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DEFORMATION QUANTIZATION AND INTRINSIC
NONCOMMUTATIVE DIFFERENTIAL GEOMETRY

HAOYUAN GAO?3 AND XIAO ZHANG!23

ABSTRACT. We provide an intrinsic formulation of the noncommuta-
tive differential geometry developed earlier by Chaichian, Tureanu, R.
B. Zhang and the second author. This yields geometric definitions of
covariant derivatives of noncommutative metrics and curvatures, as well
as the noncommutative version of the first and the second Bianchi iden-
tities. Moreover, if a noncommutative metric and chiral coefficients
satisfy certain conditions which hold automatically for quantum fluctu-
ations given by isometric embedding, we prove that the two noncom-
mutative Ricci curvatures are essentially equivalent. Finally, we show
that the quantum fluctuations and their curvatures have close forms if
(pseudo-) Riemannian metrics are given by certain type of spherically
symmetric isometric embeddings. Hence the quantization of gravity is
renormalizable in this case.

1. INTRODUCTION

Gravity is essentially a theory of spacetime geometry. In the concept of
quantum effects of gravity, the Heisenberg uncertainty relations would result
in noncommutativity of spacetime variables for sufficiently small distances.
In 1947, Snyder, C.N. Yang made the first attempts to quantize spacetimes
[14) (18], which are referred as Snyder’s quantum space-times and Yang’s
quantum phase spaces [9, [10]. In their approach, spacetime variables were
represented by Hermitian operators with discrete eigenvalues. This idea
to encoding geometry of a space by its algebras of functions was realized
prominently by Connes to establish noncommutative geometry using spec-
tral triples [6]. And the main ingredients are the noncommutative analog of
the Dirac operator acting on a representation space of the algebra, the spec-
trum of this generalized Dirac operator and the cyclic (co)homology. They
are used to encode the information of noncommutative manifold structure,
noncommutative metric and noncommutative curvature respectively. The
overview of its applications to physics can be found in [5].

However, the metric and curvature information in an infinitesimal neigh-
borhood of manifold is still lack as it is not known what means to take deriva-
tives when coordinate variables are operators. Alternatively, deformation
quantization deforms the commutative algebras of functions based on point-
wise commutative multiplication to noncommutative algebras of functions
based on certain noncommutative products such as the Moyal products, but
still keeps spacetime variables usual functions, c.f. [3]. In recent years, there
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have been intensive research activities on noncommutative gravity in frame
of deformation quantization, c.f. [13| 1, 2] and references therein, where
general relativity is adopted to the noncommutative setting in an intuitive
way, as pointed out in [15].

In [4, 16, 17], a mathematically rigorous and complete theory of noncom-
mutative differential geometry was developed on a coordinate chart U of a
(pseudo-) Riemannian manifold. The idea is to embed U isometrically into a
flat (pseudo-) Euclidean space and use the isometric embedding to construct
the noncommutative analogues of metric, connection and curvature. They
yield the noncommutative Einstein field equations. It was found that the de-
formation quantization of the Schwarzschild metric does not depend on time
and yields an unevaporated quantum black hole [16], and the quantum fluc-
tuation of the plane-fronted gravitational wave is the exact solution of the
noncommutative vacuum Einstein field equations [I7]. We refer to [11], 12]
for the review on general existence of isometric embedding and applications
in physics.

The paper is organized as follows. In Section 2, we state the main theo-
rem. In Section 3, we study the intrinsic formulation of covariant derivatives
of noncommutative metrics and curvatures from the geometric point of view.
This yields noncommutative version of the first and the second Bianchi iden-
tities. In Section 4, we show the two noncommutative Ricci curvatures are
essentially equivalent if a noncommutative metric and chiral coefficients sat-
isfy certain conditions. These conditions hold automatically for quantum
fluctuations given by isometric embedding. In Section 5, we show that the
quantum fluctuations and their curvatures have close forms coming from
Moyal products of trigonometric functions if (pseudo-) Riemannian metrics
are given by certain type of spherically symmetric isometric embeddings.

2. MAIN THEOREM

In this section, we provide some basic knowledge on the noncommutative
differential geometry and state the main theorem proved in the paper. Recall
the intrinsic setting of noncommutative differential geometry proposed by
the second author [19], without using the isometric embedding. Let M
be an n-dimensional differentiable manifold and U C M be a coordinate
chart equipped with natural coordinates (x!,---,2"). Let h be the Planck
constant viewed as an indeterminate. Denote R[[%]] the ring of formal power
series in h with real coefficients, and Ay the set of formal power series in i

with coefficients being real smooth functions on U
Ay = =[] = { 3~ ful|f € C=()}.
k=0

Ay is an R[[A]]-module.

Throughout the paper, all the indices 7, j, k, [, ---, range from 1 to n,
q € Ny. We also use the Einstein summation convention. Given two smooth
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functions u, v on U, we denote uv their usual pointwise product. For any
skew-symmetric n X n real constant matrix (¢*’) on U, the Moyal product
of u and v with respect to (6%) is defined as

(uxv)(z) = exp(ﬁ@ijﬁiﬁj‘)u(x)v(x’)] L (2.1)
where x and x’ denote the same coordinate system and 0; = %, 0. = a(g')i'

It is clearly that
uxv € Ay.

Extending by R[[A]]-bilinearity, the Moyal product provides an associative
R[[A]]-bilinear product on Ay, c.f. [8]. The Moyal algebra is Ay equipped
with the Moyal product, which is a formal deformation of the algebra of real
smooth functions on U.

Extend 0; to Ay by R[[A]]-linearity, the Moyal product satisfies
(i) Noncommutativity: [z%, 2] = 2% * 27 — 27 x 2* = 2hHY;
(ii) Leibniz rule: 0;(u * v) = (Qju) * v + u * (0;v), for u,v € Ay.

Denote E; = E; = 9, 1<i<n. The noncommutative left (resp. right)
tangent bundle 7y (resp. Tu) on U is the free left (resp. right) Ap-module
with basis {E, -, E,} (resp. {E1,---,En}), ie.,

TU = {ai *Ez

7-U = {ENZ*CLZ

a e Ay, ai*Ei:0<:>ai:0.},

a e Ay, Ei*ai:0<:>ai:0.}.
An element of Ty (resp. Tp) is called a left (resp. right) vector field.

