replace the rulers and clocks of Einstein’s
relativity in scales where classical rulers or clocks stop
making sense, and provide some insight on the micro-
scopic structure of what we call spacetime.
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Appendix A: The pointlike limit of the correlation functions

In this Appendix we show Egs. and Eq. from Section [[II B| that express the field correlation in terms of

measurable detector observables.

We start by considering the case where the field correlator is evaluated at timelike separated points analyzed in
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Subsection III B 1]l In this setup we consider a single probe interacting with the quantum field twice at spacetime
points x; and xo such that 7;(x;) = t; and 7;(x2) = t2. The corresponding spacetime smearing function is given by
Ai(x) = 8D (x —x1)/v/=g + 0D (x — x2)/+/—g. We can then compute the term L;; from Eq. (50):

Lii = /dVdV’AZ-(x)Ai(x’)e‘iQ(”_Ti/)<¢(x)q§(x’)> (A1)
= /dVdV'(5(4) (x = x1)/v/=g + 8D (x = x2)/V=g) (6D (X' —x1)/v/=g + 8D (x' — ><2)/\/—79)6”9(”_T”<</3(X)¢3(X')>
= (36)dx1)) + (dx2)d(x2) ) + e dlxa)dlxr) ) + P2 x1)Blxa) )
= Pilx1) + Pi(x2) + cos(QAt) Re (d(x2)d(x1) ) + sin(QAL) Im (d(x1)d(x2) )

where At =t — t; and P;(x) denotes the delta coupling interaction of detector ¢ with the field at spacetime point x.
Also notice that (d(x2)d(x1) ) = (d(x1)d(xz) ) , 50 that Re ($(x2)d(x1)) = Re (d(x1)(xz)).

We have studied the relationship between the field two-point function and the detector correlators for spacelike
events in Subsection In this setup we consider two detectors that interact at spacelike separated regions,
according to the setup depicted in Fig. [[] and detailed in Subsection [[IIB2 Plugging in the explicit expressions for
L, and NV, from Eq. we obtain:

Re (emw?—r{z) L — e+ (NG + Nki)) = Re (eiﬂ(n?—TB) Lo — QTN — o147 Nk*i) ) (A2)
We then work with the second expression. We have

eiQ(TiofT,S)‘Cik _ eiQ(T?+T,2)(Mk + Nii) (A3)

— / AVAV'A; (x) Ay (X) <(g)(x)¢g(x/)> (e—in(mx)—m(x')) — R U g1 )

U ATt D g (g t))

= Qi/dVdV’Ai(X)Ak(x’) <(£(X)(£(X/)> (SiH(Q(Tk(x/) n TO))e—iQ(n(me)e(t/ 1)
_ Sin(Q(Ti(x) + TO)>eiQ(Tk(X’)+TU)9(t _ t/))7

where we used 1 =0(t —t') + 0(t' — t) and we have defined

T+ T

5
When each detector interacts with a symmetric delta coupling, there is no need to time order the exponential that
defines the time evolution operator and we can simply replace 0(t —t') — 1/2 (See Appendix D of [60]). This gives
us an expression for the equal time correlation function above when we choose A(x) = 6 (x — x;)/y/—g, denoting
7:(x;) = t;. Namely, we obtain:

T =T Lo — TR (N, + Nig) = i (sin(Q(tk + 70))e BT _gin(Q(t; + TO))eiﬂ“k*W) <03(xi)03(xk)>

= 2sin(Q(t; + 70)) sin(Qtx + 70)) <¢(xz-)¢3(xk)> : (A5)

i (A4)

which establishes the result of Eq. .

Appendix B: State independence of the short distance limit behaviour of the Wightman function

In this appendix we show that the behaviour of the Wightman function of a free scalar field in the coincidence limit
is independent of the state of the field. As an intermediate step, we will also show that the two-point correlator of
any regular enough field state can be written as the vacuum Wightman function plus state dependent terms.

Specifically, we will show for any normalized pure state [¢)), we have that

Wi (x,x) = (] $0)S(<) [9) = W (x, ') + Y Fun(x)Gr, () + Hee., (B1)
m=0
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where Fy,(x) and G, (X') are state dependent regular functions in the limit x' — x and W (x,x') = (0|¢(x)$(x)|0) is
the vacuum Wightman function, hence the behaviour of Wy, (x,x’) in this limit is independent of the state of the field.
Although the coincidence limit is formally divergent, we show is that the singular part of Wy (x,x’) is the same as that
of the vacuum Wightman function W (x,x’). Notice that by showing this result for pure state, the result also follows
for arbitrary normalized mixed states, as these are given by convex combinations of pure states.