A noncommutative metric g on U is a homomorphism of two-sided Ag-
modules

9: Tu Qg Tu — Au,
such that the matrix
(9ij) € A" 915 = 9(Ei, Ej)
is invertible, i.e., there exists a unique matrix (¢*/) € A" such that

gir ¥ 9" = g% % gy = 57,

Let (glij ) be the left inverse of (g;;) and (99 be the right inverse of (9i5)-
Since the Moyal product is associative,

9" =9 %0y =g gp g = G x g = g7,
Therefore the left inverse and the right inverse coincide.

A noncommutative left connection V is a set of operators {V; := Vg, }
for 1 < i < n, where each
VZ' : TU — TU
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is called a noncommutative left covariant derivative and satisfies

(i) R[[A]]-linearity: For a, b € R[[A]] and V, W € Ty,
Vi(aV +bW) = aViV + bV, W
(ii) Leibniz rule: For f € Ay and V € Ty,
Vilf xV)=(0:if)*V + f+V;V.

The noncommutative right connection V = {V; := V Ez} and the noncom-

mutative right covariant derivatives V; can be defined in the same way. The
left and right connections are uniquely determined by connection coefficients
Ffj and Ffj, which are elements of Ay

Denote

! = =
Pijk =% = gk, Tijie = gr * Ly

Inspired by the Levi-Civita connection of a (pseudo-) Riemannian met-
ric, the second author introduced the canonical connection [19]. Given a
noncommutative metric g and a set of elements Y;;;, of Ay with

Tijk = Tjir,

which are referred as the chiral coefficients. A noncommutative connection,
which consists of a noncommutative left connection V and a noncommuta-
tive right connection V, is canonical with respect to g and Y, if it satisfies

(i) Compatibility: drgij = 9(ViEi, Ej) + g(Ei, ViEj) = Thij + Lijis

(ii) Torsion free: V,E; = V,E;, V;E; = V;E;

(iii) Chirality: Fijk — Pijk = ngk
The torsion free condition implies

k k rk mk
Fij = sz'a Fij = sz'-

It is straightforward that

205k = 0igjk + 0jgki — Okgij + Yirg + i — Yy

= 0igjk + Ojgki — Okgji + Tijk (2.2)
— al<gﬂ67;rgkﬂ) +0; (M) — 0, (W) +Tiji,

and
20k = 0igjk + Ojgki — OkGij + Linj — Ljiw — Lhyi
= 0igjk + Ojgri — Orgji — Yijk (2.3)

o, (U0 g (Bt o) g (St 0y iy,
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In classical Riemannian geometry, the chiral coefficients vanish and L'
reduce to the Christoffel symbols.

For any f € Ay, it is easy to verify
(B, Ej|f = [E;, E;|f = 0:0;f — 9;0:f = 0.

Thus the left curvature operators Rp, g, and the right curvature operators
R, f, can be defined as the following A-linear operators

e, = Vi, Vj]: To — Tu,
BiE; = [@Z,@]] : 7~‘U — 7~‘U.

7

<

R
R

For the canonical connection, the left Riemannian curvatures R;; and right
Riemannian curvatures Rj;;; are defined as

Ririj = 9(RE, B, Bk, E), Ry = _Q(EmREiEjEl)-
They satisfy
Rigij = —Rikji = Rigij,  Rigij # — Ruaij-

Therefore the left curvatures are sufficient for the purpose. There are two
Ricci curvatures Rj; and ©; obtained by contracting [, i and k, j in Ry
respectively

Ry =9(RE, B, Bk, Ep) + ¢ = Ryij + g",
04 =g x 9(RE,E, Ek, Ep) = ¢"% % Ry

Raising the index at k£ and [ respectively, we have Ricci curvatures

RY =g g(Rp, i, B, E1) + g = g"* = Rugaij * g,
O =¢’* % g(Rp, i, Ex, E1) x g = ¢’* * Rupij = g

The two Ricci curvatures R‘? and @f are not equal to each other in the
noncommutative case. But their traces coincide and yield the same scalar
curvature

R=FR =0
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As elements of Ay, there are the following power series expansions

gy = égzj A, gsla] € CX(U), (24)
ik = 2 Tiiklglh?,  Yijklg) € C(U), (2.5)
Riij = ioleij lq]h?,  Rykijlql € C(U), (2.6)

R;; = ioRij[q]hq, Rii[ql € C=(U), (2.7)

O;; = io;) ©iilqlh?, ©;jlq] € C(U), (2.8)

R = gRé[q]hq, Rild e C=(), (29

e} = f:o ©'[qlht, ©lq] € C™(U). (2.10)

In this paper, we prove the following theorem.

Theorem 2.1. Let M be an n-dimensional smooth manifold and U C M
a coordinate chart. Let V, V be the canonical connection with respect to
noncommutative metric g and chiral coefficients Yy, on U. If g;; satisfy

9ij[2q] = g5i24],  9i5(29 + 1] = —gjil2¢ + 1], (2.11)
and Y5, satisfy

Tol2q) =0, (2.12)
then two Ricci curvatures are equivalent in the sense that

Rij[2q] = ©;i[2q],  Rij[2q +1] = —©;i[2q + 1] (2.13)
and

Ri[2¢] = ©%[2¢], Ri[2q+1] =—-0%12¢+1]. (2.14)

In particular, if noncommutative metric and chiral coefficients are given
by an isometric embedding, then ([211]), (2Z12) hold and the theorem follows.

Finally, we would like to point out that, in Poisson geometry, the Moyal
product is a deformation quantization of the constant Poisson structure

™= %9”82 VAN aj
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for constant skew-symmetric matrix (#%). If #% are smooth functions, m
still gives a Poisson structure if its Schouten-Nijenhuis bracket vanishes,

[r,m]s = 0.

However, the corresponding Moyal product is not associative. In the pio-
neer work, Kontsevich proved that there always exists an associative non-
commutative star product which provides the deformation quantization for
any Poisson structure [7]. Unfortunately, this star product does not sat-
isfy the Leibniz rule. It indicates our theory of noncommutative differential
geometry depends on the choice of coordinate systems in U. As coordi-
nate systems correspond to observers, this fits Bohr’s opinion that evidence
obtained under different experimental conditions cannot be comprehended
within a single picture, but must be regarded as complementary in the sense
that only the totality of the phenomena exhausts the possible information
about the objects.

3. CURVATURE OPERATORS AND BIANCHI IDENTITIES

In this section, we study the covariant derivatives of noncommutative
metrics and curvatures from the geometric point of view. This yields non-
commutative version of the first and the second Bianchi identities.

Proposition 3.1. Let M be an n-dimensional differentiable manifold and
U C M be a coordinate chart equipped with natural coordinates (x',--- , z™).
Let g be a homomorphism of two-sided Ary-modules given by (2-) where
(9i510]) is not necessarily symmetric. If (g;;[0]) is invertible on U with the
inverse matriz (g [0]), then (2.4) gives a noncommutative metric g on U.

Proof: For any smooth functions u(z), v(x) over U, denote

1rc ..
byl )(x) = (0900 Pu()o@)] (3.1)
Let g% have the power series expansions
g7 => g7qh? € Ay, g[q] € CP(U). (3:2)

q=0

By viewing ¢ as the right inverse, we obtain the recursive formula for ¢ € N

99l ==Y g™ [0lgulrlg"[qg — 7]

[M]=

r=1

(3.3)

i
]

)=

g™ 0lur (gualsl, 9 1g =7 = s1)

~x
Il
—_
»
Il
=)
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On the other hand, by viewing g% as the left inverse, we obtain
q

971l == 9" la — rlgnlr]g” 0]
(3.4)

<
KN

|
<
MQ Il
—

pr(9%la = = ), guals] ) 9" [0].
1s

Il
o

ﬂ
Il

Thus the matrix (g;;) is invertible in A" if and only if the matrix (g;;[0](x))
is invertible in R™*™ for any « € U. Therefore the proof of the proposition
is complete. Q.E.D.

Corollary 3.1. For any (pseudo-) Riemannian metric g;;[0] on U, (2.4)
provides a noncommutative metric g on U, which is referred as a quantum
fluctuation of gi;[0].

In classical differential geometry, the cotangent bundle is the dual of the
tangent bundle. Inspired by this, we can define the noncommutative cotan-
gent bundles as the dual modules of the noncommutative tangent bundles.
As the dual of a left (resp. right) Apy-module is a right (resp. left) Agy-
module and the dual of a free module is also free, we may use the noncom-
mutative metric g to induce bases of the cotangent bundles dual to F; and

Ej respectively, i.e., let E?, E7 be dual bases of Ej, E; respectively, we have
9(E', Ej) = g(Ej, E) = 6.
Definition 3.1. The noncommutative left (resp. right) cotangent bundle

TG (resp. 72[} ) on U with respect to the noncommutative metric g is the free
left (resp. right) Ay-module with basis {E',--- | E"} (resp. {E',--- ,E"})

To = {ai*Ei

a; € Ay, ai*Ei:0<:>ai:0.},

and . B
o = {E’ * a

a; € Ay, Ei*ai:0<:>a,~:0.}.

The left (resp. right) cotangent bundle is the dual of the right (resp. left)

tangent bundle. Analogous to the classical situation, the noncommutative

metric g acts as an element of 71(}‘ ®ay T

The inverse matrix (g¥/) can be viewed as a homomorphism of two-sided
modules
g T Qv To — Au
such that o N
g H(ELE) = g7
Similarly, g1 acts as an element of Ty ® 4, Tv,
Ei®gij*Ej :Ez*g”@E]
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Similar to the classical differential geometry, a noncommutative left con-
nection V on the left tangent bundle induces a unique noncommutative right
connection V on the right cotangent bundle 7;7 in terms of noncommutative
metric g

0i9(V,W) = g(ViV,W) + g(V, VW)
where V € Ty, W e 7~'J It yields
G, — — kT,
Moreover, a noncommutative right connection V on the right tangent bun-

dle also induces a noncommutative left connection V on the left cotangent
bundle which yields

V,E) = _ka x EF.

1 can be written as,

The noncommutative metric g and its inverse g~
g:Ei®gij « B7 :ENi*gij@)Ej,
g ! —F; ® g x E; = E; % g7 @ E;.
This allows us to define covariant derivatives of ¢ and ¢g~! by
Vig =E'® Vigij * Fi = E'« Vigi; ® 7,
Vig ' =E;, @ V19" « Ej = E; % V9" @ E;.

Proposition 3.2. Let V be the canonical connection with respect to the
noncommutative metric g. Then

Vig=Vig ' =0 Vigi; = Vig”? =0.

Proof: 1t is straightforward that
Vig = Vi(E' @ gij » EY)
=ViLE'® Gij * FI+F® Ok Gij * F+FE® Gij * Vi E’
= —El*Fil@)gij*Ej+Ei®8kgij*Ej—Ei®gij*f£l*El
= E' @ (Okgij — Thij — Tiji) x B = 0.
On the other hand, a direct computation yields
0= [&f(g“ * glr)] x gl
= {akg” * g+ 9" * akglr} x g
= Okg" * gir % g7 + 9" % (Thap + Thrt) % g7
= Okg” + 9" * Tjy % gsr x g7 + g% % gus # T, g7
= kg + ¢ « F{d + T8, % gY.
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Therefore,
Vig ™' =Vi(Ei ® g7 * E)
=ViE; ® " % E; + E; ® 09" * E; + E; ® g % V. E;
—; @ (Okg? + g" T+ Ty g7 ) + B = 0.
Q.E.D.
The noncommutative left (resp. right) covariant derivative along a left

(resp. right) vector field V = a* x E; (resp. W = E' x @) with o’ € Ay is
defined as the R[[A]]-linear map

Vv :To =Ty (resp. Vw:Ty = Ty)
given by
VvX =a'*(V;X) (resp. VY =(V;Y)xa)
for X € Ty (resp. Y € Tpy).

Remark 3.1. Noncommutative covariant derivatives along general vector
fields are not compatible with the Leibniz rule. Otherwise, for any f € Ay,

Vv (f = Ej) =(Vf)xE;j+ fxVyE;
=a' x (0;f) x B+ f a’ x V.E;.
On the other hand, by the definition,
Vv (f * Ej) =a' x Vi(f * Ej)
=a'* (0;f) * Ej + a' x f * V,E;.
They are not equal to each other unless
atx f = fxa.
This is generally impossible. As a consequence, it indicates that the mon-

commutative covariant derivatives are not well-defined with respect to or-
thonormal basis.