A general pure state |¢) in the Fock space associated to a quantum field (zg(x), in the quantization scheme discussed
in Subsection [[TB|is given by

m

)y =>" /d"kl...d"kmfm(kl,...,km)&Ll...dL 0Y, (B2)
m=0

where the functions f,, define the momentum profile of the m particle content of the state. Notice that due to the
bosonic nature of the field, the functions f,, are symmetric with respect to all of their arguments. Also notice that
the function fy is a constant, which allows for superpositions between the particle sectors and the vacuum state.

It is possible to find a condition for the L? norm of the functions f,, using the following result,

(Ol ép, ..tip, .l 0) = Grm D (k1 — Po(1))--0(Km — Po(m)): (B3)
gESH,

where S, denotes the set of all permutations of m elements. With this, we have that
oo
Wiy =1= 3 mt [ Ak Bl )P = 1. (B4)
m=0

This condition will be important later to show that the two-point function of any state can be written as the vacuum
Wightman function added to a regular term.

We proceed to compute the two-point function on |¢) explicitly. Using the expansion of the free scalar quantum
field from Eq. we have

(W p(x)p(X) [1p) = / dPpod®ko (1] (up, (X)ip, + up, (x)a, ) (uko (X )k, + ufy, (x')aLo) ) (B5)
=y / ®*pod’®py...d°p, A*kod®ky ... Ak £ (D1, ooy D) i (R ooy Ko
m,r=0

X 0]y i, (1t (X + 1, ()i ) (i, (<), + i, (<)af, ) L, 6, 10)

= > /d3p0d3p1...d3prd3k0d3k1...d3kmfr*(p1,...,p,)fm(k:h...,k:m) (B6)

m,r=0

AT

X (ttp (X) 1ty (<) (O] iy i, iy i 1 0]

0) 4 up, (X)ur, (X') (0] app, "'&Prd;;odko&kl by

0)

+ Uy (U, (X) (0] i, .., gy Gy, -, [0) + sy ()t (X)) (0] iy -, G, Gk, il [0) )

Let us compute each of the matrix elements that show up above separately. The third term is immediately computed
from Eq. (B3)). It yields

(O] éip, . i, py ity ity ool [0) = Opm Y (k1 = Po(1))e-0(Kmi1 — Po(mi1)): (B7)
TESm4+1

where we identify 0 = m + 1 for the permutations above. The first and last matrix elements in Eq. can also be
computed by means of Eq. (B3]). That is, if we denote py = p,4+1 and kg = p,-42, we have

(0] tip, .-lip, lip ity fy ---tfy [0) = Omria D 3Kt = Po(1))--6(Km — Po(m))- (B8)
0ESry2
Regarding the fourth term, if we now denote ko = p,,4+1 and pp = k42, we have,

(O] éip, ..lip, by afy kol [0) = Opman D (Ko — Po(0))--0(Km — Po(m))- (B9)

0ESm42
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Finally, for the second term in Eq. , we must use the canonical commutation relations in order to obtain

(0] Gy ..., g, -..t), |0) = —0(ko — Po) (0] iy alip, 1l .-itfy 10} + (0] Appy -..tip, iy G .2}, [0) (B10)
= 76(’60 - pO)(srm Z 6(k1 - po(l))-~~5(km - po(m)) + 5rm Z 5(k1 - pa(l))-~-5(km+l - pa(m—i—l))a

oESm 0ESm41

where in the second term we are denoting kg = p,+1 and pg = k1. Noticing that the first term above corresponds
to the permutations on S,,;1 that leave m + 1 fixed, we can rewrite the whole term as

(0] tp, . lip, &y gl el [0) =0 Y (k1 = Po(1))--0(Kmi1 — Po(m+1)); (B11)

last
UESrrL+1

m

where S125!, denotes the set of permutations of m + 1 elements that do not leave the last term fixed.

Notice that the fact that f,,, are symmetric with respect to its arguments can be translated into the statement that

fm(k1, s km) = fn (ko (1), ..., ko (M), (B12)

whenever o € S,,,. We then have:

Z / Ppod®pr...d®pr ko k1. K £ (1, ooy Pr) firn (R, oy Ko )ty (X) kg (X') (O], i, g ey, G2}, |0)

m,r=0

_Z /d pr+1d3pl dSPrd3pr+2d3kl A’k mf (p1,. ,pr)fm(kla"'akm)upo(x)uko(xl) <0|dp1"'dﬁr&podkodll“'dltm|0>

m,r=0

= Z/dspr—i-ldgpl---d3prd3pr+2d3k1---d3k7‘+2fr*(pla-~-apr)fr+2(k17~-~7kr+2) (B13)

X upr+1 upr+2 Z o kl pa(l)) 6(k7'+2 - pa(r+2))