For left and right tangent vectors
V =o' x Ej, W:wj*Ej, V =E; « ', W:Ej*wj,
where v¢, w’, ¢, W/ € Ay, the noncommutative Lie brackets are defined as
V,W]f - Ei(wj * E](f)) —w’ % E; (fui * E,(f))
= (v * Bi(w’) — w' % Ej(v)) * Bj(f) + [v',w’] * B;E;(f)
=-W V]f
V. WIf =E;# 0 (E;(f) = @) = By« a? (Ei(f) + 0')
K (E (@) % 0" — Ei(¢7) ') — EiEj(f) « [0", 0]
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for any f € Ap. Analogous to the classical (pseudo-) Riemannian geometry,
the noncommutative left and right curvature operators for left and right
tangent vectors can be formally defined as

It is shown that Rp,p;, 7~2EZ B, are left and right Ay-module endomor-

phisms over left and right tangent bundles respectively [4]. But Ryw, 7%\71/1/
do not make sense unless

[v', w?] = [o", @] = 0.

Thus, if V' = E; (resp. vV = E) or W = Ej (resp. W = Ej), then
RyvwEx € Tu (resp. RVWEk € Tu) is well-defined. This suggests to define
the covariant derivatives of noncommutative curvatures by adopting the idea
of classical (pseudo-) Riemannian geometry. We only consider the case of
left curvatures.

Definition 3.2. The covariant derivatives of noncommutative curvature op-
erators are defined as follows.

(ViR)p.g; Ep =Vi(RE5,Ep) — R(v 5, £ E; Ep
— RE(vu, B Ep — REE; (VB Ep).

Definition 3.3. The covariant derivatives of moncommutative curvature
tensors, noncommutative Ricci curvatures and noncommutative scalar cur-
vature are defined as follows.

VsRiij = (( sR) g5, B, Ey),
Vst «9((VsR)E, g, Bk, El) x g = gP" x Vs Ry * g,
V0 =¢/" % g((VsR) ., Er, Et) * ' = g7 % Vi Ryyij = g7,
ViR =¢’" % g((VsR) g5, Ex, Er) * g".

Remark 3.2. If V = E; or W = E; , then the operator Ryw : Ty — Tu
is well-defined but generally not Ay-linear. In fact assume V = E; and
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W =al x E;, then
Ryvw (f % Ex) =V; <aj * Vi (f * Ek)) —ad/ xV; <V,(f * Ek)>
— Vig,aixE;) (f * Ei)
—~(0107) % V(f * By) +a/ + Vi (V(f )
—a’ VY, (Vz'(f * Ek)) — V(o,a)xi; (f * Ek)
=a’ x Reg,(f * Ey) + (D3a7) * Vi(f * Ey)
— (8ia?) * V(f * Ey,)
=a’ * f xRy, i, F.
The same computation yields that
vaEk = aj * REZEJEk

Hence Ryw (f * Ey) and f * RywEy are not equal unless a’ * f = f x a’.
The above computation also yields

Riiaivg;) = @ * REE;-
Similarly, we have
i
Rixg)E; = 0 * REEB;-

As an operator, (ViyR)g,r; dose not give rise a left Ay-module endomor-
phism over left tangent bundle. This is because

(VR) 55, (f * Ep) =i (R, (f >) RWJEJ (f * Bp)

=Vi(f * REE; Ep ) R(V,E)E; f*Ep)
— R, (v, B;) ([ * Ep)

— RE;E, ((8kf) * By + f x vkEp)
=(Okf) * REg, Ep + f * Vi(REE; Ep)
— R, e)E, (f * Ep) — Re,(v,5;)(f * Ep)
— (Okf) * RE;B; Ep — [ * REE;(VEE))
=f* Vi(REB; Ep) — R(v, E)E, ([ * Ep)
— R v (f * Ep) — [ *REp,(ViEp)
Zf * (VikR)E,E; Ep
as Rv,g,)E;, ond Rp,(v,E;) are not Ay-module endomorphisms in general.
Theorem 3.1. The first (algebraic) Bianchi identity
REg;Ex + RE 5, Ei + Ri, gL =0
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and the second (differential) Bianchi identity
(ViR) ;. Ep + (ViR) B 5, Bp + (Vi R) i, Ep = 0
hold for 1 <i,j,k,p <n.

Proof: Since the connection is torsion free, we have
Ree;Ex + RE;B,Li + RE B, Ej
:ViVjEk — VjViEk + VijEZ- — VijEi
+ V,V,E; — V,VLE;
:Vi(VjEk — VkEj) + Vj(VkEi — ViEk)
+ Vk(ViEj — VjE,')
=0.
Thus the first Bianchi identity holds. As
(ViR)E; B, Ep =ViV Vi Ey, — ViViV;Ey — R(v,5,) 5, Ep
— REj(ViEk)Ep - V,;ViViE, + V,V;V,E,,
(ViR)Ee: Ep =VjViViE, = ViViViE, = R(v,p,)8Ep
— REk(VjEi)Ep — VkVNjEp + VikajEp,
(ViR) gk, Ep =Vi ViV E, — Vi V;VE), — RvEE; Ep
— REi(VkEj)Ep —V;V,;VyE, +V,;V;V,E,,
we obtain
(ViR)E,5,Ep + (ViR) gy e Ep + (ViR)EE, Ep
= _R(VZEJ)EkEp - REJ(VlEk)EP - R(VgEk)EzEp
~ Ry (v,enEp = Rv,B)E; By — RE(9,.5,) Ep-
The torsion free condition implies
Rw.E)E Ep + RE, (v;E)Ep =0,
R v Ep + Rv, g5 Ep = 0,
R(VjEk)EiEp + REi(vkEj)Ep =0.
Therefore
(viR)EjEkEP + (ij)EkEiEP + (ka)E'LEJ E, =0.
Thus the second Bianchi identity holds.

13

Q.E.D.

Remark 3.3. Bianchi identities also hold for noncommutative right curva-

ture tensors.
Proposition 3.3. The second Bianchi identity gives that
ViR: + V0! — §:V;R = 0.



14 H GAO AND X ZHANG
Proof: By the second Bianchi identity, we have
ViRgpjr + VjRypri + Vi Rypi; = 0.
Multiplying ¢”? from the left side and ¢?* from the right side, we obtain
9" 5 ViRapji g% + g % Vi Rypri + g% + g% % Vi Rypij % g% = 0.
Taking summation for 4, k, p and ¢, we obtain
~ViR) + V;R — V;0f = 0.

Therefore the proof of the proposition is complete. Q.E.D.

4. EQUIVALENCE OF NONCOMMUTATIVE RICCI CURVATURES

In this section, we show that two Ricci curvatures R; and @é are equiva-
lent under certain conditions. In particular, they are satisfied if noncommu-
tative metric and chiral coefficients are given by an isometric embedding.

Let noncommutative metric g;;, its inverse g*/ and chiral coefficients T
have power series expansions (2.4)), (3.2) and (Z3]).

Lemma 4.1. If noncommutative metric g satisfies (2.11)), then

9712q) = ¢"12q], ¢7[2¢+1] = —g¢"'[2¢ + 1]. (4.1)

Proof: Since (g;;[0]) is symmetric and invertible on U, the inverse matrix
(¢™1]0]) is also symmetric, i.e.,

g”[0] = ¢*[0].
For u,v € C*(U), (B1) indicates that
p2g(u,v) = pog(v,w),  pog1(u,v) = —pog41 (v, u). (4.2)
By (4.2) and the recursive formulas (3.3)), (3:4]), we have
g11] = ~g™0]gu[119"[0] ~ g™ 0} (gral0], 97 [0])

= ¢7'[0)gu[1]g"710] + pr (97" [0], e 0] ) 0]
= —¢’'[1].
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Next, let ¢ € N, using the recursive formula (B.3]), we have

9" [0]gr[2r]g" [2q — 27]

M=

97[2q) = -

ﬂ
Il
—

g% [0]g[2r — 1)g"[2q — 2r + 1]

M-

ﬂ
Il
—_

=)
<

g™ [0] por (gkl [25], g [2q — 21 — 23])

M-

~x
Il
—
Q@
[
s o

gik [0] ey (gkl [2s — 1], glj [2q — 2r — 25 + 1])

.
Il <
MR
»
Il
S =

Q
|

-
]

9" [0]par—1 (gkz [2s], g4 [2q — 2r — 25 + 1])

r=1 s=0
q q_r . .
=) g [0]p2r <gkl 25 +1],9"[2¢ — 2r — 28])-
r=1 s=0

Therefore, by induction and (£2)) and recursive formula (3.4]), we obtain

7'[2q — 2r)gue[2r]g""[0]

M=

9" [2q] = —

%
Il
—

¢'2q — 2r + 1) g [2r — 1]g"[0]

M-

%
Il
—

=}
<

M-

par (97'(20 — 2r — 2], gu[25] ) 9*'0]

ﬁ
Il

—
Q@
Il

L)

o (gjl[2q —2r — 2s + 1], gix[2s — 1]>gki[0]

3
Il <
—
»
Il
S =

<
|

-
\¢

o1 (gjl[Qq —2r —2s+1], glk[23]>gki[0]

r=1 s=0
Y paraa (gjl{?q — 2r — 2s], gui[2s + 1])91‘”[0]
r=1 s=0

%

:gj

—

2q|.

Similarly, we can prove
9712¢ + 1] = —¢""[2¢ + 1].
Q.E.D.
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Lemma 4.2. If noncommutative metric g satisfies (2.11l), then, for any
fec=(),

(97 * £+ g")[2q) = (g™ = f = ¢7")[24],
(97 % fxg")2q + 1] = —(g"F = f = ¢7")[2¢ + 1].

Proof: For any u,v € C*°(U), we have

q q—r
(glj * Uk U) [2(]] = Z 2 (glj [23]7 H2q—2r—2s (u7 'U))
r=0 s=0
q q_r ..
+ Z Z Lo (g” (25 — 1], prog—2r—2s+1(u, ’U))
r=0 s=1
q q_r ..
+ Z Z Hor—1 (g” (2s], p2g—2r—2511(u, U))
r=1 s=0
q q_r ..
+ Z H2r—1 (92] [23 + 1]7 H2g—2r—2s (ua U)) .
r=1 s=0

Using Lemma 1] and (£.2), we obtain

q—r

(9" * uxv)[2q] :Eq:ZN2T’(N2q 2r—2s(v, u), ”[28])

=0 s=0

<3

Similarly, we can show

(97 *u*v)[2q+ 1] = —(v*u* g’")[2q + 1].
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Using them, we obtain

)=

(g7 « £ g")[2a] = (97 % 1+ (g™'2r]) ) 24 — 21]

I
o

T

M=

+ <gij s fx (gM[2r — 1])) [2q — 2r + 1]

1

(9""[2r]) * £ + ') 120 — 2

T

ﬁm

\3
Il
o

((g"2r = 1)) 5 £ 5 g7 ) [2g — 20 +1]
1

(g% 2r)) % f + g7 20 — 2]

T

Q

<

I
l
o
LSy —_—

+

(g™ (2r 1)) = £ 5 97) 12

r=0
=(g" * f + g"")[2q],
and, similarly
(97 * f = g")[2q + 1] = —(g"* = £ = ¢7")[2¢ + 1].

Q.E.D.

Lemma 4.3. If noncommutative metric g satisfies (2.11), then, for u,v €
c>=(U),

(w5 o) 2 = (o g7+ )24
(ux g7 xv)[2q + 1] = — (v* ¢7" % u)[2q + 1.

Proof: For any uw € C*°(U), we have

q

(urg”)[2g) =) par (u 9”124~ 27“])

r=0

q
+ ) para (u,g” 2 — 2r + 1])'

r=1
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Using Lemma [£.]] and (£.2), we obtain

(uxg7)[2q] = qu par (u 9"12q - 27’])

r=0

q
+ ) o <u g7[2q —2r + 1])

r=1

—Z,uzr( ‘[2q —2r], )
+Z:u2r 1< ‘2 — 2r + 1], )

=(g“ * U) [2q).