0ESr42

!
“M

/ 1 1dPp1.. PP, PPy d®y . PRy o (D1, o D) frp2 (K, ooy Rrg2)

X Up, iy (X)uPrJrz (X/)(S(ko(l) - pl)--'é(ka(r+2) - pr+2)

o

p
&Ppry1d®pr..d®p, P pr ok (1) BPho (i) 1 (DL, o Pr) 2 (Ba()s - Ko (rr2))

X upwrl (X)uprJrz (X/)(S(kl - pl)"'(s(kr-i-Q - pr+2)
p

r+1d3p1...d3prd3pr+2d3k1...dSerrgf: (pl; veoy pr)fr+2(k17 ceey kr+2)

m

0€Srt2 /
X Up,. 4 (X)uPr+2 (X/)é(kl - pl)"'(s(k'r-‘rQ - p7'+2)

=> (r+2)! > /d3P1 &P d®pry2d®prprtip,  (Vtup, o () F (P15 oo D) fraa (DL oo Prga)-

r=0 0ES,42

8

In the chain of equalities above, we have, respectively: 1) relabelled pg as p,+1 and kg as pryo. 2) Used the result
from Eq. . 3) Dragged the sum over o to outside the integral and made the change of variables over o, 0 — !
so that the permutations now act on the k; argument of the Dirac delta functions. 4) Made the change of variables
in the integrals over ky, k, — ko). 5) Used symmetry of f,, in its arguments to get rid of the permutations over o.
6) Performed the integration over the Dirac delta functions. Notice how the assumed of f,, allows us to “contract”
the modes with any argument of f,.,o and simplify the result. Notice that in the equation above, the mode functions
always show up multiplied by integrable functions, which implies that the term above is regular.
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The contribution to the Wightman function from the second term reads

> /d3k0d3k-1...d?’krdg'kod?’kl...d3kmf:(p1, s D) S (Bt o ) (B14)

m,r=0

X Uy (X) Uty (X) O Z 6(k1 — Po1))---0(Emt1 — Po(mt1))

oeshast,

= Z Z /d3km+1d3k1...d3kmd3pm+1d3k1...d3kmf:n(p1,...,pm)fm(kzl,...,km)

m=0 UGSL?%

X up, o (tp,,  (X)5(k1 = Po1)) -0 (Kmt1 — Po(mi1))

= Z Z /dgpl---dBPmdgpm+1upm,+1 (X,)u;g(1,L+l) (X)f'rtl (pla XL pm)fm (p0(1)7 <y pa(m))'

m=0 aESi;“:fl

Notice that in the expression above the permutations in Si;‘ﬁﬁl are precisely those that do not leave the last term

fixed. This implies that the functions up - (x) and up,, ., (x") will never be contracted with each other (the term

“contracted” here refers to integrals over the repeated momentum variables in the product of two functions). Together
with the normalization condition for the functions f,,, this implies that all terms in Eq. are regular functions
of x and x'.

The third term in Eq. can be written as

> /d3k0d3k1...dSdeSkodifkl...d3kmf:(p1, s D) (B s B (B15)

m,r=0

X tupy () tiy (X )orm Y 0(k1 = Po())--0(Km41 — Pom+1))

0ESm+1

=3 > | Phn1 k1 B £ (D1, s P i (Ko (1) o Po(am) iy (), (X).

m=00€Sm 41

Now notice that in the equation above we only have that the modes are contracted with each other in the terms that
leave m + 1 fixed. This allows us to split the sum over the permutations as

o=+ > . (B16)

0€ESmi1 0ESm oeskst,

The terms that involve Sizifl are related to the matrix element of Eq. (B14) by conjugation, while the terms associated
with the permutations in S, are given by

Z Z Pl 1d%k1 .. Pk fr (D1, s Pr) i (P (1) ooy Po(m) ) Up, oy (ke (X)O(Kimg1 — Prms1) (B17)

m=00€S,,

0o
= Z Z d3km+1d3k1---d3km :;L (p17 ~-~7pr)fm(p1a ey p7rz)u;nl+1 (X)Ukm+1 (X/)6(k7rz+1 - pm+1)

m=00c€S,,
_ / B hod® ko, (<) ()3 (ko — po) = / P hous, (Y, (<)
= Wo(x,x'),

where we have used the symmetry of the f,, terms and the normalization condition from Eq. (B4).

We have thus shown that in a quantization scheme associated to modes as in Eq. , the Wightman function in
any pure state can be written as the vacuum Wightman function added to regular terms in the limit x’ — x, which
also generalizes to mixed states. In particular, this means that the major contribution will be due to the divergences
in the vacuum Wightman function, and the other terms become negligible in the x — x’ limit.
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