Similarly we have
(uxg7)[2g +1] = — (¢’ * u) [2q + 1].
Then using Lemma 1] and ([4.2)) again, we have

(u*g”*v [24] Zuzr<u*g 2q—2r],v)

+ Zugr_1<(u*gij)[2q —2r + 1],1))

r=1

_Zmr( i *u)[Zq—2r]>

—I-Zmr 1< QJZ*U)[QQ—2T+1]>

:(v * g]Z * u) [2q].
Similarly we have
(u*gij *v)[2q—|— 1] = —(v*gji *u)[2q—|— 1].
Q.E.D.

Lemma 4.4. Let V, V be the canonical connection with respect to the non-
commutative metric g and chiral coefficients Y, on U. If (211), (212)
hold, then

Fijk[Qq] = fijk[2q], Fijk[2q + 1] = —fijk[2q + 1]. (43)

Proof: By chirality and ([2.12]), we have
Tyijr29) — Tijr2q) =Y4j1129) = 0.
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By 22)), 23) and (2II), we have

1
Iijk[2q + 1] :§Ti]‘k[2q +1]

= — Fijk[2q + 1].
Q.E.D.

Proposition 4.1. Let M be an n-dimensional smooth manifold and U C M
a coordinate chart. Let V, V be the canonical connection with respect to
noncommutative metric g and chiral coefficients Y;;, on U. Let Riemannian

curvatures have the power series expansions (2.0). If (211), (2.12) hold,
then

Riij2q] = —Riiij(2q],  Rikij[2q + 1] = Ryij[2q + 1]. (4.4)

Proof: In terms of connection coefficients, the Riemannian curvatures are

Riij =9((ViV; — V;Vi)Ey, E))
=0,9(V;Ex, Er) — g(V,Ey, ViE))
—9;9(ViEx, E)) + g(V;Ey, V,E))
=0l jpy — OLipy + T, % grs * f‘jl — I % grs * I3
=0T jk1 — O;Tirs + Dis * ¢°" % Djir — Djis % ¢° # Dy

Since
Oy~ 0T as =030(¥ B B) — 0y0(Vi8, )
=0;(0;9(Ex, Ey) — g(Ex, V, Ey))

— 0;(0:9(Ex, Er) — g(Ex, ViEy))
=0:0;gk1 — 0L jux — 9;0i91 + 9L
=0;T ik — O, jur.

we obtain

Rigij = 0Tk — Ol i + Tigs * g% % Tjip — Djs g % Tipre.
Using Lemma [£.4] we have

(0Tt — 0;Tiw) [24) = — (0;Tim — O:T 1) [24]
(&ijl — 8jrikl) [2q + 1] :(8jfikl — 8,~1~“jkl) [2q + 1].
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Moreover, using Lemma [£.3] and Lemma [£.4], we obtain

(Fms*gwﬂdyw)pd
q q—«
= Z Z (Diks[20] * g°" = fjlr[2ﬂ]) [2g — 2a0 — 2]
a=0 =0
q q—«a ~
+ )03 (Tis[20] + g7 # Tjip[28 — 1])[2g — 20 — 28 + 1]
a=0 =1
q q—« B
+ 3N (Tiksl2a — 1] % g°" + T3, [26]) [2g — 20 — 258 + 1]
a=1 =0
q q—« B
+ 3N (Tiksl2a — 1] % g*" « T3, (28 + 1)) [2q — 20 — 26]
a=1 =0
q q—« B
=3 (Tji[28] * g7 * Tips[20]) [2q — 20 — 2]
a=0 =0
q q—« B
+ )0 (Tjw[28 = 1] % g™ Tigs[20]) [2 — 20 — 28 + 1]
a=0 =1
q q—«o B
+ )0 (Tjw[28) # g7 # Tigs[20 — 1)) [2 — 20 — 28 + 1]
a=18=0
q q—«o B
+ )0 (w28 4 1) % g # Tigs[20 — 1)) [2g — 20 — 28]

a=1 ﬂ:O
:(les * gsr * fzkr) [2Q]

Similarly, we have

(Fiks * gsr * Iijlr) [2(] + 1] = - (les * gsr * fzkr) [2q + 1]7
(Tjks * g+ Tarr) (2] =(Tats * 9"+ Tjr ) [20),
(ijs * gsr * filr) [2q + 1] = (Fils * gsr * fjkr) [2(] + 1]

Therefore
Riij[2q] = (001 — OjTikt + Tigs + ¢° # Tjip — Tjges + ¢ % Tipy) [24]
= — (9;Tirs — 0T jut + Tits * ¢° # Tjgr — Tyt x ¢° * Tir ) [20]
= — Ryij[2q).
Similarly, we obtain
Rikij[2q + 1] = Ryuij[2g + 1].
QED.
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Theorem 4.1. Let M be an n-dimensional smooth manifold and U C M
a coordinate chart. Let V, V be the canonical connection with respect to
noncommutative metric g and chiral coefficients Y;j, on U. Let two Ricci

curvatures have the power series expansions (2.7), (238), (29), (210). If
(211), (Z12) hold, then

Rij[2q] = ©;:2q], Rij[2q+ 1] = —©;[2¢ + 1], -
Ri[2q] = ©%[2q], Ri[2q+1] = —0O%2q+1]. (4.6)
Proof: By definition
Rij = Rurj * g%, 0ij = ¢ * Rjpa.
Using Lemma [Tl Proposition 1] and (£.2]), we obtain

q q—r
zy 2(] = Z Har <Rlzk] 28 [2q —2r — 28])
r=0 s=0
q q-r
30D o (R (25 — 1), 9™ (2 — 2 — 25 + 1]
r=0 s=1
q—r

+
M=

piap—1 (Ruans 28], 9720 — 2r — 25+ 1))

%
Il
—_
Il
s o

R ®»

+
[M]=

piap—1 (Ruans[2s + 1], 9" [2q — 27 — 25))

%
Il
—
Il
s o

Hor <9kl [2q — 2r — 2s], Ry [28])

TIMI 0
3 O

M- 1M-

fi2r (g’“l [2¢ — 2r — 25 + 1], Rip;[25 — 1])

~x
I
o
Q@
Lol
S =

[M]=

Har—1 <gkl [2q — 2r — 25 + 1], Ruy; [23])

~x
Il
—
Q@
([l
s o

MQ

H2r—1 <9kl [2q — 2r — 2s], Ryx;[2s + 1])

15=0
- gkl*Rzlk])[ q]
( k *Rujk)[2q]
=0,;[2q].

Similarly, we have

~ — 3

R;j[2q + 1] = —0;i[2¢ + 1].
Then since ' ‘ ' '
R; = ng * Rkju 93 - @]k * gkl7
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we obtain
. q q_T .
Ri[2q] =) ) pay (g’k [2s], Rj[2q — 2r — 23])
r=0 s=0
q q—r )
£33 pa (g’k[ls — 1), Ryj[2q — 2r — 25 + 1])
r=0 s=1
q q—r )
30D nzea (9™ 128], Rigl2g — 20 — 25+ 1)
r=1 s=0
q q—r )
+ par—1 (9125 + 1], Ryg[20 — 2r — 25))
r=1 s=0
q q—r )
=3 war (O0l20 — 2 - 25],g"[24])
r=0 s=0
q q—r )
+ 303 ke (O0l20 — 20 — 25 4+ 1), 6725 — 1))
r=0 s=1
T

_l_
=
[

i
m

7~ N

@
<.
ko
I~
S

|
o
3
|

o

»

+
=
Q

I
S
2,
N—

=0j[2q].
Similarly, we have
R}[2q + 1] = —©][2q + 1].

Q.E.D.

Now we provide the quantum fluctuation of a pseudo-Riemannian metric
g[0] on U in terms of isometric embedding [4] 16], [I7]. Recall that (U, g[0])
can always be isometrically embedded into a pseudo-Euclidean space, c.f.
[11], i.e., there exist a differentiable map

X :U — RPP

such that

m
9ij[0] = Z Naadi X - 0; X,
a=1
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where n = diag(—1,---,—1,1,---,1) is the flat metrics of RP™"P. The
quantum fluctuation of g[0] is
m
9(Ei, Ej) = Z Naadi X * 0; X, (4.7)
a=1

where F; = Ei = 0;. It yields a canonical connection with the connection
and chiral coefficients

LCijr = Z N0ai0; X * O, X, (4.8)
a=1

Lije =) NaalpX® % 0,0;X°, (4.9)
a=1

Tijh =Y Naa (00, X% % X — 0p X % 0;0;X°). (4.10)
a=1

The noncommutative metric (£7]) also induce a noncommutative scalar
product on the high order partial derivatives of isometric embedding X. For
multi-index =, &,

907X, 00X) = 3 nond X7 x 910, (@11)
a=1
Corollary 4.1. Let g be given by ({{.7) for isometric embedding
X = (le U 7Xm) € COO(Uva)v

where X* € C®(U), 1 <a <m. Let R; and @; be the two Ricci curvatures
of the canonical connection induced by X. Then ({{.7]) and ({-6) hold.

Proof: We only need to check (A7), (£I0) satisty (2.I1]) and (ZI2)). In-
deed, it is a direct consequence of (4.2]). Q.E.D.

Remark 4.1. The following noncommutative Einstein field equations were
proposed in [4]
i i sip_ i
R;+0; - 0;R="T;.
As it may not capture all information of noncommutative metrics, the second
author gave the strong version in [19]
1 . 1 -
R — 5(5;]% =T;, ©j— 55;-]% =1T;.
Theorem [£.1] and Corollary [{.1) indicate that only the first one is sufficient
and the noncommutative Einstein field equations should be
1 .
R~ 3R =1]

if (211), (2.12) hold, in particular, if noncommutative metrics are given by
isometric embedding.
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5. SPHERICALLY SYMMETRIC ISOMETRIC EMBEDDINGS

In this section, we show that the quantum fluctuations and their curva-
tures have close forms coming from Moyal products of trigonometric func-
tions if (pseudo-) Riemannian metrics are given by certain type of spheri-
cally symmetric isometric embeddings. This indicates that the quantization
of gravity is renormalizable in this case.

Theorem 5.1. Let open set
U = (0,00) x (0,27) x (0,7m) x --- x (0,7) C R",
which is equipped with coordinates (x',z% -+, 2") = (p,01,-- ,0p_1). Let

(U, g[0]) be a (pseudo-) Riemannian metric given by a spherically symmetric
isometric embedding

X :U — RP™P

with
X'= fp),
X" = 1 (p),
xm-nt+l _ fm—n+1(p) sin6,,_1sinf,_o---sin by sin 61,
Xmond2 — fment2(5)6in G,y sin fy,_o- - - sin Ay cos 61,
XM 2 = fm_z(p) sin 6,,_1 sin 6,,_o cos 6,,_3,
xm1 = fm_l(p) sin 6,,_1 cos 6,,_o,
X™ = f™(p)cosbp_1,
where f(p), ---, f™(p) are smooth functions of p, m —n +1 > p and

Fr () = T2 (p) = f(p).

Fiz some | € [3,n], define the Moyal product in terms of skew-symmetric
matriz (0") with nonzero elements

6% = —6" = X £ 0.
Then the quantum fluctuation of g[0] and their curvatures have close forms
coming from absolutely convergent power series expansions on U.
Proof: Note that only the term
aiXm—n—l—l % 8ij—n+1 + aiXm—n+2 " 8ij—n+2

cannot be reduced to the usual commutative product in noncommutative
metric (4.7). Denote

g7 = 9,X% % 9;X7.
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And denote ag = m — n + 1 for short. Using the formulas in the appendix,
we obtain, for 2 <1< j<n,2<k<nandi,jk#I

(ao’ao) + g(aOJrl aotl) _ (f')2 sin?0,,_1 - --sin® 0;sin® G;_ - - - sin? Oy
<sin2 6;_1 cosh?(\h) — cos? 0, sinhz()\h)) ,
g(‘g‘)"m) + g(aOJrl ao+1) =2ff'sin?6,_1 ---sin®;sin® 6;_5 - - - sin? 65
sin 0;_1 cos 6;_1 cosh(Ah) sinh(\h),
g(ao’ao) + g(ao+1 ao+1) =ff sin?6,_1 - --sin®0;sin®6;_5 - - - sin’ 65
sin@;_1 cos 0;_1 (1 + 2 sinh2()\h)) ,

; +1,a0+1
g§‘§° ao)—i—g(‘;‘) ,a0+1) f2

sin6,,_1 - -sin® 0 sin® H;_o - - - sin” O
(Sin2 6,1 cosh?(\h) — cos? 6;_; Sinhz()\h)) ,
(ao’ao) + §7°+1 ao+1) =f?sin%6,_1---sin®f;sin?G;_ - - - sin® 6,
(Sin2 6;_1 — cos> 9l—1) cosh(AR) sinh(\AR),

gl(lao,ao) + l(la0+1 a0+1) =f2sin%6,_1---sin?f;sin?f;_ - - - sin® 6,

<COS2 6,1 cosh?(\h) — sin” §;_; sinh2()\h)) ,
g%ZO’aO) + g(ao+1 ao+1) =ff sin®6,_1 - - -sin? 0, sin 01 cos O_q sin® O_o - - -

<sin2 6,1 cosh?(\h) — cos? 0;_; sinhz()\h)) ,
.- sin? 0y, sin O _1 cos Op_1 sin% Op_o - - -
sin 0;_1 cos 6;_1 cosh(Ah) sinh(\h),

g(zo’a())—i-g(ao—'—l ;a0+1) f2 sin Hn L

g(ao,ao)+ (a0+1‘10+1) =—2f%sin%6,_; -

--sin? 0 sin O cos Op_1 sin® Op_o - - -
sin@;_1 cos 0;_1 (1 + 2 sinh2()\h)) )

Lao+1 . .
g(ao’ao) =+ (a0+ ,ao+1) =f2sin%0,_1 - - -sin® O, cos? Oj,_1 sin® Op_o - - -

(Sim2 6;_1 cosh?(\h) — cos? 0;_; Sinhz()\h)) ,

G0 4 g i, .

.- sin® 0;sinf;_1 cosb;_1 sin® Oj_o---
sin? 6; sin 6;_1 cos B;_1 sin O;_o - - -
(Sim2 6,1 cosh?(\h) — cos? 0;_; Sinhz()\h)) )
These indicate that
9ok = —Gk2, Kk #2

but other metric components are symmetric, and the quantum fluctuation
g = (gij) of ¢g[0] have close forms which are smooth functions not depending
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on ;. Therefore the Moyal product relating to (g;;) becomes usual com-

mutative product. This means the inverse matrix (¢*) coincides with the
inverse matrix in the sense of usual commutative product, and its elements
do not depend on #; neither. By (@), (£3), similar calculation yields that

the connection coefficients I'; 1, I';;1 also have close forms which are smooth
functions not depending on 6.

As all quantities relating to the quantum fluctuation and the connection
coefficients do not depend on #;, the Moyal product in deriving the curva-
tures becomes usual commutative product. Therefore the curvatures have
close forms, which depend only on p, 0,--- , 6, and A. Q.E.D.

APPENDIX A. MoOYAL PRODUCTS OF TRIGONOMETRIC FUNCTIONS

Let U C R? be an open subset with coordinates (2!, 22) = (61, 62). Define
the Moyal product * on Ay = C*°(U)[[h]] by the matrix

(% 0)-

for some constant A # 0. Moyal products of trigonometric functions are
given as follows.

Al

(sin 6y sin B3) * (sin 61 sin 65)

= sin? ) sin® A, cosh?(\h) — cos? 6 cos? O sinh?(AR),
(sin 0y sin 03) * (sin 67 cos 62)

= sin 6 cos 0 ( sin® 01 + sinh?(Ah)) — sin 6y cos 61 cosh(\h) sinh(AR),
(sin 0y sin 63) * (cos 6y sin 6s)

= sin 6y cos 61 ( sin® f + sinh?(Ah)) + sin 6 cos 6 cosh(Ah) sinh(AR),
(sin 0y sin 63) * (cos 61 cos 62)

= sin #; cos 0y sin By cos Oy + (sin? B — sin? fy) cosh(\h) sinh(\h),
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A2.

(sin 0y cos 63) * (sin 6 sin 6s)

= sin 6 cos fa sin 1 + sinh2()\h)) + sin 6; cos 8 cosh(Ah) sinh(AR),
(sin 0y cos 63) * (sin 61 cos 62)

= sin? 0; cos? B cosh?(\h) — cos? 6y sin? 6 sinh? (AR),
(sin 0y cos B3) * (cos 6 sin s)

= sin 0; cos 0y sin O cos Oy + (cos? By — sin? fy) cosh(\h) sinh(\R),
(sin 0y cos 63) * (cos 61 cos 02)

= sin 6y cos 0y (cos® 3 + sinh?(AR)) — sin 65 cos 05 cosh(AR) sinh(AR),

A3.

(cos 61 sin 63) * (sin Oy sin 65)

= sin 61 cos 6 ( sin? 0 + sinh?(\h)) — sin 6 cos f2 cosh(\h) sinh(\h),
(cos 61 sin 6y) * (sin O cos 63)

= sin 6 cos ) sin @ cos B + (sin? @) — cos? f) cosh(AR) sinh(\R),
(cos 0 sin 63) * (cos 6 sin s)

= cos? 0 sin? B, cosh? (A1) — sin? 1 cos? Ay sinh?(\R),
(cos 0y sin 6y) * (cos 61 cos 02)

= sin 6 cos O ( cos® 01 + sinh?(\h)) + sin f; cos 61 cosh(\h) sinh(\R),

A4

(cos 01 cos B3) * (sin 6 sin s)

= sin 0 cos 0y sin O cos Oy + (cos? By — cos? f) cosh(\h) sinh(\R),
(cos B cos O3) * (sin 61 cos 02)

= sin 63 cos 6 ( cos? 0 + sinh?(\h)) + sin 62 cos f2 cosh(Ah) sinh(\h),
(cos 61 cos B3) * (cos 0 sin B3)

= sin 63 cos b cos? 01 + sinh?(\h)) — sin 6y cos 6 cosh(\h) sinh(Ah),
(cos 01 cos 03) * (cos 61 cos 05)

= cos? 0 cos? B cosh? (A1) — sin? 6 sin® A sinh? (7).
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